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CHAPTER I 

INTRODUCTION 

1.1 Robotic Applications 

Robots and their applications have an ever-increasing importance in our modern 

society. Areas such as manufacturing and the space industry have been dependent 

on robots for a number of years. The automotive industry has used robots for repet

itive tasks such as spot welding and painting since the 1970's. These applications 

require relatively little precision but have increased the production and eased the 

strain on the human body, as robots never get tired of doing the same task over and 

over again. As little precision was needed in most of the early and still many of the 

current manufacturing applications, relatively simple control of the robots motion 

is needed. As our computer technology has evolved exponentially in both speed 

and memory over the last few decades, we are able to implement more sophisticated 

control laws for the robots. Hence better accuracy can be achieved. Now, robots 

are used for detailed applications such as soldering on computer boards. Since bet

ter control makes the robots safer for human/robot interaction, the entertainment 

industry have started to utilize robots in simulators and other devices found in 

amusement parks. 

1.2 Modehng of Robots 

A study of robotics reminds us of how well the human body is developed and 

equipped. Most people have no trouble positioning their hands and feet anywhere 



2 

within their reach. We are also able to pick up objects and move them around 

with relative ease. To do this we use our eyes and hands as sensors to feed back 

information to the brain. This is learned at an early stage in our lives and becomes 

so natural for us that we do not have to think about it. A robot essentially works 

the same way as the human body, except for that it lacks the ability of logical 

reasoning and learning. Just as many calculations are needed the second time a 

robot performs a task as the first time it performs the task. 

The first step needed in order to model a robot is a kinematic analysis. Kine

matics can be split up in two major parts, forward and inverse kinematics. Forward 

kinematics is a mathematical study of the geometry of the robot. It tells us the po

sition of the robot's end-effector^ given a specific combination of joint orientations. 

The analysis also includes time derivatives such as tip velocity and acceleration. In 

most practical cases, inverse kinematics is also needed. Inverse kinematics is, as the 

name suggests, the opposite of forward kinematics. Namely, given a position and 

orientation of the end-effector in space, it tells us the combination of joint rotations 

and/or translations needed in order to reach the position. Most manipulators^ have 

redundant inverse kinematics which makes this analysis a lot harder than forward 

kinematics. This is because a certain point in space usually can be reached by the 

robot in several different ways, so an elimination procedure is needed in order to find 

^The end-effector is the free end of the robot. A human being's hand might be 
considered an end-effector. 

^The terms "robot" and "manipulator" will be used interchangeably in the text. 
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the best possible solution. Sometimes, obstacles might narrow down the number 

of solutions but we need to inform the robot of such obstacles. Again, the human 

body does this selection automatically. We select the most natural way to pick up 

an object. Very seldom do we need to think about the best possible way to do so. 

Although when we are physically hurt we might need to find alternative ways to do 

our daily tasks. 

The next step in robotic modelling is dynamical analysis. The mass and shape 

of the robot plays an important role in determining how much force or torque is 

needed in the actuators in order to move the robot around. As the robot picks 

up an object, its mass properties will change and this will have to be taken into 

account. The dynamics of the actuators/motors itself does also have to be included 

in the overall analysis. If the actuators are equipped with gear boxes, it might be 

necessary to include backlash in the analysis. This analysis usually gives us a set of 

differential equations called the equations of motion. These equations describe the 

dynamic behavior of the manipulator. Bear in mind that the equations of motions 

are always a mathematical approximation of nature. For simple systems, such as 

a mass spring system we can describe the motion with great confidence. As the 

system gets more complicated, factors such as friction introduces uncertainties in 

the model and throws our approximation off. Sometimes we purposely simplify the 

model to cut down on computation time. A lot of research time is spent on finding 

a balance between accuracy and simplicity in the equations of motion. The two 



4 

most popular methods used for finding the equations of motion are the Newtonian 

and Lagrangian formulation. The Newtonian method is based on Newton's second 

law which says that force is equal to the rate of change of momentum while the 

Lagrangian method is based on energy principles. 

1.3 Types of Motion 

The simplest form of motion of a manipulator is what we call free flying motion. 

This is when the robot is allowed to move freely around in its workspace.^ A strictly 

free flying motion would be to tell the manipulator to go to a specific point in space 

in without consideration of how the manipulator gets there as long as it reaches 

its destination. However, in most practical applications we want the manipulator 

to follow a specified path between two points in space. The latter case is termed 

constrained motion. If an obstacle is present within the manipulator's workspace 

it might be necessary to use constrained motion. Sometimes it is necessary to use 

constrained motion simply so that the manipulator does not crash into itself. In 

this research we are interested in a specific form of constrained motion where the 

manipulator tracks the surface of an obstacle. Here, contact is made between the 

manipulator and the obstacle and it is usually desired to control the force exerted 

normal to the surface. Washing and scraping operations are applications where this 

type of motion is desired. The initial contact (impact) with the obstacle is also 

^The workspace of a manipulator a space that includes all the possible points of 
the end-effector. 



5 

important to include in the analysis. If the impact is too large, the obstacle or 

manipulator might be damaged. 

1.4 Rigid and Flexible Robots 

The early and most of the current robots are built in a robust and bulky fashion 

in order to maintain rigidity. Flexibility is normally seen as a disadvantage relative 

to control because it introduces unwanted motion (vibration) as the robot moves 

around. On the other hand, in terms of power requirements and cost of manufac

turing, the smaller and less rigid robots have the advantage. In some instances such 

as human/robot interaction, flexibility can be seen as an advantage since it is better 

to have the robot that gives a little when interacting with human operators. Rigid 

robots are easy to control because a certain combination of joint angles corresponds 

to a certain position of the end-effector in space. A flexible robot might be in the 

"neighborhood" of such a point in space for the same combination of joint angles, 

but it is very unlikely that it will be exactly at that point. The pre-applied actuation 

used to move the robot to the desired position might cause the flexible robot to os

cillate about the desired point. Even after the oscillation eventually dies out, effects 

such as gravity might cause offset error. One way to compensate for the flexibility 

is to include the equations of motion in the control law for the manipulator. 
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1.5 Control Strategies 

Two types of control will be discussed in this research, open-loop and closed-loop. 

The former is strictly model based, which means that the equations of motions are 

good enough to predict where the manipulator will go and what will happen to it 

as time goes on. A closed-loop control system feeds back information about the 

current status of the manipulator to the computer and adjusts the input to the 

actuators accordingly. Most of the times, when model based control is utilized, a 

combination between the two strategies is used. This is because some states might 

not be readily measured and must be approximated by the equations of motion. If 

all of the states used in the equations of motions are measured and fed back, the 

term full-state feedback is used. Most of the robots used in industry use feedback 

in the control strategy. As a matter of fact, some of these robots do not include 

system dynamics since the links are rigid. An error based position control where 

the current position of the manipulator is compared to the desired position is good 

enough to bring the end-effector to the desired position. But as mentioned above, 

when link flexibility comes into play, the orientation of the joints no longer specify 

the exact position of the opposite side of the link. This is why the system dynamics 

is so important in the control of a flexible manipulator. 



1.6 Research Objectives 

The objectives of the research elaborated in the chapters that follow are: 

1. Perform kinematic analysis of the two-link flexible manipulator: 

a. Forward Kinematics 

b. Inverse Kinematics 

c. Path Generation. 

2. Incorporate mechatronics for control and state measurement 

3. Develop a control law based on a non-linear high fldelity dynamic model 

4. Compare the performance of the control law when used in experiment to when 

it is used in simulation 

1.7 Thesis Outline 

The path followed to meet the above stated objectives is outlined as follows and 

will be executed in the following chapters of this thesis: 

1. Chapter I gives a brief introduction to the research presented in this thesis. 

2. Previous work in the field of fiexible manipulator modelling and control is 

reviewed in Chapter II . 

3. The kinematic analysis is performed in Chapter III. 

4. Chapter IV describes the mechatronics behind motor control and state mea

surement. 
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5. The control law is developed in Chapter V. A demonstration of the proposed 

control law is also shown in this chapter. 

6. The summary and future directions are presented in the final chapter. 
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CHAPTER II 

LITERATURE REVIEW 

2.1 Prelude 

Currently there is only a limited amount of research performed in the area of 

flexible manipulator control. Much of the research this far has been in the area of 

developing dynamic models for flexible manipulators. The extension to the control 

part is usually "research to come." In the following paragraphs the previous work 

in the area will be reviewed. 

