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ABSTRACT 

In my dissertation, I present the results of numerical investigations of the spectrum 

of the damped hyperbolic equation involving damping terms, both in the equation 

and in the boundary conditions. This equation describes the vibrations of a realistic 

string having distributed (Kevin-Voight) damping and smart material inclusions (self-

straining actuators) in the string. The action of the actuators is modeled through 

specific boundary conditions that involve two independent parameters reflecting the 

strengths of smart materials. The dissertation has two distinct parts: the first part 

is devoted to the physical background of vibrational motion, and the second part is 

devoted to the formulation of a specific problem, presentation, and discussion of the 

main findings of research. 

In my dissertation I consider a non standard Strum-LiouviUe problem. The prob-

lem is nonstandard due to two factors, the model incorporates two energy decay 

mechanisms, i.e., the energy of a string dissipates through the internal friction (Kevin-

Voight damping) and through the end points of the string. Many researchers have 

studied the Strum-LiouviUe problem for the string equation in the absence of any 

damping. My problem involves two different types of damping, which makes the 

problem much more difficult. My particular goals were to investigate the distribution 

of the eigenfrequencies for the string (in mathematical language, the distribution of 

the eigenvalues of some linear operator), to analyze dependence on the damping coeffi-

cient, and finally to support a well known conjecture in the mathematical community 

about the multiple eigenfrequencies. 

In the course of my work, an unexpected discovery was made. I already mentioned, 

my main goal originally was to support a well known idea concerning the behavior 

and properties of purely imaginary eigenvalues for the aforementioned Strum-Liouville 

problem. Since I have a string with energy dissipation, the corresponding spectrum 

is a countable set of complex points. These points geometrically converge to some 

horizontal asymptote; these points form a set symmetric with respect to the imaginary 
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axes. It has been assumed tin the mathematical community that with a change in the 

damping of small steps, the two eigenvalues closest to the imaginary axes would move 

twoard each other, and finally they merge into one double eigenvalue. A minor change 

in the damping instantly breaks the double eigenvalues into two diflferent simple purely 

imaginary eigenvalues. A goal of this thesis was to support that idea numerically. 

Unexpectedly, it was observed that the actual behavior of the two eigenvalues closest 

to the imaginary axes is totally different from the prediction. Namely, when I change 

the damping by a very small step (10"^^), for the first dozen steps, the eigenvalues 

behave as expected: they slowly move in such a way that the distance between them 

decreases. However, at some moment, those two eigenvalues totally change their 

behavior and begin moving apart in opposite directions. The movement continues 

along two branches of a hyperbola like curve until the moment when both eigenvalues 

reach the imaginary axes. When I continue changes in the damping, the pair of 

eigenvalues moves along the imaginary axes. So, my calculations show that contrary 

to the widespread opinion, the eigenvalues never merge to create a multiple one. This 

interesting and important behavior had not previously been observed. 

It should be emphasized that in my research I have changed the values of the 

coefficient that stands for the first order derivative in time of the unknown function 

{Ut). In the dissertation of R. Plant II [9], the dependence of multiple eigenvalues 

upon changing the density of the string, i.e., the coefíîcient standing before the highest 

derivative in time {Uu)- The fact that R. Plant obtained similar results, validates the 

importance of the discovery made in this thesis. The results here create more unsolved 

questions, and opens a rich and exciting area for future research in this area. 
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CHAPTER 1 

INTRODUCTION 

Before I turn to the presentation of my problem, results, and discussions, I would 

like to mention that the thesis has two distinct parts: the first part represents a 

necessary engineering background and gives the origin of my problem, and the second 

part deals with the problem itself. 

The first part of the dissertation (Chapters I-V) was prepared to serve as a manual 

for forthcoming research in this area. It was compiled as the result of the 2003 sum-

mer seminar for graduate students conducted by my supervisor. During this weekly 

seminar, a group of five graduate students studied different material on mathematical 

treatment of vibrational process. At the conclusion of the summer seminar the results 

presented were prepared as a summary to serve as a good practical manual covering 

the area of analytical mechanics. This material is included here as introductory part 

of my dissertation (see also the dissertation seminar participant, R. Plant II [9]. So, 

the first part of the dissertation on the one hand is the standard necessary background 

for the statement of my research problem, and on the other hand it is a convenient 

collection of the main definitions, notions, approaches from specific area of theoretical 

mechanics that will be used in my future research. 

The second part of the dissertation is numerical analysis of a boundary value 

problem describing damped vibration of an elastic string. Vibration theory is con-

cerned with the osciUatory motion of physical systems. The motion may be harmonic, 

periodic, or a general motion in which the amplitude varies with time. Vibration of 

turbine blades, chatter vibration of machine tools, electrical oscillations, sound waves, 

vibrations of engines, torsional vibrations of crank shafts, and vibrations of automo-

biles on their suspensions can all be regarded as coming within the scope of vibration 

theory. Vibrations are encountered in many mechanical and structural applications 

(e.g., mechanisms and machines, buildings, bridges, vehicles, and aircrafts). In many 

of these systems, excessive vibrations produce high stress levels, which in turn may 
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cause mechanical failure [1, 2]. 

Vibration can be classified as free or forced vibration. In free vibration, there are 

no external forces that act on the system. Forced vibrations are the result of external 

excitations. In both cases, the system must be capable of producing restoring forces 

which tend to maintain the oscillatory motion. These restoring forces can be produced 

by discrete elements such as linear and torsional springs or by continuous structural 

elements such as beams and plates. 

The aforementioned discrete and continuous elastic elements commonly are used 

in many systems, such as the suspensions and frames of vehicles, the landing gears, 

fuselage, and wings of aircraft, bridges, and buildings. The restoring forces produced 

by the elastic elements are proportional to the defîection or the elastic deformation 

of these elements, If the vibration is small, it is customary to assume that the force-

deflection relationship is linear (i.e., the force is linearly proportional to the deflec-

tion). In this case, the linear theory of vibration can be applied. If the assumptions of 

the linear theory of vibration are not valid (e.g., if the displacement-force relationship 

cannot be described using linear equations), the nonlinear theory of vibration must 

be applied. 

The level of vibration is significantly infiuenced by the amount of energy dissipa-

tion. The energy dissipation is typically due to (a) dry friction between surfaces (also 

called the Coulomb damping), (b) viscous damping^ and/or (c) structural {hysteretic) 

damping of the material. If the system has a damping element, it is called a damped 

system. Otherwise, it is called an undamped system. 

Mechanical systems also can be classified according to the number of degrees of 

freedom which is defined as the minimum number of coordinates required to define 

the system configuration. The vibration of systems, which have a finite number of 

degrees of freedom, is governed by second-order ordinary differential equations. On 

the other hand, the vibration of continuous systems, which have infinite degrees of 

freedom, is governed by partial differential equations, which depend on time as well 

as on the spatial coordinates. 



CHAPTER 2 

PHYSICAL BACKGROUND 

2.1 Vibration Model Elements 

In general, vibrations are the result of the combined effects of the inertia and elas-

tic forces. Inertia of moving parts can be expressed in terms of the masses, moments 

of inertia, and the time derivatives of the displacements. Elastic restoring forces can 

be expressed in terms of the displacements and stiífness of the elastic members. While 

damping has a significant effect, vibration may occur without damping. Damping, 

however, remains as a basic element in the vibration analysis. 

Inertia is the property of an object that causes it to resist any effort to change its 

motion. For a particle, the inertia force is defined as the product of the mass of the 

particle and the acceleration, 

F i^mi^ , (2.1) 

where Fi is the vector of the inertia forces, m is the total mass of the particle, and r 

is the acceleration vector defined in an inertial frame of reference. Rigid bodies, on 

the other hand, have inertia forces and moments. For the planar motion of a rigid 

body, the inertia forces and moments are given by 

Fi - mi=, Mi - 1 9 , (2.2) 

where F; is the inertia forces, m is the total mass of the rigid body, r is the acceleration 

vector of the center of mass of the body, Mi is the inertia moment, / is the mass 

moment of inertia of the rigid body about its center of mass, and 6 is the angular 

acceleration. The units for the inertia forces and moments are, respectively, the units 

of forces and moments. 

Components with distributed elasticity are used in mechanical and structural sys-

tems to provide fiexibility and to store or absorb energy. These elastic members 

produce restoring forces, which depend on the stiffness of the member as well as the 

displacements. Continuous elastic elements such as rods, beams, and shafts produce 



restoring elastic forces (see Figure 2.1). The rod produces a restoring elastic force 

that resists the longitudinal displacement in the system. If the mass of the rod is 

negligible compared to the mass m, one can write (from strength of materials) the 

following relationship 

F = ^ u , (2.3) 

where F is the force acting at the end of the rod, u is the displacement of the end 

point, and /, A, and E are, respectively, the length, cross-sectional area, and modulus 

of elasticity of the rod. Equation(2.3) can be written as 

F = ku, (2.4) 

where k is the stiíFness coefficient of the rod defined as 

, EA , , 
fc = — . (2.5) 

Similarly, for the bending of the cantilever beam, one can show that 

F = '-fv. (2.6) 

where F is the applied force, v is the transverse defiection of the end point, and /, / , 

and E are the length, second mass moment of inertia, and the modulus of elasticity 

of the beam. In this case, we may define the beam stiflFness as 

7 3 £ / ^ ^ 
k = - ^ . (2.7) 

From strength of materials, the relationship between the torque T and the angular 

torsional displacement 9 of the shaft is 

T=^'>. (2.8) 

where /, J, and G are the length, polar moment of inertia, and the modulus of rigidity. 

In this case, the torsional stif ness of the shaft is defined as 

GJ_ 
l k = ^ . (2.9) 
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Figure 2.1: Continuous elastic systems: (a) longitudinal vibration of rods; 

(b)transverse vibration of cantilever beams; (c) torsional system. 



While the eflFect of the inertia and elastic forces tends to maintain the oscillatory 

motion, the transient effect dies out because of energy dissipations. The process of 

energy dissipations is generally referred to as damping. Damping, in general, has 

the effect of reducing the amphtude of vibration and, therefore, it is desirable to 

have some amount of damping in order to achieve stability. Solid materials are not 

perfectly elastic (that is, they do exhibit damping) because of the internal friction 

due to the relative motion between the internal planes of the material during the 

deformation process. Such materials are referred to as viscoelastic solids, and the 

type of damping which they exhibit is known as structural {hysteretic) damping. 

Another type of damping which commonly occurs when sliding contact takes place 

between two surfaces is the Coulomb {dry-friction) damping (see Figure 2.2). 

In dry-friction damping, energy is dissipated as heat because of the friction due to 

the relative motion between the surfaces in contact. In this case, the damping force 

has a direction which is opposite to the direction of the motion (displacement). The 

friction force is given by 

Ff = iiN, (2.10) 

where Ff is the friction force, /x is the coeíficient of dry friction^ and Â  is the force 

normal to the contact surfaces. 

The most common type of damping, however, is called viscous damping (see Figure 

2.3). In viscous damping, the damping force produced is proportional to the velocity. 

In this case, the energy dissipating element is called a viscous damper or dash pot. An 

example of a dash pot is the shock absorber in automobile suspensions and aircraft 

landing gears. Most of the actual viscous dampers consist of a piston and a cylinder 

filled with viscous fluid. The fluid flow through the holes in the piston provides the 

viscous resistance to the motion. The damping force is a function of the fluid viscosity, 

the number and size of the holes, and the dimensions of the piston and cylinder. 

The desired damping characteristics can, therefore, be obtained by changing these 

parameters. 
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Figure 2.2: Coulomb or dry-friction damping. 
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2.2 Dynamic Equations 

An important step in the study of the oscillatory motion of mechanical systems 

is the development of the dynamic differential equations of motion. If the physical 

system can be modeled as a collection of lumped masses and/or rigid bodies, the 

equations of motion are, in general, second-order ordinary differential equations. If 

the system consists of continuous structural elements such as beams, plates, and 

shells, the governing equations are partial differential equations. The solution of the 

differential equations that governs the oscillatory motion can be used to predict the 

dynamic response of the system under different loading conditions. 

