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CHAPTER I 

INTRODUCTION 

In agricultural areas with marginal rainfall, the study of the flow of small 

amounts of water through plant stems is crucial. An attempt to model a plant 

stem with a straight pipe or tank might be useful. Of course, this model would 

be much simpler than the fiow-conduit of a plant, but some interesting proper

ties are found in this model. Generally found in the literature is an equation 

called Torricelli's law for fluid flow from a tank, but Torricelli's law is admittedly 

inaccurate for small water levels. The main concern of this paper is to derive an 

equation to describe water flow from a tank more accurately for small amounts 

of water. A fascinating aspect of the flow is shown. That is, a constant water 

input into the tank may produce a periodic output. To reach this goal, several 

steps will be taken: 

• A derivation of Torricelli's law will be shown and the reason for the inac

curacy of the equation for extremely low water levels is described. 

• A more exact form of Torricelli's law for tanks of three different shapes will 

be derived. 

• The friction and surface tension forces in a capillary tube will be described. 

• It will be shown that a linear system could not model the periodic behavior 

of the tank with capillary tube. 

• Steps 2 and 3 will be combined into a system of equations for the tank 

draining through a capillary tube. 

• An experiment to test this theory will be described and the results of the 

experiment presented. 



In other words, we will write a system of equations describing water flow through 

a tank by considering the unsteady flow of water through the tank, the friction 

in a capillary tube, and the surface tension of the water. 

Before starting the derivations, some basic definitions from fluid mechanics 

are needed. 

Definition 1.1 Laminar flow is a type of flow in which fluid particles 

move along smooth paths in layers or laminae, with one layer sliding 

over an adjacent layer. (See page 79 of [l] and Figure 1.) 

In laminar flow, the streamlines are parallel. In addition, since tubes generally 

have some friction, the velocity at the wall of the tube is zero, while the velocity 

at the center is a maximum for the proflle. As a contrast, Figure 2 shows a flow 

profile for turbulent flow. Laminar flow breaks up into turbulent flow for high 

T 

T 

i 
Figure 1: Laminar Flow Profile 

velocities, rough conduits, or viscous fiuids. For the purposes of this paper, it will 

be assumed that the steady slow fiow of water through a glass tube is laminar. 

Definition 1.2 Steady flow is a type of flow in which conditions at any 

point in the fluid do not change with the time. That is, 6v/St = 0, in 



Figure 2: Turbulent Flow Profile 

which space {x^y^z coordinates of the point) is held constant. (See 

page 80 of [l].) 

Definition 1.3 The flow is unsteady when conditions at any point 

change with the time, Sv/6t ^ 0. (See page 81 of [1].) 

In general, the difference between steady and unsteady flow is obvious, and the 

points at which each type is used will be clear. 



CHAPTER H 

TORRICELLI'S LAW AND ITS MODIFICATIONS 

As water drains from a tank of radius i2, through an orifice of radius TQ, as 

in Figure 3, the velocity of the efflux depends on the height of the water. Since 

the height of the water changes as the water drains, the flow is called unsteady 

' I I I 

H 

Figure 3: The Cylindrical Tank 

flow. For high water levels, however, the height of the water changes very slowly 



in relation to the velocity of the flow at the orifice. Thus, the flow through the 

tank may be approximated by steady flow. This approach was first taken by 

Evangelista Torricelli in the 1600's, and it is the most widely used method for 

describing fiuid fiow from a tank or reservoir. Start with an equation by Ber

noulli, which states that the sum of the kinetic, internal, and potential energies 

is constant for any point in steady, incompressible, isothermal, frictionless flow 

that neglects surface tension. That is, 

- + - + gz = C. 
2 p 

Thus, for points ai and a2 in the flow, 

— + — + y2i = ---H — + gz2. (2.1) 
Z p Z p 

In these equations, v represents the velocity of the flow at the point, p is the 

pressure at the point, z is the height of the point, p = 1.00 gjcm?^ the density 

of water at 20^0, and g = 980 cm.jsec^^ the acceleration due to gravity. Take 

z\ = 2, the depth of the water in the reservoir, and 22 = 0, the point of efflux. 

Since the surface of the water and the orifice are both open to the atmosphere, 

pi = P2 = Vaim.^ atmosphcric pressure. If the water is draining from a large 

tank or reservoir, then the head height in the reservoir changes so slowly, in 

comparison with the velocity of the efflux, as to be approximately zero. Thus, 

Vi = 0, and Bernoulli's equation becomes 

2 

0 -I \- gz = — -\ h 0, 
P 2 / 9 

or 

V2 = y/2gz. 

