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CHAPTER I 

INTRODUCTION 

The purpose of this thesis is to introduce Poincare's two-dimensional model for 

hN-perbolic geometry and develop an algorithm to conveniently compute the length of line 

segments in this model. Hyperbolic geometry has many applications in the real world 

and an algorithm for computing the length will be very useful This thesis begins with 

an overview of Euclidean geometr>\ including Euclid's fifth postulate, and gives the 

motivation behind why the hyperbolic geometry was developed The thesis then will go 

into an overview of hyperbolic geometry before delving into Poincare's model. Finally 

there will be a chapter on the computer program that was developed to compute the 

lengths of line segments in Poincare's model, showing output from the program and 

discussing its usefulness 



CHAPTER II 

THE FIFTH POSTULATE CONTROVERSY 

Euclid released his book, the Elements, around 300 BC This book became a 

basis for geometry for the next two thousand years In his book, Euclid summarized 

many ideas of geometry (not all his own) in a concise form, using as few assumptions as 

possible In his book Euclid gives many definitions, he states five postulates, five 

common notions, and many propositions based on the postulates. The reason for the 

different name between Euclid's postulates and common notions is that postulates only 

concern geometr\ and the common notions are basic to other sciences as well These 

postulates can be found in Appendix A of this thesis Euclid then used these postulates to 

prove many theorems in his geometrv 

Since Euclid released the Elements there has been a great controversy over his 

fifth postulate Many claimed that it was not a postulate, rather it was a theorem that 

could be proven from his other postulates One reason many believed this was because 

his fifth postulate was very complicated and it sounded more like a theorem than a 

postulate The postulate simply states that if you have two arbitrary lines on a plane, and 

a third line that intersects the two then the two lines will eventually intersect (if drawn out 

far enough) on the side where the angles a and [3 lie, where a + p < 7t This postulate is 

not self-evident like Euclid's first four postulates are, thus the controversy John Playfair, 

a Scottish physicist and mathematician, developed a commonly used rewording of this 

postulate, generally referred to as Playfair's axiom It states. 



Axiom 2.1 (Playfair*s Axiom) Through a given point not on a given line there can be 

drawn (in the plane of this point and line) only one line parallel to the given line. 

Euclid's fifth postulate and Playfair's axiom are equivalent, and because of this modem 

geometry texts use Playfair's axiom instead of Euclid's fifth postulate. 

Mathematicians worked for centuries trying to prove Postulate Five using the 

other postulates and common notions One mathematician, Gerolamo Saccheri (1667-

1733), a mathematics professor at the University of Pavia, published a book called 

Euclides ab Omni Naevo Vindicahis ("Euclid Freed of Every Flaw"), which was the most 

sustained attempt at proving Postulate 5 to appear up to that time (Trudeau, 1987). 

Saccheri constructed an object we now call the Saccheri quadrilateral using only Euclid's 

primitive terms, definitions of defined terms, common notions, postulates other than 

Postulate 5, and the theorems proved without Postulate 5. The Saccheri quadrilateral is a 

quadrilateral in which a pair of opposite sides are equal and have one ofthe other sides as 

a common perpendicular The common perpendicular is called the base, the side 

opposite it is the summit, and the angles adjacent ofthe summit are the summit angles. 

You should notice that a Saccheri quadrilateral is not a rectangle. Under Euclidean 

geometry, every Saccheri quadrilateral is a rectangle and vice versa, but the proof of this 

requires the use of Postulate 5, so in the absence of this postulate, a Saccheri quadrilateral 

is not necessarily a rectangle. Saccheri hoped to prove that the summit angles of every 

Saccheri quadrilateral are right using only the above-mentioned information, thus 

deducing Postulate 5 from the other postulates Saccheri was unable to do this, and at 

one point in his book he declared that the summit angles had to be right, or else there 

would be consequences "repugnant to the nature of a straight line" (Trudeau, 1987, p 



142). Another mathematician who attempted to deduce Postulate 5 using Euclid's other 

information was Johann Heinrich Lambert (1728-1777). Lambert was a German-French 

mathematician, physicist, and philosopher. He wanted to prove that any quadrilateral 

having three right angles must have four right angles, without the use of Postulate 5. 

Like Saccheri, his attempts failed. The quadrilateral he constructed containing three right 

angles came to be known as a Lambert quadrilateral. There were many other noble 

attempts, but all of them failed 

Due to problems that mathematicians were having with proving postulate five as a 

theorem, some began to believe that it was an impossible task. The first person to do this 

was G.S Klugel, a doctoral student at the University of Gottingen, with the support of his 

teacher AG. Kastner (Trudeau, 1987) In a thesis written by Klugel entitled Conatuum 

praecipuorum theoriam parallelarum demonstrandi recensio (Review ofthe Most 

Celebrated Attempts at Demonstrating the Theory of Parallels), he examined 28 attempts 

to prove postulate five, found them all deficient, and came up with the opinion that 

Postulate five was unprovable and supported solely by the judgement of our senses. This 

idea began to be taken seriously by other mathematicians even though it was only an 

opinion. This led to the idea that there could be a new geometry contrary to Euclid's. 

Carl Friedrich Gauss (1777-1855) seems to have been the first to discover non-

Euclidean geometry, meaning a consistent geometry in which Postulate five is replaced 

by its negation Gauss was in fact the one who came up with the term non-Euclidean 

geometry. He began investigating this idea after 20 years of trying to prove Postulate 5. 

There are three others also credited with the discovery of non-Euclidean geometry, 

Ferdinand Schweikart, Farkas Bolyai, and Nicolai Ivanovich Lobachevsky. They all 



published papers on their findings around the 1830's Lobachevsky actually was the one 

to receive credit for the first published development of non-Euclidean geometry as a 

logically consistent system In 1829 he published a memoir entitled On the Principles of 

Cicometry Due to this, non-Euclidean is often known as Lobachevskian geometry. 

In this paper, we will deal with a particular non-Euclidean geometry named 

hyperbolic geometr\- The Greek word hyperbole means excess, and in the non-

Euclidean geometr\ developed by these mathematicians, the number of parallels through 

a gi\'en point to a given line are in excess ofthe number in Euclidean geometry This 

name was introduced bv the mathematician Felix Klein 



CHAPTER m 

INTRODUCTION TO HYPERBOLIC GEOMETRY 

Due to all the problems with Euclid's fifth postulate discussed in the last chapter, 

a new geometry was created in which the fifth postulate of Euclid was changed. The fifth 

postulate was replaced with the following: 

Postulate 3.1 (Characteristic Postulate of Hyperbolic Geometry) Through a given 

point C, not on a given line AB, there are at least two lines that are parallel to the given 

line. 

