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CHAPTER I 

lOTRODUCTION 

According to the existing theoiy, all substances in nature 

are diariiagnetic and a relatively few exhibit a paramagnetism 

which overshadows the diamagnetic properties. Those substances 

which exhibit a negative magnetic susceptibility are termed 

diamagnetic while those displaying a positive susceptibility are 

classified as paramagnetic. Appendix I relates the theory 

associated vdth each effect. 

In the late 1920's, questions began to arise over the forî iation 

of certain iron-cyanides. The argument centered around two 

substances in particular, Prussian blue, Fe4(Fe(CN)^)o, and 

Turnbull's blue, Fe3(Fe(CN)^)2. The original thought was that 

ferric salts interacting with alkali ferrocyanides gave Prussian 

blue and the interaction of ferrous salts and alkali ferricyanides 

produced Turnbull's blue. The problem is actually complicated 

because of the oxidation-reduction reaction which occurs upon 

mixing iron salts and alkali iron-cyanides. Some authorities have 

supported the production of Prussian blue in both cases wliile others 

have supported Turnbull's blue. X-ray diffraction and density 

measurements have failed to resolve this disagreement. 

In an attempt to answer this question, a systematic study of 

the magnetic properties of ferrocyanide and ferricyanide coiTipounds 

has boen undertaken, Ferrocyanide is characterised by Fe(CM)^ 

while ferricyanide is denoted by Fe(CN)^ • As a further study 

and to attempt a clearer understanding of the nature of these 

•t^ 



compounds, the magnetic properties of Cu2Fe(CN)^, Cuo(Fe(CK)^)2 

and Cd3(Fe(CN)^)2 will be discussed. 

The study was conducted by observing the behavior of the 

magnetic susceptibilities as a function of the temperature over 

a range of approximately 2 to 300° Kelvin, 



CHAPTER II 

EXPERIMENTAL TECHNIQUE 

SAMPLE PREPARATION 

The sample crystals were obtained from Dr. W. 0, Milligan's 

research group at Baylor University, (The methods for crystal 
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growth are given by I'̂ -lligan and Davidson-^, For instance, 

Fe^(Fe(CN)^)^ is formed by combination of ferric and ferrocyanide 

ions and Fe3(Fe(CN)^)2 is formed id.th ferrous and ferricyanide 
ions.) 

The sample material was in the form of a fine poxder, hence 

it had to be placed in a container before measurements could be 

made. The container consisted of a spiall glass bubble irdth the 

approximate dimensions: 1,5 millimeters in diameter; stem, 1,5 

centimeters in length; mass, 50 milligrams. The container was 

blo;>ni from a one millimeter diameter, low melting point, capillary 

tube. After being cleaned, the container's mass was measured 

and recorded. The sample material was placed in the bubble 

through the open stem and the total mass was recorded. The end 

of the stem was sealed and a glass hook attached. Mass 

measurements were made on a Mettler model B-6 Semi-Micro balance 

which gave an accuracy of 1 0.01 milligrarns. The masses of the 

samples studied varied from 0.31 to 2.7? milligrams, 

APPARATUS 

The susceptibilities were measured using the Faraday method , 

which consists of measuring the force exerted on a hypothetical 

point source of the magnetic material placed in a gradient magnetic 

field, H(3H/9Z). The equipment used in this research is shown in 



Figure 1. The gradient field, H(9H/9Z), was produced by a Varian 

model 3600-12 inch electromagnet, a Varian model V-FR2501 Fieldial 

Regulated 7 Kilowatt Power Supply and set of constant H(9H/9Z) 

pole faces. The sample \jas held, via the container, in the gradient 

field ty a thin glass fiber vrhich, as shoi-m in Figure 1 and Figure lA, 

was suspended from the lever arm of a Cahn RM Automatic Electrobalance. 

When the sample experienced a vertical force, it was transmitted 

immediately through the fiber to the lever arm which was momentarily 

displaced from equilibri\im. A servo signal was then relayed to an 

electromagnet in the balance which created a restoring torque equal 

to tho torque exerted by the sample. Thus the sample essentially 

remained in the same position. The servo signal vras directly 

proportional to the force change on the sample, hence this voltage 

was displayed on a Hewlett-Packard model 3440A digital voltmeter. 

