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ABSTRACT 

A homeomorphic model of the eye movement plant is developed and used to 

simulate human saccadic eye movement. The Hill-based model incorporates nonUnear 

musculotendon dynamics. The effects of particular system parameters such as muscle 

mass and viscosity are investigated. The numerical simulations are realistic with 

respect to trajectories, velocities, and forces. 
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CHAPTER I 

INTRODUCTION 

The task of modeling the human ocular system is a special case of the larger effort 

to model and quantify biomechanical systems throughout the human body and nature. 

An evaluation of the success of this effort depends on the reasons behind the modeling 

endeavor. Is the model deemed a success if it accurately predicts the behavior of a 

biomechanical system? Or, are more stringent criteria to be applied, such as fidelity of 

the model design to the physiological design of the original? Models which accurately 

predict system performance and behavior can be immediately applied as diagnostic 

tools. In Kantian terminology, such empirically corroborated models are said to be 

phenomenological in that they describe the system phenomenon, the thing as it is 

observed. Although these models are directly applicable to the clinical setting, they 

may be black-boxes which do not yield any understanding of why the system operates 

as it does. On the other hand, homeomorphic models draw direct inspiration from the 

structure and appearance of the biological system itself. In this way, interpretation of 

the model behavior can be related to an intuitive understanding of causes and effects 

in the original. Ideally, the more closely a scientifically developed model resembles 

its real-world counterpart in composition and arrangement, the more accurately it 

should simulate real-world behavior. Unfortunately, models thus inspired may fail 

to replicate real system responses. Recent studies of biomechanical systems such as 

the human ocular system have focused on the development of homeomorphic models 

which are phenomenologically valid. If successful, such models could open up new 

avenues of biological understanding with many possible applications to diverse areas 

such as clinical physiology, prosthetics, robotics and ergonomics 

The modeling of the human ocular system and its dynamic properties has been 

addressed by neurologists, physiologists, and engineers. In 1630 Descartes [6] devel

oped one of the first models of eye movement based on the principle of reciprocal 

innervation, a notion of paired muscular activity in which a contraction of one muscle 
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is associated with the relaxation of another. Descartes' basic idea has been expanded 

and modified to include varying levels of detail and sophistication. In 1954 West-

heimer [18] developed a linear second-order approximation of eye dynamics during a 

saccade, an extremely rapid eye movement which is usually too brief to be noticed 

by the human subject. His model worked weU for 10° saccades but not for larger 

movements. Robinson [13] advanced a more realistic representation of eye movement 

consisting of a linear fourth-order model that could simulate saccades between 5° and 

50°; however, the velocity profiles produced by this model were not physically realistic. 

Both Westheimer and Robinson acknowledged the eye movement mechanism to be in

herently non-linear due to the geometry of the system and the nonlinear physiological 

behavior of certain components pertaining to extraocular muscle. Another group of 

researchers proposed the Cook-Clark-Stark model ( [5], [3]) which addressed the non

linear relationships between force and velocity in the muscle and produced realistic 

position, velocity, and acceleration profiles. However, their model failed to incorpo

rate certain force-length muscle characteristics which have recently gained prominence 

in the literature of biomechanical modeling. Subsequently, researchers modified the 

Cook-Clark-Stark model with the addition of the force-length relationship of muscle; 

however, they also reintroduced a linearized force-velocity relationship [1]. 

The model proposed herein builds upon earlier models of the oculomotor system, 

particularly in terms of the general arrangement of the model components. However, 

this new model incorporates formulations of the physiological dynamics of human 

muscle which are prominent in other areas of the biomechanical modeling litera

ture, but which have yet to be appUed to oculomotor models. In particular, muscle 

force development is described by a two-component version of Hill's phenomenologi

cal muscle model consisting of a passive and an active contractile component. Since 

the active contractile force of muscle is generally understood to account for muscle 

activation, force-length, and force-velocity relationships, this is reflected in the model 

components. Also, the impact of certain empirically undetermined parameters such 

as muscle viscosity and non-linear tendon elasticity is explored with the intent of sug-



gesting paths of potential clinical investigation. Insight is thus gained into the effects 

of non-linear tendon dynamics and muscle mass. Numerical simulations illustrate 

that the model successfully simulates saccadic movements and accurately depicts eye 

position and velocity and related muscle tensions. 

The first step in the development of the system model is to review the anatomy of 

the eye and to relate physical structures to their representative components compo

nents. The various system components and their associated parameters are related to 

one another via equations describing the kinematics of the eye-muscle-tendon com

plex. Next, mathematical descriptions are given of tendon dynamics, muscle dynam

ics, and neuromuscular relationships. Two models are derived: the complete model in 

which muscle mass is included and the reduced model in which muscle mass and, by 

necessity, muscle viscosity are excluded. Finally, numerical simulations are presented 

and compared with empirical data in order to evaluate the importance of muscle 

mass, muscle viscosity, and the non-linear tendon dynamics. 



CHAPTER II 

THE PLANT MODEL OF THE EYE 

The oculomotor plant model developed in this work can be separated into two 

levels: (1) a macro-level which focuses on the interrelated structures of the gross 

anatomy of the eye system and (2) a micro-level suggested by the physiology of the 

tissues comprising the macro-level structures. The micro-level analysis appears indi

rectly in the expressions for the muscle force-length relationship and the activation 

dynamics. At the macro-level of gross anatomy, the model consists of mathemat

ical equations which express Newton's laws of motion applied to eye rotation and 

muscle extension. It is essentially a kinematic model in which the various elements 

are modeled by the springs, dashpots, and solid bodies typical of mechanical sys

tems. Accelerations of bodies of mass such as the eyeball are caused by torques and 

forces which are produced by the contraction and stretching of muscle tendons. The 

mathematical description of this framework begins with the identification the system 

components and their appropriate descriptive parameters, as well as the kinematic 

relationships between these components. 

2.1 Gross Anatomy Relevant to Horizontal Saccades 

The system of the eye consists of a semi-solid sphere or globe containing vitreous 

matter constituting the lens and supporting fluids. This globe is rotated within 

a retaining orbit by six ocular muscles. The muscles themselves are divided into 

three pairs, each of which is primarily responsible for one of several types of rotary 

movement. In Figure 2.1, the three main axes of rotation are indicated: (1) the x-axis 

which is the anteroposterior axis coincident with the line of sight; (2) the y-axis which 

is horizontal and perpendicular to the line of sight; (3) the z-axis which is vertical and 

perpendicular to the line of sight. The medial and lateral rectus muscles shown in 

Figure 3dglobe cooperate to produce horizontal rotations (i.e., left and right) of the 

eye about the z-axis. Likewise, the superior and inferior rectus muscles (not shown) 



cooperate to produce vertical rotations (i.e., up and down) about the y-axis. Finally, 

the superior and inferior oblique (not shown) muscles produce cyclorotations of the 

eye about the line of sight. 

