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ABSTRACT 

Classic baroclinic theory is one of the most significant findings of 

modern meteorology and has often been used to investigate the nature of 

wave-like disturbances introduced onto a mean flow field. The theory 

provides an elegant explanation for the propagation speed, structure, 

growth and decay of the predominant synoptic-scale (approximately 

4000 km in zonal wavelength) weather systems observed in the middle 

latitudes. However, not all major distrubances in the atmosphere possess 

a synoptic-scale wavelength. 

Subsynoptic-scale (1000 - 2000 km in zonal wavelength) 

disturbances are often found in the lower troposphere over arid land 

during the summer months. These distrubances appear to originate in a 

deep and neutrally stratified planetary boundary layer (PBL) of relatively 

mild horizontal thermal graident. The deep neutral layer is caused and 

maintained by intense surface heating. When these shortwave 

disturbances encounter potentially unstable air, they can trigger intense 

convective events. Unfortunately, classic baroclinic theory cannot be used 

to describe the behavior of these systems. 

This study is a mathematical analysis of the governing equations of 

motion in order to account for the genesis and maintenance of these 

unique PBL disturbances. The goal of the analysis is to provide a better 

understanding of the dynamics of these shortwave disturbances in order 

that further improvement in the numerical weather prediction of these 

systems and their consequences can be achieved. 
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Figure 5 Phase speed, ĉ  (m s'M, with and without horizontal 
wind shear (p,j term) as a function of depth. Ap (mb). 
for African perturbations with A = 2000 km developing 
at p = 850 mb. 800 mb. and 750 mb where the merdional 
temperature gradient a = 1 X per 100 km 38 

Figure 6 Growth rate, ^c^^ (lO'^sM, without friction as a function 
of thermal contrast, a ( X per 100 km), and wavelength, 
A (km), for African perturbations with depth Ap = 120 mb 
at p = (a) 750 mb, (b) 800mb, and (c) 850 mb 41 

Figure 7 As in Figure 6 except including internal friction 47 

Figure 8 Growth rate, \1C'^ (lO'^sM. with horizontal wind shear 
as a function of depth, Ap (mb), for a southwest 
perturbation with A = 750 km developing at p = 700 mb, 
650 mb, and 600 mb where the meridional temperature 
gradient a = -1 X per 100 km 62 

viii 



Figure 9 Growth rate, pcj (lO'^s*), without friction as a function 
of thermal contrast, a (X per 100 km) and wavelength, 
A (km) for southwest perturbations with depth Ap = 120 mb 
at p = (a) 600 mb. (b) 650mb. and (c) 700 mb 64 

Figure 10 As in Figure 9 except including internal friction 65 

Figure 11 Absolute value of phase speed, ĉ  (m s"'), as a function 
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CHAPTER I 

INTRODUCTION 

Theoretical meteorology gained serious interest at the turn of the 

twentieth century when it was recognized that atmospheric motions were 

governed by a set of hydrodynamic and thermodynamic principles. 

V. Bjerknes proposed in 1904 that various meteorological phenomena 

could be understood and even predicted if treated as problems in 

mathematical physics involving the known physical laws. Specifically, 

these physical laws include that of the conservation of mass, momentum, 

and energy. These principles which govern atmospheric circulations, 

however, are mathematically expressed in terms of a highly complex set of 

partial differential equations involving the basic meteorological field 

variables of pressure, density, temperature, and velocity. Furthermore, in 

order to represent atmospheric motions accurately, these equations must 

take into account complicated and not completely understood physical 

processes such as radiation transfer, latent heating, momentum transfer, 

and frictional dissipation. 

Due to the non-linearity of the complete set of equations, general 

analytical solutions are not known. Numerical techniques, therefore, must 

be employed to determine their rational solutions. However, even though 

sophisticated numerical methods may be used to obtain solutions to these 

inherently complex equations, the actual physical processes which are 
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responsible for the observed flow patterns are usually well hidden within 

the numerical techniques themselves, and thus the true meteorological 

understanding of the resulting atmospheric motions is lost in numerical 

analyses. 

Linearized Perturbation Analysis 

In order to acquire a scientific understanding of atmospheric motion, 

it becomes necessary to make a few assumptions that simplify the set of 

partial differential equations, which in turn allows analytical solutions to 

be obtained. As a result meteorologists may then be able to glean the 

necessary information to physically understand the fundamental 

mechanisms responsible for the genesis, maintenance, and decay of 

atmospheric circulation patterns. One such analytical technique used to 

solve the hydrodynamic and thermodynamic equations is the linearized 

perturbation analysis (LPA) method, which at the very least provides a 

qualitative explanation of the dynamics of meteorological phenomena, 

particularly those which exhibit wave-like characteristics. 

The LPA method divides the meteorological variables into two 

uncorrelated quantities: a basic state and a perturbation state. The basic 

state represents the mean condition over space and is independent of time. 

By this definition, the basic state is a constant in at least one dimension. 

The perturbation component is simply the local deviation of the field 

variable from the basic state. Hence, the true value of any variable at any 

time is simply the sum of the basic and perturbation states. 

Since atmospheric flow is often characterized by wave-like motions, 

the perturbation state is usually assumed to be represented by a sinusoidal 



oscillation. Although true atmospheric disturbances are never purely 

sinusoidal, this assumption is not as limiting as it may first appear. Any 

reasonably well-behaved function of longitude can be expressed as the 

sum of a zonal mean plus a Fourier series of sinusoidal components. 

With these ideas in mind, it is readily seen that the zonal velocity 

field can be written as u(x,t) - u + u'(x,t), where u designates a spatial and 

temporal average of the zonal velocity, and u' is the local deviation from 

that average. Moreover, the acceleration, udu/dx, can be expressed as 

u|U = (u+u*)^u + u) = u 4 ^ + u'4^ . 
oX ox ox oX 

The main assumptions of the LPA method are that the basic state 

variables alone must satisfy the governing equations (i.e., when the 

perturbation quantities are all set equal to zero), and the magnitude of the 

perturbation quantities must be sufficiently small so that all terms in the 

governing equations which involve products of perturbations, u'du'/dx as 

In the above for example, can be neglected. It is this latter assumption 

which makes it possible for analytical solutions to the hydrodynamic and 

thermodynamic equations to be obtained, for it reduces the governing 

equations to linear differential equations in the perturbation variables in 

which the basic state variables are specified coefficients. The resulting 

equations can then be treated as a standard eigenvalue problem to 

investigate the nature of the wave oscillations superposed on a given 

mean state of the atmosphere. Characteristics of waves that can be 

determined utilizing this technique include propagation speed, growth 

rate, vertical structure, as well as conditions for instability. 
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Wave Motions in the Atmosphere 

When applying the LPA method to the primitive equations that 

govern atmospheric processes, it must be understood that the atmosphere, 

and hence its governing equations, is capable of supporting a wide variety 

of wave motions, from the high frequency acoustic and gravity waves to 

the relatively low frequency meteorological waves known as the Rossby 

waves. And hence, if the equations are left as they are, many wave 

solutions can be obtained. In order to isolate the waves of meteorological 

significance, it is necessary to make assumptions that filter out those 

phenomena which are only of secondary interest. 

Specific wave motions can be eliminated by realizing that waves in 

the atmosphere result from the action of restoring forces on air parcels 

which have been displaced from their equilibrium positions, and if these 

restoring forces are removed, the unwanted waves are effectively 

eliminated. Sound waves, for example, propagate due to the alternating 

compression and rarefaction of the air. If it were assumed then that the 

atmosphere were incompressible, dp/dt = 0, where p is density, this would 

be sufficient to eliminate both the horizontally and vertically propagating 

sound waves. Furthermore, gravity waves, which propagate due to the 

alternating horizontal convergence and divergence of the velocity field, 

can be eliminated by setting the local rate of change of the horizontal 

divergence to zero. A more convenient way of eliminating these waves is 

to assume geostrophic wind flow (eliminates sound waves) and 

hydrostatic balance (eliminates gravity waves). These assumptions are 

tantamount to removing the mechanisms responsible for the unwanted 

oscillations, and yet still preserve waves of meteorological interest. 



Baroclinic Instability 

Once the 'filtered" equations are obtained, characteristics of 

meteorological wave motions can be determined. One of the most 

significant findings is the discovery of wave amplification due to 

baroclinic instability: a characteristic of the atmosphere that allows wave 

disturbances to grow due to the presence of vertical shear in the basic 

flow resulting from relatively strong temperature gradients. 

First investigated by Charney (1947) and later by Eady (1949), 

classic baroclinic instability theory provides an elegant physical 

explanation for the propagation speed, the structure, and the growth and 

decay of the predominant extratropical wave-cyclone systems. The LPA 

method can be employed on a set of equations which govern the motions 

of a simplified two-level atmosphere to adequately demonstrate the main 

conclusions of this theory. Following similar procedures to those in the 

Appendix of this current study, it can be shown that in order for wave 

perturbations to grow in a two-layer atmosphere defined by a zonal wind 

U| in the upper level, and by U3 in the lower level, the quantity (U, - U3), 

the vertical wind shear, must be non-zero. If U, = U3, i.e., no vertical wind 

shear, then only neutral wave oscillations will result. In brief then, the 

baroclinic instability theory states that any small disturbance, such as an 

infinitesimal wave perturbation, which is introduced onto a zonal flow 

field possessing vertical wind shear will become unstable and therefore 

tend to grow. 

According to the baroclinic instability theory, the wavelength of the 

disturbance which possesses the maximum growth rate, and is therefore 

the most unstable, is found to be on the order of 3500 km - 4000 km 
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(Haltiner et al., 1980). These relatively large synoptic scale waves are 

quite often seen on daily upper-air maps, and therefore this observation 

agrees well with the theory. However, not all major meteorological wave 

disturbances in the atmosphere possess this synoptic-scale wavelength. 

There are, in fact, considerably smaller waves which tend to dominate the 

tropical and even the subtropical regions of the world. Something other 

than classic baroclinic instability may be required to explain these other 

phenomena. 

Meteorological Waves in the PBL 

Subsynoptic-scale (1000 - 2000 km) wave disturbances are often 

found in the lower troposphere over the arid land. Those of great 

meteorological interest are the African wave disturbances found over 

tropical North Africa (Carlson, 1969 a,b; Reed etal., 1977) and the 

shortwave disturbances over the southwestern deserts of the United 

States in summer. The former, due to its close correlation with the 

genesis of Atlantic hurricanes, is considered as one of the most significant 

weather systems over the land tropics. It has been estimated (Simpson et 

al., 1968, 1969, 1970) that nearly one-half of all tropical storms and 

hurricanes in the Atlantic Ocean have their origins as easterly waves 

which move offshore from continental Africa. The shortwave disturbance 

of the southwest deserts, on the other hand, develops under similar 

conditions to those in North Africa and may play a crucial role in 

triggering intense convective events over the arid and semi-arid regions 

of the United States (Maddox et al., 1978). 
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These subsynoptic systems are in many ways different from 

synoptic-scale motions, perhaps even including the energy sources which 

generate and sustain them. These smaller wave disturbances develop in 

very similar environments: a relatively deep and neutrally stratified 

(i.e., unstable) planetary boundary layer (PBL) sustained by intense 

surface heating, and a mild baroclinic zone characterized by a north-south 

thermal gradient with a magnitude on the order of 1 X per 100 km. Such 

a temperature gradient is considerably weaker than the baroclinic 

patterns associated with synoptic wave cyclones, and thus classic 

baroclinic theory may not be able to explain the genesis of these smaller 

scale systems. Furthermore, one condition for instability, according to 

baroclinic theory, requires that the static stability parameter, which is 

directly proportional to the vertical potential temperature gradient, be a 

non-zero quantity. Since the PBL wave disturbances under current 

investigation form and maintain themselves in a neutrally stratified 

atmosphere where there is no vertical potential temperature gradient, it is 

clear that baroclinic instability cannot be used to investigate these 

phenomena. Similarly, barotropic instability (Haltiner et al., 1980), which 

permits the growth of wave disturbances due to the presence of horizontal 

wind shear in the basic flow, cannot fully account for the growth and 

maintenance of these subsynoptic waves since these oscillations are 

sometimes observed to develop in the absence of strong lateral shear. 

Past Research Concerning PBL Wave Disturbances 

Numerical and theoretical studies have been made to determine the 

dynamic stability conditions in the source regions of African waves. In 
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particular, the impact of meteorological parameters such as solar radiation 

and environmental thermal structure has been investigated to determine 

their respective effects on the propagation speed and growth rate of 

African waves (Chang, 1982, 1987). In Changs theoretical study, the LPA 

method was applied to a set of hydrodynamic and thermodynamic 

equations. The calculations concerning conditions for instability, growth 

rate, and propagation speed are in reasonably good agreement with more 

sophisticated numerical findings concerning the African wave. However, 

there were two assumptions that were made in the theoretical approach 

that may be considered as a major drawback, and thus limits the 

applicability of the results to the real atmosphere. These assumptions 

were to neglect the effects of internal friction processes (specifically, 

horizontal dissipation) and to neglect the horizontal wind shear. These 

assumptions were made to greatly simplify the analysis of the governing 

equations. However, it should be apparent that frictional dissipation 

would tend to significantly affect the growth rates of individual waves 

perhaps according to their length scale, while the horizontal wind shear 

could have a significant impact on both the growth rate as well as the 

phase speeds. 