This is known as Torricelli's law, and it is reasonably accurate for large z. As 

2 becomes small, however, V2 also becomes smaller, and then vi is not small in 

comparison to V2. Thus, the approximation by steady flow, as used in Torricelli's 

Law, is not valid for small 2. 

Since treating the flow as steady flow does not work well for small water 

levels, the unsteady-state mechanical energy balance equation for incompressible, 



isothermal flow will be used to derive a better description of the flow from a tank. 

The unsteady-state equation for a fluid of constant density is 

- A —=—-H$ + — 
<v> pg w W-E„ = -(Kt,t + ^tot)- (2.2) 

This equation states that the sum of the changes in kinetic, potential, and internal 

energies in the system is equal to the losses due to work, W^ and friction, ^„ . 

Here, Ktot is the total kinetic energy in the system, ^tot is the total potential 

energy , and w is the weight of the water. "The rate at which the surroundings do 

work on the system is the force on the free surface multiplied by the velocity of the 

movement of the surface." (See page 228 of [2].) That is, —W = p{7rR'^){—dz/dt). 

Since water is an incompressible fluid, for the type of depths to be considered, 

the volume flow at point a i should be equal to the volume flow at point QJ2, so 

nf^v = 7rroU2' The velocity at any point except 22 = 0 is just the change in 

water height, so U = —dz/dt^ and V2 = —{R/roy{dz/dt). Also, —A(p <v> S) 

becomes 

-PV2S2 = -p I --T— I (^''o)-
rj dt 

Thus, —W cancels — A(p < u > 5) . For a large tank or reservoir, the friction-loss 

is small, so let E^ = 0. For a cylindrical tank of radius R draining through a 

circular orifice of radius TQ, let 2 be any height between 21 = 2 and 22 = 0, (see 

Figure 3). Suppose once more that the surface of the water and the orifice are 

each open to the atmosphere, so the pressure at 21 = 2 and 22 = 0 are both Patm-

Now equation (2.2) becomes 

--vlw2 - gz2W2 = -ri^tot + ^tot), 
Z at 

where W2 — P'^rlv2, the weight per volume of the water flowing through the 

orifice. Kinetic energy is given to be (1/2)mu^, and potential energy is mgz, so 

the unsteady-state equation becomes 

1 , 
-V2W2 - gz2W2 dt [Jz, [2'^ 

Tvr )v + pgz[7Tr ) dz (2.3) 

or 

- ^ 2 -y: | ) +pg^{.R^) dz 



After integration, 

" 2 ^2^2 
d_ 

~dt 

1 T.2 (dz 
2 + -pgnR^z^ 

which becomes 

- ^ 2 ^ 2 = 2 ^ ^ ^ ^ 
dz\ - (dz S)+''^^«'^(S (2.4) 

after differentiation. Substituting 1̂ 2 = pv27rr̂ , and V2 = -[R/roYldz/dt), equa
tion (2.4) becomes 

1 
2 Trr; Vo = 

i..ie^(§)Vp.ie=.^^ <f2\ /rf2 

dt' 
+ p7r^i2^2 I ^ 

or 

V2 = 
^ 

2^2-H 
dz 
~di 

+ 22 
^ 2 ; 

^^2 
(2.5) 

Thus, a modified version of Torricelli's law, which is more accurate for extremely 

low water levels than the original version, is obtained for a cylindrical tank. The 

modified equation still neglects friction at the orifice, however, which is important 

for a small opening. This problem will be considered in Chapter III. Note that 

Torricelli's law may also be derived from the unsteady-state mechanical energy 

balance equation by neglecting friction and the kinetic energy. (See page 238 of 

[2].) 

A Modified Equation for a Conical Tank 

If a modified equation for a conical tank is desired, again use equation (2.3). 

Suppose that the tank has radius R at the maximum height JJ, and that it is 

draining through an orifice of radius TQ at a height Z2 = ho ^ 0, as in Figure 4. 

By similar triangles, ro/ho = f/z = r/z = R/H. For Zi = 2, Vi = —dz/dt^ and 



8 

since the volume rate of flow should be equal at each point, Trf^v = 'nr\v^. Thus, 

•=(W dz 

dt = -(!)" (S). 
and similarly. 

"'̂  \ho) \dt)' 

Now equation (2.3) for the cone becomes 

-^ih^l + 9K) = ^J' pi^r'^ ( z^ dz^ ^ 
z^ dt 

+ pngzr^ dz. 

