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INTRODUCTION 

The aim of this thesis is a devjlopment of some 

basic properties of retractions and contractions. In 

Chapter I these two concepts are introduced, and a 

comparison is made. Chapter II deals with some selected 

theorems pertaining to retractions. Finally, a general

ization of the concept of contraction, together with two 

theorems dealing specifically with contractions are 

presented in Chapter III. 



CHAPTER I 

DEFINITIONS, EXAMPLES AND PRELIMINAfaEvS 

A knowledge of set theory is assumed in the folJowing 

development. The term mapping is used in the sense of 

Hall and Spencer in their book Elementary Topology* The 

undefined terms are called point and open set, and they 

are related by the following axioms! 

Axiom J_: Every open set is a set of points. 

Axiom 2: The empty set is an open set. 

Axiom 2L» i'̂or each point p, there exists at least 

one open set containing p. 

Axiom J+; The union of any collection of open sets 

is an open set. 

Axiom 5» The intersection of any finite collection 

of open sets is an open set. 

Definition 1.1; A set S, together with a collection 

of subsets called open sets, is called a topological space 

if and only if the collection of open sets satisfies the 

five axioms. The collection of open sets is called the 

topology of the topological space. 

Theorem 1.1; Let S be a topological space with the 

topology T, Then S is an open setj that is, S is in T. 

Proof; Consider the union of all elements of T, and 



call it A, Recall that the collection T satisfies Axioms 

1 through 5 by Definition 1.1. Clearly, the set A is a 

subset of S. Let the point p be any point of S. By Axiom 

3, there is an open set B such that p is an element of B. 

The set B is an element of T, so the point p is an element 

of A. Hence, S is a subset of A. Thus, it has been shown 

that the set A, which is open by Axiom hy is the same as 

the space S. 

Definition 1.2; Let S be a set and r a collection of 

subsets of S. Then o- is said to generate the collection 

T of subsets of S defined as follows: A subset K of S is 

an element of T if and only if K is the union of a collec

tion of elements of <r. The collection r is said to be a 

basis for the collection T which it generates. 

Notation; Whenever the symbol (S,«") is used, <r is 

considered as a basis for the collection of all open 

subsets of S. In addition, R will be taken to be the 

space of real numbers with its usual topology. 

Definition 1»3; Let S be a set, K a subset of S, and 

X a collection of subsets of S. Then g-nK denotes the 

collection of sets, each of whose elements is of the form 

HAK., where H is an element of 8". 

Definition Xjhi Let (S,'') be a topological space, and 

K a subset of S. A topological space having K as its set 



of points is said to be a subspace of the space S if and 

only if the topology of K is the topology of (K,rnK). A 

subset M of K is said to be open in ̂  relative to S if and 

only if M is open in (K,«-nK). 

Definition 1*5i Let S be a topological space and p a 

point of S. A subset K of S is said to be a neighborhood 

of p if and only if K contains an open subset H of S such 

that H contains p. 

Definition 1.6: A subset H of a space S is said to 

be closed if and only if S - H is open. 

Definition 1.7: A point p of a topological space S 

is said to be a limit point of a subset H of S if and only 

if every open set containing p also contains a point of H 

distinct from p. 

The following two theorems are well known results, 

and they are stated without proof. 

Theorem 1.2; A subset G of a space S is open if and 

only if, for each point p of G, there exists an open 

neighborhood U of p such that U is a subset of G. 

Theorem 1«3: A subset H of a space S is closed if and 

only if, every limit point of H belongs to H. 

Definition 1.6; Let S and T be topological spaces and 

f:S-»T a mapping. Then f is said to be continuous at the 



point ^ of S if and only if, given any open subset G of T 

such that s is an element of f*'(G), there exists an open 

subset V of S such that s is an element of V, and V is a 

subset of f"^(G), Furthermore, f is said to be continuous 

on g if and only if f is continuous at each point of S. 

The following two theorems are well known results, 

and they are stated without proof. 

Theorem 1 .̂ •: Let S and T be topological spaces and 

f:S-*T a mapping. Then f is continuous on S if and only 

if, for every open set G of T, f" (G) is an open subset 

of S. 

Theorem Ij^: Let S and T be topological spaces and 

f:S-*T a mapping. Then f is continuous on S if and only 

if, for every closed set G of T, f" (G) is a closed subset 

of S. 

Theorem 1,6: Let S, T and W be topological spaces; 

let f:S->T and g:T-*W be continuous mappings. Then the 

composite mapping h:S-*W, defined by h(x) = g(f(x)) for 

each X in S, is continuous. 

Proof: Note that h""* (y) = f"^(g"^(y)) for y in W. 

Let G be any open set of W. The mapping g is continuous 

so, by Theorem 1 A, g"^(G) is an open subset of T; the 

mapping f is continuous so, by Theorem 1.^, f" (g*"'(G)) 

is an open subset of S. Thus h" (G) is an open subset of 



S, and by Theorem 1 .̂ •, h is a continuous mapping. 

Definition 1.9: Let S be a topological space, and let 

T be a subspace of S. Then T is said to be a retract of 

S if and only if there exists a continuous mapping f:S-*T 

of S onto T with the property that f(x) = x for every x 

in T. The mapping f is called a retraction of S onto T. 

Definition 1.10; A set S is said to be a metric set 

if and only if there is associated with S a mapping 

d:S X S-^R (where R is the space of all real numbers) 

having the following properties for every x, y and z in S: 

(i) d(x,y) ^ 0. 

(ii) d(x,y) = 0 if and only if x = y. 

(iii) d(x,y) = d(y,x). 

(iv) d(x,z) £ d(x,y) + d(y,z). 

The mapping d is called a metric for the set S. 

Definition 1.11; Let K be a metric set with metric d. 

Then with each point p of K and each positive real number 

r, there is associated a subset S (p) called an open 

sphere of radius r about £. A point q of K is in Sp(p) 

if and only if d(p,q) ̂  r. There is also associated with 

p and r, a subset ^p(p) called a closed sphere of radius 

r about £. A point q of K is in S" (p) if and only if 

d(p,q) ^ r. 

Definition 1.12i A metric set S is said to be a 



metric space If and only if the topology of S is that 

which is generated by the collection of subsets of S 

consisting of all open spheres In S. 

It should be noted that in a metric space any open 

sphere Sp(p) is a neighborhood of any point in Sp(p). By 

Definition 1.12, a set Is said to be open in the metric 

space if and only if it is the union of a collection of 

open spheres. Clearly, any open sphere is the union of a 

collection of open spheres; thus, any open sphere is an 

open set of the metric space. If q is any point of the 

metric space in Sp(p), then Sp(p) is an open set containing 

q, and Sp(p) is a subset of Sp(p); hence, by Definition 

1.5> Sp(p) is a neighborhood of q. Furthermore, it should 

be noted that any closed sphere Ŝ p(p) is a neighborhood 

of any point in Sp(p). In addition, the metric on a sub-

space T of a metric space S, with metric d, is the re

striction of d:SXS-»R to d:TXT-^R. 

Definition 1.13: Let S be a metric space with the 

metric d. A mapping f:S-»S is called a contraction on S 

if and only if there is a real number k, 0 -̂  k ^ 1, such 

that for all x and y In S, d(f(x),f(y)) ^ kd(x,y). 

Example 1.1: Let S be the closed interval from 0 to 

1 on the real line with the usual metric and its topology, 

and let T be the closed interval from 0 to i. Let the 
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mapping f(x) be defined as follows: 

(i) f(x) = X for 0 ^ X ^ i, and 

(11) f(x) = i for i -t X If 1. 

The mapping f is a retraction of S onto T, that is, the 

closed interval from 0 to ^ is a retract of the closed 

Interval from 0 to 1. Note that the mapping f is not a 

contraction in S, because 

d(f(i),f(0)) = |f(i) - f(0)| = kli - Ol = 

= kd(i,0) 

where k = 1. 

Example 1.2: Let S be R, the space of real n\imbers 

with the usual metric and its topology, and let T be the 

singleton set consisting of the number 1. Let the mapping 

f(x) be defined as follows: f(x) = 1 for all x in R. Thus, 

the mapping f is a retraction of S onto T; that is, the 

singleton set consisting of the number .1 is a retract of 

B. Note that the mapping f is also a contraction on S, 

because 

d(f(x),f(y)) = |f(x) - f(y)| = 1 1 - 1 1 = 0 ^ 

^ i|x - yl » id(x,y) ' 

for all X and y in R. 

Example 1.3: Let S be the closed interval from 0 to 

1 of the real line with the usual metric and its topology. 

Let f(x) be defined as follows: f(x) = ̂ x for x in S. It 

follows that 



d(f(x),f(y)) = lf(x) - f(y)| = lix - ̂ yl = 

= *|x - y| = *d(x,y) 

for all X and y in S. If x is in S, clearly f(x) is in S, 

so f is a contraction in S. Note that f Is not a retrac

tion onto f(S), the closed interval from 0 to ̂ , because 

f(x) = X if and only if x = 0 . 

Theorem 1.7; Let S be a topological space. Then any 

single point of S is a retract of S. 

Proof; Let a be any point of S. Let the mapping 

f(x) be defined as follows: f(x) = a for all x in S. 

Clearly, f is a continuous mapping, f(a) = a, and f(S) is 

the singleton set consisting of the point a. So f is a 

retraction, and thus the single point a is a retract of S. 

Theorem 1.8; Let S be a topological space. Then S 

is a retract of S. 

Proof: Let the mapping f be defined as follows: 

f(x) = X for X in S. Clearly, f is a continuous mapping, 

every point of S is mapped onto Itself, and f(S) = S. 

Thus f is a retraction, so S is a retract of S. 

Definition 1,1^: A collection T of open neighborhoods 

of a point p in a space S is said to be a basis at p if 

and only if, given any open neighborhood U of p, there is 

a set V in the collection cr such that V is a subset of U. 

Definition 1,15: A topological space S is said to be 
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first countable if and only if, for each point p of S, 

there is a countable basis at p. 

Theorem 1*9; Every metric space is first countable. 

Proof: Let S be any metric space. Call its metric 

d. Let p be any point of S. Consider the countable col

lection of open spheres about p, F = {3w^(p): n = 1,2,**']. 

Let U be any open neighborhood of p. Now U is an open set 

so it is the union of open spheres by Definition 1.12. 

Thus p is an element of Sp(q) for some real number r > 0 

and some point q of U such that Sp(q) is a subset of U. 

