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ABSTRACT 

KEY WORDS: ML estunates. Panel data. Tax data. Charitable contributions 

Maximum likehhood estimates in a random coefficient regression (RCR) model fi^om 

cross-sectional and time series sample data are presented, within the framework of 

e?^ectation-maximization (EM) algorithm Unhke the model considered by Swamy 

(1970), the fiiU rank assumption of the design matrix is not assumed in this research. A 

simulation study is performed to compare computational feasibility, in terms of CPU time, 

of the EM algorithm versus PROC MIXED in SAS/STAT®. Efficiencies of estimators 

using homoscedastic and heteroscedastic models are also conq)ared. The RCR model is 

apphed to the Ernst & Young/University of Michigan Individual Taxpayer Panel data to 

obtaia the maximum likelihood estimates, and the results are conq)ared to previously 

existing works. Some advantages and hmitations of the EM algorithm are also discussed. 
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CHAPTER 1 

INTRODUCTION 

1.1 Overview 

Random coefficient regression (RCR) models have been used to analyze cross-

sectional and longitudinal data in economics, and growth-curve data fi*om biological and 

agricultural experiments. Extensive apphcations of the RCR model are reported in the 

hterature, including several methods for estimating parameters of the model (Swamy 

1970, 1971, 1973; Hsiao 1975; Gumpertz and Pantula 1989), as well as methods of 

inferences using those estunators obtained (Swamy 1970, 1971, 1973; Gim^ertz and 

Pantula 1989; Carter and Yang 1986). Another kuid of RCR model, known as the error 

components model, is discussed and analyzed by Kuh (1959), Wallace and Hussain 

(1969), and Swamy and Arora (1972). 

The expectation maximization (EM) algorithm is a method used by statisticians for 

locating the parameters that maximize a posterior distribution, as well as finding the 

maximum hkehhood (ML) estimator. The original EM algorithm was used to find the ML 

estimator fi-om incomplete data (Dempster, Laird, and Rubin 1977); however, this 

algorithm has widely been used or modified hereafter to find other estimates, such as the 

asymptotic variance-covariance matrices (Meng and Rubin 1991; van Dyk, Meng, and 

Rubin 1995). It also has apphcations in different statistical fields, ranguig firom 

multivariate analysis (Rubin and Thayer 1982; Guo and Rodriguez 1992) to Monte Carlo 

simulation (Wei and Tanner 1990). The usage of the EM algorithm is generally and widely 

accepted nowadays. 

Although the RCR model and the EM algorithm have many apphcations in statistics, 

only few references have addressed the estunation problem, using either ML or restricted 

maximum likelihood (REML) estimators, that links these two schemes in the existing 
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hterature. These authors mclude Den^ster, Rubin, and Tsutakawa (1981), Laird and Ware 

(1982), Jennrich and Schluchter (1986), Laird, Lange, and Stram (1987), and Lindstrom 

and Bates (1988). However, except Land and Ware (1982), who considered a general 

variance-covariance matrix, Rj, for the random error term ê , aU other authors considered 

a homoscedastic variance-covariance matrix, a \ for the random error term This research 

uses the EM algorithm to obtain the ML estunator of the RCR model by assuming that the 

error term ê  has a heteroscedastic variance-covariance matrix of ajjl (see Swamy 1970). 

Therefore, the model that is considered in this research is more specific than that discussed 

by Laird and Ware (1982), but more comphcated than those considered by the other 

authors mentioned above. 

Most importantly, we will use this model (together with the EM algorithm) to obtain 

the ML estimators in Ernst & Young/University of Michigan Individual Taxpayer Panel 

(EY/UM) data, which we beheve is a new apphcation that has not yet been reported in the 

hterature. 

1.2 Purpose of Research and the Proposal 

There are several objectives for this research. The first objective is to use the EM 

algorithm to obtain the theoretical ML estimator for ah parameters of the RCR model 

considered by Swamy (1970). After these ML estimators have been theoreticaUy 

identified, we will use a sunulation method, through SAS/IML® (SAS Institute, Inc. 1990) 

softvŝ are, to examine the efficiency of these estimators, including comparisons between 

heteroscedastic estimates with homoscedastic estimates. The efficiency study of the ML 

estimates is the second objective of the research. To be more specific, we wih assume the 

situation where the true variance is either homoscedastic or heteroscedastic, simulate both 

situations, obtain the ML estimates under both cases, and then compare the efficiency of 

these estunates to other estimates such as the ordinary least squares (OLS) estunate and 



the estimated generalized least squares (EGLS) estimate. The third objective is to obtain 

mformation on conq)utational feasibihty, m terms of execution time (i.e., CPU time), of 

the EM algorithm, and compare the results obtained in this research to other known 

algorithms such as the PROC MIXED in SAS/STAT® (SAS Institute, Inc., SAS® 

Technical Report P-229 1992) . The fourth objective is the apphcation of the methods to 

the EY/UM data, and conq)arison with previous analyses of these data. And finaUy, the 

last objective is to generalize the RCR model so that unbalanced data as well as dummy 

variables can be used to obtain the ML estimates. 

According to the above description, this research includes: 

1. Developing the theoretical ML estimates for all parameters of the RCR model, through 

the EM algorithm, based on the one considered by Swamy (1970). Here we remove an 

important assunq)tion that the individuals' design matrices, Xj, must be of fiiU rank. That 

is, the design matrix X^ may or may not be of fiiU rank. 

2. Estabhshing a program (through SAS/IML®) that wiU perform the EM algorithm to 

find the desired ML estimates. 

3. Simulating the results and conq)aring to other results obtained by some weU-known 

software; for example, the PROC MIXED procedure in SAS/STAT®. 

4. Investigating the corrq)utational feasibihty of the proposed estimation procedure. 

5. Examining the efficiency of the ML estimators thus obtained, including cases under 

both homoscedastic and heteroscedastic variance situations, compared to alternative 

estimates that have been proposed in the hterature. 

6. Applying this program to EY/UM data to obtain the ML estimates for that data set. 

7. Comparing those estimates obtained in 6 to other known results reported in the 

hterature. 

8. Generalizing the RCR model by aUowing data for the i*̂  individual, ŷ , to be of 

dimension T̂  x î  instead of T x l, and obtaining the ML estimates in this situation. 



9. Introducing durmny variables in the model that account for those demographic 

characteristics in EY/UM data and use the same scheme to obtain the ML estimates. 

1 3 Importance of the Research 

The present research has the potential to provide some theoretical bases for other 

research related to the RCR model and the EM algorithm Furthermore, this research 

offers a new way of estimating the parameters of the mean vector in RCR models. In 

addition, dropping previously used assum5)tions (i.e., the "fiill rank" assumption and the 

"balance" assun^tion) in the RCR model while using the EM algorithm will give this 

research potential apphcations in other related fields of study, such as taxation research, 

where the use of cross-sectional and time series data is prevalent. Additionally, the 

simulation studies wih provide comparisons between estimation schemes, so a researcher 

wdh know whether computationally cumbersome estimates are worthwhile, compared to 

single estimates. 

1.4 Structure of Dissertation 

This dissertation is organized as follows. Chapter 1 provides a general introduction to 

this research. In Chapter 2, the relevant hterature on the RCR model will be discussed 

(Section 2.2), including methods of estimation for its parameters, and the inferential 

methods for those parameters estunated. Also included in Chapter 2 is the relevant 

Hterature on the EM algorithm (Section 2.3), including theories and apphcations of the 

algorithm. And finaUy in Section 2.4, some relevant hterature on topics regarding 

ML/REML estunates and inconq)lete/missing data are discussed. 

Chapter 3 identifies and develops the theoretical ML estimators through the EM 

algorithm (Section 3.2) and then uses the SAS/IML® software to perform a simulation 

study to evaluate the results of these estunators thus obtamed (Section 3.3). Some details 



about the EM algorithm, including the mitial estimates and the stopping criteria, are also 

included in this section (Section 3.3). After the simulation results were obtained and 

verified to be correct (through the comparison to SAS PROC MIXED results), we 

con^ared the efficiency of the ML estimates under the heteroscedastic variance situation 

to that under the homoscedastic variance situation, through simulation, to see the overah 

performance of the ML estimates that we proposed in this research (Section 3.4). The 

results of computational feasibihty of the proposed estimation procedure and its 

comparisons to SAS PROC MIXED resuhs are presented in Section 3.5. 

Chapter 4 focuses on the apphcation of this research, mainly in the accounting area. 

Section 4.2 will use the EM algorithm apphed to the EY/UM data and find the ML 

estimates for the parameters in that data set, when no demographic variables are included 

in the model. Section 4.3 wiU use the EM algorithm to obtain ML estimates when 

demographic variables are considered. Section 4.4 wih generate the results to the situation 

when unbalanced data (i.e., when T̂ 's not ah equal) set is considered. 

And finally. Chapter 5 provides a discussion (Section 5.1) as well as summarizes the 

results obtained in this research (Section 5.2) and discusses the contributions as weU as 

limitations of this research (Section 5.3). Some possible fiiture work based on this 

research is also discussed (Section 5.4). 



CHAPTER 2 

LITERATURE REVIEW 

2.1 Introduction 

In this chapter we wih review the existing hterature that is related to our topics: the 

RCR model, the EM algorithm and the ML estunates. Because (1) many papers are found 

in the hterature concerning these schemes, and (2) these schemes are very different in 

nature, we wih discuss them m three separate sections. As a consequence. Section 2 whl 

review the existing hterature for the RCR model. Section 3 wih review the existing 

hterature for the EM algorithm, and Section 4 wih review the existing hterature for works 

related to the ML and REML estimates, including some miscehaneous results related to 

the estimation methods in missmg data or incorcplete data. When the ML estimates are 

also considered in the RCR model, then the hterature whl be reviewed in Section 2. 

Similarly, if the ML estimates are obtained or related to the EM algorithm, then that 

hterature wih be reviewed in Section 3. 

2.2 The RCR Model 

The random coefficient regression (RCR) model has been considered and analyzed by 

many authors, for exan^le, Wald (1947), Kuh (1959), Hildreth and Houck (1968), 

WaUace and Hussain (1969), Swamy (1970, 1971, 1973) and Hsiao (1975). This model 

treats both mtercept and slope coefficients of a linear regression model as random 

variables when panel data are considered. According to Swamy (1970), panel data means 

temporal cross section data obtained by assembhng cross sections of several years, with 

the same cross section units appearing in all years. The cross section units could be 

persons, households, firms, or any economic units. The RCR model is popular in the 

analysis of cross section data because it aUows different mdividual units to have different 
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coefficients in the model wdth different variances for each unit. In this section a review of 

previous works related to the RCR model wih be presented. A chronological order wih be 

used for the review in order to facihtate the ease of reading for the reader. En^hasis wih 

be given to Swamys (1970) paper because our model is based on his model. 

Wald (1947) considered a regression model of the form 

Yi = PlXii +32^21+ .- + PpXpi +Si i = l , 2 , . . . , N (2.1) 

where Sj ~ NID(0, o^) and pj ~ NID(0, c'^), j = 1, 2, ..., r and r < p. He proposed a 

method, using the F-distribution, to derive the confidence hmits for the ratio (5^1(5^. This 

paper is beheved to be the first attentat using the RCR model in the study of regression 

analysis. 

Kuh (1959) treated the intercept as random and the slopes as fixed parameters in a 

regression model in estimating a relationship from a time series of cross sections. Some 

reasons for the difference of regression estimates between cross-section and time series 

data were presented and his approach was iUustrated by three quantitative examples. 

Hildreth and Houck (1968) considered the estimation problem in a hnear model with 

random coefficients of the fohowing form: 

yt = ^ ^ ( P k + Vtk) t = l , 2 , . . . , T (2.2) 

where the sum is over k from 1 to K, and v̂ ĵ  were assumed to be independently and 

identicaUy distributed with mean 0 and variance aj^. Some consistent estimators of the (3 s 

and a s were developed and their properties were discussed and proved. 

WaUace and Hussain (1969) discussed the estunation problem of the variance-

covariance matrix in the error conq)onents model from a time series of cross sections with 

the fohowing model form 

yit = a + Ej PjXjit + Sit i= 1, 2, ...,N; t = 1, 2,..., T (2.3) 

where the sum is over j from 1 to p and 

£i, = Ui + V, + Wi, (2.4) 



and Ui ~ NID(0, c^^), V^ ~ NID(0, a^^), W^^ - NID(0, GJ), and Ui, V ,̂ and Wî  were 

independent of one another. When the above model was rewritten as a conq)act matrix 

form of Y = XP + s for some design matrix X, they showed that the NT x NT variance-

covariance matrix of s was given by the fohowing expression: 

S == ajl^ + a^2(i^ (g, j^ ) + ^^2(j^ ^ i^) (2.5) 

where J was a square matrix of ones, I was the identity matrix, ah with dunensions 

mdicated m subscripts and 0 was the usual Kronecker product of matrices. By assuming 

that E was known, they presented estimators of a, P, and the covariance estimators, based 

on Aitken's theorem When Z was unknown, Zehner-type estimators were presented and 

compared to covariance estimators. Some asynptotic results about these estimators were 

also discussed. 

Most relevant to this dissertation is Swamy ŝ (1970) RCR model. He discussed a RCR 

model of the fohowing form: 

yi = XiPi + Ui i = l , 2 , . . . , n (2.6) 

where Ui ~ NT(0, a^I) and Pi ~ N]^(p, A), are unobserved random vectors with dimensions 

T X 1 and k x 1, respectively, with A being a general positive definite matrix. Observed 

data are yi with dimension T x 1, and the design matrix Xi with dimension T x k of rank k, 

the so-cahed fiih-rank assurq)tion. Independence among the Pi s, U: s and between Pi and 

U: s are also assumed. 

Based on the above model, a generalized least squares (GLS) estimator of P, when A 

and aii were known, was given by 

where 

Vi = Var(yi) = XiAX; + Qiil (2.8) 

is the variance of yi, i = 1, 2, ..., n. Under the normahty assumption,^ is both the 

mmimum variance unbiased (MVUE) and ML estimator of p. 
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Define 9 to be the vector that contains ah distinct elements of A and aii arranged in 

some order. Then Swamy also showed that the variance-covariance matrix of ^ was 
equal to 

n . . 1 -1 -1 
c(e)=[|Xj(XjAx^ + -;jDXj] 

•K-1,-1 
= [Z(A+a^(XjXj) ) ] 

J=^ ( 2 . 9 ) 

when the X: ah have fiih rank. 

When Oii and A are ah unknown, then an unbiased estimator for aii ^^^ found to be 

Sii = yi'Miyi/(T-k) (2.10) 

where Mi = I - Xi(XiXi)"^Xi'. Also obtained was an unbiased estimator of A given by 

A = Sb / (n - l ) - | s^pc ;Xi ) ' /n ^^.H) 

where 

Sb= l b ^ b ; - s b , i b ; / n . . . . . 
1=1 ^ ^ i=l i=l ( 2 . 1 2 ) 

with bi = (XiXi)"^Xiyi is the ordinary least squares (OLS) estimator of Pi, i = 1, 2, ..., n, 

again assuming the X: ah have fiih rank. Then the estimator of P when both aij and A are 

unknown is given by 

^(l9) = C(i9)Z(A + s^(XiX^)"')''b^ ^2.13) 

where 

C ( e ) = [ | ( A + S j , ( X j ' x . ) ' ) - Y (2.14) 

The estimator given by (2.13) is later referred to as the estunated generalized least squares 

(EGLS) estunator of P by many authors, for exan^le, Gim^ertz and Pantula (1989), and 

Ricketts and Westfah (1993). 

Also discussed were forecast intervals for /"Pi where / is a k x i vector of arbitrary 

elements, asymptotic properties oi ^{Q) includmg consistency and asymptotic efficiency, 



asymptotic tests of hypotheses on the mean vectors as weh as on the variances of 

coefficients. 

Swamy and Arora (1972) investigated the same error con^onents model considered 

by Wahace and Hussam (1969) and found that there were an mfinite number of estunates 

that had the same asymptotic variance-covariance matrix as the Wahace-Hussain 

estimator, and thus it was not possible to choose an estimate on the basis of asymptotic 

efficiency. They also developed an alternative estimator of the variance-covariance matrix 

of error terms, and then used that estimator in developing a feasible Aitken type estimator 

for the coefficient vector. Some smah sample properties of this estimator were derived and 

compared to those of other estimators of the coefficient vector. 

Rosenberg (1973) derived the ML estimates of the mean and dispersion of the 

parameters and of the dispersion variance in a RCR model of the form 

yn = X„b„ + u„ n = l , 2 , . . . , N (2.15) 

where û ^ ~ N(0, a^Z^ )̂, b̂ ^ ~ N(p, a^A), and the matrix A can be partitioned as 

A = 
0 I 0 

<> I " J ( 2 . 1 6 ) 

where the ?i-dimensional matrix Q. is positive definite, with 1 < A. < K These estimators 

were then used to obtain en^irical Bayes estimators of the individual parameter vectors. 

Also included were the properties of the estimators in the case where the parameter 

dispersion was known. 

Swamy (1973) analyzed six alternative estimators for RCR model: (1) MVLU 

estimator, (2) the Stem-hke estimator, (3) the ridge regression estimator, (4) minimum 

conditional mean square error estimator (MCMSE), (5) the mixed regression estunator, 

and (6) the ML estimator. His main attention was focused on the criteria and parametric 

constraints in RCR models. 
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Feige and Swamy (1974) apphed the RCR model technique to temporal cross-section 

models of the demand for hquid assets and obtained estimates m this model. Also included 

was a con^arison between estunates using the RCR model and those obtained by 

enq)loying fixed coefficient models. Based on this comparison, they drew some 

conclusions; for example, "the estunation of the random coefficients model has 

demonstrated that hquid-asset income elasticities are lower when account is taken of 

mterstate behavioral variation" (cf Feige and Swamy, 1974, p. 252). 

Hsiao (1975) considered a general RCR model of the fohowing form: 

yit=^(Pk+Sik+ykt)Xikt + Bit i - l , 2 , . . . , N ; t = l , 2 , . . . , T (2.17) 

where the sum is over k from 1 to K This general RCR model includes the error 

components model considered by Kuh (1959) as a special case. Some estimation methods, 

including GLS estimates and the covariance estimates, for the coefficients of the 

explanatory variables were discussed. The minimum norm quadratic unbiased estimator 

(MINQUE) and the ML estimates for the covariance matrix of this model were also 

presented. Asymptotic efficiency of these estimates was also discussed, and he showed 

that the ML estimates were more efficient than the MINQUE. 

Rao (1975) discussed an empirical Bayes procedure in simultaneous estimation of 

vector parameters from a niunber of Gauss-Markov linear models of the fohowing form 

Yi = Xpi + 8i i = l , 2 , . . . , k (2.18) 

where E(Si|pi) = 0, D(8i|pi) = a^V, E(pi) = p, D(pi) = F, and Cov(Pi, pj) - 0, i ^ j . Here, 

operator D stands for dispersion, i.e., variances and covariances. It was shown that with 

respect to quadratic loss fimction, empirical Bayes estimators were better than least 

squares estimators. Also considered was the problem of predicting fiiture observations in a 

linear model as weh as the estimation of parameters for current mdividuals m the model. 

Carter and Yang (1986) exarmned the asyiqptotic properties of modifications of some 

estimators suggested by Swamy (Swamy 1970, 1971) as n tends to mfinity, with T fixed. 
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He showed that the existmg methods of mference (suggested by Swamy 1970), which 

were currently justified only when mm(Ti) is large, were also justifiable when n is large 

and min(Ti) is smah. Also mcluded was a method of findmg a positive definite estimator of 

the covariance matrix for the RCR model. 

Kadiyala and Oberhelman (1986) discussed the problem of simultaneous estimation of 

parameters in a general linear model that includes the RCR model as a special case. They 

summarized and conq)ared the results obtained by Swamy (1970), that used the RCR 

model approach, and the results obtained by Rao (1975), that used the Bayesian approach. 

Also included was a Monte Carlo simulation that compared the efficiency of an empirical 

Bayes estimator with that of OLS. Through the simulation results, they concluded that the 

empirical Bayes estimator was more efficient than that of OLS. 

Chi and Reinsel (1989) considered estimation/inferential problem in the models for 

longitudinal data with random effects and AR(1) errors of the fohowing form: 

yk = XkP + CkTk + Uk, k = l , 2 , . . . , N (2.19) 

where 

^k,t = K t - l + ^k,t' £k,t~N(0,a2) (2.20) 

and T]̂  ~ Njjj(0, F). They developed a score test for autocorrelation in the wdthin-individual 

.errors for the "conditional independence" random effects model and derived an exphcit 

ML estimation procedure using the scoring method for the above model. En^irical Bayes 

estimation of the random effects and prediction of fiiture responses of an individual based 

on the above model were also considered. A numerical exarcq)le was also included to 

hlustrate these methods. 

Gumpertz and Pantula (1989) proposed an alternative estunator, the simple mean of 

the mdividual regression coefficients, for estunatmg the parameters in the RCR model. 

This estimator has the advantage that, when compared to the EGLS estimator suggested 

by Swamy (1970), it is simple to compute and teach, while holdmg similar results for 
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hypothesis-testmg procedures when the sample size is large. Also discussed was the 

performance of the proposed estunator when compared with that of the existing 

estimators usmg Monte Carlo simulation. 

Ricketts and Westfah (1993) discussed an apphcation using the RCR model to 

estimate the price and income elasticities of charitable contributions. Con^arisons to other 

alternative estunation procedures, such as the OLS estimator and the seemingly unrelated 

regression (SUR) technique, were also included. 

2.3 The K M Algorithm 

The EM algorithm is a powerfid numerical technique for finding ML estimates in 

incomplete data problems. Since its first formal introduction by Den^ster, Laird, and 

Rubin (1977), it has become a popular method for locating the maximum of a posterior 

distribution by many statisticians. However, its usage is not restricted to finding ML 

estimates only. There are widespread apphcations of the EM algorithm reported in the 

hterature. This Section wih present a thorough, though not corr^lete, review of the 

hterature using the EM algorithm, including both theories and apphcations. Below are 

reviews of the existing hterature in chronological order, starting from the original paper on 

the EM algorithm by Dempster et al. (1977). Since this paper is the basis of ah papers that 

fohowed, a relatively more detahed review has been given here. 

Dempster, Laird, and Rubm (1977) presented a general approach to iterative 

computation of ML estimation when incon^lete data were involved. Their proposed 

method is now generahy referred to as the "Expectation-Maxunization" (EM) algorithm. 

As suggested by the name of the algorithm, there are two steps in this procedure: an 

expectation (E-step) fohowed by a maxunization (M-step) step. 

To be more specific, define 

Q((|)1(|)) = E[log i^x|(t)')| y,(t)] (2.21) 
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v^ere (j) is the unknown parameter, 1^\\ . ) is the complete-data specification (x is the 

unobserved but conq)lete data), and y is the observed but inconq)lete data. Then the EM 

iteration (|)(P)->(t)(l̂ l) can be specified as fohows. 

E-step: Conq)ute Q((t)|(|)̂ )̂. 

M-step: Choose (|)(P+l) to be a value of (j) eO which maxunizes Q((|)|(1)<J')). 

That is, (|)<Ĵ l) is obtamed from the fohowing equation: 

(t)(F l̂) = max Q((t)|(t)̂ >), P = 0, 1, 2, ... (2.22) 

They also defined a generalized EM (GEM) algorithm such that in the M-step above, 

instead of having a maximum, we obtained only an increased fimctional value of Q at each 

iteration. Namely, we have 

Q((1)(P+1)|(|)(P)) > Q((1)(P)|(|)(P)), p = 0, 1, 2, ... (2.23) 

With this definition of the GEM algorithm, they proved several usefiil theorems 

concerning this scheme. These in^ortant results include: (i) the log-likelihood fimction, 

L((|)), is always non-decreasing on each iteration of a GEM algorithm (Theorem 1); (h) 

under certain regularity conditions, the sequence (j)(P) converges to some (j)* ki the closure 

offl (Theorems 2 and 3); and (in) the formula concerning Fisher information matrix about 

(|)* is obtained (Theorem 4). However, Wu (1983) showed that there were some mistakes 

in the regularity conditions in Theorems 2 and 3, and somewhat stronger conditions were 

required in order to reach the same conclusions. 

Also included were a discussion of the rate of convergence as weh as many examples 

that could be apphed usmg the EM algorithm Exarcq)les that were discussed include 

missmg value situations, apphcations to grouped, censored or truncated data, finite 

mixture models, variance component estimation, hyperparameter estimation, iteratively 

reweighted least squares and factor analysis. As mentioned by Wu (1983), this paper had 

made three significant contributions: (i) it recognized the expectation step (E-step) and the 
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maximization step (M-step) in their general forms; (u) it gave some theoretical properties 

of the algorithm; and (ui) it recognized and gave a wide range of apphcations in statistics. 

Den^ster, Rubin, and Tsutakawa (1981) considered estunation in a covariance 

components model with a sunple hnear form, Y = x p + e, where P ~ N(0, S) and e ~ N(0, 

a I). When both the variances and covariances were known, they used Bayesian terms to 

represent the estunation of fixed and random effects. When the variances and covariances 

were both unknown, point estimates of a^ and Z were presented using the EM algorithm, 

including exphcit con^utational formulas for both estimates in the E-step and M-step. 

Also included were three examples that ihustrated then techniques. 

Johnson and Wichem (1982, pp. 209-213) used the EM algorithm to obtain the ML 

estimates from incomplete data for which missing observations were involved, under a 

multivariate normal situation. Instead of calling them E-step and M-step, they cahed them 

"prediction step" and "estimation step." A simple exan^le ihustrating their approach was 

also included. 

Laird (1982) considered the estimation problem in a generalized general linear mixed 

model of the fohowing form: 

y = Xa + Zb + e (2.24) 

where a ~ N(a, TI), b ~ N(0, D), e ~ N(0, R), a, b, and e were mutuahy independent, and 

D and R were positive definite covariance matrices. Using the EM algorithm, he derived a 

class of generalized ML estimates, indexed by T, which contained REML and ordinary ML 

estimates as special limitmg cases. SpecificaUy speaking, when T ^ 0, then the variance 

estimate of y converges to the ML estimate of Var(y); and as T ^ oc, then the variance 

estimate of y converges to the REML estunate of Var(y). This property of the generahzed 

ML estimate enabled us to derive a smgle set of iterative EM equations that would yield 

either ML or REML estimates of the variance components, depending on the value 

specified for T. 
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Land and Ware (1982) proposed a two-stage model that mcludes the repeated-

measures model (and thus the RCR model) as a special case. As noted by Land and Ware, 

the definition of a two-stage model is as fohows: 

In two-stage models, the probabhity distributions for the response vectors 
of different individuals belong to a single famhy, but some random-effects 
parameters vary across individuals, with a distribution specified at the 
second stage, (p. 963) 

They also used the EM algorithm to find the ML estimates and the REML estunates 

for these models. General coroputational formulas for both the E-step and the M-step 

were also included. 