(2.6) 

Figure 4: The Conical Tank 



Putting both terms of the integral in terms of 2, 

-"̂  (r̂ +"''<') = ^ r . T O ' 
2̂  dz 
¥~di 

;5\ 2 
+ pg-z. ( ^ ) dz 

or 

-«'.(5V,^+s/»o)=^|£^(^)' 

Factoring out the common constants yields 

-«'a(it,,̂  + <7'to)=| f (g)7,; 
I. 

which becomes after integration 

-W2 (-vl + ghoj = 

2* fdz . 
<f2 

22 
J I .2..-3 (^2 

— l^ (Hi 
dt I 2 V/io 

dz\ gz^ z* 
dt I 2 ho 

dz 
~di 

gK 

As before, 'W2 = pv2'rrQ, so differentiation yields 

-pt;27rrj (̂ -v^ 4- ghoj = 

pTrrg ^2 
-22^ + 2 

^ 2 ; 

2/ig di 

Use of equation (2.6) shows that 

dt^ 
+ -32^ + 4 — 

ho 

dz 
+ 2gz' 

dz 
2hl \ dt 

2 -2^ + 
d?. 

ho \dt^ 
+ 2^2^ + 

ho ^^ ) \dt 

and 

(-V2 + 9^ = 

1 
2 

-22^ + 2 — 
ho S) - *• - ('£ - -' dz 
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Then some simplification leads to 

vl -\- 2gho = I - 2 2 + 2 
2^ 

ho 

d^z + ̂ -(<£-') (!)'• 
and finally 

V2 = 
\ 
2.(.-M+(4^-3)(J)+(-2. + 2 g ( d^Z 

'd^ 
(2.7) 

This is the modified Torricelli's law for a conical tank draining through an orifice 

of radius TQ at height ho 7̂  0. Since 2 — /IQ is the height of the water above the 

orifice, it is seen that equations (2.5) and (2.7) are very similar. In particular, 

each of these equations describes the velocity of the efflux as the square root 

of 2g tinies the effective water height plus terms involving the first and second 

derivatives of the height. 

A Modified Equation for a Spherical Tank 

Now consider a spherical tank of radius R described hy x^+y^-\-[z — RY = R^. 

At any height 2, the radius of the horizontal cross-section may be described by 

r2 = 2i22 — 2^. The orifice will again have a radius of ro at a height of ho. (See 

Figure 5.) As before, 7rf2t; = 7rr2t; = nrlv2y so 

V = 
2Rz - 22 \dt 

Equation (2.3) beconies for the sphere, 

-— I , and V2 = —2 
dz 
~di 

-=(i.i-.M=i{/:[f"©*(i)'"'"'̂ '"-'=' dz 

Then 

•W2 G" '̂+"''<')=5^ £ 
pTT 

f 2 
^ ) -{-npg(2Rz^-z^) dz 

leads to 
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-^2 f-^2 + ^ M = 

d 
-T- < 
dt Li^yij (MFTI^ ) + ̂ M2i222-2 )̂ dz\. 

Figure 5: The Spherical Tank 

The method of partial fractions yields 

-^2 f 2̂ 2 + ^M = 

{/:[^(s)"(ii)(h5sb) "'.(-•-•) £ I rz 

dt J ho 
dz 

After integrating and using some logarithm rules, 

- ^ 2 f 2^2 + Q^oj = 

^ f ^ 7 r r ^ / r f 2 \ r 2(2i? - ho) 

dt I AR \dt) [^ ho[2R-z) + T^pg 
2R 

[^' - K) - z'-h'o 
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and 

— W2 -vl + ghoj 
pirr^ (dr\ fdz 
R \~di] Vdi 

In 
z[2R - ho) 
ho(2R - z) 

+ pTTr* f dz 

2R {it 
d^z 
dt^ 

In 
2(2i^ - ho) 

ho{2R- z) 
+ pnr* fdz 

'di z(2R-z) 

+ . . . ( 2 i E . ^ - . 3 ) ( | ) , 

after differentiation. As before, substitution for W2 leads to 

2 

-pviTTrl i-vl -H ghoj = 
pTTT' I dr\ fdzY" z{2R - ho) 
~R~ \'di) \dij ^ ho{2R - z) 

+ pTTr^ f dz 
2R \~di 

-f- 'Kpg[2Rz^ -z^)\ — \. 