2.2 Flexible Manipulator Models 

Book develops a recursive Lagrangian approach for describing the dynamics of 

a flexible manipulator [6]. The method includes the joint and deflection motion in 

4x4 transformation matrices, where the deflection is found by summation of modal 

shapes. The approach can be thought of as a direct parallel to the Lagrangian 

formulation used for rigid manipulator (Craig [9, p. 207]). Book's method is popular 

among researches in later work because of its conceptually straightforward modeling 

scheme. It is speciflcally designed for the serial nature of robotic manipulators and 

is easy to follow for workers that are familiar with the 4x4 matrix formulation 

so often used in the held of robotics. While the author makes no claim for the 

method being more efficient than non-transfer matrix approaches, an approximate 

computation count is included to give an idea of the methods efficiency. 

• 1 ^ . 
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Usoro, et al. present a mathematical model for a two-link flexible manipulator 

based on finite elements [27]. By lumping each link into a number of elements, de

termining the Lagrange functions for the full system and implementing variational 

principles, the equations of motions are derived. The resulting model is found to 

have highly nonlinear and complex terms. A simulation shows that the response of 

the manipulator is complicated and in order to use the model for practical applica

tions, a sophisticated controller is needed. 

Huang and Lee [16] use a recursive lumped mass/spring approximation model 

based on the Newton-Euler formulation to derive the dynamics of link-flexibility. 

The model assumes that the rotation and displacement caused by link deformation 

are directly measurable. Small link deflections are modelled simply as a spring at 

each joint and an additional rotation in the joint. For larger deflections, the link is 

modelled as a series of small rigid hnks connected by pseudo-joints. Each pseudo-

joint is modeled as a spring to account for the link flexibility. The advantage of the 

model is claimed to be that the obtained equations of motion are quite similar to 

that of a rigid manipulator. 

For rigid manipulators, the Jacobian matrix is used to study the motion of the 

manipulator. The propagation of static forces through the manipulator is also re

lated to the Jacobian. This field of study is purely kinematic and is ignoring the 

manipulator dynamics. In other words, if a certain force is exerted at the tip of 

the manipulator, the forces and torques in the joints needed to oppose this force is 

Mik..z!fl 
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found through the Jacobian. The joint torques needed to cause motion due to the 

mass of the manipulator is, however, not related to the Jacobian. Kozel et al. ex

tend the kinematic representation of the Jacobian to fiexible manipulators in what 

they call a pseudo-Jacobian [17]. The derivation is based on a three dimensional 

manipulator with two flexible links. Bending about the two axis perpendicular to 

the axis of the link is allowed. Torsion about the link axis is also taken into ac

count. The bending is represented by a combination of rotation and translation. 

Depending on whether translation or rotation occur first mathematically, two differ

ent transformation matrices accounting for the bending is obtained. This is because 

transformation matrices do not commute. In reality, the rotation and translation 

occur simultaneously and identical transformation matrices are obtained by assum

ing that the bending of the links is small enough to use smaU angle approximations. 

This causes the overall transformation matrix of the manipulator to lack certain 

sine and cosine terms. It is therefore inaccurate to use partial derivatives to derive 

the pseudo-Jacobian matrix. The authors develop a method based on virtual work 

to find the pseudo-Jacobian. 

Yoshikawa and Hosoda [28] derive a dynamic model of a fiexible manipulator 

using virtual links and passive joints. In their model, the flexible arm is split up into 

smaller rigid links connected by passive joints. The passive joints are modeled as 

pivot points enforced by passive springs. Each link is modeled individually, and by 

connecting the individual models, an overall model for the flexible arm is obtained. 
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The equations of motion are based on the Newton-Euler formulation. The validity 

of the model is then checked by comparing the step response of the model to that 

of the real arm. The model is similar to Huang and Lee [16] with the exception of 

parameter determination. Huang and Lee used material constants and the shape of 

the cross-section to determine the model parameters. This approach estimates the 

parameters from measured dynamic and static characteristics of the real links. 

Barhorst presents a closed form modelling scheme for non-holonomic hybrid pa

rameter multiple body systems (HPMBS) [3]. The technique emphasizes and encom

passes the importance of minimizing the algebraic operations to form the equations 

of motion. A planar two-flexible link robot undergoing free-flight, contact/impact, 

and constrained motion is modelled. The switching between the modes is included 

in the model. It is shown that the use of coefficients of restitution can be avoided by 

employing hybrid models. Hariharesan extends the research by building an experi

mental testbed for the two link fiexible manipulator modelled by Barhorst [11, 12]. 

The experiment shows promising results for free-fiight and impact motion regimes. 

The case of constrained motion is simulated but not experimentally verified because 

of the lack of a controller. 

2.3 Control of Flexible Manipulators 

One of the very first papers to address control of flexible manipulators is written 

by Cannon and Schmitz [1]. The manipulator under investigation is a one link 

flexible arm actuated in the horizontal plane such that gravitational effects and 
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torsion can be neglected. The dynamic model is based on Euler-Bernoulli beam 

theory, Hamilton's principle, and Lagrange's equation. A control scheme known 

as the Linear Quadratic Gaussian (LQG) is used for the design of the controller. 

The tip is equipped with a position sensor. Measurements from the sensor are 

used as a basis for the torque applied to the actuator at the other end. A very 

important problem associated with control of flexible manipulators, that today's 

researchers still struggle with, is recognized in this paper. That is the existence of 

a non-minimum phase transfer function between the hub and the tip-position. This 

makes the system unstable when the conventional control algorithms used for rigid 

manipulators are applied. The system is non-minimum phase because of the fact 

that the sensor at the tip is not collocated with the actuator at the other end of 

the link. Experimental results are shown for a step response of the robotic arm. It 

is found that there is a physically inherent limit in the response time equal to the 

time it takes a wave to travel the length of the beam.^ 

Hastings and Book propose a linear model for the control of a one-link flexible 

manipulator with direct drive [13, 14]. Lagrange's equations of motion are are devel

oped based on the kinetic energy of the arm and the potential energy stored in the 

flexible modes. The kinetic energy function introduces nonlinear terms, but these 

^This fact can be demonstrated by a simple experiment. Visualize holding the 
end of a flexible beam and suddenly apply a torque. Initially the other end of the 
a beam will move in the opposite direction of the applied torque until the wave 
propagates through the length of the beam and the tip finally catches up. 
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terms are finearized by noting that the amplitude of vibration is small compared 

to the length of the beam. The controller is a collocated controller, meaning that 

the input/output are located at the same point (joint in this case). A comparison 

between simulation and experiment is done for a step response of the joint angle. 

Measurements from strain gages near the joint of the arm give an indication of the 

relative modal amplitudes. It is found that a simulated model with as few as two 

assumed fiexible modes give a good representation of the transient response. 

Siciliano and Book use a singular perturbation approach to the control of a sin

gle link manipulator [25]. Since the full order flexible dynamic system has more 

generalized coordinates than control inputs (actuation of each joint), the nonlin

ear feedback control used for rigid manipulators cannot be applied. The singular 

perturbation method is therefore suggested to reduce the model order. Here the 

system is separated into a slow and a fast subsystem. For the slow subsystem, 

well-understood control schemes used for rigid manipulators may be used. For the 

fast-subsystem, a stabilizing control around the trajectory of the slow sub system 

is applied. Simulations show promising results for the case of trajectory tracking. 

The stability of the full order system was not being directly addressed in this paper. 

Work is still needed in order to approximate the domain of attraction and an upper 

bound on the perturbation parameter. It is proposed that the theory of integral 

manifolds may be applied to account for the flexibility effects in the slow system and 
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thus provide a more accurate control of the slow sub system. No empirical results 

for comparison are included in the paper. 

The finite element method is used for open-loop control of a single flexible link 

in Bayo [4]. The equations of motion are developed from Hamilton's principle and 

discretized via the finite element method. A frequency domain approach is used to 

integrate the resulting differential equations. It is claimed that the finite element 

method is advantageous for manipulators with complicated boundary conditions and 

nonuniform cross-sections. A simulation is done for a 1.5 meter long link attached 

to a rotating hub. The link is divided into 10 elements resulting in a total of 21 

degrees of freedom. It is shown that in order to accomplish initial tip movement at 

a desired point in time, the torque must be applied 0.3 seconds in advance. The 

magnitude of the torque is claimed to be about 50% of the torque required for a 

rigid manipulator of the same weight . Although not shown in the paper, the author 

claims that perfect trajectory tracking can be achieved by this method. 