JatEcal rectus 

m edjalrectus 

Figure 2.1: Globe with medial and lateral rectus muscles 

The medial and lateral rectus muscles are the only muscles considered in this work 

since the present investigation is restricted to the modeling of horizontal saccades. 

A horizontal rotation of the eye by an angle 6 results when one of these muscles 

contracts and the other concurrently relaxes. For a particular movement either left 

or right, the contracting muscle is referred to as the agonist while the relaxing muscle 

referred to as the antagonist. Obviously, the duration and extent of the movement is 

determined by the duration and extent of the muscle contraction/elongation event. 

However, the action of the muscles is exerted on the globe only indirectly via the 

muscle tendon and is moderated by the passive tissues of the plant; hence, analytical 

subtleties arise. In addition, it is unclear whether certain elastic effects should be 

attributed to the muscle or tendon, or perhaps even to the orbit. 



2.2 Component Structures of the Oculomotor Plant 

The primary components of the eye plant model are shown in Figure 2.2 along 

with their associated parameters which wiU be itemized and described in the fol

lowing discussion. Specification of exact values for these parameters is reserved for 

the discussion of appropriate units. Ultimately, the values of all oculomotor plant 

parameters in this work will be expressed with respect to the rotational frame of 

reference, rather than linear. This is done largely to follow the custom of much of 

the oculomotor literature. This is sometimes counterintuitive since some parameters 

such as those related to tendon and muscle action are linear; indeed, certain model 

variables such as muscle length are inherently linear. Hence, great care must be taken 

in equations relating linear variables and rotationally referenced parameters to make 

the appropriate conversions to preserve consistency. 

Although the eye is in reality a semi-solid sphere, it is here assumed to be solid 

with density p and radius r. Based on p and r, the rotational inertia of the globe, 

JGI is easily calculated. It is almost universally observed [14] that the actual value 

of JG is too small to be consequential, and so ignoring the effects of the vitreous 

matter on rotational inertia is not a problem. The viscous effect associated with the 

suspensory tissue of the orbit produces a counteractive torque proportional to the 

impinging rotational velocity, with proportionally constant BQ. Likewise, the globe 

elasticity associated with the orbit produces a resisting torque proportional to the 

amount of rotation imposed; this elasticity is here modeled as a simple linear spring 

with spring constant KG-

The agonist and antagonist muscles are here assumed to be identical, although 

in reality their anatomy differs in some details of exact position and dimension. The 

convention will be adopted of supplementing parameter subscripts with 1 to identify 

agonist and 2 to identify antagonist components. For example, /^ designates the 

agonist tendon length and /t2 designates antagonist tendon length. Both muscles 

are assumed to have the same nonzero mass M. The muscle bodies have lengths 

Imi and lm2- Taken together with the muscle tendon lengths In and lt2, the muscle-



tendon pairs occupy total paths of length kmi and ltm2- When the eye is looking 

straightforward, it is said to be in the primary position and in this state the muscles 

are at their primary length. Imp-

The muscles in and of themselves are somewhat complex. First, as already ob

served, the muscles are each attached to the globe by spring-like tendons; the contrac

tion of either muscle produces a force which is exerted on the globe via its respective 

tendon. If the series tendons of the muscle were treated as Unear springs, then they 

would be characterized by simple spring constants; however, as will be discussed later, 

the muscle tendons in reality behave as non-linear springs where the spring coefficient 

Kt is understood to be a function of Ft, tendon force. 

Second, we note from Figure 2.2 that each ocular muscle is composed of three 
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Figure 2.2: The eye plant model 



parallel components in series with the aforementioned tendons. Namely, each muscle 

has a passive viscosity with parameter Bprn^ a passive elasticity which produces a 

force denoted by Fpe, and an active contractile component Fact- The parameter Bpm 

describes the muscle's resistance to changes in its velocity of contraction. The passive 

muscle elasticity is understood to behave like a non-Unear spring as does the tendon 

elasticity, and so the force resisting extension, Fpe, is a function of muscle length. 

The active contractile component. Fact, receives neural stimulation and induces con

traction of the muscle fiber mass; this has the effect of exerting a force that tends to 

stretch the associated muscle tendon. A detailed discussion of the complexities in

volved with Fpe and Fact falls into the domain of the micro-level discussion of muscle 

physiology in the next chapter. 

2.3 The Kinematics of the Oculomotor Plant 

As mentioned above, the plant model developed herein is a kinematic model which 

attempts to explain eye movements within the framework of Newtonian mechanics. 

Muscle forces are exerted on the globe via the stretching of the muscle tendon; this 

tendon force is translated into torque in the rotational system of the globe and or

bit. For rotations up to 30° or 40°, the moment arms of the ocular muscles are 

approximately equal to the radius of the globe. For example, if the agonist tendon 

is stretched to produce a Unear force Fti, then the resulting torque on the globe is 

given by rFn. Since muscles and tendons do not resist compression, the agonist and 

antagonist muscle-tendon pairs only pull on the globe and do not push it. If a net 

torque is exerted on the globe sufficient to overcome the inertial resistance of the 

globe and the visco-elastic resistance of the orbit, then a rotation of the globe by 

0 radians results. A direct appUcation of the rotational version of Newton's Second 

Law of Motion results in the following balance of torques equation: 

J G O + B G O +/iTce = rFu - rFt2. (2.1) 

Another body which experiences an acceleration is the muscle mass in both ago-
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nist and antagonist components. The inertial resistance of the muscle mass as well 

as the passive viscous resistance incurred are balanced against the net force of the 

tendon, contractile element, and passive elastic element. In the case of the agonist 

and antagonist, the Unear version of Newton's Second Law leads to the equations 

•• • 

Mlml 4- Bpmlml = Fn — Factl — -^pel(^ml) (2-2) 

and 

Mlm2 + Bpmlm2 — Ft2 — Fact2 — Fpe2{lm2), (2-3) 

where for the moment we interpret aU quantities strictly in terms of linear force. 

However, as previously mentioned, the model parameters used in this work are given 

in terms of units of rotational motion; accordingly. Equations 2.2 and 2.3 will be 

modified to accommodate parameters specified in the rotational frame of reference. 

2.4 Formulation of Equations and Parameters 

The standard unit of linear force is the Newtwon, N, where 1 N = 1 kg • m/s^, or 

the dyne, where 1 dyne = 1 g-cm/s^. Also, it is usually mathematically convenient to 

express angular displacements and rotational movements in radians; if the amount of 

rotation of the eye in radians is G, then the equivalent amount of linear displacement 

in the associated muscle-tendon paths is given by a; = r 0 . Recall that the units of 

torque are N - m or dyne • cm; for example, if some force J^ is applied tangentially to 

a spherical mass of radius r, the resulting torque is given by rJ^. If we momentarily 

assume that the muscle tendons behave as simple linear springs with spring constant 

Ks, and if JG, BG, and KG denote the parameters for globe inertia, globe viscosity, 

and globe elasticity, respectively, in terms of standard units of force, torque and 

rotation, then the balance of torques in Equation 2.1 is given by 

JGO -h BGQ + KGO = rKsiAlti - A/^a) (2.4) 

where Aln and Alt2 denote the changes in agonist and antagonist tendon length. 