We were thus able to obtain a continuous, visual readout. For our 

studies a signal of 1.0 millivolts corresponded to a mass change of 

0.1 milligrams. The digital voltmeter was adjusted to read to the 

nearest 0.01 millivolt. 

As shown in Figure 1 and Figure 3> the sample was suspended 

inside a 3/4 inch pyrox glass tube which was connected to the 

Cahn balance ty a ball joint vacuum seal. The tube and balance 

were then evacuated to a pressure of 5 x 10"^ torr. 

The low temperature cryostat, as pictured in Figure 3» >^s 

designed such that the region above the cryogenic liquid in the 

inner De;«rar could be evacuated by a moans of a 120 cfm. Stokes pump. 

This was necessary to produce two more temperatures of investigation 

and allow cryogenic transfer in a closed atmosphere. The liquid 



helium and liquid nitrogen Devrars ijere purchased from the Scientific 

Glass Blowing Co, 

TEi^SRATU'RE COIITROL PJJD DETECTION 

Temperatures were measured using a copper-eonstantan thermocouple 

at room temperatures and a gennaniuin resistance thermometer at 

cryogenic temperatures. The thermocouple was obtained from the 

Leeds and Northi'up Co, while the germanium probe was purchased 

from Cryocal Inc, Calibrations for both sensors were obtained from 

the manufacturers. The potentials across the tvjo sensors were 

determined x-dth the aid of a Leeds and Northrup Guarded Potentiometer 

model 755^ and a D,C, Null Indicator model 983^1 • The germanium 

probe was adjusted to optimum current conditions as suggested by 

the manufacturer "vdth the use of a current calibration circuit as 

pictured in Figure 2, The ranges were 1°-2°K, 1,0 microamperes; 

2°-15°K, 10 microamperes; 15°-40°K, 0,1 milliamperes. These ranges 

were the approximate temperatures of investigation. 

Determination of room temperature (300°K) gave no particular 

problem. The temperature was monitored by a copper-constantan 

thermocouple referenced to a second thermocouple in an ice bath 

and assumed to be at 273*̂ K. The approximate temperatures of 77°, 

^^^^ 4,2° and 2°K were obtained vdth liquid nitrogen, pumped 

nitrogen, liqiiid helium and pumped helium, respectively, {By the 

term "pumped" it is meant that the equilibriuii vapor pressure of 

the liquid is reduced, hence lowering the temperature. This is 

maintained using a vacuum pur^p.) 

The position of the geiTJianium probe relative to the sample 

as indicated in Figure 4 i.̂ s about one centimeter. The temperature 



of the sample was assumed to be that of the germanium probe ty 

using a few microns pressure of helium exchange gas. In other 

woî .s, a few microns pressure of hsliui.i gas was allowed into the 

system to transfer heat away from the sample and geririanium probe. 

The amount of exchange gas varied from 10-50 x 10"^ torr depending 

upon the temperature desired. 

The variation of the temperature over a run was kept within 

0.1°-0.2°K at the liquid helium temperatures and to 1,0°-5,0°K at 

the pumped nitrogen temperature. The liquid nitrogen gave very 

stable temperatures with no detectable shifts. The usual procedure 

was to allow the sample to almost attain the minimu-m temperature 

and begin the run. This assured the minimum temperature vrould 

be reached and only a slight temperature increase woiild be seen 

toward the latter part of each run, 

CALIBRATIONS Am CORRECTIOriS 

The calibration of the gradient field, H(8H/3Z), was obtained 

by referencing the force exerted on a sample of Mohr's Salt 

(hydrated ferrous amuionium sulfate) to the field reading on the 

Fieldial Regulator, Mohr's Salt has been used for many decades 

as a §tandard field calibration. Readings were taken over the 

range of 0,0 - 14.0 Kilogauss in 0,50 Kilbgaiss intervals. The 

temperature \ms record.ed and the magnetic susceptibility calculated 

from^ 

X = 9^00 X 10"^ cm3/gr, 

where x is the mass susceptibility and T is the absolute temperature. 