Note that all of Euclid's theorems that did not require the fifth postulate hold true in 

hyperbolic geometry (these theorems can be located in the appendix). Now we will look 

at some ofthe consequences of changing the fifth postulate. 

Theorem 3.1 Through a given point C, not on a given line AB. there are an infinite 

number of lines parallel to the given line. 

Proof: From the Characteristic Postulate we know that there are at least two lines that 

pass through the point C that are parallel to AB Call these two lines CD and CE (Figure 

3.1). Now there are an infinite number of lines passing through the point C and the 

A B F 

Figure 3.1: Example of proof for Theorem 3.1 



interior of ZDCE. Assume that one of these lines (call it CF) does intersect AB. Let CG 

be the perpendicular from the point C to the line AB, then by Pasch's axiom we know 

that the line CE must intersect the line AB, which is a contradiction. Therefore there are 

an infinite number of lines parallel to the given line. D 

The first lines in either direction through a point not intersecting a given line are 

called parallel lines All the other lines through that point that don't intersect the line are 

called nonintersecting lines Consider Figure 3.2. The line AB is called the left-hand 

parallel and the Une BC is called the right-hand parallel. The angles ZABE and ZCBE 

are angles of parallelism for the distance BE 

rjL 

Figure 3.2: Example ofprooffor Theorem 3.1 

Theorem 3.2 The two angles of parallelism for the same distance are congruent and 

acute. 

Proof: First we will assume that the two angles of parallelism are not congruent. 

Consider Figure 3 3. Assume without loss of generality that m(zCDF) > m(zCDG). 

Then there must exist an angle ZCD// such that ^DH ^ ^DG. Now choose a point K 

on AB such that HC = CK. This implies that A//C/) = tJCCD, which implies ZCD// ^ 



Figure 3.3: Example ofprooffor Theorem 3.2 

^DK = ^DG, which is a contradiction because ZX7 has no point in common with AB. 

Therefore the angles of parallelism must be congruent. Now let us assume that ^DF 

and jdODG cannot be right angles because that leads to a contradiction. Furthermore 

these two angles cannot be obtuse, because then there would be a nonintersecting line CL 

that lies within the angle of parallelism which is a contradiction ofthe definition of 

parallel lines Therefore, the angles of parallelism must be acute. D 

The point where two parallel lines are said to intersect is called an ideal point. A 

triangle composed of one ideal vertex is called an omega triangle. 

Theorem 3.3 For any omega triangle ABQ, the measures ofthe exterior angles formed 

by extending AB are greater than the measures of their opposite interior angles. 

Proof: Let triangle ABObe an omega triangle. Let Z.CBQ be the angle formed by 

extending AB out beyond the point B. Now assume /-BAQ< /.CBH. This implies that 

we can find a point D on ̂ 12such that ZBAD = Z.CBD (by Pasch's axiom). This leads to 

a contradiction because an exterior angle of a triangle cannot be equal to an opposite 

interior angle by Euclid's Theorem 16. Now assume that /.CBO= ZABO. Let D be the 

midpoint of AB. Draw DE such that it is perpendicular to i4/2 and choose a point F such 
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that AE = FD (Figure 3.4). This implies that triangle EAD is congruent to triangle FBD 

and FDE is a straight line. Therefore, ZBFD = ZAED which implies /IBFD = n/2 which 

Figure 3.4: Example ofprooffor Theorem 3.3 

is a contradiction since ZDFB is an angle of parallelism D 

Theorem 3.4 Omega triangles ABO and A'B'Q' are congruent if the sides of finite 

length are congruent and if a pair of corresponding angles at A and A' or B and B' are 

congruent. 

Proof: Consider two omega triangles M.BQ. and A/4'5'Q' (Figure 3.5). Assume 

gA , \ St^—* J 

Figure 3.5: Example of proof for Theorem 3.4 

without loss of generality that AB^AB'dSi^ that ZABQ= £^A B Q' Also assume 

without loss of generality that Z£Af2\s larger than ZB A 'Q' This implies that there 

exists a point Fon;ff/2 such that Z3AF=ZBA'Q\ Now locate the point G on 5'i?' 

such that BF such that BF = B'G. Then tuABF = MBG which implies ZBA'G = 



ZB A 'O' which is a contradiction. Therefore if the sides of finite length are congruent 

and a pair of corresponding angles are congruent, then the two triangles are congruent. D 

Theorem 3.5 Omega triangles ABO and A'B'Cl' are congruent if the pair of angles at A 

and A' are congruent and the pair of angles at B and B' are congruent. 

Proof: Consider two omega triangles MBO. and M!B*Q! (Figure 3.6). Assume that 

ZABQ. = ZA B Q' and ZBAO. ^ZB'AQ! Also assume v^thout loss of generality that 

Q / \ Q 

Figure 3.6: Example ofprooffor Theorem 3.5 

AB is larger than A B'. This implies there is a point F on AB such that FB =A B'. 

Therefore there must exist a point G on BQ such that ZBFG = ZB' A' CX . Now choose a 

point H on F Q ' such that BG ̂ B'H This implies AFBG = M'B'H which leads to 

ZB" AM = ZBFG = ZB' A'Q', which is a contradiction. Therefore Omega triangles are 

congruent if the two pairs of angles are congruent. D 

Recall that a Saccheri quadrilateral is a quadrilateral with two right angles and 

two congruent sides 

Theorem 3.6 The segment Joining the midpoints ofthe base and summit of a Saccheri 

quadrilateral is perpendicular to both. 

10 



Proof: Consider a Saccheri quadrilateral ABCD where AB is the base and CD is the 

summit (Figure 3 7) Let E be the midpoint of CD and let F be the midpoint ofAB. 

Draw the lines CFand FD. Notice that the triangles ^CAF and AD^F are congruent. 

Figure 3.7: Example ofprooffor Theorem 3.6 

This implies that triangles AFC£ = tiFDE which implies that ZCEF = ZDEF and 

ZAFE = ZBFE. Therefore m(^F£) = m(Z»F£) = m(zC£F) = m(zD£F) = 7c/2. This 

completes the proof 

Theorem 3.7 The summit angles of a Saccheri quadrilateral are congruent and acute. 

Proof: Consider a Saccheri quadrilateral ABCD (Figure 3.8). To see that the two 

angles are congruent you just need to see that ^AB = AFLKJ and AFBG = AFCG . 