Nemir, et al. develops a pseudo-link concept to determine the tip position of 

a fiexible one-link manipulator under small deflections [24]. By "pseudo" they 

mean a virtual straight link extending from the hub to the end position of the 

deformed flexible link. The length of the pseudo-hnk is assumed to be equal to the 

flexible link. The deflection angle is equal to the offset angle of the pseudo-link and 

is determined from measurements from three strain gages along the flexible link. 

Knowing the length and angle of the pseudo-link, the position of the end point is 
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readily calculated. An adaptive self-tuning control scheme based on the pseudo-link 

angle is implemented. No dynamic model is developed nor used in the control. 

Chiou and Shahinpoor look at how link flexibility affects the stability of manip

ulators driven by force control [8]. A one-hnk manipulator equipped with a force 

sensor at the tip is investigated. The equations of motion are based on the modal 

representation technique but excludes the dynamics of the motor. A very simple 

closed-loop error driven control law is implemented by feeding back the measure

ment from the sensor and comparing it to the desired force at the tip. The purpose 

of the paper is seen more as an investigation of how link flexibility affects instability 

problems associated with force controlled manipulators in general, and not a study 

of how to achieve best possible force control in flexible manipulators. 

De Luca and Siciliano designs an input-output inversion control algorithm to 

achieve trajectory tracking of a one-link manipulator [19]. The dynamic model is 

based on the popular Euler-Bernoulli beam theory and the assumed mode technique. 

Two control laws are developed, a closed-loop and an open-loop. The closed-loop 

controller requires full state feedback of the arm. The open-loop control does not 

require any measurement of arm deflection, but off-line integration of a reduced-

order model is needed. Two different outputs are proposed for each controller, the 

joint angle and a the angular position of a point along the link. It has been shown 

in an earlier paper by the same authors, that when the output is chosen to be 

the joint angle the closed-loop dynamics will always be stable. Depending on the 
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location of the point along the link chosen for output, the closed-loop dynamics 

may become unstable. As the location of the point approaches the tip. the model 

becomes non-minimum phase and therefore unstable. The point selected for this 

case is the limiting point for which any point beyond will lead to unstable dynamics. 

Simulations shows that if a good dynamic model is available, the open-loop with an 

added PD joint-trajectory controller yields satisfactory result for the joint-position 

output. Limited results are found for end-point tracking using the point along the 

link as output. 

Bayo et al. develop an inverse dynamics and kinematics approach for trajec

tory tracking of a two-link flexible manipulator [5]. The method includes all the 

nonlinear Coriolis and centrifugal effects. The equations of motion are based on 

the Timoshenko beam theory and are discretized using the finite element technique. 

Unlike the Euler-Bernoulli beam theory, the Timoshenko beam theory accounts for 

shear deformation and rotatory inertia effects. The inverse dynamics £ire found by 

first finding the inverse kinematics, torques and reaction forces of the manipulator 

as if it was rigid. The discretized finite element equations above are then used to 

compute the elastic deformations of the link. An open-loop control is developed 

to vaUdate the approach. Any tip trajectory acceleration profile is suitable for this 

method as long as it is Fourier transformable. 

Hillsley and Yurkovich discuss a control strateg>' using input shaping to control 

the tip position of a two-link flexible manipulator [15]. A two-stage controller in 



18 

which the vibration control for fine motion is treated separately from the large angle 

motion. The input shaping is used to alter the actuator inputs so that minimal 

energy excites the flexible modes. Acceleration, velocity, and position sensors are 

located at the end point of each link. A closed-loop controller uses the information 

from the sensors to employ the large range motion. 

Matsuno et al. investigates quasi-static hybrid position/force control of a flexible 

manipulator [20]. In hybrid position/force control it is desired to control the force 

exerted on an obstacle (i.e., wall) simultaneously as the manipulator moves along 

the the surface of the obstacle [9, p. 373]. Sanding and grasping operations are 

two tasks that require such control. The control method is derived for a two link 

manipulator with the second link flexible. An exact dynamic model is derived based 

on Lagrange multiplier method and Hamilton's principle. Several assumptions such 

as small elastic deformation of the flexible link, negligible masses and moments 

of inertia are made to linearize the equations of motion, hence the word quasi-

static. The model is verified by an experiment where the manipulator moves along 

a straight wall while the normal force between the manipulator and the wall is 

kept constant. The flexible arm is equipped with a force-sensor at the tip and a 

strain gage at the root. Values form the sensors in addition to joint velocities from 

decoders at the motors are used as feedback in the controller. The feedback gains 

used in the experiment are determined by trial and error. 
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Latornell and Cherchas also address the problem of force control of a flexible 

manipulator. Only a single flexible hnk manipulator is investigated [18]. The mod-

elhng of the elastic behavior of the link is based on earlier ideas by Book [6]. Contact 

is made with a non-rigid wall which is modelled as an elastic spring in parallel with 

a viscous dashpot. A control algorithm known as generalized predictive control 

(GPC) is applied to develop a strategy for both force and motion control. GPC is 

a discrete time algorithm and the basic idea is to be able to predict the output for 

a series of future time steps based on known or assumed parameters. The authors 

emphasize the importance of switching between the appropriate dynamic model 

corresponding to wether or not the manipulator is making contact with the wall. 

Stability problems arise with the impact dynamics as no single model is developed 

for this transient response. Their first approach to deal with the impact is to hold 

the manipulator at a fixed joint angle at the instant contact is sensed until the 

transitions or bouncing stops so to switch to force control. This is obviously not 

satisfactory for most applications since the contacting surface might be damaged by 

such repeated impact. A second approach consists of modifying the force set point 

at the time of impact to overcome kinetic energy of the hnk. In essence this means 

to exert more force against the wall during the transient response in order to avoid 

a bounce. 

A very similar manipulator to the two-link fiexible robot testbed that will be 

discussed in the following chapters is used by Carusone et al. [7]. Geared DC 
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actuators at the joints are connected by thin aluminum beams to intentionally 

resemble space manipulators. The elbow joint and end-effector are each supported 

by two air bearings fioating on a horizontal table. A finite-element approach is taken 

to describe the dynamics of the manipulator. Rather than implementing a real-time 

control algorithm, the authors utihze a method based on a series of linear optimal 

regulators. The regulators (gains) are designed based on stationary undeformed 

configurations of the manipulator. The reason for choosing these pre-calculated 

gains is to reduce the computational requirements of the real-time control. The 

objective of the research is to track a desired end-effector trajectory. The control 

law is shown to perform very well on a square and circular paths compared to a 

conventional PID controller without the flexibility. The algorithm is verified both 

by simulation and experiment. 

Khorasani has performed a lot of work in the control of fiexible manipulators 

in recent years [10, 21, 22, 23, 29]. The dynamic model he uses for the equations 

of motion is derived using a Lagrangian assumed modes method based on Euler-

Bernoulli beam theory. This model, like most if not all other models for flexible 

manipulators, has highly nonlinear terms. For nonlinear control it is common to use 

a method called inverse dynamics. For the case of controlhng a manipulator, the 

system becomes a multi-input, multi-output (MIMO) problem for which another 

name frequently used is linearizing and decoupling [9, p. 338]. The general idea of 

this method is to compute time-varying gains and use these in the control law so 
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that the nonlinearities of the system are exactly cancelled. A problem that arise 

when this method is apphed to flexible manipulators is the non-minimum phase 

(described above) exists so the the zero-dynamics of the system become unstable. 

Khorasani et al. discuss various methods to overcome this problem including other 

control schemes. Some of these methods are extensions of the work performed by 

other researchers above. In Khorasani [21, 29], an integral manifold or singular 

perturbation approach similar to that of Siciliano and Book [25] is used to design a 

composite control strategy that will stabilize the fast dynamics of the system and 

guarantee minimum phase. In essence this method consists of separating the system 

modes into high and low frequency modes or fast and slow dynamics respectively. 

Each mode is interpreted and controlled as an integral part of the overall system. 