Since 6 is in radians which are unitless, the proper units are g/s^ for Ks, g- cm^ 



for JG, g' cm^/s for BG, and g • cm^/s^ for KG- Based on the relationship x = rQ, 

the equation of motion described by Equation 2.4 can written in terms of Unear 

parameters as 

JGX -h BGX -h KGX = KsiAlti - Aki) (2.5) 

where 

JG = JGlr\ BG = BGII\ KG = KG/T^ (2.6) 

and where x is the equivalent Unear length corresponding to the globe rotation. 

However, a convention peculiar to much of the oculomotor literature is that of 

reporting forces in the unit of grams tension, gt, where 1 gt is the force corresponding 

to a 1 gram mass subject to gravitational acceleration: 1 gt = 1 g x 980 cm/s^ = 

980 dynes. Hence, the unit of grams tension is just the introduction of a different scale 

to Unear force. After scaling the torques of Equation 2.4 accordingly and dividing 

both sides by the globe radius r, we get 

•^<^.e + ^ e + ^ e = ^iMn-Ak2). (2.7) 
980r 980r 980r 980 

Furthermore, it is often customary to report rotations of the eye in degrees (°) as 

is perhaps more intuitive. With this in mind, we express Equation 2.7 in terms of 

0° which is related to radian measure by 0 = 7r0°/18O. Also, the change in tendon 

length is converted to equivalent angular displacement in degrees. And so Equation 

2.7 becomes 

^ (lio) ̂ ° - S (lio) °̂ - ̂  (lio) ̂ ° = Wo im) ^^«' (-) 
where A0^ is the angular equivalent of the net change in agonist and antagonist 

tendon lengths. 

We can now translate Equation 2.1 into parameters and variables having units 

consistent the general oculomotor literature. The parameters for globe inertia, globe 

viscosity and elasticity, and muscle tendon elasticity are henceforth denoted by Jg, 
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Bg, Kg, and Ks, respectively. The balance of torques equation for the globe dynamics 

is expressed uniformly in gt thus: 

Jg& + B,0° -\- K,Q° = i^,A0°, (2.9) 

where 

Ka = ^^—TT in gt/°, (2.12) 
^ 980r(180/7r) ^ ^ ' ^ ^ 

Ks = — ^ ^ ^ , , in gt/°, (2.13) 
980(180/7r) ^ ^ ' ^ ^ 

and where we have temporarily assumed that the muscle tendon behaves linearly as 

a simple spring with spring constant Kg- Note carefully that the derivations of Kg 

and Kg differ due to the different places of their appearance in Equation 2.9. If we 

make no simplifying assumption as to the linearity of the muscle tendon, the following 

equation summarizes the globe dynamics: 

Jge° + Bg& + Kge° = F^ " Ft2 (2.14) 

where tendon forces Fn and Ft2 are assumed to be reported in gt. Immediately, it 

should be emphasized that although Fn and Ft2 are linear forces. Equation 2.14 is 

indeed valid for the rotational frame of reference; the multiplying factor r which would 

translate the linear forces into torques is already accounted for in the derivation of 

the parameters on the left-hand side of Equation 2.7. 

Particular values for the parameters appearing in Equation 2.1 are taken from [14]. 

With regard to the globe itself, the radius and density are taken to be r = 1.24 cm 

and p = 1.0. Hence, JG, the rotational inertia in standard units is calculated to be 

11 



approximately 4.17 g-cm^, or equivalently, 4.17 dynes • cm-sec^; based upon Equation 

2.10 this results in a value for Jg of approximately 6 x 10"^ gt • s^/°. In addition, 

Robinson reports the values Bg = .0158 gt • s/° and Kg = .79 gt/°. He also mentions 

an empirically determined value for tendon stiffness oi Kg = 2.5 gt/°; this value will 

be used to tentatively suggest values for parameters describing the non-linearity of 

the tendon. M is approximated to be .748 g based on an average primary length for 

the lateral and medial rectus of 4 cm [11], an average cross-sectional area of 1.7 cm, 

and an average human muscle density of 1.100 g/ml. 

The internal dynamics governed by Equations 2.2 and 2.3 involve forces and dis

placements with respect to linear motion. However, expressing all parameters in gt 

relative to angular displacements in degrees necessitates some modification of these 

equations. We assume that the forces Ffi, Ft2, Facti, Fact2, Fpei, and Fpe2 are reported 

in gt and that the parameter Bpm is specified with the units gt • s/° as is Bg. The 

product of M and muscle acceleration results in a force quantity in dynes, hence this 

term must be scaled down by the factor of 980 to be consistent with units of gt. Also, 

the velocity of linear muscle displacement must be converted to its angular equivalent 

in degrees so as to be consistent with Bpm- The following equations for agonist and 

antagonist muscle dynamics result: 

-TT-lml + Brym I ) Iml = Fn — Factl — i^pel(^ml) (2 -15) 

980 \7rr J 

and 

'lm2 + Bpm I 1 lm2 = Ft2 — Fact2 — Fpe2(lm2), ( 2 . 1 6 ) 
980'"^ ^ " ' V ^ r r 

where all forces are expressed in gt. As is later discussed, Bpm is a parameter which 

seems to have critical influence but for which an exact value has not been established. 

In [14] a range from .01 gts/° to .10 gts/°. In this work we take a representative 

value of .06 gt s/° for Bpm-

12 



CHAPTER III 

MUSCULOTENDON PHYSIOLOGY OF THE OCULAR PLANT 

Having expressed the kinematics of the gross anatomy of the eye plant model at a 

macro-level, we now seek to incorporate modern empirical results of musculotendon 

physiology and neurology. This is necessary because the analogy of the system of 

the eye to familiar and simple mechanical systems breaks down when we consider 

constituent materials. The fleshy materials comprising biological systems possess a 

micro-level complexity with fundamental dynamic properties not found in non-living 

systems. For example, the non-linear nature of the muscle and tendon elasticity has 

been mentioned in the previous chapters but has yet to be explained or justified. 

Since modern theory has succeeded in describing the dynamic properties of human 

muscle and tendon tissues analytically and quantitatively, these results are easily 

incorporated into the mathematical model of the eye. 

3.1 The Active Contractile Element 

The Active Contractile Element, Fact, represents the complex and interrelated 

mechanisms by which neural stimulation to the muscle is translated into active force. 

Based on [9], this force is described mathematically by the product of normalized time-

course of innervation (neural stimulation), force-length, and force-velocity elements: 

Fact = 0'i't)FmaxFi{lm)Fv{lm) ( 3 . 1 ) 

where Fmax is the maximum possible force which a given muscle can exert under 

full neural stimulation. The point to be emphasized here is that active muscle force 

corresponding to different levels of innervation is obtained by scaling the maximal 

force by neural activation. 

