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CHAPTER I 

INTRODUCTION 

The elastic constants of single crystals are of importance be

cause they can be related to a variety of phenomena in solid state 

physics. Their principal value, however, lies in the information 

which they give concerning the nature of the binding forces in solids. 

For this reason, a great deal of work, both theoretical and experi

mental, has been done on the subject of elastic constants. In par

ticular, there has been considerable concentration on crystals of 

cubic symmetry possessing ionic bonds. This has occurred primarily 

because the nature of cohesion is understood better in this type of 

crystal than in crystals possessing metallic or covalent cohesion. 

Cohesion in a metal crystal is especially complicated by the 

influence of the electron sea. As a result, the elastic constants 

of single metal crystals are extremely difficult to relate to an atomic 

theory, except for a few special cases. Fuchs, for instance, has pro

posed a theory of elastic constants for monovalent metals which gives 

rather good agreement with experimental findings for the alkali metals 

2 3 

and the noble metals. * In his model, he deals only with shear strains 

which do not affect the atomic volume of the Wigner-Seitz cell sur

rounding each metal ion. As a result, he finds that the shear elas

tic constants C = 1/2(C^^ - Ĉ ^̂ ^ '̂̂ ^ ̂ 44 depend primarily on two 

factors: the change in the potential energy of the electrons due to 

distortion of the edges of the Wigner-Seitz cell, and exchange re

pulsion due to overlap of closed electron shells of two neighboring ions 



In view of Fuchs' extremely limited, though successful, theory 

of elastic constants in metals, it would be expected that even greater 

difficulties would be encountered in explaining the results of ex

perimental determination of the elastic constants of alloys. Existing 

theoretical explanations tend to be modifications of a pure metal 

theory, such as that of Fuchs. In particular. Neighbors and Smith 

have proposed a semi-empirical theory for alloys composed of slightly 

4 
diluted monovalent metals. According to their model, the elastic 

constants of such an alloy are determined from the elastic constants 

of the host and the concentration of the impurity ions. These in

vestigators obtain good agreement between their theory and experimental 

determinations of the elastic constants of copper alloyed with a wide 

variety of impurity ions, including silicon, zinc, aluminum, germanium, 

and gallium. They also find that the contribution to the shear elas

tic constants from the electron shell overlap decreases upon alloying. 

This they attributed to the comparatively smaller radii of the above 

impurity ions as compared to the radius of the copper host ions. 

In view of findings such as the above, we believed that it would 

be profitable to make a study of the elastic constants as a function 

of temperature of a dilute alloy of a noble metal with a noble metal. 

Such a study would have a number of advantages over prior studies of 

dilute copper alloys. First, both host and impurity can be described 

by Fuchs' model. It would be expected that this combination of ions 

would provide an optimum test of alloy models derived from his monov

alent metal model. Second, the temperature dependence of elastic con

stants of the alloy would give an extrapolated value of the constants 



of the alloy would give an extrapolated value of the constants at zero 

degrees Kelvin (O^K). It is these values of the constants which should 

be compared with the theory. And third, if the impurity ion is selec

ted so that its ionic radius exceeds that of the host, a test can be 

made of the conclusions of Neighbors and Smith regarding changes in 

the shear elastic constants on alloying. 

With the above in mind, a study has been made of the temperature 

dependence of the elastic constants of a single crystal of copper 

alloyed with 0.3 atomic per cent of gold (Cu + 0.3at.% Au). In addi

tion to possessing the properties required above, this alloy also 

possesses other characteristics which make it desirable for study. 

Copper and gold are completely miscible in the alloy state, so that 

a study of this alloy should characterize the properties of gold dis

solved in copper over a fair range of composition. The use of such 

a dilute alloy excludes the complications caused in the measurements 

of the elastic constants by the presence of superlattices in the alloy. 

Finally, the elastic constants of copper are known with a great deal 

of confidence, being one of the sets of constants originally calcu-

f. -J 

lated by Fuchs and having been measured accurately experimentally. * 

Presented in this thesis are the results of direct measurements 

of the adiabatic elastic constants C , C,,, and C' as a function of 

temperature for this alloy. From these are calculated the adiabatic 

elastic constant C , the bulk modulus, the Debye tem.perature, and 

the degree of anisotropy of Cu + 0.3at.% Au. 



CHAPTER II 

EXPERIMENTAL PROCEDURE 

If the density, p, of a crystal is known, equations (AS) through 

(A12) of Appendix A provide simple relationships between the elastic 

stiffness constants of a cubic crystal and the velocity of ultrasonic 

waves in that crystal. So, accurate measurements of the velocity of 

ultrasonic waves in a crystal will provide these elastic constants. 