Louis (1982) discussed a method to find the observed information matrix using the 

EM algorithm He also discussed the fohowing "Missing Information Principle": 

Observed information = Con^lete information - Missing information. (2.25) 

By viewing 

0(̂ +1) = g(0(k)) (2.26) 

where g(0^^^) is a first-order Taylor series about Q^^'^\ and that 

ef""^ = MLE (2.27) 

he also proposed an algorithm, which is now referred to as Louis' method, that can speed 

up the convergence of the EM algorithm 

Rubin and Thayer (1982) used the EM algorithm to find the parameter estimates in a 

maximum hkehhood factor analysis. Exphcit computational formulas were presented and a 

numerical example was demonstrated. Through that example they found that the 

likelihood for the factor analysis model might have multiple modes that were not simply 

rotations of each other. Therefore, they reminded the users of maximum likelihood factor 

analysis to be aware of this behavior of the likelihood fimction. 

16 



Boyles (1983) presented a counterexanq)le to show that Theorem 2 of Dempster et al. 

(1977), which showed that a sequence generated by a GEM algorithm converged to a 

single point, was incorrect. Two general convergence results were also presented, which 

suggest that in practice a GEM sequence wih converge to a contact connected set of 

local maxunums of the hkehhood fimction, and this hmit set may or may not consist of a 

single point. 

Wu (1983) discussed the convergence properties of the EM algorithm In this paper he 

tried to answer the fohowing two questions: 

(i) Does the EM algorithm find a local maximum or a stationary value of the 

(incon^lete) likelihood fimction? 

(u) Does the sequence of parameter estimates generated by EM converge? 

As he pointed out in this article, the EM algorithm wih not guarantee to find the 

global/local maximum; instead, only a stationary point wUl be found by the EM algorithm 

Also noticed in this paper were two important statements (theorems) sununarized as 

fohows: (1) if the unobserved complete-data specification can be described by a curved 

exponential family with compact parameter space, ah the limit points of any EM sequence 

are stationary points of the likelihood fimction; and (2) if the likelihood fimction is 

unimodal and a certain differentiabihty condition is satisfied, then any EM sequence 

converges to the unique ML estimate. These two theorems together with several other 

theorems proposed m the article ahow us to answer the above two convergence aspects of 

the EM algorithm 

Andrade and Helms (1984) considered the ML estunation problem in a multivariate 

normal model with patterned mean and covariance matrix using the EM algorithm They 

used the EM algorithm to compute the ML estimates for the origmal problem when the 

model's error term could be decomposed as the sum of two independent error terms, each 

having a patterned covariance matrix. They also showed that two general classes of 

17 



models have within-iteration exphcit solutions for the hkehhood equations when the EM 

algorithm was employed. Exphcit computational formulas for the E-step and the M-step 

were also included. 

Jennrich and Schluchter (1986) considered the ML estunation for a general hnear 

model with structured covariance matrices. This model includes the RCR model as a 

special case. Also discussed were Newton-Raphson and Fisher scoring algorithms for 

confuting ML estimates and the GEM algorithm for computing REML and ML estimates 

for the mcon^lete data model. Then "Hybrid EM scoring algorithm" for the incon^lete 

data model is a combination of the use of GLS for P and the use of GEM for 0, the 

unknown covariance parameters. They also made corq)arisons among these three 

algorithms. 

Laird, Lange, and Stram (1987) discussed ML and REML estimates using the EM 

algorithm in the general hnear mixed model for repeated measures, growth curves, or 

serial measurement data. This general hnear model also contains the RCR model as a 

special case. Exphcit computing formulas for ML and REML estimation using the EM 

algorithm as weh as the starting values for iterative commutations were given. Also 

proposed were two different methods to speed up the rate of convergence of the 

algorithm. 

Lindstrom and Bates (1988) proposed an efficient and effective unplementation of the 

Newton-Raphson algorithm as weh as the EM algorithm (with or without Aitken's 

acceleration) for estimating the parameters in mixed-effects models for repeated-measures 

data, usmg matrix decon^ositions (QR and Cholesky decon^osition). Exphcit formulas 

for the parameters m this model using both algorithms were given. Also discussed were 

the con^arisons, in terms of computational order and performance, between these two 

algorithms. Then conclusion was that in most situations a weh-ur^lemented NR algorithm 

is preferable to the EM algorithm or EM algorithm with Aitken's acceleration. 
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Meihjson (1989) proposed an algorithm usmg Louis' method (Louis 1982) and the 

Fisher mformation matrix to speed up the EM algorithm to compute the ML estunates in 

an mcon^lete data model. His "EM-aided differentiation" is a general method to 

approximate the observed Fisher information matrix. In the appendix, he also gave an 

mformal review of methods to find zeros of fimctions, mcluding Newton-Raphson, 

polynomial extrapolation, quasi-Newton, and Aitken's acceleration method. 

Wei and Tanner (1990) mtroduced the Monte Carlo EM (MCEM) algorithm, which 

used the method of Monte Carlo to generate a san^le in the E step of the EM algorithm. 

The MCEM algorithm contains the fohovsdng three steps: 

(i) Given the current guess to the maximizer of the posterior distribution, generate a 

sample from the current approximation to the conditional predictive distribution. 

(h) The expected value of the augmented log-posterior is then updated as a mixture of 

augmented log-posteriors, mixed over the generated latent data patterns which they cahed 

the multiple imputations. 

(in) In the M step of the algorithm, this mixture is maximized to obtain the update to 

the maximizer of the observed posterior. Then the algorithm is iterated. 

Also discussed was the relationship between the MCEM algorithm and the poor man's 

data augmentation (PMDA), including two modifications to the latter algorithm 

Meng and Rubin (1991) mtroduced a supplemented EM (SEM) algorithm used to 

obtam the aysm^totic variance-covariance matrices. This SEM algorithm used only the 

code for computing the con^lete-data variance-covariance matrix, the code for EM itself 

and the code for standard matrix operation. The basic idea was to use the fact that the rate 

of convergence of EM is governed by the fractions of missing mformation, to find the 

mcreased variabihty due to missing mformation, and to add it to the con^lete-data 

variance-covariance matrix. Starting values and stopping criteria as weh as diagnostics and 

stabihty of SEM were also discussed. 
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Guo and Rodriguez (1992) used an accelerated EM algorithm, the Louis' method 

(Louis 1982), to estunate parameters in a multivariate proportional hazards model for 

clustered data. Apphcation using this accelerated EM algorithm to chhd survival data from 

Guatemala was also discussed. 

Tanner (1993) gave a complete discussion of the EM algorithm m Chapter 4 of his 

book. Among the discussions included were definition, examples, basic properties and 

theorems, rate of convergence, relationship m the exponential family, methods to find the 

standard errors, Monte Carlo unplementation, and acceleration method of the EM 

algorithm Entitled "The EM algorithm," this chapter provided a very good mtroduction as 

weh as an overview of the EM algorithm. 

2.4 Miscehaneous resuhs 

In this Section we whl review some results related to the ML estimates, REML 

estimates, and the analyses of missing data or incomplete data. Again a chronological 

order of the papers reviewed wih be used. 

Hartley (1958) proposed an iterative method that could be used to find the ML 

estimates from incom5)lete data, including truncated and censored san^les. He also used 

this iterative method to find the variance and covariance estimates of the ML estimators. 

Several examples were also included ihustrating this iterative method. 

Zehner (1962) proposed an efficient estunation procedure for estimating coefficient 

estunators m a Seemmgly Uncorrelated Regression (SUR) model with the form yi = XiPi 

+ Ui, where yi and Ui were both T x 1 vectors, with E(ui) = 0 and E(uiUj') = aiji, i, j = 1, 

2, ..., M. He found that the regression coefficient estunators thus obtained were at least 

asynq)toticahy more efficient than those smgle-equation least-squares estimators. He 

proposed a method to test the hypothesis that ah regression equation coefficient vectors 

were equal, based on "micro" and "macro" data. Also included was an apphcation of the 
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estunation procedure apphed to the analysis of annual mvestment data, 1935-1954, for 

two firms. 

Theh (1963) proposed a method that combmed the use of prior and sample 

information in the estimation of regression coefficients when the residual variance of the 

regression equation was unknown. What he considered was a general hnear model of the 

form y = x p + u with E(u) = 0 and E(uu') = a^I, and a prior mformation on p with form r 

= RP + V with E(v) = 0 and E(w') = ^ was assumed. Based on this model, he developed 

estimators for p and a^. Also included was a method for testing the conQ)atibhity of 

sample and prior mformation, together with a numerical example illustrating this approach. 

Potthoff and Roy (1964) developed a generalized multivariate analysis of variance 

model from the usual multivariate analysis of variance (MANOVA) model by ahowing for 

appending of a post-matrix in the expectation equation with the fohowing form: 

E(X^) - A^P (2.28) 

where XQ is n x q, A is n x m, ^ is m x p, and P is p x q matrices. This model was 

apphcable to many growth curve situations as weh as other problems. They developed 

techniques of analysis, including a hypothesis testing method and simultaneous confidence 

bounds, under the generahzed model. A numerical example involving growth curves was 

also included as a demonstration of their approach. 

Trawinski and Bargmann (1964) developed methods on ML estimation and tests of 

hypotheses with incomplete data in the multivariate normal model with a structured 

covariance matrix and no within-subject design. While other authors dealt with problems 

where variables were missing by accident (e.g., Anderson 1957), they were concerned 

with experiments where variables were missing by design, not by accident. Also included 

were the exphcit formulas used in a Newton iterative method for obtaming the ML 

estimates of the covariance matrix. 
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Rao (1965) discussed the method of least squares in a regression model with the 

fohowing form: 

Y = AT + 8 (2.29) 

where E(T) = T, Var(T) = eA, E(8) = 0, and Var(8) = eZ. Under these assumptions, he 

developed estunators of hnear fimctions of both T and T. When the additional assumptions 

that both T and T were normahy distributed were added, he also discussed inference 

methods on T and T. These methods were then apphed to the estimation of polynomial 

growth curves. 

Parks (1967) considered the estunation problem in a SUR model discussed by Zehner 

(1962) with a fiuther assumption that the serial correlation contained in the disturbance 

terms, Uî , was a first order autoregressive (AR(1)) process of the fohowing form: 

% = Pi%-l + % P i < l ' i = l , 2 , ...,M (2.30) 

where 8î  are random variables satisfying E(Sî ) = 0 and E(Z^^E:^) = a^:, i, j = 1, 2, ..., M and 

t = 1, 2, ..., T. Under this assumption, he developed an estimator that was consistent and 

had the same asyrq)totic normal distribution as the Aitken estimator (the GLS estimator) 

that assumed the covariance matrix to be known. His estimation procedure was con^osed 

of three different steps. As described by Parks (1967), these steps are: 

The first step uses single equation regressions to estimate the 
parameters of the autoregressive model: the second step uses single 
equation regression on transformed equations to estimate the 
contemporaneous covariances; and finahy the Aitken estimator is 
formed using the estimated covariance. (p. 500) 

Swamy and Mehta (1969) studied the finite sample properties of an estunator, cahed 

Theh's Mixed Regression (TMR) estunator, obtained by Theh (1963) m a hnear regression 

model that combmed the sample information with the prior mformation. The first two 

moments of the TMR estimator were obtained, and a table that contamed the efficiency of 

the TMR estimator of a single slope coefficient was also mcluded. 
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Preece (1971) proposed a modification of Healy-Westmacott's procedure that deah 

with missmg values m experiments. The algebra of the general iterative procedure was 

provided and the criteria for convergence was also discussed. 

Rao (1972) discussed the estunation of variance components in a hnear model with a 

hnear structure of the fohovsdng form: 

Y = XP + Ui^l + ...+Uk^k (2-31) 

or equivalently, 

Y - X P + U^ (2.32) 

where E(^i) = 0 and E(^i^i') - ai^Ii, i = 1, 2, ..., k, and ^j is independent of ^j. He 

considered the estimation of a hnear fimction of the variance components in the form of 

Zpiaj^ and derived the minimum norm quadratic unbiased estimator (MINQUE) of Spiaj^. 

This approach was then extended to the estimation problem in a more general covariance 

components model. 

Rubin (1972) proposed a non-iterative algorithm for least squares estimation in any 

analysis of variance design. His method required only those subroutines aheady in use by a 

program designed to handle corrq)lete data plus a subroutine to find the inverse of an m x 

m symmetric matrix. An advantage of this method over the iterative algorithm is that the 

former whl produce a warning when there is a singular pattern of missmg values m the 

data, whhe the latter cannot produce such a warning. A brief review of other missmg value 

algorithms for analysis of variance designs were also presented. 

Hemmerle and Hartley (1973) developed a matrix transformation, the W 

transformation, and apphed it to the mixed analysis of variance model considered by 

Hartley and Rao (1967) to compute the ML estunates of the variance components and 

fixed parameters. This transformation could ehmmate the need for the exphcit 

computation of the n x n mverse matrix H"̂  and would guarantee that the iterative 

calculations wih not depend on n in any way. They implemented the W transformation in 
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conjunction with a modified Newton-Raphson method in order to calculate the ML 

estimates of the parameters and the variance components. 

Hosmer (1973 a) considered the ML estunates of the parameters of a mixture of two 

normal distributions when the sample size is smah (less than 300), usmg the Monte Carlo 

method. Exphcit iterative formulas for the ML estimates were presented, together with the 

initial estunates and the stopping criteria. He concluded that the method of maximum 

likelihood should be used with extreme caution or not at ah when the sample size is smah 

or even moderate. 

Hosmer (1973b) used an iterative method to obtain the ML estimates of the 

parameters under each of three different types of san^le. These sanq)les were from a 

mixture of two normal distributions, with the first sample containing only data from the 

mixture (the no known data sample), and the other two comprised of a smah sample from 

each component and a large san^le from the mixture (the known data sarqples). He used 

the Monte Carlo method to simulate the results for each of these samples and made 

con^arisons among them He found that including as httle as 10% of the sample data from 

the known sam5)les would gain considerable efficiency in the ML estimates over the 

estimates com5)uted from the no known data sanq)le. 

Klembaum (1973) discussed methods for estimating and testing hypotheses about 

linear fimctions of the unknown parameters in a generalized growth curve multivariate 

(GGCM) model that ahows missmg data. The proposed estunators are best asymptotic 

normal (BAN). A testmg method for large samples was described and the asymptotic nuh 

distribution of the test statistic was shown to be a central chi-square variable. 

Tumbuh (1974) proposed a single iterative procedure to obtam estimates of a 

response tune distribution when doubly censored data were considered. This procedure 

was based on the famous Kaplan and Meier's product-limit method, and it also used the 
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idea of self-consistency. Under fanly general assumptions, the method was shown to yield 

unique consistent ML estunators. 

Beale and Little (1975) presented an iterative algorithm usmg Orchard and 

Woodbury's missmg mformation principle to find the ML estunates m a muhivariate 

normal data set. Though no formal name was given, this method could be seen as an early 

version of the EM algorithm. Another iterative form of Buck's (1960) method to find the 

estunators m the model, which did not assume a multivariate normal population, was also 

presented. Also mcluded was a simulation study to con^are the resuhs for six alternative 

methods of analyzing multivariate data with missing values. 

Corbeh and Searle (1976) proposed a procedure to find the REML estimators of 

variance components m the mixed model considered by Hartley and Rao (1967). Theh 

REML procedure was a modification of the ML procedure proposed by Hartley and Rao. 

By partitioning the likelihood under normahty into two parts, one being free of the fixed 

effects, and maximizing this part yields the so-cahed REML estimators. They also 

developed a computing algorithm using the W-transform proposed by Hemmerle and 

Hartley (1973) to reduce the computing requhements. A numerical example was included 

to demonstrate then proposed procedure. 

Jennrich and Sampson (1976) discussed three general purpose algorithms for ML 

estimation of mean and variance components in mixed analysis of variance models with the 

fohowing model form: 

y = Xa + U^bj + ... + U^b^ + e (2.33) 

where bi ~ N(0, ai^), i = 1, 2, ..., c, and e - N(0, a^). These algorithms were the Newton-

Raphson, the Fisher scoring, and the Hemmerle and Hartley algorithms. They gave exphcit 

expressions for the derivatives needed for the first two algorithms and used the W 

transform of Henunerle and Hartley (1973) throughout to reduce the computational 

burden associated with the ML estimations. Numerical comparisons were made among 
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these algorithms via five different problems. Then conclusion was that ah three algorithms 

provide a unified approach to estimation and testmg m the general mixed analysis of 

variance model. 

Rubin (1976a) discussed the weakest simple conditions in the process that causes 

missing data, such that it is always appropriate to ignore this process when making 

inferences about the distribution of the data. His conclusion was: when making samphng 

distribution mferences about the parameter of the data, 0, it was appropriate to ignore the 

process that caused missing data if the missing data were "missing at random" and the 

observed data were "observed at random," but these mferences were generahy conditional 

on the observed pattern of missing data. 

Rubin (1976b) proposed a method, based on his own previous work (Rubin 1972), to 

find the least squares estimates of missing values in an analysis of variance. This method 

could produce not only least squares estimates of ah parameters and the residual mean 

square, but also the correct least squares standard error and t-test as weh as F-test for 

each contrast. Also included was a numerical example demonstrating his proposed 

method. 

Sundberg (1976) proposed an iterative method to find the numerical solution of the 

likelihood equations for incon^lete data from exponential famihes. He showed that the 

proposed method had a geometric convergence rate, and always converged to a relative 

maximum of the likehhood fimction. He also showed that the geometric factor of 

convergence for large samples equaled the maxunum relative loss of Fisher mformation 

due to the incompleteness of the data. 

Harvhle (1977) provided a thorough overview of the ML approaches to variance 

con^onent estimation m the general hnear model y = Xa + Zb + e. Methods of estimation 

of fixed and random effects were presented; however, the emphasis was placed on the ML 

and REML estunates of the variance con^onents. Exphch formulas of the first- and 
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second-order partial derivatives of the log-hkehhood fimction were given, under the 

normahty assumption. Numerical procedures, mcludmg the steepest ascent algorithm, the 

Newton-Raphson procedure, the method of scoring, and Anderson's herative algorithm, 

for ML/REML estimation of the variance conq)onent were presented and discussed. 

Relationships of ML/REML estunates to other methods, includmg MIVQUE's and 

MINQUE's, ANOVA-hke methods, and Bayesian methods, were also discussed. 

Morgan and Titterington (1977) considered the ML estunation problem for the 

parameters of quasi-mdependence in a contmgency table vsdth a missing or excluded 

diagonal. They corc^ared the estimation resuhs for four different data sets usmg four 

different iterative methods. Two of these methods were derived from the EM algorithm 

and the other two being Newton-Raphson and iterative scaling, and they found that the 

iterative scahng method was, empiricahy, the least efficient method. 

Laird (1978) considered the nonparametric maximum hkehhood (NPML) estimation 

problem of a mixing distribution and showed that the NPML estimate was self-consistent, 

which was a property that characterizes the NPML estimate of a distribution fimction in 

incomplete data problems. She also showed that, under various conditions, the estimate 

was a step fimction with a finite number of steps. A smah example usmg the EM algorithm 

for computation was also included to hlustrate theh method. 

Szatrowski and Mhler (1980) considered the fohowing mixed model 

y = Xa + Uibi + U2b2 + + Upbp + e (2.34) 

where bj ~ N(0, ail), i = 1, 2, ..., p, and e ~ N(0, CJQI). They showed that the ML 

estunates for the mixed effects m the balanced mixed model of the analysis of variance had 

e>q)hch representations that did not depend upon the variance-covariance matrix of y. 

Also mcluded was a theorem that gave necessary and sufficient conditions for the 

existence of exphcit ML estunates m the mixed model of the analysis of variance. Several 

examples were demonstrated using this theorem 
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Laird and Louis (1982) developed a simple approximation to a posterior distribution 

arismg from mconq)lete data san5)hng. The parameters of the approxunations that they 

considered could be computed m a straightforward manner using the EM algorithm They 

con^ared approxunations based on the normal distribution and upon conjugate 

distributions. They reached the fohowmg two general conclusions based on theh 

numerical work. First, when there were missing data, approxunations that fahed to take 

loss of information mto account gave overly concentrated posterior distributions. Second, 

the Gaussian approxunation matching mode and observed Fisher information was quite 

good with large sanq)le sizes and true posteriors that were not highly skewed. Also 

included were several examples demonstrating their approaches. 

Hui and Berger (1983) used the empirical Bayes method to find estimates of the rate 

of change in longitudinal studies. For short fohow-up intervals, they suggested that 

individual rates of change could be approximated by hnear fimctions and were usefiil for 

exploratory analysis. An example of bone loss with age in women was also included. 

Ware (1985) discussed ML estimation under hnear models for longitudinal data with 

three types of covariance structures: multivariate, random-effects, and autoregressive time 

series. For the first two cases, he suggested that the EM algorithm as weh as the Newton-

Raphson algorithm be used for findmg the ML estimates. This paper is basicahy an 

overview for models proposed in recent years for repeated measures data. 

Kreft, de Leeuw, and van der Leeden (1994) gave a thorough review of five multhevel 

analysis programs: BMDP-5V, GENMOD, HLM, ML3, and VARCL. Ah programs 

confute ML estunates of the parameters m a class of mixed hnear models, includmg 

multhevel hnear models, the SUR model, and the RCR model. They described and 

evaluated each program m terms of the fohowmg thmgs: design phhosophy. 

unplementation detahs, models, routmes, data setup and data handhng, output, and user 

fiiendhness. They also provided overah comparisons and a summary table for these five 
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programs. Example parameter estimates, for the Second International Mathematics Study 

(SIMS) data set, usmg ah five programs were also mcluded. 
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CHAPTER 3 

THEORETICAL DEVELOPMENT AND THE SIMULATION STUDY 

3.1 Introduction 

As discussed in section 2.2, the RCR model that we mitiahy consider in this 

dissertation is the one introduced by Swamy (1970), with the fohowmg model form: 

yi = XiPi + ei i = l , 2 , . . . , n (3.1) 

where yi with dimensions T x l and Xi with dimensions T x k are observed data for each 

individual i, i = 1, 2,..., n. The Pi and Q^ are unobserved random vectors with dimensions k 

X 1 and T X 1̂  respectively. The fohowmg assun^tions are made for the mitial model. 

Al: ei - NT(0 , aiil), i = 1, 2,..., n (3.2) 

A2:pi~Nk(P,A), i = l , 2 , . . . , n (3.3) 

A3: Pi and C: are independent; 

A4: Pi and Pj for i ^̂  j are mdependent. 

A5: Either the X's are fixed; or, if they are random, then the X's are mdependent of the 

P's and the e's. 

Notice that if we denote 

Pi = p + bi i = l , 2 , . . . , n (3.4) 

where bi = Pi - E(Pi), then assun^tions A2, A3, and A4 are equivalent to the fohowmg 

assun^tions: 

A21: bi ~ Nk(0, A) i = l , 2 , ...,n (3.5) 

A3': bi and Q: are mdependent; 

A4': bi and b: for i ^̂  j are independent. 

When combmmg equations (3.1) and (3.4) together, we have 

yi = XiP + Xib^ + Ci i = l , 2 , ...,n (3.6) 

and a more contact matrix form for this model can be expressed as 
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y = XP + Db + e (3.7) 

where y = [y/, y^, ..., y„']', X = [X/, X2, ..., X^*]', D = diagPC^, X2, ..., X J , b = [b/, h^, 

..., bjj], and e = [e^, 62, ..., e^^]. The variance-covariance matrix for the uT x 1 

disturbance vector Db + e is eashy seen to be 

1(0) = diagPCiAX; + ai i l , X2AX2 + a22l, ..., X„AX„* + a^ I ] (3.8) 

where the dimension of S(0) is uT x nT and 0 is a parametric vector that contams ah 

distmct elements of A and aii (i = 1, 2,..., n) arranged m some order. 

For the model considered in equation (3.6), Swamy (1970) showed that a non-iterative 

GLS estimator of P, when both A and ah aii were known, was given by equation (2.7). In 

contrast, ah a ĵ and A were unknown, Swamy proposed a two-stage procedure for 

estimating parameter p. At stage 1, estimate the unknowns aii ^^ equation (2.10) and 

estimate A by equation (2.11). Then at stage 2, plug in these estimates into equation (2.13) 

to get the estimate of p. This proposed two-stage estimator of P is later referred to as the 

EGLS estunator by other authors, for instance, Gumpertz and Pantula (1989) and Ricketts 

and Westfah (1993). When the normahty assun^tion, Psl, is assumed, it is weh known 

that the GLS estimator is both the MVU and ML estunator of p. On the other hand. 
Carter and Yang (1986) showed that the EGLS estunator of p is asymptoticahy (as n -^ 

<^ ) equivalent to the GLS estimator. 

In the hterature, several authors tried to use iterative schemes (most of them use the 

Newton-Raphson method and the EM algorithm) to obtam the ML estimates for the 

parameters in the linear models with random coefficients that contam the RCR model as a 

special case. For mstance. Land and Ware (1982) and Land et al. (1987) both considered 

the fohowing model 

yi = Xitt + Zibi + Ci i = l , 2 , ...,m (3.9) 
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where Q^ ~ N(0, Ri) and bi ~ N(0, D), with Ri and D both positive definite covariance 

matrices of dimensions Ui x ni and k x k, respectively. A direct conq)arison shows that the 

model m equation (3.6) is a special case of equation (3.9) with 

n = m, p = a, A = D (3.10) 

and 

Ui^T, Zi = Xi, Ri^aii l i = l , 2 , . . . , n (3.11) 

Although these authors consider the same model form as given hi equation (3.9), there 

are two major differences between them Fhst, instead of having a k x k covariance matrix 

D, Land, Lange, and Stram (1987) consider a q x q covariance matrix, where both k and q 

are known constants. The second difference is that the Ri matrix is equal to a^Ii in Land 

et al.'s paper. 

Jennrich and Schluchter (1986) considered the fohowing model 

yi = XiP + ei i = l , 2 , . . . , n (3.12) 

where yi is ti x 1, Xi is ti x p, Pi is p x î  and e^ ~ N(0, Zi). In the special case when 

ei = Zibi + Ui i = l , 2 , . . . , n (3.13) 

where Zj is ti x k, bi ~ N(0, (j)) is k x l, and Ui ~ N(0, a^Ii), then it becomes the RCR 

model with the fohowing equivalent relations between these two models. 

k = p, A = (|) (3.14) 

and 

ti = T, aii = a2, Zi = Xi, Ui = ei i = l , 2 , . . . , n (3.15) 

Lmdstrom and Bates (1988) considered the fohowmg model 

yi = XiP + Zibi + Ci i = l , 2 , . . . , M (3.16) 

where yi is Ui x uj, Xi is Ui x p, Zi is Ui x q, bi ~ N(0, a^D) is q x 1, and Q^ ~ N(0, a^Ai). 

Then the RCR model can be obtamed by theh model through the fohowmg equivalent 

statements: 

n = M, k = p = q, A = a2D, I = A (3.17) 
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and 

ni = T,Zi = Xi, aii = a2 i = l , 2 , . . . , n (3.18) 

Except for Land and Ware, ah these authors used the EM algorithm to obtam the ML 

estunates for the parameter 0 = vec(a^, D) which contams k(k+l)/2 + 1 unknown 

parameters, excludmg the p's. However, m this dissertation, we try to estunate k(k+l)/2 + 

n unknown parameters m 0 = vec(aii, ^22' •••' ^mi' ^) ^^hig the EM algorithm Our work 

is then more specific than that of Land and Ware's (which use a general covariance matrix 

Ri) but more conq)hcated than those of Land et al, Jennrich and Schluchter, or Lmdstrom 

and Bates'. 