^_z\ z[2R - ho) p7rr* 
IF) ^ ho[2R - z) ^ 2z(2R - z) 

dz 

dz 
Hi 

which becomes 

-2ro^(5t^2^ + y/^o) = ^ ( r ^ 
dz\ \ z[2R - ho) 
'dij ^ ho[2R - z) 

r*_ fdz\ ffz\ z(2R - ho) + dz 
2R\dt]\ dt^ J ho(2R - z) 2z[2R - z) \dt 

+ .(2ie.̂  - . ' ) (g' 

Since r^ = 2i22 - 2^ implicit differentiation gives 2r(dr/dt) = (2R - 2z){dz/dt), 

so r[dr/dt) = [R — z){dz/dt). Making these substitutions, as well as a substitution 

for V2 yields 

/ l . . . , • . ^ rHR-z)fdzY •2 Uz 

dt 

2 , 1 , ^ \ r^(R-z)[dz\% z(2R - hp] 

^^J'4\i'^W}'^Z'''\^'li'4\ +.-
2R \ dt dt^ ho{2R- z) 2 \dt 

dz 
~di 
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and 

1 2 I R — z fdz 
2-2-^ 9ho = - ^ [ - In 

2(2i? - hp) 

ho{2R- z) 

d^. z(2R-ho) 1 fdz 
"̂  2R [dt^l^^ ho{2R-z) ' 2 V^̂  + :; H r + ^2-

The logarithmic expression is quite unwieldly, so some convenient algebra and 

logarithm rules are used to make the following manipulation: 

z(2R-ho) ^ z\2Rho-hl) Z'TI _ ZTQ 
ho[2R - z) hl[2Rz - 22) ~ '"̂  ;i2̂ 2 - ^ ^̂  h^^ • 

Thus, the modified version of Torricelli's law for the spherical tank is finally 

derived. That is. 

V2 = 

\ 

2g{z - ^o) + ( ^ I + 2 
2{R-z) UzV r2 U^z 

R [dtj ^ RXdt^ 
In zro 

hoT 
(2.8) 

Once again, the similarities between equations (2.8) and (2.5) are easily ob

served. Each of these equations describes the efflux velocity in terms of the 

square root of 2g times the effective water height plus some terms involving the 

first and second derivatives of the height with respect to time. That is, if the 

effective water height is 0, 2 = 0 for the cylindrical tank and 2 = /lo for the 

conical and spherical tanks, then 

V2 = 
\ 

fdz^ 
\dt 

= \dzldt\ = 0. 

If the system reaches an equilibrium height, then dz/dt = 0, and the output 

velocity equation becomes 

V2 
y/2gi for the cylindrical tank 

\J2g[z — ho) for the conical and spherical tanks. 

At equilibrium, then, Torricelli's law holds true. 



CHAPTER HI 

FRICTION IN A CAPILLARY TUBE 

If a capillary tube long enough to promote laminar flow (approximately 0.3 

times the diameter of the tube or longer) is attached to the oriflce of the cylin

drical tank, as in Figure 6, then the energy loss due to the friction in the tube 

should also be considered. The head-loss due to the friction in pipes hcis been 

/ \ 

f Y-f^ 

0 

Figure 6: The Tank with Tube Attached 

14 
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determined, for laminar flow through a smooth pipe of length L, to be 

9>qLiJL 

^'^VRTP' 

where q is the volume rate of efflux, and ^ = .01005 dyne secjcm^, the absolute 

viscosity of water at 20°C. (See page 293 of [4].) Since q = 7rr2u2, 

%L\IV2 

The first law of thermodynamics may have the form 

^1 , P i , ^2 _L P2 ^ , , 
-i; ^ — ^ gz\ = — -^ — ^ gz2 ^- hu 
Z p 2 p 

or 

This equation is also known as the modified Bernoulli equation, since the only 

difference between equations (3.1) and (2.1) is the addition of the friction-loss 

component. (See page 287 of [4].) Take the entrance of the tube to be 2i = 0 

and the exit of the tube to be 22 = —L. Since the tube entrance is attached to 

the tank, the pressure at point ai is pi = Patm + Pgz^ where 2 is the height of the 

water in the tank, while point 0:2 is still open to the atmosphere. Then equation 

(3.1) becomes 

vl ^ Patm + PgZ ^ _ vl Patm ^ / rx ^ SLfMVj 

T ^ — - p — + ^ = T + — - ^ ^ ( - ^ ) + - : R ^ ' 

and 
.2 vi SLu.V2 vr , N̂ ^ 

Use the quadratic formula to obtain 

Since V2 should be nonnegative, select the plus part of the plus-or-minus to get 

SLfj. /64L2;x2 , , ,,, , , 
^̂  = -R^p ^ V ̂ R V ^ ^ ' ^ ^^^" ^ ^' ^^'^^ 
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Thus, the efflux velocity from the capillary tube has been found, given the efflux 

velocity of the tank as the input velocity for the tube. 