By using this value and the equation 

AF = A(mg) = mxH(9H/9z), 
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a "grand" constant, Q = g''^H(3H/3z), was obtained. Here we 

referenced our change in force, AF, to a mass i/eight change. Am, 

hence our use of A(n2) was valid, m naturally refers to the mass 

of the sample, 

A table of field readings and corresponding Q values was 

formulated and used in calculating the susceptibilities of the 

samples under study. The calibration vras duplicated several 

times during the total experiment so as to insure precise Q values, 

A cathetoin'Dter determined the position of the sauiples and 

calibration sample. The calibration checks were recorded pidor 

to each run. 

It was found a correction i::as needed for the glass sample 

container. Previously it was felt that glass was slightly 

diamagnetic and that any corrections made at room temperature 

wo\ild be valid for the other temperatures due to the temperature 

independence of diamagnetism (see Appendix I). In our studies 

we did not find this to be true. The diamagnetism of the glass 

samples was found to decrease idth a decrease in temperature and 

then become paramagnetic at very low te!̂ iperatures; ie., liquid 

heliiUQ temperatures. (A detailed study of these properties was 

undertaken by another member of our group and a publication is 

now pending.) For our needs, a simple correction in the form of 

a ratio of M/m, where m is the riass of the glass sample container, 

was sufficient. (Plots of Am/m versus field readings are given in 

Figure 5 and Figure 6.) This correction was added algebraically to 

the recorded mass change to obtain a total mass change which iras 

used in calcrxlating the susceptibilities. 
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SET-UP PROCEDURE 

The glass fiber which hangs from the Cahn balance and the 

sample were cleaned vdth chromic acid, acetone, anti-static cleaner 

and distilled water to remove foreign particles and reduce 

accuTiiulation of static charge. The sarae procedure for cleaning was 

followed for the sample "hang-dovm" tube as shown in Figure 1 and 

Figure 4. This hot only reduced the static charge but also 

minimized the evacuation time of the sample region and Cahji balance. 

Following the cleaning procedure, the sample and glass fiber were 

suspended from the Cahn balance and the system was closed with the 

sample hanging in the region of the magnetic field. The vacuum pump 

was connected and the system evacuated to approximately 5 x 10"^ torr. 

Depending upon the temperature needed, the "0" ring seals sho-wn in 

Figure 3 were tightened. If the inner Dewar was not pumped or if 

helium temperatures were not desired, the seals vrere not necessary. 

Any unnecessary sliding of the seals tended to increase the possibility 

of the sample "sticking" due to static charge and thus was avoided. 

Static charge gave a great amount of trouble at different tinos and 

was guarded against whenever possible. 

The weight changes were recoixied in millivolt changes versus 

the field readings set on the Fieldial Regulator. The tenporature 

was recorded before and after each run and, in low temperature runs, 

several times throughout each run. The zero position of the digital 

voltmeter vjas checked to assure a minimum zero drift. Zero drift 

seemed to be affected principally ty the pressure of the system 

which of course would be determined, in part, by the temperature 

of the system. 
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Figure 3 . D e t a i l of the Dewar Assembly. 
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Figure 4. Sample Arrangement and Associated Apparatus. 
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(Am/m X 10^) 

Figure 5« Plot of ^'n/m versus Fieldial F.egulator readings for 
diainarnetic results. 
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Fi-ure 6. Plot of ^:n/ci versus 7iold:.ai Regulator rcadin-s for 
parâ T.agnetic results. 