Now we outline here how to derive the dynamic differential equations of motion. 

Newton^s second law {of motion) states that the resultant force, which acts on a 

particle, is equal to the time rate of change of the momentum of that particle. The 

particle momentum is a vector quantity defined as 

p = mv, (2.11) 

where p is the momentum of the particle, m is the mass, and v is the velocity vector. 

Newton's second law can then be expressed in mathematical form as 

F - = m p , (2.12) 

where F is the resultant force that acts on the particle. By substitution (and assuming 

that the mass of the particle remains constant), one obtains 

F = | ( m v ) = m ^ = ma, (2.13) 

where a is the acceleration of the particle defined as 

dv 

2.3 Idealization of Mechanical and Structural Systems 

Modern mechanical and structural systems may consist of several components con-

nected together by different types of joints. In order to develop a mathematical model 



for a system, the actual system may be represented by a simplified model which has 

equivalent inertia, damping, and stiffness characteristics. Several assumptions such 

as neglecting small effects, replacing the distributed characteristics by lumped char-

acteristics, and neglecting uncertainties and noise may have to be made in order to 

obtain a simplified model which is more amenable of analytical studies. Adopting a 

very complex model may be considered as poor a judgment as adopting an oversim-

plified model because of the waste of energy and the time required to study complex 

models. A reasonably simplified model makes the analysis much simpler as the re-

sult of reducing the number of variables and the complexity of the resulting dynamic 

equations. 
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CHAPTER 3 

SOLUTION OF THE VIBRATIONAL EQUATIONS 

The application of Newton's second law to study the motion of physical systems 

leads to second-order ordinary differential equations. The coefficients of the acceler-

ations, velocities, and displacements in these diff'erential equations represent physical 

parameters such as inertia, damping, and restoring elastic forces. Therefore, these 

coefficients have a significant effect on the response of the mechanical and structural 

systems. In fact, the stability of the system as well as the speed of the response of 

the system to a given excitation are functions of the inertia, damping, and stiffness 

coeíficients. Changes in these coefficients may result in a stable or unstable system, 

and/or an oscillatory or non-oscillatory system. 

In order to examine, understand, and analyze the behavior of physical systems, 

the response of these systems to given excitations should be obtained. This can 

be achieved by solving the differential equations that govern the vibrations of these 

systems. We will focus on solving the following differential equation, 

aix + a^x + a^x = f{t). (3.1) 

In the linear theory of vibration, ai, a ,̂ and a^ are most commonly constant 

coefficients. The coefficients 01,^2, and a^ are, respectively, the inertia, damping, and 

stiffness coefficients. The variable x represents the displacement, x is the velocity, 

and X is the acceleration. 

The right-hand side of Eq.(3.1), denoted as / ( í ) , represents a forcing function 

which may depend on time t. If the forcing function f{t) is not equal to zero, 

Equation(3.1) is described as a linear, non-homogeneous, second-order ordinary dif-

ferentiaî equation with constant coefficients. The homogeneous differential equations 

correspond to the case oí free vibration. In the case of undamped vibration, the coef-

ficient ^2 of the velocity x is identically zero. 
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3.1 Stability of Motion 

As it is well-known, the solution of the vibration equation consists of two parts; 

the complementary function and the particular solution. In the theory of vibration, 

the particular solution depends on the external excitation. In the special case of free 

vibration, one has to determine only the complementary function which contains two 

arbitrary constants that can be determined using the initial conditions. The comple-

mentary function depends on the roots of the characteristic equations. These roots 

depend on the coefficients of the displacement and its time derivatives in the differen-

tial equation. Consequently, these coefficients, which represent inertia, damping, and 

stiffness coefficients, affect the form of the complementary function and the complete 

solution of the vibration problem. In fact, the stability of the system depends on the 

roots of the characteristic equations. In terms of these roots, the general form of the 

complementary equation is given by 

x{t) = Aie^''+ A2e^'\ (3.2) 

where Ai and A^ are arbitrary constants and pi and p^ are the roots of the charac-

teristic equations. In the foUowing, we examine the effect of the roots on the stability 

of the system and summarize some important results. 

If both roots pi and p^ are negative (see Figure 3.1), then the solution x{t) ap-

proaches zero as time t becomes increasingly large. In this case, the solution is 

bounded and non-osciUatory. The rate at which the solution decreases as time in-

creases depends on the magnitude of the roots pi and p^. The system can be made 

more stable by increasing the magnitude of the negative roots. This, of course, can be 

achieved by changing the inertia, damping, and/or stiffness parameters of the system. 

If one or both roots become positive (see Figure 3.2), the solution is non-osciUatory 

and grows without bound as time increases. The rate at which the solution increases 

with time depends on the magnitude of the positive roots. As this magnitude in-

creases, the solution grows more rapidly. This is a case of instability which is often 

encountered in many engineering applications. It is clear that instability occurs when 

12 
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at least one of the roots is positive because of the exponential form of the solution. 

If the roots pi and p^ are complex (see Figures 3.3, 3.4, 3.5), then they appear as 

complex conjugates, which can be written as 

Pi= a + ip, p2 = a- ip. (3.3) 

Therefore, the solution is, in this case, oscillatory and can be expressed as 

x{t) = Xe^'sm{pt + (t)), (3.4) 

where X and (j) are arbitrary constants which can be determined from the initial 

conditions. There are three possibilities which may be encountered. First, the real 

part of the root, a, is negative. In this case, the roots pi and p^ are located in 

the left half-plane of the complex plane. The solution of the vibration equation is 

oscillatory and bounded with an amplitude that decreases with time. The frequency 

of oscillation depends on /3 while the rate of decay depends on the magnitude of a. 

Such is the case of a stable system. 

The second possibility occurs when a equals zero. In this case, the roots pi and 

P2 are purely imaginary. The solution is a harmonic oscillation which has a frequency 

equal to ^. The system is hence called critically stable since the solution is bounded, 

but the amplitude remains constant as time t increases. 

The final possibility occurs when a is positive. The roots pi and p^ are located 

on the right half-plane of the complex plane. The resulting solution is a product of 

an exponential function (which grows with time) and a harmonic function which has 

a constant amplitude. The result is an oscillatory solution with an amplitude that 

increases with time. Such is the case of the unstable system. 

It is clear from analysis that stability of motion is achieved if the roots pi and 

P2 of the characteristic equations lie in the left half-plane of the complex plane. If 

any of the roots lie in the right-hand side thereof, the system becomes unstable. 

Furthermore, the degree of stabihty or instability depends on the magnitude of the 

real parts. The locations of the roots of the characteristic equations can be altered 
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by changing the physical parameters of the system such as the inertia, damping, and 

stiífness coeíficients. 
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CHAPTER 4 

FREE VIBRATIONS OF SINGLE DEGREE OF FREEDOM SYSTEMS 

In this chapter, the free vibration of undamped and damped single degree of 

freedom systems is discussed. As examples of single degree of freedom systems that 

are often used in the modeling of mechanical systems, we have chosen the foUowing 

ones (see Figure 4.1): 

a. mass-spring system; 

b. simple pendulum; 

c. U-tube manometer; 

d. sphere rolling without slipping in a shallow spherical disk; and 

e. torsional system. 

The term free vibration is used to indicate that there is no external force causing 

the motion. The motion is primarily the result of initial conditions such as an initial 

displacement of the mass element of the system from an equilibrium position and/or 

an initial velocity. The free vibration is said to be undamped free vibration if there is 

no loss of energy throughout the motion of the system. This is the case of the simplest 

vibratory system, which consists of an inertia element and an elastic member which 

produces a restoring force (which tends to restore the inertia element to its equilibrium 

position). However, the dissipation of energy may be caused by friction or if the 

system contains elements such as dampers (which remove energy from the system). 

This oscillation is said to be free damped vibration. 

The mathematical models that govern the free vibration of these systems can be 

described in terms of homogeneous second-order ordinary differential equations that 

contain displacement, velocity, and acceleration terms. The displacement coefficients 

describe the stiffness of the elastic members of the restoring forces. The velocity coef-

ficients define the damping constants and determine the amount of energy dissipated. 

And the acceleration coefficients define the inertia of the system. 

20 
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4.1 Free Undamped Vibrations 

In this subsection, the standard form of the differential equation that governs the 

linear free undamped vibration of single degree of freedom systems is derived. The 

solution of this equation is obtained and basic definitions are introduced. For this 

purpose, a single degree of freedom mass-spring system is used. It can be shown that 

the linear free undamped vibration of the other single degree of freedom systems is 

governed by similar equations. 

If a mass m is attached to an undeformed spring of length IQ, there will be an 

elongation A in the spring due to the weight of the mass as a static load (see Figure 

4.2). In such a configuration, the mass is in a position called the static equilibrium 

position. The spring force must be equal to the magnitude and opposite in direction 

to the weight of the mass. That is, 

A;A = mg, (4.1) 

where k is the spring stiffness, A is the static deflection, and g is the gravitational 

constant. Equation(4.1) is called the static equilibrium condition. 

Suppose now that the system is set in motion from the static equilibrium position 

due to initial displacement and/or initial velocity. In order to derive the differential 

equation of motion that governs the free vibration of the system, we consider the 

mass at an arbitrary position x from the static equilibrium position. The extension 

in the spring at this position will be the displacement x plus the static deflection A. 

The spring force, denoted as F5, can then be written as 

Fs = k{A + x). (4.2) 

The negative sign indicates that the spring force is a restoring force which is in 

an opposite direction to that of the motion. Applying Newton's second law, we have 

mx = mg — k{x + A), (4.3) 
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Using the static equilibrium condition given by Equation(4.1), Equation(4.3) can 

be written as 

mx = —kx, (4.4) 

This is the standard form of the equation of motion that governs the linear free 

vibration of single degree of freedom systems (see Figure 4.3). Equation(4.4) can be 

rewritten as 
A; 

x^ rr = 0, (4.5) 
m 

or 

x + uj'^x ^ O , (4.6) 

where a; is a constant that depends on the inertia and stiflFness characteristics of the 

system and is defined SLS cj = \/—. 

The constant oj is called the circular or the natural frequency of the system. That 

is, uj is defined to be the square root of the coefficient of x divided by the coefficient 

oí X. 

The complete solution of Equation(4.6) can be assumed in the following form: 

X = Ae^\ (4.7) 

Substitution of the solution into Equation(4.6) leads to 

{p^+uj^)Ae^' = Q. (4.8) 

The characteristic equation of the system is then defined as 

/ + a ; ^ = 0, (4.9) 

which has the roots 

Pi = iu) and p^ = —iuj. (4.10) 

The solution can then be assumed in the foUowing form: 

X = Acosujt + 5sina;í , (4-11) 
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where A and B are arbitrary constants which can be determined by using the 

initial conditions. Equation(4.11) can be expressed in another form as 

x = Xsm{ujt+ (/)), (4.12) 

where 

X = V^TB~^ ^ = , , „ - . g ) = 3 Í n - ( - ^ ) . (4.13) 

The constants X and (j) are called, respectively, the amplitude of vibration and 

the phase angle. Clearly, X and (f) can be determined once the constants A and B 

are known. 

Equation(4.12) represents a harmonic oscillation. It is clear that the maximum or 

minimum displacement x occurs when 

\sm{ujt + (j))\ = 1. (4.14) 

That is, 

ujt + (j)= ^^ TT, n = 0 ,1 ,2 , . . . , (4.15) 

which implies that the solution has an infinite number of peaks. Note that the phase 

angle (f> affects the time at which these peaks occur(see Figurell). 