In the experiment to be described, C^^ was calculated from (AS), 

C^^ = p v / (1) 

with the aid of measured velocities, v , of longitudinal waves prop

agated in the [100] direction. The constant C was calculated from 

(A9), 

C44 = p i > (2) 

and velocity measurements, v„, of transverse waves propagated in the 

[100] direction. Equation (All) was coupled with the values of C ^ 

to give C-^. Velocity measurements were made on velocities, v., of 

transverse waves propagated in the [110] direction and polarized in 

the [110] direction. The results of this measurement gave: 

C' = pv2 = 1/2(C^^ - C^^), (3) 

Then, inverting (3), the values of C^^ ̂ ^^^ given by: 

C^2=C^^-2C'. (4) 

Preparation of Samples 

Samples used in this experiment were prepared from a single crystal 

of copper alloyed with 0.3 atomic per cent of gold. This crystal was 

4 



obtained from Materials Research Corporation in the form of a circular 

cylinder approximately five inches in length by 0.625 inches in di

ameter. The crystal came with the cylinder axis oriented approximately 

in the [100] direction. In order to protect the crystal during ship

ping, it had been mounted in a wooden cradle and the whole encased 

in a coating of paraffin. This coating was removed by very slowly 

heating the crystal and its wooden mount in a pan of iizater. During 

this procedure and whenever the crystal v/as handled, great care was 

taken not to strain it. 

Two samples were machined from the single crystal on an Elox 

Model TQH-31 electric discharge machine. This machine errodes the 

crystal with a continuous electric spark discharge, thus never making 

mechanical contact with the crystal. Damage from the cut is restricted 

to the crystal surface being machined and is estimated not to exceed 

0.00001 inch in depth. 

The first sample, as originally cut, was a cylinder about 0.5 

inches long. The orientation of the specimen was determined by stand-

8 9 

ard Laue x-ray back reflection techniques, ' and it was determined 

that the crystal axis deviated from the true [100] direction by 4.0**. 

The sample was then alternately polished on the Elox machine and 

x-rayed until the cylinder faces were v/ithin 1.0° of perpendicular 

to the [100] direction. Length of the sample between the two faces 

was 1.1732 ± 0.0010 centimeters (cm) at room temperature. The tol

erance figure represents the degree of parallelness of the cylinder 

faces. Again with Laue techniques, the [110] direction was located 

in the side of the cylinder; and two faces were polished perpendicular 



to within 1.0" of this direction. Length of the sample between these 

[110] faces was 1.2344 ± 0.0008 cm. 

After the experiment was started, it was found that the first 

sample was too short for effective longitudinal velocity measurements 

in the [100] direction. For this reason, a second sample was prepared 

for this one measurement. For this sample, cylinder faces were again 

within 1.0** of perpendicular to the [100] direction. Length between 

these faces at room temperature was 2.4232 ± 0.0003 cm. 

Data taken on the two samples was compared for the determination 

of C,, and was found to overlap well within the experimental error. 

Ultrasonic Technique and Electronic Equipment 

Velocities of ultrasonic waves propagated in the Cu + 0.3at.% Au 

alloy were measured with the familiar pulse-echo technique similar 

to that described by Squire and Briscoe. A block diagram of the 

electronic apparatus used in these measurements is shown in Figure 1. 

The Arenberg PG-650C pulsed oscillator triggers the Tektronic 

547A oscilloscope while simultaneously generating a ten Megahertz pulse 

of about three microseconds duration. This pulse travels from the 

oscillator down a 93-ohm co-axial transmission line to an electrical 

"T". Part of the energy of the pulse passes through the "T", goes 

on through the Arenberg PA 620-SN tunable pre-amplifier and Arenberg 

WA-600D wide-band amplifier, and is displayed on the oscilloscope. 

The remainder of the pulse energy at the "T" goes to the quartz trans

ducer where this electrical energy is converted into mechanical vi

brations. This ultrasonic pulse travels through the specimen to the 
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opposite end of the crystal. At this end, the pulse is reflected back 

to the transducer. Back at the transducer, part of the energy of the 

echo is converted into electrical energy which is sent on through the 

amplifiers to the oscilloscope. The remainder of the energy of the 

echo is reflected back into the crystal giving rise to a second echo. 

Ultimately, a whole series of echoes is generated, each of smaller 

amplitude than the previous. 

A typical display as seen on the oscilloscope is shown in Figure 

2A. The initial pulse is at the far left of the photograph, and the 

echoes then follow at about twelve microsecond intervals. The echoes 

used in a typical velocity measurement (about the first one hundred 

microseconds of display) are shown in Figure 2B. With the aid of a 

delay line on the oscilloscope, the time for one echo to make a round 

trip in the crystal can be measured accurately to three significant 

places. This type of measurement coupled with the accurate measure

ments of the lengths between faces of the specimen form the basis for 

the calculation of the velocity of ultrasound as a function of direc

tion in the crystal. Data was taken on a minimum of four echoes. 

Cryostat 

Figure 3 is a cutaway drawing of the cryostat used in making the 

velocity measurements. The ten Megahertz pulses are transmitted to the 

transducer by means of a 93-ohm transmission line and a spring-loaded 

copper plunger. The transmission line as well as all of the cryostat 

structural supports are constructed of thin walled stainless steel 

tubing in order to minimize the conductance of heat to the crystal 

specimen. The plunger and transmission line may be moved vertically 

to facilitate handling of this specimen. 
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FIGURE 2A 

OSCILLOSCOPE DISPLAY 

HORIZONTAL SCALE: 20 MICROSECONDS/CM 

FIGURE 2B 

OSCILLOSCOPE DISPLAY 

HORIZONTAL SCALE: 10 MlCROSECOHi)S/CM 
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For data taken in the temperature range of gO^K to 300''K, tem

perature control was obtained by slowly increasing the level of liquid 

nitrogen in the outer dewar. In this way, temperature in the inner 

dewar dropped at a rate of about lO^K per hour. 