Hence, there exists a real number s such that 

d(p,q) = s <: r. 

Let t be any positive real number less than •J-(r - s). 

Clearly S|.(p) is a subset of Sp(q). There is an integer 

n* sufficiently large such that 1/n* = t* < t. So 

obviously S^+(p) is a subset of S^(p); that is, S.^(p) is 

a subset of U. Hence the collection F is a countable 

basis at p by Definition 1.1̂ -, and S is first countable 

by Definition 1.1?. 

Definition 1,16: Let S be a topological space and 

[BL^I for n = 1,2,***, a sequence of points of S. Then 

[ Si^ for n = 1,2, • • •, is said to converge to the point £ 

£f g if and only if, given any neighborhood U of p, there 

is an integer N such that â ^ is an element of U for every 

integer n greater that N, 
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The following theorem is a well known result, and it 

is stated without proof. 

Theqren̂  1 .10: Let [â ^ for n = 1,2,*'', be a sequence 

of points of a metric space S with metric d, and let p be 

a point of S. Then the sequence converres to p if and 

only if, for each 6 > 0, there is an integer N such that 

d(an,p) < ̂  for every integer n greater than N. 

Theorem 1,11: Let S and T be topological spaces, 

f:S-»T a continuous mapping and ^x^] for n = 1,2,*'', a 

sequence of points of S which converges to a point x of 

S. Then the sequence (f(xn)} for n = 1,2,**«, of points 

of T converges to the point f(x). 

Proof; Let U be any neighborhood of f(x) in T; 

that is, U contains an open subset V of T such that V 

contains f (x). By Theorem 1 .M̂, f" (V) is an open subset 

of S, and f"^(V) clearly contains the point x. Thus 

f"''(V) is a neighborhood of x. Now (x̂ ^̂  for n = 1,2,"*, 

converges to x; so by Definition 1.16 there is an integer 

N such that x^ is in f"Uv) for n greater than N. For n 

greater than N, therefore, f(Xn) is in V which is a subset 

of U. Thus, for n greater than N, f(Xŷ ) Is in U; so by 

Definition 1,16 the sequence Jf(Xjj)( for n = 1,2,*", 

converges to f(x). 

This last theorem cein be strengthened for metric 

spaces. The following development has this as its aim. 
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Lemma 1.1: Let S be a metric space with the metric d, 

and let H be a subset of S. Then a point p of S is a 

limit point of H if and only if every neighborhood of p 

contains infinitely many distinct points of H. 

1; roof I Necessity: The point p is a limit point of 

H; that is, every neighborhood of p contains a point of H 

distinct from p. The proof is by contradiction. Assume 

that there is one neighborhood U of p which contains only 

a finite number of distinct points of H. Thus there is 

an open set V containing p such that V is a subset of U. 

S is a metric space, so there is a point q of S and a real 

number r such that p is an element of Sp(q), and Sr(q) is 

a subset of V (and therefore of U also). Let 

t = i(r - d(p,q)) 

and consider St(p). Clearly S^{j>) is a subset of Sp(q), 

and hence S^(p) is a subset of U. Now U contains only a 

finite number of elements of H, so S^(p) contains only a 

finite number of elements of H. Let a be the minimum of 

the set of values 

^d(p,z): z is an element of HnS^(p) and z ̂  pj. 

Let b = -J-a, and consider S|j(p). Clearly S^(p) contains 

no points of H distinct from p, but this contradicts the 

fact that p is a limit point of H, Thus, every neighbor

hood of p must contain an infinite number of points of H. 

oufficiency: Every neighborhood of p contains infin

itely many distinct points of H. It follows that every 
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neighborhood of p contains a point of H distinct from p. 

In particular, every open neighborhood of p contains a 

point of H distinct from p. Hence, by Definition 1.7, p 

is a limit point of H. 

Lemma 1.2; Let S be a metric space with metric d, 

then no finite subset of S has a limit point. 

Proof: Let p be any point of S, and let H be any 

finite subset of S. Any neighborhood of p contains at 

most a finite niimber of elements of H because there are 

only a finite niimber of points of H. Thus, by Lemma 1.1, 

p is not a limit point of H. Since p is an arbitrary 

point of S, there is no limit point of H. 

Lemma 1.3: Let S be a metric space, p a point of S, 

and H a subset of S. Let d be the metric of S. Then p 

is a limit point of the subset H if and only if there is 

a sequence {p^l > ̂ or n = 1,2,''*, of distinct points of 

H which converges to the point p. 

Proof; Necessity: The point p is a limit point of 

H. Let r^ be any positive real number. Recall that the 

open sphere S« (p) is an open neighborhood of p, so by 
o 

Definition 1«75 Ŝ , (p) contains at least one point p. of 
•̂o • 

H, P-j ̂  p. Let r = •^d(p,p^). As before, Sp (p) contains 

at least one point Pp of H, Pp 7̂  P« Observe that P2 "^ P̂  

since r-j is less than d(p,p^). Continue this process 

letting r. = ihiCpjPĵ )* Observe that there exists a point 
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p of H which lies in Sp (p) such that p^^^ ^ p, and 

Pi-fl ^ Pk ^^^ 0 < k < l-f1 . Note that since 

for all 1 greater than 0, it follows that 

ri < ir^, V2< ir^,---, r^ < ir^.i,---. 

Clearly, T^ < {^)^TQ. NOW let € > 0 be given. There is 

an N such that for n > N, (i)'^"^ ̂  ^/^Q* Thus, for n '' N, 

d(p,Pn) < r̂ .i c W^'^v^^ (̂ /ro)ro = ̂ • 

Hence, by Theorem 1.10, the sequence { p^^ » for " = 1,2,*' 

converges to p, and it was constructed so that it 1". a 

sequence of distinct points of H. 

Sufficiency: There is a sequence |Pn)> for n = 1,2,'* 

of distinct points of H which converges to p. Let U be 

any open neighborhood of p. By Definition 1.16, U con

tains infinitely many points of the sequence jPn)» for 

n = 1,2,*'*; that is, U contains a point of H distinct 

from p. But U is an arbitrary open neighborhood of p, so 

every open neighborhood of p contains a point of H dis

tinct from p. Thus by Definition 1.7, p is a limit point 

of H. 

Theorem 1.12: Let S and T be metric spaces, and 

f:S-»T a mapping. Then f is continuous if and only if, 

given any point x in S and any sequence I'x.^ , for 

n = 1,2,"*, of points of S that converr,es to x, then the 

sequence (f(Xĵ )j , for n = 1,2,***, converges to f(x) in T. 
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Proof: Necessity: This part of the theorem is a 

special case of Theorem 1.11, because a metric space Is 

a topological space. 

Sufficiency: For any sequence ^̂ x̂ ] , n = 1,2,"', of 

points of S that conver̂ ;es to an element x of S, the 

sequence \f(Xn)] , n = 1,2,'»*, convert es to f(x). Let H 

be any closed subset of T. Consider the set f"^(H); by 

Theorem 1.̂ ', the mapping is continuous if it can be shown 

that f'"''(H) is a closed subset of S. By Theorem 1.3, 

f"''(H) will be closed if it is shown that f"''(H) contains 

all of its limit points. 

If there are no limit points of f"^(H) then the 

proof is complete because f""' (H) will, in that case, con

tain all of its limit points. If there is at least one 

limit point of f'̂  (H), let x be any limit point of f ""̂  (H) • 

The proof will be complete if it is shown that x is an 

element of f" (H). By Lemma 1.3 there is a sequence of 

distinct points of f'^H), x̂̂ ^̂  for n = 1,2,***, which 

converges to x. By the hypothesis, the sequence |f(Xĵ )( , 

n = 1,2,'"*, converges to f(x) in T. Now either the 

sequence f̂(Xĵ )j , n = 1,2,*", consists of a finite number 

of distinct points of H or of an infinite number of dis

tinct points of H. 

Case I: If the sequence [f(Xn)! , n = 1,2,'", con

sists of only a finite number of distinct points of H, 

then since T is a metric space the union of all points of 
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the sequence ^f(x^)^, n = 1,2,-*', has no limit point by 

Lemma 1.2. Thus there is a neighborhood U of f(x) v/hlch 

contains no points of \f(x^)i, n = 1,2,'-', distinct from 

f(x), and hence there is an open set V containing f(x) 

such that Y contains no points of \f(x^^)! , n = 1,2,*", 

distinct from f(x). But f"''(V) is an open neit',hborhood 

of X since the mapping f is continuous and f(x) is an 

element of V. Thus there is an integer N such that Xĵ  

is an element of f"Uv) for all integers n greater than N. 

It follows that f(Xĵ ) is an element of V for n greater 

than N. But V contains no points of }f (Xŷ )j , 

n = 1,2,*", distinct from f(x). Hence f(x^) = f(x) for 

n greater than N. But f(x^) is an element of H for all n, 

so in this case, f(x) is in H; that is, x is an element 

of f-1(H). 

Case II: If the sequence f̂(Xn)i , n = 1,2,*'*, con

sists of an infinite number of distinct points of H, then 

the subsequence if(xnĵ )5 , i = 1,2,*'*, of only those dis

tinct points of H is a sequence of distinct points of H 

converging to f(x) so that f(x) is a limit point of H by 

Lemma 1.3. H is closed, so it follows that x is an ele

ment of f*"'(H). Hence it has been shown that f"̂  (H) con

tains all of its limit points, and therefore the mapping 

f is continuous. 

Theorem 1.13: Let S be a metric space with metric ti, 

and let the mapping f be a contraction on S. If j Xĵ ,̂ 
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n = 1,2,*", is a sequence of points of S which converges 

to the point x of S, then tne sequence If(Xn)^, 

n = 1,2,"*, convertes to f(x). 

Proof; The mapping f is a contraction, so there is 

a real number k, 0 <: k < 1 , such that for all x and y in 

S, d(f(x),f(y)) ^ kd(x,y). It is given tnat ^x^^, 

n = 1,2,'", converges to x. Let € > 0 be r.iven. By 

Theorem 1.10, there is an integer N, such that for n 

greater than N, d(x,Xĵ ) < €/k. Thus, for n greater than 

N, 

d(f(x),f(Xn)) - kd(x,Xn) < k(6/k) = e. 

That is, by Theorem 1.10, the sequence {f(Xj^)^, 

n = 1,2,''*, converges to f(x). 