3.2 Development of the A/TT. estimates by the EM algorithm 

As mentioned by Land, Lange, and Stram (1987), there are two different approaches 

to using the EM algorithm for estimating the ML estimates in the mixed effect model, 

including the RCR model, setting. The first approach is used when some missing data are 

involved in the model, in which case the complete data are the measurements actuahy 

cohected on each unit. Dempster, Land, and Rubin (1977) took this approach to handle 

the missing data and obtained the ML estimates for the parameters. On the other hand, 

although the observed data are as before, the second approach treats the complete data to 

consist of the observed data plus the unobserved random parameters and error terms in the 

mixed model. Therefore, the "missmg data" would not be viewed as "data" in the theoretic 

statistical sense; they are just referred to those (unobserved) random parameters and error 

terms and may not be missing at ah. Land and Ware (1982) used this approach to estunate 

those random parameters m a mixed regression model. In this dissertation we whl use the 

second approach. Indeed, Land et al. (1987) showed that the second approach is more 

general and encompasses the missing-data approach as a special case. 
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It is eashy seen that the conditional distribution of yi given Pi is 

yilPi ~ NT(XiPi, aiil) i = 1, 2, ..., n (3.19) 

Treat the con^lete data as Yj' = (yi', Pi')', i = 1, 2, ..., n, where ah assumptions Al 

through A5 hold as before, then usmg the standard method for findmg the covariance, as 

given by Anderson (1984, Chapter 2, pp. 18), one can eashy show that 

Cov(yi, Pi) = XiA i = l , 2 , . . . , n (3.20) 

With this result and assumptions Al to A5, the conq)lete data Yi, i = 1, 2, ..., n, are 

normahy distributed with mean î i' = (P X:', P) and variance-covariance matrix 
(X,AZ:+a-,,/ X , A ] 

cov(Y,)=\ ' ; 
V AX, A J 

(3.21) 

That is, we have Yi ~ N^+^d^i, li), i = 1, 2, ..., n, where Zi is the variance-covariance 

matrix m equation (3.21). Shnilar resuhs have been obtamed by Dempster, Rubm, and 

Tsutakawa (1981) with [i^ = 0. Then usmg the approach considered by Land, Lange, and 

Stram (1987), with those equivalent relationships given by equations (3.10) and (3.11), the 

E-step is equivalent to calculatmg the fohowmg estunates: 

p(P) = (SXi'Wi(P)Xi)-lSXi'Wi(P>yi, (3.22) 

and 

bi(P) = A(P)Xi'Wi(P)ri(P), (3.23) 

where the sum, E, is takmg over i fi-om 1 to n, p = 0, 1, 2,..., and 

Wi(P) == [Vi(P)]-l, (3.24) 

Vi(P) = aii(P)l + XiA(P)Xi', (3.25) 

r.(P) = yi - Xip(P). (3.26) 

The M-step is given by 

aii(P+l) = [(ri(P) - Xibi(P))'(ri(P) - Xf><P^) + c^^^M^ - o^^^^^^^)]/!, (3.27) 

and 

Ad^l) = E[bi(P>bi(P)' + A(P)(I - Xi'Wi(P)XiA(P))]/n, (3.28) 

34 



where p - 0, 1, 2,... and the sum, S, is taking over i fi-om 1 to n. 

The log-likehhood fimction for the data yj, y2,..., ŷ ^ is eashy seen to be 

nT 1 " \ " 
Log(L) = - — Log(27r)--ZLog\V,\--Z(y,-X,fi)'Vr\y,-X,fi) ^ ^ ^ ^ 

where Vi is given by (3.25) (which is the p^^ heration version of Vi). 

Once the E-step and the M-step are set up, we can iterate back and forth between 

these two steps, usmg initial estunates (or startmg values) 0̂ ^̂  = ({^ii^^^}, ^^^^Y The 

iterative sequence then wih be as the fohowing sequence: 

eW = ({ayW}, A(0)) ̂  (p(0), {bXO)}) ^ ({ai i«}. Ad)) ^ (pd), {bXD}) 
^ ({aii<2)}, A(2)) ̂  ... ^ ({au<oo)}, Moo)) = ({ay*}, A*) = 0* (3.30) 

The final estimate 0* = ({aii*}, ^*) gi^^s the ML estimates of aii, i ^ 1' 2' •• ' ^' ^^^ 

A, respectively. Also the previous step wih result m an ML estimate of P, p^^^^. In each 

iteration, the estimates ( 0 ^ \ P^^) wih maximize the log-likelihood fimction as defined in 

(3.29), and the fimctional value, Log(L^)), wih always be increased. The latter property is 

one of the highhghts of the EM algorithm The startmg values, the stoppmg criterion, and 

the computational detah of the EM algorithm wih be discussed m Section 3.3. 

3 3 Simulatiou Study 

In this section, we wih discuss a sunulation study using the estunates obtained m the 

previous section and the EM algorithm, apphed to an exan^le considered by Gumpertz 

and Pantula (1989). They considered the fohowmg model 

y r PoiXoi + PiiXiij + Cij i = l , 2 , . . . , n j = l ,2 , . . . ,T (3.31) 

where Pi = (PQI, PH)' are NID(0, A); A = (4 4, 4 8); Xij = (Xoi, X^ij) = 5i-'/<l, Uij); Uij's 

are NID(0, 1); Cij's are NID(0, a^); and {Pi}, {Uij}, and {Cij} are mdependent. The value 

for a^ is taken to be 4 and the model matrices Xi are computed by settmg 6i = 1 for i even 
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and 6i - 9 for i odd. The values of n and T are taken to be 20 and 10 in our case, 

respectively. 

Whhe the purpose of theh simulation was m hypothesis-testmg, our mterest is focused 

on findmg the parameters Pi*, p*, aii*, ^^^ ^* such that the log-hkehhood fimction is 

maxunized. Therefore, only one combmation of 5, a^, n and T is considered, m contrast to 

Gun^ertz and Pantula's (1989) study. ̂  The maxunum number of herations is set to be 

300; that is, if after 300 iterations the EM algorithm is sthl not converging then we wih 

stop. 

The EM algorithm was implemented m two different SAS/IML® programs. The first 

program, exhibited in Appendix A, uses only one homogeneous variance, a^, for the 

random error terms. The purpose of this study was to make sure that our SAS/IML® 

program works when the EM algorithm is implemented with the heteroscedastic variance 

case. The heteroscedastic variance case is implemented in the second program and is 

exhibited in Appendix B. In the second program, after we generated the data using 

equation (3.31), we fi:eed the restriction of a^ = 4. This means that we assumed that the 

Cij's are now NID(0, aii), i "̂  1, 2, ..., n. Then the ML estimates of these parameters were 

obtained. Both results are exhibited in the appendices. Appendix A. 1 through B.3. 

We used the unbiased estimators of aii ^^^ ^ proposed by Swamy (1970) as the 

starting values of aii ^^^ ^ ' respectively. These startmg values are 

OiP = (ViVi - Pi*(''>'Xi'yi )/(T - k), (3.32) 

and 

A(0) = [Spi*(0)Pi*(0)'-(Spi*(0))(i:pi*(0))Vn]/(n-l)- aii(0)i:(Xi'Xi)-l/n (3.33) 

where the sum is over i fi-om 1 to n and 

1 In theh study, they considered the combmations of 3 different n's (5, 10, 50), 3 
different T's (5, 10, 50), 3 different 6's (1, 3, 9), and 3 different a^'s (4, 16, 64), which 
resulted in a total combination of 81 different cases. 
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P,,(0) = (Xi'Xi)-lXi'yi, (3.34) 

is the OLS estimator of Pi. 

Notice that when Xi is of fidl rank, then the startmg value of A m (3.33) comcides with 

the one suggested by Land, Lange, and Stram (1987, p. 102 eq. (4.6)). Also, if we define 

a2(0) = Saii(0)/n (3.35) 

to be the initial estimate of a^ under homoscedastic variance case, then equation (3.35), 

together with (3.32), becomes the one suggested by Land, Lange, and Stram (1987). 

As mentioned in the previous section, the E-step and M-step of the EM algorithm are 

as fohows: 

E-step: 

p(P) = (5:Xi'(aii(P)l + XiA(P)Xi')-lXi)-lEXi'(aii(P)l + X^A(P^X;y^y^, (3.36) 

bi(P) = A(P)Xi'(aii(P)l + XiA(P)Xi')-l(yi - Xip(P)). (3.37) 

M-step: 

o,^'^ - [(yi - XiP(P)- Xibi(P))'(yi - XiP(P)- Xibi(P)) 

+ aii(P>tr(I - aii(P)(aii(P)l + XiA(P)Xi')-l)]/T, (3.38) 

A(P^l) = Z[bi(P)bi(P)' + A(P)(I - Xi'(aii(P)l + XiA(P)Xi')-lXiA(P))]/n, (3.39) 

where the sum, S, is over i fi-om 1 to n for ahp = 0, 1, 2,... 

Startmg fi-om aii<̂ )̂ and A(^> given by equations (3.32) and (3.33), the EM algorithm 

whl then iterate back and forth usmg equations (3.36) to (3.39). 

The stoppmg criterion for the EM algorithm is as fohows: 

(1) ff I ( 4 ^ ^ ^ - fk^^) / %^^ \-^^ 1^'^ then stop, where %^) is defined to be 

%(P) = -2Log(L(P)) - (nT)(Log(27:)), (3.40) 

and Log(L(P)) is the log-hkehhood fimction evaluated at (0(P>, p^>) m the p̂ *̂  heration. 

Otherwise, 

(2) If niter > 300 then stop, where niter is the number of herations shnulated. 
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The reason for usmg rule (1) as our stoppmg criterion is that the MIXED procedure m 

SAS/STAT® adopts this as one of the several options for convergence. Therefore, once 

we get the ML estimates fi-om our EM algorithm, we can compare them to those obtamed 

by the MIXED procedure. 

Of course, at each heration we must have an non-decreasmg log-hkehhood value; 

otherwise, the program should have some bugs that we have not detected yet. This is 

because the non-decreasmg log-hkehhood property, which is Theorem 1 of Dempster et 

al's (1977) paper, is one of the most hnportant properties guaranteed by the EM 

algorithm This property is an advantage of the EM algorithm, as mentioned by many 

previous researchers, for example, Meng and Rubm (1991). 

As mentioned previously, our program was implemented using the SAS software, 

SAS/IML® (SAS Institute, Inc. 1990). The resuhs thus obtamed were conq)ared to those 

obtained using the MIXED procedure (programs and results are exhibited in Appendix C 

and Appendix D) m the SAS/STAT® software (SAS Mstitute, Inc. 1992). The sole 

purpose of this comparison was to make sure that our calculation of the log-likelihood 

value, and hence those parameter estimates, are the same as those obtained by the existing 

software, under the same conditions. The results of the simulation study are presented m 

Table 3.1 and Table 3.2. 

Table 3.1 includes the results for program 1, the homoscedastic variance case, and 

Table 3.2 contams the results for program 2, the heteroscedastic variance case. We 

simulated three times using three different seed values and obtamed three different 

results. It is seen fi-om Table 3.1 that the values of ah parameter estunates, fĵ , and Log(L) 

are almost identical usmg both algorithms for ah three rephcates. From Table 3.2, whhe 

the results of the last two rephcates are almost identical, the ML estimates can be obtained 

only fi:om the EM algorithm in rephcation 1. This shows that our EM program does a 

good job. A quick look at Table 3.2 shows that the heteroscedastic variance case results in 
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a larger Log(L) value than that of the homoscedastic variance case m ah three rephcates, 

as is expected. 

Table 3.1 Comparisons between EM algorithm and PROC MIXED 
Homoscedastic variance case 

Data set 1 2 3 
Seed value 1201179 12011957 8211993 

Algorithm EM MIXED EM MIXED EM MIXED 

CPU time 16.31" 3.67" 8.37" 3.69" 11.47" 3.61" 

# iterations 77 6 31 6 47 6 

Estimate of 0.0227 0.0224 -1.0687 -1.0689 0.2733 0.2735 

P 0.0635 0.0636 -1.3192 -1.3190 -0.1944 -0.1945 

Estimate of 5.2484 5.2487 4.2362 4.2343 3.0079 3.0025 

A 3.4877* 3.4865* 4.1998* 4.2015* 4.0908* 4.0909* 
2.7083 2.7034 9.0514 9.0495 9.9766 9.9773 

Estimate of 3.9925 3.9931 3.3304 3.3307 3.5233 3.5239 

fk 522.186 522.186 513.171 513.171 516.401 516.401 
Log(L) -444.881 -444.881 -440.373 -440.373 -441.988 -441.988 

* the (1,2) entry and the (2,1) entry of A. 
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Table 3.2 Comparisons between EM algorithm and PROC MIXED 
Heteroscedastic variance case^ 

Data set 
Seed value 

1 
1201179 

Algorithm EM MIXED 

CPU time 2 0.58" NA 

# iterations 98 53^ 

Estimate of 0.0028 

0.0030 

NA 

NA 

12011957 8211993 

EM 

1.1284 

1.3486 

MIXED EM 

1.1285 

1.3486 

0.2805 

0.2355 

MIXED 

8.00" NA 12.74" NA 

27 61 54 57 

0.2805 

0.2355 

Estimate of 

A 

4.429 4.428** 

3.576* 4.054** 
3.111 0.000** 

3.790 

4.341* 
9.198 

3.789 

4.342* 
9.197 

2.236 

4.242* 
11.491 

2 .233 

4.241* 
11.492 

Log(L) 
500.219 501.346 487.425 487.425 496.155 496.155 
•440.373 NA -427.500 -427.500 -431.865 -431.865 

$ The 20 estimates of a^^ are not included. 
& Program stopped because of too many likelihood evaluations 

* This is both the (1,2) entry and the (2,1) entry of A. 

** Estimates obtained at last iteration. 

3.4 Ef&ciency of the MI Estimates 

To cort5)are the eflSciency of the ML estimate with other estimates, we used the EM 

algorithm to simulate the data 1000 thnes under the same model considered hi (3.31), with 

an exception that 5j = 1, for ah i. We generated the model usmg both homoscedastic and 

heteroscedastic variance cases and use two different SAS/IML® programs, one to obtam 

the ML estimates under the homoscedastic case and the other to obtam the ML esthnates 

under the heteroscedastic case. Our EM algorithm can produce both the OLS and the 

EGLS esthnators as by-products. The error variance, a^ or ô ,̂ was set to be 4 for the 

homoscedastic variance case and we use GJJ^^^ = ^i " exp(log2 + 0.5uj), where Uj ~ N(0, 

1)̂  i = 1, 2, ..., n, for the heteroscedastic variance case. Smce it takes a long thne to 
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shnulate 1000 times, we selected n = 50, T = 10, and used the second seed value as the 

mitial random number to run ah combmations under consideration. The performance 

measure of the efficiency for each estimator was chosen to be the mean absolute error 

(MAE) for each esthnate of PQ and P^, namely 
1000 

J^^E{Py) = ^^ 2J\Pijk\ i = 0, l ; j = l , 2 , 3 (3.41) 
A = l 

where i = 0 mdicates the mtercept term, i = 1 mdicates the slope term; j = 1 means the 

OLS estimate, j = 2 means the EGLS estimate, and j = 3 means the ML estimate. The 

results are presented in Table 3.3 below. 

Table 3.3 MAE comparisons among OLS, EGLS, and ML estimates 
when A = (4 4, 4 8), a^ = 4, a^jl/^ ^ exp(log2 + 0.5uj), Uj - N(0, 1) 

Underlymg population variance 

Estimation method 
in EM algorithm 

Homoscedastic 

Heteroscedastic 

Estimator 

OLS 
EGLS 
ML 

OLS 
EGLS 
ML 

Homoscedastic 

Po Pi 

0.2571 0.3537 
0.2378 0.3251 
0.2378 0.3251 

0.2571 0.3537 
0.2383 0.3247 
0.2387 0.3246 

Heteroscedastic 

Po Pi 

0.2598 0.3777 
0.2421 0.3425 
0.2420 0.3427 

0.2598 0.3777 
0.2398 0.3437 
0.2405 0.3442 

It is clear that there is httle difference between the EGLS and the ML esthnator hi ah 

situations. This is no surprise because the EGLS estimator is asymptoticahy equivalent to 

the GLS esthnator, which m turn is the ML esthnator of P = (PQ, P I ) ' under the normahty 

assumption (cf Carter and Yang 1986). There is a smah difference between the ML 

estunator and the OLS esthnator, as can be seen from Table 3 above. When the population 

variance is assumed to be homoscedastic, the OLS esthnator of PQ resuhs m 7.7% to 8.1% 

higher MAE's than does the ML esthnator; and the OLS estimator of Pj results m 8.8% to 
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9.0% higher MAE's than the ML estimator. Similarly when the population variance is 

assumed to be heteroscedastic, the corresponding OLS estimators of PQ and P^ are 7.4°o 

to 8.0% and 9.7% to 10.2% higher than those of the ML estimators. This seems to be a 

good indication that the ML estimate is more efficient than the OLS estimate. 

However, a difference of only 7.4% to 10.2% in MAE between the ML estimate and 

the OLS estimate may not be sufficient to conviuce everyone that the ML estimates indeed 

are more efficient than the OLS estimates. This is hkely because the differences between A 

and CT^ or a^ for the underlying population variances are not large enough to distinguish 

the advantage of ushig ML estimates. Therefore, we used the same model in (3.31), but 

with a much different A and o^ or o^, and repeated the simulation again. The true 

parameters for the model are as fohows: 

A = 
80 -4 

-4 4 (3.42) 

and for 

(1) homoscedastic variance case: a^ = 0.5, 
(2) heteroscedastic variance case: -Ja^ = v. = exp(logVa5+A:M.), where 

u—N(0, 1), andk = 0.5, 1, 1.5, i= 1, 2, ...,n. 

Here the value of k mdicates the degree of heteroscedasticity of the variance: the 

larger the k, the larger the heteroscedasticity. The resuhs are summarized m Table 3.4. 

Although we sthl do not see any difference m MAE's for PQ, we do see a big difference for 

Pi. For example, when the underlymg population variance is homoscedastic, the MAE's of 

the OLS estunate for Pj are 83.58% higher than that of the ML estunate, no matter which 

method we use to estunate the parameter m the model. On the other hand, when the 

underlymg population variance is heteroscedastic with k = 0.5, the MAE's of the OLS 

esthnate for P^ are 74.88% higher than that of the ML esthnate when the 
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Table 3.4 MAE comparisons among OLS, EGLS, and ML esthnates 
when A = (80 -4, -4 4), a^ = 0.5, (s-^^'^ = exp(log0.5l/2 + ku.), Uj ~ N(0, 1) 

Underlying population variance Homoscedastic Heteroscedastic 

Estunation method k = 0.5 k= 1 k=1.5 
m EM algorithm Esthnator PQ PJ PQ p^ pQ p^ PQ P^ 

O L S 1.0238 0.4015 1.0029 0.3996 1.0053 0.4028 1.0318 0.4489 

Homoscedas t ic E G L S 1.0225 0.2187 1.0043 0.2285 1.0063 0.2361 2.2525 1.8242 

M L 1.0225 0.2187 1.0043 0.2285 1.0064 0.2360 1.0313 0.3166* 

O L S 1.0238 0.4015 1.0029 0.3996 1.0053 0.4028 1.0318 0.4489 

Heteroscedast ic E G L S 1.0226 0.2187 1.0044 0.2288 1.0065 0.2335 1.0365 0.5468 

M L 1.0226 0.2187 1.0044 0.2288 1.0067 0.2332 1.5114 0.3544^ 

* There are 101 rephcations not convergent in 300 iterations. 

# There are 658 rephcations that have experienced non-increasmg log-hkelihood values. 

homoscedastic method is used, and 74.65% higher when the heteroscedastic method is 

used. When k = 1, the MAE's of the OLS estunate for Pj are 70.68% higher than that of 

the ML estimate when the homoscedastic method is used, and 72.73% higher when the 

heteroscedastic method is used. When k = 1.5, the MAE's of the OLS estimate for P^ are 

41.79% higher than that of the ML esthnate when the homoscedastic method is used, and 

26.66% higher when the heteroscedastic method is used. However, the MAE's of the OLS 

estunate for PQ is 31.73% lower than that of the ML estimate when k = 1.5 and the 

heteroscedastic method is used. 

This reversal outcome is largely because 65.8% of the shnulation results experienced 

non-mcreasmg log-hkehhood values before theh iBnal convergences. If we exclude these 

non-mcreasmg log-hkehhood results, then the MAE's of the OLS and ML esthnate for PQ 

is 0.9929 and 1.0413, respectively. Shnharly, the MAE's of the OLS and ML estimate for 

PJ is 0.4350 and 0.2570, respectively. The MAE's of the OLS esthnate for PQ and pj are 

4.64% lower and 69.26% higher than those of the ML estunate. This result is sunhar to 

the previous results we obtamed for k = 0.5 or k = 1. hi summary, these large differences 
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m MAE's for pj do suggest that the ML esthnate is mdeed more efficient than the OLS 

estimate. 

3.5 The computatioufll feasibility 

To see how long the EM algorithm whl run for one particular data set, we recorded 

the CPU thne m seconds requhed to complete the task, and make comparisons with the 

correspondmg resuhs obtamed by PROC MIXED m SAS/STAT®, under the same 

situation where we set T = 10. The resuhs are summarized m Table 3.5 and Table 3.6. 

When the homoscedastic variance case is considered, h is seen that the PROC MIXED 

approach runs faster than the EM algorithm for ah three data sets when n is relatively 

smah, say n < 200. However, when n becomes larger, say n = 400 or 800, the CPU thne m 

seconds for both algorithms is about the same. When n = 1600, the EM algorithm runs 

faster than PROC MIXED without the S option. When the S option is mcluded, PROC 

MIXED does not produce any result due to msufficient memory space. This is because 

PROC MIXED consumes larger and larger memory space as n gets larger, and eventuahy 

there becomes insufficient memory space to load ah the results. 

On the other hand, when heteroscedastic variance is considered, the CPU time m 

seconds needed for the EM algorithm is much shorter than that needed for PROC 

MIXED, especiahy when n is large. For exanq)le, consider the first data set when n = 400. 

PROC MIXED not only was not convergent m 72 iterations but also took about 100 times 

as long as did the EM algorithm Simhar situations can be found in the other two data sets. 

In summary, we can conclude that the EM algorithm performs much better than the 

PROC MIXED when heteroscedastic variance is assumed, and the PROC MIXED does a 

better job when the homoscedastic variance case is considered with a relatively smah 

san^le size n, but the EM algorithm requhes less memory as n gets larger. 
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Table 3.5 CPU time con^arisons between EM algorithm and PROC MIXED 
Homoscedastic variance case 

Data set 

Seed value 

n Algorithm 

1 

1201179 

EM MIXED 

2 

12011957 

EM MIXED 

8211993 

EM MIXED 

20 

50 

200 

400 

800 

1600 

CPU thne 
# iteration 
CPU tune 
# heration 
CPU thne 
# heration 
CPU tune 
# iteration 
CPU tune 
# iteration 
CPU thne 
# iteration 

15.16 
16 

18.12 
12 

27.35 
6 

45.92 
6 

49.58 
5 

64.67 
2 

2.69* 
5 

3.23 
4 

17.24 
4 

43.16 
4 

42.88 
3 

NA 
NA 

3.57^ 
5 

4.56 
4 

8.07 
4 

17.24 
4 

42.73 
3 

133.26 
3 

12.47 
8 

15.16 
7 

24.82 
5 

40.92 
5 

43.74 
4 

63.05 
2 

2.58* 
5 

3.18 
4 

23.12 
4 

42.57 
4 

42.52 
3 

NA : 
NA 

3.83^ 
5 

4.30 
4 

8.63 
4 

17.41 
4 

43.30 
3 

137.00 
3 

12.02 
6 

14.55 
6 

27.25 
6 

40.85 
5 

58.63 
6 

119.25 
6 

2.62* 
7 

3.29 
5 

12.24 
4 

41.36 
3 

43.36 
3 

NA : 
NA 

3.65" 
7 

4.27 
5 

8.52 
4 

16.84 
3 

42.98 
3 

135.88 
3 

* whh S option, # without S option, NA - not available, because of msufficient memory 

Table 3.6 CPU thne conq)arisons between EM algorithm and PROC MIXED 
Heteroscedastic variance case 

Data set 1 

Seed value 1201179 12011957 8211993 

n Algorithm E M MIXED EM MIXED EM MIXED 

CPU thne 14.72 21.64* 19.70^ 12.96 22.3* 19.55^ 12.35 19.98* 

2^ # iteration 31 61 61 9 68 
CPU thne 17.01 8.97 60.05 17.69 73.32 

50 4/:+^^„+;^« o A7 ^7 11 71 71 8 64 # iteration 9 67 

68 
73.58 

71 

7 61 
15.71 65.24 

19.44^ 
61 

65.52 

64 

CPu"time 32 61 1104.11 1566.74 32.57 1309.7 2196.84 35.14 1313.8 2608.25 

200 # heration 8 83 83 8 95 95 9 98 98 
CPU thne 56.57 5655.3 19958.92 66.83 10211.73 20085.8 61.62 12355.1 14056.47 

400 uu *;^« Q -,->** in** 10 114** 114** 9 63* 63** # heration 8 72** 72 

* with S option, # without S option, ** have not converged yet. 
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CHAPTER 4 

APPLICATIONS 

4.1 Introduction 

In this chapter we discuss the apphcation of the EM algorithm; that is, findmg the ML 

esthnates of the parameters m the RCR model. The algorithm was mq)lemented on the 

san5)le; the eight-year, as weh as the twelve-year, Emst & Young/University of Michigan 

Individual Taxpayer Panel (EY/UM) data, then the ML estimates of the parameters m the 

corresponding RCR model were obtamed. 

Ricketts and Westfah (1993) analyzed elasticities relatmg to charitable contributions, 

using an RCR model with this data set. Theh sanq)le is taken fi-om the eight-year EY/UM 

data for the years 1979-1986. As explained by Ricketts and Westfah, this sample was 

reduced to mclude only those taxpayers who itemized deductions m ah eight years, and for 

w^om itemization status was independent of the charitable contributions deduction. 

Because a logarithmic transformation was taken before conducting the analysis, taxpayers 

with negative total incomes were deleted. The resulting sanq)le consists of 1418 

taxpayers^ filing returns and itemizing deductions in each of the eight years fi-om 1979 to 

1986. Some detahed description about EY/UM data can be obtained fi"om Ricketts and 

Westfah (1993, p. 7). 

Section 4.2 discusses the RCR model we considered in this research. We then used the 

EM algorithm to find the ML estimates for the eight-year and the twelve-year EY/UM 

data. Section 4.3 expands the RCR model to mclude some demographic variables such as 

age, marital status, and number of dependents of the mdividual taxpayer to find the ML 

esthnates m the twelve-year EY/UM data. And Section 4.4 fiirther expands the model to 

1 This number, 1418, was fi-om Ricketts and Westfah's (1993) study for eight years 
data, the munber of ta?q)ayers in this research was 1374. 
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mchide tiie unbalanced case, i.e., T-s not ah equal, and tries to find tiie ML estunates in 

this situation. 

4.2 The Model whh no Demographic Variables 

We consider an RCR model of the fohowmg form 

MG,t) = ai + PiiMYit) + P2iln(Pit) + ê t- C"̂ -1) 

to explain taxpayer contributions. In the above model, we have 

i = taxpayer identification, i = 1. 2,. . . , n 

t = year, t = 1, 2, ..., T where 1979 = 1. 