Goals of Present Study 

In an attempt to understand the processes which generate and 

maintain subsynoptic PBL waves over arid lands, an analytical and 

numerical investigation will be carried out on the governing physical 

equations to determine the criteria for dynamic instability as well as 

various wave characteristics such as vertical structure, growth rate, and 
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propagation speed of the subsynoptic PBL wave. This will be 

accomplished by applying the LPA method, as in Chang "1987), to African 

waves—which may be regarded as a small synoptic-scale disturbance 

developing in a very deep unstable PBL--and the shortwave disturbance 

of the American southwestern deserts. The effects of frictional dissipation 

and horizontal wind shear, however, will now be included in the 

calculations to determine their respective impact. Theoretical results will 

then be compared to observation in order to establish a physical 

explanation for the different aspects of F*BL wave disturbances. The 

scientific objectives are threefold 1) to establish a theoretical 

understanding of the dynamic instability in the planetary boundary layer 

over and land, 21 to advance our knowledge about boundary layer 

processes which are responsible for the growth and decay of wave 

disturbances, and 3l to provide guidance for the future improv̂ ement of 

boundary layer physics m numerical weather prediction models. 



CHAPTER II 

BACKGROUND 

Environmental Conditions of the African Wave 

To more fully understand the dynamic instability of PBL waves, it is 

first necessary to investigate the environmental conditions which are 

present prior to their formation, and then determine how these conditions 

interact to generate and maintain the disturbance. As a specific example, 

the environmental conditions in which the African wave develops are 

investigated. 

Due to the nearly constant daily intense insolation during the late 

spring through early fall, the lower troposphere over tropical North Africa 

is quickly destabilized and is often characterized by near-neutral stability 

The height of this neutral layer i which in this study s definition uniquely 

determines the depth of the PBL) can extend more than 250 mb--

approximately two to three kilometers--up from the surface. Also, since a 

vast desert covers the northern parts of the African continent, this area 

responds most rapidly to the incoming solar radiation, whereas a milder 

response is noted by the equatorial atmosphere to the south. These 

significantly different responses to solar heating are manifested in a 

relatively strong positive north-south temperature gradient which is on 

the order of 1 X per 100 km, but it is often significantly enhanced during 

peak heating times. This magnitude of thermal contrast is not normally 

10 
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found over the maritime tropics where temperature gradients are often 

close to zero. As a result an appreciable baroclinic thermal pattern is 

established in an atmosphere which also posseses a deep PBL. It is within 

this unique type of environment that the African wave is observed. 

PBL Waves in the Southwest Deserts 

Similar atmospheric environmental conditions can be found over the 

deserts of the southwestern United States during the summer months, and 

indeed PBL waves are found to originate in this area and then propagate 

considerable distances. Thermal gradients in this area are generally not 

quite as strong nor as persistent as those found in North Africa, and the 

PBL waves which do form here are not as large nor are they as organized 

as their African counterparts. The latter observation is most likely a result 

of the highly irregular terrain over the deserts of the Southwest which 

could introduce significant turbulent processes which would interefere 

with the development of PBL waves. However, should these waves 

encounter a potentially unstable air mass, say for example, over the 

western High Plains, an intense convective event could take place, 

perhaps leading to flash flooding. Hence, further knowledge of the 

initiating and sustaining mechanisms of these relatively small, but 

significant atmospheric disturbances would be highly desirable 

particularly if their predicted positions and intensities are desired. 

Clearly, in order for these type of disturbances to be forecasted, the 

numerical weather prediction models must contain the environmental 

conditions necessary for their growth and maintenance, otherwise the 

forecast models would either fail to depict their genesis or perhaps cause 
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them to decay once they are initialized. In either event the release of 

convective instability by these waves would go unpredicted. 

Data Sources 

The data base incorporated in this present study are the observations 

and theoretical/numerical findings by Carison (1969 a.b). Burpee (1972). 

and Chang (1982) concerning the African wave. Specifically, the African 

disturbance was found to possess, on the average, a wavelength on the 

order of 2000 km and to propagate toward the west at a mean speed of 

-7 ms"' over land. These waves often experience disintegration after 

leaving the land and moving over the open ocean waters of the Atlantic. 

Data for the shortwave disturbance of the southwest deserts were 

obtained through standard NMC upper-air (850 mb, 700 mb, and 500 mb) 

and surface charts for the summer of 1988 during which a specific PBL 

shortwave was chosen as representative of the feature under current 

investigation. The shortwave developed in a mild baroclinic zone over the 

arid regions of the southwestern United States beneath a broad area of 

high pressure at the 500 mb level. 

The upper-level high pressure restriction is required to insure that 

the shortwave disturbance was not simply a part of any major synoptic 

scale feature such as an upper level trough or jet stream activity. Also, 

broad areas of high pressure aloft tend to keep skies relatively clear which 

allows for maximum insolation to generate the deepest boundary layers. 

Furthermore, the wave disturbance in this study was totally confined 

within a deep, neutrally stratified boundary layer (from the surface to the 

600 mb pressure surface) throughout its life cycle. The disturbance 
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formed over the desert regions of California and Nevada on 0000 Z July 26 

and propagated into the High Plains of West Texas and New Mexico 

before dissipating on 0000 Z July 29. After moving into the Texas-New 

Mexico area, numerous heavy thunderstorms were observed as convective 

instability was released by the PBL wave moving out of the mountains. 

Assignment of Specific Variables 

Computations for the stability criteria, growth rate, and phase speed 

of the African wave were carried out for an area centered around 16* N 

latitude which is representative of the tropical regions of North Africa. 

The surface pressure was set at 1000 mb. For the southwestern deserts a 

representative latitude of 37* N with a mean surface pressure of 850 mb 

(due to the elevated terrain) were chosen. The depth of the PBL was 

varied for both regions ranging from 150 to 250 mb above the surface. 

Computer programs were written in Microsoft's Interpretive Basic to solve 

for conditions for dynamic instability, growth rate, and phase speed of the 

wave perturbations. All calculations were performed utilizing a Macintosh 

Plus personal computer. 



CHAPTER III 

THEORETICAL EQUATIONS 

Development of Basic Equations 

This study begins with the set of hydrodynamic and thermodynamic 

governing equations assuming adiabatic motions on (x,y,p,t) coordinates. 

With this assumption the momentum, thermodynamic, hydrostatic, and 

continuity equations may be expressed as follows: 

du _ 
dt 

dv . 
dt 

dOx -
dt 

dp 

du + 
dx 

fv - ^ 
dx 

- f u - 1 ^ 
dy 

iC(d2e + 

. 1 
P 

dv + dOL 
dy dp 

•̂̂ (0*̂ ) 
' ^ ^ ^ ' ^ ^ 

d28 ) 
dy2^ 

= 0 . 

The standard meteorological variables have been employed in the 

equations. The reader is referred to the list of symbols at the beginning of 

this thesis for complete definitions of all variables. In these equations only 

horizontal mixing processes (lateral dissipation) are explicitly expressed. 

Vertical mixing is implicit in the above equations since it has been 

assumed that potential temperature is a constant throughout the depth of 

14 
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the boundary layer which is, of course, the result of thorough vertical 

mixing processes. 

As shown in the Appendix, the LPA method reduces these equations 

to the following form: 

|U' . u M . afiOLv' * fifl-4u' = fv' * aM' . i c ^ ' 
dt dx f̂  f dx dx dX̂  

|Y' . v ^ - - f u ^ K ^ 
dt dx dX^ 

dt dx dx^ 

The perturbation variables (primed quantities) are assumed to be 

harmonic oscillations in space and time with constant coefficients as 

follows: 

u' = A„exp|iM(x - ct)l 

v' = Ayexp|iM(x - ct)l 

9' = A9expliM(x - ct)] . 

Since the perturbation equations above are linear, any linear 

combination of solutions will also be a solution, and thus only a single 

harmonic needs to be considered here. If the above wave solutions were 

substituted into the perturbation equations, this would lead to a system of 

homogeneous algebraic equations for the amplitudes A,,, Â , and AQ as 

follows: 



I iM(c - U) - iM Ba - KM^ ] Ay + ( oM. + f) Ay + ijiaAe 

KM^ 1 Ay - fA„ = 0 , 

= 0 , 
16 

I iM(c - U) 

I iM(c - U) - Kjj2 j Ae - oAy - 0 . 

The above equations can also be written in matrix form as 

iM(c-U-6r'a)-ICM2 a p r ^ t f i(ia 

- f iM (c - U) - Ku^ 0 

1 0 - a iM(c-U)-IC)i2 

' A „ ' 

Av 

Ae 

= 0 

The frequency equation is obtained by recognizing that non-zero 

values for the amplitudes Ay, Ay, and A9 are possible only if the 

determinant of the above set of homogeneous equations vanishes. Upon 

expanding the determinant and setting it equal to zero, the following 

frequency equation is obtained, 

(c* - U)3 - 8r'a(c' - U)2 - (apr»a * f2)M-2(c' - U) - afaw^ = 0 , 

where c' is a modified phase speed which now includes the eddy viscosity 

coefficient, K, as detailed in the Appendix. It is from this equation that the 

criteria for wave amplification can be obtained. Wave solutions which 

satisfy the above frequency equation will amplify if the phase speed, c*, 

has an imaginary component. If only real solutions to the phase speed are 

obtained, standing waves would be the result. Due to the complexity of 

this equation, the Newton-Raphson numerical method, as defined in the 

Appendix, was employed to solve for the phase speed, c'. 
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Determination of Eddy Viscosity Coefficient 

In this study the effects of internal friction have been expressed in 

terms of eddy viscosity parameterization where "K" is the eddy viscosity 

coefficient, and it is assumed to be a constant. Since there is no 

established value for eddy viscosity in the horizontal, attempts to arrive at 

a reasonable value come from two lines of approach: scale analysis and 

past research. 

In scale analysis the order of magnitude of each term in a given 

equation is determined. This is done in order that both sides of the 

equation are of the same scale, and thus a balance is achieved. In the 

horizontal equation of motion used in this study, 

^ = fv- M . K(|H» * 4?U) . 
dt dx dx^ dy^ 

the Coriolis parameter, f. for North Africa with latitude near 16* N is on 

the order of 10"^ s•^ A representative value for the velocity, v, would be 

10 m s•^ thus giving the Coriolis force, fv, a magnitude of 10"^ m s"̂ . 

This same order of magnitude could also be used for the pressure gradient 

force, -d^/dx, since they often tend to be closely in balance with each 

other (i.e., geostrophic balance). 

It is now reasonable to assume that the total acceleration, du/dt, 

should be at least an order of magnitude smaller than the Coriolis (or 

pressure gradient) force, and thus the acceleration term is assigned the 

magnitude of 10'^ m s"̂ . The length scale for the subsynoptic systems 

under current study is on the order of 10^ km (10^ m) which makes the 

second partial derivative, d^u/dx ,̂ on the order of 10 m s"' /(10^ m) ,̂ or 
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10"" m"' s" *. It can now be assumed that the frictional dissipation term. 

Kd^u/dx ,̂ is at least one order of magnitude smaller than the acceleration, 

du/dt, otherwise friction could dampen the motion completely. Thus, 

Kd^u/dx^ « 0(10"^), which implies that the eddy viscosity coefficient, K, 

should be on the order of 10^ m^ s•^ 

The second line focuses on past research which deals with frictional 

dissipation in the horizontal. Since the vast majority of studies involving 

internal friction mainly concern vertical mixing processes, it is difficult to 

obtain a representative sample of horizontal "K" values. However, in his 

paper, 'Stability Analysis of Deep Cloud Streets," Sun (1978) arrived at a 

numerical value of 2.5 x 10^ m^ s"* for a mesoscale horizontal viscosity 

coefficient. Since the PBL waves under current investigation are 

subsynoptic. an order of magnitude larger than Sun's topic of 

investigation, it is reasonable to assume a value for horizontal eddy 

viscosity employed in this study to be 2.5 x 10^ m^ s*', which at least 

agrees in magnitude with results obtained through the previous scale 

analysis. 

Criteria for Instability 

Whereas conditions for instability are mainly determined by the 

vertical wind shear for mid-lattitude synoptic scale systems (baroclinic 

instability) and to some extent by the horizontal wind shear in tropical 

regions (barotropic instability), the criterion for the amplification of PBL 

waves across tropical regions of northern Africa is found to be essentially 

determined by a specific range of the environmental temperature 

gradient, o. as derived in the Appendix. Here it is also shown that this 
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thermal gradient is a function of wave number, \x, the Coriolis parameter, 

f. the depth of the wave perturbation. Ap. as well as the height of the 

neutral layer, p. 

The minimum thermal gradient, M, required for wave amplification 

corresponds to the threshold value needed to give the wave disturbance 

sufficient baroclinicity for growth. In fact, if there were no temperature 

contrast, i.e., o = 0. the phase speed, c. would have no imaginary 

components, and thus only neutral oscillations would result. In this sense, 

the baroclinic theory can be cited as providing at least a partial answer to 

the instability of wave perturbations. 

The maximum thermal gradient, N, is slightly more complicated to 

explain, for the question arises as to why there should even be an upper 

limit. Initially, it would appear that the larger the thermal gradient the 

easier it would be for perturbations to grow, at least according to classical 

baroclinic theory. This apparent discrepancy can be clarified by first 

examining the effect of vertical wind shear on the stability criterion. 

If the vertical shear were omitted in deriving the conditions for 

instability, there would be no need to solve the frequency equation 

numerically, because it would be greatly simplified. It turns out that the 

thermal gradient would only need to be larger than some critical value for 

instability to occur. This critical value can simply be derived using the 

quadratic equation yielding 

a > -2 /3 f ^ u ' . 
9 a 
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Thus, it must be the vertical shear which is responsible for putting the 

upper limit on the thermal gradient. This does not, however, completely 

explain why there exists a maximum thermal gradient value. But the 

above observation combined with an examination of the perturbation 

energetics equation derived from the governing equations reveals a more 

complete answer. 