4.2 Analysis of the OsciIIatory Motion 

Let us consider the case in which the mass m has both initial displacement and 

initial velocity which can be expressed as 

x{t = ^) = Xû, x{t = ^) = XQ. (4.16) 

Substituting these initial conditions into Equation(4.11) and its time derivative, 

one can show that the constants A and B can be written as 

A = XQ, B = —. (4.17) 
UJ 
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Therefore, solution (4.11) can be expressed in terms of the initial conditions as 

x = XQ COS ujt-\ sin ut, (4.18) 
UJ 

and the velocity x is 

X = —ujXQSÍnujt + XoCosujt. (4.19) 

Using Equation(4.18), the amplitude X of the first part and the phase angle (j) of 

the second part of Equation(4.13) are defined as 

^ = \l^o'+(^)\ (4.20) 

d) = tan-^ í ^ ) = sin-^ | , "^ | . (4.21) 
_1 /^WXo^ _ ^.^_i í XQ 

V^o^ + ( f) 
If the initial displacement XQ is equal to zero, the phase angle ø is equal to zero 

and, accordingly, the displacement is equal to Xsinut. On the other hand, if the 

initial velocity is equal to zero, the phase angle (j) is equal to 7r/2 and the displacement, 

in this case, is equal to X cosut. 

The velocity of the mass can be obtained by differentiating Equation(4.12) with 

respect to time. This yields 

X = ujXcos{ujt+ (!)). (4.22) 

Equation(4.22) can also be written as 

X = UJX sin iujt + (j) + ^\ , (4.23) 

which indicates that the velocity x has a phase lead angle of 7r/2 compared to the 

displacement x (given by Equation(4.23)). 

The acceleration of the mass can be obtained by differentiating Equation(4.22) 

with respect to time. This yields 

X = uj^X cos \ujt + (f)+^\ = uj'^X sin {ujt + (f) + ' ) , (4.24) 
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which is the same as Equation(4.12), since sin^ = -sin(6^ + 7r). Equation(4.24) 

shows that the phase difference between the displacement x and the acceleration x 

is 180° (TT rad). Furthermore, comparing Equation(4.23) and Equation(4.24) shows 

that the phase diflPerence between the velocity x and the acceleration x is 90° (7r/2 

rad). 

The natural period of oscillations is denoted as r and defined from the equation 

UT = 27r, (4.25) 

that is, 
27r ^ fm ,, ^^. 

T = — = 2n^ —. (4.26) 
uj y k 

The system natural frequency can be expressed as the number of cycles per second 

as 

f = - = ^ = ^\/^- (4.27) 
'̂  r 27r 27r V m ^ ^ 

The frequency of the system can also be written in terms of the static deflection A. 

To this end, we may write the following form, 

- = Í- (4-28) 
m A ^ ^ 

Substituting this equation into Equation(4.27) yields 

f = ^\í^^ (4-29) 
"̂  27r V A' ^ ^ 

which implies that the natural frequency of this particular single degree of freedom 

system can be obtained once the static deflection A is known. 

Two forms of Energy exist as the result of the free vibration of the undamped 

single degree of freedom system. The first form is the kinetic energy T as the result 

of the motion of the mass, while the second form is the strain energy U resulting 

from the deformation of the spring. The kinetic energy T and the strain energy U 

are given (for the single degree of freedom system at an arbitrary position x) by 

T - Jmi^ U = hx\ (4.30) 
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The total energy E of the system is defined as the sum of the kinetic and strain 

energies, that is, 

E = -mx^ + -kx\ (4.31) 
2 2 

Using the definitions of a; and x given, respectively, by Equation(4.12) and Equation(4.22), 

E can be written as 

E = ^-muj'^X^ cos^ {ujt + (j)) + -kX^ sin^ {æt + 0). (4.32) 

Since k = uj'^m^ the proceeding equation reduces to 

E = -kX'^^cos^ {ujt + (/))+ sin^ {ut + (p)) = -kX^ = constant. (4.33) 

Therefore, the total energy of the single degree of freedom system at any instant 

in time is constant One may observe that E is equal to the strain energy when the 

displacement is maximum. At this position, the velocity is equal to zero. Since the 

total energy is equal to the sum of the kinetic and strain energies, one may expect 

that the total energy at any instant in time is also equal to the kinetic energy when 

the strain energy is equal to zero or, equivalently, when the deformation of the spring 

is equal to zero. This is indeed the case. To see this, we use the fact that k = uj'^m 

which, upon substitution in the preceding equation, leads to 

E = -kX'^ = -rmuj'^X'^ = constant. (4.34) 

Observe that uj'^X is equal to the maximum velocity, which occurs when the 

displacement is equal to zero. Therefore, the total energy of the system at any instant 

in time is equal to the maximum kinetic energy. This implies that in the free vibration 

of the system under consideration, T = U = E. Between the points at which the 

displacement is zero (maximum kinetic energy) and those at which the velocity is 

zero (maximum strain energy), both forms of energy exist and the total energy E is 

the sum of both (and remains constant). In this case, we say energy is conserved and 

the undamped single degree of freedom system is said to be a conservative system. 
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It is clear from the analysis presented that both the displacement x and the 

velocity X are represented by harmonic functions. By using the velocity expression of 

Equation(4.23), one may define the following new variable 

y=- = Xcos{ut+ (!)). (4.35) 
UJ 

By using this equation and the expression for the displacement (Equation(4.12)), 

one has 

x^ + y^ = X^ sin^ {ujt + (f)) + X^ cos^ {ut + (/))= X^, (4.36) 

since sin^ {ujt + ø) + cos^ {ujt+ (/)) = 1. The relationship between x and y describes a 

circle of radius X (the amplitude of oscillation) and can hence be shown in a phase 

plane (see figure 4.4. This relationship can be represented by a vector x rotating with 

a constant angular velocity cj, and the position of the vector is located by the angle 

ut + (j). Each point in the graphical representation of the phase plane corresponds to 

a unique displacement and velocity that satisfy the equation of motion of the single 

degree of freedom syste'm. Therefore, the motion resulting from the free vibration of 

the system is such that x and x/uj are the coordinates on a point of the circle of the 

phase plane. That is, 
2 

x^+(-\ =X\ (4.37) 

which can also be written as 

0 / . \ 2 
2 f X \ 

which represents an ellipse on which the coordinates of every point correspond to 

a unique displacement to a unique displacement x and velocity x. 

4.3 Stability of Undamped Linear Systems 

The eífects of the system inertia and stiffness parameters on the stability of motion 

of the undamped single degree of freedom vibratory systems are examined. Clearly, 

the mass and stiffness coefficients affect the roots of the characteristic equation and, 

accordingly, changes in these coefficients lead to changes in the system behavior. It 
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is to be shown that, by a proper selection of the stiffness and inertia coefficients, 

instability of the motion can be avoided. The effect of damping on the stability of 

motion will be discussed later. 

The inverted pendulum consists of a mass m and a massless rod of length l. The 

mass is supported by a spring that has a stiffness coefficient k. Let R^ and Ry be the 

reaction forces at the pin joint. Since this is a single degree of freedom system, we 

can obtain the differential equation of motion by taking the moment about point O 

and applying the foUowing formula, 

Ma = Meff. (4.39) 

In this case, the applied external moment Ma about point O is given by 

Ma = mglsin9 - klsin9{lcos9). (4.40) 

The moment of inertia forces is given by 

Meff = —mxl cos 9 — myl sin 9, (4.41) 

where x and y are the accelerations of the concentrated mass m. Using the Cartesian 

coordinate system, the accelerations x and y can be obtained by differentiating the 

following kinematic relationships: 

x = —lsin9, y = 1 cos 9, (4.42) 

X = -19 cos 9 + 19'^ sin 9, y = -19 sin 9 - 19^ cos 9. (4.43) 

Therefore, the moment of the inertia forces can be written as 

Meff = m[{W cos 9 ~ lê^ sin 9)1 cos 9 + {19 sin 9 + 19^ cos 9)1 sin 9] 

= ml^9{cos^ 9 + sin^ 9) = ml^9. (4.44) 

32 



Thus, the second-order differential equation of motion is given by 

ml'^9 + kl sin 9{l cos 9) - mgl sin ^ = 0. (4.45) 

If we use the assumption of suíficiently small oscillations, that is, 

SÍn^?:: : í^, C O S ^ Í : : Í 1, (4 .46) 

the linear differential equation of motion can be obtained as 

ml^9+{kl-mg)l9 = 0. (4.47) 

Let 

kl-mg = b (4.48) 

The differential equation of the system in terms of the parameter b can be written 

as 

ml^9 + bl9 = 0. (4.49) 

There are three different cases which lead to different solutions. 

(1) the constant b is positive (see Figure 4.5); 

(2) the constant b is zero; 

(3) the constant b is negative (see Figure 4.6). 

If the constant b is positive, we have 

kl > mg. (4.50) 

In this case, the natural frequency of the system is defined as 

bl b kl - mg / . r-ix 

In this case, the characteristic equation has complex conjugate roots defined as 

Pi = iuj, p2 = —iuj. (4.52) 
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The solution is then given by 

9 = esin{ujt + <p), (4.53) 

where 6 is the amplitude and (p is the phase angle. Clearly, the solution is a harmonic 

function which has a constant amplitude. A system which has this type of sustained 

oscillation is said to be a critically stable system since the amplitude of oscillation 

remains constant with time. 

If the constant b is identically zero, we have the foUowing equality, 

kl = mg. (4.54) 

The differential equation in this case reduces to 

ml^9 = 0, (4.55) 

which, upon integration, yields 

^ = Cií + C2, (4.56) 

where Ci and ĉ  are constants that can be determined from the initial conditions. 

The solution is a linear function in time, and accordingly, the absolute value of 9 will 

increase with time. In this case, the system is said to be unstable. 

If the constant b is negative, we have the following inequality, 

kl < mg. (4.57) 

Consequently, the characteristic equation has two real roots given by 

Pi = w, P2 = -^' (4.58) 

The solution can then be written as 

9 = Aie^'^ + A2e^'\ (4.59) 

where Ai and A^ are constants which can be determined from the initial conditions. 

The solution is a linear combination of the exponential growth e^^^ and the exponential 

decay ê í̂ (this is also a case of instability). 
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4.4 Free Damped Vibrations 

Thus far, we have only considered the free vibration of the undamped single degree 

of freedom systems. The system response of the undamped system can be represented 

by a harmonic function which has a constant amplitude (the case of sustained oscil-

lation). We will study the effect of viscous damping on the free vibration. It will be 

seen from the theoretical development and the examples presented that the damping 

force has a pronounced effect on the stability of the systems. 

Consider, for example, a single degree of freedom system that consists of a mass 

m supported a spring and a damper (see Figure 4.7). The stiffness coefficient of the 

spring is k and the viscous damping coefficient is c. If the system is set in motion 

because of an initial displacement and/or an initial velocity, the mass will vibrate 

freely. At an arbitrary position x of the mass from the equilibrium position, the 

restoring spring force is equal to kx, and the viscous damping force is proportional 

to the velocity and is equal to ci, where the displacement x is taken as positive 

downward from the equilibrium position. The differential equation of motion can be 

written as 

mx = mg — cx — k{x + A), (4.60) 

where A is the static deflection at the static equilibrium position. Since the damper 

does not exert force at the static equilibrium position, the static equilibrium condition 

still holds. Substituting this condition into Equation(4.60) yields 

mx + cx + kx = O^ (4.61) 

which is the standard form of the second-order differential equation of motion that 

governs the linear vibration of damped single degree of freedom systems. A solution of 

this equation is of the form stated in Equation(4.8). Substitution into the differential 

equation yields 

{mp^ + cp + k)Ae^^ = 0, (4.62) 

The roots of the equation are then given by 
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C 1 Q \ 
P\ = h — \/c2 - Amk, p2 = Vc^ - imk. (4.63) 

2m 2m 2m 2m 
Deflne the following dimensionless quantity, 

e = ~ , (4.64) 

where ^ is called the damping factor and Cc^ which is called the critical damping 

coeffîcientj is deflned as 

Cc = 2muj = 2Vkm, (4.65) 

with uj = y/k/m being the natural system frequency deflned after Equation(4.6). 