Gĵ  = level of charitable contributions, 

Yj^ = after-tax income level, 

Pj^ = after-tax "price" of giving, 

aj = model intercept for î ^ ta?q)ayer, 

Pjj = effect of independent variable j on mean contributions of taxpayer i, and 

Cĵ  = an individual ta^ayer's deviation fi-om his or her model 

This model was referred to as the "static model" by Ricketts and Westfah (1993). 

Another model they considered is one that incorporates next year's price of giving. P^ t+j. 

as in the fohowing model form: 

hi(Git) = «i + PlMY.t) + p2i¥Pn) + p3iMPi,t+i) + ^n- (4.2) 

This is referred to as the "dynamic model" Using the EM algorithm that we ha\e 

developed in Chapter 3, we obtain the ML estimates of a's and p's for the eight-year 

EY/UM data summarized in Table 4.1. We also mclude the EGLS estimates obtamed by 

Ricketts and Westfah (1993) in Table 4.1, m order to compare our results to those 

reported in the hterature. 
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Table 4.1 Parameter esthnates usmg RCR model 
eight-year data, no demographic variables 

Constant Ln(Y,) Lii(P,) Ln(P,+i) 

OLS estimate 
Static model 
Dynamic model 

EGLS estimate* 

Static model 
Dynamic model 

MI. estimate 

Homoscedastic 
variance case 

Static model 
Dynamic model 

Heteroscedastic 
variance case 

Static model 
Dynamic model 

-2.03 
-2.00 

-3.14 
-3.74 

-3.35 
-2.99 

-2.77 
-2.18 

0.80 
0.80 

0.93 
0.96 

0.95 
0.92 

0.90 
0.85 

-0.36 
-0.46 

0.96 
0.31 

0.12 

0.40 

0.40 
0.16 

0.49 
0.28 

0.32 

0.34 

* From Ricketts and Westfah (1993, p. 11). 

As can be seen from Table 4.1, the ML estimates of the parameters in the eight-year 

data are consistent in sign vsdth the EGLS estimates obtained by Ricketts and Westfah 

(1993). However, the estimates of the price elasticity are much smaher in the static model, 

consistent with the theoretical expectations. 

The twelve-year EY/UM data contams n = 673 mdividuals with a total number of 

8076 observations. Usmg models in (4.1) and (4.2), together with the EM algorithm, we 

obtamed the fohowing results summarized m Table 4.2, on the next page. It is seen that 

the EGLS estimates are no longer good esthnates for the parameters due to the non-

positive definite esthnates of A. On the other hand, the ML esthnates under the 

homoscedastic variance case for both models seem to be fahly consistent to those 

obtamed m Table 4.1 for the eight-year data. However, for the heteroscedastic variance 

case, the ML esthnates for both models for the twelve-year data are shghtly larger in 

48 



magnitude than those obtamed for the eight-year data, except for the parameter esthnate 

of next year's price of givmg m the dynamic model One explanation for this phenomenon 

is tiiat, as thne elapses, more variations are added to the twelve-year data, and hence more 

heteroscedasticities are created. As a consequence, the log-hkehhood surface for the 

twelve-year data is more ragged than that for the eight-year data that m turn results m 

more diverse ML esthnates. In fact, we did experience non-mcreasmg log-hkehhood 

Table 4.2 Parameter esthnates using RCR model 
twelve-year data, no demographic variables 

Constant 

OLS estimate 

Static model 
Dynamic model 

EGLS estimate* 

Homoscedastic 
variance case 

Static model 
Dynamic model 

Heteroscedastic 
variance case 

Static model 
Dynamic model 

MI. estimate 

Homoscedastic 
variance case 

Static model 
(p-value) 

Dynamic model 
(p-value) 

Heteroscedastic 
variance case 

Static model 
(p-value) 

Dynamic model 
(p-value) 

-4.18 
-4.18 

-0.96 
-3.88 

-2.61 
-2.96 

-3.82 
(0) 

-3.68 
(0) 

-3.65 
(0) 

-3.39 
(0) 

Ln(Yt) 

0.99 
0.99 

0.76 
0.96 

0.93 
0.91 

0.98 
(0) 

0.97 
(0) 

0.97 
(0) 

0.95 
(0) 

Ln(Pt) 

-0.06 
-0.11 

1.59 
•1.25 

2.04 
-0.24 

0.41 
(.0007) 

0.24 
(.0673) 

0.52 
(.0009) 

0.36 
(.0435) 

Ln(Pt+i) 

0.06 

0.91 

0.73 

0.33 
(.0078) 

0.30 
(.1343) 

* Both models give non-positive definite estimates of A m both cases. 
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values m some herations before theh final convergence for both models under the 

heteroscedastic variance case. 

Since the results under the homoscedastic variance case are more rehable, we use 

those ML esthnates obtamed m this case to make mterpretations for both models. Our 

mterpretation mcludes only those parameter esthnates with significant p-values under the 

5% significance level, excludmg the mtercepts. From Table 4.2, ah p-values of the 

parameters are significant for the static model. We can thus mterpret the results as 

fohows: for each 1% increase of after-tax income, there whl be an estunated 0.98% 

mcrease of charitable contributions; simharly, for each 1% mcrease of after-tax price of 

giving, there wih be an esthnated 0.41% mcrease of charitable contributions. Notice that 

the latter result contradicts our usual expectations. 

On the other hand, for the dynamic model we see that the p-vahie for the after-tax 

price of giving is not significant at the 5% significance level, but is significant for the next 

year's after-tax price of giving. Hence we can interpret the results as fohows: for each 1% 

increase of after-tax income, there wih be an estimated 0.97% increase of charitable 

contributions; and for each 1% increase of next year's after-tax price of giving, there wih 

be an estimated 0.33% increase of charitable contributions. This time, both results 

coincide with normal expectations. 

The interpretations for the heteroscedastic variance case are the same, except for the 

shghtly larger increases for each of the parameters. However, in the dynamic model, the p-

value (0.0435) for this year's after-tax price of givmg is significant and the p-value 

(0.1343) for the next year's after-tax price of givmg is nonsignificant, contradicting both 

the results under the homoscedastic variance case and our usual expectations. 
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4.3 The Model whh Demographic Variahl^g 

In contrast to Section 4.2 that does not mclude demographic variables, we now 

consider tiie fohowmg model with some demographic variables of the form: 

hi(Git) = "i + PiiMYit) + P2>(P^^) + P3̂ A,̂  + p^^Mi, + P3p.^ + e,t, (4.3) 

where 

Ait = Age, 

Mĵ  = Marital status, 

D^ = Number of dependents, 

and 

Aĵ  = 1 if age is greater than or equal to 65; = 0 otherwise, 

Mĵ  = 1 if married; = 0 otherwise (mcludmg smgle, widowed, and separate). 

Other variables not mentioned above are the same as defined m model (4.1). Still, 

another model under consideration is the one that incorporates next year's price of givmg, 

Pj t+j, as hi the fohowing model form: 

hi(Git) = «i+Plilii(Yit)+p2ilii(Pit)+P3iHPi,t+l)+P4iAit+P5iMit+P6iD,t+eit. (4.4) 

Agam, we cah the model m (4.3) the "static model" and the model m (4.4) the 

"dynamic model," with the understanding that we have added three demographic variables 

in each model. Using the EM algorithm, we obtained the fohowing results for the twelve-

year data summarized in Table 4.3. 

Stih we see that the EGLS estimates are not good estimates for the parameters due to 

the non-poshive definite estimates of A. The ML estimates, however, under both cases for 

both models seem to be fahly consistent to those obtained m Table 4.2 when no 

demographic variables are considered. Besides, the ML estimates for the static model are 

very similar to those counterparts for the dynamic model under both cases, except perhaps 

for the intercept terms. 
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From Table 4.3, we can mterpret the resuhs for the static model under the 

homoscedastic variance case as fohows: for each 1% mcrease of after-tax mcome, there 

wih be an esthnated 0.96% mcrease of charitable contributions (p-value = 0); shnharly, for 

each 1% mcrease of after-tax price of givmg, there whl be an estimated 0.34% increase of 

charitable contributions (p-value = 0.0033); and for each additional dependent of the 

Table 4.3 Parameter estimates using RCR model 
twelve-year data, with demographic variables 

Constant 

OLS estimate 
Static model 
Dynamic model 

EGLS estimate* 
Homoscedastic 
variance case 

Static model 
Dynamic model 

Heteroscedastic 
variance case 

Static model 
Dynamic model 

ML esthnate 
Homoscedastic 
variance case 

Static model 
(p-value) 

Dynamic model 
(p-value) 

Heteroscedastic 
variance case 

Static model 
(p-value) 

Dynamic model 
(p-value) 

-4.09 
-4.08 

4.83 
1.37 

0.48 
0.76 

-3.86 
(0) 

-3.72 
(0) 

-3.27 
(0) 

-3.17 
(0) 

Ln(Yt) 

0.96 
0.96 

1.80 
7.73 

0.60 
0.36 

0.96 
(0) 

0.95 
(0) 

0.91 
(0) 

0.90 

(0) 

Ln(R) 

-0.14 
-0.19 

20.20 
4.13 

3.32 
-4.83 

0.34 
(.0033) 

0.19 
(.1291) 

0.37 
(.0387) 

0.29 
(.0528) 

Ln(Pt+i; 

0.06 

24.89 

-0.08 

0.29 
(.0181) 

0.24 
(.1409) 

I AGE 

0.17 
0.17 

0.65 
0.55 

1.95 
0.65 

0.05 
(.3621) 

0.04 
(.4794) 

0.08 
(.1720) 

0.06 
(.5356) 

MAR 

0.14 
0.14 

-13.15 
-77.88 

1.10 
-0.28 

0.18 
(.0405) 

0.20 
(.0224) 

0.21 
(.5949) 

0.22 
(.5205) 

DEP 

0.05 
0.05 

-0.28 
7.08 

-0.13 
0.19 

0.03 
(.0463) 

0.03 
(.0641) 

0.01 
(.9260) 

0.004 
(.9266) 

* Both models give non-positive definite estimates of A in both cases. 
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mdividual taxpayer, there whl be an esthnated 0.03 mcrease m the mean value of the 

logarithm of charitable contributions (p-value = 0.0463). Other thmgs bemg equal, the 

married mdividual wdh contribute an average of 0.18, in the mean vahie of the logarithm of 

charitable contributions, more than that of an mdividual who is not married (p-value = 

0.0405). The p-value for AGE is not significant at the 5% significance level However, we 

do get the same sign for the ML esthnate of after-tax price of givhig as is obtamed m 

model (4.1) ~ despite the fact that h contradicts our normal expectation. 

For the dynamic model under the homoscedastic variance case, we have similar results 

to those obtained when no demographic variables are considered; namely, the after-tax 

income and next year's after-tax price of giving are significant, but this year's after-tax 

price of giving is not. However, whhe DEP is significant in the static model, it is now 

nonsignificant in the dynamic model. Notice yet that the p-values for DEP m both models 

are not very far away fi"omthe significance level of 5% ~ 4.63% versus 6.41%. 

Under the heteroscedastic variance case, both models have the same significant ML 

estimates for non-demographic variables as those counterparts under the homoscedastic 

variance case, except the estimate for the next year's price of giving. That is, the ML 

estimates of after-tax income and the after-tax price of giving are significant for the static 

model, and the after-tax income is significant for the dynamic model This time, the ML 

estimate for the next year's after-tax price of giving is nonsignificant (p-value = 0.1409). 

Whhe the ML estimates for non-demographic variables are quite consistent m both 

models, h is not the case for the ML esthnates for demographic variables. In fact, the ML 

esthnates of ah demographic variables m both models are ah nonsignificant. Smce the 

mterpretations are the same, except for theh numbers, we don't want to mterpret the 

results here in order to save some space. 
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4.4 The Model whh Unbalanced Years Case 

We whl now consider the same models as defined m (4.1) and (4.2), except that we 

ahow Tj , i = 1, 2, ..., n, to be varied, not fixed. In other words, each mdividual taxpayer 

could have fi-om one year up to tweh^e years of tax mformation. In our study, h tums out 

that a total of 21,398 mdividuals' tax mformation are recorded. Smce the model with 

demographic variables is not our mam concern, we whl focus only on those two models 

mentioned above. 

The computational formulas for hnplementmg the EM algorithm are stih the same for 

both situations, except that our algorithm now must adjust to read unbalanced data mto 

the program The other mmor change is that the origmal esthnates of â j must now 

changed to be the fohowing: 

ĉ n̂ '̂  = (YiVi - M ' ^ X Y I )/(Ti - k), (4.5) 

wdiere pj*^^^ is defined as m (3.34). 

Since Tj may be less than or equal to k, we must fiuther adjust the above formula to 

the fohowing: (1) if Tj > k, then use equation (4.5); otherwise, (2) use T- hi the 

denominator in equation (4.5), instead of Tj - k. We now present simulation results using 

the model considered in Section 3.3, wdth 8^ = 1 for ah i = 1, 2, ..., n, for which we 

randomly delete some data values for some individuals so that the whole data set becomes 

unbalanced. The results are summarized in Table 4.4, on the next page. 

Table 4.4 shows that our EM algorithm has the ability to deal with unbalanced data 

and produces essentiahy the same estimates as those obtained by the MIXED procedure. 

Although the results for the heteroscedastic variance case seem different fi-om those 

produced by PROC MIXED, this difference is acceptable. Because the results provided by 

the MIXED procedure are doubtfiil for the umeasonably large values, in magnitude, of the 

objective fimction and the log-hkelihood value, as weh as the non-poshive definite 

estimate of the final Hessian matrix. 
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Table 4.4 Conq)arisons between EM algorithm and PROC MIXED 
unbalanced data, total observation = 126 

Variance is Homoscedastic Heteroscedastic 

Algorithm 

# iterations 

Estimate of P 

EM 

31 

MIXED 

-0.6090 

1.0480 

-0.6091 

1.0476 

EM 

13 

•0.5491 

1.7653 

MIXED* 

7 

-0.6424 

-0.8858 

Esthnate of A 1.8485 2.1988 1.8482 2.1994 1.9597 1.9365 1.9883 2.1287 

2.1998 8.3865 2.1994 8.3774 1.9365 17.0370 2.1287 4.0344 

Esthnate of CT^ 3.0140 3.0145 — — 

Log(L) 

322.4281 

-277.0003 

322.4281 

-277.000 

312.5697 4224883944.6 

-272.0711 -2.112x10^ 

* Final Hessian matrix is not positive definite. 

We mention previously that the complete twevle-year data contains 21,398 mdividuals' 

tax information. However, not ah of these taxpayers have ah twelve years' tax information 

available; some of them have missing values for at least one variable that is considered by 

this research for one year up to twelve years. After deletmg ah missing values m the 

conq)lete twevle-year data, the remahung data set contams n = 16,362 individuals with a 

total number of records (years) of 56,062. Applymg the EM algorithm (the program for 

the static model is exhibhed m Appendix E) to this data set, we obtain the resuhs 

(exhibited m Appendix E. 1 and E.2) summarized hi Table 4.5. 

From Table 4.5 we see that the ML estimates of price of givhig m the static model is 

no longer significant (p-value = 0.26), m contrast to that obtamed fi-om the twelve-year 

balanced data (cf Table 4.2). However, hs value of 0.06 is much smaher than that of hs 

counterpart (0.41), coincides wdth the usual expectation. On the other hand, although the 
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Table 4.5 Parameter estimates using RCR model 
twelve-year unbalanced data, no demographic variables 

Constant Ln(Yt) Ln(Pt) MP^+j) 

OLS estimate 
Static model 
Dynamic model 

EGLS estimate* 
Homoscedastic 
variance case 

Static model 
Dynamic model 

ML estimate** 
Homoscedastic 
variance case 

Static model 
(p-value) 

Dynamic model^ 
(p-value) 

-4.45 
-4.50 

10.07 
-95.01 

-4.41 

(0) 
-4.45 

(0) 

0.98 
0.99 

-0.51 
9.37 

0.99 
(0) 

0.99 

(0) 

-0.53 
-0.18 -0.40 

-2.74 
-10.27 -15.44 

0.06 
(.2614) 

0.17 -0.20 
(.0050) (.0001) 

* Both models give non-positive definite estimates of A. 
** The results for heteroscedastic variance case are not included due to 

non-increasing log-likehhood value that causes unreasonable estimates of A. 

# The EM algorithm for the dynamic model converges m 692 iterations. 

p-value (0.0001) is very significant m the dynamic model, its negative estimate (-0.20) 

contradicts the usual expectation. However, the negative esthnate of the next year's price 

of giving agrees in sign wdth its OLS counterpart. 

Because our EM algorithm experienced some non-increasing log-hkehhood values that 

resuhed m an mappropriate esthnate of A, we do not mclude the results for the 

heteroscedastic variance case. One reasonable reason for this non-mcreasing log-hkehhood 

value is because there are many mdividuals who have only one year of data. Smce we 

assumed heteroscedastic variance for each mdividual, this means that some of the a^'s 

were zeroes due to no variation for that smgle year. This m turn caused some underflow 

and/or overflow problems when calculating the esthnates of A and the log-hkehhood 
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value. As a consequence, the log-likehhood value might not be increased every thne and 

eventuahy it resulted in an inappropriate estimate of A. In fact, smce the mean records 

(years) for each individual is only 3.43 (=56062 -̂  16362), there should be a lot of 

individuals wdth only one year of data. Unless we can do something, e.g., excluding them, 

wdth these "one-year data," ova ML estimates under the heteroscedastic variance case wdh 

always be doubtfiil. 

57 



CHAPTER 5 

DISCUSSIONS AND CONCLUSIONS 

5.1 Discussiotis 

Some comments and discussion on inq)ortant facts or topics mentioned m the previous 

chapters that have not been addressed much are presented m this section. Sub-thles wdh be 

used to facihtate the discussion. 

5.1.1 Positive defiuheness of V-(P) issue 

In Section 1.2 we make an hnportant assurc^tion about the model we considered in 

this research: the design matrix, Xj, for each individual is not requhed to be of fiih rank. 

Notice that the EGLS estimator does requhe this fiih rank assunq)tion; otherwise, there is 

no guarantee that the estimate of A wdh be positive definite. Some exarq)les are presented 

in Table 4.2 and Table 4.3. Here we wdh provide a reason why this fiih rank assumption is 

not needed. Consider the con^utational formulas in equations (3.22) to (3.28). The only 

time that these estimates wdh cause a ploblem is when Wj^^ = [Vj^^]"^ does not exist, or 

equivalently, Vj^^ is singular at the p^^ iteration. Therefore, if we can prove that the 

matrix Vj^^ defimed in equation (3.25) is positive definite, then everything wdh be 

acceptable. We have the fohowdng lemma: 

Lemma 1: If we have (i) Cjj^^ > 0, and (h) A^) is positive definite at the p^^ heration, 

then the matrix Vj^^ defined by (3.25) is also positive defimte. 

Proof: A matrix A is said to be positive definite if h satisfies: (i) A is symmetric, ie., A = 

A', and (u) for any nonzero vector x, we have x'Ax > 0. (cf Graybhl 1976, p. 21) Since 

we assume that A^) is positive definite, so A^^ = A^^. Hence, 

Vi(P)' = [ajj(P)l + XiA(P)Xi']' 

= [c^(P)l\ + [XiA(P)x;]' 
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= aii(P)l' + (X;)'(A(P)) (Xi) 

= G^(PX + XiA(P)x; = V.(P\ (5.1) 

Hence Vj^) is symmetric. For any T̂  x 1 nonzero vector ŷ  = [y î yj2 ... yixi]', we have 

y;V.(p)y. = y..[a^(p)i + X^A(P)x;]y. 

= ^h^Vi'yi + yiXiA(p)x;yi 

= aii(P)Sjyi/ + (X;yi)A(P)(Xi'yi) 

> 0, (5.2) 

because both terms are positive numbers. Notice that the second term of the last "=" sign 

m (5.2) is positive because we assume that A^) is positive definite. Therefore, Vj^^ is 

positive definite. Q.E.D. 

It is not hard to prove, usmg equations (3.27) and (3.28), that if Vj^^ is positive 

definite at the p*^ iteration, then a^P^^^ > 0 and A^^) is positive definite at the (p+l)st 

iteration. This in turn, using (3.25), wdh provide a positive definite matrix of Vj^^^. 

Hence, if we can provide positive definite initial estimate of A, A^ )̂, together wdth positive 

hiitial estimates for o^^, ^u^^\ i = 1, 2, ..., n, then (3.25) yields that Vf^^ is positive 

definite. By iterating back and forth usmg formulas (3.22) through (3.28), we wdh obtain 

a positive definite estimate of A (and Vj) at each iteration. However, in the proof of 

Lemma 1, we do not use anything related to the rank of the design matrix X ;̂ this is the 

reason why we can drop this fiih rank assun^tion hi our research. It tums out that the 

mitial estimates of A and a ĵ are a determming factor. 

5.1.2 Sample size issues 

As mentioned m Section 4.1, the number of mdividuals, n, mvolved m the eight-year 

data fi-om Ricketts and Westfah's (1993) study is 1418, and the number n mcluded in this 

research is 1374. This difference is probably due to the rewrite of the code (m 1995) that 

retrieves the data differently firom that which was written in 1993. However, the true 
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reason why these two numbers are different is sthl unknown. Whhe one might think that 

our research uses a smaher n than that of Ricketts and Westfah, h is not the case! Section 

4.2 Table 4.1 mcludes both the results of ML esthnates usmg n = 1374 for this study and 

the EGLS esthnates obtamed by them However, the EGLS esthnates requhe the fidl rank 

assumption for the design matrices. So, theh actual number of n is equal to 663, after 

ehmmatmg those individuals wdth non fiih rank design matrices. 

5.1.3 Efficiency issues 

Although the efficiency study hi Section 3.4 shows that the EGLS esthnate is as 

efficient as the ML esthnate, the above discussions lead us to the conclusion that the ML 

estimate is indeed superior to the EGLS esthnate, m the sense that the latter requhes more 

restrictive assumptions about the RCR model and has a chance to produce umeliable 

estimates due to inappropriate esthnates of A (cf Tables 4.2 and 4.3). 

5.1.4 Increasing log-hkehhood issues 

In Section 4.2, we mention that some nonincreasing log-hkehhood values have been 

e?q)erienced when the heteroscedastic variance case is considered. This is not our sole 

experience, though. For exan^le, Jennrich and Schluchter (1986) had the same experience 

in theh research and they overcame this problem by using the technique of "step-halving." 

The basic idea is this: let 6* = 0 + A9 and check to see if h(0*) > h(0), where h(.) is the 

log-likelihood fimction defined by (3.2.11). If h(0) is not mcreased, then replace A0 (= 0* 

- 0) by A0/2 unth h(0*) > h(0). Our EM algorithm also uses this technique to prevent 

nonincreasing log-likelihood values to happen, before the termmation of the algorithm 

Notice that this procedure is essential for the EM algorithm, because Denq)ster, Land, and 

Rubm (1977) proved that the log-hkehhood value is nondecreashig at each iteration for 

this algorithm 
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5.1.5 Startmg vahies issues 

The startmg values or inhial estimates of the parameters, â ^̂ ^ and A*̂ ^̂ , are hnportant 

for the EM algorithm m that they could resuh m ehher converging to a saddle pomt (cf 

Murray 1977) or producmg a non positive definhe esthnate of A, when the fiih rank 

assumption is removed. We mention m Section 3.3 that our hiitial estimates are the ones 

considered by Swamy (1970) and coincide wdth those suggested by Land, Lange. and 

Stram (1987), as given by equations (3.32) and (3.33) when the fiih rank assumption is 

satisfied. However, since our research does not requhe the fiih rank assun5)tion, some 

problems happened wlien the EM algorithm is inq)lemented using equations (3.32) to 

(3.34). First, Pj*^^^ m (3.34) may not exist due to the non-existence of the inverse of the 

matrix XjX^. As a consequence, the starting values of a^ in (3.32) may not exist. Second, 

the inhial estimate of A in (3.33) may be non-positive definhe. To overcome the first 

problem, we use a generalized inverse (g-inverse) for Xj Xj. And, wdien the inhial estimate 

of A is non-poshive definhe, we use a new starting value for A, as given below. 

A(0) = [Spi*(0)p.,(0)'.(spj,(0)XEpi*(0))'/n]/(n-l), (5.3) 

wdiere Pj*^^^ is the same as in (3.34). To guarantee that the initial estimate of A is posith e 

definhe, we even use the identity matrix Iĵ  as a "spare the," in case the one m (5.3) fahed. 

However, this situation never happens in this study. Actually, using Iĵ  as a starting value 

for A is not a bad idea because m some situations the EM algorithm using \ as a startmg 

value converges even fester than that usmg equation (5.3). Smce wdiich hiitial estimate of 

A is better is not our mam concern, we wdh end the discussion here. 

5 16 Storage issues 

Although we don't address the capachy (space) problem, we know that the EM 

algorithm consumes much less space than that needed for the MIXED procedure, 

especially when sanq)le size n is very large. This is because our EM algorithm provides 
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much less output when compared to PROC MIXED, which provides everythmg down to 

the last detah, no matter whether you want those resuhs. The other reason that PROC 

MIXED consumes more space is that h has to compute the first and second derivatives of 

the esthnates in each heration. This is a real burden when n gets larger and larger. 

However, this is not a problem for the EM algorithm, smce no derivatives are needed in 

order to inoplement the program 

5.1.7 The apphcation issue 

One mteresting problem is the significant p-values of the parameter estimates of price 

of givmg m twelve-year EY/UM data (cf Tables 4.2 and 4.3). This phenomenon 

contradicts our usual expectation about the price of giving: the larger the price of giving, 

the smaher the charitable contributions. Smce this result is very consistent hi the static 

model under both homoscedastic and heteroscedastic variance cases, no matter wdth or 

without the demographic variables, it seems that our expectations about the price of giving 

is wrong when the ML estimate is considered. Notice that we have the same problem for 

the parameter estimate of the next year's price of giving in the dynamic model for the 

unbalanced data. 

5 1.8 Stopping criteria issues 

In Section 3.3 we tahi about the stoppmg criteria for the EM algorithm: (1) if the 

relative change m the objective fimction, fĵ , is less than or equal to a smah number c, or 

(2) if the number of iterations needed for convergence is over 300. It is very clear that the 

number of iterations needed for convergence depends on s. For exan^le, if we select a 

larger 8 value, say 8 = 10'^ instead of 10" ,̂ then the EM algorithm wdh converge in fewer 

iterations. In Table 3.4, the MAE comparisons among OLS, EGLS, and ML esthnates, we 

mention that there are 101 simulations out of 1000 not convergent in 300 iterations. When 
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we use 8 - 10"^, then the number of simulations not convergent in 300 iterations reduced 

toO. 

Of course, we can also change the maxhnum number of iterations fi"om 300 to 500 or 

200, depending on one's own choice. Another possible criterion for the EM algorithm is 

that if |(0(I^1)-0(P))/0(P)| < 8 then stop, where Ô P) represents ah the ML esthnates at the 

p^^ iteration. Actuahy, the earher version of this EM algorithm adopts this criterion. 

However, its performance is not good: long before the convergence of the ML estimates, 

the log-likelihood value has aheady converged. Therefore, the adoption of this criterion 

means that more iterations are needed before the EM algorithm stops. 