Now the equation for the efflux from the tank must be adjusted. Previously, 

equation (2.5) was obtained by assuming that the surface and the orifice were 

each open to the atmosphere. Now that the capillary tube is attached to the 

orifice, the point of efflux from the tank is not open to the atmosphere. Once 

again, pi = Patm a-t the surface of the water, but now p2 = Patm + pgz at the 

orifice. Thus, equation (2.3) for the cylindrical tank becomes 

I 2 , P2 -
.rv2 \^V2 + — 

J dt\Jo 
PTTR' 

dz 

dt 
+ pgz{irR^) dz 

or 

•VJ2 I 2^2 + 
Patm -^ pgz -Patm\ _ ^ 

p ) ~ dt 

After differentiation, 

-pv27rrl \^-vl -\- gzj = 

2 - ^ M S ^ - — 

pnR'" dz\^ fdz\ (^ 
n) "̂ ^̂ Uv Û ' 

and 

-v.rl{\vl+gz)=\i^ 
dz 
~di 

+ pgnR'z 1 ^ 1 , 

dzV ^ (d^z 
+̂ ^̂ ^ I s 

Recall, for the cylinder, that V2 = -{R/ro)^(dz/dt), so 

' 'd\ 

Thus, 

1 2 1 
2'^2+9Z=-

V2 
\ 

dz 
'di + 22 dt2 

dzV (d^z 

+ gz. 

(3.3) 
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Now let the V2 from equation (3.3) be equal to the Vi needed for equation (3.2) 

to obtain 

8L/i 
V2 = — 7 ^ — ^ -R^p \ R^p^ 

64L2/x2 
+ 2g{z + L)+{-\ + 2 2 — . (3.4) 

Again, the efflux velocity is described by the square root of 2g times the effective 

height of the water plus terms containing the first and second derivatives of the 

height, along with the correction terms for the friction. Equations similar to 

equation (3.4) may be derived for the conical and spherical tanks in the same 

manner as that for the cylindrical tank. Those calculations have not been carried 

out in this paper because those shapes do not exhibit the periodic behavior seen 

with the cylinder. 



CHAPTER IV 

PERIODIC FLOW FROM A TANK THROUGH 

A CAPILLARY TUBE 

Next, an equation for the fiow from a cylindrical tank being supplied with 

a constant input and draining through a capillary tube will be derived. If the 

input is small enough, the output will be periodic. The reason for this effect is 

the surface tension of the water. If the input is smaller than the usual output 

expected, then the tank will drain down to the top of the capillary tube, and the 

output will stop. (See Figure 7.) Once the water flow has stopped, a surface film 

is formed, due to the surface tension of the water. Water is still coming into the 

system, however, and this water will build up around the tube, much like water 

behind a dam. (See Figure 8 on page 20.) This build-up will continue until the 

force of the water behind the "dam" overcomes the surface tension of the water 

at some point. Once the "dam" breaks at any point, the entire wall collapses, 

and there is a positive head height to promote output flow again. The problem, 

then, is to write an equation to predict the height at which the "dam" breaks, 

the times at which this happens, and the times for which the water flows. 

Consider a small piece of the water surface of area dxdy, which has a force 

dF acting from the water normal to the surface and a force dS due to surface 

tension acting normal to the surface into the water. An equation describing these 

forces in equilibrium may be solved to find the maximum height h so that the 

surface tension holds the water in the tank. Where the surface of the water is 

horizontal, surface tension does not occur, because the forces are in equilibrium. 

As the water rises, however, a curved surface is formed, and surface tension 

causes a pressure difference between the water and the air. (The cross-section of 

the curved surface will be approximated with a quarter of a circle.) That is, 

In this equation, T is the surface tension of the water, and Ri and R2 "are the 

18 
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radii of curvature of the curves of intersection of the surface with two planes at 

right angles to one another and to the tangent plane." (See page 27 of [3j and 

Figure 9 on page 21.) Clearly, Ri = /i, regardless of the height at which the 

small piece of surface is considered. By similar triangles, 

h(ro + /i - r) 

so Equation (4.1) becomes 

Pi - T i - r 
^ ' ~ ' /i "̂  h{ro + h-r) 

Recall that the pressure at any point is the sum of the weight of the water above 

it and the pressure of the atmosphere, so the pressure difference becomes 

Figure 7: A View when the Flow Stops 

• - • ' — • > ' • • 111 j i " • 
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Now, the problem is to find the height z that will provide the greatest pressure 

difference behind the "dam." If 2 = /i, then the pressure difference is 0, because 

the surface becomes flat, and surface tension does not appear. If 2 = 0, then the 

pressure difference is maximized. Thus, consider 2 = 0, r = /i, and R2 — TQ. The 

piece of surface area being considered, then, is along the boundary of the water 

and the capillary tube. The equation now becomes 

If both sides of the equation are multiplied by /i, then a quadratic equation of 

the form 
T 

pgh^ h-T = 0 

ro 

is obtained. Using the quadratic formula. 

h = ro m + 4pgT 

^P9 
(4.2) 

\-^t . 