Corollary 1.1: A contraction is continuous. 

Proof; This result is immediate from the preceeding 

two theorems. 

Definition 1.17: Let S be a topological space, and 

f:3-*3 a mapping, then a point s in S is a fixed point of 

f if and only if f(s) = s. 

Theorem 1.1^: Let S be a metric space with metric d, 

and let f be a contraction in S. Then there is at most 

one fixed point of f. 

Proof; The proof Is by contradiction. Assume that 

there are at least two distinct fixed points of f. Let 
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X and y be any two distinct fixed points of f. Thus 

d(f(x),f(y)) = d(x,y) since f(x) = x and f(y) = y by 

Definition I.I7. But this contradicts the fact that f 

is a contraction. Therefore, it is not true that there 

are at least two fixed points of f; that is, there is at 

most one fixed point of f. 

Theorem 1,15: Let S be a topological space, and let 

f be a retraction of S onto T, a subspace of S, then 

every point of the retract T = f(S) is a fixed point. 

Proof: The proof is immediate from Definition 1 .9 

and Definition 1.17. 

It has been shown in Example 1.2 that a retraction 

may be a contraction. The next problem to be considered 

is the determination of conditions under which a retrac

tion of a metric space will be a contraction. 

Theorem 1.16: Let S be a non-void metric space with 

metric d. Let the mapping f of S onto T, a subspace of 

S, be a retraction. Then f is a contraction if and only 

if T is a single point of S. 

Proof: Necessity: Let f be a contraction. By 

Theorem 1,1^, there is at most one fixed point of f. Now 

f is also a retraction, so every point of T = f(S) is a 

fixed point by Theorem 1.15* Hence T contains at most 

one point of S. Now f is a mapping of S onto T, so T is 
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not empty since S is not empty. Hence T contains exactly 

one point. 

Sufficiency: Let T be a single point, say t, of S. 

Since f(S) = T, it is clear that f(x) = t for all x in S. 

Now if X and y are in S, d(f(x),f(y)) = d(t,t) = 0. Thus 

d(f(x),f(y)) ^ id(x,y), and by Definition 1.13, f is a 

contraction. 

Definition 1.18: A collection of sets (Dĝ ] , a in B, 

is said to be a covering of the set A if and only if A is 

a subset of the union of all of the sets in the collection 

^D^^ , a in B. If,, in addition, each of the sets D^ is 

required to be an open set, then the collection (D̂ S , a 

in B, is called an open covering of A. Any subcollection 

of a covering of the set A which also covers A is said to 

be a subcovering of A. 

Definition 1.19: Let A be a subset of a topological 

space S. Then A is said to be compact if and only if 

every open covering of A contains a finite subcovering 

of A. 

Definition 1.20; A space S is said to be T̂  if and 

only if every point of S is a closed subset of S. 

Definition 1.21: A subset A of a space S is said to 

^9 countably compact if and only if every infinite subset 

of A has at least one limit point in A. 
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Definition 1»22; A subset A of a space S is said to 

be connected if and only if there does not exist any con

tinuous mapping f:A-^R such that f(A) consists of exactly 

two points. 

The following three theorems are well known results, 

and they are stated without proof. 

Theorem 1.17: Let S and T be topological spaces, S 

compact, and f:S-^T a continuous mapping. Then f(S) is 

compact. 

Theorem 1.18; Let S be a countably compact T-j space, 

and T a space. Then if f;S-»T is a continuous mapping, 

the set f(S) is countably compact. 

Theorem 1.19: Let S and T be topological spaces, and 

f:S-*T a continuous mapping. If S is connected, then f(S) 

is connected. 

Theorem 1.20: Let S be a topological space, and let 

T be a retract of S. Tnen; 

(i) If S is compact, then T is compact. 

(ii) If S is Ti and countably compact, then T is 

countably compact. 

(iii) If S is connected, then T is connected. 

Proof; The subset T is a retract of S; that is, T 

is the image, under a continuous mapping f, of S. 
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(1) The space S is compact; so by Theorem 1.17, T 

is compact. 

(ii) The space S is T̂  and countably compact; so by 

Theorem 1.18, T is countably compact. 

(iii) The space S is connected; so by Theorem 1.19, 

T is connected. 

Theorem 1 .21 : Let S be a metric space, and let f;S-*'S 

be a contraction in S. Then: 

(i) If S is compact, then f(S) is compact. 

(ii) If S is T-| and countably compact, then f(S) is 

countably compact. 

(iii) If S is connected, then f(S) is connected. 

Proof: The mapping f is continuous by Corollary 1.1. 

(i) By Theorem 1.17, f(S) is compact. 

(ii) By Theorem 1,l8, f(S) is countably compact. 

(iii) By Theorem 1.19, f(S) is connected. 

Theorem 1.22; The subspace T is a retract of the 

space S if and only if the identity mapping e:T-^T may be 

extended to a continuous mapping f:S-^T. 

Proof: Necessity; The mapping e is defined as 

follows: e(x) = x for all x in T. Now T is a retract of 

S; so by Definition 1.9, there is a continuous mapping 

f:3-»T such that f(x) = x for all x in T. Clearly, tnis 

mapping f is a continuous extension of e. 

Sufficiency: The identity mapping c:T-»T may bo 
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extended to a continuous mapping f:S->T. From Definition 

1.9 and the definition of e, f is a retraction of S onto 

T so that T is a retract of S. 

Theorem 1.23: If A is a retract of X, then every 

continuous mapping f:A-*Z of A into a topological space 

Z may be extended to a continuous mapping g;X-*Z. 

Proof; A is a retract of X, so there exists a 

continuous mapping h:X-»A of X onto A such that h(x) = x 

for all X in A, by Definition 1.9- Let f;A-^ be any 

continuous mapping of A into Z. Define g:X-*Z as follows: 

g(x) = f(h(x)) for all x in X. By Theorem 1.6, g is a 

continuous mapping. For all x in A, g(x) = f(h(x)) = f(x) 

since h(x) = x for all x in A. Thus, g is a continuous 

extension of f. 

Definition 1.23: A topological space X is said to be 

a continuum if and only if X is compact and connected. 

Theorem 1.2^; Let the topological space S be a con

tinuum. If the subspace A is a retract of S, then A is 

a continuum. 

Proof: A is a retract of a compact, connected space; 

so by Theorem 1.20, A is compact and connected. Thus, by 

Definition 1.23, A is a continuum. 



CHAPTER II 

RETRACTS 

In this chapter some selected theorems pertaining 

to retractions, as defined in Definition 1,9, will be 

presented. 

Theorem 2.1; Let S be a topological space, and let T 

be a subspace of S. Let the mapping f:S->T be a continuous 

mapping of S onto T. Then f is a retraction if and only 

if the functional equation f(f(x)) = f(x) is satisfied for 

all X in S. That is, T is a retract of S if and only if 

the functional equation f(f(x)) = f(x) is satisfied for 

all X in S. 

Proof: Necessity: The mapping f is a retraction; 

that is, by Definition 1,9, f(x) = x for x in T, and f(S) = T. 

Now consider f(f(x)) for any x in S. For any x in S, f(x) 

is in T, so that f(f(x)) = f(x). 

Sufficiency: The functional equation f(f(x)) = f(x) 

holds for all x in S. From the hypothesis, f is continu

ous, and f(S)=T. It only remains to be shown that f(x)=x 

for all X in T. Let x be any element of T. The mapping f 

is from S onto T so that there is some point y in S such 

that f(y) = X. But f(f(y)) = f(y); that is, f(x) = x for 

X in T, Thus f is a retraction by Definition 1.9. 
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Theorem 2.2: Let S be a topological Si)ace. Let X be 

a retract of S and Z be a retract of X. Then Z is a re

tract of S. 

Proof: X is a retract of S; that is, by Definition 

1.9, there is a continuous onto mapping f;S-»X such that 

f(x) = X for all X in X. Z is a retract of X; that is, 

there is a continuous onto mapping g;X->Z such that 

g(x) = X for all X in Z. Consider the mapping h;S-»Z 

defined as follows: h(x) = g(f(x)) for x in S. By Theorem 

1.6, h is a continuous mapping, and the mapping h is 

clearly an onto mapping. If a is any point of Z, 

h(a) = g(f(a)). But Z is a subset of X so that a is in 

X, and by the definition of f, f(a) = a. Thus, 

h(a) = g(a). But a is in Z, so by the definition of g, 

g(a) = a. Hence h(a) = a if a is in Z. By Definition 1.9, 

Z is a retract of S. 

Definition 2.1; A topological space S is said to be 

a Hausdorff space if and only if, given any two distinct 

points p and q of S, there exist disjoint open sets U and 

V such that p is an element of U and q is an element of V. 

Definition 2.2: A topological space S is said to be 

TQ if and only if, for each pair x and y of distinct points 

of S, there is a neighborhood of one point to which the 

other point does not belong. 
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The following three theorems are well known, and they 

are stated without proof. 

Theorem 2.3; Every metric space is a Hausdorff space. 

Theorem 2_A: Every Hausdorff space is a T- space. 

Theorem 2.5; Every T-, space is a T^ space. 

Theorem 2.6; If f:X->Y and g:X—Y are continuous on 

a topological space X with values in a Hausdorff space Y, 

then the set A of all elements x in X such that f(x) = g(x) 

is closed. 

Proof: It will be shown that A is closed by demon

strating that every limit point of A is in A; that is, if 

q is a limit point of A, it must be shown that f(q) = g(q). 

The proof is by contradiction. Assume that f(q) ^ g(q). 

Since Y is a Hausdorff space, there exist disjoint open 

subsets of Y, U and V, such that f(q) is in U and g(q) is 

in V. Now f~^(U) and g" (V) are both open sets containing 

q, since f and g are both continuous. Thus f"^(U)H g"^(V) 

is an open set containing q. But q is a limit point of A, 

so there is at least one point p of A, p 7̂  q, such that p 

is in f"^(U) Ag"''(V). Thus p is in f'Uu), and p is in 

g-1(V). Hence f(p) is in U, and g(p) is in V, but p is 

in A so that f(p) = g(p). Therefore Vr̂  U ;«i 0. This is a 

contradiction; thus f(q) = g(q). Therefore q is in A, 

and the proof is complete. 
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-Lemma 2.1 : Let S be a Hausdorff space, and let T be 

a subspace of S, then T is a Hausdorff space, 

proof: Let x and y be any two distinct points of T. 