Figure 3.8: Example ofprooffor Theorem 3.7 

Therefore the angles Z4BG and ZZX7G are congruent Now extend the lines BC and AD 

out past the points C and D (Figure 3.9) Consider the two omega triangles A^^Q and 

11 



ADCQ By Theorem 3.5 we know that this implies that AABCl = ADCQ Therefore 

ZABn=.ZL>CQ Now notice that mi^OBC) < mizFCH) since z'/2ffC is an interior 

angle of ACIBC (by Euclid's Theorem 16). This implies that m{ZABQ < m(zDCF) 

Figure 3.9: Example ofprooffor Theorem 3.7 

We know from above that ZABC = ZLKJB therefore ^ZDCB must be acute, which implies 

that ZABC is acute L! 

Recall that a Lambert quadrilateral is a quadrilateral with three right angles. 

Theorem 3.8 The fourth attgle of a Lambert quadrilateral is acute. 

Proof: Notice in Figure 3 8 that the quadrilaterals ACEF and BDEF are Lambert 

quadrilaterals Since the quadrilateral ACDB is a Saccheri quadrilateral then the angles 

ZiCE and ZBDE are acute Z 

Theorem 3.9 The sum ofthe measures ofthe angles of any triangle is less than TL 

Proof: Let tsABC be any triangle (Figure 3 10) By Euclid's Theorem 11 we know 

that we can construct the line DB where DB meets AC at right angles Now let the point 

F be the midpoint of BC. We can construct a line FE that is perpendicular to the line AC. 

Draw out the line FE to the point H such that FH meets BG in a right angle and HE is a 

straight line Notice that this makes DEHB a Lambert quadrilateral which implies that 

m{ZDBG) < nil. 
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Figure 3.10: Example ofprooffor Theorem 3.9 

This implies that m{ZDBQ + m{ZBCD) < n/2. This implies that the sum ofthe angles 

of ^CD is less than n A similar argument can be made for AADB Now notice that 

the sum of angles of AABC is equal to the sum ofthe angles of MDB and ABCD 

minus m(ZADB) and m(ZC^DB), which implies the sum ofthe angles is less than n+n-n. 

Therefore the sum ofthe angles of AABC is less than n. Z 

We call the difference between n and the sum ofthe measures ofthe angles of a 

triangle the defect ofthe triangle 

Theorem 3.10 The sum ofthe measures ofthe angles of any convex quadrilateral is less 

than 271 

Proof: Consider any convex quadrilateral ABCD Draw a line AD and notice that the 

quadrilateral is divided into two triangles We know that the sum ofthe angles of each of 

these two triangles is less than n The sum ofthe measures ofthe angles ofthe 

quadrilateral is the sums ofthe measures ofthe angles of both triangles Therefore the 

sum ofthe measures ofthe angles ofthe quadrilateral is less than 27c. G 

Theorem 3.11 Two triangles are congruent if the three pairs of corresponding angles 

are congruent. 

13 



Proof: Consider two triangles AABC and AA'B'C that have pairwise congruent 

angles Assume that the two triangles are not congruent This implies that none ofthe 

Figure 3.11: Example of proof for Theorem 3.11 

sides can be pairwise congruent There are two possible cases we must consider In the 

first case one ofthe triangles, without loss of generality we will say AABC, will fit 

Figure 3.12: Exanple ofprooffor Theorem 3.11 

completely inside ofthe second (Figure 3 11) Now notice that this forces the 

quadrilateral AA'C'C to have its sum ofthe angle measures to be exactly 27t, which is a 

contradiction of Theorem 3 11 The second case is where the two triangles overiap one 

another (Figure 3 12) In this case there is an exterior angle of a triangle congruent to an 

opposite interior angle which is a contradiction of Euclid's Theorem 16 D 

14 



Theorem 3.12 Two nonintersecting lines have a common perpendicular. 

Proof: Consider two nonintersecting lines AB and CD where /I, B, C, and D are chosen 

in such a way that the lines AC and BD meet the line CD at right angles If i4C and BD 

are congruent then ACBD is a Saccheri quadrilateral and EF is the required perpendicular 

(Figure 3.13) Now assume that AC and BC are not congruent. Assume without loss of 

rr 

d-
C F D 

Figure 3.13: Example of proof for Theorem 3.12 

generality that AC> BD Choose a point E on AC such that EC =BD and let 

ZT'EC = .^BD (Figure3 14) Nowassume that C/2 and Z)/2 are parallels to ^& 

C D G N I 

Figure 3.14: Example ofprooffor Theorem 3.12 

These lines lie within z:ACB and ZBDG, respectively For omega triangle ACDQ, 

miZGDH) > mizDCH) so if zDCJ^Zt;D/2then CJ must intersect ABdXa point K 

15 



Now compare figures HBDO and F' ECJ One can see that we have two congruent 

omega triangles within these figures, implying that EF' is parallel to CJ Therefore EF' 

must intersect AB in some point F Now assume that the points H and / were chosen in 

such a way that EF ^BH and DI = CG Then AFEC = AHBD and AFCG = AHDI 

Therefore the quadrilaterals FECG and HBDI are congruent which implies that HI is 

perpendicular at /, therefore FHIG is a Saccheri quadrilateral, so the line MN is the 

required perpendicular r 

We call two polygons equivalent if they can be partitioned into the same finite 

number of pairs of congruent triangles 

Theorem 3.13 Two triangles are equivalent if they have the same defect. 

Proof: Assume that two triangles are equivalent By definition, if two triangles are 

equivalent then they can be partitioned into a finite number of pairs of congruent 

triangles The defects ofthe pairs of congruent triangles are equal, and the defect ofthe 

original triangle is equal to the sum ofthe defects ofthe partitioned triangles. Therefore 

the defects ofthe two equivalent triangles are equal T] 
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CHAPTER IV 

THE POINCARE MODEL 

Henri Poincare was a French mathematician, physicist and philosopher. His 

model of Hyperbolic geometry is easily understood and it is the model that will be 

explored in this paper There are two different versions of Poincare's model The first is 

called the Poincare half plane model, and the second is the Poincare disk model These 

models are very similar, both having their advantages, and and they will both be 

discussed in this paper 

First let us consider the Poincare half plane model We will use the Euclidean 

plane as a setting for the Poincare plane Consider the upper half of the Euclidean plane, 

where y > 0, call this the Poincare plane (or P - plane for short). The points on this half 

plane will be called Poincare points (or P-points for short) Notice that the points on the 

Figure 4.1: Poincare Half Plane Model 

X-axis are not part ofthe P-plane. Now consider semicircles in the P-plane orthogonal to 

the x-axis and rays in the P-plane that are perpendicular to the x-axis These two types of 

lines will be designated as Poincare lines (or P-lines) Notice in Figure 4.1 that the lines 

/>, c and d are P-lines by definition However/is not a P-line since it is not perpendicular 

17 



to the X-axis, and a is not a P-line because it is not orthogonal to the x-axis. Also points 