Perturbation Kinetic Energy Equation 

The perturbation kinetic energy equation can be derived by 

multiplying the u, v perturbation equations (ignoring frictional effects for 

the moment) by u' and v', respectively, and then adding the resulting 

equations. 

u ( M + u ^ + v ' ^ + 0 ) ' ^ = fv' + a Ml) 
dt dx dy dp dx 

y{^ . U4^ = - fu) 
dt dx 

By using the terminology developed from the previous derivations 

found in the Appendix, these equations can be rewritten in the following 

manner: 

u(du: + v^ - a p a r V + (uyor^ = fV + a Ml) 
dt dx oX 

V(4Y: ^ U^ = - fu), 
dt dx 
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where apo f-2v' is the expression for the horizontal shear, and (oya f"' is 

the expression for the vertical shear. 

Recognizing that the zonal perturbation kinetic energy, kê , can be 

expressed as u'2/2, and likewise the meridional perturbation kinetic 

energy, key, can be expressed as v'2/2. then the above equations can be 

reduced to 

^ x * U ^ x - ttpar2u'v' * u'coyar* = fuv' + au^ 

^ . U ^ = - fuv' 
dt dx 

If these equations are now added, and noting that ke = total horizontal 

kinetic energy = kê  + key, the total change in kinetic energy with time 

can then be expressed as 

dJ^ = apar^uv - yar^uo) + au |fi^ dt '̂  ' dx 

From this expression, it is clear that the vertical shear term, 

yaf'u'o)', is a negative contribution to the local production of kinetic 

energy. Hence, if the thermal gradient, a, is too large, it is possible that 

this term would dominate the right-hand side, and there would actually be 

negative energy production. This in turn would tend to dampen any 

perturbation. And thus we are able to conclude that a minimum thermal 

gradient is necessary to provide sufficient baroclinicity in order for the 

perturbation to amplify, whereas a maximum gradient restriction is 

imposed to insure that the total energy of the perturbation is not reduced. 



CHAPTER IV 

ANALYSIS AND RESULTS 

Instability for African PBL Waves 

Tables 1, 2 and 3 give the lists of temperature gradient values, M and 

N in X per 100 km, required for North African waves to become unstable 

at p = 850 mb, 800 mb and 750 mb. corresponding to a minimum depth of 

the neutral layer above the surface of 150 mb. 200 mb and 250 mb. 

respectively. It should be remembered that these are minimum neutral 

layer depths since it is not necessary that p be the absolute height of the 

PBL, although for discussion purposes it becomes convenient to refer to p 

as the pressure at the top of the PBL. 

It should be noted here that the minimum gradient value, M, is lower, 

and the maximum gradient value, N. is larger than similar values found in 

Chang (1987). The primary reason for this difference is that the present 

study includes the effects of horizontal wind shear, whereas Chang does 

not. The presence or absence of lateral shear has a definite impact on 

wave development both in terms of its rate of growth and its propagation 

speed. The physical reasoning behind this impact on wave growth and 

phase speed can be found by referring once again to the wave energetics 

equation. 

Examining the energetics equation derived in the previous chapter, 

the horizontal wind shear term, apor^u'v', is clearly a positive 
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T.ABLE 1.—Minimum (M) and maximum (N) meridional temperature 
gradients (X per 100 km) for African perturbations of wave
length, A (km), and depth. Ap (mb), developing at p = 850 mb 
to become dynamically unstable. 

Wavelength Ap (mb) 
A (km) 20 40 60 80 100 120 

11 

500 M 0.11 0.12 0.12 0.13 0.15 0.17 
N * 4.75 2.40 1.44 0.93 0.63 

1000 M 0.22 0.23 0.24 0.26 0.28 0.32 
N * * 5.15 3.08 2.01 1.36 

1500 M 0.32 0.33 0.35 0.38 0.41 0.45 
N 8.26 4.93 3.22 2.19 

2000 M 0.41 0.43 .046 0.48 0.52 0.57 
N * * * 6.99 4.57 3.13 

2500 M 0.50 0.53 0.55 0.59 0.63 0.68 
N * * * 9.28 6.07 4.18 

3000 M 0.59 0.62 0.65 0.68 0.73 0.79 
N * * * * 7.72 5.34 

* Over 10 Xper 100 km. 



TABLE 2.—As in Table 1 except for p = 800 mb. 
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Wavelength 
A (km) 

500 

1000 

M 

N 

M 

N 

60 

0.09 

2.76 

0.17 

5.96 

80 

0.09 

1.70 

0.18 

3.64 

Ap (mb) 

100 

0.10 

1.14 

0.19 

2.44 

120 

0.10 

0.81 

0.20 

1.73 

140 

0.11 

0.59 

0.21 

1.27 

160 

0.13 

0.44 

0.24 

0.95 

1500 M 0.22 0.26 0.27 0.29 0.31 0.34 
N 9.60 5.83 3.91 2.78 2.04 1.53 

2000 M 0.32 0.34 0.35 0.37 0.40 0.43 
N * 8.29 5.55 3.94 2.91 2.19 

2500 M 0.39 0.41 0.43 0.45 0.48 0.51 
N * * 7.37 5.23 3.87 2.93 

3000 M 0.46 0.48 0.50 0.52 0.55 0.59 
N * * 9.37 6.66 4.92 3.74 

* Over 10 X per 100 km. 
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T.ABLE 3.—As in Table 1 except for p = 750 mb. 

Wavelength 
A (km) 

500 

1000 

1500 

2000 

M 

N 

M 

N 

M 

N 

M 

N 

100 

0.07 

1.27 

0.14 

2.73 

0.20 

4.32 

0.26 

6.22 

120 

0.08 

0.92 

0.15 

1.97 

0.21 

3.15 

0.27 

4.48 

Ap (mb 

140 

0.08 

0.69 

0.15 

1.48 

0.22 

2.37 

0.29 

3.36 

1 

160 

0.09 

0.53 

0.16 

1.14 

0.23 

1.83 

0.30 

2.60 

180 

0.09 

0.41 

0.17 

0.89 

0.25 

1.43 

0.32 

2.04 

200 

0.10 

0.33 

0.19 

0.70 

0.27 

1.13 

0.34 

1.62 

2500 M 0.32 0.33 0.35 0.36 0.38 0.40 
N 8.27 5.95 4.46 3.45 2.72 2.17 

3000 M 0.38 0.39 0.40 0.42 0.44 0.47 
N * 7.56 5.67 4.39 3.47 2.77 

* Over 10 X per 100 km 
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contribution to the local kinetic energy change. The horizontal shear is, 

therefore, an added source of energy to the perturbation. Thus a lower 

thermal gradient (a smaller M value) is now sufficient to provide 

instability when shear is added since perturbations have an extra energy 

source from which to grow and do not have to rely as much on 

baroclinicity for development. Likewise, the maximum thermal gradient, 

N, can now be larger by including lateral shear since the kinetic energy 

depletion by a sufficiently large temperature gradient can be partially 

offset by the additional energy source provided by horizontal wind shear 

to the incipient disturbance. 

It can be seen from Tables 1, 2, and 3 that as the length of the wave 

perturbation increases, the temperature gradient required for instability 

also increases, i.e., M increases as A increases. This simply states that as 

the size of PBL waves becomes larger, a stronger thermal contrast is 

needed to generate and even perhaps to sustain them. 

Also from these tables it is evident that for a given wavelength, the 

range between the thermal gradient's upper and lower bounds narrows as 

the depth of the perturbations increases. Representative M and N curves 

for a wavelength of 2000 km are given in Figure 1, and this relationship 

can be seen more clearly. Mathematically, this result is expected since as 

the depth of the perturbation, Ap, increases, the sum p + Ap will 

eventually approach the value of the surface pressure, p̂ . This in turn 

causes the solutions to the phase speed, c, to always be real, and as was 

stated before, real solutions result in standing waves only. Hence unstable 

conditions begin to vanish (i.e., M and N values converge) as the depth of 

the perturbation extends toward the surface. 
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At the shorter wavlengths, say for example A = 500 km, the range 

between M and N values narrows even more dramatically as the depth of 

the perturbation increases. From Table 3, for example, a 500-km wave 

with a depth Ap - 200 mb, has M and N values of .10 and .33 X per 

100 km. respectively, allowing for a window of only .23 X for instability. 

This would suggest that relatively short but deep wave perturbations are 

most severely restricted as to the type of environment which would 

permit them to grow. Obviously, these type of waves would not become 

unstable across North Africa where the mean meridional temperature 

gradient is much stronger than this. 

Also by comparing the values from the three tables, it can be seen 

that as the depth of the PBL increases, i.e., p decreases, the temperature 

gradient required for wave instability decreases. Specifically, for a 

2000-km wave with a depth of 120 mb in a PBL with a height p = 850 

mb, the minimum thermal contrast for growth is .57 X per 100 km as 

indicated in Table 1. For the same wave developing in a PBL with a 

height p - 750 mb, the minimum thermal contrast from Table 3 is only 

.27 X per 100 km. This would indicate that it is easier to generate a 

disturbance in a deeper neutral layer if the initial temperature gradient 

were near zero and subsequently increased with time. This lends some 

support to the statistical observation of Burpee (1972) who recognized 

that African waves often develop in the upper levels of the lower-

troposphere. 

Since the mean meridional temperature gradient in the lower-

troposphere across North Africa is observed to be close to 1 X per 

100 km, it should come as no surprise that this observed value lies well 
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withm the M and N limits lor nearly all perturbations at all three PBL 

heights. A closer inspection of the M and N Tables, however, reveals that 

there appears to be a minimum wavelength which is unstable under this 

mean thermal gradient of 1 X per 100 km. The wavelength generally 

must exceed 1000 km in order for amplification to occur at this thermal 

contrast. Since the average wavelength of the African disturbance is 

larger than this observation, around 2000 km. it is apparent that this type 

of wave should be able to develop in such a thermally stratified 

environment. 

Growth Rate and I'ropagation Speed 

The growth rate of these perturbations can be estimated by the 

quantity. MCJ where M is the wave number, and ĉ  is the imaginary 

component of the phase velocity, c - ĉ . + ic^. The real part of the phase 

velocity, ĉ  , gives the propagation speed. These quantities are derived 

from the frequency equation (using Beyer (1985. p.9)). The mathematical 

expressions as well as the derivation for the growth rate and phase speed 

are found in the Appendix. 

Horizontal Wind Shear and Growth Rate 

Tables 4, 5, and 6 show the growth rates with and without lateral 

shear for various perturbation wavelengths with different depths 

developing at p = 850 mb, 800 mb, and 750 mb where the thermal 

contrast is I X' per 100 km. From these tables it is apparent that the 

deeper the wave disturbance, the longer the wavelength must be in order 

for it to become unstable. For example from Table 6, a perturbation 



TABLE 4.-Growth rate, MCJ, (10"^ S"M. and phase speed, ĉ  (m s"M. 
with and without horizontal wind shear iBu term) for African 
perturbations of wavelength, A (km), and depth, Ap (mb), at 
p = 850 mb where o = 1 X per 100 km. " * " = neutral wave. 
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Wavelength 
A (km) 

500 

1000 

1500 

2000 

2500 

3000 

MCi * Ph 

Cr*Ph 

MCi * Ph 

Cr 

MCi 
MCi + Ph 

Cr*Ph 

MCi 
MCi * Ph 

Cr^Ph 

MCi 
MCi * Ph 

Cr^Ph 

MCi 
MCi - Ph 

Cr^Ph 

20 

4.37 
4.51 

-8.02 
-8.07 

3.13 
3.30 

-6.09 
-6.22 

2.45 
2.65 

-4.30 
-4.51 

1.97 
2.21 

-2.56 
-2.87 

1.59 
1.87 

-0.86 
-1.27 

1.26 
1.59 

0.82 
0.30 

40 

4.02 
4.18 

-7.45 
-7.49 

2.96 
3.15 

-5.55 
-5.68 

2.32 
2.55 

-3.78 
-3.99 

1.86 
2.12 

-2.06 
-2.37 

1.48 
1.78 

-0.37 
-0.78 

1.14 
1.50 

1.30 
0.78 

Ap (mb) 
60 80 

3.40 
3.60 

-6.83 
-6.87 

2.72 
2.94 

-5.00 
-5.11 

2.15 
2.40 

-3.24 
-3.45 

1.71 
2.00 

-1.54 
-1.84 

1.34 
1.68 

0.13 
-0.26 

0.99 
1.41 

1.79 
1.28 

2.28 
2.58 

-6.19 
-6.22 

2.37 
2.63 

-4.41 
-4.51 

1.93 
2.22 

-2.69 
-2.88 

1.53 
1.86 

-1.01 
-1.30 

1.16 
1.56 

0.64 
0.26 

0.79 
1.29 

2.30 
1.80 

100 

« 

« 

« 

« 

1.86 
2.19 

-3.80 
-3.90 

1.63 
1.97 

-2.12 
-2.30 

1.29 
1.68 

-0.46 
-0.74 

0.93 
1.40 

1.18 
0.80 

0.49 
1.14 

2.82 
2.33 

120 

X 

« 

« 

« 

0.93 
1.50 

-3.16 
-3.26 

1.19 
1.64 

-1.52 
-1.70 

0.94 
1.44 

0.10 
-0.16 

0.56 
1.20 

1.73 
1.36 

« 

0.95 
« 

2.87 



TABLE 5.—As in Table 4 except for p = 800 mb. 
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Wavelength 
A (km) 