5.1.9 Performance measure for comparing efl&ciency issue 

In Section 3.4, we use the MAE for PQ and P^ separately as the performance measure 

for comparing the efficiency between the ML estimate and other estimates like OLS or 

EGLS estimate. This performance measure is not the only choice, though. For example, 

we can use the mean squared error (MSE) of S defined by 

as our criterion for comparison. Since p: = 0, the above equation reduces to J3 j . One can 

also use the square root of MSE, of Pj, as the performance measure. The choice of 

performance measure depends on the researcher's own preference. 

5.1 • 10 SAS version issues 

The EM algorithm of this research is hnplemented on several different SAS versions: 

(i) SAS 6.08 on COBAl, VAX Model 4000-500A, 

(u) SAS 6.09 on TTACSl, ALPHASERVER Model 2100 4/200, and 

(hi) SAS 6.10 on PC SAS, Pentium machme, hcensed to Dr. Peter Westfah. 
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The CPU thne conq)arison is done usmg SAS 6.10 on PC SAS to avoid disturbances fi-om 

other users. Other conq)utations are mostly done using SAS 6.08 on COBAl for two 

reasons: (1) h provides two log files each time, wdth one log fiOie containmg the 

mformation of CPU thne; and (2) the storage/dispatch space m my account on COBAl is 

ten thnes as large as that on TTACSl. Unhke version 6.08, SAS 6.09 on TTACSl 

provides no mformation on CPU thne (the defauh), because h provides only one log file 

each thne. However, SAS 6.08 is easier to either underflow or overflow when compared 

to SAS 6.09. One such example is that on Table 4.4, the results for MIXED procedure 

under the heteroscedastic variance case is obtamed only fi-om SAS 6.09, but is not 

available fi-om SAS 6.08 because of overflow problems. 

5.2 Conclusions 

A brief summary of the results we found hi this study is as fohows: 

1. The EM algorithm produces essentiahy the same esthnates as those obtained by PROC 

MIXED. 

2. The EM algorithm performs faster than PROC MIXED when either: (i) heteroscedastic 

variance is assumed; or (h) variance is homoscedastic, and the sample size n is large. On 

the other hand, PROC MIXED is faster than the EM algorithm when a smah sample size is 

used in a homoscedastic variance case. 

3. The ML estimator is as efficient as the EGLS estimator, and more efficient than the 

OLS estimator, as far as the MAE is concerned. However, the ML estimator is superior to 

the EGLS estimator in that the latter needs more restrictive assumptions about the RCR 

model and has a chance to produce inappropriate estimates due to a non-positive definite 

estimate of A. 

4. The ML estimates of the parameters in the eight-year EY/UM data are consistent in 

sign wdth the EGLS estimates obtained by Ricketts and Westfah (1993), but the estimates 
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of the price elastichy are much smaher m the static model, consistent wdth theoretical 

expectations. 

5. The ML estimates of the parameters m the twelve-year data are very shnhar to those 

obtamed m the eight-year data. The significant p-value for next year's price of givhig m the 

dynamic model meets the e?q)ectation reported in the hterature; however, the significant p-

vahie for the price of givhig in the static model contradicts our normal e?q)ectation of the 

model. 

6. When demographic variables are added to the RCR model, h is seen fi-om Table 9 that, 

under both homoscedastic and heteroscedastic variance cases, the parameter estimates of 

income and price of giving are significant in the static model When the dynamic model is 

considered, however, the estimates of income and the next year's price of givhig become 

significant under the homoscedastic variance case, consistent wdth usual expectations. 

Whhe the significance of parameter esthnates is consistent in non-demographic variables 

under both situations, it is not the case for the demographic variables. When the 

homoscedastic variance case is considered, the estimate of MAR is the only significant one 

in the dynamic model whhe both estimates of MAR and DEP are significant in the static 

model; wdien the heteroscedastic variance case is assumed, none of the parameter 

estimates are significant in both models. 

7. When unbalanced data is considered, the estimate of income is sthl significant m both 

static and dynamic model; however, the esthnate of price of givhig is not significant in 

static model but is significant in dynamic model. Although the esthnate of the next year's 

price of givhig is very significant, its negative sign contradicts the usual expectation. 
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5.3 Contributions and T imhatinns 

As mentioned m Section 1.3, the mam contributions of this research are: 

1. This research provides some theoretical bases related to the RCR model and the EM 

algorithm for other researchers. 

2. This research offers a new way of esthnatmg the parameters hi the RCR model by 

ahowing the design matrix not to be of fidl rank, and by ahowing the data to be 

unbalanced. 

3. The SAS program we generate in this research provides a tool for researchers in other 

related fields of study a potential for apphcations in theh own field. 

4. The simulation study of the efficiency of the ML estimates provides researchers 

conq)utational information of the proposed method so that one can decide whether a 

sophisticated estimator is worthwdihe to use or not, compared to simple estimates. 

5. The con:q)arison of CPU time shows researchers when the EM algorithm is preferable to 

the usual Newton-Raphson method (as in^lemented, for example, by PROC MIXED). 

In addition to those research contributions mentioned above, we have found the ML 

estimates for the twelve-year EY/UM data, wdth or without demographic variables, 

balanced or unbalanced, that can provide usefid information for researchers in the 

accounting area. 

The major limhation of this research is focused on the EM algorithm itself As 

mentioned by Dempster, Land, and Rubm (1977) and Land and Ware (1982), there are 

three drawbacks of the EM algorithm: 

1. The EM algorithm converges very slowly, that is, h takes longer thne to converge when 

compared to other algorithms hke Newton-Raphson or Fisher's scoring algorithm wdien 

the homoscedastic variance case is considered. 
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2. The EM algorithm may not converge to a global maxhnum; instead, h may converge to 

a stationary pomt, usuahy a local maxhnum In the worst case where a bad startmg pomt is 

chosen, h may also converge to a saddle pomt (see Murray 1977). 

3. The EM algorithm is sensitive to the starting pomt, that is, the resuh depends on the 

starting pomt chosen, as described hi the second pomt above. 

Whhe some researchers have mentioned that the EM algorithm can not produce 

variance esthnates for the parameters, this problem has been solved now by researchers 

hke Louis (1982), Meng and Rubm (1991), and van Dyke, Meng, and Rubm (1995). 

Although the EM algorithm has the above three drawbacks, the second and thhd 

problems wdh never happen if the log-hkehhood fimction "behaves nicely." What we mean 

by this is that if the log-likelihood fimction has only a smgle mode and is very smooth, 

then any startmg value wdh result in a global maxhnum estimates for the parameters, (cf 

Wu 1983) Indeed, most of the research problems reveal this property for the log-

likehhood fimction; therefore, these two drawbacks are not too serious. 

Another Ihnitation for this research is in the CPU time comparison between the EM 

algorithm and the MIXED procedure, even though we have used PC SAS to avoid 

disturbances fi-om other users. This is because whhe the MIXED procedure is a general 

purpose procedure, our EM algorithm is specificahy designed for the ML estimates. It is 

therefore not fan for PROC MIXED for it has to calculate a lot more other things that are 

not related to the ML esthnates. Henceforth, unless we are goioig to write the code for the 

Newton-Raphson algorithm ourselves, there always exists such an unfah comparison (m 

CPU thne) between these two algorithms. However, since PROC MIXED can miplement 

the Newton-Raphson algorithm well, why should we write our own code? Besides, h is 

not easy to write such a code for the Newton-Raphson algorithm wdth hs conq)hcated 

first- and second-derivatives' formulas. The trade-off of this problem becomes another 

hmitation of this research. Yet the huge differences reported in Table 3.6 for the 

67 



heteroscedastic variance case seems sthl to mdicate that the EM algorithm performs better 

than PROC MIXED when the san^le size n is large. 

A final but trivial hmitation of this research is that we don't have large enough memory 

and storage space to run the complete twelve-year unbalanced EY/UM data, that contains 

more than 56,000 observations. Although h is not a problem to run my EM algorithm m 

COBA now, there is stih not enough space to run PROC MIXED for the tweh^e-year 

EY/UM data, even for the balanced case. 

5.4 Future Work 

Some possible fiiture work for this research includes: 

1. More efficient coding for the EM algorithm itself is needed. This could be done by 

incorporating the Louis' method (Louis 1982) or the method suggested by Mehijson 

(1989). Either method wdh speed up the convergent rate for the EM algorithm 

2. Consequent research of the present study can be made in the fiiture. For example, when 

the EY/UM data are avahable for years beyond 1990, one can use the EM algorithm to get 

the ML estimates for the parameters of interest to the researcher. And, since our EM 

algorithm works weh when demographic variables are included, researchers can include as 

many demographic variables as they need in the model to examine theh effects on 

charitable contributions. 

Of course, the EM algorithm mcluded hi this research does not restrict itself to the 

apphcation of charitable contributions only. Any researcher who considers an RCR model 

simhar to the settings of this research can use the EM algorithm to obtam the ML 

esthnates. Actuahy a third possible fiiture work is to convert this EM algorithm into a 

standard procedure (the EM procedure) or just a standard method (the EM clause) in 

PROC MIXED m SAS/STAT®, so that everyone can use h. 
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APPENDIX A 

THE SAS/IML® EM PROGRAM UNDER HOMOSCEDASTIC 
VARIANCE CASE, SEED VALUE = 1201179 

OPTIONS LS = 78 PS = 60 NONUMBER NOOVP; 

PROC IML; 

SEED = 1201179; * INITIAL SEED VALUE; 

N = 20; 

T = 1 0 ; 

K = 2; 

START EM(SEED,N,T,K,BETA,DELTA,SIG,FK,MAXL,KOUNT,ITER,B); 

SIGMA = 2; 

SIGBETA = { 4 4, 4 8}; * INITL\LIZATION; 

SIGHALF = ROOT(SIGBETA); * INITIALIZATION; 

ONE = J(T, 1,1); * INITIALIZATION; 

KOUNT = 0; 

D O I = l T O N ; 

I F I = 1 THEN DO; 

X = ONE||RANNOR(J(T,K-l,SEED)); * GENERATE X MATRIX; 

END; 

ELSE DO; 

X = ONE||RANNOR(J(T,1,0)); 

END; 

IF MOD(I,2) = 1 THEN DO; 

DELTA = 9; 
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X = (1/SQRT(DELTA))*X; 

END; 

BETA = SIGHALF *RANNOR(J(K, 1,0)); 

E = SIGMA*RANNOR(J(T,1,0)); 

Y = X*BETA + E; 

I F I = l T I I E N D O ; 

YBIG = Y; 

XBIG = X; 

END; 

ELSE DO; 

YBIG = YBIG//Y; 

XBIG = XBIG//X; 

END; 

END; 

XYDATA = XBiqiYBIG; 

NT = NROW(XYDATA); 

NALL = NT/T; 

N = NALL; 

Kl = NCOL(XYDATA); 

K = K1-1; 

SIGVEC = J(N,1,0); 

PI = 3.1415926; 

BiP = J(K,N,0); 

SUM = 0; 

SUMl = J(K,K,0); 

SUM2 = J(K,1,0); 

* GENERATE BETA MATRIX; 

* GENERATE ERROR MATRIX; 

* GENERATE Y MATRIX; 

* GENERATE X-Y DATA MATRIX; 
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*Y(i) i = l , 2 , . . . , n ; 

*X(i) i==l,2,...,n; 

SUMIN = J(K,K,0); 

SUM2N = J(K,1,0); 

SUMBiP = J(K,l,0); 

SBiP = J(K,K,0); 

SUMXPX = J(K,K,0); 

F K = 1 ; 

EPSLON = l.OE-8; 

IDX = 0; 

DO I = 1 TO N; 

11 = T*I-(T-1); 

12 = T*I; 

Y = XYDATA(|I1:I2 , Kl|); 

X - XYDATA(|I1:I2 , l:iq); 

XPX = X*X; 

XPXI = INV(XPX); 

BiP[,I] = XPXI * X * Y; 

E = Y-X*BiP[ , I ] ; 

SIGVEC[I,1] = E *E/(T-K); 

SUM = StnM + SIGVEC[I,1]; 

SBiP = SBiP + BiP[,I]*BiP[,I] ; 

SUMBiP = SUMBiP + BiP[,I]; 

SUMXPX = SUMXPX + XPXI; 

END; 

SIG = SUM/N; 

SIGSAVE = SIG; 

DELTA = (N#SBiP - SUMBiP* SUMBiP )/(N#(N-l)) - SIG#SUMXPX/N; 

* b(i)hat; 

* E = M*Y, M = I - X*XPXI*X'; 

* INITIAL ESTIMATE OF SIGMA(h); 
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/* INITIAL ESTIMATE OF DELTA - DELTAO */ 

DELTAl = DELTA; 

LAMBDA = MIN(EIGVAL(DELTA)); 

IF LAMBDA <= 0 THEN DO; 

IDX = - 1 ; 

DELTAl = (N#SBiP - SUMBiP* SUMBiP )/(N#(N-l)); 

LAMBDAl = MIN(EIGVAL(DELTA1)); 

IF LAMBDAl <= 0 THEN DELTAl = I(K); 

END; 

DELSAVE = DELTAl; 

FKSAVE = FK; 

D O I = l T O N A L L ; 

11 = T*I-(T-1); 

12 - T*I; 

Y = XYDATA(|I1:I2,K1|); 

X = XYDATA(|I1:I2, 1:K|); 

XDXPI = X*DELTA*X^ + SIG#I(T); 

IXDXPI = INV(XDXPI); 

SUMl = SUMl + X *IXDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 

XDXPIN = X*DELTA1*X^ + SIG#I(T); 

IXDXPIN = INV(XDXPIN); 

SUMIN = SUMIN + X *IXDXPB^*X; 

SUM2N = SUM2N + X^*IXDXPIN*Y; 

END; 

NITER =300; 
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MAXL = -999999; 

DO J = 1 TO NITER; 

** E-STEP **; 

BETA = DSrV(SUMl)*SUM2; 

* SIMULATE NITER TIMES; 

* BETA IN STEP P; 

* ML ESTIMATE OF BETA; 

IF IDX = -1 THEN BETA = INV(SUMIN)* SUM2N; 

BiP = J(K,N,0); 

SBiPl = J(K,K,0); 

SUMl = J(K,K,0); 

StnV12 = J(K,l,0); 

SUM = 0; 

SUM3 = 0; 

LOGSnP = 0; 

SIGSAVEl = SIG; 

DELSAVE 1 = DELTAl; 

D O I = I T O N ; 

11 = T*I-(T-1); 

12 = T*I; 

Y = XYDATA(|I1:I2,K1|); 

X = XYDATA(|I1:I2,1:K|); 

* INITIALIZATION; 

* INITIALIZATION; 

* INITIALIZATION; 

* INITIALIZATION; 

* INITIALDCATION; 

* BSflTIALIZATION; 

* INITIALIZATION; 

* Y(i); 

* X(i); 

XDXPI = X*DELTA1*X^ + SIG#I(T); 

IXDXPI = INV(XDXPI); 

** E-STEP **; 

BiP[,I] = DELTA1*X *IXDXPI*(Y-X*BETA); * B(i) m STEP P; 

* ^U ^U ^U ^U ^U ^U ^U ^U ^ ^ ^ f ^If 9|c s^ * ^ *|y ^^ ^^ ^^ ^^ ^^ ^p *i* • 
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** M-STEP **; 

SIGVEC[I,1] = ((Y-X*BETA-X*BiP[,I]) *(Y-X*BETA-X*BiP[,I]) 

+SIG#TRACE(I(T)-SIG*IXDXPI))/T; 

/* SIGMA(h) IN STEP P+1 */ 

* ^S* *j* ^ * %^ »1» ^J^ ^ ^ ^ r * 1 * *S^ ^^ • ^ ^ P *f* ^^ ^ » ^ ^ r^ ^ k «Jv ^ ^ 7|k a 

? 

LOGSnP = LOGSnP + LOG(ABS(DET(XDXPI))); 

SUM = SUM + SIGVEC[I,1]; 

SUM3 = SUM3+(Y-X*BETA) *IXDXPI*(Y-X*BETA); 

SBiPl = SBiPl + BiP[,I] * BiP[,I]^ 

+ DELTAl * (I(K) - X̂  * IXDXPI * X * DELTAl); 

END; 

LOGL = -(NT#LOG(2#PI) + LOGSIIP + SUM3)/2; /* LOG-LIKELIHOOD */ 

SIG = SUM/NALL; 

FKN = LOGSIIP + SUM3; 

IF LOGL >= MAXL THEN DO; /* FIND THE MAXIMUM LIKELIHOOD */ 

LPREV = MAXL; /* AND UPDATE BETA AND DELTA */ 

MAXL = LOGL; 

** M-STEP (CONTESrUED) **; 

DELTAl = SBiPl/N; /* DELTA EST STEP P+1 */ 

LAMBDA = MESr(EIGVAL(DELTAl)); 

IF LAMBDA <= 0 THEN DO; 

DELTAl = DELTAl + (0.001-LAMBDA)*I(K); 

LAMBDAl = DET(DELTAl); 

PRINT "AFTER ADJUSTMENT, EIGEN(DELTAl) =" LAMBDAl; 

END; 
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SIGSAVE = SIGSAVEl; 

DELSAVE = DELSAVE 1; 

BTASAVE = BETA; 

FKSAVE =FKN; 

DO I = 1 TO N; /* UPDATE SUMl & SUM2 */ 

11 = T*I - (T-1); /* FOR NEXT E-STEP */ 

12 = T*I; 

Y = XYDATA(|I1:I2 , Kl|); /* Y(i) */ 

X = XYDATA(|I1:I2 , 1:K|); /* X(i) */ 

XDXPI = X*DELTA1*X^ + SIG#I(T); 

IXDXPI = ESrV(XDXPI); 

SUMl = SUMl + X *IXDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 

END; 

LAMBDA = MIN(EIGVAL(SUM1)); 

IF LAMBDA <= 0 THEN DO; 

SUMl = SUMl + (0.001-LAMBDA)*I(K); 

LAMBDAl = MIN(EIGVAL(SLnV[l)); 

PRINT "AFTER ADJUSTMENT, EIGEN(SUMl) =" LAMBDAl; 

END; 

END; 

ELSE DO; /* STEP-HALVING TO GUARANTEE ESfCREASE OF LOGL */ 

PIONT "LOG(L) DOES NOT INCREASE!"; 

/* REF: JENNRICH & SCHLUCHTER (1986) PP 811 */ 

FK = FKSAVE; 

KOUNT = KOUNT+1; 
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DOITR= 1TO30; 

LOGSnN = 0; 

SUM3 = 0; 

BETAN = BTASAVE + (BETA-BTASAVE)/(2.0##ITER); 

DELTAN = DELSAVE + (DELSAVE 1-DELSAVE)/(2.0##ITER); 

SIGN = SIGSAVE + (SIGSAVE 1-SIGSAVE)/(2.0##ITER); 

D O K K = l T O N ; 

11 = T*KK-(T-1); 

12 = T*KK; 

Y = XYDATA(|I1:I2 , Kl|); 

X = XYDATA(|I1:I2 , l:iq); 

XDXPN = X*DELTAN*X^ + SIGN#I(T); 

LOGSnN = LOGSHN + LOG(ABS(DET(XDXPN))); 

SLnVI3 = SUM3+(Y-X*BETAN) *INV(XDXPN)*(Y-X*BETAN); 

END; 

LOGLN = -(NT#LOG(2#PI) + LOGSHN + SUM3)/2.0; 

FKN = LOGSHN + SUM3; 

B = (FKN - FK)/FK; 

IF LOGLN >= MAXL THEN DO; 

LPREV =MAXL; 

MAXL = LOGLN; 

BETA = BETAN; 

SIG =SIGN; 

DELTA = DELTAN; 

I D X = 1 ; 

LAMBDA = MES[(EIGVAL(DELTAN)); 
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IF LAMBDA <= 0 THEN DO; 

DELTAN = DELTAN + (0.001-LAMBDA)*I(K); 

LAMBDAl = MIN(EIGVAL(DELTAN)); 

PRINT "AFTER ADJUSTMENT, EIGEN(DELTAl) =" LAMBDAl: 

END; 

SIGSAVEl = SIGN; 

DELSAVE 1 = DELTAN; 

BTASAVE = BETAN; 

FKSAVE =FKN; 

DO I = 1 TO N; /* UPDATE SUMl & SUM2 */ 

11 = T*I - (T-1); /* FOR NEXT E-STEP */ 

12 = T*I; 

Y = XYDATA(|I1:I2 , Kl|); /* Y(i) */ 

X = XYDATA(|I1:I2 , l:iq); /* X(i) */ 

XDXPI = X*DELTAN*X^ + SIGN#I(T); 

IXDXPI = ESrV(XDXPI); 

SUMl = SUMl + X *IXDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 

END; 

LAMBDA = MIN(EIGVAL(SUM1)); 

IF LAMBDA <= 0 THEN DO; 

SUMl = SUMl + (0.001-LAMBDA)*I(K); 

LAMBDAl = MES[(EIGVAL(SUM1)); 

PRESTT "AFTER ADJUSTMENT, EIGEN(SUM1) =" LAMBDAl; 

END; 

ITR=30; 
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KOUNT = KOUNT- 1; 

END; 

ELSE IF B > EPSLON THEN DO; 

DELTA = DELS AVE 1; 

FK = FKN; 

END; 

ELSE DO; 

DELTA = DELTAN; 

PRINT "FK HAS CONVERGED BUT LOG(L) IS NOT INCREASING": 

PRINT JITR B BETAN DELTAN LOGLN LPREV MAXL; 

ITR=30; 

END; 

END: 

END; 

DIFF = (FKN - FK)/FK; 

B=ABS(DIFF); 

ITER = J; 

IF B > EPSLON THEN DO; 

FK = FKN; 

DELTA = DELS AVE 1; 

IF IDX = 1 THEN DELTA = DELTAN; 

IF J >= 299 THEN KOUNT = KOUNT + 1; 

END; 

ELSE RETURN; 

END; 

FINISH; 
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PRESET "HOMOSCEDASTIC VARIANCE CASE"; 

PRINT "BSflTIAL SEED VALUE =" SEED; 

CALL EM(SEED,N,T,K,BETA,DELTA, SIG,FK,MAXL,KOUNT,ITER,B); 

NT = N#T; 

PRINT NT N T K ; 

PRINT KOLTNT FK ITER; 

PRESET "CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR =" B; 

PRINT "FINAL ESTIMATES ARE:" BETA DELTA SIG; 

PRINT "WITH MAXIMUM LOG-LIKELIHOOD =" MAXL; 

QUIT; 
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A.1 RESULTS OF DATA SET #1, SEED VALUE = 1201179 

HOMOSCEDASTIC VARIANCE CASE 

SEED 
INITL\L SEED VALUE = 1201179 

NT N T K 
200 20 10 2 

KOUNT FK ITER 
0 522.18596 77 

B 
CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR = 9.8552E-9 

BETA DELTA SIG 
FINAL ESTIMATES ARE: 0.0226517 5.2484007 3.4877305 3.9924516 

0.0634981 3.4877305 2.7085556 

MAXL 
WITH MAXIMUM LOG-LIKELIHOOD = -444.8807 
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A.2 RESULTS OF DATA SET #2, SEED VALUE = 12011957 

HOMOSCEDASTIC VAIOANCE CASE 

SEED 
E^^TIAL SEED VALUE = 12011957 

NT N T K 
200 20 10 2 

KOUNT FK ITER 
0 513.17082 31 

B 
CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR = 6.8902E-9 

BETA DELTA SIG 
FINAL ESTIMATES ARE:-1.068701 4.2366918 4.1993882 3.3304426 

-1.31916 4.1993882 9.051795 

MAXL 
WITH MAXIMUM LOG-LIKELIHOOD = -440.3731 
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A.3 RESULTS OF DATA SET #3, SEED VALUE = 8211993 

HOMOSCEDASTIC VARIANCE CASE 

SEED 
INITIAL SEED VALUE = 8211993 

NT N T K 
200 20 10 2 

KOUNT FK ITER 
0 516.40066 47 

B 
CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR = 9.2252E-9 

BETA DELTA SIG 
FINAL ESTEMATES ARE: 0.2733319 3.0085918 4.0907749 3.5232864 

-0.194415 4.0907749 9.97648 

MAXL 
WITH MAXIMUM LOG-LIKELIHOOD = -441.988 
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APPENDIX B 

THE SAS/IML® EM PROGRAM UNDER HETEROSCEDASTIC 
VARIANCE CASE, SEED VALUE = 12011957 

OPTIONS LS = 78 PS=60 NOOVP NONUMBER; 

PROC IML; 

N = 20; 

T = 1 0 ; 

K = 2; 

SIGMA = 2; 

SIGBETA={4 4,4 8}; 

SIGHALF = ROOT(SIGBETA); 

SEED =12011957; 

ONE = J(T,l,l); 

DO I = 1 TO N; 

* BSQTIALIZATION; 

* ESTITIALIZATION; 

* BSn[TL\LIZATION; 

* ESQTIALIZATION; 

* BSQTIALIZATION; 

* INITIALIZATION; 

* DSriTIALIZATION; 

* INITL\LIZATION; 

I F I = 1 T H E N D 0 ; 

X = ONE||RANNOR(J(T,l,SEED));* GENERATE X MATRIX; 

END; * X ~ N(0,1) IF EVEN; 

ELSE DO; 

X = ONE||RANNOR(J(T,1,0)); 

END; 

IF MOD(I,2) = 1 THEN DO; 

DELTA = 9; 

X = (1/SQRT(DELTA))*X; * X ~ 1/SQRT(DELTA)*N(0,1); 

END; * IF ODD; 

BETA = SIGHALF^ *RANNOR(J(K, 1,0)); * GENERATE BETA MATRIX; 

E = SIGMA*RANNOR(J(T, 1,0)); * GENERATE ERROR MATRIX; 
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Y = X*BETA + E; 

IF I = 1 THEN DO; 

YBIG = Y; 

XBIG = X; 

END; 

ELSE DO; 

YBIG = YBIG//Y; 

XBIG = XBIG//X; 

END; 

END; 

XYDATA = XBiqiYBIG; 

NT = NROW(XYDATA); 

NALL = NT/T; 

N = NALL; 

Kl = NCOL(XYDATA); 

K = K1-1; 

SIGVEC = J(N,1,0); 

PI = 3.1415926; 

BiP = J(K,N,0); 

SUM = 0; 

SUMl = J(K,K,0); 

SUM2 = J(K,1,0); 

SUMIN = J(K,K,0); 

SUM2N = J(K,1,0); 

SUMBiP = J(K, 1,0); 

SBiP = J(K,K,0); 

* GENERATE Y MATRIX; 

* GENERATE X-Y DATA MATRIX; 
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SUMXPX = J(K,K,0); 

KOUNT = 0; 

F K = 1 ; 

EPSLON = l.OE-8; 

IDX = 0; 

PRINT "HETEROSCEDASTIC VARIANCE CASE": 

PRINT "INITIAL SEED VALUE =" SEED; 

PRINT N T N T K ; 

DO I = 1 TO N; 

11 = T*I-(T-1); 

12 = T*I; 

*Y(i) i = l , 2 , . . . , n ; 

*X(i) i = l , 2 , . . . , n ; 

* b(i)hat; 

* E = M*Y, M = I - X*XPXI*X'; 

* ESriTIAL ESTIMATE OF SIGMA(u); 