The minimum phase property of the closed-loop system is restricted to the integral 

manifold. Trajectory tracking of the tip-position is achieved by tracking the slow 

dynamic output. The measurements required by this control law are joint angles, 

joint velocities and tip position. Veriflcation of the methodology is done by simula

tion of a two-link flexible manipulator and experimentally on a single-link flexible 

arm. An inverse control strategy is proposed in Khorasani [22, 23] by first defining 

new outputs near the end point of the links that stabilizes the zero dynamics of 

the system. Then the input is defined to achieve stable asymptotic tracking of the 

redefined outputs. This way, an approximate tracking of the desired output (end 
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position) is achieved. The control strategy is designed for a special type of manipu

lators where the main defiection in terms of rotation occur in the same direction as 

the joint rotation. A drawback with the method is that it requires fuU measurement 

of the states and in particular feedback of deflection rates which are not directly 

measurable. The method used in Khorasani et al. [10] consists of linearizing the 

nonlinear equations of motion about an operating point. The linearization is done 

to simplify the design of the control law. Linear systems are easier to handle math

ematically and the area of linear control is better developed than nonlinear control. 

An inner control loop is used for stabilization. This is done by first incorporating 

a feedthrough term to assign the system's transmission zeros at desired locations 

in the complex plane to achieve minimum phase behavior. Then a feedback term 

is used to move the poles of the overall system into the left half plane. An outer 

servo control loop allows for tracking of the desired reference input. As stated ear

lier, the control is limited to good performance in the neighborhood of a specified 

operating point. This obviously confines the application of the manipulator since 

manipulators usually move in wide regions. It is not possible to find a linearized 

model for the whole workspace. If this was the case, the equations of motions would 

in fact be linear. So a way to deal with the problem may be to move the operating 

point with the manipulator and continuously linearize about the current position of 

the manipulator. The control will still be linear but time-varying since factors such 
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as control gains constantly needs to be updated. The authors mentions this as an 

improvement to the current design in their conclusion. 

Sur and Murray [26] use Yoshikawa and Hosada's [28] finite link approach to 

model the dynamics of a flexible manipulator. The actual model used for their 

analysis consist of two links with only the last link being flexible. A singular pertur

bation method is used for the control although their approach differs somewhat from 

the traditional method discussed above [29]. Normally, the perturbation parameters 

used to compensate for the flexibility are inversely proportional to the stiffness of the 

flexible structure. This results in a full system being only a perturbation away from 

the reduced rigid system. Hence, very little flexibility is permissible. Instead, Sur 

and Murray choose their perturbation parameter to be proportional to the square 

root of the mass of the sub-hnks to keep the damping ratio constant. The authors 

claim that this allows for more flexibility. In addition to ordinary position control 

used for tracking an arbitrary reference input in free space, hybrid position/force 

control is implemented. 

2.4 Summary 

The articles above are all seen as important contributions the area of flexible 

manipulator control. However, a general control scheme for flexible manipulators is 

far from achieved. Most of the control strategies in the preceding articles are de

veloped for very restricted manipulator designs (i.e., one-link manipulators) and/or 

motion regimes. The most impressive trajectory tracking results are achieved by 
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Carusone et al. [7], but the control is not in real-time. None of the papers that 

discuss hybrid position/force [18, 20, 26] does this for a two-link manipulator with 

both hnks being flexible. It is believed that Barhorst's [3] models for free-flight, and 

constrained motion are sufficiently accurate and compact for real-time control. The 

impact from free-fiight to constrained motion is accurately modelled by Harihare

san [11]. Although it is seen infeasible to control the impact itself because of the 

rapid occurrence, the overall impact model may be used to minimize the unwanted 

motion such as bouncing. 

This research is geared toward progressing the art and science of flexible manip

ulator control. This will be accomplished by the development of a two flexible link 

manipulator design testbed, and the development of modest control law designs. 
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CHAPTER III 

KINEMATICS 

Kinematics relates actuator positions to cartesian locations of the end-effector in 

space. Forward kinematics specifies the cartesian location based on a set of actuator 

positions, while inverse kinematics specifies actuator positions based on a cartesian 

location. Inverse kinematics is more complicated than forward kinematics as more 

than one solution of actuator position usually exist for a given cartesian location 

but not vice versa. A logical decision making is therefore necessary in order to find 

the best possible solution at a given instance. 

A brief description of the fiexible two-link manipulator will be given first. Then, 

it will be shown how the forward and inverse kinematics is calculated. The final 

section of this chapter will talk about the desired path generation for the manipu

lator. 

3.1 The Two-Link Flexible Robot 

3.1.1 System of Bodies 

Figure 3.1 shows the robot used for this research. The robot consists of six 

bodies connected in a chain from the stationary body out to the fourth rigid body: 

1. Stationary body — The base of the manipulator that is attached to the table 

the manipulator rests on. The first motor is attached to this body. 

2. First rigid body — The rigid body that rotates with the output shaft of the 

first motor (Figure 3.2). 

25 
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3. First elastic body — The fiexible beam that connects the first rigid body to 

the second rigid body (also referred to as the first flexible beam). 

4. Second rigid body — The rigid body that is equipped with the second motor 

(Figure 3.2). 

5. Third rigid body — The body that is attached to the output shaft of the second 

motor (Figure 3.2). 

6. Second elastic body — This is the flexible hnk that connects the third rigid 

body to the fourth rigid body (also referred to as the second flexible beam). 

7. Fourth rigid body — This rigid body is the last body in the system and can 

be thought of as the end-effector of the manipulator (Figure 3.2). 

The manipulator is planar, meaning that there is no vertical movement of any part 

in the system. The two dimensional motion is ensured by the two air-bearings the 

manipulator floats on (Figure 3.2). The air-bearings also minimizes the amount of 

friction between the manipulator and the table. 

3.1.2 Degrees of Freedom 

The coordinate systems used to describe the configuration of the manipulator 

can be seen in Figure 3.3. There are five coordinate frames in the system of bodies. 

The Newtonian frame, M, is attached to the stationary base of the manipulator, 

while four local coordinate frames, Bi through B^, are attached to each of the rigid 

bodies. As mentioned above, all motion occurs in the ni-n2-plane. The generalized 
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coordinates, qi{t) and qi{t), describe the angular position of the output shaft of 

each of the motors. The remaining coordinates, q2{t), q3{t), q^{t) and qe{t)^ serve 

as pseudo-generalized coordinates [3] and describe the tip defiection and rotation of 

the two elastic bodies. These six degrees of freedom are described below in greater 

detail:^ 

1- 9i(0 — Angular displacement of By with respect to M (shaft rotation of the 

first motor). 

2- q2[t) — Linear tip displacement of the first elastic body along 612 measured 

from 611 (tip deflection of the first flexible beam as a result of bending). 

3- 93(0 — Angular displacement of B2 with respect to Bi (tip rotation of the first 

flexible beam as a result of bending). 

4. q^{t) — Angular displacement of ^̂ 3 with respect to B2 (shaft rotation of second 

motor). 

5- Qb{i) — Linear tip displacement of the second elastic body along 632 measured 

from 631 (tip deflection of the second flexible beam as a result of bending). 

6. q^{t) — Angular displacement of ^4 with respect to B^ (tip rotation of the 

second flexible beam as a result of bending). 

The derivatives (velocity) of qi{t) through qQ{t) are given as Si{t) through SQ{t), 

while the double derivatives (acceleration) will be denoted as Si{t) for z = 1,6. 

Chapter IV will discuss how the state variables were measured. 