Since T is a subset of S, x and y are also in S. S is 

Hausdorff, therefore by Definition 2.1, there exist dis

joint open sets of the space S, say U and V, such that x 

is in U and y is in V. By Definition 1 .̂ •, VOT and UA T 

are open subsets of T. Furthermore, x is in UHT, y is 

in VnT, and (UOT) n (VAT) = 0 since UH V = 0. Thus T is 

a Hausdorff space. 

Theorem 2.7: Let S be a Hausdorff space, and let T 

be a retract of 3, then T is a closed subset of 3. 

Proof: T is a subspace of S so that T is also a 

Hausdorff space by Lemma 2.1. T is a retract of 3, so 

that there exists a continuous mapping f:3-^S such that 

f(S) = T. Also consider the identity mapping e:3-»S. 

The mapping e is continuous, and by Definition 1.9, 

f(x) = e(x) if and only of x is in T. Thus, by Theorem 

2.6, T is closed. 

Example 2.1; A retract of a TQ space is not necessar

ily closed. Consider the set {a,b5, let the open sets be 

0, {al, and [a,b]. This system satisfies Axioms 1 through 

5, so it is a topological space. Also, by Definition 2.2, 

the topological space is a TQ space. Note that the cloned 

sets are ia,b}, [b^, and 0. Let f be defined as follows: 
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f(x) = a for X in \a,b^. The mapping f is continuous, and 

f(a) = a, so (a] is a retract of {a,b|. However, {a] is 

not a closed subset of \a,b]. 

Example 2.2: A retract of a T. space is not necessar

ily closed. Let J aenote the set of positive integers, 

and let J, 0, and all J - A where A is any finite set of 

positive integers be the open sets. The first objective 

is to show that this system is a topology: 

(i) Every open set is a set of points. 

(ii) The empty set is an open set. 

(iii) Let n be any point of J, then n is an element 

of the open set J. Thus for each point p of J, there is 

at least one open set containing p. 

(iv) Let \o^ , for i in B, be any collection of open 

sets, and consider U = UOj^. Now if some Op̂  is J, U = J 

is open, and if some 0̂  is 0, then U = U Oi, where 

B* = B - ^j|. Thus let (j - A^^, for i in B be any col

lection of open sets, not J nor 0, and consider 

U = U(J - A^) = J - 0 A< by DeMorgan's Theorem. But 

n A,, contains only a finite number of points since eacii 

A. contains only a finite number. Thus U is open; that 

is, the union of any collection of open sets is open. 

(v) Let 0-1 , 02,***, On be a finite collection of open 

sets, and consider I = 0 0-1, Now if one of these, say 0̂ ,̂ 

is 0, then I = 0 is open, and if one, say 0. is J, then 
j-> 

J - A, I = (0 0^)0(00^). Thus let J - A^, J - A2,---, - -n 
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be a finite collection of open sets not J nor 0, and con

sider I = f\ (J - A^) = J - 0 AjL by DeMorgan's Theorem. 

But VJAJ^ contains only a finite number of positive inte

gers since each A^ contains only a finite number. Thus I 

is open; that is, the intersection of any finite collection 

of open sets is open. 

Hence by Definition 1.1, this system is a topology. 

Note that the closed sets are of the form 0, J, and 

A where A is any finite set of positive integers. Thus, 

single points are closed sets, and the topological space 

is a T-j space. 

Let f:J-^J. be defined as follows: f(n) = n for n ^ 2, 

and f(l) = 2 . Let T be the set of integers 

(2,3,---? = f(J). 

Every point of T is a fixed point of f. Hence, if f is 

continuous, T is a retract of J. 

If C is a closed set of T then C is of the form 

[c. ,Cp,"*,cJ where each ĉ^ is a positive integer greater 

than one. Consider f"'''(C): 

(i) If 2 is in C, f"''(C) = CuU] which is closed 

in J, 

(ii) If 2 is not in C, f""''(C) = C which is closed 

in J. 

Thus by Theorem 1.5, f is continuous, and by Definition 

1.9, T is a retract of J. Note that T is not closed. 

Example 2.3: The condition in Theorem 1.23 is not a 



^mirmiim 

29 

sufficient condition. Explicitly, a subset A of a topo

logical space X is not necessarily a retract even if every 

continuous mapping f:A-^Z of A into a topological space Z 

may be extended to a continuous mapping g:X-*'Z. Let X = R 

with the usual topology and metric. Let A = (0,l] , and 

Z = ii] . The only continuous mapping f :A-*Z is defined 

by f(x) = 1 for all x in A. This mapping f can be extended 

to a continuous mapping g:X-*Z where g is defined by 

g(x) =1 for all X in X. Now X is a metric space, so it 

is a Hausdorff space by Theorem 2.3. Hence by Theorem 2.7, 

A is not a retract of X, 

Although the condition in Theorem 1.23 is necessary 

but not sufficient, there is a stronger condition which 

is both necessary and sufficient. 

Theorem 2.8; Let X be a topological space, and let A 

be a subspace of X. The subspace A is a retract of X if 

and only if, for any space Y, every continuous mapping 

g:A-*Y has a continuous extension of g over X. 

Proof; Necessity: A is a retract of X. Let Y be 

any space, and let g:A->Y be a continuous mapping from A 

into Y. Then by Theorem 1.23, there is a continuous ex

tension of g over X. 

Sufficiency: For any space Y, every continuous mapping 

g:A--̂ Y has a continuous extension over X. In particular, 

if Y = A, the continuous identity mapping e:A-^A has a 
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continuous extension over X. Thus by Theorem 1.22, A is 

a retract of X. 

Example 2J+: Let X and A be defined as in Exai..ple 2,3, 

It has been noted that A is not a retract of X. This 

example is to show that even though, for Z defined as in 

Exajnple 2.3, every continuous mapping f:A-^Z can be exten

ded to a continuous mapping g;X->Z, there exists a space 

Y such that some continuous mapping from A into Y cannot 

be so extended. 

Let Y = A, and let e;A-^A be the identity mapping. 

The mapping e is continuous. Let h:X-^A be any extension 

of e; that is, h(x) = e(x) = x for all x in A. If it is 

shown that h is not continuous, the demonstration will be 

complete. 

The proof is by contradiction. Assume that h is 

continuous. Notice that since X is metric, it is Hausdorff 

by Theorem 2,3, and A is Hausdorff by Lemma 2.1. Consider 

the sequence (l/nj for n = 1,2,***, v/hich converges to 0 

in X. By Theorem 1.11, the sequence |h(1/n)j, n = 1,2,*'*, 

converges to h(0). The point 0 is not in A, h(0) is in A, 

so h(0) ^ 0 . X is a Hausdorff space, so there are disjoint 

open sets U and V of X such that h(0) is in U and 0 is in 

V. In the subspace A, UO A is an open neighborhood of 

h(0). The sequence [h(1/n)5 , n = 1,2,"*, converges to 

h(0), so tnere is an Integer N-; such that for n rreater 
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than N-i , h(1/n) is in UoA. Furthermore, there is an 

integer N2 such that for n greater than N2, 1/n is in V. 

Let N = max(Ni -f 1 , N2 •«• 1), so that 1/N is in V, and 

h(1/N) is in UOA. But 1/N is in A, so that h(l/N) = 1/N. 

Thus VnU ^ 0. This is a contradiction; hence no extension 

of e is continuous. 

Definition 2.3: A topological space S is said to be 

locally connected at a point £. of S if and only if, given 

any neighborhood U of p, there exists a connected neigh

borhood V of p such that V is a subset of U. The space 3 

is said to be locally connected if and only if it is locally 

connected at each of its points. 

Example 2.5: In their book Elementary Topology, Hall 

and Spencer give an example of a subspace of a locally 

connected space which is not locally connected, and a 

connected space which is not locally connected. 

Let F be the subspace of R^ which consists of the 

graph of the mapping f:J-»R where J is the closed unit 

interval of R, and f is defined by f(x) = sin(iT/x) for 

0 -̂  X - 1, and f(0) = 0. Now sin(t) is continuous for 

all t in R, and the function t = TT/X is continuous for 

all non-zero real values of x. Thus by Theorem 1.6, 

f (x) = sin(tv/x) is continuous on the set A, consisting 

of all real x such that 0 -̂  x î  1. Furthermore, by methods 

of elementary calculus, the mapping g:J-»'JxR defined by 
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g(x) = (x,f(x)) is continuous on A. 

A is a connected set, and the graph G of f restricted 

to A is precisely g(A), Hence G is connected. But 

F = ^(0,0)] UG, and (0,0) is a limit point of G; so it 

follows that F is coniiected. 

It only remains to be shown that F is not locally 

connected at the point PQ = (0,0). Consider W = Si(p ) 

with respect to the usual metric on R^. In the subsi)ace 

F of R^, let V be the neighborhood WHF. If it is shown 

that there is no connected neighborhood of PQ in F con

tained in V, the proof that F is not locally connected at 

(0,0) will be complete. 

Let U be any neighborhood of (0,0) in F such that U 

is a subset of V, Note that for every positive integer n, 

(1/n,0) is in F. Let N be sufficiently large so that for 

n greater than N, (1/n,0) is in U. Consider the mapping 

h:U-»'R defined as follows: h(p,q) = p for (p,q) in U. 

Note that h is continuous, and 0 is in h(U). Let M be 

any integer greater than N, then 1/M is in h(U). But 

f(2/(2M + 3)) = sin(i(2M + 3)tT) = ±1; so that the point 

2/(2M + 3) is not in h(U), Thus h(U) is not connected 

since 

0 < 2/(2M + 3) -̂  1/(M + 1) ̂  1/M. 

Hence, since h is continuous, U is not connected. 

R^ is locally connected, and F is connected, but r 

is not locally connected. 
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^̂ Q̂̂ Q"1 2^- Let 3 be a topological space, and let A 

be a retract of 3. Then if the set 3 is locally connected 

at the point p of A, the set A is locally connected at the 

point p. 

Proof: The space 3 is locally connected at p which 

is in A. Let N be any neighborhood of p in the subspace 

A; that is, there exists an open set Q in the subspace A, 

such that p is in Q, and Q is a subset of N. The subspace 

A is a retract of S; that is, there exists a retraction f 

of S onto A. The mapping f is continuous, so f"''(Q) is 

open in 3 by Theorem 1 .̂ -. Since p is in Q, f"''(p) is a 

subset of f"''(Q); furthermore, since p is in A, p is in 

f"''(p). Thus p is in f''(Q) which is open; so that f"''(Q) 

is a neighborhood of p in 3. 