The roots pi and p^ of the characteristic equation can be expressed in terms of the 

damping factor ^ as 

Pi = -^uj + ujy/e-l, P2 = -íi^ - a ; V e ' - l - (4.66) 

If ^ is greater than one, then the roots pi and p2 are real and distinct. If ^ is less 

than one, the roots are complex conjugates. The damping factor ^ is greater than 

one if the damping coefficient c is greater than the critical damping coefficient Cc-

This is the case of an overdamped system. Now ^ is equal to one when the c is equal 

to Cc. In this case, the system is said to be critically damped. And ^ is less than one 

if c is less than Cc^ in which case the system is said to be underdamped. The three 

cases will now be discussed in more detail. 

In the overdamped case (see Figure 4.8), the roots are real, and the response 

of the single degree of freedom system can then be written in the form stated in 

Equation(4.59) (replacing 9 with x{t)). Thus the solution, in this case, is the sum 

of two exponential functions and the motion of the system is non-oscillatory The 

velocity can be obtained by differentiating with respect to time, which yields 

x{t) = PiAie^'' + p^A^e^'K (4.67) 

The extremum of the displacement occurs at time ím when the velocity x{t) is 

equal to zero. That is, the maximum displacement occurs when 
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PiAie^'^^ + p^A^e^''^ = 0, (4.68) 

or 

^(m-P2)u = _Pl^^ (4.69) 
PiAi 

This equation can be used to determine the time tm at which the displacement is 

maximum as 

t^=^,n(-?^). (4.70) 

The constants Ai and A2 can be determined from the initial conditions. For 

instance, if XQ and XQ are, respectively, the initial displacement and velocity, one 

would then have that 

XQ = AI+ A2, XQ = piAi + P2A2, (4.71) 

from which Ai and A^ are 

P2 -Pl P2- Pl 

provided that (pi —p^) is not equal to zero. The displacement x{t) can then be written 

in terms of the initial conditions as 

x{t) = -^^[{XQP2 - Xo)é"' + (io - PiXo)é''']. (4.73) 
P2 -Pl 

The time ím at which the maximum displacement occurs can also be written in 

terms of the initial conditions as 

1 , 
Pi -P2 

P2{XQ -P\XQ) 

.PI{XQ -P2XQ)\ ' 
(4.74) 

provided that the natural logarithmic function is deí ned (that is, the argument of 

the natural logarithmic function is positive). If the system has initial displacement 

and zero initial velocity, ím is given by 

í„ = — ^ — l n l = 0, (4.75) 
Pi -P2 
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which means that the maximum displacement occurs a time t = 0 (see Figure 4.9). It 

is important, however, to emphasize that there are also cases in which the response 

curve does not have an extremum. This case in particular corresponds to the argument 

of the logarithmic function in Equation(4.74) being negative. 

For critically damped systems (see Figure 4.10), the damping coefficient c is equal 

to the critical damping coefl cient Cc (and ^ is equal to one). The roots of the 

characteristic equation are then the same and given by 

Pi=P2=P = -oj. (4.76) 

The solution in this case is given by the formula 

x{t) = {Ai + A2t)e-^\ (4.77) 

where Ai and A^ are arbitrary constants, It is clear that the solution x{t) is non-

oscillatory and is the product of a linear time function and a decay exponential. The 

form of the solution depends on Ai and A^ or, equivalently, on the initial conditions. 

The velocity x can be obtained by differentiating the prior equation with respect to 

time as 

x{t) = [A2 - uj{Ai + A2t)]e-^'. (4.78) 

The peak of the displacement curve occurs when á; = 0, that is 

A2-uj{Ai + A2tr.) = 0, (4.79) 

from which the time t^ at which the peak occurs is found to be 

t „ = ^ ^ . (4.80) 
UJA2 

The constants Ai and A2 can also be determined from the initial conditions. Given 

the initial displacement XQ and the initial velocity XQ, we have 

XQ = Ai, XQ = A2- UJAU (4.81) 

that is, 

Ai = xo, A2 = XQ+ UJXQ. (4.82) 
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Figure 4.10: Critically damped systems. 
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The time í^ can then be written in terms of the initial conditions as 

tm = - ^ T. (4.83) 
UJ[XQ + UJXQ) 

In the case of underdamped systems, the parameter c is less than Cc, which means 

that the damping factor ^ is less than one and the roots of the characteristic equation 

Pi and p2 are complex conjugates. Let us define the damped natural frequency ujd as 

Û d = uj^/ ^ . (4.84) 

Using Equation(4.84), we define the roots pi and p^ of the characteristic equation 

are defined as 

P\ = ^uj + iuj^, P2 = Í^ - i^d- (4.85) 

One can now show that the solution x{t) of the underdamped system can be 

written as 

x{t) =Xe-^^^sin{uat+ ((>), (4.86) 

where the amplitude X and the phase angle <J) are constants that can be determined 

from the initial conditions. The solution x{t) is the product of an exponential decay 

and a harmonic function. Unlike the overdamped and critically damped systems, the 

motion of the underdamped system is oscillatory (see Figure 4.11). 

The velocity x{t) is obtained by differentiating Equation(4.86) with respect to 

time as 

x{t) = Xe-^^*[-^^ sin {uj^t + ø) + cja cos {uj^t + (j))]. (4.87) 

The peaks of the displacement curve can be obtained by setting x{t) equal to zero, 

that is, 

Xe-^''\-^uj sin {uj^t + (I))+UJ^ cos {uj^t + 0)] = 0, (4.88) 

where ti is the time at which peak i occurs. Equation(4.88) yields 

^d V W ^ 
tan(íJdí + <t)) = -z^- c - (4.89) 
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Using the trigonometric identity 

. i n ^ ^ ^ t a n ^ _ 

Vl-tan^^ ^ ' 
Equation(4.88) then yields 

sin {ujdti + (!)) = V l - e , (4.91) 

The equations (4.86) and (4.91) can be used to define the displacement of the 

peak i as 

Xi = Xe-^''^'y/l-e. (4.92) 

4.5 Structural Damping 

Thus far, we have considered the case of a viscous damping force which is propor-

tional to the velocity. In many cases, such simple expressions for the damping forces 

are not directly available. It is, however, possible to obtain an equivalent viscous 

damping coefficient by setting the energy expressions that represent the dissipated 

energy during the motion equal to each other. We wiU now consider the case of struc-

tural{hysteretic) damping. The infiuence of this type of damping can be seen in the 

vibration of solid materials. In general, solids are not perfectly elastic. When they 

vibrate, there is an energy dissipation due to internal friction, which results from the 

relative motion between particles of the solids during deformation. It was observed 

that there is a phase lag between the applied force F and the displacement x, as 

can be shown by a hysteresis loop curve. It is then clear that the effect of the force 

does not suddenly disappear when the force is removed. The energy loss during one 

cycle can be obtained as the enclosed area in the hysteresis loop and can be expressed 

mathematically using the following integral (see Figure 4.12): 

AD = JFé.. (4.93) 

It can also be observed that the energy loss during one cycle is proportional to 

the stiffness of the material k and the square of the amplitude of the displacement 
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X. The energy loss AD can then be expressed in the following simple form 

AD = TTckX^, (4.94) 

where Cg is a dimensionless structural damping coefficient and the factor TT is in-

cluded for convenience. Observe that the energy loss is a nonUnear function of the 

displacement. Equation(4.94) can be used to obtain an equivalent viscous damping 

coeflîcient. If we assume simple harmonic oscillations x{t) = Xsin {ujt + (j)), then the 

force exerted by a viscous damper can be written as 

Fd = CeX = CQXUJ COS {cút + (/)), (4.95) 

and the energy loss per cycle will be 

AD= Fddx = Ce xdx. (4.96) 

Since X = dx/dt^ we have 

dx = xdt. (4.97) 

Substituting Equation(4.95) and Equation(4.97) into Equation4.96) yields 

AD = Ce x^dt = CeUJ^X^ / cos^ {ujt + <^)dt = -KC^UJX'^, (4.98) 

70 t/o 

where r is the period of time defined as r = 27r/a;. Setting Equation(4.94) and 

Equation(4.98) equal to each other yields the equivalent viscous damping coefl&cient 
as 

Ce = ^ . (4.99) 

The structural damping coeíficient Cg can be determined experimentally to obtain 

the equivalent viscous damping coefficient Cg, which can then be used to develop a 

mathematical model. 

4.6 Coulomb Damping 

In this section, we study the effect of Coulomb {dry-friction) damping on the 

response of a single degree of freedom osciUatory system. To this end, we consider 
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the mass-spring system. In the case of Coulomb damping, the friction force always 

acts in the direction opposite to that of the motion of the mass. In this case, the 

friction force can then be written as 

F{ = fiN, (4.100) 

where /i is the coefficient of sliding friction and Â" is the normal reaction force. If the 

motion of the mass is to the right ( i > 0), then the friction force Ff is negative. If 

the motion of the mass is to the left (i: < 0), then the friction force Ff is positive (see 

Figure 4.13). Therefore, the vibration of the system is governed by two differential 

equations which depend on the direction of motion. It is clear that if the mass moves 

to the right, 

then the differential equation of motion is 

mx = -kx - Ff, x> 0. (4.101) 

If the mass moves to the left, then the differential equation of motion is 

mx = -kx + Ff, x < 0. (4.102) 

These equations can be combined into one as 

mx + kx = +Ff, (4.103) 

where the negative sign is used when the mass is moved to the right and the positive 

sign is used when the mass is moved to the left. Equation(4.103) is a non-homogeneous 

differential equation with a solution consisting of two parts: the homogeneous solution 

(complementary function) and the forced (particular) solution. Since the force Ff 

is constant, the particular solution is assumed as Xp = C, where C is a constant. 

Substituting this solution into Equation(4.103) yields 

xp = +j. (4.104) 
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Therefore, the solution of Equation(4.103) can then be written as 

Ff 
x{t) = Aisinujt + A2COSujt- —, i > 0, and (4.105) 

k 
Ff 

x{t) = Bxsinujt + B2Cosujt+-^, x <0, (4.106) 
k 

where uj is the natural frequency, Ai and A^ are constants dependent upon the 

initial conditions of rightward motion, and Bi and B2 are constants dependent upon 

the initial conditions of leftward motion. 

Let us now consider the case in which an initial displacement XQ to the right and 

zero initial velocity are given. Equation(4.106) can then be used to yield the following 

algebraic equations, 

XQ = B2 + ^ . 0 = U)BU (4.107) 
/c 

which imply tha t Bi = 0 and B2 = XQ — {Ff/k) such that 

í Ff\ Ff / Ff\ 
x{t) = ÍXQ —— I coscjí + -—, x{t) = —uj [XQ —— I sincjí, (4.108) 

The direction of motion will change when á; = 0. The previous equation then 

yields the time íi at which the velocity starts to be positive. The time t\ can be 

obtained from the equation 

0 = -uj ÍXQ - -^\ sincjí, (4.109) 

or 

c j í i=7r ; (4.110) 

that is. 

íi = - . (4.111) 

At this time, the displacement is determined from Equation(4.108) as 

2Ff 

(« = nD = -»+X' '*-"̂ ' X 
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which shows that the amplitude in the first half-cycle is reduced to by the amount 

2Ff/k as the result of dry friction. 