^All rotations are in radians while all displacements are in meters. 
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3.2 Forward Kinematics 

A schematic of the manipulator can be seen in Figure 3.4.^ The forward kine

matics is readily done by trigonometric relationships, and the cartesian coordinates 

{X{t), Y{t)) corresponding to a specific configuration of the manipulator becomes: 

X{t) = (rxi -h Li) cos{qi{t)) + q2{t) cos (qi{t) + | ) + 

rxsC0s{qi{t)-^q3{t)) + 

{rx4 + L2) cos{qi{t) + q3{t) + qi{t)) + 

q5{t) cos (^qi{t) + q3{t) + 94(0 + ^ + 

rx6C0s(gi(i) -h 93(0 + 94(0 + q6{t)) + 

tooZy cos (^gi(0 + q3{t) + g4(̂ ) + g6(̂ ) + I ) (3.1) 

and 

r ( 0 = {rxi -h Li) sin {qi{t)) + g2(i) sin (^9i(0 + | ) + 

rx3sin(gi(i)4-93(0) + 

(ra;4 + L2) sm{qi{t) -\- q3{t) + ^4(0) + 

95(0 sin (^qi{t) + 93(0 + Qi{t) + f ) + 

ra:6sin(9i(0 + q3{t) + 94(0 + 96(0) + 

tooly sin (^9i(0 -h 93(0 + 94(0 + 96(0 + I ) (3.2) 

^The extra parameters/coordinates is only used for the inverse kinematics anal
ysis and will be discussed in Section 3.3. 
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where X{t) specifies the location of end-effector from Af in the ni-direction, and 

Y{t) specifies the location of end-effector from M in the n2-direction. The forward 

kinematics will be used to determine the initial cartesian position of the manipulator 

based on feedback of the state variables. 

3.3 Inverse Kinematics 

Referring back to Figure 3.4, some intermediate parameters are added to the 

manipulator. All of the intermediate parameters are redundant, in the sense that 

they are given by other coordinates and dimensions of the manipulator, but are 

added to clarify the analysis: 

1. VLi — Virtual link extending from the pivot point of the first motor to the 

pivot point of the second motor. 

2. VL2 — Virtual link extending from the pivot point of the second motor to the 

end-effector location. 

3. Xi — The projection of VLi onto 611. 

4. 2/1 — The projection of VLi onto b^. 

5. X2 — The projection of VL2 onto 631. 

6. ?/2 — The projection of VL2 onto 632. 

7- Qo — The angle from 621 to the extension of VLi . 

8. Qi — The angle from 611 to VLi. 

9. QA — The angle from 631 to VL2. 
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10. 9i{t) — The angle from hi to VL\. 

11. ^2(0 — The angle from the extension of VLi to VL2. 

The analysis is a modified version of the algebraic technique for a two-hnk manip

ulator shown in Craig [9, p. 124]. The virtual links, VLi and VL2, are analogous 

to the rigid hnks in Craig with 6i{t) and ^2(0 ^ Joint angles. The advantage of 

this technique is that a closed form solution is obtained. It must be noted that the 

pseudo-coordinates are known from the state measurements at a given instant, and 

thus are known quantities. The first step is to compute the length of the virtual 

links. For VLi, the length is given by: 

VL, = y/xi^ + 2/i2 (3.3) 

where 

Xi = {rxI-{• Li)-\-rxs cosqs{t) (3.4) 

and 

Vi = 92(0 + '^^3 sin qs{t). (3.5) 

Similarly, the length of VL2 is calculated as follows: 

VL2 = y/x2' + 7/22 (3.6) 

where 

TT, 
X2 = (rxi + Li) -t- rxe cos{qG{t)) -\- tooly cos{qe{t) + - ) (3.7) 

file://-/-rxs
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and 

2/2 = 95(0 ^ rx6sin(96(0) ^ tooly sm{qe{t) -r | ) . (3.8) 

Using a two-argument arctangent routined Qi and Q4 are computed: 

Qi = arctan2(yi,xi) (3.9) 

(54 = arctan2(?/2,2:2)- (3.10) 

Craig shows that the following relationship exist as long as the cartesian location, 

{X{t).Y{t)), is within the reach of the manipulator: 

Since the sum of the squares of sines and cosines of the same angle is unity, the 

following relationship is true: 

sin (^2(0) = ± ^ l - c o s ( ^ 2 ( 0 ) (3-12) 

where the sign of the right hand side corresponds to the "elbow-up" or the ''"elbow-

down" solution discussed by Craig. The decision making discussed in the intro

duction to this chapter is needed to find the best solution. Since it is desired to 

keep the second rigid body in the first quadrant of A/" for solutions close to 712- the 

positive sign is selected. VL2 is now fully constrained/determined and the virtual 

joint angle, ^2(0- n̂ -̂Y be computed. 

(92(0 = arctan2(sin(6'2(0)<cos(^2(0)) (3-13) 

^The function arctan2(t/,a;) computes tan ^ ^^j where the sign of x and y is 

used to determine the quadrant of the angle. 
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Having found ^2(0» a change of variables^ is used to find ^i(0 : 

ei{t) = arctan2(y(0,X(0) - arctan2(A;2.A;i) (3.14) 

where 

ki = VLi 4- yL2Cos(^2(0) (3-15) 

and 

/c2 = KL2Sin(^2(0)- (3-16) 

Finally, the joint angles of the actual manipulator may be extracted: 

qi{t) = ei{t) - Qi (3.17) 

and 

94(0 - ^2(0 - Q4 - Qo (3.18) 

where 

Qo = qz{t)-Qi. (3.19) 

In this work, it will also be necessary to determine the joint velocities, 5i(0 and 

54(0 given the position and velocity, {X{t), y{t)), of the end-effector. This is simply 

done by differentiating Equations 3.17 and 3.18 with respect to time. However, the 

expressions are fairly long because of the trigonometric terms and will be omitted for 

compactness. In addition to being functions of {X{t),Y{t)) and all the terms used 

to find the joint angles, the joint velocities are functions of the pseudo-coordinate 

^See Craig for details. 
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derivatives. As with the pseudo-coordinates, their derivatives are known from state 

measurements. 

3.4 Joint Space versus Cartesian Space 

The "natural" way for a manipulator to move is to use straight line paths in 

joint space. For the two-link fiexible manipulator, cartesian space can be visualized 

as a plot of Y{t) versus X{t) while joint space would be a plot of 94(0 versus 

91(0-^ Because of the revolute nature of the actuators, a straight line between two 

points in cartesian space will not correspond to a straight line in joint space and 

vice versa. If the manipulator is allowed to move in joint space, the trace of the 

end effector will most likely look awkward and undesirable. It is therefore normal 

to use inverse kinematics to force the manipulator to move straight line paths or 

some other geometric path defined in cartesian coordinates. 

3.5 Trajectory Generation 

When moving any kind of manipulator from one location to another, it is 

desired to make the motion as smooth as possible. This is especially important for 

flexible manipulators as jerky actuation will cause unnecessary vibration in the 

flexible members. It is therefore customary to command a trajectory^ where the 

first and second time-derivatives of the actuator positions are continuous functions 

Îf the manipulator was rigid there would be a direct correlation between the 
two spaces, while in this case the beam deflections will influence the joint space. 

^The term "trajectory" is used to describe coordinates and their derivatives as 
functions of time, while "path" denotes the relationship between two coordinates. 
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of time. If the path is commanded in cartesian space, the corresponding joint 

accelerations might be lager than if the path is commanded directly in joint space. 

Even so, if great care is chosen to command smooth trajectories of the end 

effector, the joint accelerations are more likely to be smooth functions of time. 

3.5.1 Two-Point Path 

This section will show the trajectory profiles used between two arbitrary loca

tions within the workspace of the manipulator. The first approach was to use a 

cubic polynomial fit for the position of the end-effector. This results in a continu

ous second order derivative (acceleration). However, the acceleration is not zero at 

the initial and final point. It was therefore decided to design a motion that would 

have the criteria of zero initial and final acceleration. A biased sinusoidal function 

with a period equal to the duration of the motion was tried. After a some trial and 

error, the following functions for position were found to have the exact trajectory 

characteristics desired: 

Ax 
X(t) = Xi-hAx{t- ti) sin(a; {t - ti)) (3.20) 

Y{t) = Yi + Ay{t- ti) - — sin(a; {t - t^)) (3.21) 
UJ 
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where Xi = X{ti), Yi = Y{ti), and ti is the time at the beginning of the motion. 

The coeflacients, Ax and Ay, are calculated based on the initial {i) and final (/) 

conditions. The angular frequency, u; is: 

a; = - ^ (3.22) 
tf — ti 

where tj is the time at the end of the motion. The coefficient of Equation 3.20 is: 

Ax = ^f-^^ (3.23) 
tf — tj 

where Xf is the final position of the manipulator. The coefficients and further impli

cations of Equation 3.21 have been left out of the derivation as similar expressions 

are obtained by replacing x/X with y/Y. By differentiating Equation 3.20 with 

respect to time, velocity, ^"(0, is obtained: 

X{t) = Ax{l - cos{u{t - ti))). (3.24) 

Finally, the acceleration becomes: 

X{t) = UJAX sm{u{t - ti)). (3.25) 

Figure 3.5 shows an example of the trajectories created by the procedure above. The 

plots represent movement of the end-effector from the cartesian location (0.1.2) to 

(0.5.1.5) in a 2-second period. The cartesian path is shown to be a straight line. All 

the time derivatives of the positions are smooth with zero initial and final conditions. 