500 

1000 

1500 

2000 

2500 

3000 

MCj 

MCi * Ph 

C r ^ P h 

MCi 

MCi + Ph 

Cf 

C r * P h 

MCi 

MCi * Ph 

Cf 

C r * P h 

MCi 

MCi + Ph 

Cr 

C r * P h 

MCi 

MCi + Ph 

Cr 

Cr*Ph 

MCi 
MCi * Ph 

Cr 
Cr*Ph 

60 

4.17 
4.40 

-10.6 
-10.7 

3.35 
3.60 

-8.67 
-8.81 

2.75 
3.03 

-6.84 
-7.09 

2.34 
2.62 

-5.08 
-5.45 

1.95 
2.30 

-3.36 
-3.86 

1.66 
2.04 

-1.66 
-2.30 

80 

3.25 
3.55 

-9.94 
-9.99 

3.06 
3.34 

-8.05 
-8.18 

2.57 
2.88 

-6.26 
-6.49 

2.17 
2.51 

-4.51 
-4.87 

1.84 
2.21 

-2.81 
-3.30 

1.55 
1.96 

-1.12 
-1.75 

Ap (mb) 
100 120 

1.30 
1.95 

-9.24 
-9.28 

2.66 
2.99 

-7.41 
-7.53 

2.34 
2.69 

-5.65 
-5.88 

2.00 
2.37 

-3.93 
-4.28 

1.69 
2.10 

-2.24 
-2.72 

1.41 
1.87 

-0.57 
-1.19 

« 

< 

2.07 
2.49 

-6.75 
-6.87 

2.04 
2.44 

-5.03 
-5.25 

1.78 
2.21 

-3.33 
-3.67 

1.51 
1.97 

-1.67 
-2.13 

1.25 
1.76 

-.01 
-0.61 

140 

< 

» 

« 

1.00 
1.73 

-6.07 
-6.18 

1.62 
2.11 

-4.39 
-4.60 

1.50 
2.00 

-2.72 
-3.05 

1.28 
1.81 

-1.07 
-1.53 

1.04 
1.63 

0.56 
-.02 

160 

« 

« 

« 

« 

« 

« 

0.95 
1.67 

-3.73 
-3.94 

1.11 
1.73 

-2.10 
-2.41 

0.97 
1.62 

-0.47 
-0.91 

0.74 
1.47 

1.15 
0.57 



TABLE 6 . - As in Table 4 except for p = 750 mb. 
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Wavelength 
A (km) 

500 

1000 

1500 

2000 

2500 

3000 

MCj 

MCi ^ Ph 

Cr 

C r * P h 

MCi 

MCi ^ Ph 

Cr 

C r * P h 

MCi 

MCi * Ph 

Cr 

C r ^ P h 

MCj 

MCi * Ph 

Cr 

C r * P h 

MCi 

MCi * Ph 

Cr 

C r ^ P h 

MCj 

MCi * Ph 

Cr 

C r * P h 

100 

2.40 
2.90 

-13.2 
-13.2 

3.22 
3.58 

-11.2 
-11.3 

2.85 
3.23 

-9.40 
-9.67 

2.49 
2.89 

-7.62 
-8.04 

2.19 
2.61 

-5.89 
-6.45 

1.92 
2.38 

-4.17 
-4.91 

120 

« 

< 

« 

« 

2.72 
3.14 

-10.5 
-10.7 

2.59 
3.01 

-8.74 
-9.00 

2.31 
2.75 

-6.99 
-7.39 

2.04 
2.51 

-5.27 
-5.82 

1.79 
2.29 

-3.58 
-4.29 

Ap (mb) 
140 

* 

« 

X 

X 

1.96 
2.53 

-9.83 
-9.96 

2.26 
2.73 

-8.07 
-8.31 

2.09 
2.58 

-6.35 
-6.73 

1.87 
2.38 

-4.65 
-5.19 

1.65 
2.19 

-2.97 
-3.67 

160 

X 

X 

X 

X 

X 

1.53 
X 

-9.22 

1.80 
2.38 

-7.38 
-7.62 

1.81 
2.36 

-5.69 
-6.06 

1.66 
2.22 

-4.01 
-4.54 

1.47 
2.07 

-2.35 
-3.04 

180 

X 

X 

X 

X 

X 

X 

X 

X 

1.06 
1.90 

-6.68 
-6.91 

1.43 
2.10 

-5.01 
-5.38 

1.39 
2.04 

-3.36 
-3.87 

1.25 
1.92 

-1.72 
-2.39 

200 

X 

X 

X 

X 

X 

X 

X 

X 

X 

1.14 
X 

-6.18 

0.83 
1.76 

-4.32 
-4.68 

1.01 
1.82 

-2.70 
-3.20 

0.94 
1.76 

-1.08 
-1.73 
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whose depth is relatively large, Ap = 200 mb, is unstable (i.e., has a non

zero growth rate) if its wavelength is 3000 km, but not if it is only 

500 km. This is regardless of whether or not the effects of horizontal wind 

shear are included. The impact of lateral shear, however, can be seen by 

comparing the growth rates of a 1500 km wave with a depth of 200 mb. 

Without shear, this specific wave would be neutral, whereas by including 

the wind shear term, the wave is characterized by a growth rate slightly 

higher than 10"^ s"', and is therefore unstable. Lateral shear, therefore, 

allows perturbations to become deeper and yet remain unstable. 

Figure 2 shows this effect of lateral shear as a function of depth on 

this 1500 km perturbation more clearly. Without shear, the growth rate 

falls off rapidly and becomes neutral as the perturbation depth approaches 

200 mb. With shear, however, the growth rate is not only higher, but it 

also falls off less dramatically, and instability remains even for 

perturbations whose depth exceeds 200 mb. And thus it can be concluded 

that when horizontal wind shear is included in the governing equations, a 

larger spectrum of wave perturbations are able to amplify. It is also 

possible that lateral shear helps to maintain the disturbance, even though 

wave growth itself has become negligible, once it has been established 

within the PBL. 

In Figure 3 the growth rates are given for perturbations developing 

with various wavelenghts and a depth Ap = 100 mb developing at the 

750 mb level, where the thermal gradient is 1 X per 100 km, with and 

without the impact of horizontal wind shear. In this particular example 

the growth rate increases as much as 40% when horizontal shear is taken 

into account. This confirms what has already been deduced from the 
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FIGURE 2. Growth rate, \lc^ (lO'^s"'), with and without horizontal 
wind shear (Pjj ternn) as a function of depth, Ap (nnb), for an African 
perturbation with A - 1500 km developing at p - 750 mb where 
the nneridional temperature gradient a = 1 X per 100 km. 
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FIGURE 3. Growth rate, ^c^ (lO'^s"') with and without horizontal 
wind shear (Ph ternn) as a function of wavelength, A (km), for 
African perturbations with depth Ap = 100 mb developing at 
p = 750 mb where the meridional temperature gradient 
a = 1 X per 100 km. 
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energetics equation: the horizontal wind shear provides an additional 

energy source to the perturbation and thus allows for the higher growth 

rates for all wavelengths. 

Horizontal Wind Shear and Phase Speed 

In general, the speed of propagation is directly proportional to the 

magnitude of thermal contrast regardless of whether or not lateral shear is 

taken into account. This is due to the fact that the ambient wind flow is 

geostrophic, and since the velocity of the geostrophic wind is directly 

proportional to the magnitude of thermal contrast, waves will tend to 

travel faster in relatively strong baroclinic zones. However, with the 

inclusion of horizontal wind shear into the equations, the phase speed 

increases even further. As detailed in Figure 4, it is clear that shorter 

wavelengths developing high in the PBL generally travel faster, but it can 

also be seen that the propagation speed for a given wavelength is greater, 

as much as 70%, when the effects of horizontal wind shear are taken into 

account. Specifically, it is the larger wavelengths which benefit most 

from the presence of horizontal wind shear, although it is still the smaller 

disturbances which possess the highest absolute phase speeds. 

Figure 5 shows the relationship between propagation speed and 

perturbation depth for a 2000-km disturbance with p = 850 mb, 800 mb, 

and 750 mb where the temperature gradient is 1 X per 100 km. As 

might be expected, the more shallow the wave disturbance, the higher the 

propagation speed. Also the higher the perturbation is located within the 

PBL the faster it will travel. When these observations are combined with 

the previous results shown in Figure 4, it is readily concluded that it is the 
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FIGURE 4. Phase speed, c^ (m s'*), with and without horizontal 
wind shear (p^ term) as a function of wavelength, A (km), for 
African perturbations with depth Ap = 100 mb developing at 
p = 850 mb, 800 mb, and 750 mb where the meridional 
temperature gradient o = 1 X per 100 km. 
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FIGURE 5. Phase speed, ĉ . (m s ) with and without horizontal 
wind shear (p^ term) as a function of depth, Ap (mb), for African 
perturbations with A = 2000 km developing at p = 850 mb, 
800 mb, and 750 mb where the meridional temperature gradient 
a - 1 'Cper 100 km. 
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relatively small and shallow wave perturbations which are located high 

within the PBL that have the fastest phase speeds of all. It should be 

remembered, however, that this observation does not take into account the 

effects of horizontal mixing processes which is the topic of discussion in 

the following section. Although horizontal friction does not affect the 

phase speed of these transverse waves, the inclusion of lateral dissipation 

into the governing equations does indeed have a strong impact on their 

potential for instability, particularly the small and shallow waves which 

develop relatively close to the surface. 

Effects of Internal Friction 

Figure 6 shows the relationship between growth rate and 

wavelength for a perturbation 120 mb in depth at various temperature 

gradients for the three isobaric levels 850 mb, 800 mb, and 750 mb, 

respectively. (From this point onward, all calculations will be carried out 

including the lateral shear term unless otherwise stated.) Generally, for a 

given wavelength. A, the growth rate increases as the thermal contrast, a, 

increases. This is similar to the result obtained for the phase speed. 

However, it is clear from all three graphs that there is an axis of maximum 

growth which tends to shift toward the 2000-km wavelength as the 

thermal gradient exceeds 1 X per 100 km. This suggests that at a higher 

thermal contrast, perturbations whose scale approaches that which is most 

commonly observed over tropical North Africa (i.e., 2000 km) are most 

likely to become unstable and therefore to grow. This is, of course, what 

should be expected since the various perturbations of all wavelengths 

would be in competition for the same energy sources, and therefore those 
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FIGURE 6. Growth rate, \xc^^ (\0'^ s"'). without friction as a function 
of thermal contrast, o ( X per 100 km), and wavelength, A (km), for 
African perturbations with depth Ap = 120 mb at p - (a) 750 mb. 
(b) 800 mb, and (c) 850 mb. 
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which possess the highest instability would be able to utilize all available 

energy reservoirs most efficiently, and thus become the dominant wave 

pattern. 

Although this tendency is a favorable result, a closer inspection of the 

actual numerical values of the growth rates reveals a weakness in this 

finding. Table 7, for example, gives the specific numerical values of the 

growth rates used in plotting the isopleth curves of Figure 6a. For a 

perturbation with A = 2000 km and a = 1 X per 100 km, the growth rate 

is 2.75 X 10"^ s•^ whereas for a 1000 km wave at the same thermal 

contrast, the growth rate is 3.14 x 10"̂  s"', which is significantly higher. 

Yet it is not the 1000 km disturbance which is most often observed over 

North Africa under the mean summer conditions as this result would 

suggest. This apparent discrepancy immediately disappears, however, 

when the effects of internal friction are introduced into the equations. 

Tables 7, 8, and 9 compare the growth rates with and without the 

effects of internal friction. For the specific example above, it is observed 

from Table 9 that for the 1000 km wave, the growth rate decreases by 

31% to 2.16 X 10"^ s"̂  when friction is introduced into the governing 

equations, whereas for the 2000-km disturbance, the decrease is less 

dramatic — to 2.50 x 10"^ s"*, which is only a 9% reduction. Now it is 

clear with this new result that it would be more likely to observe a 

2000-km disturbance than one with a 1000-km wavelength. It is obvious 

that internal friction dampens the growth rate of the shorter wavelengths 

more than the larger ones. This is due to the inverse relationship between 

frictional damping and wavelength as derived in the Appendix. 



TABLE 7.—Growth rate, MCi, (10"^ s"*), with horizontal wind shear 
(Ph term) with and without friction (F term) for African 
perturbations of wavelength, A (km), and depth, Ap (mb). at 
p = 850 mb where a = 1 X per 100 km. "« " = neutral wave. 

Wavelength Ap (mb) 
A(km) 20 40 60 80 100 120 
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500 MCi + Ph 4.51 4.18 3.60 2.58 
MCi + ph + F 0.56 0.23 * 

1000 

1500 

2000 

2500 

3000 

MCi * Ph 

MCJ + Ph * F 

MCi + Ph 

MCi + Ph + F 

MCi + Ph 
MCi + Ph * F 

MCi + Ph 
MCi + Ph * F 

MCj + Ph 
MCi + Ph * F 

3.30 

2.31 

2.65 

2.21 

2.21 

1.96 

1.87 

1.71 

1.59 

1.48 

3.15 

2.16 

2.55 

2.11 

2.12 

1.87 

1.78 

1.63 

1.50 

1.39 

2.94 

1.95 

2.40 

1.97 

2.00 

1.76 

1.68 

1.52 

1.41 

1.30 

2.63 

1.65 

2.22 

1.78 

1.86 

1.61 

1.56 

1.40 

1.29 

1.17 

2.19 

1.21 

1.97 

1.53 

1.68 

1.43 

1.40 

1.24 

1.14 

1.03 

1.50 

0.52 

1.64 

1.20 

1.44 

1.19 

1.20 

1.04 

0.95 

0.84 
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TABLE 8.-AS in Table 7 except for p = 800 mb. 

Wavelength Ap (mb) 
A (km) 60 80 100 120 140 160 

500 MCi + Ph 4.40 3.55 1.95 * 
MCi + Ph + F 0.45 * 

1000 MCi + Ph 3.60 3.34 2.99 2.49 1.73 * 

MCi + ph + F 2.61 2.36 2.00 1.50 0.74 * 

1500 MCi + Ph 3.03 2.88 2.69 2.44 2.11 1.67 

MCi + Ph + F 2.59 2.44 2.25 2.00 1.67 1.23 

2000 MCj + Ph 2.62 2.51 2.37 2.21 2.00 1.73 

MCi + ph + F 2.37 2.26 2.13 1.96 1.75 1.48 

2500 

3000 

MCi ̂  Ph 
MCj * Ph * F 

MCi * Ph 
MCj + Ph * F 

2.30 

2.14 

2.04 

1.93 

2.21 

2.05 

1.97 

1.85 

2.10 

1.94 

1.87 

1.76 

1.97 

1.81 

1.76 

1.65 

1.81 

1.66 

1.63 

1.52 

1.62 

1.46 

1.47 

1.36 



TABLE 9.—As in Table 7 except for p = 750 mb. 