CH/PTER III 

RESULTS AID DISCUSSION 

The magnetic susceptibilities were determined as indicated 

in Chapter II for as large a range of field readings as possible 

using 14.0 Kilogauss as an upper limit. The average value or 

asymptotic value of susceptibility was then obtained. In the 

temperature range 55°-300°K, the susceptibilities were plotted 

versus the field readings and an asymptotic value or average value 

was obtained depending upon the appearance of the graph. In the 

range 2°-4,2'-*K, the weight changes became so large that the maxiriium 

field reading taken was 6.0 Kilogauss and these graphs shoired a 

scattering which made averaging the most logical approach for obtaining 

the susceptibilities. The values for the susceptibilities and the 

corresponding temperatures were recorded as sho-;m in Table 1. Plots 

were made for the specific susceptibilities (susceptibility per unit 

mass) as displayed in Figures 7j8,9,10,ll and 12. 

To obtain the values for the effective number of Bohr magnetons 

as mentioned in Appendix I, the relations'^ 

Cmolar = Nii^/3kT, 

Vgff = 2.82̂ JCfiolar (̂ ^ Bohr magnetons), 

were used, where Cgioisir ^^ "̂ ®̂ Curie constant expressed in molar notation. 

In some cases the values were calculated using the atomic or ionic 

considerations. The susceptibilities ca3.culated and used for this 

purpose are also shoT-m in Table 1, (The subscripts m, !!, a, d 

con^espond to molecular, molecular corrected, atoDde and diamagnetic 

respectively.) A diamagnetic correction for (CN)5 and Fe(C!l)r~= was 

o 
made as described by Davidson*^. The susceptibility corrections were 

16 



6 ^^ 
X ^^^ = -64.2 X 10 cm3/mole 

(CN)5 

X , , = -59.9 X 10~^cm3/mole. 
Fe(CN)6 

According to Pauling^, the configuration for Fe(Ci:)5 would 

yield a paramagnetic contribution and ITSLS thus treated separately. 

As a check, the value for the effective number of Weiss magnetons 
I I I ^ A 

for Fe in Fei^iFQ(on)^)r^ + I4.5H2O was compared vdth Davidson's 

value. We arrived at M^.J =27,6 and Davidson obtained u\>j = 27,8. 

This was felt to be very good agreement (0.7;^). 

The paramagnetic contribution of Fe"*"*̂  in Fe(C:i)^ was 

calculated using Cuo(Fe(CN)^)p and the effective number of Bohr 
.1 1, 4 o 

magnetons for Cu as given by Pauling-̂ .̂ This value was then 

used to deterirdne the effective number of Bohr Kiagnetons for Fe 

in Fe3(FG(CN)^)2. The effective number of Bolir magnetons per atom 

or per molecule were recorded in Table 2. Plots were made of either 

l/x« or l/x̂ T ̂ s shoi-m in Figures 13, 14, 15, 16, 17 and 13. 

The original dilemma concerning the distinction between 

FeZ|,(Fe(CN)£)o and Feo(Fe(CN)^)2 has not been resolved by either 

X-ray diffraction or density measurements. By comparing the 

effective number of Bolir magnetons for the ferrous or ferric ions 

in these compounds, perhaps a definite statement might be made 

concerning the nature of these two compounds. From Table 2, '̂-e 

see the values for the effective Bohr magnetons do yield different 

values: Fe"̂ "̂ ', 4.85; Fe , 4,49, Aside from possible coupling 

effects idth iron-cyazdde iorr, these values compare favorably, in 

relative order, idth the values given for the ions by Pauling^: 

Fe f 5«9> Fe , 5«2. From these values we might reasonably 

expect a larger specific susceptibility from Fe2^(Fe(CN)^)^ than 
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from Fe3(Fe(CN)5)2 which is exactly what was observed. The low 

temperature data display this difference in an even more 

pronounced manner. It iTOuld appear that a distinct difference is 

present and, moreover, that the correct classifications were given 

these tT-ro substances originally. 

The rest of tho data was considered to be self-explanatory 

when viewed in graphic form. An interesting occurence appeared to 

be the lowering of the paramagnetic Curie point for the substances 

in which the leading ion displayed closed shell characteristics^. 