The transformation through the inverse kinematics have maintained the smooth 
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sinusoidal characteristics of the commanded trajectories to the joint trajectories.^ 

If joint space is used, the same trajectory generation can be used directly on the 

actuator angles. 

3.5.2 Sanding Operation 

In order to simulate a sanding operation, a continuous sinusoidal motion is used: 

X{t) = Xn-hAx sm{uj 0 (3.26) 

Y{t) = Yn-^Ay sin((j 0 (3.27) 

where cu once again is the angular frequency, Xn and Yn are the nominal positions 

and Ax and Ay are the amplitudes of the end-effector oscillation. The equations 

for velocity and acceleration are left out, but it is readily seen that these functions 

will be smooth sinusoidal functions of time as well. There is a jump discontinuity in 

velocity for t = 0 but the path generation in the previous section may be used as an 

initialization path during the first quarter cycle of the Equations 3.26 and 3.27. 

^The joint trajectories do not account for beam deflections which have been set 
to zero. 
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CHAPTER IV 

COMPUTER INTERFACING AND 

MEASUREMENTS 

Real-time control implies that every calculation in the control law is updated 

continuously and fast enough for the conflguration of the manipulator to essentially 

remain unchanged while the calculations are being completed.^ In order for the 

equations of motion to be vahd, all the states must be known. The states include 

the rigid body angles {qi{t), qA{t)), the rigid body velocities (5i(0, 54(0), the flexi

ble beam displacements and angles (^2(0' 93 (0^ 95(0^ 96(0) ^nd the flexible beam 

derivatives (52(0, ss{t), 55(0, -56(0)- Hariharesan [11] calculated ah these states 

based on numerical integration. Numerical integration is suitable for simulation 

purposes but is too slow for real-time control. Measurements are therefore necessary 

to obtain the states. Figure 4.1 shows the devices used to obtain the state measure

ments and their location on the manipulator. This chapter will flrst show how the 

most essential variable, time, was obtained. Finally, the state measurements and 

the associated problems will be discussed. 

^The term "real-time control" is ambiguous since it is impossible to perform 
calculations instantaneously. Depending on the frequency of the system being con
trolled, the speed requirements for real-time control will vary. 

42 
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4.1 Timing 

The C-programming language is used to implement the control of the manipu

lator on a PC computer. A standard clock function {clock()) was initially used to 

get the time. The clockQ function reads the processor time in milliseconds from the 

execution tiU termination of the program. Even though the time is reported in mil

liseconds, the resolution of the clock is approximately 55 milliseconds for most PC 

computers [2]. The program used to control the manipulator has a period between 

20-30 milliseconds so the clock() function is not accurate enough to use as a timing 

source for this application. 

The DaqBook^ data acquisition hardware is equipped with an Am9513 counter 

chip.^ The chip has five counters that can be used independently or in series. Each 

counter is able to count up to 65,635 (16 bits) before it starts over again. One count 

is initiated by the rising or falling edge of an electrical square wave. The source 

of the wave may be external, i.e., a frequency generator, or internal. In this case 

the internal source is a 1 M Hz clock oscillator. This frequency may be divided by 

powers of ten down to 100 Hz if desirable. By choosing a frequency of 1000 Hz, the 

counter will count in milliseconds. In this case a single counter will count for a little 

over a minute before it starts over again. Since it is desired to have the program run 

for longer time periods, two counters will be used in series. To make the interaction 

^See Appendix for specification. 
^Am9513 System Timing Controller is produced by Advanced Micro Devices. 
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between the two counters easy, the first counter is programmed to continuously 

count up to 9,999 before it starts over again. The second counter is programmed 

to count on terminal count of the first counter. So by using two counters, the total 

time is increased to approximately 180 hours. Although a "better" resolution may 

be obtained by selecting a higher frequency, the accuracy of the reported time will 

be affected by the processing time of the computer itself. 

The two counters are initiated in the beginning of the program and allowed to 

run in the background throughout the execution. A simple function is written to 

access the time when needed. 

4.2 Motor Control 

A common way of regulating the speed of DC-motors from computers is to use 

pulse-width modulation (PWM). PWM is an electrical square wave of constant 

frequency where the ratio of high voltages to low voltages during one cycle can be 

varied. The percentage of high voltage during one cycle is termed the duty cycle. 

From the computer, a PWM signal may be generated by using a counter like the 

one used in the previous section. By sending out a high voltage (binary 1) for say 

25 counts and a low voltage (binary 0) for an additional 75 counts a 25% duty 

cycle is obtained. The frequency of the wave will be equal to the frequency the 

clock oscillator chosen divided by the total number of counts in one cycle. The 

frequency of the wave must be fast enough so that the motor will not respond to 

the rapid voltage switching but rather respond to the average voltage of the wave 

-"•' ' • 
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during many cycles. Since bidirectional rotation of the motors is desirable and the 

power given by the digital computer signal is insufficient, an H-bridge is used. The 

H-bridge shifts the signal to oscillate about zero volts and increases the amplitude. 

For a 50% duty cycle from the H-bridge the motor will stand still, while 100% and 

0% correspond to full speed forward and full speed reverse, respectively. 

This technique was initially used to control the motors but a transient response 

in the square wave from the H-bridges caused unwanted oscillation of the motors. 

Commercial servo amplifiers were therefore obtained to control the motors. The 

amplifiers allow for analog inputs from the DaqBook. An analog signal is easier to 

produce with the DaqBook drivers than a PWM from a programmer's point of 

view. Ironically, the servo amplifiers converts the voltage from the DaqBook to a 

PWM as input to an H-bridge before the signal is sent to the motors. It is 

believed that the H-bridges inside the amplifiers are better shielded than the open 

H-bridges initially used so that the transients have been eliminated. 

4.3 State Measurements 

4.3.1 Rigid Body Angles 

The two motors came equipped with optical encoders from the manufacturer. 

The initial approach was to use these encoders to get the position of the output 

shafts, dividing by the respective gear ratios. The problem encountered is that 

both gearboxes have about 3.5° of backlash. It was therefore decided to attach 

encoders directly to the output shafts. Figure 4.2 shows the location of the 
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encoder/disk assembly for the first motor. The new encoders are identical to the 

old ones with 2000 counts per revolution. The circuit diagram used for reading the 

encoders is seen in Figure 4.3. A HCTL-2020 quadrature decoder chip reads two 

electrical square waves, CH A and CH B, from the encoder. CH A and CH B are 

90 degrees out of phase. If CH A leads CH B, the rotation is positive and the 

counter counts up, while CH B leading CH A corresponds to a negative rotation 

an thus a negative count. The decoder value is stored in terms of two bytes, a high 

(most significant) and a low (least significant). A low bit to the pin marked ~0E is 

used to stop the counter and read the output pins DO - D7. Which byte that is 

latched to DO - D7 depends on the value of the bit sent to pin SEL. Setting SEL 

low will latch the high byte while a high bit to the SEL pin latches the low byte. 

The RST pin is used to reset the counter. The two bytes are put together using a 

bitwise shift operation in C. Since the decoder can only hold positive numbers, 

negative angles will count down from the 65,635 (two bytes). Simple logic is added 

in order to check for negative numbers and overlapping cycles.^ 

4.3.2 Rigid Body Velocities 

5i(0 and 54(0 were initially calculated using finite difference of the rigid 

angles, qi{t) and '̂4(0- This works well as long as the top encoders (encoders 

"^Overlapping cycles is not an issue for the encoders connected to the output 
shafts, only for the encoders connected to the motors because of the large gear 
ratios. 



attached to the motors) are used to get the the rigid body angles. The top 

encoders measures 312,000 and 472,000 ^ counts per revolution of the output 

shafts for the first and second motor, respectively. Being dependent on the angles. 

qi{t) and g4(0> the backlash affected the calculated speeds as well. The new 

encoders on the bottom solved the backlash problem, however, only 2000 counts 

per revolution were detected by the encoders. This resolution was too small for 

finite difference approximation as the speeds clearly fell into quantization regions 

corresponding to whether the angles had changed by; zero, one, two. etc., counts 

since the last decoder reading. Finally, small DC motors were added to the 

manipulator to serve as tachometers. Figure 4.2 shows the placement of the 

tachometer rotating with the first motor. A gear attached to the output shaft of 

the driving motor drives the pinion connected to the tachometer. This seemed to 

work well initially as the backlash between the gear and pinion is negligible. It 

was later found that the tachometers are positioned too close to the driving 

motors as the electric field from the motors induces an emf in the tachometers. 