3.1.1 The Force-Length Relationship 

The basis of the force-length relationship, Fi, has been elucidated in detail by the 

Sliding Filament theory of muscle contraction. The underlying microscopic structure 
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of muscle consists of bundles of paraUel single-ceUed fibers which are composed of 

myofibrils; the myofibrils themselves are composed of tube-like units called sarcomeres 

which are aligned in series. Each sarcomere contains outer filaments of actin and 

tropomyosin with inner filaments of myosin suspended in a fluid called sarcoplasm. 

When neural stimulation reaches the muscle fibers, complex chemical reactions are 

generated which cause struts which protrude from the myosin filaments to reach out 

to the actin filaments, attach, and rotate, thus producing a contractive force. Hence, 

this complex process explains the important observation that muscles work by pulling, 

rather than pushing. 

According to the theory, the extent to which the muscle is already stretched 

determines the extent to which the actin and myosin filaments adjoin, and hence the 

extent to which bridge structures can be formed. If the muscle is greatly stretched, 

then fewer bridges can form and hence there is less potential contractive force. If 

the muscle is aheady greatly contracted, then most of the potential bridges have 

already been formed and so the muscle is near its minimum length. In accordance, 

each muscle is characterized by an optimal length, Igpt, at which it is able to produce 

maximum possible force, all other factors being held constant; as the muscle length 

deviates in either direction from the optimum, the potential for active muscle force 

decreases. 

Although there are several approaches to modeling this relationship mathemati

cally, its parabolic nature is generally agreed upon. Otten (cited in [9]) proposed an 

exponential equation to model the force-length relationship for arbitrary muscles: 

/ " " ' - I 
Fi{lm) = exp 

w 
(3.2) 

where w is the relatitve width of the curve, r and s account for the roundness and 

skewness of the curve, and where Im = Im/lopt denotes the relative displacement of the 

muscle from its optimal length. This formulation allows some flexibility in shaping 

the curve to fit a particular muscle. Others have proposed much more complex 

formulations, most notably Hatze [7]. However, the various competing models are 

14 



ultimately just a fit to a curve. In this work, the approach of [16] is adopted as 

follows: 

Fl{lm) = 1 - (• 
I'm. J-m 

w 
(3.3) 

where Im and w are defined as above. In the case of the ocular recti, lopt has been 

clinically estabUshed to be about 4.65 cm [15]. The value of w has not been estabUshed 

in general, but an approximate value of .5 is mentioned in [8] for animal muscle in 

general. A graph of the force-length function described by Equation 3.3 is given in 

Figure 3.1. 

L - Muscle length in cm 

Figure 3.1: Normalized force-length relationship 

3.1.2 The Force-Velocity Relationship 

The force-velocity relationship, Fy, describes the experimentally established be

havior of muscle in which the force generated by the muscle decreases as the velocity 

of muscle contraction increases. In 1938 A. V. Hill [10] documented and formalized a 

phenomenological model of this behavior. Many have described this relationship as 
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a viscous type of effect in which muscle force is lost in proportion to muscle velocity 

contraction. A related situation is that of forcibly extended muscle which still exerts 

a contractive force; it is held in general that in such a lengthening contraction, the 

muscle force can increase up to a Umiting value 1.8 times the force at zero velocity. 

There are several well-known expressions for this relationship which in general is 

known as Hill's Equation. The following is an example of Hill's equation in the case 

of shortening muscle: 

K(L) = ^"'"^ ~ '" , 4>0 . (3.4) 
*^max I C Im, 

Here Vmax is the maximum velocity of muscle contraction, c = Fmax Io-, and Vmax = be 

for a and b as the traditional parameters in Hill's equation. (Note: in the preceding 

equation as well as the following one, Im is taken to be positive if it is a shortening 

velocity.) In the case of a forcible lengthening contraction of the muscle, we again 

refer by way of example to Otten [9] for the equation 

FJlm) = IS-O.S I ^-^. I , lm<0 (3.5) 
^ ^ \l-7.56{lm/k)J' "̂  ^ ^ 

where k is depends on the speed of contraction for different fiber types. Following 

again the approach of [16], in this work we will here model the force-velocity relation

ship simply and effectively by the following cubic curve: 

Fv{lm) = yCn-\- I (3.6) 

where Im is simply the muscle velocity (positive in the case of lengthening, negative in 

the case of shortening) normaUzed with respect to its maximum value: Im = Im/Vmax-

This equation is advantageous in that it is smooth and monotonic. Although there 

is some discrepancy regarding the proper value of Vmax in the particular case of the 

ocular muscles, the value of 5689 deg/sec is put forward as a reasonable estimate [14]. 

Figure 3.2 presents the graph of the force-velocity function. 
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dL /dt - Muscle velocity in cm/sec 

Figure 3.2: NormaUzed force-velocity relationship 

3.1.3 Nemral Activation Dynamics 

The third element of active muscle to be mathematically described is neural ac

tivation, a{t). It is necessary to include in this model activation and deactivation 

delays to simulate the time required for the electrochemical processes generated by 

the neural input to be translated into muscular activity. It has been observed that 

muscle fibers vary as to the rate of contraction. The neural delays involved are de

termined significantly by the percentage of fast contracting fibers which are recruited 

for a given contraction [9]. It is important to note that the change in activation level 

resulting from neural input depends also on the current level of muscle activation. 

Experiments have Unked electromyogram (EMG) data to muscle force levels. As a 

result, the following differential equation is typical of models for muscle activation 

a{t). 

a{t) = - [n{t) - a{t)] 
T 

(3.7) 
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For instance, if n{t) is the neural input in the form of the Heaviside step function 

with start and end times ti, then ^2, 

1 x>0 
n{t) = h(t-ti)-h(t-t2), for h{x) = 

0 x<0 
(3.8) 

and 

r = (3.9) 
Tact t <t2 

Tdeact t > t2 

In the above expression. Tact is the activation delay and Tdeact is the deactivation delay. 

It is observed that neural input n(t) varies continually between high and low levels, 

and so 0 < a(t) < 1. Figure 3.3 shows the activation response in the agonist and 

antagonist muscles resulting from the input which might produce a typical saccade. 
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Figure 3.3: Example neural pulse 

Taken by itself, each of the three factors mentioned above expresses a circumstance 

or process determining the amount of force the muscle can produce. Altogether, these 

three normalized factors cooperate to modulate the total potential force of the muscle. 

Thus, the muscle can exert its maximum possible force Fmax when it is fully activated 

and holding constant near its optimal length lopt-
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3.2 The Series Tendon Elasticity 

As previously mentioned, the muscle tendons are modeled as non-linear springs, 

an approach adopted in [9]. More precisely, the tendon is assumed to behave non-

Unearly under minimal extension, and then to become linear with stiffness constant ks 

beyond a given length Itc associated with a particular level of resisting force, Ftc- It has 

been suggested that much of the series elasticity attributed to the tendon is in reaUty 

explained by the cross-bridge structures formed within the muscle fibers [14]. In this 

case, the non-linearity of the tendon is the result of several interacting factors. In 

this model we follow a common approach to tendon dynamics in which the dynamics 

of the muscle tendons (both for agonist and antagonist) are governed by 

(3.10) Ft = Kt{Ft) ( — I /, 
7rr 

where 

KtiFt) = 
kteFt + kti 0<Ft<Ftc 

(3.11) 
ks Ft > Ftc 

By integrating Equation 3.10, the tendon force of the muscle can be alternatively 

expressed as a function of tendon length. It'. 