In the second half-cycle, the mass moves to the right and the motion is governed 

by Equation(4.105) with the initial conditions 

KD — X ' *(D = °- (*•"') 

Substituting these condition into Equation(4.105) yields 

Ai=0, A2 = XQ-^^. (4.114) 

The displacement x{t) in the second half-cycle can then be written as 

x{t) = {xQ-Z^)cosujt- 4- (4.115) 

k k 
and the velocity is 

F 
x{t) = -a;(xo-3-!-)sina; í . (4.116) 

k 
The velocity is zero at time t^ when í̂  — 27r/a; = r, where r is the periodic time 

of natural oscillations. At time t^, the end of the first cycle, the displacement is 

/ X /^27r\ 4Ff 
x{t2)=x{ — \ = X Q - ^ , (4.117) 

that is, the amplitude decreases in the second half-cycle by the amount 2Ff/k. By 

continuing in this manner, one can easily verify that there is a constant decrease in 

the amplitude of 2Ff/k every half-cycle of motion (see Figure 4.14). Furthermore, 

unlike the case of viscous damping, the frequency of oscillation is not affected by the 

Coulomb damping. It is also important to point out that in the case of Coulomb 

friction, it is not necessary that the system comes to rest at the undeformed spring 

position. The final position wiU be at an amplitude Xf at which the spring force 

Fs = kXf is less than or equal to the friction force. 
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Figure 4.14: Effect of the Coulomb damping. 
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4.7 Negative Damping 

In some applications, the force that produces the motion may be velocity- or 

displacement-dependent, which means the force that sustains the motion is created 

by the motion itself. When the motion in the system stops, the force no longer exists. 

The motions of such systems are said to be self-excited. Self-excited vibrations are 

encountered in many applications such as the chatter vibration of a tool in machine-

tool systems, the shimmy of automobile wheels, and airplane wing flutter. In self-

excited vibration, the motion tends to increase the system energy. Accordingly, the 

amplitude of vibration may grow drastically and the system becomes unstable. In 

order to better understand the effect of self-excited vibration on the system stability, 

we consider a simple case in which the force is proportional to the velocity. In this 

case, the differential equation of motion of the damped mass-spring single degree of 

freedom system can be written as 

mx + cx + kx = F, (4.118) 

where m is the mass, c is the viscous damping coefficient, k is the spring constant, 

and the force F can be written as 

F = bx, (4.119) 

in which 6 is a proportionality constant. Substituting Equation(4.119) into Equation(4.118) 

yields 

mx + cx + kx = bx (4.120) 

or 

mx + {c- b)x + kx = 0. (4.121) 

That is, the self-excited vibration can be considered as a free vibration with a 

negative damping. In this case, the damping force which is proportional to the velocity 

has the same direction as the velocity. 
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If c = 6, the coefficient of x in Equation(4.121) is identically zero, and this equa-

tion reduces to the differential equation of motion of the undamped single degree of 

freedom system. 

A solution of Equation(4.121) can be assumed in the form 

x = AieP\ (4.122) 

which yields the following characteristic equation, 

mp^ + {c~b)p + k = 0. (4.123) 

This equation has the following two roots, 

^' = - ^ + Í^Vic-kr-i'nk, n = ~ - ^^(c-bY-imk. (4.124) 

If c > 6, then we have the case of positive damping from prior discussion, where 

it was shown that this case corresponds to stable systems in which the amphtude 

decreases with time. However, if c < 6, the velocity coefficient in Equation(4.121) is 

negative and the system is said to exhibit negative damping. If the roots pi and p^ 

are real, at least one of the roots wiU be positive. If the roots pi and p^ are complex 

conjugates, the solution can be written as the product of an exponential function 

and a harmonic function. The exponential function will be increasing with time and, 

accordingly, the amplitude of vibration will drastically increase. The system is then 

said to be dynamically unstable. In this case, the damping force does positive work 

on the system. This work is converted into additional kinetic energy, and the effect 

of the damping force is to increase the displacement instead of diminish it. 
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CHAPTER 5 

FORCED VIBRATION 

In this chapter, we study the undamped and damped motion of single degree of 

freedom systems subject to forcing functions which are time-dependent. We consider 

only the case of harmonic forcing functions and discuss the response of the system to 

periodic forcing functions. 

5.1 Differential Equation of Motion 

Consider the case of a viscously damped single degree of freedom mass-spring 

system subjected to a forcing function F{t). As we know, the differential equation of 

motion can be written as 

mx + CX + kx = F{t). (5.1) 

The solution of this equation consists of two parts: the complementary function Xh 

and the particular integral Xp. That is, 

a; = Xh + Xp, (5.2) 

where Xh is the solution of the homogeneous equation 

mi'h + cf h + ^^h = 0. (5.3) 

The particular solution Xp represents the response of the system to the forcing 

function. The complementary function x^ is sometimes called the transient solution 

since in the presence of damping, this solution dies out. The particular integral x^ is 

sometimes called the steady state solution. The steady state vibration exists long after 

the transient vibration disappears. It is important to emphasize that the transient 

solution contains two arbitrary constants. Therefore, the solution of Equation(5.2) 

contains two arbitrary constants which can be determined by using the initial condi-

tions. 
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5.2 Force Undamped Vibrations 

In this section, we consider the forced undamped vibration of single degree of 

freedom systems (see Figure 5.1), i.e., 

mx + kx = F{t). (5.4) 

We consider harmonic excitation in which the forcing function F{t) (see Figure 

5.2) is given by 

F{t) = FQSÍnujft, (5.5) 

where FQ is the ampUtude of the forcing function and a;f is the forced frequency. The 

periodic time of this harmonic function is denoted as rf and is defined as 

Tf = - . (5.6) 
a;f 

Combining Equation(5.4) and Equation(5.5) yields the differential equation of the 

undamped single degree of freedom system under the harmonic excitation as 

mx + kx = FQ sin a;fí. (5.7) 

The complementary function Xh of this undamped system is given by 

x^ = Xsin{ujt + (í)), (5.8) 

where X and (f) are constants which can be determined by using the complete solution 

and the initial conditions. 

The steady state solution of Equation(5.7) can be obtained by assuming a partic-

ular integral x^ in the form 

Xp = Aisinuft + A^cosujft. (5.9) 

The acceleration x^ can be obtained by differentiating this equation twice with 

respect to time to yield 

Xp ^a^fXp = -ujf^AiSÍnujft + A^cosujft). (5.10) 
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Figure 5.1: Forced vibration of single degree of freedom systems. 
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Time 

Figure 5.2: Harmonic forcing function. 
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Substituting Equation(5.9) and Equation(5.10) into Equation(5.7) yields 

-muj^{Ai sinuft + A^ cosa;fí) + k{Ai sina;fí + A^ cosujft) = FQ sinujft. (5.11) 

Equating the coefficients of the sine and cosine functions in both sides of this 

equation yields 

A\ = T ^ , A 2 - O , (5.12) 
k — muj^ 

provided that k ^ muj'j, 

Therefore, the solution (5.9) can be written as 

^p(*) = 1 ^sinajfí= :; r-sina;fí, (5.13) 
k — mujf 1 — r^ 

where XQ and r are defined as 

Xo = - , r = - . (5.14) 

The steady state response x^ of Equation(5.14) can be written as 

Xp(í) = XQ^sinujft, (5.15) 

where /5, which is called the magnification factor, depends on the frequency ratio r 

from (5.14) and is defined as 

/5 = r ^ - (5-16) 

The magnification factor ^ approaches infinity when r approaches one; that is, 

when a;f = a;. This is the case of resonance in which the frequency of the forcing 

function coincides with the system natural frequency. Furthermore, if r is equal to 

zero, /3 is equal to one and if r approaches infinity, /3 approaches zero. 

Observe that the steady state response Xp of Equation(5.15) is a harmonic function 

which has the same frequency a;f as the forcing function. Furthermore, there is no 

phase angle between the steady state response x^ and the harmonic forcing function 

F{t). 
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The complete response of the undamped single degree of freedom system under 

harmonic excitation can be written as 

x{t) ^Xh + Xp = Xsin(a;í + ø) + J\:o/3sina;fí. (5.17) 

This equation has two arbitrary constants X and ø which can be determined using 

the initial conditions. 

Differentiating Equation(5.17) with respect to time yields 

X = a;Xcos(a;í + (p) +ujfXQ/3cosujft. (5.18) 

Let XQ and XQ denote, respectively, the initial displacement and velocity. Using 

Equation(5.17) and Equation(5.18), one obtains 

XQ = Xsin(/>, XQ = UJX cos(i) + ujfXQ/S. (5.19) 

These are two algebraic equations which can be solved for the constants X and (f). 

An alternative form for Equation(5.17) is 

x{t) = Ai cos ujt + A2 sin ut + XQP sin ujft, (5.20) 

where Ai and A2 are constants which can be determined from the initial conditions. 

In terms of XQ and io, one can show that the constants Ai and A2 are given by 

Ar=XQ, A2 = --rXQP. (5.21) 
UJ 

That is, 

x{t) = XQCOSUJt+ l—-rXQp] sinujt + XQpsinujft. (5.22) 

5.3 Resonance and Beating 

In this section, the behavior of the undamped single degree of freedom system in 

the resonance region is examined. The case in which the frequency a;f of the forcing 

function is equal to the system natural frequency u is discussed first. This is the case 
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of resonance (see Figure 5.3). That is, resonance occurs when the frequency ratio r 

is equal to one. If r is near, but not equal, to one, another interesting phenomenon 

known as beating occurs. 

In the case of resonance, a;f is equal to uj. This is the case in which r = 1. It is 

shown in Equation(5.13) that the displacement in this case goes to infinity for any 

value of t. However, this is not physically acceptable since the amplitude takes time 

to grow. Mathematically, the resonance case occurs when the forcing frequency is 

equal to one of the imaginary parts of the roots of the characteristic equation. In 

the theory of differential equations, this case is treated as special. Therefore, the 

equation does not represent the steady state solution at resonance since an infinite 

displacement cannot be attained instantaneously. Since a;f = ra;, Equation(5.15) can 

be written as 

.„( ,) = í i f j J ^ . (5.23) 

In order to obtain the correct form of the solution, we multiply the assumed 

particular solution by t and follow the necessary procedure. This leads to 

^p(^) — 7y—cosa;í. (5.24) 
/i 

That is, the steady state solution at resonance is the product of a harmonic func-

tion with a function that depends linearly on time. The displacement is oscillatory 

with an amplitude that increases with time. Eventually, the system attains infinite 

displacement (but not instantaneously) (see Figure 5.4). 

At resonance, one can write the complete solution as 

x{t) = Xsin {ujt + (f)) ^cosa;í = AiCOSUJt + A^sinut —cosa;í, (5.25) 
/ i /i 

where the constants X and ø or Ai and A^ can be determined from the initial con-

ditions. For an initial displacement XQ and an initial velocity XQ, one can verify that 
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and 

X = \l4+{^ + ^ ) \ Ø = t a n - ^ ^ ^ . (5.26) 

/ l , = x „ , A, = ^ + ^ . (5.27) 
uj 2 

The phenomenon of beating occurs when a;f is close, but not equal, to uj. In 

order to understand the beating phenomenon, we consider the complete solution of 

Equation(5.22). If the initial conditions XQ and XQ are zeros, then the equation yields 

x{t) = XQP{sinujft -rsinujt). (5.28) 

Using the definition of the magnification factor ^, one has 

^ = ^ ^ = r^ -y (5-29) 
a;̂  — ujf {uj + ujf) [uj — ujf) 

Let 

a = ^ . (5.30) 

Clearly, a; is a very small number since a;f is near to a;. It also follows that 

uj + ujf ^ 2uj. (5.31) 

Using Equation(5.29) and Equation(5.30), /3 can be written as 

UJ 

4:a 
(5.32) 

Therefore, Equation(5.28) can be written as 

x{t) = -——{sinujft - sinujt). (5.33) 

If uj and a;f are nearly equal, Equation(5.33) leads to 

x{t) = - (^cosujft) sinat. (5.34) 

The harmonic function cosa;fí has a period of f^ while the harmonic function 

sinaí has a period of ^ . Since a is a very small number, the harmonic function in 
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the parentheses varies more rapidly than sin at. The result, in this case, is the function 

x(í), which has an amplitude that builds up and then diminishes at a certain regular 

pattern (see Figure 5.5). Beating can be observed in many cases such as in the case 

of audio or sound vibration and the case of electric power houses when a generator 

has started. 