For data taken in the temperature range 4.2°K to 130''K, liquid 

helium was first transferred into the empty inner dewar. Next, the 

cryostat was placed into the dewar so that the helium covered the 

crystal. Then data was taken as the helium boiled off. For data taken 

in this way, the temperature rose at a rate of 20 to 30°K per hour up 

to the boiling point of liquid nitrogen (78.8°K) and at a rate of 10 

to 20°K per hour thereafter. 

Transducers 

The quartz transducers were obtained from Valpey Crystal Corpo

ration. These transducers were cut and polished at the factory so 

that they would respond to a ten Megahertz excitation. Two types of 

transducers were used. The first type, the "x-cut", were cut so that 

they would vibrate in a longitudinal mode. The second type, the "y-cut", 

were cut so that they would vibrate in a transverse mode. The direc

tion of polarization of particle motion for the transverse mode trans

ducers was indicated by the presence of a nick on the edge of each 

"y-cut" transducer. 

To use the transducers, it is necessary to impress an electric 

field across them. For this reason, Valpey plated the quartz on both 

sides with a layer of gold over a layer of chrome. This layering had 

to be done since gold will not adhere readily to quartz. Gold is an 
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excellent plating material both because of its excellent electrical 

properties and because of its resistance to tarnish and wear. 

As the crystal specimen is a conductor, the side of the transducer 

in contact with the crystal is grounded. The signal is then applied 

through the plunger to the other side of the transducer, as in Figure 3, 

Binders 

In order to transmit the vibrations of the transducer to the 

crystal (and vice-versa), a rigid bond between the two is necessary. 

Depending upon the temperature range being studied, one of two dif

ferent binders was used to make this bond. 

In the range lOO^K to 300°K, Nonaq stopcock grease proved sat

isfactory. This binder is applied at room temperature and is rigid 

enough to give good echoes even above its freezing point (about 250°K). 

Unfortunately, however, this binder tends to break at about 100*'K, 

apparently due to different expansion properties of the binder, trans

ducer, and crystal. 

In the temperature range 4.2°K to 200*'K, another stopcock grease, 

Dow Corning DC-11 was used. This binder does not give satisfactorily 

distinct echoes above its freezing point (about 210*'K) . But as DC-11 

seems to break only very rarely, it is ideal for extreme low tempera

ture measurements. The binder is applied at room temperature and then 

the assembled crystal and crostat are emmersed in a small dewar of 

liquid nitrogen. This emmersion freezes the binder and allows one 

to evaluate the quality of echoes obtained before beginning the ex

periment. 
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Data was taken in such a manner that the results obtained when 

using the two different binders overlapped by at least 30*'K. In the 

region of overlap, agreement between the two sets of data was found 

to be well within the experimental error. 

To account for the thickness of the binder, a correction was made 

in the measured echo round trip times. A correction of 0.04 micro

seconds was subtracted from times for transverse waves, and a correc

tion of 0.03 microseconds was subtracted from times for longitudinal 

11 
waves. 

Temperature Measurement 

In the temperature range 25°K to 300°K, temperature of the crys

tal was determined with the aid of a copper-constantan thermocouple. 

E.M.F. induced in the thermocouple was measured with a Leeds and 

Northrup Guarded Potentiometer. 

Temperatures in the range 4.2°K to 25''K were determined with the 

aid of a Cryocal germanium resistance thermometer (//629) . Measure

ments were made with the aid of an adjustable standard current source 

and the Leeds and Northrup Potentiometer. 

Both the thermocouple and the germanium resistance thermometer 

were placed in direct contact with the crystal. 

Density Measurement 

Fundamental to the calculation of the elastic constants of the 

alloy is an accurate determination of the sample's density. Using 

12 13 
the x-ray determined values for the density of copper and gold, 

the calculated value for the density of the alloy is 8.9929 grams per 
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cubic centimeter at room temperature. This calculation was made on the 

basis of the alloy's composition as quoted by Materials Research Cor

poration. In the laboratory, the actual density of the specimen was 

found to be 8.9706 grams per cubic centimeter. This measurement was 

made on a Mettler Semi-Micro balance with the aid of Archimedes' 

Principle. Owing to the high precision of the Mettler balance, the 

error in the weighing is smaller than the significant figures given 

above. The lower value of the measured density is felt to be due to 

it is the calculated density which should determine the acoustic wave 

velocities. 