' 'kti 

He 

Ftik) = { Kc 
180 

7rr 

exp (ktel j {It - Its) ) - 1 

] {It - kc) + Ftc 

Hs ^ h ^ he 

h > he (3.12) 

0 otherwise 

where hs denotes tendon slack length. 

It should be observed that the various shape parameters have not been empirically 

determined. However, since empirical measurements exist for ks, then reasonable 

estimates of ku and Ftc can be made. Given the chosen values for Ftc and ku, then we 

can derive analytical expressions for the remaining parameters kte and he- Requiring 

continuity of Equation 3.12 at h = he results in 

Fr = 
kti_ 

kte 
exp 

180' 

7rr 
kte\hc ~ hs) ] ~ 1 (3.13) 

19 



Let /? = kti/ks- Next, by differentiating Equation 3.12 with respect to h and 

requiring continuity of the derivative at h = he, we get that 

kfp — 
-In/? 

He (3.14) 
he ~ hs 

Finally, by substituting Equation 3.14 into Equation 3.13 for each occurrence of kte, 

we can solve for he thus: 

*' \1-Pj V180/ ks 
(3.15) 

A graph of this solution shown in Figure 3.4 shows that tendon force rises expo

nentially at small stretch and becomes linear with large stretch. 
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Figure 3.4: Series tendon elasticity 

0.6 0.65 

3.3 The Parallel Muscle Elasticity 

The connective tissue and sheaths paraUel to the muscle fibers constitute the 

parallel muscle elastic element. In contrast with the tendon elasticity, significant 

cUnical experimentation has been done to verify the true shape of the passive muscle 
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elasticity curve. The parallel muscle elasticity is also modeled as a non-linear spring 

with a variable spring factor Kpe parameterized by Fpe with piecewise linear and 

non-linear stiffness given by 

Kpe{Fpe) = { . (3.16) 

'^pm ^pe — ^me 

The parameters kme, kmi, and Fmc determine the linear and non-linear regions of 

the elasticity. Once again following [9], the force of the parallel elastic element can 

be expressed as a function of muscle length Im thus: 

k me, 

180 
exp(A;n^e I I \lm ~ Ims)) ~ 1 

Trr 
'"ms — '"m ^ '"me 

•^pe\''Tn) — ^ ^^^\(l -I )4.F I >l (3-17) 
I \ I'm. I'm.r. I i •*• m.r. I'm. -^ I'mc ^ ' 

l^pm I I v^m I'mc) i ^i 

^ -Kr J 

0 otherwise 

where Ims denotes muscle slack length and Imc is the length at which passive force 

becomes linear. If we assume continuity of the derivative of Fp^ at Im = Imc and also 

continuity of Fpe itself at Im = Imc, then we can arrive at the result 

In [15] the value Ims = 3.7 cm is empirically estabUshed, as well as a value of 

3 gt for Fpe when Im = Imp- From graphical data presented in the same research, the 

following values may be roughly estimated: Imc = 4.8 cm, Fmc = 20 gt, kpm = .9. 

When we use these values and substitute the expression for kme given in Equation 3.18 

into the first part of Equation 3.17, we are able to derive an exponential equation in 

kmi- Upon solving this expression numerically by Newton's Method, we arrive at the 

value .126 for kmi-

Figure 3.5 shows the resulting curve for passive muscle elasticity which can be 

compared with empirically determined curves in [15] and [14]. 
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CHAPTER IV 

THE COMPLETE MODEL 

A complete model for the dynamics of saccadic movement is achieved when all 

of the previously mentioned system components and kinematic relationships are in

corporated into a system of several ordinary differential equations (ODEs) in several 

variables. The variables correspond to state variables describing the oculomotor plant 

at arbitrary instants in time during the course of a saccade. Given a reasonable set of 

initial conditions, the system can be solved numerically and simulated saccades can 

be generated. 

From Equation 2.14 which governs the dynamics of the globe, the following state 

equation for angular acceleration of the globe results: 

Jg 

Again it should be noted that the derivation of parameters Jg, Bg, and Kg already 

accounts for the reconciliation of the linear forces Fti and Ft2 with torques as appro

priate. 

Recall from Equation 3.10 that the muscle tendons are being modeled as nonlin

ear springs where the spring coefficient Kt is a function of Ft. It is an elementary 

observation that the tension force of a spring tends to increase as the spring is ex

tended. Likewise, spring tension tends to decrease as it is allowed to shorten. In the 

case of the spring-like ocular tendons, increasing tendon force exerted on the globe 

corresponds to a stretching of the tendon, i.e., increasing tendon length. Similarly, 

decreasing tension at the globe surface results when the tendon is allowed to passively 

contract. Hence, we have the description of tendon dynamics given by Equation 3.10. 

From Figure 2.2 we observe for the agonist and antagonist muscles, respectively, that 

( 7rr \ 
180/ ® (̂ -̂ ^ 
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and 

( Trr \ 

180/ 
(4.3) 

where hmi - hi + Imi and hm2 = h2 + lm2 by definition. Upon substituting the 

definitions for hmi and ltm2 into Equations 4.2 and 4.3 and differentiating with respect 

to time, we get that 

'" = - ( l i o ) ® - ' m l (4.4) 

and 

h2= {T:^]e-lm2. 

When these expressions are substituted into Equation 3.10, we arrive at the fol

lowing equations for the dynamics particular to the agonist and antagonist tendons: 

F,i = Kt{Fti) 

and 

Ft2 = Kt{F,2) 

Trr 

\7rr J 

(4.6) 

(4.7) 

From Equations 2.15 and 2.16, equations for the linear acceleration of the muscle 

mass in both agonist and antagonist are given by 

i m l — 

and 

ImO. — 

-^fl — Factl — Fpe{lml) — Bm ( I Iml 

Trr 

Ft2 — Fact2 — Fpe{lm2) — Bm ( 1 lm2 

\ Trr / 

'980 
M 

(4.8) 

980 
(4.9) 

Since Equation 3.8 describes the time-course of activation for both the agonist 

and antagonist contractile components, then the following expressions apply: 

ai{t) = -[ni{t)-ai{t)] (4.10) 
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and 

a2{t) = -[n2{t)-a2{t)]. (4.11) 
T 

If we then utilize the preceding equations for 9 , Imi, lm2, Fti, Ft2, di{t), and d2{t) 

and if we define a state vector by 

X ( t ) = 0 0 Iml Iml lm2 ^m2 Fti Ft2 « ! a2 j , 

the system dynamics are governed by a vector of state equations 

x(i) = f (x) 

(4.12) 