In other words, I'jhen an ion \d.th closed shell characteristics was 

complexed with the ferrocyanide ion its susceptibility appeared to 

remain paramagnetic for much lower temperatures. Those ions vdth 

unclosed shells displayed ferromagnetic properties at much higher 

temperatures. 
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Table 1. The values of susceptibility and temperature are given. 
In each case the substance and diamagnetic correction are 
given before each listing.(T is given is °K. Susceptibility 
is given in units of 10-5 pej. ̂ nit mass or m.ole) 

T 
Fe3(Fe(CN)5)2 

Xd = -128 300 
83.7 
50.7 
4.28 
1.96 

Fei4.(Fe(CN)5)3 

Xd = -180 297.4 
75.3 
54.0 
4.31 
1.97 

Cu3(Fe(CN)6)2+l4H2C 

Xd = -302 

Cu2Fe(C:i)5 

Xd = -60 

* Cu2Fo(CN)5 

Xd = -60 

Cd3(Fe(Cr)6 

Xd = -120 

297.6 
81.5 
52.0 
4.23 
1.93 

300 
76.8 
60.8 
4.27 
1.94 

300 
76.8 
59.4 
4.26 
1.89 

)2 

300 
75.0 
53.6 
4.21 
1.94 

X 

49.5 
203.0 
320.5 
2027.0 
1650.0 

46.6 
IS9.5 
236.0 
4025.0 
4000.0 

17.8 
83.3 
142.0 

4700.0 
4300.0 

5.1 
21.8 
28.5 
292.0 
220.0 

8.0 
23.5 
29.5 
234.0 
141.0 

3.46 
12.3 
17.8 
137.3 
108.5 

Xm 

29,250 
119,800 
189,250 

1,197,000 
974,000 

40,100 
162,800 
245,500 

3,459,000 
3,435,000 

15,620 
73,100 
124,500 

4,125,000 
3,770,000 

1,922 
7,390 
9,670 
99,000 
74,600 

2,710 
7,960 
10,000 
79,400 
47,800 

2,630 
9,360 
13,525 
104,400 
82,500 

XM 

29,378 
119,928 
189,378 

1,197,128 
974,128 

• 40,280 
162,930 
245,680 

3,459,130 
3,435,180 

15,922 
73,^2 
124,802 

4,124,302 
3,770,302 

1,932 
7,450 
9,730-
99,060 
74,660 

2,770 
8,020 
10,060 
79,460 
47,860 

2,750 
9,430 
13,645 
104,520 
82,620 

>'.; 1 

9,780 
40, 
63; 

400, 
325, 

10, 
40 J 
61, 

^'O(D, 

,000 
,200 
,000 
,000 

,070 
,750 
,400 
,000 

859,000 

1/Xa (' / ^ Cv \ 

102.0 
25.0 
15.8 
2.5 
3.08 

99.3 
24.5 
16.3 
1.15 
1.16 

62.8 
13.6 
8.02 
0.24 
0.27 

505.0 
134.5 
102.5 
10.1 
13.4 

361.0 
124.8 
99.5 
12.6 
20.9 

364.0 
105.5 
73.3 
9.57 
12.12 

(or H) 

•Refers to an aging period of one month in solution causing more 
adsorption of x%fater molecules and increasing spacing between compound 
molecules 
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Table 2. Effective number of Bohr magnetons per atom or per molecule, 
(Temperature span from 75°K to 300°K) 

ComDound Number of Eoh-r ::a?netons 
• . I ,̂  I . , . - • • , . 1 I. »• I I , 

Fe3(Fe(CN)6)2 ^.^9 per Fe 

Fe/4.(Fe(CN)̂ )3 4.85 per Fe"^^ 

Cu3(Fe(CN)^)2 5.19 per molecule 

Cu2Fe(C2T)5 2.19 per molecule 

* Cu2Fe(CK)5 2.75 P^r molecule 

Cd3(Fe(CN)g)2 2.64 per molecule 

* See reference on Table 1 
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?iZ^-re 7 . P lo t of x x 10^ v s , T for ?e3(Fc(C;:)^)2. 
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Figure 9. Plot of y x 10^ vs. T for Cu3(FoCC::)5}2. 
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(X X 10^ in units cf c :-^-r} 