Y = XYDATA(|I1:I2 , Kl|); 

X = XYDATA(|I1:I2 , 1:K|); 

XPX = X*X; 

XPXI = ESrV(XPX); 

BiP[,I] = XPXI * X * Y; 

E = Y - X * BiP[,I]; 

SIGVEC[I,1] = E *E/(T-K); 

SUM = SUM + SIGVEC[I,1]; 

SBiP = SBhP + BiP[,I]*BiP[,I] ; 

SUMBhP = SUMBiP + BiP[,I]; 

SUMXPX = SUMXPX + XPXI; 

END; 

SIG = StnVI/N; 

SIGSAVE = SIGVEC; 

DELTA = (N#SBiP - SUMBiP* SUMBiP )/(N#(N-l)) - SIG#SUMXPX/N; 
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/* INITIAL ESTIMATE OF DELTA ~ DELTAO */ 

DELTAl = DELTA; 

LAMBDA = MIN(EIGVAL(DELTA)); 

IF LAMBDA <= 0 THEN DO; 

IDX = - 1 ; 

DELTAl = (N#SBiP - SUMBiP*SUMBiP )/(N#(N-l)); 

LAMBDAl = MEsr(EIGVAL(DELTAl)); 

IF LAMBDAl <= 0 THEN DELTAl = I(K); 

END; 

DELSAVE = DELTAl; 

FKSAVE = FK; 

DO I = 1 TO N; 

11 = T*I-(T-1); 

12 = T*I; 

Y = XYDATA(|I1:I2,K1|); 

X = XYDATA(|I1:I2, 1:K|); 

XDXPI = X*DELTA*X^ + SIGVEC[I,1]#I(T); 

IXDXPI = ES[V(XDXPI); 

SUMl = SUMl + X *IXDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 

XDXPIN = X*DELTA1*X^ + SIGVEC[I,1]#I(T); 

IXDXPBST = ES[V(XDXPD^); 

SUMIN = SUMIN + X *IXDXPE^*X; 

SUM2N = SUM2N + X̂  *IXDXPIN*Y; 

END; 

NITER =300; 
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MAXL = -999999; 

DO J = 1 TO NITER; 

** E-STEP **; 

BETA = INV(SUM1)*SUM2; 

* SIMULATE NITER TEVIES; 

* BETA EST STEP P; 

IF IDX = -1 THEN BETA = INV(SUM1N)*SUM2N; 

* INITL\LIZATION; 

* ESflTIALIZATION; 

* EsriTIALIZATION; 

* INITIALIZATION; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

BiP = J(K,N,0); 

SBiPl = J(K,K,0); 

SUMl = J(K,K,0); 

SUM2 = J(K,1,0); 

SUM3 = 0; 

LOGSIIP = 0; 

SIGSAVEl = SIGVEC; 

DELSAVE 1 = DELTAl; 

DO I = 1 TO N; 

11 = T*I-(T-1); 

12 = T*I; 

Y = XYDATA(|I1:I2 , Kl|); * Y(i); 

X = XYDATA(|I1:I2 , 1:K|); * X(i); 

XDXPI = X*DELTA1*X^ + SIGVEC[I,1]#I(T); 

IXDXPI = INV(XDXPI); 

** E-STEP **; 

BiP[,I] = DELTA1*X *IXDXPI*(Y-X*BETA); * B(i) m STEP P; 

** M-STEP **; 

SIGVEC[I,1] = ((Y-X*BETA-X*BiP[,ri) *(Y-X*BETA-X*BiP[,I]) 
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+SIGVEC[I,1]#TRACE(I(T)-SIGVEC[I,1]*IXDXPI))/T; 

/* SIGMA(h) BSf STEP P+1 */ 

> 

LOGSIIP = LOGSIIP + LOG(ABS(DET(XDXPI))); 

SUM3 = SUM3+(Y-X*BETA) *IXDXPI*(Y-X*BETA); 

SBiPl = SBiPl + BiP[,I] * BiP[,I]^ 

+ DELTAl * (I(K) - X̂  * IXDXPI * X * DELTAl); 

END; 

LOGL = -(NT#LOG(2#PI) + LOGSIIP + SUM3)/2; /* LOG-LIKELIHOOD */ 

FKN = LOGSIIP + SUM3; 

IF LOGL >= MAXL THEN DO; /* FESfD THE MAXIMUM LIKELIHOOD */ 

LPREV = MAXL; 

MAXL = LOGL; /* AND UPDATE BETA AND DELTA */ 

** M-STEP (CONTBSfUED) **; 

DELTAl = SBiPl/N; /* DELTA B^ STEP P+1 */ 

LAMBDA = MIN(EIGVAL(DELTA1)); 

IF LAMBDA <= 0 THEN DO; 

DELTAl = DELTAl + (0.001-LAMBDA)*I(K); 

LAMBDAl = MBSf(EIGVAL(DELTAl)); 

PRINT "AFTER ADJUSTMENT, EIGEN(DELTAl) =" LAMBDAl; 

END; 

SIGSAVE = SIGSAVEl; 

DELSAVE = DELSAVE 1; 

BTASAVE = BETA; 

FKSAVE =FKN; 
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DO I = 1 TO N; /* UPDATE SUMl & SUM2 */ 

11 = T*I - (T-1); /* FOR NEXT E-STEP */ 

12 = T*I; 

Y = XYDATA(|I1:I2 , Kl|); /* Y(i) */ 

X = XYDATA(|I1:I2 , l:iq); /* X(i) */ 

XDXPI = X*DELTA1*X^ + SIGVEC [1,1]#I(T); 

IXDXPI = INV(XDXPI); 

SUMl = SUMl + X *DCDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 

END; 

LAMBDA = MIN(EIGVAL(SUM1)); 

IF LAMBDA <= 0 THEN DO; 

SUMl = SUMl + (0.001-LAMBDA)*I(K); 

LAMBDAl = MESf(EIGVAL(SUMl)); 

PRINT "AFTER ADJUSTMENT, EIGEN(SUMl) =" LAMBDAl; 

END; 

END; 

ELSE DO; /* STEP-HALVESfG TO GUARANTEE ESfCREASE OF LOGL */ 

/* REF: JENNRICH & SCHLUCHTER (1986) PP 811 */ 

PRESfT "LOG(L) DOES NOT ESfCREASE!"; 

FK = FKSAVE; 

KOUNT = KOUNT+1; 

DO ITR = 1 TO 30; 

LOGSHN = 0; 

SUM3 = 0; 

BETAN = BTASAVE + (BETA-BTASAVE)/(2.0##ITR); 
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DELTAN = DELSAVE + (DELSAVE1-DELSAVE)/(2.0##ITR); 

SIGVECN = SIGSAVE + (SIGSAVE 1-SIGSAVE)/(2.0##ITR); 

D O K K = l T O N ; 

11 = T*KK-(T-1); 

12 = T*KK; 

Y = XYDATA(|I1:I2 , Kl|); 

X = XYDATA(|I1:I2 , l:iq); 

XDXPN = X*DELTAN*X^ + SIGVECN[KK,1]#I(T); 

LOGSHN = LOGSHN + LOG(ABS(DET(XDXPN))); 

SUM3 = SUM3+(Y-X*BETAN) *BSfV(XDXPN)*(Y-X*BETAN); 

END; 

LOGLN = -(NT#LOG(2#PI) + LOGSHN + SUM3)/2.0; 

FKN = LOGSHN + SUM3; 

B = (FKN - FK)/FK; 

IF LOGLN >= LPREV THEN DO; 

LPREV =MAXL; 

MAXL = LOGLN; 

BETA = BETAN; 

SIGVEC = SIGVECN; 

DELTA = DELTAN; 

I D X = 1 ; 

LAMBDA = MESf(EIGVAL(DELTAl)); 

IF LAMBDA <= 0 THEN DO; 

DELTAl = DELTAl + (0.001-LAMBDA)*I(K); 

LAMBDAl = MBSf(EIGVAL(DELTAl)); 

PRESfT "AFTER ADJUSTMENT, EIGEN(DELTAl) =" LAMBDAl; 
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END; 

SIGSAVEl = SIGVECN; 

DELSAVE 1 = DELTAN; 

BTASAVE = BETAN; 

FKSAVE =FKN; 

DO I = 1 TO N; /* UPDATE SUMl & SUM2 */ 

11 = T*I - (T-1); /* FOR NEXT E-STEP */ 

12 = T*I; 

Y = XYDATA(|I1:I2 , Kl|); /* Y(i) */ 

X = XYDATA(|I1:I2 , LKJ); /* X(i) */ 

XDXPI = X*DELTA1*X^ + SIGVEC[I,1]#I(T); 

DCDXPI = BSV(XDXPI); 

SUMl = SUMl + X *IXDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 

END; 

LAMBDA = MBSf(EIGVAL(StfMl)); 

IF LAMBDA <= 0 THEN DO; 

SUMl = SUMl + (0.001-LAMBDA)*I(K); 

LAMBDAl = MIN(EIGVAL(SUM1)); 

PRINT "AFTER ADJUSTMENT, EIGEN(SUMl) =" LAMBDAl; 

END; 

ITR =30; 

KOUNT = KOUNT- 1; 

END; 

ELSE IF B > EPSLON THEN DO; 

DELTA = DELS AVE 1; 
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FK = FKN; 

END; 

ELSE DO; 

DELTA = DELTAN; 

PRESfT "CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR =" B; 

PRESfT J ITER BETAN DELTAN LOGLN LPREV MAXL; 

ITR =30; 

END; 

END; 

END; 

DIFF = (FKN - FK)/FK; /* CONVERGENCE CRITERION */ 

B=ABS(DIFF); 

ITER = J; 

IF B > EPSLON THEN DO; 

DELTA = DELSAVE 1; 

BF IDX = 1 THEN DELTA = DELTAN; 

FK = FKN; 

END; 

ELSE DO; 

PRESfT KOUNT FK ITER; 

PRINT "CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR =" B; 

PRINT "FINAL ESTEMATES ARE:" BETA DELTA SIGVEC; 

PRESfT "WITH MAXIMUM LOG-LIKELIHOOD =" MAXL; 

STOP; 

END; 

END; 
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B. 1 RESULTS OF DATA SET #1, SEED VALUE = 1201179 

HETEROSCEDASTIC VARIANCE CASE 

ESflTIAL 

NT 
200 

KOUNT 
0 

SEED VALUE = 

N T 
20 10 

FK 
500.21885 

K 
2 

ITER 
98 

SEED 
1201179 

B 
CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR = 9.8796E-9 

BETA DELTA SIGVEC 
FINAL ESTEMATES ARE: -0.002801 4.4295895 3.5757627 4.5977557 

0.0030495 3.5757627 3.1105373 8.4845642 
2.2037871 
0.7803126 
5.5069971 
2.647528 
4.0432431 
6.2591696 
4.1768728 
2.6094266 
5.2175772 
4.1250196 
2.4110998 
2.3727443 
7.3665762 
5.0462355 
3.0171714 
6.1735566 
3.0774868 
1.6474028 

MAXL 
WITH MAXIMUM LOG-LIKELIHOOD = -433.8971 
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B.2 RESULTS OF DATA SET #2, SEED VALUE = 12011957 

HETEROSCEDASTIC VARIANCE CASE 

^TIA 

NT 
200 

SEED 
L SEED VALUE = 12011957 

N T K 
20 10 2 

KOUNT FK ITER 
0 487.42531 27 

B 
CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR = 7.3448E-9 

BETA DELTA SIGVEC 
FINAL ESTIMATES ARE: -1.128418 3.7904001 4.3408593 5.8509213 

-1.348652 4.3408593 9.1978604 3.2977714 
1.6923089 
1.3722533 
4.1548631 
1.654761 
6.320131 
3.952215 
4.5989667 
1.3488502 
2.2065144 
1.9730367 
3.7197463 
1.7363694 
5.4751464 
4.3986792 
7.0018215 
0.8888784 
3.2166417 
2.0230981 

MAXL 
WITH MAXIMUM LOG-LHCELIHOOD = -427.5004 
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B.3 RESULTS OF DATA SET #3, SEED VALUE = 8211993 

HETEROSCEDASTIC VARIANCE CASE 

SEED 
BSflTIAL SEED VALUE = 8211993 

NT 
200 

KOUNT 
0 

N T 
20 10 

FK 
496.15509 

K 
2 

ITER 
54 

B 
CONVERGENCE CRITERION MET WITH MAXIMUM ABS. ERROR = 9.1436E-9 

BETA DELTA SIGVEC 
FINAL ESTIMATES ARE: 0.280529 2.2367562 4.2420842 3.4355841 

-0.235457 4.2420842 11.490591 3.6714629 
1.5041197 
2.3275118 
5.3408498 
3.594385 
5.1759599 
5.2044085 
4.7642062 
1.9919682 
1.3910406 
1.0243396 
1.7067706 
3.0555065 
5.8205677 
2.7979124 
3.1759016 
5.6854874 
6.9337517 
3.6398631 

MAXL 
WITH MAXIMUM LOG-LIKELIHOOD = -431.8652 
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APPENDIX C 

THE SAS PROGRAM FOR PROC MKED UNDER 
HOMOSCEDASTIC VARIANCE CASE, SEED VALUE = 1201179 

OPTIONS LS = 78 PS = 60 NONUMBER NOOVP; 

PROC BML; 

N = 20; * INITIALIZATION; 

T = 10; * INITIALIZATION; 

K = 2; * BSITIALIZATION; 

SIGMA = 2; * B^TIALIZATION; 

SIGBETA = { 4 4, 4 8}; * BSfITL\LIZATION; 

SIGHALF = ROOT(SIGBETA); * ESflTIALIZATION; 

SEED = 1201179; * INITIALIZATION; 

ONE = J(T, 1,1); * B^TIALIZATION; 

DO I = 1 TO N; 

IF I = 1 THEN DO; 

X = ONE||RANNOR(J(T,K-l,SEED)); * GENERATE X MATRIX; 

END; 

ELSE DO; 

X = ONE||RANNOR(J(T,1,0)); 

END; 

IF MOD(I,2) = 1 THEN DO; 

DELTA = 9; 

X = (1/SQRT(DELTA))*X; 

END; 

BETA = SIGHALF *RANNOR(J(K,1,0)); * GENERATE BETA MATRIX; 

E = SIGMA*RANNOR(J(T, 1,0)); * GENERATE ERROR MATRK; 
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Y = X*BETA + E; 

S = I*J(T,1,1); 

I F I = 1 THEN DO; 

YBIG = Y; 

XBIG = X; 

SBIG=J(T,1,1); 

END; 

ELSE DO; 

YBIG = YBIG//Y; 

XBIG = XBIG//X; 

SBIG = SBIG//S; 

END; 

END; 

* GENERATE Y MATRIX; 

* GENERATE X-Y DATA MATRIX: XYDATA = SBiq|XBIG||YBIG; 

CREATE NEW FROM XYDATA; 

APPEND FROM XYDATA; 

QUIT; 

DATA TWO (RENAME=(COLl=PERS COL2=Xl COL3=X2 COL4=Y)); 

SET NEW; 

PROC MIXED METHOD = ML CONVF = l.OE-8 MAXITER = 300; 

CLASS PERS; 

MODEL Y = XI X2 / NOINT S; 

RANDOM XI X2 / TYPE=UN SUB=PERS S; 

RUN; 
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C.l RESULTS OF DATA SET #1, SEED VALUE = 1201179 

The MIXED Procedure 

Class Level Information 

Class Levels Values 

PERS 20 1 2 3 4 5 6 7 8 9 10 11 12 13 
14 15 16 17 18 19 20 

The MIXED Procedure 

ML Esthnation Iteration History 

Iteration Evaluations Objective Criterion 

0 
1 
2 
3 
4 
5 
6 

1 
2 

569.69735093 
523.39432215 
522.41167259 
522.19988180 
522.18599352 
522.18590927 
522.18590926 

0.08846682 
0.00188099 
0.00040557 
0.00002660 
0.00000016 
0.00000000 

Convergence criteria met. 

The MIXED Procedure 

Covariance Parameter Esthnates (MLE) 

Cov Parm Ratio Estimate Std Error Pr>|Z| 

X1UN(1,1) 
UN(2,1) 
UN(2,2) 

Residual 

1.31444334 
0.87313583 
0.67700028 
1.00000000 

5.24874224 
3.48654429 
2.70334967 
3.99312933 

2.41127226 
1.74282151 
1.63582133 
0.45005168 

2.18 
2.00 
1.65 
8.87 

0.0295 
0.0454 
0.0984 
0.0000 
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The MIXED Procedure 

Model Fittmg Information for Y 

Description Value 

Observations 200.0000 

Variance Estimate 3 9931 
Standard Deviation Esthnate 1.9983 
Log Lhf ehhood -444.881 
Akahie's Information Criterion -448.881 
Schw^arz's Bayesian Criterion -455.477 
-2 Log Lhiehhood 889.7613 
Nuh Model LRT Chi- Square 47.5114 
Nuh Model LRTDF 3.0000 
Nuh Model LRT P-Value 0.0000 

The MIXED Procedure 

Solution for Fixed Effects 

Parameter Esthnate Std Error DDF T Pr > ITI 

XI 
X2 

0.02238961 0.57998354 160 0.04 0.9693 
0.06357004 0.44847200 160 0.14 0.8875 

Parameter 

XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

The MIXED Procedure 
Solution for Random Effects 

Subject 

PERS 1 
PERS 1 
PERS 2 
PERS 2 
PERS 3 
PERS 3 
PERS 4 
PERS 4 
PERS 5 
PERS 5 

Esthnate 

-2.06262073 
-1.40599361 
-1.42838321 
-0.27621122 
-2.12617071 
-1.59722912 
-1.64607513 
-1.57021675 
-3.61566976 
-2.64081963 

Std Error 

1.30410787 
0.98466651 
0.79047204 
0.69199056 
1.28433727 
0.95803664 
0.76989757 
0.59106123 
1.47922038 
1.11759912 

DDF 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

T 

-1.58 
-1.43 
-1.81 
-0.40 
-1.66 
-1.67 
-2.14 
-2.66 
-2.44 
-2.36 

P r > | T | 

0.1157 
0.1553 
0.0726 
0.6903 
0.0998 
0.0974 
0.0340 
0.0087 
0.0156 
0.0193 
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XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
X2 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

PERS 6 
PERS 6 
PERS 7 
PERS 7 
PERS 8 
PERS 8 
PERS 9 
PERS 9 
PERS 10 
PERS 10 
PERS 11 
PERS 11 
PERS 12 
PERS 12 
PERS 13 
PERS 13 
PERS 14 
PERS 14 
PERS 15 
PERS 15 
PERS 16 
PERS 16 
PERS 17 
PERS 17 
PERS 18 
PERS 18 
PERS 19 
PERS 19 
PERS 20 
PERS 20 

1.03369147 
0.90330583 
1.66094505 
1.34216850 
2.62989545 
1.64554454 
1.95349001 
1.26334184 
-1.63007546 
-1.01545192 
3.96515915 
2.77925673 

-0.23378524 
0.23762403 

-0.63728570 
-0.37896384 
-1.48864124 
-0.79046247 
0.59955722 
0.30781721 
0.90225614 
0.77269099 
2.39908041 
1.66146988 
1.76937799 
0.50630431 

-3.20040575 
-2.52146161 
1.15566003 
0.77728632 

0.83793062 
0.69946449 
1.50347468 
1.15883041 
0.78350652 
0.65693808 
1.32273689 
0.99469358 
0.86788320 
0.73652393 
1.56174532 
1.16119641 

0.86806439 
0.70627408 
1.44455869 
1.05814064 
0.78838421 
0.64348812 
1.17829200 
0.85980800 
0.78422613 
0.62088952 
1.40033666 
1.03726458 
0.76026548 
0.60213393 
1.27764929 
0.95050536 
0.75064669 
0.62538093 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

1.23 
1.29 
1.10 
1.16 
3.36 
2.50 
1.48 
1.27 

-1.88 
-1.38 
2.54 
2.39 

-0.27 
0.34 

-0.44 
-0.36 
-1.89 
-1.23 

0.51 
0.36 
1.15 
1.24 
1.71 
1.60 
2.33 
0.84 

-2.50 
-2.65 

1.54 
1.24 

0.2192 
0.1984 
0.2709 
0.2485 
0.0010 
0.0133 
0.1417 
0.2059 
0.0622 
0.1699 
0.0121 
0.0178 
0.7880 
0.7370 
0.6597 
0.7207 
0.0608 
0.2211 
0.6116 
0.7208 
0.2517 
0.2151 
0.0886 
0.1112 
0.0212 
0.4017 
0.0132 
0.0088 
0.1256 
0.2157 

The MIXED Procedure 

Tests of Fixed Effects 

Source NDF DDF Type HI F P r > F 

XI 19 0.00 0.9696 

X2 19 0.02 0.8888 
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C.2 RESULTS OF DATA SET #2, SEED VALUE = 12011957 

The MIXED Procedure 

Class Level Information 

Class Levels Values 

PERS 20 1 2 3 4 5 6 7 8 9 10 11 12 13 
14 15 16 17 18 19 20 

The MIXED Procedure 

ML Estimation Iteration History 

Iteration Evaluations Objective Criterion 

0 

1 

2 

3 

4 

5 

6 

1 

3 
696.00562888 

514.64241889 

513.50913585 

513.21342035 

513.17214733 

513.17081493 

513.17081309 

0.35240626 

0.00220694 

0.00057620 

0.00008043 

0.00000260 

0.00000000 

Convergence criteria met. 

The MIXED Procedure 

Covariance Parameter Estimates (MLE) 

Cov Parm Ratio Esthnate Std Error Z Pr>|Z| 

X1UN(1,1) 1.27127640 4.23428797 1.74151697 2.43 0.0150 
UN(2,1) 1.26141647 4.20144714 1.94761400 2.16 0.0310 
UN(2,2) 2.71697157 9.04951906 3.35839453 2.69 0.0070 

Residual 1.00000000 3.33073749 0.38450919 8.66 0.0000 
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The MIXED Procedure 

Model Fittmg Information for Y 

Description Value 

Observations 200.0000 
Variance Estimate 3.3307 
Standard Deviation Esthnate 1.8250 
Log Lhtehhood .440.373 
Akahie's Information Criterion -444.373 
Schwarz's Bayesian Criterion -450.970 
-2 Log Lhtehhood 880.7462 
Nuh Model LRT Chi-Square 182.8348 
Nuh Model LRT DF 3.0000 
Nuh Model LRT P-Value 0.0000 

The MIXED Procedure 

Solution for Fixed Effects 

Parameter Esthnate Std Error DDF T Pr > |T| 

XI -1.06890776 0.52588408 160 -2.03 0.0437 
X2 -1.31903011 0.73327684 160 -1.80 0.0739 

The MIXED Procedure 

Solution for Random Effects 

Parameter Subject Esthnate Std Error DDF T Pr>|T| 

XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

PERS 1 
PERS 1 
PERS 2 
PERS 2 
PERS 3 
PERS 3 
PERS 4 
PERS 4 
PERS 5 
PERS 5 

1.65032678 
1.24372685 
0.42131813 

-1.08657373 
-1.04086808 
-3.49813987 
3.64813254 
8.28589286 
0.75654294 

-0.21944353 

1.20393191 
1.46432280 
0.87191202 
1.03593884 
1.25960614 
1.40512592 
0.72573956 
0.87099664 
1.19987066 
1.34069926 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

1.37 
0.85 
0.48 
-1.05 
-0.83 
-2.49 
5.03 
9.51 
0.63 
-0.16 

0.1724 
0.3970 
0.6296 
0.2958 
0.4098 
0.0138 
0.0000 
0.0000 
0.5293 
0.8702 
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XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

PERS 6 
PERS 6 
PERS 7 
PERS 7 
PERS 8 
PERS 8 
PERS 9 
PERS 9 
PERS 10 
PERS 10 
PERS 11 
PERS 11 
PERS 12 
PERS 12 
PERS 13 
PERS 13 
PERS 14 
PERS 14 
PERS 15 
PERS 15 
PERS 16 
PERS 16 
PERS 17 
PERS 17 
PERS 18 
PERS 18 
PERS 19 
PERS 19 
PERS 20 
PERS 20 

2.69918968 
1.48500244 
2.74522616 
0.87744243 

-2.29690470 
-2.76445115 
-0.30076146 
-0.30839761 
-1.14543465 
-0.11945573 
-2.10378525 
-1.47748115 
0.51186677 
1.58767928 

-1.38447041 
-4.61580516 
1.32698743 
0.33200626 
0.63073202 
3.18321071 

-3.40438772 
-2.87653917 
-1.90960511 
-0.67117313 
1.19813162 
3.06392649 

-1.52859654 
-2.40242279 
-0.47364014 
-0.01900430 

0.75421715 
0.93294582 
1.20798872 
1.50129112 
0.72582288 
0.92896228 
1.20337896 
1.61191765 
0.74448670 
0.91633132 
1.22656246 
1.54720368 
0.72452377 
1.02112643 
1.19721910 
1.62510010 
0.72640912 
0.96932967 
1.36681518 
2.05834816 
0.73029192 
0.88247881 
1.22359509 
1.69311388 
0.73650051 
0.90865662 
1.25155969 
1.65838850 
0.73006445 
0.87508779 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

3.58 
1.59 
2.27 
0.58 
-3.16 
-2.98 
-0.25 
-0.19 
-1.54 
-0.13 
-1.72 
-0.95 
0.71 
1.55 

-1.16 
-2.84 
1.83 
0.34 
0.46 
1.55 

-4.66 
-3.26 
-1.56 
-0.40 
1.63 
3.37 
-1.22 
-1.45 
-0.65 
-0.02 

0.0005 
0.1134 
0.0244 
0.5597 
0.0019 
0.0034 
0.8030 
0.8485 
0.1259 
0.8964 
0.0882 
0.3411 
0.4809 
0.1220 
0.2492 
0.0051 
0.0696 
0.7324 
0.6451 
0.1240 
0.0000 
0.0014 
0.1206 
0.6923 
0.1057 
0.0009 
0.2237 
0.1494 
0.5174 
0.9827 

The MIXED Procedure 

Tests of Fixed Effects 

Source NDF DDF Type HI F Pr > F 

XI 1 19 4.13 0.0563 

X2 1 19 3.24 0.0880 
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C.3 RESULTS OF DATA SET #3, SEED VALUE = 8211993 

The MIXED Procedure 

Class Level Information 

Class Levels Values 

PERS 20 1 2 3 45 6 7 8 9 10 11 12 13 
14 15 16 17 18 19 20 

The MIXED Procedure 

ML Estimation Iteration History 

Iteration Evaluations Objective Criterion 

0 

1 

2 

3 

4 

5 

6 

1 

2 
645.94985486 

517.29896005 

516.53447781 

516.40779008 

516.40068397 

516.40063636 

516.40063636 

0.24869738 

0.00148002 

0.00024532 

0.00001376 

0.00000009 

0.00000000 

Convergence criteria met. 