It is clear from Equation(5.13) that for a given r, the amplitude of the forced 

vibration is constant (except in resonance region). In order to understand the physical 

reason for that, on may evaluate the energy input to the system as a result of the 

harmonic force. To this end, we define the work of the force as dWe = F{t)dx. Since 

dx = xdt, one has dW^ = F{t)xdt. Therefore, the work of the harmonic force F{t) 

per cycle can be written as 

/*27r/a;f /»27r/a;f /»27r 

We = F{t)xdt = FQXQ/3 / ujfsinujftcosujftdt = FQXQØ / sinucosudu 
Jo Jo Jo 
1 /'̂ ^ - 1 

= -FQXQ/3 / sin2udu = —FoXo/3cos2a;fí|å^ = 0. (5.35) 
^ Jo 4 

That is, the work done by the external harmonic force per cycle is equal to zero, 

and accordingly, the amplitude of the steady state vibration remains constant for all 

values of r except at resonance. In the case of resonance, one can show by using 

Equation(5.24) that the work done by the harmonic force F{t) is not equal to zero. 

As a consequence of this, the amplitude of the steady state vibration does not remain 

constant. 

5.4 Forced Vibrations of Damped Systems 

Thus far, the vibration of the undamped single degree of freedom systems has 

been considered. In this section, we study the effect of damping on the oscillatory 

motion of single degree of freedom systems. The differential equation of motion of 

such a system was shown in Equation(5.1). Let us now consider the case of harmonic 

excitation in which the forcing function F{t) can be expressed as it is in Equation(5.5). 

Substitution of Equation(5.5) into Equation(5.1) yields 
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Figure 5.5: Beating phenomenon. 
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mx + cx + kx = FQ sin ujft. (5.36) 

The steady state solution x^ can be assumed in the form 

Xp = Ai sina;fí + A^cosa^fí, (5.37) 

which yields the following expressions for the velocity and acceleration, 

Xp = ujfAi cos a;fí - ujfA^ sina^fí, x^ = -ujfAi sinujft - ujfA^ cosujft = -ujfX^. 

(5.38) 

Substituting the prior three equations into Equation(5.36) and rearranging the 

terms yields 

[{k - a;f^m)^i - ca^f^^] sina;fí + [ca;f^i + {k - a;f m)^^] cosa;fí = FQ sinujft. (5.39) 

This equation yields the following two algebraic equations in Ai and A^, 

{k - uj^m)Ai - øjjfA^ = FQ, ojjfAi + {k- uj}m)A2 = 0. (5.40) 

Dividing these two equations by the stiffness coefficient k yields 

(1 - r^)A^ - 2rÍA2 = XQ, 2r^Ai + (1 - r^)^^ = 0, (5.41) 

where 

^ = - > ^=7^ = 1, , ^ o = -T^. 5.42 
uj Cc 2muj k 

The two algebraic equations in (5.41) can be solved to obtain the constants Ai 

and A2. This yields 

_ ( l - _ r 2 X o _ , ^ -(2rOXo 

' ( l - r 2 ) 2 + (2re)2' ' ( l - r 2 ) 2 + (2r02' ^ ' 

The steady state solution can then be written as 

^P = (1 _H)f+(2 ,^ )2[ (1 - ^') sî '̂ f^ - (2^^) coscufí] (5.44) 
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or 
X 

^ ( 1 - r2)2 + (2r02 

where -ø is the phase angle defined by 

sm{ujit~ijj), (5.45) 

^ = ̂ ^̂" (rS) • (̂-̂^̂  
RecaUing the definition of ^ = l / i / ( l - r^)^ + (2r^)2, the particular integral can 

be written in a more compact form as 

Xp := Xo/3sin (a;fí - ip). (5.47) 

Clearly, this magnification factor reduces to that obtained for undamped systems 

when ^ = 0. Both /3 and ip can be shown as functions of the frequency ratio r 

corresponding to different damping factors ^ (see Figures 5.6, 5.7). From this, it is 

clear that for damped systems, the system does not attain infinite displacement at 

resonance, since for r = 1, the magnification factor reduces to 

0 = ^ . (5.48) 

Furthermore, P does not have a maximum value at resonance. The maximum 

value can be obtained by differentiating /3 with respect to r and setting the result 

equal to zero. This leads to an algebraic equation which can be solved for r at which 

P is maximized. In doing this, one can show that p is maximized when 

r = y/l - 2^2. (5.49) 

At this value of r, the maximum of /3 is given by 

p^^^ = — = . (5.50) 

The particular integral of Equation(5.44) defines the steady-state response of the 

single degree of freedom system, in the presence of damping, to a harmonic excitation. 

This implies that for given r and ^, the ampUtude of vibration remains constant. This 

can 
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be achieved only if the energy input to the system resulting from work done by the 

external harmonic force is equal to the energy dissipated as the result of the presence 

of damping. In order to see this, let us first evaluate the work of the harmonic force. 

To this end, we write 

At this value of r, the maximum of ^ is given by 

The particular integral of Equation(5.44) defines the steady-state response of the 

single degree of freedom system, in the presence of damping, to a harmonic excitation. 

This implies that for given r and ^, the amplitude of vibration remains constant. This 

can be achieved only if the energy input to the system resulting from work done by the 

external harmonic force is equal to the energy dissipated as the result of the presence 

of damping. In order to see this, let us first evaluate the work of the harmonic force. 

To this end, we write 

dW^ = F{t)dx = F{t)xdt, (5.52) 

where W^ is the work done by the external harmonic force per cycle. That is, 
/*27r/ajf / '27r/cJf 

We= F{t)xdt = FQXQP / (a;f) sina;fí cos {ujft - ijj)dt = TTFQXQP sin ÍJJ. 

Jo Jo 

(5.53) 

Similarly, one can evaluate the energy dissipated per cycle resulting from the 

damping force as 
p2Tz/{jJ{ p2-R 

W^= cx^dt = cX^P^Uf / cos^ {u - i/j)du = ncXlP'^ujf. (5.54) 
Jo Jo 

Observe that the energy input to the system is a linear function of the amplitude of 

the steady state vibration XQ/3 while the energy dissipated as a result of the damping 

force is a quadratic function of the amplitude. Since they must be equal at the steady 

state, one has 

We = Wd (5.55) 

or 

TrFoXo^sin V' = 7rcXô ^̂ a;f, (5.56) 
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which defines /3 as 

^ = ^~sinij. (5.57) 
CA oa;f 

Using the definitions of XQ and 'ø, P can now be written as 

p = —-—sm'ø = , (5.58) 
cXoa;f ^ cujf ^ ( 1 - r^)^ + (2^0^ 

Since c/a;fA; = 2r^, the prior equation reduces to 

^ = ^ = . , (5.59) 
V( l - r2)2 + (2r02 

which is the same definition of /3 obtained by solving the differential equation (see 

Figure 5.8). It is obtained here from equating the input energy to the dissipation 

energy. In fact, this must be the case, since the change in the strain energy in a 

complete cycle must be equal to zero (owing to the fact that the original spring 

elongation is restored after a complete cycle). This can also be demonstrated by 

using the definition of the work done by the spring force as 

'27r/cjf /»27r 

w. 
/»J7r/cjf /»Z7r 

= / kxxdt = kX^P^ / sin {u - -ø) cos {u - ^)du = 0. (5.60) 
JQ Jo 
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CHAPTER 6 

STRING VIBRATION PROBLEM 

Beginning with this chapter, I wiU present the general statement of theSturm-

LiouviIIe problem and formulate my particular goal: to investigate the dynamics 

of the eigenvalues of the main operator as functions of a distrubuted damping 

coefficient. The general statement is standard and can be found, for example, in 

reference [5]. I point out here that even though the main research objective in the 

dissertation of Robert Plant II is different (he is examining the influence of the 

density changes), general background information and statement of the problem is 

similar to what is mentioned here. 

Let us consider the following damped wave equation: 

Utt + 2d{x)ut + Lu = 0, xe [0, a], a < (X), t> 0, (6.1) 

where L is the Sturm-Liouville operator that acts on a smooth function ip by the 

formula [3, 4] 

L(p = pr{p{x)(pa:)x + q{x)(p. (6.2) 

Equation(6.1) describes the vibrations of a nonhomogeneous damped string with the 

following characteristics: d(-) is the viscous damping coefficient, p(*) is the density 

of the string, p{-) is the modulus of elasticity, and q{-) is the rigidity of an external 

harmonic force. We consider the standard initial conditions 

u{x^ 0) = UQ{X), ut{x, 0) = Ui{x), (6.3) 

and a two-parameter family of the boundary conditions 

{ua: + kut){0) = 0, {u^ + hut){a) = 0, h,k eCUoo. (6.4) 

For some particular values of {h,k)^ the boundary conditions (6.4) are well-known; 

e.g., if k = h = oo, we have the homogeneous Dirichlet boundary conditions, and our 

problem describes the vibrations of a string with both ends fixed. Now ií k = h = 0, 
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we have the Neumann boundary conditions, and in that case, we deal with a string 

that has both ends free. If A: = - 1 and /i = 1, we have the Sommerfeld radiation 

boundary conditions. In this case, the eigenvalues are called resonances, and our 

problem describes the resonance phenomenon in acoustical scattering. In general, k 

and h are arbitrary complex constants, and it is a custom in current mathematical and 

engineering literature to model the action of smart materials (self-straining actuators) 

by introducing parameters in the dynamical boundary conditions (6.4). We assume 

that the coefficients of Equation(6.2) satisfy the following conditions: 

p{x),p{x) > c > 0; á{x),q{x) > 0; p,p G i/^[0,a], d G ií^(0,a), q G i:°°(0,a), 

(6.5) 

where H^{0^a), k = 1,2 are the standard Sobolev spaces. 

We mention here that the asymptotic behavior of the eigenvalues strongly depends 

on the behavior of the density function p(-) at the velocity of the endpoint x = a. 

However, we can admit singularities and zeros of p somewhere in the inner points 

of the interval [0,a), even at the endpoint x = 0 (see [4] for the case d = 0). The 

leading term of the asymptotics will be the same, but the remainder term will go to 

0 at the slower rate. We do not allow such a behavior for the sake of simplification 

of the numerical analysis. 

In order to introduce the nonselfadjoint operator, which will be our main object 

of interest, we have to make a standard reduction of the above initial boundary value 

problem to the first order in time evolution equation in a Hilbert space, which will 

be called the energy space. 

Let 1-L be the space of a 2-component Cauchy data U{x) = {UQ{X), Ui{x))^ (super-

script 'T" : transposition) equipped with the following energy norm: 

ii^ii -H 
1 /'' 
270 

,' |2 
P{X)\U'QY+ q{x)p{x)\uQ\ + p{x)\ui dx. (6.6) 

Problems (6.1)-(6.4) can be written as the following first-order (in time) evolution 
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Ut = iUkU, U = I ''^''' ^̂  I , U\t=.o = r " I , (6.7) 

system in Ti: 

ut{x,t) 

where the dynamics generator Chk is a matrix differential operator given by the fol-

lowing differential expression: 

(6.8) 
\-L -2d{x)J 

defined on the domain 

V{Chk) = {$ = (<̂ o, øi)"" en:(f>oe H^{0, a), cf>,e H\0, a), 

{<f>'o + fcØi)(0) = 0, (</.'o + h^^){a) = 0}. (6.9) 

From now on, the operator Chk is our main object of interest. We start with the 

statement summarizing the results proven in our aforementioned works (see [4] and 

[5] and references therein). 

(a) Chk is û simplcj nonselfadjoint operator. (Recall that a nonselfadjoint operator 

is simple if the operator and its adjoint do not have an invariant subspace^ on which 

they generate a self-adjoint operator.) 