Figure 11. Plot X X 10 vs. 
(* see Table 1.) 
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Figure 12. Plot of x x 10^ vs. T for Cd3(?e(C::)6)2« 
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Figure 14. Plot of l/x̂  vs. T for Fe.̂ (F9(c::)̂ )o. 
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(l/xv i^ units of c :"-') 

^if-jrol5. Plot of 1/x-: vs. T for Cu3(rc(C::)5)2. 
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Figure I6. Plot of l/x-- vs. T for CuoFe(c::)^. 
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Figure 17. Plot of l/x- vs. T for *Cu2Fe(C::)5. 
(* see Tabic 1.) 
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'irure 13. Plot l/x- vs. ? for Cd3(?e(c::)6)2. 



CHAFfER IV 

FUTURE WORK 

Further study is being organized on more ferrocyanide and 

ferricyanide compounds and several others in which the iron ion 

in the cyanide radical is being replaced by an iron-type ion such 

as cobalt. We are in the process of constructing a He^ system 

which will allow temperatures of 0.4°K to be reached. Along with 

this system is being developed a pressure control for using He to 

span temperatures from 1.5^ to 20^K. These systems will allow a 

more detailed study at lower temperatures than was attained in 

this study. 

Work is being carried on in another university on the sarae 

substances studied here using the Mossbauer effect and correlations 

with our data are quite possible and will be attempted soon. 
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APPENDH I 

THEORY^^ 

INTRODUCTION 

In this section the development of the theory of diamagnotisra 

and paramagnetism will be presented. The first approach used will 

be the classical Langevin theory of diamagnetic and paramagnetic 

susceptibilities of gases. This will be followed by a quantum 

mechanical treatment of the same. 

DIAMAGNETISM 

Substances with negative magnetic susceptibilities are 

classified as diamagnetic. Paramagnetic is used to classify those 

substances exhibiting a positive magnetic susceptibility. The 

magnetic susceptibility per unit volume of a substance is defined as 

X = M/H, 

where the magnetic moment per unit volume is M and the magnetic 

field intensity is H. 

Diamagnetism is associated with the interior shielding 

effect which electrical charges produce when in the presence of 

an applied magnetic field. This phenomenon can be restated in 

terms of Lenz's lav7 which asserts that when the flux through an 

electrical circuit is changed an induced current is set up in such a 

way as to oppose the flux change. If we consider our electrical 

circuit to be the electron orbit, hence a resistanceless circuit, 

it is seen that the induced current due to the precession of the 

orbit persists as long as the magnetic field is present. The moment 
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ascribed to this induced current is a diamagnetic moment. 

Classical Derivation: 

For this derivation it is necessary to employ the Larmor 

theorem (see Appendix H ) which states that the motion of the 

electrons in an atom placed in a magnetic field, to the first 

order in H, is the same as the nomial motion in the absence of 

H plus the superposition of a processional angular frequency 

w^ = -eH/2mc, 

WL is generally termed the Larmor precessional frequency. If 

the magnetic field is applied slowly compared to the period of the 

orbital electrons the motion in the rotating reference frame vdll 

remain unaltered as compared to the original motion in the rest 

system before the field was applied. The diamagnetic current, I, 

is attributed to the precession of the electron distribution 

I == -(Ze)(eH/2mc)/2nc. 

I is expressed in electromagnetic units. Z is the atomic number, 

ie., niimber of electrons. The magnetic moment p of a current loop 

is given by the product of the current times the area of the loop, 

therefore we find 

p/H = -(Ze^/^nc^)^, 

where p^ = x2 + y2 is the average of the square of the perpendicular 

distance of the electron from the field axis. The mean square 

distance from the nucleus is given by 

r^ = x^ + y^ + z^. 

Assuming spherical distribution of the electrons about the nucleus 

leads to 

? = y2 = 2^, 
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therefore, 

72 - 2"7 

If N is the number of electrons per Tinit volume vre thus have tho 

diamagnetic susceptibility per unit volume given hy 

X = K/H = - f§!| (P). 

This is the Langevin expression as corrected by Pauli. 