. n • 

ii 

the ever-present growth pits in single crystals. With this in mind, 1^ 
{ 



CHAPTER III 

FINDINGS AND INTERPRETATIONS 

Adiabatic Elastic Constants 

In order to calculate the elastic constants of Cu + 0.3at.% Au 

as a function of temperature, it is necessary to know the temperature 

behavior of the length and density of the alloy. Ordinarily this be

havior would be obtained from the linear coefficient of expansion of 

Cu + 0.3at.% Au. Unfortunately, however, no information exists for 

this alloy on either its linear coefficient of expansion or its spe

cific heat. Therefore, it was decided to use the linear coefficient 

of expansion of copper in the calculations. This is a reasonable 

assumption, as the alloy differs in composition only very slightly 

from pure copper. 

The linear coefficient of expansion of copper (a(T)) has been 

14 
measured by Eraser and Hallett from 20''K to 90°K, and by Leksima 
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and Novikova from 90°K to 1323°K. Using the values of a(T) and the 

density of the alloy at room temperature p(300°K), the density at 0°K 

is given by: 

p(0*') = p(300°K)(l + / Q ° ^ a(T)dT)3 

In like manner, the length of the crystal at 0°K is given in terms of 

the length at 300°K £(300**): 

£(0°) = il(300**)/(l + / Q ° ° a(T)dT). 

So, if il.QQCO*') is the length of the crystal at O^K in the [100] di

rection, and t (T) are the experimentally determined echo transit times 

of longitudinal waves in this direction, then from (1): 
15 

in 
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P ( 0 ° ) [ i l . ^ . ( 0 ° ) ] 2 
r (T<\ = iiiy t 

11 (1 + /Ja(T)dT) • [^7(^n^ • 

Simi la r ly (2) and (3) give for C,, and C ' : 
44 

P(0"')[£-,..(0°)]2 
C^^(T) = 100 

(1 + /Qa(T)dT) * tt2(T)] 

p(0'')[£_._(0°)]2 
C'(T) = -̂̂ 0 

(1 + /Qa(T)dT) ' Ct^(T)] 

where t2(T) and t,(T) are echo round-trip transit times for transverse V 

waves in the [100] and [110] directions respectively. C , C , and 

C were calculated in lO^K intervals from 0°K to SOO^K on an IBM Sys

tem 360 computer. The data for t., , t-, and t, were taken in lÔ 'K 
1 2 4 

intervals from smoothed curves for each of these times plotted as a 

function of temperature. The integrals / a(T)dT were calculated nu

merically on the computer. 

The results from the calculations of the elastic constants C- , 
C, , , and C' are shox̂ 7n in Table I. Estimated maximum errors in the 
44 

values of these constants are C,,: ±0.3%, C,,: ±0.4%, and C': ±0.4%. 
11 44 

These errors are felt to arise chiefly from the error in the echo 

transit time readings from the oscilloscope delay line. This delay 

line was calibrated against a Tektronix Type 181 Time Mark Generator 

for every data point taken. The lower value of error for C^ may be 

due to one of two causes or both. Earlier experience gained in pre

paring the crystal used in measuring C,, and C' was utilized in the 

preparation of the long crystal used to measure C^.. In particular, 

as can be seen from the measured lengths of the crystals, improvement 
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Table 1. Elastic constants C , C,,, C', and C ; and bulk modulus B, 

11 2 
All are in units of 10 dyn/cm . 

( K) 
\ **/ 

0 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 

c,. 
11 

17.855 
17.855 
17.855 
17.855 
17.847 
17.838 
17.821 
17.805 
17.788 
17.767 
17.742 
17.718 
17.691 
17.663 
17.633 
17.602 
17.570 
17.537 
17.503 
17.468 
17.432 
17.394 
17.358 
17.320 
17.281 
17.242 
17.203 
17.165 
17.127 
17.087 
17.047 

c,, 
44 

8.268 
8.262 
8.253 
8.246 
8.235 
8.222 
8.209 
8.192 
8.177 
8.159 
8.138 
8.118 
8.095 
8.070 
8.042 
8.012 
7.988 
7.958 
7.926 
7.893 
7.860 
7.823 
7.788 
7.750 
7.712 
7.675 
7.638 
7.598 
7.559 
7.519 
7.478 

C 

2.615 
2.615 
2.615 
2.615 
2.613 
2.611 
2.607 
2.603 
2.596 
2.588 
2.581 
2.572 
2.562 
2.552 
2.541 
2.530 
2.519 
2.508 
2.497 
2.485 
2.474 
2.463 
2.451 
2.439 
2.427 
2.416 
2.405 
2.393 
2.382 
2.371 
2.360 

C ̂  
12 

12.625 
12.625 
12.625 
12.625 
12.621 
12.616 
12.607 
12.599 
12.596 
12.591 
12.580 
12.574 
12.567 
12.559 
12.551 
12.542 
12.532 
12.521 
12.509 
12.498 
12.484 
12.468 
12.456 
12.442 
12.427 
12.410 
12.393 
12.379 
12.363 
12.345 
12.327 

B 

14.386 
14.386 
14.386 
14.386 
14.363 
14.357 
14.345 
14.334 
14.327 
14.316 
14.301 
14.289 
14.275 
14.260 
14.245 
14.229 
14.211 
14.193 
14.174 
14.155 
14.133 
14.110 
14.090 
14.068 
14.045 
14.021 
13.996 
13.974 
13.951 
13.926 
13.900 
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was made in the technique of obtaining flat and very parallel crystal 

faces. The other factor which may have caused the reduced error in 

C^^ was the fact that this measurement was made with longitudinal 

waves. Echoes obtained with transducers generating longitudinal waves 

tend to be more distinct when viewed on the oscilloscope than echoes 

obtained from transverse wave transducers. Thus there is less pos

sibility of error in visual measurements involving longitudinal waves. 