The space S is locally connected at p, so there exists 

a connected neighborhood V of p in 3 such that V is a 

subset of f-''(Q). By Theorem 1.19, f(V) is connected in A. 

Note also that f(V) is a subset of f(f"''(Q)) which is Q 

since f is onto. The point p is in f(V) since p is in A 
> 

as well as in V. V is a neighborhood of p in 3, so there 

is an open set U in S such that p is in U and U is a subset 

of V. Since U is a subset of V, f(U) is a subset of f(V). 

Furthermore, p is in Uf^A, and UrvA is a subset of f(U). 

But UnA is open in A by Definition 1 .̂ •. Hence UAA is 

an open set in A such that p is in Un A, and UA A is a 

subset of f(V); that is, by Definition 1.5, f(V) is a 
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connected nei[,hborhood of p in A, and f(V) is a subset of 

N. Thus, by Definition 2.3, A is locally connected at p. 

Corollary 2 ^ : Let 3 be a topological space, then 3 

is locally connected at the point p of 3 if and only if 

every retract of S which contains p is locally connected 

at p. 

proof: Necessity: The space 3 is locally connected 

at p. If A is any retract of 3 containing p, A is locally 

connected at p by Theorem 2,9. 

Sufficiency: Every retract of 3 which contains p is 

locally connected at p. In particular, 3 is a retract of 

S by Theorem 1.8, so 3 is locally connected at p. 

Corollary 2.2; Let 3 be a topological space, then 3 

is locally connected if and only if every retract of 3 is 

locally connected. 

Proof: Necessity: The space 3 is locally connected. 

Let A be any retract of 3, and let a be any point of A. 3 

is locally connected at a by Definition 2.3, so by Theorem 

2.9, A is locally connected at a. The point a is an ar

bitrary point of A, so A is locally connected by Definition 

2.3. Furthermore, A is an arbitrary retract of 3, so 

every retract of S is locally connected. 

Sufficiency: Every retract of 3 is locally connected. 

In particular, 3 is a retract of 3 by Theorem 1.8, so 3 is 

locally connected. 
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Definition _̂̂ A; Let cT̂  and ^2 ^^ collections of sets. 

The Cartesian product (cr̂  X ̂ 2) is a collection of sets. 

A set F is an element of (cr̂  X cr̂ ) if and only if there 

exist H-, and H2 such that H-) is in the first collection, 

H2 is in the second collection, and F = (H^X H2). 

Definition 2.5; Let (S,<r) and (T,r) be topological 

spaces. The topolorqcal product of (3,0-) by (T,T) is 

defined to be (SxT,<rXT). 

Trie following theorem is well known, and it is stated 

without proof. 

Theorem 2.10: If (S,vr) and (T,T) are topological 

spaces, the topological product of (S,Qr) by (T,T) is a 

topological space. 

Lemma 2.2: If (A,crn A) is a subspace of (X,<r), and 

(B,Tn B) is a subspace of (Y,r), then 

(AX B, (o-O A) X ( T O B ) ) is a subspace of 

(X X Y,^X 'T). 

Proof: It is sufficient to show that (crO A) x (T n 5) 

generates the same collection as (T x T)n (A X B). This 

is certainly true if they are equal, so it is sufficient to 

show that (rOA) X (TO B) = (r x r) r\ (A X B). If C is in 

(crOA) X (TAB), then C = (3 A A) X (TAB) where 3 is in cr, 

and T is in T; that is, C = (3 XT)A(A X B) where S is in 

cr, and T is in T. Thus C is in (cr X T ) A (A x D) since 
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(3 X T) is in (ir X T ) . SO it has been shown that 

(̂  A A) X (T 0 B) is a subset of (cr x r) n (A X B). 

If D is in ((T X r) n (A X B), then D = (U X V) A (A X B) 

where U is in <r, and V is in T; that is, D = (UAA) X (VHB) 

where U is in o-, and V is in T. Thus D is in 

(T A A) X (T- A B) since U is in <r, and V is in r. Hence 

(<r X T ) n (A X B) is a subset of (a- A A) X (T n B). 

The two set inclusions give the desired result. Thus 

(Ax B, (r n A) X (TAB)) is a subspace of (X x Y, (c- x T) ). 

Theorem 2.11: If A is a retract of X and B is a retract 

of Y, then A x B is a retract of X x Y. 

Proof: By Definition 1.9 and Lemma 2.2, A X B is a 

subspace of X X Y. 

A is a retract of X, and B is a retract of Y; so by 

Definition 1.9, there exist continuous onto functions 

f:X—vA, and g;Y—>B such that f(a) = a for all a in A, 

and g(b) = b for all b in B. Let h:X x Y-»A x B be defined 

as follows: for (x,y) in X X Y, h(x,y) = (f(x),g(y)). 

Note that if (a,b) is in A X B, 

h(a,b) = (f(a),g(b)) = (a,b). 

It follows directly that h is an onto mapping. 

To show that h is continuous on X X Y, it is suffi

cient to show that h is continuous at any arbitrary point 

of X X Y, Let (x,y) be any point of X J<̂ Y, and consider 

h(x,y). Let <r and T be the bases of the topologies on A 
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and Y respectively. Let H be any open set of A K B such 

that (x,y) is in h'UH), that is, such that H contains 

h(x,y). There is a set C X D such that h(x,y) is in C x D, 

C K D is a subset of H, C is in (crAA), and D is in (T n B). 

Thus f(x) is in C, and g(y) is in D. But f and g are 

continuous; C and D are open in A and 3 respectively. 

So there exist open sets 3 and T in X and Y respectively 

such that X is in 3, y is in T, 3 is a subset of f"''(C), 

and T is a subset of g"''(D) by Definition 1.8. 

Consider 3 X T which is open in X X Y. Since x is 

in 3 and y is in T, (x,y) is in 3 X T. If (s,t) is in 

SXT, h(s,t) = (f(s),g(t)). But f(s) is in C, and g(t) 

is in D, so that h(s,t) is in C X D. Hence h(s,t) is in 

H, and (s,t) is in h"UH). Thus 3 X T is a subset of 

h'^H), and by Definition 1.8, h is continuous at (x,y). 

The point (x,y) is an arbitrary point of XxY so h is 

continuous on X X Y. Therefore, by Definition 1,9, h is 

a retraction, cind A X B is a retract of X X Y. 

Definition 2.6; A continuous mapping f of a space A 

onto a space B is said to be r-continuous if and only if 

there is a continuous mapping f* of B into A such that 

f(f*(y)) = y for every y in B. 

Theorem 2.12: If f is a retraction of the space X 

onto a subspace A of X, then f is r-continuous. 

Proof: The mapping f is a retraction of X onto A; 



38 

that is, by Definition 1.9, f is continuous and f(x) = x 

for all X in A. Consider f(e(x)) for x in A where e:A-^X 

is the identity mapping. The mapping e is continuous, 

and f(e(x)) = f(x) = x for x in A. Thus, by Definition 

2.6, f is r-continuous. 

Example 2,6: The condition in Theorem 2.12 is not a 

sufficient condition. Consider f(x) = sin(x) for x in R 

with the usual topology. Now f is a continuous mapping 

from R onto [-l,l] with the usual relative topology, but 

f is clearly not a retraction onto [-1 ,1J because 

f(1) = sin(l) ^ 1 . 

Let f*(y) = Arcsin(y) for y in ^1 ,1j where Arcsin(y) is 

the principal value of arcsin(y). Thus f• is a continuous 

mapping from [-1 ,l] onto [-i'̂ ,iiTj, Furthermore, 

f(f*(y)) = sin(Arcsin(y)) = y 

for all y in [-1 ,lj • Hence f is r-continuous, but it is 

not a retraction. 

Definition 2,7: Let 3 and T be topological spaces. 

Let f:S-*T be a mapping. The mapping f is said to be open 

if and only if, given any open subset A of 3, f(A) is an 

open subset of T. 

Definition 2.8; The space 3 is said to be hor-Gcr.or̂ ĥic 

to the space T if and only if there exists a one-to-one, 

continuous, open mapping f:S-^T from S onto T. The mapping 
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f is called a homeomorphism. 

Theorem 2.13: The space B is homeomorphic to a retract 

of the space A if and only if there exists an r-continuous 

mapping of A onto B. 

Proof; Necessity: The space B is homeomorphic to a 

retract of A; that is by Definition 2.8, there is an open, 

continuous, one-to-one mapping h from B onto C where C is 

a retract of A. Furthermore, by Definition 1.9, there is 

a continuous mapping f:A-^C such that f(x) = x for x in C. 

Consider the mapping g:A-*'B defined as follows: 

g(y) = h*"''(f(y)) for all y in A. Now h is one-to-one, 

onto, and open, so by Definition 2.7 and Theorem 1.^, h~' 

is a continuous mapping from C onto B. Thus g is a con

tinuous mapping from A onto B by Theorem 1.6. 

For z in B, 

g(h(z)) = h-''(f(h(z))) = h-''(h(z)) = z, 

since h(z) is in C, and h is one-to-one. Thus, by Defin

ition 2,6, g is an r-continuous mapping from A onto B. 

Sufficiency: There is an r-continuous mapping from 

A onto B; that is, f;A-^B from A onto B is continuous, and 

there is a continuous mapping f*:B-^A such that 

f(f*(x)) = X for X in B, Let D = f*(B) which is a subset 

of A. Note that f(x) = f•"̂  (x) for all x in D, and since 

f is continuous, f* is an open mapping of 3 onto L by 

Theorem ^.k. If x and y are in B, x ;̂  y, f(f*(x)) = x, 
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f(f*(y)) = y, and hence f*(x) j^ f*(y) since f is a mapping. 

Thus f* is one-to-one, and therefore, f* is a homeomor-

phism from B onto D; so that B is homeomorphic to D. 

Let g;A-^D be defined as follov;s: g(x) = f*(f(x)) for 

X in A. The function g is continuous by Theorem 1.6. If 

X is in D, g(x) = f*(f(x)) = f*(f*-''(x)) = x, since 

f (x) = f'̂""'' (x) for X in D. Thus g is a retraction from 

A onto D, and D is a retract of A 

Definition 2.9: A topological space X is said to have 

the fixed point property if and only if, for every contin

uous mapping f;X-»X from X into X, the equation f(x) = x 

has at least one solution; that is, f has at least one 

fixed point. 