(4.13) 

where 

f(x) = 

X2 

Xj - X^- BgX2 - KgXl 

X4 

— ( XT - Fact[X3, X4, Xg) - Fpe^Xs) - Bpm I — 1 X4 

Xe 

980 / 
M 

( Xs - Fact{x5, X6, a^io) " Fpe{x5) - Bpm ( — j ^ 6 

Kt{x7) 

Kt{x8) 

ri{t) 

180 
-X2 - 1 I X4 

Trr 

180 
X2 - [ ) Xe 

Trr 

[ni{t) -Xg] 

r2{t) 
[n2{t) - xio] 

(4.14) 

As with any system of ODEs, some initial conditions are needed to solve the 

system. In this work, all simulated saccades will be assumed to originate at the 
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primary position. Hence, 6° = 0° and Imi = lm2 = Imp- Clearly the initial muscle 

velocities are zero. A subtle but important observation to be made from Figure 2.2 

is that for a given muscle, tendon force is exerted equally at both ends of the tendon; 

hence, the tendon force appUed to the globe is exactly equal to the sum of the active 

contractile and passive muscle elastic forces. According to the results cited of [15], 

Fpei = Fpe2 = 3 gt and Facti = Fact2 = 17 gt. Finally, initial neural stimulation 

should be consistent with initial active muscle force. This gives the following vector 

of initial conditions: 

x^{to) = [0 0 4 0 4 0 20 20 .17 .17]. (4.15) 

The only other information needed to simulate saccades would be appropriate 

start and end times for the neural inputs. Results of simulations for a small and large 

saccade are given in Chapter 6. Also, Table 4.1 summarizes the parameter values 

which were introduced in the discussion of the previous chapters. 
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Table 4.1: Parameter Values for the Complete Model 

Parameter 

r 

J, 

B, 

K, 

J^pm 

M 

F 
•'• m.ax 

''m.p 

''opt 

''ms 

''me 

k 

i^pm 

kmi 

•'• me 

W 

*m,ax 

Ks 

hi 

kte 

hs 

he 

Ftc 

Value 

1.24 cm 

6 X 10-^gt sV° 

.0158gts/° 

.79 gt/° 

.06 gt s/° 

.748 g 

100 gt 

4.0 cm 

4.65 cm 

3.7 cm 

4.8 cm 

.0387/° 

.9 gt/° 

.126 gt/° 

20 gt 

.5 

5689 Vs 

2.5 gt/° 

1.5 gt/° 

.0333/° 

.2 cm 

.532 cm 

30 gt 

Description 

globe radius 

globe rotational inertia 

globe/orbit viscosity 

globe/orbit elasticity 

passive muscle viscosity 

muscle mass 

maximum isometric force 

primary muscle length 

optimal muscle length 

muscle slack length 

force level at which passive muscle 

elasticity becomes linear 

muscle exponential shape parameter 

linear passive muscle elasticity 

minimum passive muscle elasticity 

force level at which passive muscle 

elasticity becomes linear 

width of force-length curve 

max muscle velocity 

linear tendon elasticity 

minimum tendon elasticity 

tendon exponential shape parameter 

tendon slack length 

tendon length at which tendon 

elasticity becomes linear 

force level at which tendon 

elasticity becomes linear 

Reference 

[14] 

[14] 

[14] 

[14] 

calc. 

[14] 

[11] 

[15] 

[15] 

[15] 

calc. 

[15] 

calc. 

[15] 

[8] 

[14] 

[14] 

calc. 

calc. 
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CHAPTER V 

THE REDUCED MODEL 

Several factors motivate the development of a reduced model for the dynamics of 

saccadic movement. An obvious motivation is reduction of the number of state vari

ables which yields decreased computational cost. Another motivation is minimization 

of model indeterminacy. In the following approach, muscle mass will be excluded from 

the model as was done in the modeling of human leg movements ([19], [16]). However, 

neglecting muscle mass necessitates exclusion of the passive muscle viscosity which 

is an entirely unknown parameter to which the model is very sensitive. Perhaps a 

better idea of its true significance will be made evident by studying the behavior of 

the model where it has been excluded. While a major source of model indeterminacy 

is avoided, new state equations must be derived which are far less intuitive. 

Exclusion of muscle mass (in effect assuming M = 0) prevents solving Equations 

2.15 and 2.16 for Imi and lm2- Equations analogous to 4.8 and 4.9 cannot be derived 

and indeed Imi, Imi, lm2, and lm2 are excluded from being state variables. As a 

further consequence, a new equation describing the dynamics within the muscle must 

be developed. It should be noted that Equations 4.1 describing the globe dynamics 

as well as Equation 3.7 for agonist and antagonist muscle activation remain valid. 

The most likely candidate upon which to base a new description of muscle dynam

ics is the tendon force, as governed by Equations 4.6 and 4.7. Let us first consider 

the case of the agonist in Equation 4.6: 

Fti = Kt{Fti) - e - \ — \imi 
Trr 

(5.1) 

where it is immediately observed that Fti is a function of O and Imi- However, as 

already mentioned, Imi is no longer present as a state variable. Thus, in order to 

utilize even the tendon force equations themselves, it wiU necessary to express Imi 

(and likewise im2) exclusively in terms of tendon force, globe rotation, and constant 

parameters. 
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As a starting place, observe that upon omitting muscle mass from the complete 

model, a simple balance of forces in the muscle results in the following: 

Fti = Factl + Fpe{lml) + Bpm ( 1 Iml- (5-2) 

If Bpm is ignored and if Facti is expressed in terms of its components, this becomes 

Fti = O-lit) Fmax Fl{lml)Fy {Iml) + Fpe{lml)- (5.3) 

Hence, although both muscle mass and the parallel viscosity have been eliminated, 

the ubiquitous Imi stiU shows up in the force-velocity relationship. When Equation 

5.3 is solved for Fy, then 

F (i ) = ^ ^ ~ ^Pe\''ml) /g ^x 

0'l{t)FmaxFi{lml) 

Following the development of [16], one can now solve explicitly for Imi by inverting 

the force-velocity curve of Equation 3.6. In the special case of the cubic force-velocity 

relation adopted in this work, we have 

ImA — Vr ml ''max 
Fti — Fpe{lml) I _ ., 

T 3 

,0'i{t)FmaxFi{lml) J J 

Again several immediate observations are to be made. First, this expression is 

defined only in the case that ai {t) ^ 0. Although several oculomotor models assume 

that both agonist and antagonist muscles always have some residual activation, there 

is no unanimity to this assumption. An alternative expression for Imi must be derived 

for the case when ai{t) — 0. It is advantageous to employ this alternate expression for 

Iml when activation is below some arbitrary minimal level c. Second, it is important 

to note that Equation 5.5 expresses Imi as a function of Imi- Since Imi is no longer a 

state variable either, we must solve for Imi in terms of the other state variables and 

other initial or constant values. 