Wavelength Ap (mb) 
A (km) 100 120 140 160 180 200 
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500 MCi + Ph 2.90 

MCi * Ph * F * 

X X X X 

X X X X 

1000 MCi + Ph 3.58 3.14 2.53 1.53 * 

MCi + ph + F 2.59 2.16 1.54 0.54 * 

1500 MCi + Ph 3.23 3.01 2.73 2.38 1.90 1.14 

MCi + p h * F 2.79 2.57 2.30 1.94 1.46 0.70 

2000 MCi + Ph 2.89 2.75 2.58 2.36 2.10 1.76 

MCi + pu + F 2.65 2.50 2.33 2.12 1.85 1.51 

2500 MCi + Ph 2.61 2.51 2.38 2.22 2.04 1.82 

MCi + ph + F 2.45 2.35 2.21 2.07 1.88 1.66 

3000 MCi + Ph 2.38 2.29 2.19 2.07 1.92 1.76 

MCi*Ph*F 2.27 2.18 2.08 1.96 1.82 1.65 
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This observation is further enhanced when one considers not only 

small, but in addition relatively shallow perturbations. For example, from 

Table 7 a disturbance with a 500-km wavelength and a depth of only 

60 mb in a boundary layer with height p = 850 mb (and o = 1 X per 

100 km), possesses a relatively high growth rate of 3.60 x 10'^ s"* 

without including friction. This is one of the higher growth rates 

observed in this present study. Adding the effects of internal friction, 

however, damps this wave out completely and neutral oscillations result. 

And thus without frictional dissipation, it would be the small, shallow 

wave disturbances which would dominate the tropical atmosphere due to 

their significantly larger growth rates. However, when friction is 

considered, these small shallow waves are either severely dampened or 

they are not permitted to grow at all. 

If we now include frictional dissipation in all the calculations we 

arrive at a more realistic result and one which is even more compatible 

with observations. Figure 7 is the same as Figure 6 except now the 

effects of friction are included. The axis of maximum growth rate now 

shifts more quickly toward the 2000-km wave disturbance, and in fact, it 

is the 1500 km - 2000 km range which possesses the highest growth rates 

at all three isobaric levels as a approaches 1 X per 100 km. Furthermore. 

it is the 2000-km wave at 750 mb which possesses the highest growth 

rate of all as o slightly exceeds 1 X per 100 km. Thus, it can be safely 

stated that for a « 1 X per 100 km, it is the 2000-km perturbations 

developing in a deep neutral layer (p = 750 mb) which possess the highest 

growth rates when horizontal wind shear and mixing processes (lateral 

dissipation) are taken into account, and are therefore most likely to be 
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FIGURE 7. As in Figure 6 except including internal friction. 
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observed during any given period. This theortetical conclusion is in 

agreement with past studies (Burpee. 1972; Dean 1972; Reed et al., 1977). 

Vertical Structure of the African Wave 

It should be remembered that PBL waves are three-dimensional, and 

that the disturbances can be manifested at various pressure surfaces 

throughout a considerable depth of the PBL. If the growth rates and 

phase speeds of a specific wave perturbation are examined at the various 

isobaric levels in the atmosphere, the vertical structure of the wave can be 

established. 

It is obvious from the expressions for the growth rate, MCi, and the 

propagation speed, ĉ , as shown in the Appendix, that these characteristics 

are a function of pressure, and therefore may vary considerably with 

height. Considering a 2000-km perturbation then with its height p at 

750 mb and depth Ap = 140 mb, the average growth rate and phase speed 

(including both horizontal wind shear and friction) for a a value of 1 and 

1.2 X per 100 km according to Table 9 are 2.4 x 10"5 s» and -8.1 m s •^ 

respectively. Since the approximate thickness of this perturbation below 

800 mb would be 80 mb, an estimate for the growth rate and phase speed 

of the perturbation at the 800 mb level can be found in Table 8 under 

Ap - 80 mb. Here the average growth rate is on the order of 

2.4 X 10"^ s'', and the average phase speed is -6.0 m s"*. And similarly, 

at 850 mb under the column Ap - 40 mb from Table 7, the average 

growth rate is 2.0 x 10"^ s"', and phase speed is -3.3 m s"'. The vertical 

mean growth rate of this specific wave perturbation is, therefore, 

approximately 2.3 x 10"^ s"', and the mean vertical phase speed is 
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-5.8 m s"*. It should be evident from these calculations that the African 

wave phase lines would tilt from east to west with height due to the faster 

propagation speed of the upper portion of the disturbance. This, too, is in 

complete greement with observations based upon statistical analyses 

(Burpee. 1972). 

As stated earlier, the average speed of an African disturbance with a 

wavelength on the order of 2000 km is -7 m s"^ and thus the above 

estimated phase speed under the mean summer conditions over tropical 

North Africa is in reasonably good agreement with the observed value. In 

fact if a smaller Ap were chosen, say for example 120 mb, the growth rate 

would be on the order of 2.5 x 10'^ s"', but the propagation speed would 

be closer to -6.4 m s*. 

PBL Waves in the Southwest Deserts 

The conditions for the growth of PBL waves over the deserts of the 

southwestern United States are similar to those for tropical North Africa. 

However, since the southwest deserts are located in and slightly above the 

northern fringe of the subtropics. the occasional intrusion of strong mid-

lattitude synoptic-scale disturbances into this region can actually hide the 

presence of or perhaps merge with PBL waves, or even prohibit their 

formation. Furthermore, it is only during the summer months when solar 

heating can generate and maintain a deep neutral boundary layer in 

which these waves can develop. And thus it is only during the period of 

June through early September when the atmosphere over the Southwest 

would normally be able to maintain a neutrally stratified boundary layer 

for any significant length of time. It is also during this time when the 
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atmosphere is most likely to be dominated by broad areas of upper level 

high pressure, free from the influence of most major mid-lattitude 

synoptic-scale disturbances. 

Unlike the tropical regions of North Africa, the arid regions of the 

southwest deserts are characterized by highly irregular terrain features 

ranging from the desert lowlands, to bluffs and plateaus, to high mountain 

peaks. A representative "surface" pressure of 850 mb was chosen in an 

attempt to take into account the elevated terrain, although this rough 

terrain should be remembered when evaluating the results. Sharp 

changes in surface elevation (and hence surface pressure) could 

significantly alter the depth of the neutral layer which has already been 

shown to effect both the growth rates and phase speeds of wave 

perturbations. It is also likely that frictional processes may even be more 

complex in this type of environment than is represented by the current set 

of equations. 

Instability of PBL Waves in the Southwest Deserts 

During the hot summer months of the year, the deserts of Southern 

California, Nevada, and Arizona normally respond most efficiently to the 

incoming insolation, and therefore heat up very quickly. The resulting 

temperature gradient, however, is reversed when compared to North 

Africa. Across North Africa the hottest temperatures are located in the 

northern regions of the continent which leads to a postive thermal 

gradient. For the southwestern desert regions, it is a negative 

temperature gradient which is established due to the presence of 

somewhat cooler air to the north. The sign of the temperature gradient is 
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important, for it has a strong effect on the direction of wave propagation. 

The thermal gradient determines the direction of the ambient wind flow. 

This can be seen in the derivations (see Appendix) of the governing 

equations where the mean zonal wind is assumed to be in geostrophic 

balance. Since the geostrophic wind is directly proportional to the 

negative of the temperature gradient, it follows that a positive 

temperature gradient (like that observed across North Africa) implies an 

easterly mean flow, which in turn results in waves which predominantly 

move from east to west. Under normal conditions over the Southwest, 

however, the thermal gradient is reversed, implying a westerly mean 

wind, which in turn results in waves that generally travel to the east. 

The sign of the thermal gradient, however, is not always negative 

over the southwest deserts. During relatively quiescent atmospheric 

conditions, significant positive temperature gradients across this area of 

the United States can also develop during the mid to late summer with the 

onset of the monsoon season. Moisture flowing into the southern portions 

of California, Arizona, and New Mexico tend to keep atmospheric 

temperatures there relatively cool compared to the much drier, and 

therefore warmer air located across the northern sections of these areas. 

It is during this period of moisture influx when the temperature gradient 

across the southwest is in the same direction as the gradient across North 

Africa, i.e., positive gradient. PBL waves forming under these synoptic 

conditions in the southwest deserts are, therefore, more likely to 

propagate westward just like their African counterparts. 

Tables 10, 11, and 12 give the range of thermal gradients required 

for perturbations to become unstable at various PBL heights over the 



TABLE 10.—Minimum (M) and maximum (N) meridional temperature 
gradients (X per 100 km) for Southwest perturbations of wave
length, A (km), and depth, Ap (mb), developing at p = 700 mb 
to become dynamically unstable. 
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Wavelength 

A (km) 

500 

750 

1000 

1250 

1500 

1750 

2000 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

20 

-0.48 
X 

-0.73 
X 

-0.98 
« 

-1.23 
X 

-1.49 
X 

-1.74 
X 

-2.00 
X 

40 

-0.51 
X 

-0.78 
X 

-1.04 
X 

-1.31 
X 

-1.58 
X 

-1.85 
X 

-2.13 
X 

Ap (mb! 

60 

-0.55 

-8.93 

-0.83 
X 

-1.12 
X 

-1.40 
X 

-1.70 
X 

-1.99 
X 

-2.29 
X 

) 

80 

-0.60 

-5.35 

-0.90 

-7.91 

-1.22 
X 

-1.53 
X 

-1.85 
X 

-2.18 
X 

-2.51 
X 

100 

-0.67 

-3.44 

-1.01 

-5.09 

-1.36 

-6.68 

-1.72 

-8.22 

-2.08 

-9.70 

-2.46 
X 

-2.84 
X 

120 

-0.78 

-2.24 

-1.19 

-3.29 

-1.61 

-4.30 

-2.05 

-5.26 

-2.50 

-6.17 

-2.97 

-7.04 

-3.46 

-7.85 

* Less than -10 X per 100 km. 
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Wavelength 

A (km) 

500 

750 

1000 

1250 

1500 

1750 

2000 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

60 

-0.38 
X 

-0.58 
X 

-.078 
X 

-0.98 
X 

-1.18 
X 

-1.39 
X 

-1.59 
X 

80 

-0.41 

-6.22 

-0.61 

-9.20 

-0.82 
X 

-1.03 
X 

-1.25 
X 

-1.47 
X 

-1.69 
X 

Ap (mb) 

100 

-0.43 

-4.19 

-0.65 

-6.19 

-0.88 

-8.14 

-1.11 
X 

-1.34 
X 

-1.57 
X 

-1.81 
X 

1 

120 

-0.47 

-2.96 

-0.71 

-4.37 

-0.95 

-5.74 

-1.20 

-7.07 

-1.45 

-8.35 

-1.71 

-9.59 

-1.97 
X 

140 

-0.51 

-2.13 

-0.78 

-3.14 

-1.05 

-4.12 

-1.33 

-5.06 

-1.62 

-5.97 

-1.91 

-6.84 

-2.21 

-7.67 

160 

-0.59 

-1.51 

-0.90 

-2.22 

-1.23 

-2.89 

-1.57 

-3.53 

-1.92 

-4.13 

-2.29 

-4.69 

-2.68 

-5.21 

* Less than -10 X per 100 km. 
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Wavelength 
A (km) 

500 

750 

1000 

1250 

1500 

1750 

2000 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

M 

N 

100 

-0.32 

-4.60 

-0.48 

-6.80 

-0.64 

-8.93 

-0.81 
X 

-0.93 
X 

-1.15 
X 

-1.32 
X 

120 

-0.34 

-3.32 

-0.51 

-4.92 

-0.68 

-6.46 

-0.86 

-7.96 

-0.98 

-9.42 

-1.22 
X 

-1.41 
X 

Ap (mb] 

140 

-0.36 

-2.48 

-0.54 

-3.67 

-0.73 

-4.83 

-0.91 

-5.94 

-1.04 

-7.03 

-1.30 

-8.07 

-1.51 

-9.09 

1 

160 

-0.38 

-1.89 

-0.58 

-2.79 

-0.78 

-3.66 

-0.99 

-4.51 

-1.11 

-5.32 

-1.41 

-6.11 

-1.64 

-6.86 

180 

-0.42 

-1.44 

-0.64 

-2.12 

-0.87 

-2.78 

-1.10 

-3.41 

-1.20 

-4.01 

-1.58 

-4.59 

-1.84 

-5.14 

200 

-0.49 

-1.07 

-0.74 

-1.57 

-1.01 

-2.03 

-1.30 

-2.47 

-1.34 

-2.87 

-1.92 

-3.24 

-2.27 

-3.56 

» Less than -10 X per 100 km 
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southwest deserts under normal atmospheric conditions. (These values 

are for typical synoptic conditions which lead to a negative temperature 

gradient. It should be noted, however, that in cases where the temperature 

gradient is positive, the magnitudes of the resulting growth rates and 

phase speeds are nearly the same as for negative gradients: the direction 

of propagation is merely reversed.) It is cleariy evident from these 

calculations that the size of wave perturbations which exhibit instability at 

a thermal contrast on the order of -1 X perl00 km is considerably smaller 

than its African counterpart. In fact, wavelengths generally must be 

smaller than 1500 km to grow in an environment characterized by a 

temperature gradient of -1 X per 100 km or weaker in the southwest 

desert regions. It is worthy to recall that wave perturbations in North 

Africa generally needed to be 1000 km or greater to exhibit instability for 

the same magnitude of thermal contrast. 