The problem is worse for the second tachometer, as the distance there is smaller. 

The high electric field in the motors is caused by the high frequency switching of 

the H-bridges located inside the amplifiers driving the motors. For the second 

tachometer most of the noise is filtered by connecting a capacitor across the 

^These numbers correspond to the 2000 counts per revolution from the encoders 
multiplied by the respective gear ratios. 
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terminals. The same type of filter has no affect on the first tachometer. However 

since the noise already is less to begin with, filtering is not as critical for the first 

tachometer. The analog signal produced by the tachometers is recorded via the 

analog input port of the DaqBook. 

4.3.3 Flexible Beam Displacements and Angles 

Referring back to Figure 4.1, each flexible beam is equipped with two strain 

gages. The strain gages on the first beam are located at LSi = l/4Li and LS2 = 

3/4Li (Figure 4.4). Similarly, the strain gages on the second beam are at LS3 = 

I/4L2 and LS4, = 3/4L2. The Hermite shape functions are used to describe the 

shape of the beams: 

1̂2(̂ 11,0 = I ^ 3 + ~T^) 2̂̂  ^ ^ 1 T ^ ~ T T j 

U32{x3i,t) = ( ^ 3 + ~JP^] ^5(0 + i Y ^ - -J^j 96(0- (4.2) 

Equation 4.1 describe the transverse displacement of some intermediate frame, J , 

a distance, Xn, away from from Bi along 611. Equation 4.2 is the analog to Equa

tion 4.1 for the second beam as shown in Figure 4.5 where j = I correspond to the 
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first beam and j = 3 correspond to the second beam. Form Euler-Bernoulli beam 

theory the strain, e,^, at some intermediate frame. J , is given by: 

_ 1. d^lLj2{Xji,t) 
2 dxrji' 

e. = ie""i^^"f'^^ (4.3) 

where c is the thickness of the beam, and the subscripts j , k have the same im

plication as above. Using the locations of the strain gages along each beam and 

performing the differentiation of Equation 4.3, one equation per strain gage is ob

tained. 

e, = ± c ( ^ : i ^ + ^ ^ ^ ) (4.5) 1 / - 3 92(0 , 5^3(0 
2 V V 2Li 

^ 1 ^3^5(0 96(0 ^ (,.s 

1 / - 3 95(0 , 5^6(0 
2 ' ' l L.2 "̂  2L, 

,^ = tc{z:^^^:^^] (4.7) 

ei and €2 correspond to the strains at the first and second gage on the first beam 

while 63 and €4 correspond to the strains at the gages on the second beam. Treating 

the strains as known variables from the measurement of the strain gages, there are 

two sets of equations with two unknowns that can be solved yielding: 

L ^ 
92(0 = -r-(5ei + e2) (4.8) 

DC 

93(0 = —(^1 + 62) (4.9) 

^The sign of the strain is dependent on which side of the beam the strain is 
measured. For our configuration of the strain gages, the sign of Equation 4.3 is 
correct. 
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L,2 
95(0 = ^ ( 5 63 + 64) (4.10) 

DC 

96(0 = —(63 + 64). (4.11) 

The strain measurements are read through the WaveBook.''' 

4.3.4 Flexible Beam Derivatives 

The derivatives of the pseudo coordinates are clearly the most troublesome to 

measure directly. Four capacitive accelerometers (Figure 4.1), are located along 

manipulator to obtain these states. The first and third accelerometer are glued 

to the middle of each fiexible beam.^ The second accelerometer is attached to 

the second rigid body while the fourth accelerometer is attached to the fourth 

rigid body. Unlike the smaller type of accelerometer, piezoelectric accelerometers, 

capacitive accelerometers do not have a lower frequency limit. Since the motion 

of the manipulator might undergo very slow transients of acceleration, this type of 

accelerometer is necessary. Since 52(0^ -53(0? -55(0 ^^^ ^eii) are forms of velocity, 

it is necessary to integrate the signal coming from the accelerometer to obtain the 

same order of time dependency. It will be explained below how the integration was 

^See Appendix for specification 
^Two nuts are used in between the beam and accelerometer so that the point of 

contact is minimized. This allows the bending of the beam to proceed unhindered 
by the size of the accelerometer. 
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performed. Assuming velocity is obtainable from the measurements, we desire to 

develop four position vectors to be used in the velocity calculation: 

^rfA, ^ ^^^^ ^ LAi)bn + Ui2{LAi.t)bu (4.12) 

^f^2 ^ (̂ ^^ ^ ^ j ^ ^ ^ ^ 92(0^12 + rx3A2b2i + ry3A2b22 (4.13) 

^f^3 = {rxi -f Li)6ii -h 92(0^12 + rxzb2i + {rx^ + ^>l3)^3i + ^22(^^3,0^32 (4.14) 

^f^4 ^ ( r x i + Li)6ii +92(0^12+ rx362i + (rx4 +1.2)631+95(0^32 + 

rx6A464i + ry6A4b42 (4.15) 

where ^ f ^ i is the position of the first accelerometer {Ai) with respect to the New

tonian frame, Af. The position of the second accelerometer (̂ 12) with respect to M 

is -^r ̂ 2 ̂  ĝ Q 'pjjg speeds at the four accelerometer positions are then: 

VM = —^-an = '^v^'-an (4.16) 

VA, = — ^ • 622 = ^v^' • 622 (4.17) 

(iJ^fAz 

VM = —jf- • ^32 = ^V^' • ^32 (4.18) 

(iMjfAA, ^ 

VA, = — ^ • h2 = ^v^' • 642 (4.19) 

where au is the unit vector of an intermediate frame (Figure 4.5) normal to the 

axis of the first flexible beam at the flrst accelerometer and 042 is the unit vector of 

an intermediate frame normal to the axis of the second flexible beam at the third 

accelerometer. Assuming all the variables in the previous sections have already 
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been found. Equations 4.16 through 4.19 only have 52(0, •53(0. ^5(0 and 56(0 

as unknowns. Although the actual expressions for these variables are left out for 

compactness, they are solved for symbolically using Mathematica.^ 

As mentioned above, the signal/value from the accelerometers has to be 

integrated in order to get velocities. The initial approach was to perform the 

integration in software. High frequency noise in the accelerometers is present to 

the extent where this approach will not work unless some type of filtering is 

performed. A digital filter will not work because of the "slow" sampling rate of 

the program. It was decided to perform the integration externally with the use of 

an integrator circuit (Figure 4.6). An integrator circuit acts much like a low-pass 

filter so the velocity output is much cleaner than that of the acceleration. The 

reason why this was not done to begin with is that the accelerometers have a bias 

voltage at zero acceleration. This bias voltage will have to be tuned to zero in 

order to use the integrator circuit or else the bias will be integrated along with the 

signal. Figure 4.7 shows the circuit diagram used to tune the voltage. By 

adjusting the potentiometer (P), the output voltage to the integrator can be 

tuned to zero volts. It was later seen that there actually is a slow drift in the 

signal from the accelerometers. The drift is random and very difficult to take into 

account. It is enough drift to where the integrator will build up relatively fast 

^Mathematica is a computer software, made by Wolfram Research, Inc., used for 
doing mathematics. 
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when the manipulator is motionless. Besides from making the velocity reading 

incorrect, it will saturate the analog input port on the WaveBook. The reset 

circuitry seen in Figure 4.6 was added to the integrator to eliminate the saturation 

issue. By resetting the integrator from the computer at even intervals and using 

the last reading before reset as initial conditions for the readings to come, the 

integrator operates at low output voltages. The drift is still present and it is 

uncertain exactly what causes the drift. 