.4 and B are not p-points since they are on the x-axis Now in order for this model to 

satisfy all of Hilbert's axiom (except for the parallel postulate) we must use a different 

definition for distance than ordinary Euclidean distance We will consider two cases 

First assume we have two points C and D with coordinates (xJ,yJ) and (x2,y2) 

respectively, which fall on a ray that is perpendicular to the x-axis Then we define the 

distance as In V, Now consider the case where two points C and D do not fall on a ray 

perpendicular to the x-axis This implies that they must therefore fall on a semicircle 

orthogonal to the x-axis Label the Euclidean points of intersection ofthe x-axis and the 

semicircle through C and D as points A and B (Figure 4 2) The distance between the 

Figure 4.2: Distance ID Poincare Half Plane Model 

(AC BD^ 
points C and D is In * —— 
*^ {BC AD 

Angle measurements in this model are the same as in 

the Euclidean sense You simply measure the angle ofthe tangent lines to the curves 

Now let us consider the Poincare disk model This model is based on the half 

plane mode Assume we add points at infinity and negative infinity to this model, and 

then connect these two points together This model then becomes a circle, encompassing 

18 



the entire plane within it. Lines in this model are diameters ofthe circle and portions of 

circles orthogonal to the boundary ofthe model that lie within the interior. In Figure 4 3, 

lines a and b are lines in this model, but line c is not since it is not orthogonal to the 

boundary circle Distance and angles are measured in the same way as with the half 

plane model 

Figure 43: Poincare Disk Modd 
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CHAPTER V 

AN ALGORITHM FOR COMPUTATIONS IN HYPERBOLIC GEOMETRY 

A program has been developed that will make several calculations in hyperbolic 

geometry. This program is based on the Poincare half plane model and uses the same 

coordinate system as the Euclidean plane except for the restriction that y>0 The most 

useful fiinction of this program is that it computes the distance between any two points in 

the model quickly This allows the program to also find the midpoint of any two 

segments, which gives us interesting results in hyperbolic geometry 

Uelcome to Hyperbolic Geometry Calculator 
Thic ic a program that calculates dictanceo in hyperbolic geometry. 
Th© model used for theoe calculations io Poincare's upper half-plane 
model. The coordinate st̂ stera consists of all ualues of x and y>G. 
Hcue fun calculating' 

Pleaoe maKe a selection froiri the menu 

1 Fmci the equation of a line through two giuen points 
2 Find the distance between tuo points 
3 Determine the coordinates of the midpoint of a segment 
4 Find the intersection point of two lines 
5 Find the measurement of an angle 
6 Find the perpendicular to a point on a line 

Exit the p'^ogram 

(jiKJQ., ootior do you choose? _ 

Figure 5.1: Menu of Options 

The program begins with a menu of options (Figure 5.1). Each option performs a 

different calculation in Poincare's upper half plane model This thesis will describe each 

application and the mathematical equations behind it The first option deals with finding 

the equation of a line through two given points The user is asked to choose the two 

20 



points through which the line is to pass Recall that there are only two kinds of lines in 

Poincare's upper half plane model, vertical lines perpendicular to the x-axis and 

semicircles that are orthogonal to the x-axis If the points that the user enters have the 

same x coordinate, then there are no calculations necessary, the line is simply x = c where 

c is the X coordinate of both points However, if the two x coordinates are different, then 

calculations are required to determine the equation ofthe line that passes through them. 

Suppose the user enters the points (x„y^) and {x,,yj. We know that the equation of 

the line passing through these two points must be ofthe form (x - cf +y^ =r^ since 

that is simply a horizontal shift ofthe orthogonal circle x^ +y^ =r^ for any given r 

To solve for c and r we simply have to solve the system of equations 

( X , - c ) ' 4 - v / = r ^ 

(X, -c)' ^y.'=r' 

Eliminating the r variable first gives us the equation c - — ^-^—— ^ - ^ 
2{x,-x^) 

Using this value we can easily find the value of r by plugging in to either ofthe above 

equations 

The next option finds the distance between two given points This simply uses 

the formulas discussed in Chapter IV If the user enters two points that are on a vertical 

line horizontal to the x-axis, then the distance between the two points is simply In 
y: 

where >// and y2 are the y coordinates ofthe two points. Now suppose the two points 

entered are A (jr, ,>',) and B (x^^, y^) where xi ;^X2 To calculate the distance between 

21 



these two points it is necessary to know the equation ofthe line through the two points, so 

that is the first thing the program calculates using the same method for option 1. The 

program then finds the coordinates ofthe points where this line intersects the x-axis (note 

that these points are not contained in our model). This is simply done by setting;^ = 0 in 

the equation ofthe line and solving for x. Call these two points C and D. It is now 

necessary to find the distance ofthe line segments between the points A and C, A and D, 

B and C, and B and D Recall that these lines are not part of our model, and the distances 

of these lines are simply Euclidean distances These are calculated using the standard 

distance formula d = ̂ (x, -x^)^ -{y^ - y^)^ where (x,,>/,) and {x2,y2) are the 

coordinates ofthe two points we are calculating the Euclidean distance between Call 

these four distances Di, D2, D3 and D4, respectively Now to calculate the Poincare 

distance between the two given points the formula In 
v^2 ^ 3 y 

is used 

The next option deals with calculating the midpoint of a line segment between 

two points and uses the formulas developed in the two previous options After the user 

supplies the two points to the program, the program first needs to determine what type of 

line these two points are on, vertical or a semicircle orthogonal to the x-axis It is 

necessary to first determine this in order to know which distance formula is to be used 

Next the distance between the two points is calculated using the appropriate formulas. 

Now the challenge is to locate the point on this line segment that is equidistant between 

the two given points First let us assume that the two given points are (x, yi) and (x ,y2). 

Notice that these points have the same x-coordinate, therefore the distance formula we 
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will use is m ^ 
V, 

Assume without loss of generality that yl > y2 Now, call the 

midpoint of these two points (x, a) To solve for the y-coordinate a we simply need to 

solve for the following equality 

2 y, a 

yi \a J 

which gives us the equation used in the program Now consider the case where the x-

coordinates are not equal This case is much more complicated. The formula that is 

eventually derived is 

d = |(x, -c-\-r)ix2 -c + r) 

y^yl 

2rd 

X- yd ^c -vr 

where (xi. yi) and (x:, y2) are the two endpoints, (x, y) is the midpoint and the equation 

ofthe line through these two points is {x-cf + y^ -r^ The results calculated in this 

option can be verified by the user through the use of option 2. 