The problem is now reduced to a calculation of the mean 

square radius, but this implies a knovjn charge distribution which 

is difficult to obtain. Charge distributions have been determined 

exactly for only the hydrogen and isoeloctronic ions. 

Quantum Mechanical Derivation: 

We will use quantum mechanics to shov? the results for the 

diamagnetic susceptibility are identical to those obtained classically. 

Use will be made of a portion of the total Hamiltonian of the 

system, H == H + H', and the magnetic concopt of a magnetic vector 

potential, X, defined by fi = curl t . The problem is to proceed 

from the total momentum and kinetic energy expressed respectively as, 

p = mr = (e/c)jt, T = (l/2m)(?5 - ^)^, 
c 

to the addition to the total Hamiltonian wliich we choose to be H*. 

H« = i®^(div A + A-7) + e^ A^. 
2mc 2mc^ 

For a uniform magnetic field in the z-direction we have 

Ay = + |xH 

Az = 0. 

The addition to the original Hamiltonian is thus 

H« = i^(x3 /3y - y8 /3x) + ^ { y ^ + y2). 
2rac 8mc^ 



38 

The second term is that which gives rise to the diamagnetism, hence 

E'=£HL(7), 
12rac2 

and the associated magnetic moment is 

U = - 3EV9H = - (e272/6mc2)H, 

or _ 
P = K/H = - M r 2 ) , 

6mĉ  

which is identical to the susceptibility arrived at ty classical 

means. 

PARAMAGNETISM 

Paramagnetism is found in 

1) Atoms and molecules exhibiting an odd nuuiber of electrons, 

ie., the total spin of the system cannot equal zero. 

2) Free atoms and ions with partially filled inner electron 

shells. 

3) Some miscellaneous com.pounds vdth an even number of electrons 

such as molecular oxygen and organic biradicals where the 

sharing of electrons can lead to unpaired spins. 

4) Metals. 

Classical Derivation: 

Consider a medi\im of N atoms per unit volume each exhibiting 

a magnetic moment y. Upon application of a magnetic field, 

magnetization results from the orientation of the magnetic moments. 

The tendency of the moments to align is disturbed by ther̂ nal disorder. 

The energy of interaction of each moment with the applied field H is 

V = - yH. 

Upon thermal equilibrium, the magnetization is given by 

M = NpL(a), 

where L(a) is the Langevin function and a = pH/kT (see Appendix III). 
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L(a) = coth(a) - i. 
a 

For a « 1, L(a) = a/3, thus 

M « Np%/kT. 

The approximation for a « 1 holds very well at room temperatures 

with a « 1/400. In this limit, the susceptibility is given as 

X = M/H = Np^/3kT = C/T, 

where C = Np^/3k is taken as the Curie constant. The 1/T dependence 

is known as the Curie Law and the entire expression for x is the 

Langevin equation. 

Quantum Mechanical Derivation: 

First consider paramagnetism as caused by the electron spins 

with angular momentum of Ifi. In a magnetic field of intensity H, 

the energy levels split into two levels, ie., spin up and spin 

doim^ as shovm in Figure 19 othejTvdse knovm as the Zeeman effect. 

Sz H 
i VB 

1̂(1) = 2pgH 

i -"B 
Figure 19. Energy levels splitting scheme for one electron, 

with only spin angular momentum, in a magnetic 
field H directed along the positive z-axis. 

The energy separation betvreen these two levels is given as 

A W = 2 | P J H = g ^ H = gPBH, 

where g is the spectroscopic splitting factor and for a free electron 

g = 2.00 and P3 = - 0.927 x lO'^^erg/oersted is known as the 

Bohr magneton. V/here the orbital angular momentxim must be taken 

into account, g is given by the Lande equation 

g = 1 + J(J + 1) + S(S + 1) - L(L + 1) . 
2J(J + 1) 



where J, S, and L are the total, spin and orbital angular momentum 

quantum numbers respectively. 