Also given in Table 1 are values for the adiabatic elastic con

stant C and the bulk modulus, B. Both of these constants were cal

culated from the smoothed curves of C,^, C,,, and C'. C,« is given 

11 44 12 
by (4): 

^ 2 " ^11 " ^^'* 
1 6 

The bulk modulus is given by: 

B = 1/3(C^^ + 20^2)-

Using the usual rules for the propagation of errors, the error in C ̂  

17 

is ±0.6% and the error in B is ±0.9%. 

With regard to the error in C^^, it might be noted that C could 

also be determined with the aid of Appendix A equation (A12), 

^12 = 2pv| - C^^ - 2C^4 

and measurements of the velocity, v , of longitudinal \<faves in the 

[110] direction. (This is a common practice because of the conven

ience involved.) But because this equation involves three experimentally 

determined quantities expressed as a sum, this method v̂ ould give a 

larger experimental error than that obtained for C^^ as calculated 

from (4) above. Furthermore, the shear constant C' would then have 

to be determined indirectly from C^, and C^^. This would result in 
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an experimental error in C' several times that obtained by direct 

measurement of this constant. 

The quantities given in Table 1 contain one more significant 

figure than can be justified by the experiment. This additional place 

has been retained in order to indicate the smoothness of the curves 

of the elastic constants as a function of temperature. The curves for 

the elastic constants C , C ,, and C are shown in Figures 4, 5, 

and 6 respectively. 

Anisotropy 

In a perfectly isotropic medium, the velocity of shear waves 

should be independent of the direction in which the waves are prop

agated. This is the case for a polycrystalline solid, and only one 

shear elastic constant is obtained for such a solid. A single crys

tal, of course, is not isotropic. A measure of the deviation of a 

single crystal from isotropy is given by the ratio of the squares of 

velocities of the shear waves propagating in the [100] and [110] di-

18 
rections: 

. ^2' ^44 

4 

For the alloy Cu + 0.3at.% Au, this ratio is 3.16 at 0°K and 3.17 at 

300*'K. As the variation of the anisotropy is smooth betv/een these 

two temperatures, it is concluded that the deviation of the alloy from 

isotropy does not change in character over the whole temperature range 

studied. 
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Debye Characteristic Temperature 

From the distribution of phonon states as a function of tempera

ture, it is to be expected that near absolute zero only lattice waves 

of nearly infinite wavelength will be excited. Near absolute zero, 

the Debye temperature is given by: 

%<°) = I O^^^ (3) 
where ^ .47Ty _1 d^ 

•'0 4' VJ 4TT ' 
1 1 

fi is solid angle, h is Plank's constant, k is Boltzmann's constant, 

N is the number of atoms, V is the volume of the crystal specimen, and 

V. are the velocities of propagation for the long wave phonons. For 

a single crystal, the v. will be a function of direction. As a re-

19 suit, the expression (5) must be evaluated with approximation methods. 

• For long wavelengths, the elastic constants approximate the forces 

at work in a solid on an atomic scale. So it is to be expected that 

at absolute zero, the Debye temperature should depend on the elastic 

constants alone. J. de Launay has developed an approximation method 

which gives the Debye temperature in terms of the three adiabatic 

elastic constants C , C , and C ,. Unfortunately, the condition 

under which his method may be applied, 

(^1 - ^^12)^20^4 ̂  1 
20 

does not hold for Cu + 0.3at.% Au. An alternate method has been 

21 22 

developed by Houston and extended by Betts, Bhatia, and Wyman. 

Owing to the rather high anisotropy of Cu + 0.3at.% Au, it is necessary 

to use the six term approximation of these last authors. With this 

approximation, the alloy has a Debye temperature at 0°K of 330.7°K. 
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Betts et. al. feel that their six term approximation has an error of 

at most about 1.0%. 

Discussion 

Table 2 provides a comparison at 0°K for the elastic constants 

and Debye temperatures of pure copper,^^ Cu + 0.3at.% Au, Cu Au,^^ 

25 
and pure gold. The Debye temperatures for copper, gold, and Cu Au 

were all calculated from their O'̂ K elastic constants by the same method 

as that used in the calculation of 0 for Cu + 0.3at.% Au. As can 

be seen from the table, the Debye temperature decreases steadily with 

increasing concentration of gold in the copper. To show their be

havior more clearly, the elastic constants given in Table 2 are plot

ted as a function of the concentration of gold in Figures 7 and 8. 