Theorem 2.1̂ -; If 3 is a topological space which has 

the fixed point property, and if A is a retract of 3, then 

A has the fixed point property. 

Proof: A is a retract of 3, so by Definition 1.9, 

there is a continuous mapping f ;S-»'A from 3 onto A such 

that f(a) = a for a in A. Let g:A-^A be any continuous 

mapping from A into A, Then by Theorem 1.6 the mapping 

h:S-»A from 3 into A is continuous where h is defined as 

follows; h(x) = g(f(x)) for x in 3. Note that the mapping 

h is actually from 3 into S since A is a subset of 3. But 

the space 3 has the fixed point property, so by Definition 

2.9, there is a point z of 3 such that h(z) = z. However 
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z = h(z) = g(f(z))= g(z). 

Thus z is also a fixed point of g. The mapping g is any 

continuous mapping from A into A, so every continuous 

mapping from A into A has at least one fixed point. Hence, 

by Definition 2.9, A has the fixed point property. 

Corollary 2.3; Let X be a topological space. Then X 

has the fixed point property if and only if every retract 

of X has the fixed point property. 

Proof; Necessity: This part of the corollary follows 

from Theorem 2.1^. 

Sufficiency: Every retract of X has the fixed point 

property. In particular, X is a retract of X by Theorem 

1.8, so that X has the fixed point property. 

Definition 2.10: Let 3 be a Hausdorff space. Then 3 

is said to be a Peano space if and only if there exists a 

continuous mapping of Q, the closed unit interval of the 

reals with the usual topology, onto 3. 

Theorem 2.15: Let X be a Peano space, and let A be a 

retract of X, then A is a Peano space. 

Proof; A is a retract of X; that is, by Definition 

1.9, there is a continuous mapping f from X onto A where A 

is considered as a subspace of X. X is a î eano space; 

that is, by Definition 2.10, X is Hausdorff, and there is 
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a continuous mapping g from Q onto X. Consider h;Q->'A 

defined as follows; h(q) = f(g(q)) for all q in Q. The 

mapping h is onto, and it is continuous by Theorem 1.6. 

By Lemma 2.1 A is Hausdorff. Thus by Definition 2.10, A 

is a Peano space. 

Theorem 2.16; Let A be a topological space; let B be 

a subset of A, and let C be a subset of B. Let f:A-*B and 

g:B-*C both be extensions of the respective identity map

pings. Then h:A-^C where h(x) = g(f(x)) for all x in A, 

is a retraction of A onto C if and only if there exists a 

topology on B such that f and g are both continuous with 

respect to this topology. 

Proof; It should be noted that C together with the 

relative topology is a subspace of A by Definition 1.^. 

Furthermore, if c is in C, h(c) = g(f(c)) = g(c) = c. It 

follows directly that h is an onto mapping. Thus it only 

remains to be shown that h is continuous if and only if 

there exists a topology on B such that both f and g are 

continuous with respect to this topology. 

Necessity; The mapping h is a continuous mapping from 

A onto C. Consider the collection tr of subsets of B defined 

as follows: a subset S of B is in cr if and only if there is 

an open subset T of C such that 3 = g""* (T). First, it must 

be shown that r is a topology for B. Consider the five 

axioms on page 1 . 

(1) Clearly each element of cr is a set of points o: L. 
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(2) 0 is open in C, and g"''(0) = 0 ; so 0 is in o-. 

(3) If p is in B, g(p) is in C, and C is open in C 

so p is in g"''(C) which is in r. Indeed, note that g"''(C) 

is B. Thus every point of B is in some element of <r. 

(̂ ) If [Sĝ ] for all a in L is any collection of elements 

of 0-, consider the union of all the sets S^ for all a in 

L. But by the definition of o", there is a collection |TJ 

for a in L such that T^ is open in C and 3^ = g"''(T̂ ) for 

each a in L. 

U S ^ = Ug-UT.) = g-1(UTa). 

But the union of all of the Tĝ  for a in L is open in C; so 

the union of all of the 3̂^ for a in L is in <r. 

(5) If fsj for i = 1,2,'",n, is any finite collec

tion of elements of r, consider the intersection of all of 

the sets Sj, for i = 1,2,'",n. By the definition of cr, 

there is a collection [TJ] for i = 1,2,*'*,n such that Tj_ 

is open in C, and 3^ = g"''(Ti) for each i = 1,2,*-*,n. 

n s i = Ag-UT.) = g-UnTi) . 

But the intersection of all of the T^ for i = 1,2,*--,n 

is open in C; so the intersection of all of the Si for 

i = 1,2,» • • ,n is in ̂ . 

Thus cr is a topology on B. It only remains to be sho\m 

that with respect to this topology on B, both f and g are 

continuous mappings. 

If U is any open set of C, g"''(U) is open in B by the 

definition of the topology on B, so by Theorem 1 A, g is 
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If V is any open set of B, consider f-^V). By the 

definition of the topology on B, there exists an open 

subset W of C such that g"̂  (W) = V. Since h is contin

uous, f"Uv) = fUg'Uw)) = h"Uw) is open by Theorem ^.h. 

Hence, by Theorem 1,^, f is continuous, 

Sufficicincy: There is a topology on B such that f and 

g are continuous with respect to this topology. By Theorem 

1.6, h is continuous. 



CHAPTER III 

CONTRACTIONS 

In this chapter some selected theorems dealing with 

contractions, as defined in Definition 1.13, will be 

proved. In addition, a generalization of that concept 

will be introduced. 

Definition 3.1: Let ^a^], n = 1,2,'**, be a sequence 

of points of a metric space 3 with metric d. Then [aj , 

n = 1 ,2, • • •, is said to be a Cauchy seqi.ence if and only 

if, for each real number ^ > 0, there exists an integer N 

such that d(aj^,a^) ^ C for every pair of positive integers 

m and n, each greater that N. 

Definition 3*2; A space 3 is said to be complete if 

and only if it is metric and, given any Cauchy sequence 

[a j, n = 1,2,'*', of points of S, there exists a point p 

of 3 such that fâ ^̂ , n = 1,2,***, converges to p. 

The following theorem is a well known result, and it 

is stated without proof. 

Theorem 3.1 i If X is a Hausdorff space, and Ixj^^, 

n = 1,2,*", is a sequence of points of X such that [x^ , 

n = 1,2,'", converges to x and also converges to y, then 

X = y. 

^5 
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Theorem 3.2; If X is a complete space, and f:X-*X is 

a contraction, then f has exactly one fixed point. 

Proof; By Theorem 1.1W, f has at most one fixed 

point; so if there is a rixed point of f, it is unique. 

Let X be any point of X. If x is a fixed point, the proof 

is complete. If x is not a fixed point, consider the 

sequence [f^(x)[ for n = 0,1,2,*", where f^(x) = x, and 

fn(x) = f(f^-''(x)). 

By Definition 1,13, there exists a real number k, 

0 ^ k <̂  1 , such that if w and z are in X, then 

d(f(w),f(z)) = d(w,z). For n > 1, and p any positive 

integer, 

d(f"-̂ P(x),f''(x)) ̂  kd(f''''P"\x),f^-^(x)) 

^ k2d(f^-'P-2(x),f^"^(x)) ̂  ••• 

^ k̂ -'«d(fP-̂ ''(x), f(x)) ^ k^d(fP(x),x). 

By repeated use of the triangle inequality, the fol

lowing is established: 

d(f^^P(x),f^(x)) ̂  k^d(fP(x),x) 

^ k^(d(fP(x),fP"^(x)) + d(fP-''(x),fP-^(x)) + ••• 

+ d(f2(x),f(x)) + d(f(x),x)). 

By an argument similar to that used before, if r is 

a positive integer, 0 - r ^ p-1, 

d(fP-^(x),fP"^"^(x)) ̂  kP-^-''d(f(x),x). 

Hence 

d(f^-'P(x),f^(x)) ̂  k^(kP-'*d(f(x),x) + kP-2c](r(x) ,x) 

••• + kd(f(x),x) + d(r(x),x) ) 

= k"d(f(x),x)(kP"'* + kP-2+ •••+ - + 1). 
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But 1 -f k + • • • + kP"2 + kP"'' ̂  1 + k + • • • + k° -f • • • 

since k > 0. Thus, 

d(f^-^P(x),f^(x)) £ k^d(f(x),x)(1 f k + k2 + ..•) 

= l^d(f(x),x)(l/(1 - k)). 

Therefore, d(fn-̂ P(x) ,f^(x)) ̂  (kV(1 - k) )d(f (x) ,x). 

Let € > 0 be given. There exists N > 0 such that if 

n is greater than N, then k^ < ((1 - k)/d(f(x),x))^ so thrt 

(k^Vd - k))d(f(x),x) c c; that is, d(f̂ -'P(x),f̂ (x))< £, 

and [f̂ (x)5 is a Cauchy sequence by Definition 3.1. X is 

complete, so [f^(x)) converges to some element of X, say y, 

by Definition 3.2. 

By Theorem 1.13, [f(f̂ (x))j converges to £W. But 

f(f^(x)) = f^+^(x), and [f"'*"''(x)} converges to y because 

it is the same sequence as (f^(x); without the first term. 

Hence, {f(f̂ (x))j converges to y. By Theorem 3.1, f(y) = y, 

so y is a fixed point of f. Thus f has exactly one '̂ ixed 

point. 

Definition 3.3: A subset A of a metric space 3 is said 

to be bounded with respect to the metric d of 3 if and 

only if A is empty or there exists a real number H such 

that d(x,y) ̂  M for all x, y in A. 

Definition 3.^: Let A be a subset of the metric space 

3 with metric d. The diameter of A, written D(A), is 

defined as follows: 

(i) D(A) = 0 if A = 0. 
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in A if A ;̂  0 and A is bounded. 

(iii) D(A) = «> if A is not bounded. 

Theorem 3.3: If X is a bounded metric space with 

metric d, f:X-rX is a contraction, and D(X) = M, then 

there exists a real number k, 0 ^ k < 1 , such that 

D(f(X)) i kI4. 

Proof; By Definition 1.13, there exists a r.ial k, 

0 < k < 1, such that d(f(x),f(y)) ^ kd(x,y) for all x,y 

in X. Let w and z be any points, not necessarily distinct, 

in f (X), then there exist u and v in X such that f (u) = v; 

and f(v) = z. But d(u,v) ^ M, and d(f(u),f(v)) ^ kd(u,v). 