(b) When 3fî/i > 0 and ^k < 0, then Chk is a dissipative operator^ i.e., 

U{Chk^.^)n>0 

foraU^eV{Chk)-

(c) The adjoint operator C*^^ is given by the matrix differential expression 

í^lk = - ^ \ ^ 1 (6.10) 
\-L 2á{x)j 

defined on the domain 

V{Cl,) = {$ = {<l>o,4>i)^ en:<í>oe H\0,a), cj>i e H'{0,a), 

(00 + ^<^i)(0) = 0, {(/>', + h(j),){a) = 0}. (6.11) 
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(d) The operator Chk has a compact resolvent, which means that it has a purely 

discrete spectrum consisting of the normal eigenvalues, i.e., each eigenvalue has a 

finite algebraic multiplicity and is an isolated singularity of the resolvent [6]. 

One can see that in order to obtain the adjoint operator, it suffices to replace d 

with (—d) and the parameters A: and h with {—k) and {—h), respectively. 

We note that the direct comparison of the formulae for Chk and C^}^ shows that 

there are obviously two reasons for the non-submissiveness: 

(a) the difference in matrix differential expressions; and 

(b) the distinction in the boundary conditions. 

The second reason is relatively mild (for d = 0, A; = oo, and h = 1, the spectral 

analysis is known), and the combination of (a) and (b) makes the spectral analysis of 

the operator Chk rather nontrivial. 

Now we are in a position to formulate the statement on the spectral asymptotics 

[4, 5]. 

L) Chk has purely discrete spectrum {Xn}nez- If the boundary parameters satisfy 

the conditions 

\h\ ^ V W ) P ( ^ , 1̂1 ^ VPÍO)P{0), (6.12) 

then the entire spectrum is located in a strip parallel to the real axis, i.e., 

|3A„| < C < oo. (6.13) 

/ / h and k are real, then A_„ = —A„. 2.) The following asymptotic representation is 

valid for the eigenvalues: 

Xn= A f +0{\n\-^), | n | ^ o o , 

A r = M 
( sgnn\ 
r + ^ j 

+ í | A / - + - l n l ^ ^ ^ S ± Í ! \/p(Q)p(0) - ^ 
2 "" I Vp{c^p{a) - h VP{0)P{0) + k 

(6.14) 

where 
pa na 

M= y/p{x)/p{x)dx, M= l á{x)y/p{x)lp{x)dx. (6.15) 
JQ Jo 
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If one of the conditions in (6.12) fails, then the spectrum will be totally different. 

Namely, the imaginary parts of the eigenvalues will be unbounded above; instead, 

they wiU tend to oo at the rate \^Xn\ ~ ln|3íîAn| as \n\ -> oo. The consequence of 

such a behavior of the eigenvalues is quite serious, i.e., the eigenfunctions do not form 

an unconditional basis in that case. (For the derivation of the spectral asymptotic 

for the critical value of the boundary parameter, see our paper [15].) 

80 



CHAPTER 7 

NONSELFADJOINT OPERATOR PENCIL 

In this section, we introduce the nonselfadjoint polynomial operator pencil, which 

is induced by the main boundary value problem. There are different ways to introduce 

such a pencil, and we have chosen the one which is used in engineering literature. Let 

us look for a solution of the problem defined by Equation(6.1) and conditions (6.3) 

and (6.4) in the form 

V{x,t) = é^'u{x), (7.1) 

where A is a complex parameter. Substituting (7.1) into Equation(6.1) and conditions 

(6.3) and (6.4), we obtain that u has to satisfy the following boundary problem: 

Lu + 2iXd{x)u - X^u = 0; {u^ + iXku){0) = 0, {u^, + iXhu){a) = 0, (7.2) 

where L is given in (6.2). 

Now we are in a position to define the following quadratic operator pencil. Let 

the pencil Vhk{X) be defined by the formula 

Vhk{X)(p = L(p + X^(p - 2iXd{x)(p, {L is given in (6.2)), 

on the domain 

D{Vhk{X)) = {(p: (pe H\0, a), {(p' + iXku){0) = 0, 

{(p' + iXhu){a) = 0, h,k eCU {oo}}. (7.3) 

We say that X e Cis an eigenvalue ofthe pencil Vhk{X) ifthe problem Vhk{X)(p = 0 

has a nontrivial solution. This solution is called an eigenmode (or eigenfunction). 

The pencil Vhk{X) is closely related to the operator Chk given by (6.8) and (6.9). 

Namely, both the operator Chk t̂nd the pencil Vhk{X) have the same spectra with 

the same multiplicities of the multiple eigenvalues. Furthermore, let {Fn{x)}nez be 

the set of eigenfunctions of the pencil Vhk{X). Then the following relation between 
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{K{x)}ne7. and {'^n{x)}nez (^n(a;) is an eigenvector of Chk) holds: 

*n(x) = I Í ^ - ^ ' ^ M , neZ. (7.4) 
V K{x) ) 

We mention here that a finite number of the eigenvalues may have finite algebraic 

multiplicities that are > 1; for those eigenvalues, we have finite chains of the asso-

ciated vectors. We note that formula (7.4) takes place only for the eigenfunctions 

of the operator Chk and the pencil Vhk{X). The relation between the corresponding 

associated functions is more complicated and will not be used in this work. 

Now we describe the adjoint pencil Vl^{X), which is defined by the formula 

Kk{>)^ == L^ + A V + 2iXd{x)(p (7.5) 

on the domain 

D{V*hk{X)) = {(p : ^eH'{0,a), {(p'+ iXk<p){0) = 0, {^'+ 2Xh(p){a) = 0}. {7.6) 

The spectrum of the pencil Vl^{X) coincides with the spectrum of the operator £^^ 

given by (6.14) and (6.15). Let {F^{x)}nez be the eigenvectors of'P^^(A). Then 

the foUowing relation between {F^{x)}ne% and the eigenvectors {^*^{x)}nez of the 

operator £Ĵ ^ holds: 

( —F*ix)\ 
^̂ " ^ ' M , neZ. (7.7) 

Ki^) j 
From now on, we will discuss the particular case of /i; = oo, i.e., the left-end 

boundary condition will be u{0) = 0, which corresponds to the fixed left end of the 

string. AII our results can be easily extended to any k eC. Our second simplification 

is more serious: namely, in the present paper, we consider the string with constant 

parameters. 

Let us consider the following boundary-value problem: 
p-^w" - 2iXdw + X^w = 0; w{0) = 0, {w + iXhw){a) = 0, (7.8) 
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The general solution of the differential equation in (7.8) can be written in the form 

w{X, x) = A{X)e'''V<^^-^^P + B{X)e''''^/^^^-^^, (7.9) 

with functions A{X) and B{X) to be determined from the boundary conditions. 

The first boundary condition u(A,0) = 0 implies that ^(A) = -B{X). Inserting 

this result into the second boundary condition from (7.8) yields 

0 = u/{X, a) + iXhu{X, a) 

A{X) V(A2 - 2ad)pe^V(^'-2^^d)/' + ^(A2-22Ad)pe-^"V(^'-2^^^'^ 

+ A/ie'''V(^'"^'^'*)^ _ >^f^^-iay/(X^-2iXá)p (7.10) 

From (7.10), it follows that A is an eigenvalue of the problem (7.8) if and only if this 

A is a solution of the following transcendental equation: 

^2iay/{X^-2iXd)p _ A/̂  - y/{X^ - 2iXd)p ^^ 

Xh + ^(A2 - 2zAd)p ' 

Using methods of asymptotic analysis, it can be shown that Equation(7.11) has a 

countable set of roots, which cannot be found in a closed form. To find a convenient 

numerical scheme for the approximations of the aforementioned roots, we first intro-

duce a simpler version of Equation(7.11), which we call "the model equation." The 

roots of the model equation, which will be denoted as {X^}nez, can be easily found. 

The importance of the model equation roots is that the points {A^}n,ez wiU be used 

as initial numerical values for an appropriate numerical scheme. To derive the model 

equation, let us introduce a new function, 

K(A) = ^/{X^ - 2iXd)p. (7.12) 

Equation(7.11) then obtains the form 

2iam _ A/l - K(A) 
^ ~ Xh + i<{X)' ^ -̂̂ ^^ 
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For 1A| ~+ oo, we can approximate bí as follows: 

H(A, = A v ^ ( l - ? ! M ) L , ^ ( l ^ ! ^ , 0 ( l ) ) . (7.14) 

Therefore, with (7.14), the rational function in (7.13) can be approximated as 

Xh-^X) _ X{h - v^) - iXd^ + 0{X-^) 

Xh + H(A) ~ X{h - v^) + i A d ^ + O(A-i) 

X{h-^)-iXd^f^ fl^^ 

= A(/.-yp)+.Ad^(^-^^UJJ- ^'-''^ 
Let us omit the remainder terms in (7.14) and (7.15) and substitute the leading terms 

int Equation(7.13). We obtain a new equation, 

^2ia^p{X-ié) ^ X{h~^)-~iXd^ 
X{h-^) + iXd^' ^ ' ^ 

In what follows, Equation(7.16) will be our model equation. It can be shown that the 

following formula is valid for the roots of Equation(7.16): 

rii 

^^ - ^ 1 i , h + J~p + iadp{7rn) ^ ^ / 1 . , , /r, . ^̂  
Xn = — + ^Ad+ — — I n ^ ; : . / ,1 + 0 — , n ^ o o . 7.17 

Uy/p 2ay/p h — y/p — %adp{7m) ^ 

Let us modify the logarithmic term in (7.17). We have 

h + ^/p + iadp{7rn)~^ 
In h — ^/p — iadp{7rn)~^ 

^ h+J~p{a) ^ / iadp \ . (^ iadp 
In ^ ^ ^ ^ + In 1 + — ,^ ^ ^ , - In 1 ,, ^ , 

h - y/p{ã) V ^^{h + ^/p)J V 7rn(/i - ^ ) 
/i + ^/p iadp iadp n ( ^ 

n 
= In 1 ^ + —/^ ^x + —77 7=T + O 

h- y/p 7m{h + ,/p) 7rn{h - y/p) 

h + y/p 2iadp . . 

h — y/p 7rn(/i^ - p) 

Let us take representation (7.17) and omit all terms of the order O (ln|~^). The 

remaining formula will be called the first approximation for the eigenvalues when the 

number of all eigenvalues tends to oo. So for the first approximation, we have 

î 7rn 
Xn = — ^ + ^ 

a^ 
d l ^ I n ^ ^ ^ 

2ayp h- ^ 
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In addition to the first approximation given by (7.19), we also use the refined formula, 

which we will call the second approximation. This approximation can be obtained by 

incorporating formula (7.18) and is given by the formula 

Xn — 7rn 2iadp 

ay/p 7rn(/i2 — p) + i d + 
h+y/p' 

2ayp"" h~ ^ 
In (7.20) 

In the present paper, we will discuss the approximations for eigenvalues asso-

ciated to both formulae (7.19) and (7.20). We show that even though the second 

approximation looks more complicated, it gives a much better numerical result. 
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CHAPTER 8 

NUMERICAL ANALYSIS AND COMPUTATIONAL RESULTS 

In this chapter, we present the numerical results for the first 40 complex eigenval-

ues when the parameters of the problem have the following numerical values: p = 4, 

/i = 4, d = 0 [7, 8]. Our goal is to investigate the response of the spectrum on the 

change of the viscous damping coefficient d. We will change this parameter with 

specific small steps and, as it will be seen from the pictures, a small change of the 

damping may cause a significant response in the spectral behavior. Even though in 

engineering practice, the first 10-12 eigenvalues (eigenfrequencies in the engineering 

language) are indeed important, we will analyze the behavior of the first 40 eigen-

values. The reason for obvious "excess" of the number of the eigenvalues will be 

explained later. 

It is well-known that in addition to complex eigenvalues given by the formula 

for our problem, there exist purely imaginary eigenvalues. These purely imaginary 

eigenvalues are usually ignored by practitioners. So, our question is: How many purely 

imaginary eigenvalues for a given value of d? Can we disregard the existence of such 

eigenvalues? The most important question is: What is the dependence of the 

number of purely imaginary eigenvalues upon the value if damping? 