The next option deals with finding the intersection point of two lines The 

calculations used here are the same calculations used in Euclidean geometry for finding 

the intersection point of two lines 

Option five is used to calculate the measure of an angle formed by three points 

The user is first asked to enter the three points that form the angle, the second point 
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entered being the vertex The program then calculates the equations ofthe lines that form 

this angle The next step would to be to calculate the tangent line to each curve evaluated 

at the vertex ofthe triangle From here, the angle between the two lines is calculated by 

finding another point of each line and then using the following formula For the angle 

formed by the points (a,b), (d,0 and (g,h) the measurement ofthe angle is given by 

cos 
( 

\ 

{{a-d.b-f\{g-d,h-f))' 
la-d,b-f%g-d,h-f)l 

The actual code for the program can be found in Appendix C. 
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APPENDIX A 

EUCLID'S POSTULATES 

Postulate 1 To draw a straight line from any point to any point 

Postulate 2 To produce a finite straight line continuously in a straight line 

Postulate 3 To describe a circle with any center and distance 

Postulate 4 All right angles are equal to one another 

Postulate 5 If a straight line falling on two straight lines make the interior angles on the 

same side less than two right angles, the two straight lines, if produced infinitely, meet on 

that side on which are the angles less than the two right angles 

Common Notion 1 Things which are equal to the same thing are also equal to one 

another 

Common Notion 2 If equals be added to equals, the wholes are equal 

Common Notion 3 If equals be subtracted from equals, the remainders are equal. 

Common Notion 4 Things which coincide with one another are equal to one another 

Common Notion 5 The whole is greater than the part 
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APPENDIX B 

EUCLID'S THEOREMS NOT USING THE FIFTH POSTULATE 

1. On a given finite straight line [it is possible] to construct an equilateral triangle. 

2 To place at a given point (as an extremity) a straight line equal to a given straight line 

3 Given two unequal straight lines, to cut off from the greater a straight line equal to the 

less 

4 If two triangles have the two sides equal to two sides, respectively, and have the 

angles contained by the equal straight lines equal, they will also have the base equal to 

the base, the triangle will be equal to the triangle, and the remaining angles will be equal 

to the remaining angles, respectively, namely, those which the equal sides subtend. 

5 In isosceles triangles the angles at the base are equal to one another, and, if the equal 

straight lines be produced ftirther, the angles under the base will be equal to one another. 

6 If in a triangle two angles be equal to one another, the sides which subtend the equal 

angles will also be equal to one another. 

7 Given two straight lines constructed on a straight line (from its extremities) and 

meeting in a point, there cannot be constructed on the same straight line (from its 

extremities), and on the same side of it, two other straight lines meeting in another point 

and equal to the former two, respectively, namely, each to that which has the same 

extremity with it 

8 If two triangles have the two sides equal to two sides, respectively, and have also the 

base equal to the base, they will also have the angles equal which are contained by the 

equal straight lines 
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9. To bisect a given rectilineal angle 

10. To bisect a given finite straight line 

11 To draw a straight line at right angles to a given straight line from a given point on it. 

12 To a given infinite straight line, from a given point which is not on it, to draw a 

perpendicular straight line 

13 If a straight line set up on a straight line make angles, it will make either two right 

angles or angles equal to two right angles. 

14 If with any straight line, and at a point on it, two straight lines not lying on the same 

side make the adjacent angles equal to two right angles, the two straight lines will be in a 

straight line with one another 

15 If two straight lines cut one another, they make the vertical angles equal to one 

another 

16 In any triangle, if one ofthe sides be produced, the exterior angle is greater than 

either ofthe interior and opposite angles. 

17 In any triangle two angles taken together in any manner are less than two right 

angles 

18 In any triangle the greater side subtends the greater angle 

19 In any triangle the greater angle is subtended by the greater side. 

20 In any triangle two sides taken together in any manner are greater than the remaining 

one 

21 If on one ofthe sides of a triangle, from its extremities, there be constructed two 

straight lines meeting within the triangles, straight lines so constructed will be less than 

the remaining two sides ofthe triangle, but will contain a greater angle. 
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22 Out of three straight lines, which are equal to three given straight lines, to construct a 

triangle; thus it is necessary that two ofthe straight lines taken together in any manner 

should be greater than the remaining one 

23 On a given straight line and a point on it, to construct a rectilineal angle equal to a 

given rectilineal angle 

24 If two triangles have the two sides equal to two sides, respectively, but have the one 

ofthe angles contained by the equal straight lines greater than the other, they will also 

have the base greater than the base 

25 If two triangles have the two sides equal to two sides, respectively, but have the base 

greater than the base, they will also have the one ofthe angles contained by the equal 

straight lines greater than the other 

26 If two triangles have the two angles equal to two angles, respectively, and one side 

equal to one side, namely, either the side adjoining the equal angles, or that subtending 

one ofthe equal angles, they will also have the remaining sides equal to the remaining 

sides and the remaining angle to the remaining angle. 

27 If a straight line falling on two straight line make the ahernate angles equal to one 

another, the straight lines will be parallel to one another. 

28 If a straight line falling on two straight lines make the exterior angle equal to the 

interior and opposite angle on the same side, or the interior angles on the same side equal 

to two right angles, the straight lines will be parallel to one another 
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APPENDIX C 

PROGRAM CODE 

// This is my Poincare program 

#include <iostream.h> 

#include <conio.h> 

#include <math.h> 

#include <iomanip.h> 

// Types and defines 

enum BOOL { false, true}; // this is for the forever loop 

typedef long int Long; 

typedef unsigned short int Ushort; 

//These are the global variables used to store points etc 

in memory 

double point[20][2]; // Stores the points entered or 

computed 

double line[20][2]; // Stores the lines entered or computed 

double dcia[20]; // Stores the distances entered or 

computed 

double mang[20]; // Stores the angle measurements entered 

or computed 

i n t nmangs=0; 

i n t nmpts=0; 

i n t nmdst=0; 

i n t nmlines=0; 
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//prototypes 

double anglef(int& pi, int& p2, int& p3); // From the 

function angle 

double anglemO; // Find the measurement of an angle 

double distO; // Find the distance between 2 points 

double distance(int& nl, int& n2); // From function dist 

double eqnlineO; // Find an equation of a line 

void get_point(int& pi, int& p2, int& p3, int& choice); // 

Allows you to enter points 

double inter 0; // Find the intersection of 2 lines 

void get_distance(int& dl, int& choice); 

void get_lines (int:& numberl, int& number2, int& choice); 

double midpoint{int& first, int& second, doubles xm, 

doubles ym); 

double midpt0; // Find the midpoint of a line 

double perpenO; // Find a perpendicular 

double ptofint(doubles cl, doubles rl, doubles c2, doubles 

r2, doubles xint, doubles yint, doubles none); 

void rx2pts{ints first, ints second, doubles center, 

doubles radius); 

double which(doubles pc, doubles sc, doubles tc, doubles 

soil, doubles sol2, doubles none); 