Figure 7 shows the behavior of C and C . As can be seen, values 

of these constants for alloys lie between the values of C and C 

for the pure metals. Figure 8, on the other hand, indicates a dif

ferent and seemingly unusual behavior in the shear constants C,, and 
44 

C'. As theoretical work has been done on these two constants, it is 

pertinent to consider the reasons for the increases in the shear con

stants for Cu + 0.3at.% Au over the values of these constants for the 

pure metals. 

Fuchs has developed expressions for the shear constants C., (which 

he calls C) and C' of monovalent metal single crystals. He assumes 

that contributions to these constants come only from two sources, both 

of which involve central force interactions between ions in the metal 

crystal. He writes: 
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Table 2. Elastic constants C^_, C,,, and C', and C _ in units of 

11 2 
10 dyn/cm ; and Debye temperature in degrees Kelvin. 

Sample 
11 '44 

C 
12 

0 
D 

Cu 

Cu + 0.3at.% Au 

Cu Au 

Au 

17.620 

17.855 

18.49 

20.163 

8.177 

8.268 

6.87 

4.544 

2.564 

2.615 

2.48 

1.598 

12.494 

12.625 

13.53 

16.967 

345.4 

330.7 

283.8 

162.6 
I 
t 
I M 
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C = C^ 4- Cj 

C = S' +C^'. (6) 

The quantities C^ and C^' represent respectively the contributions 

to C and C' derivable from the electrostatic potential energy of the 

lattice of positive point charges imbedded in a uniform sea of elec

trons. The quantities C^ and C^' represent respectively the contri

butions to C and C derivable from the repulsive interaction between 

closed electronic shells of two neighboring ions in the metal.^^ 

Based upon Fuchs' model. Neighbors and Smith have proposed a 

model for single crystals of dilute alloys where the host crystal is 

a monovalent metal. They find that the changes in C and C' upon al

loying are given by: 

AC = C_(z2 - 1) + C^3 
E I X 

AC = C_.'(Z2 - 1) + C^'3 . (7) 
CJ i X 

The quantities C , C ', C , and C ' represent the values of these four 

constants calculated from Fuchs' model for a pure crystal of the host. 

These constants, as well as AC and AC', are adjusted, when necessary, 

for changes in C and C' due to differences between the lattice con

stant of the alloy under study and the lattice constant of a pure crys

tal of the host. This is so that the above equations will represent 

the changes in C and C' due to the effect of alloying alone. The con

centration of the impurity in the host is given by x. The parameter 

3 is a constant for a given alloy family and should be independent 

of the concentration of the impurity. This parameter is interpreted 

as a measure of the number of closed-shell repulsions per added im-
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purity. Neighbors and Smith found that the parameter Z is approxi-

27 mately equal to the average charge per ion in the alloy. 

We now apply the model of Neighbors and Smith to our dilute cop

per alloy Cu + 0.3at.% Au. It is a known property of alloys of cop

per and gold that the lattice parameter of the alloys varies linearly 

from the lattice parameter of copper to the lattice parameter of gold. 

This variation is a function of increasing concentration of gold. 

This property is known as Vagard's Law. Therefore, it can be easily 

shown that the lattice parameter of Cu + 0.3at.% Au differs negligibly 

from the lattice parameter of pure copper. As a result, no correction 

need be made in (7) for the effect on the elastic constants of the 

alloy due to changes in the lattice spacing. For pure copper, Fuchs 

11 0 
has calculated for C^ and C_': C„ = 2.57 x 10 dynes/cm^ and 

E EJ CJ 

C ' = 0.286 x 10 dynes/cm^. Overton and Gaffney's experimental 
E 

11 ? data for pure copper gives C = 8.177 x 10 dynes/cm'^ and 

C = 2.564 X lO"̂"*" dynes/cm^ at O^K. Therefore, from the theoretical 

relationships for C and C , as given by (6), C^ = 5.607 x 10 dynes/cm^ 

and C ' = 2.278 x 10 dynes/cm^. Substituting all of these constants 

into (7) and solving the system of equations, we obtain Z = 0.99 and 

3 = 8.2. 

These results obtained for Z and 3 seem to confirm the type of 

analysis made by Neighbors and Smith. As both copper and gold are 

monovalent, the electron to atom ratio in the alloy should be equal 

to 1.00. The value of Z obtained agrees closely with this figure and 

supports the view that Z gives the alloy electron to atom ratio. The 

value of 3 is also in agreement with the predictions of Neighbors and 
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Smith. Since the crystal ionic radius of gold is 1.37 Angstroms and 

that of copper is 0.96 Angstroms, it should be expected that there 

would be an increase in the average repulsion interaction energy per 

ion in the alloy. Such an increase would be due to the presence of 

the oversized gold ions in the copper host lattice and the resulting 

increase in the extent of overlap of ionic electron shells in the im

mediate neighborhood of these gold ions. This increase is reflected 

in the positive value obtained for 3, the parameter associated in (7) 

with the elastic constants C and C ' characterizing electron shell 

repulsive interactions in the alloy. By way of contrast. Neighbors 

and Smith studied impurity ions which were undersized when placed in 

the copper lattice, and they found negative values of 3 for these ions 

30 
The magnitude of 3 depends upon the particular impurity ion. 

In conclusion, it appears that the experimentally observed in

crease in the shear elastic constants C,, and C' on alloying copper 

with a small percentage of gold is due primarily to an increase in 

the repulsive interaction energy characterizing ion electron shell 

overlap in the alloy. 