Figure 8: A View as the Water Builds Up 

::—.__J -"•'• ' .] ' .•«• • - n r H T a g 
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Since h should be nonnegative, the plus part of the plus-or-minus is selected to 

get 

h = 
T + y/T^ + ATpgrl 

2pgro 

Substituting the values for the constants, T = 72.5 dynes/cm,, g = 980 cm,/sec^, 

and p = 1 g/cm.^, Equation (4.2) yields 

_ 72.5 cm2 + y^5256.25 cm^ + 284200rg cm^ 

~ 1960ro 
(4.3) 

Thus, given the radius of the tube, the maximum height h may be calculated, 

and then the times of flow and stoppage may be calculated using the volume rate 

of input into the system and the volume of the horizontal cross-sections of water 

in the tank. 

Figure 9: A Cross-section of the Water Surface 

^ j j j i j i n i i i I ir i l 



CHAPTER V 

THE EXPERIMENT 

When an experiment is devised to test the theory of Chapter IV, there are 

some special materials-needed. That is, two graduated plastic beakers with holes 

cut in the bottom; two pieces of capillary tubing, of different diameters; a stand 

to suspend both beakers, one beaker over the other; a stopwatch, to time the 

flow; and another graduated beaker, to measure the input flow. Use two pipettes 

which are five inches in length, one of which holds 50^/, and the other which 

holds 20fj,l. Thus, their radii are .35 mm and .22 mm, respectively. Let the 

beaker with the narrower tubing be Bi and the other beaker be B2. First, the 

constant output from Bi that will be sent to B2 should be measured. To do this, 

fill Bi to the top graduation, while keeping the capillary tube closed. Release the 

water flow, and start the stopwatch, while keeping Bi filled to the same mark 

at all times. Measure the time needed for Bi to fill a 100m/ beaker to 30m/ in 

ten trials. The average of these times will determine experimentally the constant 

input that will be sent to B2. (See Table 1.) Once this value, C/, has been 

determined, let Bi feed into B2, as in Figure 10, recording the times for which 

the water starts and stops flowing from B2. (See Tables 2 through 11 for the flow 

and stoppage times.) The efflux is indeed periodic, for this type of situation, as 

shown by these tables of data. In these trials, ordinary tap water dyed with food 

coloring was used. To refine the experiment, distilled, deionized water should be 

used, steps should be taken to insure a constant temperature for all of the trials, 

changes in local atmospheric pressure should be considered, cind the trials should 

be filmed with a high-speed projector. Then the exact times and heights of the 

water flow could be measured. 

The experiment is rather delicate, in that it is very susceptible to vibrations. 

It is important that the surface tension not be subjected to undue vibration, 

as this added mechanical energy will cause the period of the flow to vary. In 

addition, there are times when an air bubble is trapped in the capillary tube 

22 
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when the surface tension breaks. This event also disrupts the periodic flow, since 

a very high head is required to overcome the surface tension thus formed inside 

the capillary tube and to promote flow. These are the reasons that the trials 

are of differing lengths. To verify that this data does indeed represent periodic 

behavior, calculate the mean and standard deviation of the flow and stoppage 

times for each of the tables. These computations are listed in Table 12. 

Figure 10: The Experiment 
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Table 1: Trials for Beaker 1 Output Rate 

Trial Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Volume in ml 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

Time in sec 

727 

731 

723 

731 

668 

672 

684 

688 

702 

697 

Average Flow Rate in 

.0413 

.0410 

.0415 

.0410 

.0449 

.0446 

.0439 

.0436 

.0427 

.0430 

ml/sec 

Table 2: Trial 1 

Flow Time in sec 

26 

24 

21 

23 

23 

21 

23 

23 

23 

21 

Stopped Time in sec 

40 

41 

35 

35 

36 

34 

37 

38 

36 

36 

37 
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Table 3: Trial 2 

Flow Time in sec 

24 

23 

25 

24 

25 

23 

23 

21 

Stopped Time in 

40 

42 

40 

40 

40 

38 

38 

41 

38 

sec 

Table 4; Trial 3 

Flow Time in sec 

26 

26 

23 

23 

21 

27 

24 

22 

Stopped Time in 

39 

37 

33 

37 

40 

38 

34 

35 

sec 

-.•B.' I ' < >i•'•^ 11 'i.iJffMHi • M i l , 1 ^ 1 ^ 
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Table 5: Trial 4 