In the case of no activation or when activation is below the value c, a simple 

balance of forces within the muscle requires 

Fti = Fpe{lml)- (5.6) 
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Upon differentiating this expression with respect to Imi where Fpe is given by 

Equation 3.17, we get that 

Fti — f{lml)lml (5.7) 

where 

r / 1 8 0 \ . / . / 1 8 0 \ 
I (I'm. 

f{lm) = < 

Trr 
180 
Trr 

kmi exp k m,e Trr J 
V^m I'm.s) I ''ms _ ^m _ ''• m,e 

k pm 

0 

I'm, — ''m.e 

otherwise 

(5.8) 

Since Equations 5.7 and 5.1 describe the same variable Fti, setting up an equality 

and solving for Imi yields the following expression for agonist muscle velocity: 

^ml — 
-Kt(Fa) e 

/(U) + {^) UFn) 
(5.9) 

Together, Equations 5.5 and 5.9 provide expressions for Imi in the case of activation 

as well as minimal activation. 

Recall that this development was specifically for the case of the agonist tendon. 

While the Equation 5.5 can be directly applied to antagonist muscle, the dynamics of 

the antagonist tendon determined from Equation 4.7 are slightly different from that 

of the agonist. Hence, the equation for antagonist muscle velocity under no activa

tion differs slightly from Equation 5.9. Consider the antagonist tendon dynamics of 

Equation 4.7: 

Ft2 = Kt{Ft2) e - ( — | / m 2 
Trr 

(5.10) 

Following the same line of argument as above, we can derive an equation correspond

ing to Equation 3.17 for the antagonist muscle: 

Ft2 — f{lm2)lm2- (5.11) 
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Next, by setting up an equality between Equations 5.11 and 5.10 we get that 

L, = "hi^ . (5.12) 

Regardless of the level of muscle activation, Imi and lm2 are expressed in terms of 

G and, respectively, Imi and lm2- It remains to determine Imi and lm2 as functions of 

the remaining state variables and initial conditions. A fairly obvious tactic is to relate 

Iml and lm2 to the muscle-tendon path lengths, Imtpi = Imi + hi and lmtp2 = lm2 + h2-

We again make the useful observation that Imtpi = Imp — (Trr/180) 9 for the agonist 

and lmtp2 = Imp + (Trr/180)0 for the antagonist. This leads to the following: 

Iml = Imp — ( T ^ j ® ~ hi- (5.13) 

and 

^Tn2 — ''m.p I O®-'- (^-1^) 
Since hi and lt2 are not state variables, further effort is necessary to develop 

derivations for them in terms of G and, respectively, Fti and Ft2- For the moment, 

let us take the case of the agonist by way of example; the following results are equally 

applicable to the antagonist. Equation 3.10 is solved for hi and then integrated (note 

that Equation 3.10 is general and applies to both agonist and antagonist). Since Kt 

changes from non-linear to linear at Ftc according to Equation 3.11, then we must 

carry out the integration for two separate cases: (1) Fti > Ftc, and (2) 0 < Fti < Ftc. 

In the first case integration results in 

ln = ^ + C (5.15) 

where C is of course the constant of integration. To solve for C, let us express C 

with respect to he, so that C = ltc-\- hadj for some finite hadj- Requiring continuity of 

both Ft(/ti) and Ft{hi) at hi = he and then using Equation 3.14 for kte, we eventually 

arrive at a simplified analytical expression for hadj-
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In the second case where 0 < Ffi < Fmc, the expression for Kt{Fti) is more 

complex. After integrating Equation 3.10 and applying the initial condition Ft{lts) = 

0, the following expression is derived: 

hi — hs + 
180 

Trr l^te 

{ — ) kteFti + he 

k te 
(5.17) 

In both cases above, we observe that corresponding equations may be derived for the 

antagonist following exactly the same analysis. 

When all of the preceding derivations are brought together, the state vector for 

the reduced model is given by 

'' G 

G 

Ft i 

Ft2 

fli 

^2 

K{t) = 

A first order system for the reduced model can specified of the form 

x(t) = f (x) 

with the vector of state equations given by 

f(x) = 

X2 

-J-{X3 - X4- BgX2 - KgXi) 
Jg 

Kt{xs) 

Kt{x4) 

180 . , 
—X2 — I I tml 

X2 -

Trr 
180 
Trr f'm2 

1 

ri{t) 

1 

W) 

[ni{t) - x s ] 

[n2{t) - XQ] 

(5.18) 

(5.19) 

(5.20) 
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where: 

Vr m.ax - 1 

^ml — < 

X^ i^pey'm.l) 

(^l{t)FmaxFi{lml) 

-Kt{xs) Q 

f{lml) + ( ^ ) Kt{Xs) 

X5 > c 

X5 < c 

(5.21) 

Vr m,ax 

lm2 — < 

- 1 
X4 •^pe\''m,2) 

,<^2{t)FmaxFi{lm2) 

Kt{x4) Q 
f{lm2) + ( ^ ) Kt{x,) 

1 -1 _ fIL\ _ / 
''ml — I'mp V I S n J "̂ ^ 

Xe > c 

Xe < c 

(5.22) 

(5.23) 

lm2 — Imp + ( T o n j '^^ ~ *2' 

/ts + 
180' 

hl= < 
Trr / \ A; ̂

i m 
te 

{m) kt^Xs -h he 
k te 

and 

h2= < 

T~ ) + 'tc + t̂adj 
Kc 

'-'™)(i"» 
T~ I + t̂c + t̂adj 

0 < X3 < Ftc 

X3 > Ftc 

("Trr") heX'i + A;te 

A:, te 
0 < X4 < Ftc 

X 4 > F < tc 

(5.24) 

(5.25) 

(5.26) 

for hadj given by Equation 5.16 and he given by Equation 3.15. 

The following chapter presents simulations run using the Reduced Model devel

oped in this chapter. The following vector of initial conditions was used to generate 

the simulations: 

x^{to) = [0 0 20 20 .17 .17] (5.27) 
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CHAPTER VI 

SIMULATION OF THE MODELS 

The ODE systems for the Complete and Reduced Model were solved numerically 

using the Matlab function "ode45" in order to produce the simulations presented 

in this chapter. A fourth- and fifth-order Runge-Kutta predictor-corrector paired 

algorithm is employed in the Matlab procedure for solving such systems of ODEs. 

The effects of including muscle mass, which is the primary distinguishing feature 

between the Complete and Reduced model, are of particular interest in interpreting 

these figures. In general, we find that inclusion of muscle mass is mathematically 

convenient. In essence, it allows us to avoid possible numerical instability associated 

with the inversion of the force-velocity curve which was necesarry in order to recover 

an analytical expression for muscle length. Also, it is highly significant that these 

simulated saccades are characterized by trajectories, velocities, accelerations, and 

tendon forces which closely concur with empirical data from clinical investigation. On 

this basis, we can conclude that the models proposed in this work are a significant 

step towards achieving realism in a homeomorphic model of the human eye system. 