The MIXED Procedure 

Covariance Parameter Estimates (MLE) 

Cov Parm Ratio Estimate Std Error Z Pr > IZI 

XI UN(1,1) 

UN(2,1) 

UN(2,2) 

Residual 

0.85204220 

1.16091726 

2.83135965 

1.00000000 

3.00248154 

4.09091550 

9.97732872 

3.52386484 

1.71316042 

1.86929304 

3.86110178 

0.41064052 

1.75 

2.19 

2.58 

8.58 

0.0797 

0.0286 

0.0098 

0.0000 
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The MIXED Procedure 

Model Fittmg Information for Y 

Description Value 

Observations 200.0000 
Variance Estimate 3.5239 
Standard Deviation Esthnate 1.8772 
Log Likehhood -441.988 
Akahie's Information Criterion -445.988 
Schw^arz's Bayesian Criterion -452.5 85 
-2 Log Lhtehhood 883.9760 
Nuh Model LRT Chi-Square 129.5492 
Nuh Model LRT DF 3.0000 
Nuh Model LRT P-Value 0.0000 

The MIXED Procedure 

Solution for Fixed Effects 

Parameter Estimate Std Error DDF T Pr>|T| 

XI 0.27346506 0.45962991 160 0.59 0.5527 
X2 -0.19448981 0.77705270 160 -0.25 0.8027 

The MIXED Procedure 

Solution for Random Effects 

Parameter Subject Esthnate Std Error DDF T Pr>|T| 

XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

PERS 1 
PERS 1 
PERS 2 
PERS 2 
PERS 3 
PERS 3 
PERS 4 
PERS 4 
PERS 5 
PERS 5 

0.40472949 
0.67322310 

-0.64854635 
1.98978488 

-2.95752012 
-6.28119463 
1.98821550 
3.26607333 

-1.11603959 
0.39644073 

1.05188813 
1.65739122 
0.67093570 
0.89532940 
1.08593231 
1.68429873 
0.67395594 
1.03038451 
1.03361379 
1.23836676 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

0.38 
0.41 
-0.97 
2.22 
-2.72 
-3.73 
2.95 
3.17 
-1.08 
0.32 

0.7009 
0.6851 
0.3352 
0.0277 
0.0072 
0.0003 
0.0037 
0.0018 
0.2819 
0.7493 
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XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

PERS 6 
PERS 6 
PERS 7 
PERS 7 
PERS 8 
PERS 8 
PERS 9 
PERS 9 
PERS 10 
PERS 10 
PERS 11 
PERS 11 
PERS 12 
PERS 12 
PERS 13 
PERS 13 
PERS 14 
PERS 14 
PERS 15 
PERS 15 
PERS 16 
PERS 16 
PERS 17 
PERS 17 
PERS 18 
PERS 18 
PERS 19 
PERS 19 
PERS 20 
PERS 20 

-0.91169755 
-2.16050209 
1.87110872 
1.75164270 
2.06709553 
4.20058121 
1.68901205 
2.94172288 
-0.69396258 
-3.12873244 
-0.51351939 
-0.48552657 
1.81785528 
4.84308182 

-0.25071072 
-1.17276223 
-0.33263607 
0.46481775 

-1.52723677 
-3.42369760 
0.82081515 

-0.07201055 
2.47354361 
3.31408111 

-0.54168470 
-3.24892805 
-1.82069489 
-0.49158898 
-1.81812659 
-3.37650637 

0.67638146 
1.15296694 
1.29591333 
2.25063330 
0.68992952 
0.97787480 
1.05747813 
1.55759560 
0.66980706 
0.95848543 
1.06773488 
1.76674204 
0.66517548 
1.44285788 
1.08018791 
1.77961973 
0.66548677 
1.03206039 
1.03971463 
1.68527425 
0.66501188 
0.90334003 
1.06870716 
1.74221711 
0.66597193 
0.96239020 
1.02983725 
1.40808590 
0.67216885 
0.90990476 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

-1.35 
-1.87 
1.44 
0.78 
3.00 
4.30 
1.60 
1.89 
-1.04 
-3.26 
-0.48 
-0.27 
2.73 
3.36 
-0.23 
-0.66 
-0.50 
0.45 
-1.47 
-2.03 
1.23 

-0.08 
2.31 
1.90 

-0.81 
-3.38 
-1.77 
-0.35 
-2.70 
-3.71 

0.1796 
0.0628 
0.1507 
0.4375 
0.0032 
0.0000 
0.1122 
0.0608 
0.3017 
0.0013 
0.6312 
0.7838 
0.0070 
0.0010 
0.8168 
0.5108 
0.6179 
0.6530 
0.1438 
0.0439 
0.2189 
0.9366 
0.0219 
0.0589 
0.4172 
0.0009 
0.0790 
0.7275 
0.0076 
0.0003 

The MIXED Procedure 

Tests of Fixed Effects 

Source NDF DDF TypelHF P r > F 

XI 

X2 

1 

1 

19 0.35 0.5589 

19 0.06 0.8050 
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APPENDIX D 

THE SAS PROGRAM FOR PROC MIXED UNDER 
HETEROSCEDASTIC VARIANCE CASE, SEED VALUE = 8211993 

OPTIONS LS = 78 PS = 60 NONUMBER NOOVP; 

PROC BML; 

N = 20; 

T=10 ; 

K = 2; 

SIGMA = 2; 

SIGBETA={4 4,4 8}; 

SIGHALF = ROOT(SIGBETA); 

SEED = 8211993; 

0NE = J(T,1,1); 

D O I = l T O N ; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

* INITIALIZATION; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

BF I = 1 THEN DO; 

X = ONE||RANNOR(J(T,K-l,SEED)); * GENERATE X MATRIX; 

END; 

ELSE DO; 

X = ONE||RANNOR(J(T,1,0)); 

END; 

IF M0D(I,2) = 1 THEN DO; 

DELTA = 9; 

X = (1/SQRT(DELTA))*X; 

END; 

BETA = SIGHALF̂  *RANNOR(J(K, 1,0)); * GENERATE BETA MATRIX; 

E = SIGMA*RANNOR(J(T, 1,0)); * GENERATE ERROR MATRIX; 
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Y = X*BETA + E; 

S = I*J(T,1,1); 

I F I = 1 THEN DO; 

YBIG = Y; 

XBIG = X; 

SBIG =J(T, 1,1); 

END; 

ELSE DO; 

YBIG = YBIG//Y; 

XBIG = XBIG//X; 

SBIG=SBIG//S; 

END; 

END; 

* GENERATE Y MATRIX; 

* GENERATE X-Y DATA MATRIX; XYDATA = SBiqiXBiq I YBIG; 

CREATE NEW FROM XYDATA; 

APPEND FROM XYDATA; 

QUIT; 

DATA TWO (RENAME=(COLl=PERS COL2=Xl COL3=X2 COL4=Y)); 

SET NEW; 

PROC MIXED METHOD = ML CONVF = l.OE-8 MAXITER = 300; 

CLASS PERS; 

MODEL Y = XI X2 / NOBSfT S; 

RANDOM XI X2 / TYPE=UN SUB=PERS S; 

REPEATED / GRP = PERS; 

RUN; 
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D.l RESULTS OF DATA SET #1, SEED VALUE = 1201179 

The MIXED Procedure 

Class Level Information 

Class Levels Values 

PERS 20 1 2 3 4 5 6 7 8 9 10 11 12 13 

14 15 16 17 18 19 20 

The MIXED Procedure 

ML Estimation Iteration History 

ion 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 

Evaluations Objective 

1 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

569.69735093 
958914197.03 
639517352.12 
426505820.34 
284444578.10 
189701367.24 
126515407.35 
84375548.929 
56271716.234 
37528762.969 
25028749.509 
16692265.522 
11132514.647 
7424617.3071 
4951754.5853 
3302558.7884 
2202681.3616 
1469154.2914 
979952.90019 
653696.72356 
436111.65772 
291001.32124 
194225.69261 
129685.35491 

Criterion 

0.99999941 
0.49943421 
0.49943406 
0.49943382 
0.49943346 
0.49943292 
0.49943211 
0.49943088 
0.49942902 
0.49942621 
0.49942196 
0.49941555 
0.49940585 
0.49939121 
0.49936910 
0.49933569 
0.49928525 
0.49920909 
0.49909410 
0.49892054 
0.49865869 
0.49826378 
0.49766867 
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24 1 
25 1 
26 1 
27 ] 
28 ] 
29 ] 
30 ] 
31 ] 
32 ] 
33 ] 
34 ] 
35 
36 
37 
38 
39 

86643.315753 
57938.880750 
38796.453281 
26031.101583 

L 17518.737055 
[ 11842.766583 
L 8058.4385692 
L 5535.6810069 
L 3854.2872102 
L 2734.0128489 
L 1987.9549303 
I 1491.4545190 
I 1161.3415366 
I 942.04509790 
1 796.22174706 
1 698.44721145 

0.49677276 
0.49542612 
0.49340664 
0.49038846 
0.48590058 
0.47927741 
0.46961058 
0.45572669 
0.43623988 
0.40975461 
0.37528915 
0.33289678 
0.28425142 
0.23278762 
0.18314414 
0.13998844 

The MIXED Procedure 

ML Estimation Iteration History 

tion 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 

Evaluations Objective 

1 
3 

3 

39 
42 

631.29802373 
543.98991589 
526.92487793 
520.30422115 
517.64473296 
517.55477964 
508.35862270 
507.40103575 
505.97890583 
502.80313536 
501.48777349 
501.34550427 
501.34550427 
501.34550427 

Criterion 

0.10636686 
. 

. 

. 

0.00513767 

. 

. 

0.00188724 

. 

. 

. 

. 

. 

• 

Stopped because of too many hkehhood evaluations. 
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The MIXED Procedure 

Covariance Parameters at 
Last MLE Iteration 

Cov Parm Estimate 

XI UN(1,1) 
UN(2,1) 
UN(2,2) 

DIAG PERS 1 
DIAG PERS 2 
DIAG PERS 3 
DIAG PERS 4 
DL\G PERS 5 
DIAG PERS 6 
DIAG PERS 7 
DIAG PERS 8 
DIAG PERS 9 
DIAG PERS 10 
DIAG PERS 11 
DIAG PERS 12 
DIAG PERS 13 
DJAG PERS 14 
DIAG PERS 15 
DIAG PERS 16 
DIAG PERS 17 
DIAG PERS 18 
DIAG PERS 19 
DIAG PERS 20 

Residual 

4.42757647 
4.05388720 
•0.00000000 
4.60265321 
8.95049130 
2.16476005 
0.76777239 
5.28200601 
2.57106393 
3.93585535 
6.44341797 
4.23089527 
2.63920626 
5.14553006 
4.18793751 
2.41432725 
2.50558615 
7.40131560 
4.94751773 
3.03309240 
7.02069329 
2.92221274 
1.57829782 

1.01724848 
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D.2 RESULTS OF DATA SET #2, SEED VALUE = 12011957 

The MIXED Procedure 

Class Level Information 

Class Levels Values 

PERS 20 1 2 3 4 5 6 7 8 9 10 11 12 13 

14 15 16 17 18 19 20 

The MIXED Procedure 

ML Estimation Iteration History 

Iteration Evaluations Objective Criterion 

696.00562888 
6946031231.8 0.99999990 
4635625420.1 0.49840218 
3093709991.7 0.49840335 
2064669417.7 0.49840452 
1377910819.4 0.49840569 
919583889.02 0.49840687 
613707247.42 0.49840806 
409572508.65 0.49840928 
273337981.32 0.49841053 
182418462.64 0.49841182 
121741095.18 0.49841319 
81246599.889 0.49841465 
54221649.973 0.49841622 
36185932.018 0.49841795 
24149394.461 0.49841985 
16116551.513 0.49842194 
10755666.740 0.49842422 
7177973.7789 0.49842659 
4790333.4316 0.49842884 
3196900.5462 0.49843055 
2133498.8976 0.49843084 
1423824.6241 0.49842815 
950217.51552 0.49841968 
634154.52993 0.49840058 
423231.68203 0.49836262 
282476.10580 0.49829197 
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0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 

1 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 



27 ] 

28 ] 

29 ] 

30 ] 

31 ] 

32 ] 

33 ] 

34 ] 

35 ] 

36 ] 

37 ] 

38 

39 

188547.96291 

[ 125870.95790 

[ 84049.953402 

[ 56147.560901 

L 37533.987598 

I 25119.458255 

L 16841.956377 

L 11325.357761 

L 7651.2778687 

I 5206.8053677 

I 3582.8703420 

I 2506.3772876 

I 1794.8175044 

0.49816578 

0.49794652 

0.49757320 

0.49694754 

0.49591249 

0.49421963 

0.49148102 

0.48710149 

0.48019167 

0.46947645 

0.45324973 

0.42950160 

0.39645244 

The MIXED Procedure 

ML Estimation Iteration History 

Ltion Eva 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

[nations Objective 

1 1325.9412454 

1 1018.1419589 

1 817.92317328 

1 689.88019412 

1 609.65933765 

1 560.71040932 

1 531.87063466 

1 518.13240941 

1 513.46215276 

1 509.02343280 

2 507.30848811 

2 506.08845711 

1 504.19964608 

1 499.62711442 

1 495.00734987 

1 490.88871541 

1 488.03455051 

1 487.78366907 

1 487.46872029 

1 487.42653201 

1 487.42530610 

1 487.42530470 

Criterion 

0.35361767 

0.30231471 

0.24478923 

0.18560176 

0.13158309 

0.08729806 

0.05422329 

0.02651489 

0.00909562 

0.00872007 

0.00338048 

0.00241071 

0.00374616 

0.00915189 

0.00933272 

0.00839016 

0.00584828 

0.00051433 

0.00064609 

0.00008655 

0.00000252 

0.00000000 

Convergence criteria met. 
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The MIXED Procedure 

Covariance Parameter Esthnates (MLE) 

Cov Parm 

X1UN(1,1) 
UN(2,1) 
UN(2,2) 

DIAG PERS 1 
DIAG PERS 2 
DIAG PERS 3 
DIAG PERS 4 
DIAG PERS 5 
DIAG PERS 6 
DIAG PERS 7 
DIAG PERS 8 
DIAG PERS 9 
DIAG PERS 10 
DIAG PERS 11 
DIAG PERS 12 
DLAG PERS 13 
DIAG PERS 14 
DIAG PERS 15 

Estimate 

3.78887024 
4.34191006 
9.19663382 
5.85103288 
3.29780537 
1.69245794 
1.37225615 
4.15500348 
1.65499544 
6.32130160 
3.95213601 
4.59888421 
1.34885496 
2.20684931 
1.97299887 
3.72054983 
1.73640300 
5.47533105 

Std Error 

1.50983921 
1.85058475 
3.34254328 
2.75324758 
1.62156214 
0.84746787 
0.68783559 
1.97324942 
0.86107755 
3.19772615 
1.93429274 
2.12250969 
0.67163311 
1.14206722 
0.96831783 
1.99925568 
0.86489678 
2.63420002 

Z 

2.51 
2.35 
2.75 
2.13 
2.03 
2.00 
2.00 
2.11 
1.92 
1.98 
2.04 
2.17 
2.01 
1.93 
2.04 
1.86 
2.01 
2.08 

P r> |Z | 

0.0121 
0.0190 
0.0059 
0.0336 
0.0420 
0.0458 
0.0460 
0.0352 
0.0546 
0.0481 
0.0410 
0.0303 
0.0446 
0.0533 
0.0416 
0.0627 
0.0447 
0.0377 

The MIXED Procedure 

Covariance Parameter Estimates (MLE) 

Cov Parm Estimate Std Error Z Pr > IZI 

DIAG PERS 16 
DIAG PERS 17 
DIAG PERS 18 
DIAG PERS 19 
DIAG PERS 20 
Residual 

4.39898521 2.25652618 1.95 0.0512 
7.00204309 3.29920467 2.12 0.0338 
0.88887128 0.44094312 2.02 0.0438 
3.21654173 1.51789715 2.12 0.0341 
2.02306226 0.99475472 2.03 0.0420 
1.00000003 

120 



The MIXED Procedure 

Model Fittmg Information for Y 

Description Value 

Observations 200.0000 
Variance Estimate 1.0000 
Standard Deviation Esthnate 1.0000 
LogLhtehhood -427.500 
Akahte's Information Criterion -450.500 
Schwarz's Bayesian Criterion -488.431 
-2 Log Likehhood 855.0007 
Nuh Model LRT Chi-Square 208.5803 
Nuh Model LRT DF 22.0000 
Nuh Model LRT P-Value 0.0000 

The MIXED Procedure 

Solution for Fixed Effects 

Parameter Estimate Std Error DDF T Pr > |T| 

XI 
X2 

1.12853556 0.50043479 160 -2.26 0.0255 
1.34856740 0.74247771 160 -1.82 0.0712 

The MIXED Procedure 

Solution for Random Effects 

Parameter Subject Estimate Std Error DDF T Pr>|T| 

XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

PERS 1 
PERS 1 
PERS 2 
PERS 2 
PERS 3 
PERS 3 
PERS 4 
PERS 4 

1.23835698 
1.31951055 
0.42589687 

-1.07580462 
-0.98874231 
-3.83189256 
3.70535837 
8.46014283 

1.25969077 
1.69371734 
0.84504383 
1.03958593 
1.01748656 
1.16181889 
0.59837129 
0.80252379 

160 
160 
160 
160 
160 
160 
160 
160 

0.98 
0.78 
0.50 

-1.03 
-0.97 
-3.30 

6.19 
10.54 

0.3271 
0.4371 
0.6150 
0.3023 
0.3326 
0.0012 
0.0000 
0.0000 
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The MIXED Procedure 
Solution for Random Effects 

Parameter Subject Estimate Std Error DDF T Pr>|T| 

XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

PERS 5 
PERS 5 
PERS 6 
PERS 6 
PERS 7 
PERS 7 
PERS 8 
PERS 8 
PERS 9 
PERS 9 
PERS 10 
PERS 10 
PERS 11 
PERS 11 
PERS 12 
PERS 12 
PERS 13 
PERS 13 
PERS 14 
PERS 14 
PERS 15 
PERS 15 
PERS 16 
PERS 16 
PERS 17 
PERS 17 
PERS 18 
PERS 18 
PERS 19 
PERS 19 
PERS 20 
PERS 20 

0.57588256 
-0.08249793 
2.87741383 
1.44442235 
1.79269430 
1.21602919 

-2.18147219 
-2.75694079 
-0.22410304 
-0.27362979 
-1.15527829 
-0.07992541 
-2.20199916 
-1.52607368 
0.55982854 
1.66964123 

-1.50594803 
-4.32899615 
1.43058822 
0.34188874 
0.69229907 
2.41065177 

-3.18611898 
-2.86867994 
-1.15472052 
-0.83751628 
1.20184506 
3.20223670 

-1.46870930 
-2.42246751 
-0.43307198 
0.01990130 

1.16733126 
1.41623786 
0.63671338 
0.85200811 
1.28964695 
1.77303186 
0.72503323 
0.96157791 
1.20694875 
1.72583951 
0.60612689 
0.82226440 
1.05512779 
1.37366513 
0.63270380 
0.92766404 
1.14075046 
1.63473417 
0.62027687 
0.87573024 
1.46535221 
2.29310319 
0.75115185 
0.92976480 
1.35806408 
2.02049867 
0.57365645 
0.79605816 
1.17669202 
1.63711278 
0.63983255 
0.83187384 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

0.49 
-0.06 
4.52 
1.70 
1.39 
0.69 

-3.01 
-2.87 
-0.19 
-0.16 
-1.91 
-0.10 
-2.09 
-1.11 

0.88 
1.80 

-1.32 
-2.65 
2.31 
0.39 
0.47 
1.05 

-4.24 
-3.09 
-0.85 
-0.41 
2.10 
4.02 

-1.25 
-1.48 
-0.68 

0.02 

0.6225 
0.9536 
0.0000 
0.0920 
0.1664 
0.4938 
0.0030 
0.0047 
0.8529 
0.8742 
0.0584 
0.9227 
0.0385 
0.2683 
0.3776 
0.0738 
0.1887 
0.0089 
0.0224 
0.6968 
0.6373 
0.2947 
0.0000 
0.0024 
0.3964 
0.6791 
0.0377 
0.0001 
0.2138 
0.1409 
0.4995 
0.9809 

Tests of Fixed Effects 

Source NDF DDF TypelHF P r > F 

XI 1 19 5.09 0.0361 
X2 1 19 3.30 0.0851 
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D.3 RESULTS OF DATA SET #3 SEED VALUE = 8211993 

The MIXED Procedure 

Class Level Information 

Class Levels Values 

PERS 20 1 2 3 4 5 6 7 8 9 10 11 12 13 
14 15 16 17 18 19 20 

The MIXED Procedure 

ML Estimation Iteration History 

Iteration Evaluations Objective Criterion 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

1 645.94985486 

2 4854049764.8 

3238149466.4 

2160178090.8 

1441060533.0 

961335311.56 

641309353.21 

427819196.42 

285399354.60 

190390707.50 

127010193.31 

84728889.778 

56522925.048 

37706655.716 

25154276.739 

16780555.370 

11194427.379 

7467910.1809 

4981944.1703 

3323553.0716 

2217239.3373 

1479217.8382 

986885.03839 

658451.80194 

439356.38506 

0.99999987 

0.49901968 

0.49901968 

0.49901967 

0.49901966 

0.49901963 

0.49901958 

0.49901950 

0.49901935 

0.49901911 

0.49901874 

0.49901814 

0.49901719 

0.49901570 

0.49901336 

0.49900971 

0.49900402 

0.49899516 

0.49898138 

0.49896000 

0.49892685 

0.49887553 

0.49879617 

0.49867357 
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25 1 

26 1 

27 ] 

28 ] 

29 ] 

30 ] 

31 ] 

32 ] 

33 ] 

34 ] 

35 ] 

36 ] 

37 

38 

39 

293200.50782 

195702.78400 

130665.03846 

87281.426946 

[ 58343.342983 

[ 39041.906593 

[ 26169.101382 

[ 17584.850979 

L 11861.504176 

L 8046.6696300 

[ 5505.0010200 

I 3812.6476859 

I 2686.8308233 

I 1938.8334493 

I 1442.5980345 

0.49848439 

0.49819283 

0.49774405 

0.49705433 

0.49599633 

0.49437740 

0.49190857 

0.48816168 

0.48251442 

0.47408863 

0.46170175 

0.44387876 

0.41901293 

0.38579764 

0.34398731 

The MIXED Procedure 

ML Esthnation Iteration History 

Iteration Evaluations Objective Criterion 

40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 

1113.8699951 
896.61738008 
753.87213392 
660.94265898 
600.39581906 
556.79080610 
541.02129466 
532.08470329 
529.33965306 
516.06066232 
504.23953601 
501.21975226 
497.49186703 
496.36611309 
496.16823709 
496.15520129 
496.15506509 
496.15506506 

0.29512245 
0.24230248 
0.18934941 
0.14060142 
0.10084487 
0.07831489 
0.02914767 
0.01679543 
0.00518580 
0.02573145 
0.02344347 
0.00602487 
0.00749336 
0.00226799 
0.00039881 
0.00002627 
0.00000027 
0.00000000 

Convergence criteria met. 
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The MIXED Procedure 

Covariance Parameter Estimates (MLE) 

Cov Parm 

X l t f N ( l , l ) 
UN(2,1) 
UN(2,2) 

DIAG PERS 1 
DIAG PERS 2 
DIAG PERS 3 
DIAG PERS 4 
DIAG PERS 5 
DIAG PERS 6 
DIAG PERS 7 
DIAG PERS 8 
DIAG PERS 9 
DIAG PERS 10 
DIAG PERS 11 
DIAG PERS 12 
DIAG PERS 13 
DIAG PERS 14 
DIAG PERS 15 
DL\G PERS 16 
DIAG PERS 17 
DIAG PERS 18 
DIAG PERS 19 
DIAG PERS 20 
Residual 

Estimate 

2.23304387 
4.24146551 

1 1.49178824 
3.43546121 
3.67458364 
1.50406520 
2.32770666 
5.34253134 
3.59398519 
5.17739147 
5.20407736 
4.76431066 
1.99199500 
1.39113823 
1.02438708 
1.70677384 
3.05552233 
5.82039417 
2.79836619 
3.17768703 
5.68554363 
6.93602856 
3.63988923 
1.00000000 

Std Error 

1.17124304 
1.75662452 
4.18010394 
1.59281880 
2.11172721 
0.75397597 
1.14150984 
2.63424631 
1.72363401 
2.48607595 
2.48464976 
2.25419624 
0.98540666 
0.66238122 
0.52950915 
0.80977341 
1.48683937 
2.75139846 
1.40083295 
1.66697557 
2.78515752 
3.38512054 
1.77851940 

, 

Z 

1.91 
2.41 
2.75 
2.16 
1.74 
1.99 
2.04 
2.03 
2.09 
2.08 
2.09 
2.11 
2.02 
2.10 
1.93 
2.11 
2.06 
2.12 
2.00 
1.91 
2.04 
2.05 
2.05 

. 