A comparison of Tables 10, 11, and 12 with Tables 1, 2, and 3 more 

clearly reveals that the magnitude of thermal contrast must be greater for 

waves in the southwest deserts than for similar disturbances in the 

African deserts in order for growth to occur. For example from Table 2, 

an African disturbance with a wavelength of 2000 km and a depth of 120 

mb confined within a boundary layer at p = 800 mb (PBL with depth of 

200 mb) needs to be in an environment characterized by a thermal 

gradient in the range of .37 to 3.9 X per 100 km in order for growth to 

occur. For a 2000-km wave with a depth of 120 mb in the deserts of the 

southwest confined within a boundary layer at p = 650 mb (PBL depth of 

200 mb), the thermal gradient for instability from Table 11 needs to be in 
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the range of -2.0 to -10,8 X per 100 km. a considerably more difficult 

criterion to satisfy. 

Of course, as the height of the neutral layer increases to where its 

depth becomes 250 mb (i.e., p - 600 mb), the thermal gradient does not 

need to be quite as large. But as Table 12 shows, however, for southwest 

wavelengths greater than 1500 km, the temperature gradient required for 

instability, even with the PBL height at 600 mb, generally still must 

exceed 1 X per 100 km in magnitude. Therefore, it is reasonable to 

expect perturbations of considerably smaller wavelengths to dominate the 

PBL in the southwestern deserts compared to those over North Africa. 

These observations are a result of the change in the Coriolis force 

going from the southwest deserts to tropical North Africa. Although the 

magnitude of the Coriolis force is the same in both regions (10"^ s"M, it is 

nearly twice as strong over the southwest deserts. This difference in 

latitude is responsible for elevating the M and N values for the various 

wave perturbations in the southwest deserts. Therefore with all else 

being equal — PBL depth, perturbation wavelength, perturbation depth — 

a stronger thermal gradient is required for southwest deserts waves to 

become unstable due to the higher latitude. 

It is also worthy to note here that calculations reveal that changing 

the surface pressure from 1000 mb (North Africa) to 850 mb (southwest 

deserts), while keeping all else equal including latitude, actually results in 

lowering the magnitude of M and N values. However, this slight lowering 

of the M and N values by the decreasing surface pressure is offset by the 

much more significant raising of M and N values by the latitudinal change. 

This results in a net elevation of M and N values for the southwest deserts. 
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Growth Rate for Southwest Desert Waves 

Another significant difference between the African wave and that of 

the southwest deserts is the magnitude of growth rates. The waves of the 

Southwest generally have smaller growth rates overall than those across 

North Africa. Tables 13, 14. and 15 show the growth rates for the 

southwest desert wave disturbance at the three isobaric levels 700 mb, 

650 mb, and 600 mb corresponding to minimum PBL depths of 150 mb, 

200 mb, and 250 mb, respectively. These may be directly compared to 

Tables 4. 5, and 6 which give similar information except for the African 

wave. From these tables it can be seen that although the southwestern 

waves generally have the smaller growth rates (particularly at the larger 

wavelengths), there are those perturbations whose length scale exhibits 

instability at moderate thermal contrast (lal • 1 X per 100 km ) in the 

Southwest but not in North Africa. Neglecting frictional effects for the 

moment, it is seen, for example from Table 6, there is virtually no 

perturbation whose wavelength is on the order of 500 km which can grow 

in the African environment with lol • 1 X per 100 km, yet the 500-km 

wave does possess a non-zero growth rate over the southwest deserts at 

this thermal contrast. On the other hand, for the African wave, the growth 

rates become significant as the wavelengths approach 2000 km, whereas 

for the southwest disturbances, these relatively large perturbations can 

only become unstable when large thermal contrasts can be maintained. 

The primary reason that smaller waves grow (or the larger waves 

are prohibited from developing) across the Southwest is once again the 

significant difference between the Coriolis force across North Africa and 

the southwestern deserts. For if all else were equal — surface pressure. 



TABLE 13—Growth rate, MCJ (10"^ S'M. and phase speed, c., (m s"M. 
including horizontal wind shear (p^ term) with and without 
friction (F term) for Southwest perturbations of wavelength, 
A (km), and depth, Ap (mb), developing at p = 700 mb where 
a = -1 X per 100 km. " *" = neutral wave. 
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Wavelength 
A (km) 20 40 

Ap (mb) 

60 80 

3.49 3.08 
X X 

100 

2.53 
X 

12( 

1.70 
X 

500 MCJ * Ph 

MCi + Ph + F 0.12 

Cr*Ph 

4.07 3.82 

1.14 0.87 0.60 0.33 0.04 -0.26 

750 MCi*ph 2.46 2.17 1.80 1.28 
MCi + ph + F 0.70 0.42 0.05 
Cf + Ph -0.71 -0.96 -1.22 -1.49 

1000 

1250 

MCi + PI 0.59 
yCj 

Cf* 

MCj 

MCj 

Cf* 

*Ph^ 
Ph 

*Ph 
*Ph^ 
Ph 

•F 

•F 

X 

-2 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 
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TABLE 14-As in Table 13 except for p = 650 mb. 

Wavelength Ap (mb) 
A (km) 60 80 100 120 140 160 

500 MCi + Ph 4.80 4.50 4.12 3.64 3.01 2.08 
MCi + ph + F 0.86 0.55 0.17 * 
Cr + Ph 2.46 2.16 1.85 1.53 1.21 0.88 

750 

1000 

1250 

1500 

MCj 

MCj 

C f * 

MCj 

MCj 

C r * 

MCj 

MCj 

C r * 

MCj 

MCj 

C r ' 

*Ph 
* P h * 
Ph 

*Ph 
* P h * 
Ph 

*Ph 
* P h ' 
Ph 

*Ph 
* P h ' 
Ph 

F 

F 

• F 

F 

3.36 
1.60 
0.58 

2.15 
1.17 

-1.25 

0.63 
X 

-3.07 

X 

X 

X 

3.10 
1.34 
0.30 

1.86 
0.87 

-1.52 

X 

X 

X 

X 

X 

X 

2.78 
1.03 
0.01 

1.47 
0.49 

-1.81 

X 

X 

X 

X 

X 

X 

2.39 
0.64 

-0.29 

0.89 
X 

-2.09 

X 

X 

X 

X 

X 

X 

1.87 
0.12 

-0.60 

X 

X 

X 

X 

X 

X 

X 

X 

X 

1.04 
X 

-0.90 

X 

X 

X 

X 

X 

X 

X 

X 

X 



TABLE 15.-As in Table 13 except for p = 600 mb. 
60 

Wavelength 
A (km) 

500 

750 

1000 

1250 

1500 

1750 

MCi * Ph 
MCi + Ph + F 

Cf^Ph 

MCi * Ph 
MCi + Ph * F 

Cr^Ph 

MCi * Ph 
MCi + Ph * F 

Cr^Ph 

MCi * Ph 
MCi * Ph * F 

Cr*Ph 

MCi + Ph 
MCi + Ph + F 

Cr*Ph 

MCi * Ph 
MCi + Ph * F 

Cr*Ph 

100 

5.20 
1.25 
3.79 

3.92 
2.17 
1.90 

2.89 
1.90 
0.05 

1.91 
1.28 

-1.78 

0.56 
0.12 

-3.59 

X 

X 

X 

120 

4.80 
0.85 
3.46 

3.64 
1.88 
1.59 

2.62 
1.64 

-0.25 

1.60 
0.97 

-2.07 

X 

X 

X 

X 

X 

X 

Ap (mb) 
140 

4.30 
0.35 
3.11 

3.30 
1.54 
1.26 

2.31 
1.32 

-0.56 

1.18 
0.55 

-2.37 

160 

3.65 
X 

2.76 

2.87 
1.12 
0.93 

1.90 
0.92 

-0.88 

0.38 
X 

-2.68 

180 

2.76 
X 

2.40 

2.33 
0.57 
0.59 

1.35 
0.36 

-1.20 

X 

X 

X 

X 

X 

X 

X 

X 

X 

200 

1.15 
X 

2.03 

1.53 
X 

0.25 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 
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depth of PBL, depth of perturbation, wavelength of perturbation — the 

simple change of going from 16' N latitude to 37* N latitude reduces the 

size of perturbations which can become unstable. 

It should be noted that the relatively low surface pressure across the 

southwest deserts also contributes slightly to lowering the growth rate, 

but the more significant cause for the reduction in perturbation growth 

rate at the larger wavelengths is the latitudinal change. And thus by 

reviewing the tables comparing the growth rates of African and 

southwestern PBL waves, it becomes apparent that these two types of 

disturbances form a PBL wave spectrum with the southwestern waves 

forming the lower end and the African wave the upper end. 

As far as the individual growth rates of southwestern waves is 

concerned, the rates increase as the depth of the neutral layer increases, 

which is consistent with the previous conclusion concerning the African 

wave that growth is more likely as the height of the PBL increases. 

Figure 8 shows the growth rate of 750 km waves at various PBL heights 

as a function of depth for a temperature gradient of -1 X per 100 km. 

Here it is seen that waves which develop in the deepest PBL are the most 

unstable. 

Figure 9 shows the relationship between growth rate and 

wavelength as a function of temperature gradient for perturbations whose 

depth is 120 mb and developing in boundary layers with heights ranging 

from 700 mb to 600 mb. It is evident that without internal friction, a 

general pattern emerges: the smaller the wavelength the faster it grows. 

And, of course, as the thermal contrast gets stronger the growth rate 

increases as well. 
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FIGURE 8. Growth rate, \ic^ (lO'^s"'), with horizontal wind 
shear as a function of depth, Ap (mb), for a southwest 
perturbation with A = 750 km developing at p = 700 mb, 
650 mb, and 600 mb where the meridional temperature 
gradient a = - l X per 100 km. 
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FIGURE 10. As in Figure 9 except including internal friction. 
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When internal friction is included in the calculations, however, the 

pattern changes dramatically. Figure 10 clearly indicates that by taking 

lateral dissipation into account, there appears to be an axis of maximum 

growth rate for perturbations whose wavelength approaches 750 km. 

This type of pattern was also observed for the African wave, except its 

axis of maximum growth shifted toward the 2000-km wavelength. 

Phase Speed of Southwest Desert Waves 

The phase speeds of individual perturbations across the southwest 

deserts are, according to theory, generaly slower than similar waves 

across North Africa. The phase speeds of the predominant wave 

perturbation in each area (2000 km for Africa and 750 km for southwest) 

as a function of depth are shown in Figure 11. It is obvious that African 

waves propagate much faster than their southwest desert counterparts. 

In order for the 750 km perturbation in the southwest to travel as fast as 

the 2000-km wave of Africa, the magnitude of the temperature gradient 

must be increased to near 1.8 X per 100 km. Once again, the increased 

Coriolis force across the southwest deserts is responsible for lowering the 

phase speed. Interestingly, the decrease in surface pressure going from 

Africa (1000 mb) to the southwest deserts (850 mb), on the other hand, 

yields slightly faster propagation speeds, but this is offset by the much 

stronger influence of the Coriolis force change. 

PBL Wave of 26 July - 29 July 1988 

During the latter part of July 1988 a large dome of high pressure 

began to develop over the western half of the United States. By 0000 Z 
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FIGURE 11. Absolute value of phase speed, c^(m s"*), as a 
function of depth. Ap (mb), for African wave of A = 2000 km 
developing at p = 750 mb and southwest wave of A = 750 km 
developing at p = 600 mb where the meridional temperature 
gradient lal = 1 X per 100 km. 
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26 July this broad area of high pressure was firmly established with an 

anticyclonic circulation center at the 500 mb level over the Four Corners 

area as shown in Figure 12a. This area of high pressure was maintained 

throughout the entire period of the following discussion. 

Figure 12b reveals a uniform pocket of warm air at the 700 mb level 

positioned directly beneath this upper-level high at 0000 Z 26 July. An 

area of low pressure and weak cyclonic circulation has formed on the 

southwestern edge of this warm pocket of air over central California at 

700 mb where the local temperature gradient is approximately -.8 X per 

100 km. At this relatively weak thermal contrast, both the growth rate 

and propagation speed of this incipient disturbance would be slow 

according to results obtained from this current study. 

At the 850 mb level (not shown) a thermal low pressure center is 

indicated over the Four Corners area as a result of the intense surface 

heating there, but this feature loses its identity during the morning 

observations. This transitory feature, therefore, appears to be independent 

of the disturbance developing in California. However, a similar thermal 

pattern to the 700 mb level was maintained throughout the period at the 

850 mb level, and the vertical temperature profile across the entire area 

often revealed dry adiabatic conditions from the surface up to the 600 mb 

level during peak heating times. 

By 1200 Z 26 July the area of low pressure and cyclonic circulation 

at 700 mb over California, shown in Figure 13a, has remained nearly 

stationary and has intensified. Height falls of 20 to 30 meters surround 

the developing disturbance. A closed vortex at 700 mb has now clearly 

developed with its center of circulation across east-central California. The 
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850 mb thermal low over the Four Corners area mentioned earlier has 

completely dissipated by this morning's observation. As can be seen from 

the figures, the slowly intensifying disturbance over California is found in 

a local area of maximum thermal contrast, although the magnitude of the 

north-south temperature gradient itself has remained relatively weak, 

only -.5 X per 100 km. Again, not much motion or intensification would 

be expected with this weak thermal contrast. 

Twelve hours later, 0000 Z 27 July, and during the peak heating time 

for the southwest deserts, the disturbance has developed into an open 

wave pattern, as indicated in Figure 13b, with a wave axis slightly east of 

the low pressure center that was observed at 1200 Z 26 July. A much 

stronger temperature gradient, close to -1.5 X per 100 km across 

California and Nevada, has now been established in the immediate vicinity 

of this open wave. With this increased magnitude of thermal contrast, the 

wave would be expected not only to amplify but also that it would 

significantly increase its eastward propagation speed. 