In the case where only two energy levels are present due to 

the magnetic field, the populations in thermal equilibrium are 

^ = expft.H/kT^ 
N exp(pH/kT) + exp -(pH/kT) 

and 

r = exp -(vH/kT) 
exp(pH/kT) + exp -(pH/kT) 

as given by statistical mechanics, where N^/N and N2/N are fractions 

of the total number N in each state. N = Ni + N2 is the total number 

of atoms per unit voltime and Nj and N2, the populations of the 

lower and upper levels respectively. Upon subtraction of the two 

populations, N2 - N^, V7e find the resultant magnetization 

M = NsilH • exp(?liFjl/2kT) - exp -(giipH/2kT) 
2 exp(gPBH/2kT) + exp -(gPBH/2kT) ' 

where the projection of the upper state along the field direction 

yields a magnetic moment of gP3/2 and for the lovrer state -gp3/2. 

By defining x = gPBH/2kT we may abbreviate this equation and obtain 

M = H S ^ . exp(x) - exp -(x) = N^P^ tanhfx^ 
2 exp(x) + exp -(x) 2 ^^^^W* 

For x « 1, tanh(x) « x and 

M ^ H^y)\. 
4kT 

The suscep t ib i l i t y thus becomes 

X = K/H = M^HsL . 
4kT 

We have, hovrever, g = 2 and p̂  = Ug. Vdth the use of a standard 

vector diagram relating the spin component in the field direction 



to the actual spin we see that p = 2(S(S + l))%p and 
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X = NP^/3I^, 

which again agrees with the classical derivation. 



APPENDIX II 

DERIVATION OF THE LARMOR THEOREM FOR A SPECIAL CASE^^ 

Consider an electron moving in a circular orbit of radius r 

around a fixed nucleus. Upon equating the centripetal force to 

the coulomb force we have 

mu)' 
2 _ = e2/] 

where WQ is the angular frequency of the orbital electron, vre 

thus have 

= (e^/mr^)^. 0)̂  

If a magnetic field of intensity H is now applied normal to 

the plane of the orbit we have the additional Lorentz force 

f = (e/v)v X S 

or 

mw^r = (e^/r^) - (e/c)rojH 

where w is the new angular frequency. Therefore we have 

u) = i((eH/2mc)2 + (Q^/DT^))^ - (eE/2nQ) 

or 

0) = iw^ - eH/2mc, 

if a)o» eH/2mc, which is simply the original frequency idth the 

Larmor processional frequency superposed upon it. 
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APPENDIX III^^ 

Consider the effect of therxTial motion on atoms which are 

free to move. The potential energy of each atom due to its 

magnetic moment in the applied field, H, is 

V = - p.H = -pHcose, 

where 6 is the angle between the moment and the field direction. 

The magnetization will be 

M = N cos6, 

where N is the total number of atoms per unit volume and cose is 

the average of cos9 over the thermal distribution. 

By applying the Boltzmann distribution, the relative probability 

of finding a molecule in an element of solid angle dn is proportional 

to exp -(V/kT), thus 

cos^ = iexEj:L(lZMllS2sj-lil . 
/exp -(V/kT)dn 

This y ie lds 

^̂ 5-=-̂  , /2TTSinflcose8Xp(pHcose/kT)de , 0 < e < 2rT 

/2TTsineaxp( pHcos 0/kT)d8 

Upon using the subs t i tu t ion , x = cose, and a = pH/kT, the previous 

equation becomes 

c o i l = /(x)exp(ax)dx , d_ in/exp(ax)dx = 
/exp(ax)dx da 

s= coth(a) - i s L(a) , -1 < x < 1 
a 

where L(a) is known as the Langevin function. For a « 1, we observe 

that 

L(a) « a/3. 

This leads to the final form 

M = NpL(a) = NpV3kT. 
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The question arises: Hovx valid is tho approximation a « 1? To 

ansvjer this an investigation of the order of magnitude of each 

-20 component in a is a convenient check. For an electron, p « 10 , 

4 
and at room temperatures in a field H « 10 oersteds, vre find that 

pH/kT « l/400 therefore the approximation vxhich has been made for 

the Langevin function is quite valid. 