Pr> |Z | 

0.0566 
0.0158 
0.0060 
0.0310 
0.0818 
0.0461 
0.0414 
0.0425 
0.0371 
0.0373 
0.0362 
0.0346 
0.0432 
0.0357 
0.0530 
0.0351 
0.0399 
0.0344 
0.0458 
0.0566 
0.0412 
0.0405 
0.0407 

. 
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The MIXED Procedure 

Model Fittmg Information for Y 

Description Value 

Observations 200.0000 
Variance Esthnate 1.0000 
Standard Deviation Esthnate 1.0000 
Log Lhtehhood -431.865 
Akahce's Information Criterion -454.865 
Schwarz's Bayesian Criterion -492.796 
-2 Log Lhiehhood 863.7305 
Nuh Model LRT Chi-Square 149.7948 
Nuh Model LRT DF 22.0000 
Nuh Model LRT P-Value 0.0000 

The MIXED Procedure 

Solution for Fixed Effects 

Parameter Esthnate Std Error DDF T Pr > |T| 

XI 0.28053227 0.40087768 160 0.70 0.4851 
X2 -0.23553845 0.82052235 160 -0.29 0.7744 

The MDCED Procedure 

Solution for Random Effects 

Parameter 

XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

Subject 

PERS 1 
PERS 1 
PERS 2 
PERS 2 
PERS 3 
PERS 3 
PERS 4 
PERS 4 
PERS 5 
PERS 5 

Estimate 

0.35132294 
0.75236209 

-0.39658804 
1.92743814 

-3.08715599 
-7.49647074 
1.89277853 
3.44237407 

-0.41043005 
0.28792449 

Std Error 

0.87135241 
1.67832273 
0.59517355 
0.93390856 
0.76879736 
1.35488757 
0.55046158 
0.98822194 
0.88409660 
1.42552243 

DDF 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

T 

0.40 
0.45 

-0.67 
2.06 

-4.02 
-5.53 
3.44 
3.48 

-0.46 
0.20 

P r> |T | 

0.6873 
0.6546 
0.5062 
0.0406 
0.0001 
0.0000 
0.0007 
0.0006 
0.6431 
0.8402 
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XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 
XI 
X2 

PERS 6 
PERS 6 
PERS 7 
PERS 7 
PERS 8 
PERS 8 
PERS 9 
PERS 9 
PERS 10 
PERS 10 
PERS 11 
PERS 11 
PERS 12 
PERS 12 
PERS 13 
PERS 13 
PERS 14 
PERS 14 
PERS 15 
PERS 15 
PERS 16 
PERS 16 
PERS 17 
PERS 17 
PERS 18 
PERS 18 
PERS 19 
PERS 19 
PERS 20 
PERS 20 

-0.88461619 
-2.17332229 
1.04081015 
1.46766347 
1.88310240 
4.33690851 
1.33294501 
2.97608897 

-0.66912359 
-3.16969383 
-0.55924272 
-0.50999238 
1.70103583 
5.83869481 

-0.26333085 
-1.44260538 
-0.26983008 
0.46261674 

-1.26289667 
-3.19495736 
0.72969806 

-0.00897401 
2.07043103 
3.73362464 

-0.71124273 
-3.09818641 
-0.79103029 
-0.76697701 
-1.69663675 
-3.36451653 

0.61014938 
1.18785703 
1.19840881 
2.55416193 
0.63805508 
1.05564702 
0.92516288 
1.74184422 
0.53385674 
0.92409225 
0.74545170 
1.40221722 
0.48046593 
1.11535204 
0.78440114 
1.48743540 
0.57341968 
1.03312610 
0.95460558 
1.96126760 
0.56430620 
0.91742715 
0.87883369 
1.73098252 
0.65150675 
1.08324645 
0.93724533 
1.74395496 
0.60245756 
0.95184600 

160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 
160 

-1.45 
-1.83 

0.87 
0.57 
2.95 
4.11 
1.44 
1.71 

-1.25 
-3.43 
-0.75 
-0.36 

3.54 
5.23 

-0.34 
-0.97 
-0.47 
0.45 

-1.32 
-1.63 

1.29 
-0.01 
2.36 
2.16 

-1.09 
-2.86 
-0.84 
-0.44 
-2.82 
-3.53 

0.1491 
0.0692 
0.3864 
0.5664 
0.0036 
0.0001 
0.1516 
0.0895 
0.2119 
0.0008 
0.4542 
0.7166 
0.0005 
0.0000 
0.7375 
0.3336 
0.6386 
0.6549 
0.1877 
0.1053 
0.1978 
0.9922 
0.0197 
0.0325 
0.2766 
0.0048 
0.3999 
0.6607 
0.0055 
0.0005 

The MIXED Procedure 

Tests of Fixed Effects 

Source NDF DDF Type HI F Pr > F 

XI 
X2 

1 
1 

19 0.49 0.4925 
19 0.08 0.7772 
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APPENDIX E 

THE SAS/IML® EM PROGRAM FOR UNBALANCED DATA 
HOMOSCEDASTIC VAIOANCE CASE 

OPTIONS LS = 78 PS = 60 NONUMBER NOOVP; 

DATA RCR; 

ESfFILE UNBAL; 

JNPVT ADJINC PRICE FPRICE CONTR ID; 

DROP FPRICE; 

PROC BML; 

USE RCR VAR{ADJBSfC PRICE CONTR ID}; 

READ ALL ESfTO XYDATA (|COLNAME = COLS|); 

START EM(XYDATA,OLS,EGLS,BETA,DELTA,SIG,COVBETA,SE,ZVALS, 

PVALS,B,FK,MAXL,KOUNT,ITER); /* THE EM ALGORITHM STARTS HERE */ 

NT = NROW(XYDATA); 

M = NCOL(XYDATA); 

INDEX = XYDATA(|1:NT, M|); 

N = l ; 

STATE = 0; 

DO J = 1 TO NT-1; * DETERMESfE SAMPLE SIZE N; 

IF (INDEX[J,1] = E^EX[J+1,1]) THEN STATE = 1; 

ELSE DO; 

STATE = 0; 

N = N + 1 ; 

END; 

END; 

BIGONE = J(NT,l,l); 
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XYDATA = BIGONEIIXYDATA; * CREATE XY-DATA; 

Kl = NCOL(XYDATA)-1; 

K = K1-1; 

PRESfT NT N M Kl K; 

XBIG = XYDATA(|1:NT, 1:K|); 

YBIG = XYDATAd 1:NT, Kl|); 

OLS = BSfV(XBIG *XBIG)*XBIG * YBIG; * OLS ESTIMATE OF BETA; 

PRINT "OLS =" OLS; 

PI = 3.1415926; 

SIGVEC = J(N, 1,0); 

BiP = J(K,N,0); 

SUM = 0; 

SUMl = J(K,K,0); 

SUM2 = J(K,1,0); 

SUMIN = J(K,K,0); 

SUM2N = J(K,1,0); 

SUMBiP = J(K, 1,0); 

SBiP = J(K,K,0); 

SUMXPX = J(K,K,0); 

COVBETA = J(K,K,0); 

COVBETAl = J(K,K,0); 

SE = J(K,1,0); 

SE1 = J(K,1,0); 

ZVALS = J(K,1,0); 

ZVALS1 = J(K,1,0); 

PVALS = J(K,1,0); 
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PVALS1=J(K,1,0); 

F K = 1 ; 

ITER = 0; 

KOUNT = 0; 

EPSLON = l.OE-8; 

IDX = 0; 

IDXl = 0; 

COUNT = 1; 

DO I = 1 TO N; 

II = COUNT; 

DO J = II TO NT-1 BY 1 WHILE (INDEX[J,1] = BSfDEX[J+l,l]); 

COUNT = COUNT+1; 

END; 

12 = COUNT; 

Y = XYDATA(|I1:I2 , Kl|); * Y(i) i = 1, 2, ..., N; 

X = XYDATA(|I1:I2 , l:iq); * X(i) i = 1, 2, ..., N; 

COUNT = COUNT+1; 

T = COUNT-II; 

XPX = X*X; 

XPXI = GBSV(XPX); 

BiP[,I] = XPXI * X * Y; * b(i)hat; 

E = Y - X * BiP[,I]; * E = M*Y, M = I - X*XPXI*X'; 

IF T > K THEN SIGVEC[I,1] = E *E/(T-K); 

ELSE SIGVECP, 1] = Ê  *E/T; * ESflTIAL ESTBMATE OF SIGMA(h); 

SUM=SUM + E*E; 

SBiP = SBiP + BiP[,ri*BiP[,I] ; 
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SUMBiP = SUMBiP + BiP[,I]; 

SUMXPX = SUMXPX + XPXI; 

END; 

SIG = SUM/NT; /* ESfITL\L ESTIMATE OF SIGMA */ 

SIGl = SIG; 

SIGSAVE = SIG; 

DELTA = (N#SBiP - SUMBiP*SUMBiP )/(N#(N-l)) - SIG#SUMXPX/N; 

/* BSflTIAL ESTIMATE OF DELTA */ 

PRINT "INITL^L ESTEMATES ARE:" SIG DELTA; 

DELTA = (DELTA + DELTA )/2; 

DELTAl = DELTA; 

LAMBDA = MIN(EIGVAL(DELTA)); 

PRESfT "MESfBMUM EIGENVALUE OF DELTA =" LAMBDA; 

IF LAMBDA <= 0 THEN DO; 

IDX = - 1 ; 

IDX1 = - 1 ; 

DELTAl = (N#SBiP - SUMBiP*SUMBiP )/(N#(N-l)); 

DELTAl = (DELTAl + DELTAl )/2; 

LAMBDAl = MIN(EIGVAL(DELTA1)); 

PRESfT "AFTER ADJUSTMENT, DELTA =" DELTAl; 

PRINT "AND MESflMAL EIGENVALUE OF DELTA =" LAMBDAl; 

IF LAMBDAl <= 0 THEN DO; 

DELTAl = I(K); 

PRINT "AFTER SECOND ADJUSTMENT, DELTAl = I(K)"; 

END; 

END; 

131 



FKSAVE = FK; 

COUNT = 1 ; 

DO I = 1 TO N; 

II = COUNT; 

DO J = II TO NT-1 BY 1 WHILE (BSfDEX[J,l] = BSfDEX[J+l,l]); 

COUNT = COUNT+1; 

END; 

12 = COUNT; 

Y = XYDATA(|I1:I2 , Kl|); * Y(i) i = 1, 2, ..., N; 

X = XYDATA(|I1:I2 , LKJ); * X(i) i = 1, 2, ..., N; 

COUNT = COUNT+1; 

T = COUNT-II; 

XDXPI = X*DELTA*X^ + SIG#I(T); 

IXDXPI = ESfV(XDXPI); 

SUMl = SUMl + X *IXDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 

IFK)Xl = -lTIIENDO; 

XDXPIN = X*DELTA1*X^ + SIG#I(T); 

IXDXPBSf = INV(XDXPIN); 

SUMIN = SUMIN + X^*IXDXPESf*X; 

SUM2N = SUM2N + X^*IXDXPIN*Y; 

END; 

END; 

EGLS = E^^(SUM1)*SUM2; * EGLS ESTIMATE OF BETA; 

COVBETAl = DsfV(SUMl); * COVARIANCE ESTBMATE OF EGLS; 

PRINT "EGLS = " EGLS "AND COV(EGLS) = " COVBETAl; 
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IF IDXl = -1 THEN DO; 

COVBETAl = INV(SUMIN); 

SEl = SQRT(VECDIAG(C0VBETA1)); 

ZVALS1=EGLS/SE1; 

PVALSl = 2*(1-PR0BN0RM(ABS(ZVALS1))); 

PRINT "AFTER ADJUSTMENT, WE HAVE"; 

PRESfT COVBETAl SEl ZVALSl PVALSl; 

END; 

DELSAVE = DELTAl; 

NITER =300; 

MAXL = -999999; 

DO Jl = 1 TO NITER; 

** E-STEP **; 

BETA = ESfV(SUMl)*SUM2; 

5 K *]C 5|% ?|C *|% *J^ ^% ^r^ ^ * ^ * ^ ^ ^^ • 

* SBMULATE NITER TBMES; 

* BETA m STEP P; 

* ML ESTIMATE OF BETA; 

IF IDX = -1 THEN BETA = BSfV(SUMlN)*SUM2N; 

BiP = J(K,N,0); 

SBiPl = J(K,K,0); 

SUM = 0; 

SUMl = J(K,K,0); 

SUM2 = J(K,1,0); 

SUM3 = 0; 

IDX = 0; 

LOGSIIP = 0; 

SIGSAVEl = SIGl; 

DELSAVE 1 = DELTAl: 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 

* INITIALIZATION; 

* INITIALIZATION; 

* ESflTIALIZATION; 

* ESflTIALIZATION; 
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COUNT = 1 ; 

DO I = 1 TO N; 

11 = COUNT; 

DO J = II TO NT-1 BY 1 WIHLE (BSfDEX[J,l] = INDEX[J+1,1]); 

COUNT = COUNT+1; 

END; 

12 = COUNT; 

Y = XYDATA(|I1:I2 , Kl|); * Y(i) i = 1, 2,..., N; 

X = XYDATA(|I1:I2 , 1:K|); * X(i) i = 1, 2,..., N; 

COUNT = COUNT+1; 

T = COUNT-II; 

XDXPI = X*DELTA1*X^ + SIG#I(T); 

IXDXPI = ESfV(XDXPI); 

** E-STEP **; 

BiP[,I] = DELTA1*X^ *IXDXPI*(Y-X*BETA); * B(i) m STEP P; 

* «1* •!• ^ l * ^ ^ * t ^ ^ ^ sic ^ Sfi ?|* Sfi JJ> ^^ ^> ^^ ^^ ^^ ^^ * ^ • 

5 

** M-STEP **; 

SIGVEC[I,1] = ((Y-X*BETA-X*BiP[,I]) *(Y-X*BETA-X*BiP[,I]) 

+SIG#TRACE(I(T)-SIG*IXDXPI))/T; 

/* SIGMA(h) IN STEP P+1 */ 

TEMP = DET(XDXPI); 

IF ABS(TEMP) <= EPSLON THEN TEMP = 1; 

LOGSHP = LOGSHP + LOG(ABS(TEMP)); 

SUM = SUM + SIGVEC[I,1]#T; 

SUM3 = SUM3+(Y-X*BETA) *IXDXPI*(Y-X*BETA); 

134 



SBiPl = SBiPl + BiP[,I] * BiP[,r|^ 

+ DELTAl * (I(K) - X̂  * DCDXPI * X * DELTAl); 

END; 

LOGL = -(NT#LOG(2#PI) + LOGSHP + SUM3)/2; 

/* LOG-LIKELIHOOD ESf STEP P */ 

IF Jl = 1 THEN DO; 

IF IDX 1 = -1 THEN PRINT 

"LOG(L) OF INITIAL ESTIMATE AFTER ADJUSTMENT =" LOGL; 

ELSE PRINT 

"LOG(L) OF EGLS ESTBMATE USB^G EGLS =" LOGL; 

/* SIGMA IN STEP P+1 */ 

END; 

SIG = SUM/NT; 

SIGl = SIG; 

** M-STEP (CONTBSfUED) **; 

DELTAl = SBiPl/N; 

FKN = LOGSIIP + SLfM3; 

IF LOGL >= MAXL THEN DO; /* FIND THE MAXIMUM LIKELIHOOD */ 

/* DELTA IN STEP P+1 */ 

LPREV = MAXL; /* AND UPDATE BETA AND DELTA */ 

MAXL = LOGL; 

LAMBDA = MBSf(EIGVAL(DELTAl)); 

IF LAMBDA <= 0 THEN DO; 

DELTAl = DELTAl + (0.01-LAMBDA)*I(K); 

LAMBDAl = MBSf(EIGVAL(DELTAl)); 

PRESfT "AFTER ADJUSTMENT, MBSfBMAL EIGENVALUE OF DELTAl 

M LAMBDAl: 
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IF LAMBDAl <= 0 THEN PRINT 

"WARNESfG: DELTAl IS STILL NEGATIVE DEFBSflTE!"; 

END; 

SIGSAVE = SIGSAVEl; 

DELSAVE = DELSAVEl; 

BTASAVE = BETA; 

COVBETA = COVBETAl; /* COV(BETA) BSf STEP P */ 

SE = SE1; 

ZVALS = ZVALSl; 

PVALS = PVALSl; 

FKSAVE =FKN; 

COUNT = 1 ; 

D O I = l T O N ; 

11 = COUNT; 

DO J = II TO NT-1 BY 1 WHILE (BSfDEX[J,l] = INDEX[J+1,1]); 

COUNT = COUNT+1; 

END; 

12 = COUNT; 

Y = XYDATA(|I1:I2 , Kl|); * Y(i) i = 1, 2,..., N; 

X = XYDATA(|I1:I2 , LJq); * X(i) i = 1, 2,..., N; 

COUNT = COUNT+1; 

T = COUNT-II; 

XDXPI = X*DELTA1*X^ + SIG#I(T); 

IXDXPI = BSfV(XDXPI); 

SUMl = SUMl + X *IXDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 
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END; 

LAMBDA = MBSf(EIGVAL(SUMl)); 

IF LAMBDA <= 0 THEN DO; 

SUMl = SUMl + (0.01-LAMBDA)*I(K); 

LAMBDAl = MBSf(EIGVAL(SUMl)); 

PRINT "AFTER ADJUSTMENT, MBSfBMAL EIGENVALUE OF SUMl =" 

LAMBDAl; 

IF LAMBDAl <= 0 THEN DO; 

PRINT "WARNING: SUMl IS STILL NEGATIVE DEFINITE!"; 

END; 

END; 

COVBETAl = BSfV(SUMl); /* COV(BETA) BSf STEP P+1 */ 

SEl = SQRT(VECDIAG(C0VBETA1)); 

ZVALSl =BETA/SE1; 

PVALSl = 2*(l-PROBNORM(ABS(ZVALSl))); 

END; 

ELSE DO; /* STEP-HALVESfG TO GUARANTEE ESfCREASE OF LOGL */ 

/* REF: JENNRICH & SCHLUCHTER (1986) PP 811 */ 

PRESfT "LOG(L) DOES NOT ESfCREASE AT JTH ITERATION WHERE J =" Jl; 

PRESfT LOGL MAXL B; 

FK = FKSAVE; 

KOUNT = KOUNT+1; 

DO ITR = 1 TO 30; 

LOGSHN = 0; 

SUM3 = 0; 

SUMIN = J(K,K,0); 
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SUM2N = J(K,1,0); 

BETAN = BTASAVE + (BETA-BTASAVE)/(2.0##ITR); 

DELTAN = DELSAVE + (DELSAVE 1-DELSAVE)/(2.0##ITR); 

SIGN = SIGSAVE + (SIGSAVE1-SIGSAVE)/(2.0##ITR); 

COUNT = 1 ; 

D O I = l T O N ; 

11 = COUNT; 

DO J = II TO NT-1 BY 1 WHILE (BSfDEX[J,l] = E^EX[J+1,1]); 

COUNT = COUNT+1; 

END; 

12 = COUNT; 

Y = XYDATA(|I1:I2 , Kl|); * Y(i) i= 1, 2,..., N; 

X = XYDATA(|I1:I2 , l:iq); * X(i) i = 1, 2, ..., N; 

COUNT = COUNT+1; 

T = COUNT-II; 

XDXPN = X*DELTAN*X^ + SIGN#I(T); 

TEMPN = DET(XDXPN); 

IF ABS(TEMP) <= EPSLON THEN TEMPN = 1; 

LOGSHN = LOGSHN + LOG(ABS(TEMPN)); 

SUM3 = SUM3+(Y-X*BETAN) *INV(XDXPN)*(Y-X*BETAN); 

END; 

LOGLN = -(NT#LOG(2#PI) + LOGSHN + SUM3)/2.0; 

FKN = LOGSHN + SUM3; 

B = (FKN - FK)/FK; 

IF LOGLN >= MAXL THEN DO; 

LPREV =MAXL; 
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MAXL = LOGLN; 

SIGSAVE = SIGN; 

DELSAVE = DELTAN; 

BTASAVE = BETAN; 

FKSAVE =FKN; 

I D X = 1 ; 

COUNT = 1 ; 

D O I = l T O N ; 

11 = COUNT; 

DO J = II TO NT-1 BY 1 WHILE (ESfDEX[J,l] = BSDEX[J+1,1]); 

COUNT = COUNT + 1; 

END; 

12 = COUNT; 

Y = XYDATA(|I1:I2 , Kl|); * Y(i) i= 1, 2,..., N; 

X = XYDATA(|I1:I2 , l:iq); * X(i) i = 1, 2, ..., N; 

COUNT = COUNT + 1; 

T = COUNT-II; 

XDXPI = X*DELTA1*X^ + SIG#I(T); 

IXDXPI = BSfV(XDXPI); 

SUMl = SUMl + X *IXDXPI*X; 

SUM2 = SUM2 + X *IXDXPI*Y; 

XDXPBSf = X*DELTAN*X^ + SIGN#I(T); 

IXDXPBSf = BSfV(XDXPIN); 

SUMIN = SUMIN + r *IXDXPBSf*X; 

SUM2N = SUM2N + X^*IXDXPIN*Y; 

END; 
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LAMBDA = MIN(EIGVAL(SUM1N)); 

IF LAMBDA <= 0 THEN DO; 

SUMIN = SUMIN + (0.01-LAMBDA)*I(K); 

LAMBDAl = MBSf(EIGVAL(SUMlN)); 

PRESfT "AFTER ADJUSTMENT, MBSfBMAL EIGENVALUE OF 

SUMIN =" LAMBDAl; 

IF LAMBDAl <= 0 THEN DO; 

PIONT "WARNESfG: SUMIN IS STB^L NEGATIVE DEFBSflTE!"; 

END; 

END; 

COVBETA = BSfV(SUMlN); 

SE = SQRT(VECDL\G(COVBETA)); 

ZVALS = BETA/SE; 

PVALS = 2*(l-PROBNORM(ABS(ZVALS))); 

COVBETAl = EN^(SUMl); 

SEl = SQRT(VECDIAG(COVBETAl)); 

ZVALSl = BETA/SE 1; 

PVALSl = 2*(l-PROBNORM(ABS(ZVALSl))); 

PRESfT "LOG(L) IS ESfCREASEsfG NOW WITH"; 

PRESfT Jl ITR BETAN DELTAN SIGN COVBETA FKN B LPREV 

LOGLN MAXL; 

BETA = BETAN; 

SIGl = SIGN; 

LAMBDA = MIN(EIGVAL(DELTAN)); 

IF LAMBDA <= 0 THEN DO; 

DELTAN = DELTAN + (0.01-LAMBDA)*I(K); 
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LAMBDAl = ME^(EIGVAL(DELTAN)); 

PRINT "AFTER ADJUSTMENT, MESflMAL EIGENVALUE OF 

DELTAN =" LAMBDAl; 

IF LAMBDAl <= 0 THEN DO; 

PRESfT "WARNESFG: DELTAN IS STILL NEGATIVE DEFBSflTE!"; 

END; 

END; 

KOUNT = KOUNT-1; 

ITR =30; 

END; 

ELSE IF ABS(B) > EPSLON THEN FK = FKN; 

ELSE DO; 

DELSAVEl = DELTAN; 

PRESfT "FK HAS CONVERGED, BUT LOG(L) IS STILL 

NON-BSfCREASBSfG!"; 

PRINT Jl ITR BETAN DELTAN SIGN COVBETA FK FKN B LPREV 

LOGLN MAXL; 

ITR = 30; 

END; 

END; 

END; 

DBFF = (FKN - FK)/FK; /* CONVERGENCE CRITERION */ 

B=ABS(DIFF); 

ITER = J1; 

IF B > EPSLON THEN DO; 

FK = FKN; 
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DELTA = DELSAVEl; 

IF IDX = 1 THEN DELTA = DELTAN; 

IF Jl > 299 THEN KOUNT = KOUNT + 1; 

END; 

ELSE DO; 

SIG = SIGSAVEl; 

IF IDX = 1 THEN SIG= SIGN; 

RETURN; 

END; 

END; 

FBSflSH; 

PRINT "STATIC MODEL W/O DUMMY VARABLES, HOMOSCEDASTIC 

VARIANCE CASE"; 

CALLEM(XYDATA,OLS,EGLS,BETA,DELTA,SIG,COVBETA,SE,ZVALS, 

PVALS,B,FK,MAXL,KOUNT,ITER); 

PRINT OLS EGLS BETA; 

PRESfT DELTA SIG COVBETA; 

PRINT SE ZVALS PVALS; 

PRINT B FK MAXL KOUNT ITER; 

QUIT; 
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E. 1 RESULTS FOR STATIC MODEL 

STATIC MODEL W/O DUMMY VARABLES, HOMOSCEDASTIC VARIANCE 
CASE 

NT N M Kl K 
56062 16362 4 4 3 

OLS 
OLS = -4.445856 

0.984488 
-0.534932 

SIG DELTA 
INITIAL ESTEMATES ARE: 0.3371574 -9366841 1171919.6 5084459.9 

1171932 -147635.4 -650386.2 
5084643.5 -650403.1 -2973536 

LAMBDA 
MINBMUM EIGENVALUE OF DELTA = -12323660 

DELTAl 
AFTER ADJUSTMENT, DELTA = 1525600.3 -174837.1 -628770.3 

-174837.1 20230.574 74653.114 
-628770.3 74653.114 297012.78 

LAMBDAl 
AND MBSfBMAL EIGENVALUE OF DELTA = 15.876842 

EGLS COVBETAl 
EGLS= 10.066403 AND COV(EGLS) = -659.1298 81.29546 339.2029 

-0.507468 81.29546 -10.11107 -43.10661 
-2*744738 339.2029 -43.10661 -195.3967 
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AFTER ADJUSTMENT, WE HAVE 

COVBETAl SEl ZVALSl PVALSl 
119.32725-13.55832 -46.8692 10.9237010.9215194 0.3567793 
-13.55832 1.5545717 5.5299128 1.2468247 -0.407008 0.6840021 

-46.8692 5.5299128 21.835433 4.67284 -0.587381 0.5569478 

LOGL 
LOG(L) OF INITIAL ESTIMATE AFTER ADJUSTMENT = -191068.4 

OLS EGLS BETA 
-4.445856 10.066403 -4.405645 
0.984488 -0.507468 0.9920226 

-0.534932 -2.744738 0.0620388 

DELTA SIG COVBETA 
104.38167 -10.44332 -15.12108 0.4918378 0.026573 -0.002698 -0.003358 
-10.44332 1.0686821 1.7654243 -0.002698 0.0002781 0.0004305 
-15.12108 1.7654243 7.830331 -0.003358 0.0004305 0.0030507 

SE ZVALS PVALS 
0.1630122-27.02656 0 
0.0166763 59.48714 0 
0.0552328 1.1231573 0.2613707 

B FK MAXL KOUNT ITER 
9.4518E-9 61100.602-82067.83 0 166 
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E.2 RESULTS FOR DYNAMIC MODEL 

DYNAMIC MODEL W/O DUMMY VARABLES, HOMOSCEDASTIC VAIOANCE 
CASE 

NT 
56062 

N M Kl 
16362 5 5 

OLS 
OLS = -4.496964 

0.9878155 
-0.182581 
-0.400959 

K 
4 

SIG DELTA 
ESflTIAL ESTBMATES ARE: 0.2741025 -3523914 547724.28 1851873.9 1895643.3 

547747.34 -87928.74-307413.5 -309836.3 
1852060.4 -307430.8 -1142769 -1073927 
1895829.8 -309853.6 -1073927 -1089161 

LAMBDA 
MINIMUM EIGENVALUE OF DELTA = -5677345 

DELTAl 
AFTER ADJUSTMENT, DELTA = 369826.39 -55485.94 -212157.6 -174292.1 

-55485.94 8806.0621 34923.354 32189.636 
-212157.6 34923.354 154851.81 145193.96 
-174292.1 32189.636 145193.96 186369.41 

LAMBDAl 
AND MBSfBMAL EIGENVALUE OF DELTA = 113.10014 

EGLS COVBETAl 
EGLS = -95.01469 AND COV(EGLS) = -46.57762 16.580798 94.318566 142.70667 

9.3736088 16.580798 -3.690364 -17.0706-21.71312 
-10.26769 94.318566 -17.0706-72.08587 -69.3999 
-15.44257 142.70667 -21.71312 -69.3999-65.13461 
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ZVALSl 
-15.9586 

[1.123016 
2.898875 
3.967263 

PVALSl 
0 
0 

0.003745 
0.0000727 

AFTER ADJUSTMENT, WE HAVE 
COVBETAl SEl 

35.447992 -4.838157 -17.15579-11.19618 5.9538216 
-4.838157 0.7101802 2.694403 2.1843114 0.8427219 

-17.15579 2.694403 12.545468 10.057715 3.5419582 
-11.19618 2.1843114 10.057715 15.151557 3.8925001 

LOGL 
LOG(L) OF BSflTL^ ESTBMATE AFTER ADJUSTMENT = -212568.6 

OLS EGLS BETA 
-4.496964 -95.01469 -4.454582 
0.9878155 9.3736088 0.9934462 
-0.182581 -10.26769 0.1679559 
-0.400959 -15.44257 -0.197912 

DELTA SIG 
103.1276 -10.26189 -13.9252 0.27514610.4829432 

-10.26189 1.0485156 1.5943055 0.1199281 
-13.9252 1.5943055 5.6792377 1.0970399 

0.2751461 0.1199281 1.0970399 2.2375023 

COVBETA 
0.0268624 -0.002709 -0.003745 0.0008695 
-0.002709 0.0002782 0.000443 -0.000037 
-0.003745 0.000443 0.0035861 -0.001242 
0.0008695 -0.000037 -0.001242 0.002611 

SE ZVALS PVALS 
0.1638974-27.17911 0 
0.0166793 59.56153 0 
0.0598843 2.8046805 0.0050366 
0.0510983-3.873173 0.0001074 

B FK MAXL KOUNT ITER 

9.9961E-9 60882.107-81958.58 0 692 
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