By 0000 Z 28 July, the disturbance has moved to the east with its 

well-defined wave pattern still clearly evident moving across Arizona and 

into New Mexico. See Figure 14a. At this position, the mean propagation 

speed of this wave during the last 24 hours would be close to 8 m s"'. 

This is considerably faster than any of the phase speeds derived from this 

study's theoretical results. This indicates a primary weakness in the 

ability of the current analysis method to reproduce observed phenomena 

across the southwest. It appears that this study's results significantly 

underestimate the phase speed of the PBL waves in the southwest deserts. 

The cause may partly rest in the non-uniform terrain across the southwest 
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FIGURE 14. As in Figure 13 except for (a) 0000 Z 28 July and 
(b) 1200 Z 28 July 1988. 
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deserts where local extremes in temperature gradient could be responsible 

for accelerating these PBL waves. However, the interaction of non-linear 

aspects of wave propagation, such as highly turbulent flow, must not be 

ruled out as a possible source for this apparent discrepancy. 

The wavelength of this particular disturbance at this time is 

approximately 800 km which does agree quite well with the wavelength 

of maximum growth rate derived from the LPA method. The temperature 

gradient across the Four Corners area at the 700 mb level where the 

trough axis is located is now close to -.8 X per 100 km. With this 

decrease in thermal contrast, a decrease in propagation speed would also 

be expected. Although the gradient at 850 mb is nearly the same, this 

level remained relatively featureless, perhaps suggesting that the depth of 

the disturbance is somewhat shallow. It should be noted, however, that 

many of the upper-air stations in this area are above the 850 mb level, and 

thus a readily identifiable manifestation of the PBL wave on this chart 

would perhaps be highly unlikely in this particular region of the 

Southwest. 

By 1200 Z 28 July the disturbance has moved across New Mexico and 

into West Texas as indicated in Figure 14b. At this position, the mean 

propagation speed over the last twelve hours has decreased to 6 m s"', 

which would be expected due to the significant decrease in the 

temperature gradient. It can be concluded, therefore, that the propagation 

speed of this wave behaves at least qualitatively as the theoretical results 

would suggest. 

It is clear that the disturbance has maintained its pattern of wave 

motion, with a wavelength still near 800 km, as it crossed over the Rocky 
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Mountains. However, an inspection of Figure 14b indicates that the 

thermal gradient has further weakened across California, Arizona, and 

New Mexico, and is virtually non-existent across Texas and Oklahoma 

Thus it might be expected as the PBL wave continues its eastvvaî d motion 

into West Texas, Oklahoma and Kansas, the condition for instability--a 

sizable temperature gradient-would be removed, and therefore the wave 

would rapidly dissipate. And as shown m Figure 15a. this is exactly what 

has happened by 0000 Z 29 July. There is no longer a readily identifiable 

wave pattern propagating across the southern High Plains where the 

thermal gradient has approached zero. Instead a very weak area of low 

pressure has been analyzed across the Colorado and New Mexico border 

where the PBL wave trough axis was twelve hours earlier. 

It is of interest to note that earlier in the afternoon when the PBL 

wave was moving into the High Plains, intense thunderstorms with heavy 

downpours of rain were reported in many areas across the Texas 

Panhandle as well as the northeastern corner of New Mexico. An 

unofficial rainfall total reported from one of the storms m the northeastern 

plains of New Mexico between Tucumcarri and Raton was nearly 4.3 cm 

of rain in 20 minutes. Apparently, even though the wave had weakened 

considerably, it was still able to release the convective instability that was 

in place across this region. 

Across the broad area of weak low pressure left behind in the wake 

of the PBL wave, another strong temperature gradient has been 

reestablished across the Four Corners area, similar in magnitude to the 

one which eventually aided the initial development of the PBL wave 

across central California. However, by 0000 Z 30 July, the temperature 
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FIGURE 15. As in Figure 13 except for (a) 0000 Z 29 July and 
(b) 1200 Z 30 July 1988. 
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gradient in the vicinity of the weak low pressure center began to undergo 

a transformation as shown in Figure 15b. As more moist air began to flow 

northward from Mexico, a monsoonal-type flow, temperatures at 700 mb 

across Arizona and New Mexio continued to become relatively cool 

compared to those further north in Utah and Colorado. The north-south 

temperature gradient at 0000 Z 29 July in the vicinity of the low was 

slightly negative; at 0000 Z 30 July the temperature gradient in the same 

area had become essentially zero. Also, during this 24-hour period the 

weak low center had not moved appreciably, again in agreement with 

prior results relating propagation speed to the temperature gradient. 

On 1200 Z 30 July, the low has remained virtually stationary, yet the 

temperature gradient immediately surrounding it has now become 

increasingly positive since the hottest air has retreated northward into 

Nebraska, Wyoming, and northern Utah, while the cooler, more moist air 

has moved into Arizona and New Mexico as indicated in Figure 16a. With 

this positive temperature gradient now established, which is more similar 

to the thermal contrasts found across North Africa, the weak disturbance 

might be expected to begin drifting toward the west. And as Figure 16b 

reveals, this is what has occurred. The low has propagated to the west by 

0000 Z 31 July to eastern Utah where the temperature gradient has by 

now become strongly positive. 

This motion might be expected to continue and the disturbance itself 

to intensify as it continues its westward movement into a strong thermal 

gradient as well as a deep boundary layer located across the arid regions 

of Nevada and Utah. Unfortunately, however, the upper-level high 

pressure which has been maintained throughout the life cycle of this PBL 
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wave has begun to break down by 0000 Z 31 July, and a strong 500 mb 

shortwave rapidly moving in from the Pacific coastal areas of the United 

States essentially overtakes this PBL disturbance. The relatively small and 

shallow PBL wave, therefore, loses all its identity as it becomes absorbed 

into this major synoptic-scale disturbance. 



CHAPTER V 

DISCUSSION AND CONCLUSIONS 

The relatively high growth rates, on the order of 2 x 10'^ s"^ of the 

African and southwest wave disturbances indicate that these waves would 

double their intensity within a twelve hour period. This is perhaps 

necessary in order for these disturbances to develop since the conditions 

favorable for their amplification may only exist during the daylight hours. 

Furthermore, the results suggest that a relatively deep neutral layer is 

more favorable for development, and it has been noted that the African 

disturbance often appears first in the upper lower-troposphere (Burpee, 

1972), and the southwest wave investigated in this study was first 

manifested at the 700 mb level. These two observations are in good 

agreement with one another, for it is likely that a disturbance will develop 

most efficiently in the upper part of a deep neutral layer, since it is here 

where the neutrally stratified conditions would persist for the longest time 

during the erosion process of the boundary layer at night due to radiative 

cooling at the surface. This is perhaps particularly true for the southwest 

deserts since a manifestation of the PBL wave is often difficult to define at 

the lowest levels, but instead remains virtually confined between the 

850 mb and 500 mb pressure surfaces. 

It has been observed that the African wave disturbance achieves it 

greatest intensity as it approaches the West African coast, but often 
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undergoes disintegration soon after leaving the land (Carison, 1969 b). 

The intensification, as Carison noted, may have been due to the influx of 

moisture from the ocean. It can be imagined, however, that once these 

waves leave the coastline and move into the ocean, they are suddenly in 

an environment where the PBL is significantly shallower, and the thermal 

gradient is not nearly as strong. Since it has been shown in this study that 

these two factors are the primary features which lead to the formation 

and the subsequent maintenance of PBL waves, it should come as no 

surprise that they often suffer their demise once they leave the land areas 

of North Africa. However, not all of these waves dissipate once leaving 

the mainland, and it would be interesting to investigate how these African 

waves adjust to these drastic changes in environmental conditions in 

order to continue their existence, and perhaps even go on to develop into 

tropical storms and hurricanes. It has been suggested by Carlson 

(1969,a,b) that the African monsoon may play a significant role in helping 

the African wave to adjust to conditions more similar to atmospheric 

conditions over the open waters of the Atlantic. The abundant supply of 

moisture brought to the coastal areas by the monsoons may help to 

convert the relatively shallow land disturbances maintained by strong 

thermal contrasts to deep oceanic disturbances which are primarily 

maintained by latent heating. 

The life cycle of the PBL waves across the southwest deserts are 

considerably shorter than their African counterparts. Besides the threat of 

being absorbed by the occasional intrusion of synoptic-scale weather 

systems, another obstacle, which is not a major concern across North 

Africa, but which southwest waves must overcome in order to propagate 
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considerable distances is the presence of the very rough terrain which 

characterizes their environment. The detrimental and seemingly 

unpredictable effects of non-uniform terrain, such as abrupt changes in 

atmospheric flow resulting in strong wind shears and highly turbulent 

motions, are likely to inhibit organized wave formations. (These non

linear effects on wave charateristics would not be detected by the current 

analysis method.) It is probable that a wave disturbance which develops 

slowly across California and Nevada (like the one in this study) and is 

given time to become sufficiently organized before moving to the east, is 

most likely to be able to overcome the potentially destructive effects of 

the highly irregular terrain which lie ahead in its path. And because 

convectively unstable air masses are quite common across the mid

section of the United States during the summer months, it is when these 

PBL waves cross over the Rocky Mountains and into the western High 

Plains that they can become most active by directly releasing this 

instability in the form of intense convective storms. 

From the present case study of the PBL wave over the southwest 

deserts, it would appear that both a significant thermal contrast and a 

deep boundary layer need to be maintained in order for the disturbance to 

survive. Since deep boundary layers are relatively easy to generate across 

this area of the United States during the summer months, it is only the 

simultaneous presence of moderately strong thermal gradients across this 

region which give rise to PBL wave development. An area of future study 

might be to determine the mechanisms responsible for inducing a wave 

disturbance onto this unstable atmospheric stratification. One possible 

cause might be the presence of a semi-persistent westerly flow across the 
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mountain ranges of California which would subsequently induce lee-side 

troughing over the central valleys of California where strong solar 

insolation would be taking place. If this process were active during times 

of moderately strong temperature gradients, a PBL wave could be 

initiated. It should be noted, however, that this does not appear to be the 

process by which this study's southwest PBL wave was induced. 

In order for these waves to be properly represented in numerical 

weather prediction models, it should be clear that solar radiation processes 

are vital. For it is the intense solar radiation which makes possible deep 

neutral boundary layers in which these waves are observed to develop. In 

fact. Chang (1987) performed a numerical study on the relative 

importance of including the effects of solar radiation on the African wave 

disturbance and discovered that without the influence of solar radiation, 

these PBL waves decayed rapidly in only twelve hours of model 

simulation, and in fact disappeared entirely after 24 hours of numerical 

integration despite the presence of a sizable temperature gradient in the 

lower troposphere. 
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APPENDIX 

DERIVATION OF FREQUENCY EQUATIONS 

In order to derive the frequency equations for the hydrodynamic and 

thermodynamic equations used in the current study, it is appropriate to 

first derive them by excluding the expression for internal friction. For 

adiabatic and frictionless motion, the momentum, thermodynamic, 

hydrostatic, and continuity equations can be expressed on a (x,y,p,t) 

coordinate system as follows: 

gu = fv - M u - Momentum , 
dt dx 

dv = - fu - M V - Momentum , 
dt dy 

d&T = 0 Thermodynamic, 
dt 

d^ = - i Hydrostatic , 
dp p 

du + dv .̂ dOL = 0 Continuity . 
dx dy dp 

where d/dt = d/dt + ud/dx + vd/dy + (ud/dp. The standard meteorological 

symbols have been used in the equations. The reader is referred to the list 

of symbols at the beginning of this thesis. 

Utilizing the equation of state, p = pRt,T, the hydrostatic equation 

can be used to arrive at a new expression for the geopotential height, <|). as 

follows: 
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^ P 

d<|> = - ^ = -Edidfi = -R.Tdlnp. 
P P 

And by definition of potential temperature, Gj, we have T = ej(p/Po)* ,̂ 

where k = R/Cp and p̂  = 1000 mb. Thus, we can write 

d4) = - R^8T (p/po)»^ dlnp 

Po^ 

Integrating from the surface, <J) = 0, to height <p, assuming that the 

potential temperature is constant within this range (which would be the 

case in a neutrally stratified boundary layer), we obtain 

<t) = R^8T(p,»^-p»^)/(Po»^k) 

(J) = - e T C p ( T T - T T , ) , 

where TT = (p/p̂ )*̂  and n^ = (p^/Po^^-

If we let a = Cp (TT - TT̂ ) , then (J) = - a8 j . which then allows us to 

express the geopotential gradient in the following manner: 

d̂ l = - a M T 
dx dx 

d^ = - a ^T 
dy dy 

If we express the dependent variables as the sum of a basic state 

plus a perturbation (denoted by prime quantities), we have 



u = U(y.p) . u'(x,t) "̂̂  "̂̂  ^ 

V = v'(x,t) 

Oj = e(y) > e'(x,t) 

0) = a)(x,p,t). 