CHAPTER IV 

SUMMARY 

This work has presented the results from the measurement of the 

adiabatic elastic constants of the copper-gold alloy Cu + 0.3at.% Au. 

Elastic constants which were measured directly included C , C , and 

C . From these constants were calculated the adiabatic elastic con

stant C^^y the bulk modulus of the alloy, the degree of anisotropy 

of the alloy, and its Debye characteristic temperature at O^K. This 

last was found to be 330.7°K. It was also found that the shear con

stant C' increased upon alloying. Based upon Fuchs' model for monova

lent metals, this increase was attributed to an increase in the re

pulsive energy between nearest neighbor ions. This energy is that 

due to the interaction between the closed electron shells of two 

neighboring ions. 

On the basis of these findings for Cu + 0.3at.% Au, it would be 

profitable to make a systematic study of the elastic properties of 

other dilute alloys of gold in copper. In particular, a study of a 

copper-gold alloy with a somewhat higher concentration of gold would 

be fruitful. Such a study would provide a test of the extent of con

centration in a dilute alloy to which an analysis such as that used 

in this thesis could be applied. 

31 
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APPENDIX A 

ELASTIC CONSTANT THEORY 

In this section is presented a discussion of the theory of elastic 

constants and elastic waves in solids. It is not intended to present 

the theory in detail, but to present those parts of the theory that 

are essential to the understanding of the experimental method used in 

this thesis. Formal and complete development of the theory may be 

found elsewhere. The reader might consult, for instance, references 

thirty-one through thirty-four. 

Definition of Elastic Constants 

Two considerations are fundamental to the concept of elastic con

stants. First, the elastic constants of the crystal will be regarded 

as a macroscopic property of the crystal. That is, one treats the 

crystal as a homogeneous medium rather than as a discrete array of 

atoms. Second, if only infinitesimal stresses and strains of this 

medium are considered, then the generalized Hooke's Law should hold. 

This law states that strain is directly proportional to stress in an 

elastic medium. Thus, elastic constants define linear relationships 

between stresses and strains in an elastic medium. 

In addition to these properties, elastic constants may be clas

sified as either isothermal or aidabatic, depending upon how they have 

been measured. No distinction is made between these two different 

types of constants in the theory which follows. Experimentally the 

difference in magnitude between the two types is small for low tem-

34 
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peratures; and this difference vanishes altogether as absolute zero 

, , 35 
is approached. 

Relationships between Stresses and Strains 

Formally, the generalized Hooke's law relating stress to strain 

in a three dimensional elastic medium may be written: 

P.. = 11^-' 0 ^0 (i,j,^,ni = x,y,z) (Al) 
•^ Im -^ 

where P.. is the nine component stress tensor and e., is the nine 
ij ij 

component strain tensor. The constants A.. „ form a fourth rank 
ij , £m 

tensor. It is customary to relate the e to the strain components 

^Hm ""'^ 

e.. = G.., e.. = e.. + e . . +e,.(i5i^j). 
11 11* ij ij ij ji 

These e. in turn may be related to the components of displacement 
x,m 

u, V, and w, where u, v, and w represent displacements in the x, y, 
Of. 

and z directions respectively. The relationships defining e are: 

3u 3v 9w 
e = -r— e = -r— e = T ~ 
XX 8x yy 9y zz dz 

8v 9w = 1 } : ^ . ^ ^ 9u 3v 
'yz ~ 9z "*" 8y ' ̂ xz " 3x 8z ' ̂ xy 8y 3x* 

The requirement that the solid undergo no rotation as a result of the 

37 
applied stress implies that 

P = P P = P P = P . (A3) 
xy yx zx xz yz zy 

Thus there are six independent components of strain. These six com

ponents may be related to the components of stress (A2) in accordance 

with the tensor form of Hooke's law (Al). The relationships are: 

^ j = l Ĵ 
e I = 1,2,3,4,5,6 (A4) 
j 
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where the indices 1 through 6 are defined 

1 = XX 2 = yy 3 = zz 4 = yz z = xz 6 = xy. 