Thus, d(w,z) = d(f(u),f(v)) ^ kd(u,v) ^ kM. This was for 

any w, z in f (X), so D(f(X)) ^ kll. 

Corollary 3.1: If X is a bounded metric space with 

r.etric d, and if f;X-*X is a contraction, then f is not 

an onto mapping. 

Proof; Let D(X) = M, let k be the real number from 

Definition 1.13 such that 0 -̂  k ^ 1 , and 

d(f(x),f(y)) ^ i5:d(x,y) for all x, y in X. By Theorem 3-3, 

D(f(X)) ^ Idl < M. Thus there is a pair of points w, v of 

X such that d(w,v) > kM. But D(f(X)) ^ kli so at least one 

of the two points w, v is not in f(X), and f(X) j^ X. Thus 

f is not an onto mapping. 
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'̂'̂ '̂̂ Ple 111' If X is a metric space with metric d, 

and if X is not bounded, then a contraction may be onto. 

Consider R with the usual metric, and f:R-»'R defined as 

follows: f(x) = "i-x for all x in R. The mapping f is a 

C' ntraction, but f(R) = R. 

The concept in the following development is a gener

alization of the idea of a contraction. 

Definition 3.^: Let f be a mapping from the metric 

space X into X, and lot a real number k, 0 '̂  k ^ 1 , be 

given, then a point x in X is said to be a k-contraction 

point with respect t£ £ if and only' if there exists a 

positive real number m(x) such that if d(x,y) ̂  m(x) then 

d(f(x),f(y)) ̂  kd(x,y). 

Notation: The set of k-contraction points of X with 

respect to the mapping f is denoted k(X)^'. 

Definition 3.6; The mapping f from the metric space 

X into itself is a local k-contraction at the point x of 

X if and only if x is in k(X)^. Furthermore, if A is a 

subset of k(X)f, f is said to be a local k-contraction on 

A. 

Definition 3.7: The mapping f is a uniform local 

k-contraction on a subset A of X if and only if t.ere 

exists a positive real number m such that for all x in /v, 
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if d(x,y) <: m, tiien d(f(x),f(y)) £ kd(x,y). 

Definition 3.8: The mapping f is a local contraction 

on X if and only if for some k, 0 ̂  k < 1 , X = k(X)^. The 

mapping g is a uniform local contraction on X if and only 

if, for some k, 0 ' ^ k ^ 1 , f i s a uniform local k-contrac

tion on X. 

Note that a uniform local contraction is a local 

contraction. 

Example 3.2: A local contraction is not necessarily 

a contraction. Consider X = [0,l] U [2,3] with the usual 

metric and relative topology. Define a mapping f as fol

lows: f(x) = ix for 0 ^ X ^ 1 , and f (x) =1 + i-x for 

2 ^ X ^ 3. The mapping f is a uniform local -^-contraction 

on X where m ^ 1. But 

d(f(1),f(2)) = lf(2) - f(1)l = 12 - i\ = 1-i 

> 12 - ll = d(1,2). 

Thus f is not a contraction. Therefore even a uniform 

local contraction is not necessarily a contraction. 

The converse, however, is true. 

Theorem 3.^: Let f;X->X be a contraction, then f is 

a uniform local contraction. 

Proof: The mapping f is a contraction; that is , 

there exists a real k, 0 ̂  k ^ 1, such that for all x, y 
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in X,d(f(x),f(y)) ^ kd(x,y). Honce, let m be any positive 

real number, and let z be any point of X. If d(z,w) ̂  m, 

z and w are in X, so d(f(z),f(w)) ^ kd(z,w). Thus z is a 

local k-contraction point with respect to f, by Definition 

3.5. The point z is any point of X, ar.d the m ir, inde;..jn-

dent of the z, so by Definitions 3*7 and 3.8, f is a uni

form local contraction on X, 

Example 3.3: The space in Example 3.2 is not connected. 

However, a local contraction is not necessarily a contrac

tion even if X is connected, bounded, and compact. 

Let X be the subset of R consisting of those real 

numbers x such that 0 - x - 2, It is well known that 

d(x,y) = min(lx - y\, 1) is a metric on R, and it generates 

the same topology as the usual metric. Consider X as a 

subspace of R with this metric. The space X is bounded, 

connected, and compact. 

Define the mapping f:X-»X as follows: f(x) = -̂ x for x 

in X. Let m = 1 , and x be any point of X. If d(x,y) ̂  1, 

consider d(f(x),f(y)). 

d(f(x),f(y)) =min(|f(x) - f(y)l,1) = min(lix-i-yl ,1) 

= min(-̂ |x - yl ,1). 

But d(x,y) ̂  1, so |x - y 1 ̂  1, and d(x,y) = |x - yl. 

Therefore, d(f(x),f(y)) = ilx - yl = id(x,y). Thus f is 

a uniform local contraction of X where m = 1 and k = -J-. 

But consider the points 0 and 2. 

d(f(0),f(2)) = min(|0 - 1|,1) = 1 = min(10 - 2L1) 

= d(0,2). 
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Hence, f is not a contraction. 

The following theorem is well known, and it is stated 

without proof. 

Theorem 3*5: Let S and T be metric spaces with metrics 

dg and d^ respectively, and f:S-*-T be a mapping. Then f 

is continuous at the point x of S if and only if, given 

any real number € > 0, there is a real number 6 > 0 such 

that if y is in S and ds(x,y) < <S, then dt(f (x) ,f (y)) ̂  €. 

Theorem 3.6; Let X be a metric space with metric d, 

k be a real number, 0 < k <• 1, and f :X-^X be a mapping. 

If X is in k(X)ĵ , then the mapping f is continuous at x. 

Proof: If X is in k(X)f, by Definition 3.5, there 

exists a real number m(x) > 0 such that if d(x,y) ̂  m(x), 

d(f(x),f(y)) ^ kd(x,y). If e > 0 is given, let 

b = min(e,m(x)'). Thus if d(x,y) ^ b, 

d(f(x),f(y)) ^ kd(x,y) < d(x,y) ^ e; 

that is, d(f(x),f(y)) -̂  e. So by Theorem 3*5, f is con

tinuous at X. 

Corollary 3.2: Let X be a metric space with metric d, 

k be a real number, 0 -̂  k < 1, and f:X-»X be a mapping. 

If X = k(X)f, then f is continuous on X. 

Proof; X = k(X)^; so for any x in X, x is in k(X)f. 

Hence, by Theorem 3-6, x is a point of continuity for f. 

But X is any point of X, so that every point of X is a 
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point of continuity for f, and by Definition 1 .8 f is 

continuous on X. 

Theorem 3.7: Let X be a metric space with metric d; 

let k and c be real numbers (0 < c ̂  k < 1); and let f:X->X 

be a mapping. Then c(X)^ is a subset of k(X)f. 

Proof; If X is in c(X)f, then there is a positive 

real number m(x) such that if d(x,y) ̂  m(x), then 

d(f(x),f(y)) ̂  cd(x,y). But c ̂  k, and d(x,y) ̂  0; so 

cd(x,y) ̂  kd(x,y). Thus if d(x,y) ̂  m(x), 

d(f(x),f(y)) ̂  kd(x,y) so that x is in k(X)^. Hence, 

c(X)f is a subset of k(X)^, 

Theorem 3.8; Let X be a metric space with metric d, 

let k be a real number, 0 -̂  k *̂  1 , and let f;X-*'X be a 

mapping. If x is in k(X)^ and f(X) is a subset of k(X)^, 

then X is in k^(X)«n where f̂  is the composition of f with 

itself n times, and k^(X)^n is the set of k^-contraction 

points of X with respect to the mapping f̂ . Î ote that 

0 ̂  k^ ̂  1. 

Proof: The point x is in k(X)^, so by Definition 

3,5, there is a positive real number m-̂  (x) such that if 

d(x,y) ̂  m^(x), then d(f(x),f(y)) ̂  kd(x,y). 

The proof is by induction. Consider f2;X-*X defined 

as follows: f2(x) = f(f(x)) for x in X. Since f(X) is a 

subset of k(X)^, f(x) is in k(X)^. So there is a positive 

real number m-,(f(x)) such that if d(f(x),f(y)) *̂  m^(f(x)). 
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then d(f(f(x)),f(f(y))) ^ kd(f (x) ,f (y)). Let m2(x) be the 

minimum of m^ (x) and m-|(f(x)). Then d(x,w) ̂  m2(x) implies 

that d(x,w) <• m^(x) and d(x,w) ̂  m^(f(x)). Hence, 

d(f(x),f(w)) ^ kd(x,w) ^ km-,(f(x)) ̂  m-,(f(x)) 

since 0 '̂  k -̂  1. Therefore, 

d(f2(x),f2(w)) = d(f(f(x)),f(f(w))) 

^ kd(f(x),f(y)) ^ k2d(x,w). 

Hence x is in k^(X)^2 5 ̂ <̂̂  "the assertion is true for n = 2. 

Assume that the assertion is true for n = p - 1 ; x 

is in kP~''(X)̂ p_T . . Consider fP:X-*X defined as follov/s; 

fP(x) = f(fP~''(x)) for X in X. The point x is a kP""*-

contraction point with respect to fP" . Thus there is a 

positive real number m^_^ (x) such that if d(x,y) ̂  m ^̂  (x), 

then d(fP"''(x),fP"''(y)) ̂ kP"^d(x,y). Furthermore, since 

f(X) is a subset of k(X)^, fP"''(X) is a subset of k(X)^ so 

there is a positive real number mp.i (fP"''(x)) such that 

if d(fP-1(x),fP-''(y)) ̂  mp.^(fP-Ux)), then 

d(f(fP-Ux)),f(fP-^(y))) ^ kd(fP-''(x),fP-''(y)). 

Let mp(x) = min(mp.^(x), mp«-| (fP"''(x))). If d(x,z) ̂  mp(x), 

then d(x,z) <^ mp.^ (x) and d(x,z) <• mp_-, (fP"Ux)). There

fore, 

d(fP-'>(x),fP-''(z)) ̂  kP-''d(x,y) 

< kP-''mp.^(fP"''(x)) < mp«i(fP-''(x)) 

since 0 -̂  k ^ 1 . Hence, 

d(fP(x),fP(z)) = d(f(fP-^(x)),f(fP"''(z))) 

^ kd(fP-Ux),fP-''(z)) ^kPd(x,z). 