Substituting these expressions into the original governing equations, 

we can obtain the frequency equations. The u - momentum equation 

reduces to the following components: 

du = f V - M 
dt dx 

M . M.. (V^u')^ . v'4II . (D'4ii 
dt dt dx dy dp 
fv = fv' 

d^ = - a M l 
dx dx 

If we assume that the perturbations themselves are very small 

compared to the basic state, i.e., 1 u'/U I « 1, then the total u - momentum 

equation becomes 

dt dx dy dp dx 

And likewise with the v - momentum equation, we have 

dY = - f u - M 
dt dy 

^ . ( u * u ' ) | ^ = -f(u.u') . a |(o*e') 
dt dx dy 



0 0 

1 ^ . U | ^ . -fU - fu' . a M . ol ox dy 

If we assume that the zonal wind. U, is in geostrophic balance, then 

^ " f dv " T ^ ' ^^^ ^^ ^̂ ^̂  ̂ °̂  ^̂ ^ ^ ' "̂ 0"̂ "̂̂ "̂̂  equation, 

1 ^ . U4^ = -fu' . 
dt dx 

The thermodynamic equation can now be rewritten in terms of the 

perturbation quantities as follows: 

dij = 0 
dt 
Ml + (IJ + u')4^ ^̂  V 4^ = 0 
dt dx dy 

dfi: + u ^ + v ' ^ = 0 
dt dx dy 

And likewise the continuity equation. 

du + dv + dW. = 0 
dx dy dp 

du' ^ dO) - Q 
dx dp 

Assuming 8 is a linear function of latitude, i.e., d8/dy = a, the 

geostrophic wind, U, can be expressed as 

U = f^ = a^ 
f dy f 
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which in turn allows us to express the horizontal wind shear as 

dlJ _ d (g g) = . ggdf/dv _ . gfig 
dy dy f " f2~^ " "T^ ' 

where p = df/dy and essentially expresses the latitudinal variation of the 

Coriolis force. We can also express the vertical wind shear as 

dU = d (g g) - g dtt 
dp dp f fdp 

da = CpM , Cpk pk-1 , CpR<,/-' = R d H ' ^ 
dp ^dp Vo^ CjPo*^ Po*̂ P 

dlJ = yg 
dp " f ^ 

where y = R̂  (p/Po)*̂ /P • 
The continuity equation can now be rewritten into an integrating 

form: 

du' + MI = 0 
dx dp 

dm = _du: 
dp dx 

dcfl' = - l ^ d p 
dx 

Integrating the continuity equation from p + Ap where o)' = 0, to p 

where u)' = u)', yields the following expression for o)': 

a, - M:AP 
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Here we may regard p as the height and hence Ap as the depth of the 

perturbation confined in the neutral layer. It should be understood. 

however, it is not necessary that this relationship be restricted to this 

definition alone since p could define any level within the neutral layer. 

Rewriting the momentum and thermodynamic equations, we obtain 

the following set of equations: 

M . u |u: - a ^ V . M ^ = fv' . a |fi: , where 6 = yAp, 

|y: . u4^ = -fu' , 
dt dx 

M : + U 4 ^ + v'g = 0 . 
dt dx 

Assuming harmonic solutions for the perturbations, 

u' = AuexpliM(x - ct)], 

V' = Ayexpli)j(x - ct)], 

8' = AeexpliM(x - ct)], 

we can substitute these perturbation expressions into the governing 

equations. Since the equations have been linearized, only a single 

harmonic need be considered since any linear combination of solutions 

will also be a solution. Thus we have for the u' - momentum equation. 

dlL ^ U ^ - ^Bi?-v + fie^M = fv' + a M : , 
dt dx r^ f dx dx 

the following expansion: 



AuexpliM(x - ct)] (-ijjc) * U A„exp|iM(x - ct)] (ip) - apgfV 

* 6gf AuexpliM(x - ct)] (ip) - fv' + a AeexpliM(x - ct)] (in). 

-iMcAy + ipUAy - a p g r 2 A v * ipBafAu = ^Ay + ipa Ae . 
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And for the v' - momentum equation, 

| Y : . V ^ = -fu' . 
dt dx 

AyexpliM(x-ct)](-iMc) * U AyexpliM(x - ct)](iM) 

-ipc Ay + iM U Ay 

= -f A„exp[iM(x -ct)] 

= -fA„. 

And finally for the thermodynamic equation. 

Ml ^ U M : + V g = 0 , 

dt dx 

A0expliM(x - ct)] (-ipc) + U A9exp|iM(x - ct)] (ip) * AyexpliM(x - ct)] g = 0 

-ipc AQ + ip U AQ + g Ay = 0 . 

The governing equations now become 

-ipc Ay • iM U Ay - a p g f 2 Ay + iM 6gf"^ A„ = f Ay + iMa AQ 

-iMC Ay + iM U Ay = -f A„ 

-iMC AQ + iM U A0 + g Ay = 0 . 

These equations can then be written in the following matrix form: 

i M ( c - U - 6 r » g ) a p r 2 + f iMa 

- f iM (c - U) 0 

0 - g iM (c - U) 

'u 

r iy 0 
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For a nontrivial solution to the above matrix, the determinant must 

be equal to zero: 

(c-U)3 - 8r^g(c-U)2 - (apr^g ^•f2)M-2(c-U) - afgM-2 = 0 . 

If we now introduce the new quantities P, Q, and R in the following 

manner, 

P = - 5f-^g 

Q = - (apf-»g +f2)M-2 

R = - afgM"2 , 

we can condense the above equation into the following form: 

(c - U)3 + P(c - U)2 > Q(c - U) ^ R = 0 . 

In order for the perturbations to be unstable, the phase speed, c, must 

be complex. From Beyer (1985, p.9). for a cubic equation of the form. 

y^ + py2 + qy + r = 0 , 

where y = (c - U) in our case, we can let y = x - p/3. The cubic 

equation then reduces to 

x^ + ax + b = 0 , 

where a = 1/3 (3q - p2)andb = 1/27 (2p^ - 9pq + 27r). In order for x 

to be complex. 
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b2 - a3 , 0 
4 27 

Substituting the above values for "a" and 'b' into this criteria equation, 

i ( 2 £ 3 . fia . r)2 , i ( q - ji2)3 
4 27 3 27 3 • 

-p2q2 + 27r2 + 4p3r - 18pqr + 4q^ > 0. 

If we temporarily neglect the horizontal wind shear term, 

-apf"'gM"2, in the expression for Q, i.e., Q • - f2M'2 , and substitute P, 

Q, and R into the above criteria equation, we have 

463ttg4 * (27a2 ^ I86tt . 62)f4p-2g2 _ 4f8p-4 > 0. 

Now since 

a = Cp 1 ( p/Po )^ - ( pj./Po )^ ] and Pj. > p and k > 0. 

we can see that a < 0. Also we observe that p > 0, g > 0, y > 0, and 

6 > 0. And thus the criteria equation is valid only when 0 < 6 < - a. 

If we now let 

A = 463a < 0 

B = (27a2 + 186a - 62)f4 > 0 

C = - 4f8 < 0 , 

the criteria equation can be written as 

Ag"* + BM"2 + C\i-^ > 0 . 
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And since A < 0, 

g4 + (B/A)M-2 + (C/A)M-'» < 0 

( o 2 , B - (B2-4AC)-'/2 2 ) X ( g 2 , B ^ ( B 2 - 4 A C ) - ' / 2 2) < 0 

And since B > 0, 

B > ( B 2 - 4 A C ) - ' / 2 
2A " 

B ^ ( B 2 - 4 A C ) - ' / 2 
2A " 

And since B > ( B 2 - 4 A C ) - ^ ' ^ 2 

B - ( B 2 - 4 A C ) - ' / 2 
2A " 

_ B - ( B 2 - 4 A C ) - ' / 2 
2A " 

And thus, in order for 

( g 2 . B - ( B 2 - 4 A C ) - I % - 2 ) , ( a 2 , B . (B2 - 4AC)-'/2^-2) < Q. 
2A -̂ , >̂  2A 

the following expression must be true: 

M2 < g2 < N2 , 
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where 

M 2 = - B - ( B 2 - 4 A C ) - I / 2 o 

2A ^ 
N2 - . B > (B2-4AC)- ' /2^ 

2A ^ 

And it follows, 

M < g < N. 

It can now been seen that in order for the phase speed, c, to be 

complex, the environmental temperature gradient, g, must lie between 

two limiting values, M and N. If this is the case, the perturbation will 

amplify. 

This result was obtained by neglecting the horizontal wind shear 

term in Q. If we were to include this term, a much more complicated 

expression is obtained. Starting with the cubic equation obtained earlier 

from Beyer (1985, p.9), 

-P2Q2 ^ 27R2 + 4P3R - 18PQR + 4Q3 > 0 , 

and substituting the appropriate variables for P, Q, and R, we have 

-62g2f-2(^jp(,f-l + f2)2p-4 ^ 27a2g2f2^-4 + 463g3f-3ttgfp-2 

+ 186gf-'(apgf-> + f2)M-2agfM-2 - 4(apgf-» +f2)3p-6 > Q 

-62g2f-2(Qtpaf-> +f2)2p-2 + 27a2g2f2p-2+463g3f -3 j jg f 

+ 185gf-"(apgf-» + f2)M-2agf - 4 ( a p g r ' + f2)3p-4 > Q 
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-62g2f-2(tt2p2(,2f-2 + 2apgf + f4)M-2 + 27a2f2a2p-2 ^ 4tt63g4f-2 

+ 18a6g2(apgf-« +f2)M-2 - 4(a3p3o3 f-3 + 3a2p2o2 
+ 3apgf3 +f6)M-4 > 0 

-62g2f-2(tt2p2g2 f-2 + 2apg f + f^) + Zla^f^O^ + 4a63g4f-2p2 
+ 1 8 a 5 g 2 ( a p g f » + f 2 ) - 4 ( a 3 p 3 a 3 f - 3 + 3tt2p2(,2 
+ 3apgf3 + f6)M-2 > 0 

-a262p2a4 f-4 - 2a52pg3 f l - 62g2f2 + 27a2f2o2 + 4a63g4f-2p2 
+ 18a26pg3 f l + 18a6g2f2 - 4a3p3a3 f-3p-2 _ 12a2p2o2 p-2 

- 12apgf3M"2-4f^M"^ > 0 

(4a83f-2p2 - tt262p2 f-4)g4 ^ (18a26pr» - 2 a 6 2 p r l 
- 4a3p3 f-3p-2)j,3 ^ (27(i2f2 ^ ig^gf? _ 62f2 _ I2a2p2 p-2)g2 

- 12apgf3M-2-4f6M"2 > 0 

4a63f-2p2j,4 + (27tt2f2 + 18a6f2 - 62f2)o2 - 4f6p-2 
- a 2 6 2 p 2 f - 4 g 4 + (18a26pf-l - 2 a 6 2 p r l - 4a3p3 f-3p-2)o3 
- 1 2 a 2 p 2 p - 2 g 2 - 12apgf3M-2 > 0 

4a53g4 + (27a2 + i8a6 - 62)f4M-2o2 - 4f8M"'' 
- a262p2f-2p-2Q4 + ( i 8 a 6 - 252 - 4a2p2 f-2p-2)ttP fp-2g3 

- 12a2p2f2p-4g2 _ 12apf5M-4g > 0 

The above expression must be solved numerically using the 

Newton-Raphson Method, 

V i = <̂ n - F(g) /F' (g) , 

where F(g) is the just derived lengthy expression. In this study, ten 

iterations were used to converge to the desired solution. The initial guess 

was provided by the M and N solutions obtained when excluding the 

horizontal shear term as derived earlier. 



97 

The growth rate for the perturbations can be estimated by MCJ where 

Cj is the imaginary part of the phase speed, c. Also, the propagation speed 

is given by the real part, c^, of the phase speed. Obviously then, the phase 

speed c = ĉ  + iCj. Again from Beyer (1985, p.9) we have 

MC: = u(l-b/2^/(b2/4-Ka3/27)l ' /3 
2 

. I b / 2 ^ / ( b 2 / 4 . a 3 / 2 7 ) p / 3 ^ ^ 3 ^ ^ ^ 

ĉ  = u - f I -b/2 ^ / (b2 /4 -K a3/27) 1' "̂3 
2 
. I b/2^/(b2/4>a3/27)li>^3 _ p 

2 ^ 3 • 

where a = (3Q - p2)/3 and b = (2P3 - 9PQ + 27R)/27 . 

If we now include the horizontal frictional dissipation terms in the 

momentum and thermodynamic equations. 

du _ fv - M + If r d2u' + d2u \ 
W - ^"^ dx ^^di^ d F 

^ = - fu - M . K ^ 
dt dy dx2 

dir - Ki ^^0 .,d28 ) 
dt^" *̂^ dF" "dp^ 

and following the same method as above, we find 

[iM(c-U) - iM5gf-» - ICM2]A„ + (apgf-2 + f) Ay > iMaAe = 0 

[ iM(c - U) - KM2 1 Ay - fA„ = 0 

[ iM(c - U) - KM2 1 AQ - gAy = 0 . 
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And in matrix form. 

iM(c-U-6f-'g) 

- f 

0 

- K M ' a p f 2 + f ipa 

iM (c - U) - KM^ 0 

- g iM (c - U) -KM-

'u 

A, 

I I 

= 0 

Rearranging terms of the first matrix element, we have 

lM(c-U-6r»g)-KM2 

iM(c-U)-iM5f->g - KM^ 

iM(CrMCi-U)-iM6f«g - KM^ . 

If we now let ĉ ' = Cj + KM , then 

iM (Cr + iCj - U) - iM6r^g + i2MKM 

iM(CrMCi-U + iKM)-iM6r>g 

iM(Cr + i(Cj + KM)-U)-iM6r»g 

iM (Cr + iCi'-U)-iM6r^g . 

And if we now let c' = ĉ  + ic/ , we then obtain a similar matrix as 

before: 

iM(c' -U-6f-*g) a p r 2 + f iMa 

- f iM(c'-U) 0 

0 - g iM(c'-U) 

'u 

A8 

0 

Obviously, we will obtain similar expressions for c' as we did for the 

value of c due to the identical matrix form. Of primary interest is the 
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expression for growth rate, MCJ : 

MCJ = M (Cj* - KM) = MCi" - KM2 , 

which is simply the previous growth rate reduced by the product of the 

eddy viscosity coefficient and the wave number squared. Thus, it can 

readily be seen that the larger the wave number (the smaller the 

wavelength), the larger the frictional damping effect will be. 
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