// 

• * * • + * • * • + ••••*• + • • * + • • + + * • * * • * • > > • * + * * * * + + + •*••*•*-*•*••*•******•*••*••*•**•*•* + •*• + 

// This is my forever loop to enable the user to choose 
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// an option from the menu 

* * * * 

int mainO 

{ 

int choice; 

do 

( 

clrscr 0 ; 

cout << endl; 

cout << "Welcome to Hyperbolic Geometry 

CalculatorXn"; 

cout << "This is a program that calculates distances 

in hyperbolic geometry.\n"; 

cout << "The rr.cael used for these calculations is 

Poincare's upper half-plane\n"; 

cout << "model. The coordinate system consists of 

all values of x and y>0.\n"; 

cout << "Have fun calculating!\n"; 

cout << endl; 

cout << "Please make a selection from the menu\n"; 

cout << endl; 

cout << " 1 " « " Find the equation of a line 

through two given pointsXn"; 

cout << " 2 " << " Find the distance between two 

pointsXn"; 

cout << " 3 " << " Determine the coordinates of the 

midpoint of a segmentXn"; 

cout << " 4 " << " Find the intersection point of 

two linesXn"; 
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cout « " 5 " « " Find the measurement of an 

angleXn" ; 

cout « " 6 " << " Find the perpendicular to a point 

on a lineXn"; 

cout « " 7 " << " Exit the programXn"; 

cout << "XnWhich option do you choose? "; 

cin >> choice; 

switch(choice) 

{ 

case (1): 

eqnline(); 

break; 

case (2) : 

distO ; 

break; 

case (3): 

midpt 0; 

break; 

case (4) : 

inter(); 

break; 

case (5): 

anglem(); 

break; 

case (6): 

perpen (); 

break; 

case (7) : 

cout << "Goodbye!Xn"; 

break; 
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default: 

cout « "That is not one of the choices. Please 

select again!Xn"; 

break; 

} // ends the switch 

}while (choice!=7); 

return 0; 

} 

// 

* • * * • • * • • • • + • • * • * • • • * + •*• + * * • * * • * * * * + * * * • * • * • • * • + + + * • * • • * • * * * * * + * * + * * * 

• * * • • * • * • • • * * + 

// This begins the list of my functions - in alphabetical 

order 

/ / 

• * * • * * * * * • • • • » • • » • * * • • • • • • • * + * • * • • * • • • * * + * • * • * * * * * * * + * • + * * + + • * • * * • * * * * 

/ / 

.*, + « . > . * . > . * * • • • • • • • • • • • * + + • * • * * + • * • + * * * • * * * * * * * * * * + + * * + * * • * • * • * • + + • + *• + 

• • • • • • • * • • + * • * * • * 

// Calculate the measurement of an angle 

/ / 

.̂4..̂ .̂ .̂ .*..*..*.4..*.4.>. + * . * . * * > * * * * * * * * * + * * * * + * * + - * - * * * * * * + * * * * - * - + * + + -*-** + + * 

* * • • • • • • • • • * * • * • 

double anglef(ints pi, ints p2, intS p3) // This is from 

the function angle 

{ 

double xl,x2,x3,yl,y2,y3,cl,c2,c3,rl,r2,r3; 
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double 

x21,y2l,x23,y23,norm21,norm23,norm,forma,coc,angle; 

double pi; 

pi=4*atan(l); 

xl=point[pl-l][0] 

x2=point[p2-l][0] 

x3=point[p3-l][0] 

yl=point[pl-l][1] 

y2=point[p2-l][1] 

y3=point[p3-l] [1 ] ; 

rx2pts(pl,p2,cl,rl); 

if (rl==0) 

{ 

x21=0; 

y21=yl-y2; 

} 

else if (x2<xl) 

{ 

x21=y2; 

y21=cl-x2; 

} 

else 

{ 

x21=-y2; 

y21=-cl+x2; 

} 

rx2pts(p3,p2,c2, r 2 ) ; 
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if(r2==0) 

{ 

x23=0; 

y23=y3-y2; 

} 

else if(x2<x3) 

{ 

x23=y2; 

y23=c2-x2; 

} 

else 

{ 

x23=-y2; 

y23=-c2+x2; 

} 

norm21 = sqrt(x21•x21 + y21•y21) ; 

norm23=sqrt(x23*x23 + y23*y23) ; 

norm=norm21 * norm2 3; 

forma=x21*x2 3+y21*y23; 

coc=forma/norm; 

if(coc==0) 

angle=2*atan(1); 

else if (cooO) 

angle=atan((sqrt(1-coc*coc))/coc); 

else 

angle=pi/2+atan(-coc/sqrt(l-coc*coc)); 

return (angle); 

} 
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double anglemO 

{ 

double pi, radians, degrees; 

int pointl,point2,point3,choice=5; 

char rmenu[1]; 

pi=4*atan(1); 

get_point(pointl,point2,point3, choice) ; 

if (pointl>0) 

{ 

radians = anglef(pointl, point2, point3); 

degrees = radians * 180 / pi; 

cout << "Solution:Xn"; 

cout << "Measure of the angle (in radians); " << 

radians; 

cout << "Xn (in degrees): " << 

degrees; 

cout << "XnAngle defined for the numbered points " << 

pointl <<"," << point2 << "," << point3;; 

nmangs +•»-; 

cout << "Xn(This is angle number-" << nmangs <<")\n"; 

cout << endl; 

cout << " 

\n"; 

cout << endl; 

} 

cout << "Press any character and hit enter to return to 

the menu "; 

cin >> rmenu; 

return 0; 
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double dist() 

{ 

int pointl,point2,point3,choice=3; 

char rmenu[1]; 

get_point(pointl,point2,point3,choice); 

if (pointl>0) 

{ 

cout << "Solution: Xn"; 

cout << "Distance between the numbered points " << 

pointl << " and " << point2 << " is: "; 

cout << distance (pomtl, point2) ; 

nmdst ++; 

dcia [nmdst-11 =distance (pointl, point2) ; 

cout << endl << "(This distance is the number " << 

nmdst << ")Xn"; 

cout << endl; 

cout << " 

\n"; 

cout << endl; 

} 

cout << "Press any character and hit enter to return to 

the menu "; 

cin >> rmenu; 

return 0; 

} 
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double distance(ints nl,ints n2) 