Flow Time in sec 

23 

23 

22 

20 

22 

23 

24 

23 

23 

24 

24 

23 

24 

24 

24 

24 

24 

24 

24 

24 

Stopped Time in sec 

37 

35 

35 

41 

33 

34 

38 

36 

36 

38 

37 

37 

37 

37 

38 

38 

38 

37 

37 

37 
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Table 6: Trial 5 

Flow Time in sec 

24 

21 

23 

20 

23 

22 

22 

22 

21 

21 

24 

22 

22 

20 

21 

21 

22 

21 

21 

20 

20 

Stopped Time in sec 

41 

36 

41 

36 

40 

40 

40 

39 

37 

37 

43 

38 

40 

38 

39 

41 

42 

41 

41 

43 

45 

. 
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Table 7: Trial 6 

Flow Time in sec 

25 

25 

25 

25 

25 

25 

25 

25 

25 

Stopped Time in sec 

44 

44 

44 

44 

44 

44 

44 

44 

44 

44 

Table 8: Trial 7 

Flow Time in sec 

25 

25 

26 

27 

25 

25 

Stopped Time in 

45 

44 

44 

42 

44 

45 

sec 

. • • i - - r t - ^ ^ ^ • l " ' I • ' ' • " • • •H i^ j i 
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Table 9: Trial 8 

Flow Time in sec 

25 

26 

25 

25 

24 

24 

26 

Stopped Time in 

45 

44 

42 

44 

44 

42 

44 

43 

sec 



Table 10: Trial 9 

30 

Flow Time in sec 

25 

24 

24 

24 

24 

25 

24 

24 

25 

24 

25 

25 

24 

24 

24 

25 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

24 

23 

24 

Stopped Time in 

42 

41 

41 

41 

41 

41 

42 

42 

43 

41 

42 

42 

43 

43 

43 

42 

42 

42 

43 

43 

42 

42 

43 

43 

41 

43 

42 

42 

43 

42 

43 

42 

sec 

1 
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Table 11: Trial 10 

Flow Time in sec 

23 

23 

23 

24 

22 

22 

28 

26 

23 

27 

23 

23 

23 

23 

23 

23 

24 

23 

23 

23 

23 

23 

23 

22 

Stopped Time in sec 

41 

41 

42 

41 

42 

42 

49 

40 

41 

46 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 
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Table 11 Continued: Trial 10 

Flow Time in sec 

23 

23 

23 

23 

23 

23 

23 

23 

23 

23 

23 

23 

24 

23 

23 

23 

Stopped Time in sec 

41 

41 

42 

41 

41 

41 

40 

40 

40 

40 

39 

40 

39 

40 

40 

Table 12: Mean and Standard Deviations for Flow and Stoppage Times 

Trial 1 

Trial 2 

Trial 3 

Trial 4 

Trial 5 

Trial 6 

Trial 7 

Trial 8 

Trial 9 

Trial 10 

Mean Flow Time 

22.8 

23.5 

24.0 

23.3 

21.6 

25.0 

25.5 

25.0 

24.2 

23.3 

Mean Stoppage Time 

36.8 

39.7 

36.6 

36.8 

39.9 

44.0 

44.0 

43.5 

42.1 

41.1 

<7 Flow 

.484 

.433 

.707 

.225 

.257 

0.0 

.312 

.286 

.078 

.181 

a Stoppage 

.619 

.444 

.809 

.371 

.505 

0.0 

.408 

.354 

.131 

.260 

. . . . . . . iiii<i,-i' r 



CHAPTER VI 

CAN A LINEAR SYSTEM OF EQUATIONS 

PROVIDE PERIODIC BEHAVIOR? 

A system of equations to describe the periodic behavior described in Chapter 

V is desired, but the type of system needed may not be obvious. Assume z = 

f(z,z,u), where u is a function describing the water input into the system. If 

there is no input, the tank will eventually empty. If the input is sufficiently 

large, the water level in the tank will build up to some equilibrium height, while 

for sufficiently small input, the water level will rise and fall periodically. These 

cLspects may be described by the following statements: 

If u = 0, then z{t) -> 0 and z{t) -> 0 as t -* oo. (6.1) 

For u sufficiently large, z(t) —>• c and z{t) —• 0 as i —>• oo (6.2) 

For u sufficiently small, z{t) and z(t) are periodic. (6.3) 

The simplest type of system is a linear system, so the case when / is linear 

is investigated. If / is linear, then 

Let 2 = X. Then 

/ ( 2 , 2, u) = kiz + A;22 + ksu = z. 