Thus X is in kP(X) p, and the assertion is true for n = p. 

Therefore, by induction, for any intecer n, x is in k^(X)^n. 

Corollary 3.3: Let X be a metric space with metric d, 

let k be a real number, 0-*̂  k< 1 , and let f:X-̂ X be a mapping 

If k(X)^ = X, then k^(X)^n = X where f̂  and k(X)^ are as 

in Theorem 3.8. 

Proof: The set k^(X)^n is a subset of X. Let x be 

any point of X. Since X=k(X)^, x is in k(X)^. In addition, 

since f:X-*X and X = k(X)|., f(X) is a subset of k(X)^. By 

Theorem 3.8, x is in k̂ '̂ (X)̂ n« ^^^^ X is a subset of 

k^(X)^n, and consequently X = k^(X)^n* 

Example 3.^: Theorem 3.8 is not necessarily true if 

f(X) is not a subset of k(X)^. Let X = [o,3l with the 

usual relative topology, and let f:X->X be defined as 

follows: 

(i) f(x) = 3 - ix for 0 ^ X ̂  2, and 

(ii) f(x) = 6 - 2x for 2 ̂  X ^ 3. 

Note that •HX)f = [0,2), and f(X) = X so that f(X) is not 

a subset of -HX)^ • 

Consider f^:X-»X defined as follows: f^(x) = f(f(x)) 

for X in X. If 0 ^ x -̂  2, 

f^(x) = 6 - 2(3 - ix) = 6 - 6 + X = X. 

If X = 2, 

f2(2) = 6 - 2(6 - 2(2)) = 6 - 2(2) = 2. 

And if 2 ̂  X ^ 3, 
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f2(x) = 3 - i(6 - 2x) = 3 - 3 + X = X. 

Thus f2(x) = X for all x in X, and clearly i(X)^2 = 0. 

It might be conjectured that Theorem 3.2 could be 

generalized to local contractions. However, the following 

example shows that this is not the case. 

Sample 2LL1' Let X be the space [0,l] U [2,3] with the 

usual metric, and define f:X'-*X as follows: 

(i) f(x) = 2 + -i-x for 0 ^ X ^ 1, and 

(ii) f(x) = i^ - 1 for 2 4 X ^ 3. 

The mapping f is a uniform local contraction v/here m = 1, 

and k = -J-. Therefore, by the note following Definition 

3.8, f is a local contraction, but there is no fixed point 

of f although X is complete. 

Definition 3.9: A subset K of a metric space is" said 

to be totally bounded if and only if, for any e > 0, there 

exists a finite set of points Pi,P2>'*',Pn °^ the metric 

space such that K is a subset of the union of all SQ(pi) 

for i = 1 ,2,-**,n. 

It is well laiown, and easily proved by use of the 

triangle inequality, that a totally bounded set is bounded. 

However, the converse is not necessarily true. 

Exac.ple 3.6: Consider the set of real numbers, R, with 

the metric d defined as follows: for x, y in R, 
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d(x,y) = mindx - yl,1). By Definition 3.3, R is bounded. 

But for e = i there is no finite set satisfying Definition 

3.9. 

The following theorem is due to Albert Edrei. 

Theorem 3.9: If X is a totally bounded metric space 

with the metric d, and if the mapping f of X onto X does 

not increase distances less than a fixed m, then all 

distances less than m are invariant under f; that is, if 

d(x,y) ̂  m, d(f(x),f(y)) = d(x,y). 

Proof: Consider a system 3 of a finite nrj::ber II-j 

of open spheres of radius e-j > 0, and let ĉ  ,C2,''' ,cĵ ^ 

be their distinct centers; let the system be denoted by 

8(c-j ,02? • • • ,Cpj je-j). 

By the definition of total boundedness, given e2 > 0, 

there is an integer N2 for which certain systems of N2 

open spheres of radius e2 are Coverings of X. Let n2 = n(e2) 

be the smallest integer for v/hich coverings of X by n2 

spheres of radius 02 are possible, and let 

0^2 = S(c^ ,C2,"',Cn2;e2) ^^ such a covering. 

If 0 < e^ <̂  m^ and 3(c-, ,02, * * • ,Cn^;e3) is such a 

covering of X, then S(f (c^) ,f (02), *' * ,f (01̂ 3) 563) is also 

such a covering of X because the mapping f is onto. Fur

thermore, f(c>,), f(c2), •••, "̂(0x13) are all distinct because 

n^ is the smallest integer for which coverings of X by 1x3 

Sj/neres of radius e3 are possible. 
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Let m be as given in the hypothesis. If there is no 

pair of points s, t for which m > d(s,t) > 0, then the 

only distances in X less than m are zero aistances, and 

d(u,u) = 0 = d(f(u),f(u)) so the theorem is true. 

Otherwise, let x, y bo any pair of points for which 

m > d(x,y) = a > 0, and let d(f(x),f(y)) = a'. Now tne 

mapping f does not increase distances less than m, so 

a* ^ a. The^proof is completed if it can be chov/n that 

a« ^ a. 

The proof is by contradiction; assume that a' «̂  a. 

Let e > 0 be given such that 

e < min(i-a, (a - a»)/5, i(m - a)). (1) 

Consider the set \o^\ of all coverings of X by p = n(e) 

open spheres of radius e. For Cp = 3(c^,C2,'**,Cp;e) in 

iCp} consider all possible d(Ci,Cj) for 1 ± 1 ^ ^ £ p, and 

form the sum of all of those terms which are less than m. 

Call tnis sum s(C ). Let L(Cp) be the number of terms in 

the sum, and consider the collection [L(Cp)| for all C^ 

in [Cpj. This collection of non-negative integers is 

bounded above by •J-p(p - 1), so there is a ma>cimal element 

L of iL(Cp)(. Since Lp is the maximal element of [L(C )^ , 

there is at least one element of {o^l such that L(Cp) = Lp. 

Let [cjj be the subset of \c \ such that Lp = L(C^) for 

each C* in jcg}. Furthermore, if 3(c-j ,C2, • • * ,c ;e) is in 

\c^] as before, S(f (c^) ,f (02),' * * ,f (Cp) ;e) is in \Cp^ b\:t 

for each c^, Cj such that d(Cj_,cj)<m, 
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d(f(ci),f(cj)) ^ d(ci,Cj) < m. Thus, there are at least 

Lp terms in the sum associated with S(f(c^),f(02),*'',f(Cp);e) 

Due to the maximal nature of L , there are exactly L terr.:s 
p P 

in the sum associated with S(f (c-,) ,f (02),' •' ,f (Cp) ;e), so 

that 3(f(c^),f(c2),---,f(Cp);e) is also in ^C|^/. 

Let Sp be the lower bound of the set ^s(C*)^ f.r all 

CJ in [cj}, and let Cp = S(c-| ,02, * * * ,Cp;e) be an ele;.ent 

of [c^] for which 

s(Cp) < Sp + e. (2) 

Since Cp is a covering of X, there is a center, say 

c-j ,of one of its spheres for which 

d(c^,x) ̂  e, (3) 

and similarly there is a center, say C2, of one of its 

spheres for v;hich 
d(c2,y) < e. ih) 

By (1), e ̂  m since a ̂  m, so from (3) and (V) the following 

results are obtained; 

d(f(c-i),f(x)) ̂  d(ci,x) ̂  e, (5) 

and 

d(f(c2),f(y))^ d(c2,y) ̂  e. , (6) 

Case I; If ĉ  = C2, by (3) and M, 

a = d(x,y) ^ d(x,ci) + d(c2,y) ̂  2e. 

But this contradicts (1) which implies that 2e ̂  a. Thus 

this case leads to a contradiction. 

Case II: If ĉ  ?̂  C2, the triangle inequality yielc.s 

d(ci,C2) i^d(ci,x) -»• d(x,y) + dCyjCo) 

«̂  a + 2e -̂  m, '̂̂^ 
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and 

d(ci,C2) ̂  d(x,y) - d(c^,x) - d(c2,y) 

> a - 2e (3) 

by (1), (3), and (If). Thus, by (7), d(c-, ,02) is a term 

of the sum which defines s(U ). 

Subcase A: If d(f (c^) ,f (02)) < d(c-, ,02) - e, s(Cp) 

and s(S(f(ci),f(c2),---,f(Cp);e)) are both in [cg| so they 

have the same number of terms and each term is not increased. 

so 

s(S(f(ci),f(c2),---,f(Cp);e)) ̂  s(Cp) - e 

< Sp f e - e = Sp 

by (2), and this contradicts the definition of s^. 

Subcase B; If d(f (c^) ,f (C2)) ̂  d(c-] ,02) - e, the 

triangle inequality yields 

a' = d(f(x),f(y)) ^ d(f(ci),f(c2)) - d(f(x),f(c^)) 

- d(f(c2),f(y)) • 

^d(c^,C2) - e - d(f(x),f(ci)) " ̂ (̂ "(02) ,f (y)). 

Thus a' > d(c-j ,02) - 3e by (5) and (6), and a' > a - 5e 

by (8). But this contradicts the definition of e in (1). 

Thus the assumption must be false; that is, a' = a. 

Hence all distances less than m are invariant under f. 

Theorem 3.10; If X is a totally bounded metric space 

with the metric d, and if f;X-*X is a uniform local con

traction, then f is not a mapping onto X. 

Proof; The proof is by contradiction. AssuT.e ti.:.t 
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f is a mapping of X onto X. The mapping f is a uniform, 

local contraction, so by Definitions 3.8 and 3.7, there 

are positive real numbers m and k, 0 < k -̂  1, such that 

for exery x in X, if d(x,y) ^ m, 

d(f(x),f(y)) ^ kd(x,y) ^ d(x,y). 

Thus f does not increase distances less than m. By Tiieorem 

3.9, since f is an onto mapping, all distances less than 

m are invariant. This is a contradiction; thus f is not 

an onto mapping. 

Example 3.7: In a space X, bounded but not totally 

bounded, a uniform local contraction may be onto. Let X 

be the space of real numbers with the metric as in Example 

3.6, and the topology generated by that metric. Let the , 

mapping f:X-^X be defined as follov;s: f(x) = -J-x for all x 

in X. The mapping f is a uniform local contraction, but 

it is an onto mapping. 
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