{ 

double cen,ra; 

double xl,x2,yl,y2; 

double dist, endptxl, endptx2, a, b, c, d; 

rx2pts(nl,n2,cen,ra); 

xl=point[nl-1][0] 

yl=point[nl-1] [1] 

x2=point[n2-l][0] 

y2=point[n2-l] [1] 

if (ra==0) 

dist = fabs(log(yl/y2)); 

else 

{ 

endptxl=cen-ra; 

endptx2=cen-t-ra; 

a=sqrt((xl-endptxl)*(xl-endptxl)+yl*yl) 

b=sqrt((xl-endptx2)* (xl-endptx2)+yl*yl) 

c=sqrt((x2-endptxl)*(x2-endptxl)+y2*y2) 

d=sqrt((x2-endptx2)-(x2-endptx2)+y2*y2) 

aist = fabs(log((a*d)/(b*c))); 

return dist; 

double eqnlmeO 

{ 

int pomtl, point2, point3, choice=l; 

double ctro, rdio; 
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char rmenu[1]; 

get_point(pointl,point2,point3,choice); 

if (pointl>0) 

{ 

rx2pts(pointl,point2,ctro,rdio); 

nmlines ++; 

line[nmlines-1][O]=ctro; 

line[nmlines-1][l]=rdio; 

cout << "Solution: Xn"; 

cout << "The line containing the numbered points " << 

pointl << " and " << point2 << " is "; 

if (rdio==0) 

cout << "vertical line." << endl << "The equation is 

x=" << ctro; 

else 

{ 

cout << "a serr.icircle." << endl << "The equation of 

the line is "; 

cout << "(x - " -< ctro « ")^2 + y'̂ 2 = " << 

rdio*rdio << endl; 

} 

cout << endl; 

cout << "This is line number " << nmlines; 

cout << endl; 

cout •^< " 

\n"; 

cout <^ endl; 
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cout << "Press any character and hit enter to return to 

the menu "; 

cin >> rmenu; 

return 0; 

} 

void get_point(ints pi,ints p2,ints p3, ints choice) 

{ 

clrscr(); 

int i=0; 

int j=-l; 

char yesorno; // This allows user to choose yes or no to 

enter another point 

if (choice==l) 

{ 

cout << "Finding the equation of a line through two 

given pointsXn"; 

cout << endl; 

} 

else if (choice==3) 

{ 

cout << "Finding the midpoint of a segmentXn"; 

cout << endl; 

} 

else if (choice==5) 

{ 

cout << "Finding the measurement of an angleXn"; 

cout << endl; 

} 

else 

{ 
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cout << "Finding the perpendicular to a point on a 

given lineXn"; 

cout << endl; 

} 

cout << endl; 

cout << "This program keeps a small database of the 

current points enteredXn"; 

cout << "and calculated during each session. This 

allows you to use the pointsXn"; 

cout << "calculated in one step to be used for another 

future calculation.Xn" << endl; 

cout << "Points in memory: Xn"; 

if(nmpts>0) 

{ 

while (Knmpts) 

( 

1 + +; 

cout << "Point " « i « " is (" « point[j][0] « 

"," << pointlj][1] << ")Xn"; 

} 

} 

else 

cout << "There are noneXn"; 

cout << "Would you like to add a new point? (Y or N)Xn"; 

cin >> yesorno; 

if((yesorno == 'y') I I (yesorno == 'Y')) 

{ 

do 
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cout « "Enter the x coordinate: "; 

cin >> point[nmpts][0]; 

cout << "XnEnter the y coordinate: "; 

cin >> point[nmpts][1]; 

nmpts ++; 

cout « endl; 

cout << "Points in memory: Xn"; 

if(nmpts>0) 

{ 

i=0; 

j=-i; 

while(i<nmpts) 

{ 

i + +; 

j++; 

cout << "Point " << i << " is (" « point[j][0] 

« "," « point[j][l] « ")\n"; 

} 

} 

cout << endl; 

cout << "Would you like to add another point? (Y or 

N)\n"; 

cin >̂ yesorno; 

} while((yesorno == 'y') I I (yesorno == 'Y')); 

} 

if(choice==6) 

{ 

cout << "Choose the point to be used: "; 
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cin >> pi; 

} 

else if(choice==5) 

{ 

cout << "Choose the points to be used: (second pt is 

the vertex)Xn"; 

cout << "First point number: "; 

cin » pi; 

cout << endl; 

cout << "Second point number: "; 

cin >> p2; 

cout << endl; 

cout << "Third point number: "; 

cin >> p3; 

cout << endl; 

} 

else 

{ 

cout << "Choose the points to be used: Xn"; 

cout << "First point number: "; 

cin » pi; 

cout << endl; 

cout << "Second point number: "; 

cin >> p2; 

cout << endl; 

} 

double inter 0 // This is from sub Casel 
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int linel, line2, choice=4; 

double cl,rl,c2,r2,xint,yint,none; 

char rmenu[1]; 

get_lines(linel,line2,choice) ; 

cl=line[linel-l][0] 

rl=line[linel-l][1] 

c2=line[line2-l][0] 

r2=line[line2-l][1] 

none=0; 

ptofint(cl,rl,c2,r2,xint,yint,none); 

cout << "Solution: Xn"; 

cout '< "The intersection point of the numbered straight 

lines " << linel << " and " << line2 << " is: Xn"; 

if (none==l) 

cout << "There is no solution.Xn"; 

else 

{ 
cout << "X coordinate = " << xint « endl; 

cout << "Y coordinate = " << yint << endl; 

nmpts ^+; 

cout <^ "This is the numbered point " << nmpts << 

endl; 

point[nmpts-1][0]=xint; 

point[nmpts-1][l]=yint; 

} 

cout << endl; 
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cout « " 
\n"; 

cout << endl; 

cout « "Press any character and hit enter to return to 

the menu "; 

cin >> rmenu; 

return 0; 

} 

void get_lines(ints numberl, ints number2, ints choice) 

{ 

int i; 

char yesorno; 

do 

{ 

clrscr 0; 

i = 0; 

if (choice == 6) 

cout << "Finding the perpendicular to a given line at 

a given pointXn" << endl; 

if (choice == 4) 

cout << "Finding the intersection point of two 

linesXn" << endl; 

cout << "This program keeps a small database of the 

current lines enteredXn"; 

cout <<- "and calculated during each session. This 

allows you to use the linesXn"; 

cout « "calculated in one step to be used for 

another future calculation.Xn" << endl; 
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cout « "Lines already entered: (All lines are in the 

form (x - c)^2 + ŷ 2 = r''2)Xn"; 

if (nmlines>0) 

{ 

cout << endl; 

do 

{ 

i++; 

if (line[i-l][1]==0) 

cout « i « " x = " << line[i-l][0] « 

endl; 

else 

cout << i << " " « "(x - " « line[i-

1][0] « ")"2 + y"2 = " « line[i-l][l]*line[i-l][1] « 

endl; 

} while (i<nmlines); 

} 

else 

cout << "There are none.Xn"; 

cout << "Would you like to add a new line? (Y or 

N)Xn"; 

cin >> yesorno; 

if ((yesorno == 'y') I I (yesorno == 'Y')) 

{ 

nmlines ++; 

cout << "The program will prompt you to enter c and r 

for a line" « endl << "in the form (x - c)"2 + y"2 = r"2." 