X = 2 = kiz + k2X + k^u, 

or 

Then y = Ay -^ bu, where 

, A = ( " ' h ^ = I ,° I ' ̂ ^̂  ^(0) = y^-y = \ . ' ^ = k. k. ' ^ " k 
3 

33 
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If Equation (6.1) is true, then can a system of the form y = Ay + bu describe 

the periodic behavior discussed in Equation (6.3)? Suppose A;i = - 1 , A:2 = ^3 = 0, 

and t/(0) j^ 0. Then y = Ay + bu becomes 

This system has solution 

y = 

which is periodic. Note that this solution does not satisfy Equation (6.1), since 

limt_»oosint ^ 0. Thus, Equations (6.1) and (6.3) must be considered simultane

ously to find a solution for the tank system. 

If y = Ay + bu has a solution satisfying Equation (6.1), then consider the 

homogeneous system y = Ay with solution y = e'̂ 't/o- Let Ai and A2 be the 

eigenvalues of the matrix A. The two cases to be considered are Ai ^ A2 and 

Ai = A2. 

In case Ai 7«̂  A2, Equation (17) from page 104 of [7] shows that any function 

of A can be written as 

F{A) =F{\i)Zi-\-F{\2)Z2, 

where Zi and Z2 are linearly independent matrices from the Lagrange-Sylvester 

interpolation polynomial. Specifically, 

ê *yo = {e'^'Z, + e'-'Z2) yo-

N o t e : , y T A \ T 

Zi = - r ^— and Z2 = r - . 

Since Equation (6.1) implies that limt^oo z(t) = 0 and limt^oo z(i) = 0' 

From the linear independence of Zi and Z2, conclude that 

lim ê *̂ = 0 and lim ê *̂ = 0. 
t—00 i-'oo 

0 
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If Re(Ai) > 0 , then 
|gA,t| ^ ^Re{x,)t > ^ 

Thus, Equation (6.1) implies that Re(Ai) < 0. In a similar manner, Re(A2) < 0. 

Now consider the case of Ai = A2. Then 

Ai = A2 = ^ , 

and Equation (17) on page 104 of [7] shows that any function of yl may be written 
as 

F(A)=F(\i)Z, + F'{\,)Z2, 

where Zi and Z2 are Hnearly independent matrices from the Lagrange-Sylvester 

interpolation polynomial. Specifically, 

ê *yo = {e^'*Zi + te^^'Z2) J/o-

Note: Zi = I, and Z2 = A - XJ. As before, if Re(Ai) > 0, then 

|e^^*| > 1 and |̂ e^^*| >t. 

Since 

.'i'S«W=(o)' 

Re(Ai) < 0. Thus, if a solution of y = Ay + bu satisfies Equation (6.1) then the 

matrix A must have only eigenvalues with negative real part. 

The solution to the nonhomogeneous system y = Ay + bu has the form 

y(0 = e^'yo+ f e^^'-'^'dsbu 
Jo 0 

- 1 Since A cannot have a zero eigenvalue, A exists, and the integration may be 

calculated directly. That is. 

After evaluation. 

y(t)=e^'yo-A-'e^^'-''>\'obu. 

y(t) = e^'yo - A-' (7 - e^') 6u, 
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or 

y(t) = ê *yo - A-'bu + A-'e'^'bu. 

Since Equation (6.1) must be satisfied, 

lim ê * = 0, 

and 

lim y(t) = —A~^bu, 
t—*oo 

a constant. Thus, it has been shown that a linear system of equations cannot 

describe the periodic behavior exhibited by the experiment, although the type of 

system that does predict this periodic behavior has not been found in this paper. 



CHAPTER v n 

SUMMARY 

In conclusion, a derivation of Torricelli's law was given, modifications of Torri

celli's law were derived for three tanks of different shapes, an equation describing 

the efflux velocity was given for a cylindrical tank draining through a capillary 

tube with friction, the possibility of periodic behavior from a linear system was 

discussed, a formula for the maximum water build-up in the tank for periodic 

behavior was derived, and an experiment to test the periodic behavior was set 

up and several trials given. These efforts leave some questions unanswered, how

ever. For instance, a system of equations to describe the periodic behavior was 

not found in this paper. Since the volume of water going into the tank must 

equal the volume of water in the tank plus the volume of water having drained 

out of the tank, 

Cit = ir{R^ - rl)z + ( irrlvidt, (7.1) 
Jo 

where C/ is the constant input into the system, and the equation for V2 depends 

on the height. That is. 

„̂  = j - i ? + yl'-^ + M^ + L) + i^y + 2z{^) \{ dz/dt < 0 

I 0 otherwise. 

This system may predict the periodic behavior of the water in the tank, and a 

solution to this system might be attempted using Volterra series. 

The original purpose of this research was to apply the results to water usage 

in plants in semi-arid or arid areas. Instead, the focus of this paper came to 

be the periodic behavior of a system with constant input. Thus, future research 

should be done in estimating how accurately the tank and capillary tube model 

matches the plant stem. 

37 
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