The quantities C _ are called the elastic stiffness constants and will 

be the subject of concern. For cubic crystals, the thirty-six C 
ij 

can be reduced to three independent elastic constants: C , C , and 

^44* ^^^^ result may be obtained by requiring that the energy density 

of the cubic crystal 

be invariant under the symmetry operations of a cube. Then the re

lationships (A4) becom.e, for a cubic crystal: 

P = C,,e + C__e + C,^e 
XX 11 XX 12 xy 12 zz 

P = C._e + C,,e + C,_e 
yy 12 XX 11 yy 12 zz 

P = C,^e + C^^e + C,,e ,,^^ 
zz 12 XX 12 yy 11 zz (A5) 

P = C,,e 
yz 44 yz 

P = C,,e 
xz 44 xz 

P = C,,e . 
xy 44 xy 

Elastic Waves in Cubic Crystals 

Consider Figure 9A, a cube of volume AxAyAz. A force in the x-

direction applied to a plane perpendicular to the x-direction is given 

by P . If the value of this stress at x is P (x), then the value 
-̂  XX XX 

of the stress at x + Ax is 
9P 

P (x + Ax) ^ P (x) + — - ^ Ax. 
XX XX 3 X 

Thus, the net force acting upon the cube due to this stress will be 

3P 
( Ax)AyAz. Similarly, P will represent a force in the x-direc-
3x xy 

tion applied to a plane perpendicular to the y-direction; and P will 
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P (x + Ax) 
XX 

-P (x) 
XX 

Ay 

FIGURE 9A 

CUBE OF VOLUME AxAyAz 

y\ 

K 

FIGURE 9B 

WAVE IN [100] DIRECTION 

A T. 

FIGURE 9C 

WAVE IN [110] DIRECTION 
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represent a force in the x-direction applied to a plane perpendicular 

to the z-direction. Then the net force in the x-direction arising 

from all three stresses P , P , and P will be 
XX xy xz 

3P 3P 3P 
, XX , xy , xz.. . . 
( - 5 ^ •" V ^ + ̂ ^)AxAyAz. 

Thus the equation of motion per unit volume in the x-direction will 

be 

2̂ 3P 3P 9P 
3̂ u XX , xy , xz (Kc.^\ 

PTTZ = - ^ — + ~ ^ + ~ ^ — (A6a) 

3t 3x 3y 3z 

where p is the density of the medium and u, as before, represents 

displacement in the x-direction. Similarly, for the y and z direc

tions, the equations are: P 3P 3P 3P 

^T^ ~ 3x ' 9y • 3z 

^ o or or or 

9iv ̂  _yx ^ _jrL + __Zz (A6b) 

and 

2 3P 3P 9P 
. 9 ^ = _ ^ + — ^ + _ ^ . (A6c) 
^Jt^ 3x 9y 9z 

With (A2) and (A5), equations (A6a), (A6b), and (A6c) become respec

tively: 

^J^ = h u ^ •' ^44^97- "-J^^"- ^^2 "- ̂ 44^^9x9y + 9x9z^ ^̂ ^̂ ^ 

32v 32v , ̂  ,92v , 92v. , ,̂  . p W - ^ + - 1 ^ ^ fA7b) 
'J^ = S l ^ "• "^44^^ •" 9^^ "" ̂ 1̂2 •" ̂44^^9x3y ^ 3y3z> ^̂ ^̂ ^ 

â w ^ 92u . „ , 9 ^ . 9^^ + .P + C ) (-^ + - ^ ) . (A7c) 
P^F = S l i ^ "̂  ̂ 44^3^ ̂  97^^ ̂  ^̂ 12 ^ ^4^^9x3z ^ 3y3z^ 

These last equations are now solved for two special cases: waves 

propagated in the [100] crystallographic direction and waves propagated 

in the [110] crystallographic direction. 
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For the first case, a solution is given by the longitudinal wave 

u = u exp[i(kx - wt)], 

see Figure 9b. Particle displacement, given by u, is in the x-direc

tion. The wavevector, k = |^, is in the x-direction; and o) = 27TV is 

the angular frequency. Substituting this solution in (A7a) gives 

.2 = C^^k^. 

Then the velocity of a longitudinal wave in the [100] direction is 

v^ = a)/k = (C^^/p)^/^ (A8) 

Another possible mode of propagation in the [100] direction is given 

by the transverse wave 

V = V exp[i(kx - wt)]. 

Here particle displacement is in the y~direction. Substitution of 

this shear wave into (A7b) gives: 

^2 ^ ^ ^ P ) ^ ^ ^ - (A9) 

This same result is obtained for a transverse v/ave propagated in the 

[100] direction with particle displacement in the z-direction. 

For the second case, propagation in the [110] direction, an anal

ysis similar to the above gives three independent velocities, see 

Figure 9c. For a transverse wave propagated in the [110] direction 

with particle displacement in the z-direction (T ), the solution is 

w = w exp[i(k X + k y - wt)]. 
o '̂  X y 

Substitution of this into (A7c) gives 

^3 = (C^4/p)^^^- (̂ 10) 

The two remaining possible modes are a transverse wave with particle 

motion in the x-y plane perpendicular to the [110] direction (T ) and 

a longitudinal wave with particle motion in the x-y plane parallel 
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to the [110] direction. Both of these modes have solutions: 

u = u exp[i(k X + k y - wt)] 
o x y 

V = V exp[i(k X + k y - wt) ]. 
o '̂  X ŷ  

Substitution of these into (A7a) and (A7b) gives for the velocity of 

the transverse wave 

^ = [(^1 - C^2>/2Pl' 

and for the longitudinal wave 
38 

"5= ^(^1 + ̂ 2 ^ V/'P^ 
1/2 

(All) 

(A12) 