8.1 Results and Discussion 

In Figure 8.1(a), there is a chain of the first 40 eigenvalues; the chain is visibly 

very close to the predicted horizontal asymptote. At this value of the damping, there 

are no imaginary eigenvalues. 

In Figure 8.1(b) where d=0.5, there are two different sets of eigenvalues: a set of 

eigenvalues close to the horizontal asymptote and a one-point set of a purely imaginary 

eigenvalues. 

Figure 8.2(a) shows that change from d = 0.5 to d — 1 leads to the appearance 

of a new pair of purely imaginary eigenvalues, i.e., for d = 1, there are 3 imaginary 
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eigenvalues. Figure 8.2(b) shows the same number of purely imaginary eigenvalues, 3; 

however, their positions have been changed. Figure 8.2(c) shows that the next change 

of the damping leads to the next additional pair of the purely imaginary eigenvalues. 

Summarizing the results of the first 5 graphs, we can see 2 important facts: 

(i)Increase in d leads to the appearance of additional imaginary eigenvalues and 

(ii)The total number of purely imaginary eigenvalues is always odd. The latter fact 

can be proven rigorously. From now on we will focus on the mechanism of appearance 

of purely imaginary eigenvalues. 

Figure 8.3 represents the first 40 eigenvalues corresponding to the case d — 2.4. 

We again have two subsets of eigenvalues: the first one is a set of complex points 

asymptotically close to the horizontal line, y = 2.5, and the second set consists of 5 

purely imaginary eigenvalues. It is clear, if one is paying attention to the first 10 or 

12 eigenvalues, he/she cannot simply ignore half of the given data. 

In this figure, the only change that has been made is the damping has been 

increased from 2.4 to 2.5. We can see that a relatively small change from d = 2.4 to 

d = 2.5 leads to seven purely imaginary eigenvalues. It is known that the eigenvalues 

change when damping is increased, but what path are the eigenvalues taking to become 

purely imaginary? We would like to formulate an idea that has been accepted in 

the mathematical community for many years. Namely, it had always been assumed 

that with the increase of damping the two eigenvalues closest to the origin would 

merge together to create one complex double eigenvalue and then separate on the 

imaginary axis creating the birth of two purely imaginary eigenvalues. Nobody proved 

or disproved this idea. In our attempt to illustrate the validity of this idea, we have 

shown that the real picture is just the opposite to the one that has been considered 

as a true one. 

As stated previously, we are most concerned with the path taken by the two 

closest eigenvalues to the origin as damping increases. We want to know exactly how 

a pair of purely imaginary eigenvalues is created. Figure 8.5 shows the path of the two 

symmetric eigenvalues closest to the origin. The points on the graph located at the 
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positions A and B correspond to the pair of eigenvalues at d=2.4. The points on the 

graph located at the positions C and D correspond to the same pair of eigenvalues 

at d=2.5. The points in between are the path of the two eigenvalues as damping is 

increased by a factor of 10~^^. It is now obvious that the two eigenvalues do not 

come together to create a double imaginary eigenvalue, in fact they create 

a hyperbolic path to the imaginary axis. 

We can see in Figure 8.6(a) and 8.6(b) that the eigenvalues follow the same pattern 

as damping increases. 

We had discussed earlier the concept of negative damping. The figures below show 

the progression of eigenvalues as damping changes in the negative direction. We can 

see that the eigenvalues follow a similar path as with positive damping, but we can 

see here that the horizontal asymptote begins to move in the negative direction, as 

expected. 
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(a) 
20 -15 -10 -5 5 10 15 20 

(b) 

Figure 8.1: Graph of Eigenvalues with Small Damping (a)d=0, (b)d=0.5. 
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(a) 
-20 •!& - 1 0 - 5 0 5 10 15 20 

(b) 

•20 -15 -10 -5 0 5 10 15 20 

(c) 

Figure 8.2: Graph of Eigenvalues with Increased Damping (a)d=l, (b)d=1.5, (c)d=2 
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15 20 

Figure 8.3: Graph of Eigenvalues with Damping d=2.4. 
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15 20 

Figure 8.4: Graph of Eigenvalues with Damping d=2.5. 
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Figure 8.5: Path of a Pair of Eigenvalues with Damping Between d=2.4 and d=2.5. 
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(a) 
•20 -15 -10 10 15 20 

(b) 

Figure 8.6: Graph of Eigenvalues with Large Damping(a)d=3, (b)d=3.5. 

(a) 
10 15 20 

(b) 

Figure 8.7: Graph of Eigenvalues with Negative Damping (a)d=-.5, (b)d=-l. 
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CHAPTER 9 

CONCLUSIONS AND DIRECTION OF FUTURE RESEARCH 

As it follows from our numerical simulations, as damping increases the number of 

purely imaginary eigenvalues increases. We can observe the coorespondence of the 

number of purely imaginary eigenvalues with respect to damping in Table 9.1. By 

examination, we can also observe a specific pattern: let dm represents the mimimal 

value of d when there exist precisely m imaginary eigenvalues. Then the difí'erence 

dm — dm-1 is extremely stable. 

Table 9.1: Number of imaginary eigenvalues with respect to damping. 

d 

.1 

.9 

1.7 

2.5 

3.3 

4.1 

4.9 

5.7 

Number of Imaginary Eigenvalues 

1 

3 

5 

7 

9 

11 

13 

15 

dm ~ dm-1 

.8 

.8 

.8 

.8 

.8 

.8 

.8 

So we can see that if, for practitioners, the first dozen eigenvalues are important, 

then ignoring pureley imaginary eigenvalues would mean disregarding more than half 

of the data. In our opinion, this could lead to a deformation of the results. 

We can also see from the table, that there is a rate at which pairs of purely 

imaginary eigenvalues appear. This could help to predict when the next pair of the 

imaginary eigenvalues will appear. 

We also point out that there are always an odd number of purely imaginary 

eigenvalues. It would be interesting to prove such a result analytically. In a simpler 
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case {h = k = oo), that fact has been proven [8]. 

It was seen, in one case, the hyperbolic path that a pair of eigenvalues makes to 

become a new pair of purely imaginary eigenvalues. It would be interesting to see if 

all pairs of eigenvalues take a similar path at the same rate. 

As for our future research, we can formulate the following (quite challenging) 

problem. What is the actual mechanizm that leads to the birth of every new pair 

of purely imaginary eigenvalues? WiII we have the same .8 difference in the table 

similar to Table 9.1? Can we derive the formula for the path curve? The answer to 

the last question is very important when we study dependence of an eigenvalue upon 

the damping parameter. 
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APPENDIX A 

A.l CHEBYSHEV POLYNOMIALS 

Theorem A.1.1. The Chebyshev polynomials are defined recursively: 

To{x) = 1 

Ti {x) = X 
(A.l) 

Tn+i{x) = 2xTn{x) - Tn-i{x) forn>l 

Theorem A.1.2. The Chehyshevpolynomials also have a closed-form expressionTn{x) -

cos{ncos-^x) for n>0. 

Theorem A.1.3. From the closed-form expression many useful properties arise. 

1. Tn{x) is a polynomial of degree n 

2. 2^~^Tn{x) has a leading term of x^ (monic polynomial) 

3. On the interval [-1, Ij, \Tn{x)\ < 1 

l Tn{cosf) = {-l)\forl<i<n 

5. Tn{cos^^^) = 0,forl<i<n 

Theorem A.1.4. From the closed-form expression we can show that the Chebyshev 

poîynomials form an orthogonal system on [—1,1] with the inner product < f,g >= 

f ' 1 
/ f{x)g{x)w{x)dx with w{x) = . 

J-i Vl - T̂  
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Theorem A.1.5. Using the Gram-Schmidt orthogonalization process we can show that 

the Chebyshev polynomials are orthogonal for [a, b] = [-1, 1] and w{x) = . ^-
"Sj X X 

Theorem A.1.6. Because we know the Chebyshev polynomials {Tn{x)) are monic and 

of degree n we can use these properties ofthe closedform expression to show |r„(^)| ^ 

2^-^/or|x| < 1. 

A.2 NUMERIACAL CODE 
tinit=clock; 

'/oDefine Constants 

nn=100; a=2.0; rho=4.0; h=4.0; d=2.0; 

y»coordinate transformation 

rhot=rho*a*a/4; irhot=l/rhot; ht=h*a/2; np=nn+l; np2=nn+2; 

n=3*mi+5; cone=sqrt(-l); 

XDiscrete Tshebyshev derivative matrix 

tmpmtx=zeros(2,np2+l,np2+l); for i=l:np2 

tmpmtx(l,i,i)=l; 

end tmpmtx(2,np2, :)=0; tmpmtx(2,np,:)=2*np*tmpmtx(l,np2,:); for 

k=np:-l:l 

tmpmtx(2,k,:)=tmpmtx(2,(k+2),:)+2*k*tmpmtx(l,(k+1),:) ; 

end 

tmpmtx(2,1,:)=tmpmtx(2,l,:)/2; 

dmtx = tmpmtx(2,l:np,l:np2); 

clear tmpmtx; 

y, allcoate memory, start with clean matrices 

ml00=zeros(np2,np2);ml01=zeros(np2,np);ml02=zeros(np2,np2) ; 

mll0=zeros(np,np2);mlll=zeros(np,np);mll2=zeros(np,np2); 
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ml20=zeros(np2,np2) ;ml21=zeros(np2,np) ;ml22=zeros(np2,np2); 

y, Assemble submatrices 

ml01(l:np,:)=eye(np); 

mll2=irhot*reshape(dmtx(l,l:np,l:np2),np,np2); 

ml20(l:np,:)=reshape(dmtx(l,l:np,l:np2),np,np2); 

ml22(l:np,:)=-eye(np,np2); 

mlll=-2*d*eye(np); 

clear dmtx; 

yoBoiindary condi t ions 

y.i 

mlOO(np2,1:2:np2)=1; 

mlOO(np2,2:2:np2)=-l; 

y.2 

ml22(np2,l:np2)=l; 

ml21(np2,:)=ht; 

y, allocate memory (start with clean matrices) 

eb=zeros(n); ea=zeros(n); 

y.assemble for solver 

ea(l:np2,l:np2)=ml00; 

ea(1:np2,(np2+l):(np2+np))=ml01; 

ea(l:np2,(np+np2+l):(2*np2+np))=ml02; 

ea((np2+l):np2+np,l:np2)=mll0; 

ea((np2+l):np2+np,(np2+l):(np2+np))=mlll; 

ea((np2+l):np2+np,(np+np2+l):(2*np2+np))=mll2; 

ea(np2+np+l:2*np2+np,1:np2)=ml20; 

ea(np2+np+l:2*np2+np,(np2+l):(np2+np))=ml21; 

ea(np2+np+l:2*np2+np,(np+np2+l):(2*np2+np))=ml22; 

ea=-cone*ea; 

eb=zeros(n); 

eb(1:np,1:np)=eye(np); 

eb(np2+l:(np2+np),np2+l:(np2+np))=eye(np); 
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clear ml*; 

yocalculate eigenvalues and sort by absolute value (complex numbers) 

eigvals= sort(eig(ea,eb)); 

eigvals= sort(eig(ea,eb)); 

num_of_eigs = 40; 

temp = zeros(num_of_eigs,l); 

for i=l:num_of_eigs 

temp(i,l) = eigvals(i); 

end 

disp(sprintf('Eigenvalues')); 

disp(sprintf C Real part ImagincLry part')); 

for i = 1:num_of_eigs 

disp(sprintf ('y,3d Xieg y.l6g' ,i,real(temp(i)) ,imag(temp(i)))) ; 

end 

hold on; 

figure; 

p l o t ( e i g v a l s ( l : 4 0 ) , ' . ' ) ; 

t i t l e C E i g e n v a l u e s of the problem: 1-40'); 

ax i s ( [ -20 20 0 5 ] ) ; 

g r id ; 

yocalculate elapsed time 

end totime=etime(clock,tinit) 
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