Figure 6.1 illustrates the trajectories, phase portraits, tendon force, and time 

course of innervation corresponding to the simulation of a 10° saccade using the 

Complete Model. Clark suggests approximately 20 or 25msec as appropriate pulse 

width for a 10° saccade. The results of this simulation are in good agreement with 

velocities and accelerations of the model of Cook and Bahill. However, whereas their 

model predicted tendon forces that are unreasonably large, the forces predicted here 

are in good agreement with the actual data cited in [4]. This is a significant advance 

in the modeUng of the biomechanics of the eye. 

Figure 6.2 illustrates the trajectories, phase portraits, tendon force, and time 

course of innervation corresponding to the simulation of a 10° saccade using the 

Reduced Model. In evaluating this simulation, we again note that the trajectory, 

velocity, and acceleration are in fair general agreement with empirical data. However, 

34 



35 

30 

c 2 0 
o 
•5 15 
o 
Q. 10 
o 

800 

geoo 

•^400 

^ 2 0 0 M_ 
0.05 0.1 
t - Time in msec 

10 20 
9 - Position in deg 

30 

60 

©40 
2 
£ 3 0 

I 20 
c 
• -10 

antagonist 

0 0.05 
t - Time in msec 

0.1 0.05 
t - Time in msec 

0.1 

Figure 6.1: Complete model simulation - 10 deg saccade 

there is a discrepancy in the tendon force reported for the antagonist tendon compared 

to actual results. More importantly, it is to be noted that the general shape of the 

phase portrait is altered. This is an important point which needs to be elaborated 

upon. Exclusion of muscle mass necessitated exclusion of the muscle viscosity. In the 

reduced model, it is necessary to greatly increase the globe viscosity parameter from 

its known empiric value in order to compensate for the lack of muscle viscosity. Yet, 

muscle viscosity is a very sensitive parameter of the system. The overall result is a 

general system which is over-damped, hence the flatter phase portrait. All of this is 

an indication that muscle mass is not only a mathematical convenience but also a 

significant item of system realism. 

Figure 6.3 iUustrates the same graphical data as above when the complete model 

is employed to simulate a 25° saccade. As with the the 10°, the trajectory and force 
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Figure 6.2: Reduced model simulation - 10 deg saccade 

levels are all reasonably realistic. However, examination of the phase portrait shows 

an unrealistic flatness. This may be interpreted that the scope of modeling proposed in 

this thesis is limited. The problem is that the dynamics of the system under a wider 

range of activity is likely a complex function of the system state. The parameter 

values used from various resources in this work may be understood as snapshots of 

the system at particular points in time. It is unlikely that such static values would 

be valid for system states much further away from equilibrium as it is characterized 

by the primary state. This Une of reasoning has empirical substantiation in the 

observation that 90% of all eye movements involve displacements of less than 15° [17]. 

Furthermore ColUns [4] presents graphical data indicating that larger saccades of more 

than 20° seem to involve a second impulse later in the movement. 

The good agreement of the simulations with empiric data accords us the opportu-
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Figure 6.3: Complete model simulation - 25 deg saccade 

nity to investigate different clinical issues related to dysfunctionalities and behavioral 

anomalies in the eye. We may briefly consider an example which may indicate the 

possible usefulness of this model in the clinical setting. It is suspected that errors 

in signals from the central nervous system may cause dynamic overshoot or glissadic 

drift, conditions that are associated with internuclear ophtamoplegia, a syndrome 

usually associated with multiple sclerosis. The results of Figure 6.4 illustrate the 

effects of pulse-width and pulse-height mismatch in glissadic overshoot and under

shoot, based upon the Complete Model proposed in this work. The results show 

that the pulse-height errors are associated with usually large peak velocities which do 

not naturally occur. In contrast, pulse width mismatches produces saccades varying 

displacement but which consistently exhibit reasonable velocities. These results are 

in qualitative agreement with [12] and [2] who suggest that when glissadic overshoot 
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is associated with low peak velocities, the error is caused by the brain's mistake in 

computing the pulse width, not the height. 
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Figure 6.4: Glissadic overshoot due to pulse width and height errors 
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CHAPTER VII 

CONCLUSIONS AND FUTURE WORK 

In this research, a homeomorphic model of the human ocular system pertaining to 

horizontal saccadic movements has been developed. Using this model simulations of 

typical saccadic movement are produced which are in good agreement with existing 

physiological data for such phenomena. Musculotendon physiology is modeled in part 

by using common phenomenological Hill-based models as well as non-linear tendon 

and muscle dynamics. Most of the system parameters are empirically established 

from clinical research, while other parameters are approximated by means of derived 

analytical expressions. The ability of the model schema presented here to realistically 

simulate typical saccades is suggestive of the validity of the approach used. 

As mentioned in the previous chapter, an important qualitative observation based 

on the comparative results of the two models presented is that inclusion of muscle 

mass in the model is both convenient mathematically and helpful for maintaining 

realistic model behavior. Mathematically, exclusion of the muscle mass necessitates a 

laborious development of analytical expressions for tendon length and muscle length 

and velocity. The inversion of the force-velocity curve in the development of a muscle 

velocity expression could pose stability problems in the presence of passive muscle. 

The concern of realism arises in that exclusion of mass necessitates exclusion of muscle 

viscosity. Consequently, globe viscosity must be increased by some arbitrary factor 

to account for muscle viscosity, with the end result being a system which tends to be 

overdamped. 

Certainly the eye movement system is one of the simpler muscle movement systems 

in the human body, and the horizontal saccades considered here involve only a part of 

this system. However, the abiUty to accurately and reaUstically model such a system 

is the first step in achieving realistic biomechanical models of the more complicated 

systems. The next step would be to include the remaining ocular muscles into the 

model with the intent of modeling the full range of eye motions. Although each of 
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the remaining sets of ocular muscles work in reciprocal pairs as detailed in this thesis, 

presumably there would be additional subtleties encountered related to the geometry 

of the system. 

Another pending area of research is a thorough mathematical development of the 

issues of controUabiUty and optimization of the human eye movement system. In this 

thesis the basis has been laid for a state space description of the eye system that 

accurately reflects known mechanical and structural behavior. Using the equations 

provided in this work, the mathematical analysis can be pursued with a view to 

predicting the controls, i.e., neural inputs, which would generate the desired range of 

movements. 

Moving beyond the scope of eye movement itself, models of the sort provided in 

this work can be expected to be crucial components of wider systems being modeled 

in the human body. In particular, the apparatus behind saccadic movement is but 

one component of the biomechanical complex involved in head-eye movement and co

ordination. Head movements are closely coupled to movements of the eyes, assisting 

in visual stabilization of images as well as vestibular function and postural concerns. 

It is generally accepted that the large number of receptors in the head-neck-eye sys

tem provide physiological evidence that the closed-loop effects are vital in achieving 

coordinated movements required in tracking. These sensors provide feedback derived 

from kinetic as well as kinematic information. Consequently, accurate predictions of 

trajectories, velocities, accelerations, and musculotendon force such as those provided 

by this model would be integral to the development of a realistic closed-loop model 

of head-eye movement. 
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