<< endl; 

cout << "If the line you would like to enter is 

vertical, " << endl << "enter the x coordinate for c and 

enter 0 for r." << endl; 
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cout << "Line number " << nmlines << " c="; 

cin >> line[nmlines-1][0]; 

cout « " r="; 

cin >> line[nmlines-1][1]; 

} 

}while((yesorno == 'y') I I (yesorno == 'Y')); 

if(choice==4) 

{ 

cout << "Please enter the number of the 2 lines to be 

used: Xn"; 

cout << "First line: "; 

cin >> numberl; 

cout << endl; 

cout << "Second line: "; 

cin >> number2; 

cout << endl; 

} 

else if(choice==6) 

{ 

cout << "Number of the line to used: Xn "; 

cin >> numberl; 

} 

} 

double midpoint(ints first, ints second, doubles xm, 

doubles ym) 

{ 

double xl, x2, yl, y2; 

double d, center, radius; 
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xl=point[first-l][0]; 

yl=point[first-l][1]; 

x2=point[second-1][0]; 

y2=point[second-1][1]; 

if (xl==x2) 

{ 

xm=xl; 

ym=sqrt(yl*y2); 

} 

else 

{ 

rx2pts(first, second, center, radius); 

d=sqrt((xl-center+radius)*(x2-

center+radius)/(yl*y2)); 

ym=2*radius*d/(l+d*d); 

xm=d*ym+center-radius; 

} 

return 0; 

double midpt0 // This is from caseM 

{ 

int first_point, second_point, no_point, choice=3; 

double xmed, ymed; 

char rmenu[1]; 

get_point(first_point, second_point, no_point, choice); 

if (first_point>0) 

{ 
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midpoint(first_point, second_point, xmed, ymed); 

nmpts ++; 

cout << "Solution:Xn"; 

cout << "The midpoint between the numbered points " 

<< first_point << " and " << second_point << " is:Xn"; 

cout « "X coordinate=" << xmed << ", Y coordinate=" 

<< ymed << endl; 

cout << "This is point number " << nmpts; 

point[nmpts-1][0]=xmed; 

point[nmpts-1][l]=ymed; 

cout << endl; 

cout << " 

\n"; 

cout << endl; 

} 

cout << "Press any character and hit enter to return to 

the menu "; 

cin >> rmenu; 

return 0; 

} 

double perpen0 

{ 

int first, second, third, choice=6, linel, line2; 

double X, y, c, r, cnew, rnew; 

char rmenu[1]; 

cout << "Determine the equation of the line 

perpendicular to the given line and Xn"; 
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cout << "that passes through a given point.Xn"; 

cout << "This program first asks for the point and then 

for the line.Xn"; 

get_point(first,second,third,choice); 

x=point[first-1][0]; 

y=point[first-1][1]; 

get_lines(linel,line2,choice); 

c=line[linel-l][0]; 

r=line[linel-l][1]; 

nmlines ++; 

cout << "c=" << c << " r=" « r « " nmlines = " « 

nmlines << endl; 

if (r==0) 

{ 

cnew=c; 

rnew=sqrt((x-c)*(x-c)+y*y); 

} 

else 

{ 

if (x==c) 

{ 

cnew=c; 

rnew=0; 

} 

else 

I 

cnew=(r*r+y*y)/(2*(x-c))+(x+c)/2; 

rnew=sqrt((x-cnew)*(x-cnew)+y*y) ; 
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} 

} 

cout << "XnThe equation of the line perpendicular to the 

lineXn"; 

cout << "(X - " << c « ")'̂ 2 + y"2 = " « r*r « endl; 

cout << "at the point (" « x << "," « y « ") is: Xn"; 

if (rnew==0) 

cout << "x = " << cnew; 

else 

cout « " (x - " << cnew << ")"2 + y'̂ 2 = " « 

(rnew)*(rnew); 

cout << "XnThis is the line number " << nmlines; 

line[nmlines-1][0] = cnew; 

line[nmlines-1][1] = rnew; 

cout << endl; 

cout << " 

cout << endl; 

cout << "Press any character and hit enter to return to 

the menu "; 

cin >> rmenu; 

return 0; 

double ptofint(doubles cl, doubles rl, doubles c2, doubles 

r2, doubles x, doubles y, doubles none) 

{ 

none=0; 

double numerator, denominator; 

if ( (rl==0)ss(r2==0)) 
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none=l; 

else if ((rl==0)SS (r2!=0)) 

{ 

x=cl; 

y=r2*r2-(x-c2)* (x-c2); 

if (y<=0) 

none=l; 

else 

y=sqrt(y); 

} 

else if ((r2==0)SS (rl!=0)) 

{ 

x=c2; 

y=rl*rl-(x-cl)*(x-cl); 

if (y<=0) 

none=l; 

else 

y=sqrt(y); 

} 

else 

{ 

numerator=rl*rl-r2*r2-cl*cl+c2*c2; 

if (cl==c2) 

none=l; 

else 

x=numerator/(2*(c2-cl)); 

y = r l * r l - ( x - c l ) * ( x - c l ) ; 

i f (y<=0) 

n o n e = l ; 

e l s e 

y = s q r t ( y ) ; 
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} 

return 0; 

} 

/ / 

* * 

1/ ************^*..^^*** Function rx2pts 

// Find the center and radius of line passing through two 

points 

/ / 

* • • * • * • * • * * • * • * • • * • • * • • * • + • • * • • » • • • * • • * • • • * • + + * + + + + •*••*•*• + + *•*• + •*• + + *••*•* + •*•* + • * + • 

* • 

void rx2pts(ints first, mts second, doubles center, 

doubles radius) 

{ 

double xl,x2,yl,y2; 

xl=point[first-1][0]; 

yl=point[first-1] [1]; 

x2=point[second-1][0]; 

y2=point[second-1][1]; 

if(xl==x2) 

{ 

center=xl; 

radius=0; 

} 

else 

{ 
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c e n t e r = ( ( x l * x l + y l * y l - ( x 2 * x 2 + y 2 * y 2 ) ) / ( 2 * ( x l - x 2 ) ) ) ; 

r a d i u s = s q r t ( ( x l - c e n t e r ) * ( x l - c e n t e r ) + y l * y l ) ; 
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