4.4 Contact Switch 

If the end-effector makes contact with the wall the equations of motion for free-

flight are no longer valid. In order to switch to the right model, the contact must be 

detected. This is simply done by applying a small voltage to the end-effector while 

connecting the wall to ground (Figure 4.8). If contact is made, the voltage of the 

end-effector gets grounded. Thus the voltage of the end-effector acts like a bit that 

is high as long as the manipulator is in free-flight and goes low if the manipulator 

touches the wall. The bit is read in through the DaqBook. 

Figure 4.9 shows a flow chart of the the mechatronic equipment discussed in the 

preceding sections. 
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Figure 4.1: Measurement Devices 
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Figure 4.2: New Encoder/Tachometer Assembly 
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Figure 4.3: Quadrature Decoder Circuit 



Figure 4.4: Dimensions 



58 

bo+1)1 

Uj2 (Xji ,t) 

fii. 
>«j1 

Figure 4.5: Assumed Shape Function 
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Figure 4.6: Integrator Circuit 
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Accelerometer 
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R1=R2=R3=15k^ 
R4=14kfl 
R5=R6=1 kD 
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AON = Analog voltage proportional to negative acceleration 
(At zero acceleration, AOP and AON are nominally equal to 2.5 V) 

The circuit diagram is obtained from Silicon Designs, Inc. 
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Figure 4.7: Voltage Tuner 
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Figure 4.7: Voltage Tuner 
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Figure 4.8: Constrained Motion Sensor 
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CHAPTER \̂  

CONTROL LAWS AND MECHATRONIC 

VERIFICATION 

The proposed control law is developed based on earher work by Hariharesan [11]. 

The equations of motion obtained by Hariharesan were specifically designed and 

verified for the two-link flexible robot seen in Figure 3.1. The proposed control 

law for free-flight will be discussed first while a proportional control law used for 

demonstrating the some simple applications will be shown in the final sections of 

the chapter. 

5.1 Proposed Control Law for The Free-Flight Regime 

5.1.1 Equations of Motion for The Free-Flight Regime 

Hariharesan [11] used d'Alembert's principle to develop the equations of motion. 

The study resulted in twelve first order differential equations governing the free flight 

regime. In matrix form, the first six equations have the foUowing form: 

In --• I 16 si{t) 1 'rhsi ' 

> = < (5.1) 

.IQI --• IQQ] {SQ{t) J KrhsQ, 

where /^ {i,j = 1.2, ...6) are the coefficients of the generahzed inertia matrix and 

Sj the acceleration vector. The right hand side vector, rhsj. is the gyroscopic terms. 

The motor torques and thus the apphed motor voltages are embedded in rhsj. In 

order to control the manipulator it is necessary to have access to the coefficients 

63 
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multiplying the voltages. The following equation is a recast of Equation 5.1 where 

the motor voltages have been partitioned out. 

/ i i 16 

L/61 '66 

< 

' i l ( t ) ^ 

. se{t) > 

> = i 

'Fr 

. -^6 > 

> + 

Gn G 12 

. GQ\ G| 61 ^ 6 2 

E2 

(5.2) 

El and E2 are the voltages applied to the first and second motor respectively, 

Gjk{j = 1,2,... 6, fc = 1,2) are the corresponding coefficients of Ei and E2 in rhSj 

and Fj is the remainder of rhSj in Equation 5.1. 

The last six differential equations are simple kinematic equations of the form 

Qt = Si 

-1 • 

• 

.0 • 

• 0-

• 

• 1. 

< 

^Qiit)' 

^ Qeit) > 

> = < 

'Si{t)^ 

'-. > 

. S6{t) > 

(5.3) 

where the matrix on the left hand side is the identity matrix of order 6. 

5.1.2 Convention 

It was necessary to split the coordinates into two groups, rigid and elastic. The 

rigid group will include qi{t), q4{t) and their first- and second-order derivatives. 

The elastic group will consist of the rest of the coordinates (pseudo-generalized 

coordinates) and their respective derivatives. The subscript "r" is chosen to imply 

rigid variables, while the subscript "e" will point to the elastic variables. If no 

subscript is shown, both groups are included. This is done in order to show a 

concise matrix/vector notation in the following sections. Further, a vector of only 
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positions will be denoted as {g}, a vector of only velocities wih be denoted as {s} 

and a vector of only accelerations will be denoted as {s}. A vector of positions and 

velocities will be shown as {sq}.'^ That is, the rigid position and velocity vector is 

(si{t)) 

{sqr}= < 
SA{t) 

Qi{t) 

(5.4) 

Finally, any matrices (inertia and gain) or vectors multiplying the state variables 

may also be given the same subscripts. Although since the matrices are two di

mensional, each sub matrix require two subscripts. Combining and rearranging 

Equations 5.2 and 5.3, the full system may be described as: 
(2x2) (2x2) (2x4) (2x4) 

jT-r U -'re U ij-ir 

(2x2) (2x2) (2x4) (2x4) 

0 [/ 0 0 
(4x2) (4x2) (4x4) (4x4) 

I.r 0 lee 0 'er 

(2x4) (4x2) (4x4) (4x4) 
L 0 0 0 U ] 

(4X1) 

sqr 

(8X1) 

sqe 

= < 

(2x1) 

r Fr j 
(2x1) 

Sr 

(4x1) 
Fe 

(4x1) 
k SQ J 

> + 

(2x2) 

Grr 

(2x2) 

0 
(4x2) 

Gee 

(4x2) 

. 0 . 

El 

E2 

(5.5) 

where the dimensions of each sub matrix or vector is given in the parenthesis above. 

The U matrices are identity matrices and the 0 denote zero matrices. The inertia 

matrices; /rr, Ire, hr, he, the vectors; Fr and Fe and the voltage coefficients; Grr 

and Gee ah consist of terms from Equation 5.2. For example, 

in hz ho he 
[Ire] = 

'42 J43 -'45 -'46 

(5.6) 

^Note the order of the two letters "5" and ''g", which means that velocity will 
be given before position. 
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and 

[Grr] = 
Gn G 12 

(5.7) 
^ 4 1 G^42_ 

where lij, Gjk are those of Equation 5.2 and i, j , k have the same interpretation. 

5.1.3 Control Strategy 

First, we apply a feedback linearization for the overall motion. Then we will 

try to control the overall motion while rejecting the vibrational motion. The upper 

partition of Equation 5.5 gives: 

IhrKSr} + lhe]{Se} = {Fr} + [GrrRE} (5.8) 

and 

{qr}= {Sr} (5.9) 

where {E} is a vector containing the two motor voltages, Ei and E2. Performing 

the same type of partitioning on the lower part of Equation 5.5 results in: 

[/erl{ir} + {leeKSe} = {Fe} + [GeeRE} (5.10) 

and 

{qe} = {Se} (5.11) 

Solving Equation 5.10 for {se} gives: 

{Se} = lleeraFe} - [Ier]{Sr} + lGee]{E}). (5.12) 



• -

67 

Using Equation 5.12 in Equation 5.8 and factoring out {sr} and {E} gives: 

{[hr] - [he][her%r]){Sr} = 

{Fr} - [he]lhe]-'{Fe} + {[Grr] " lhe]lhe]-'lGee]){E}. ( 5 . 1 3 ) 

Letting, 

W = ([Irr] - llre]llee]-'[ler]) (5.14) 

and 

[Gr] = {[Grr]-[Ire]lherlGee]), (5.15) 

Equation 5.13 is solved for {sr}: 

-l\T i r r 1-1 l - l j {^r} = [ / r l - ' { ^ r } - [Ir]-Vre][Ieer{Fe} + [Ir]-'lGr]{E} (5.16) 

Now we feedback linearize and leave control for tracking {sqr} while attempting to 

reject {sqe}: 

- 1 
[E} = [Gr\'\-{Fr} -I- l / , J [ / e e l - ' { ^ . } + [ / r l{£ : r} ) . (5.17) 

Using this in Equation 5.16 gives 

{Sr} = {Er}. (5.18) 

Combining Equations 5.9 and 5.18 gives: 

Sr 

(jr 

0 0 

U 0 

Sr] [U 
+ ){Er} 

qr\ 0 
(5.19) 
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or 

{sqr} = [Ar]{sqr} + {Br}{Er}. (5.20) 

This is a controllable system, so we will place the poles using state feedback. 

Continuous feedback of the flexible terms (pseudo-coordinates) is used to 

dampen the vibrations in the flexible beams. A gain matrix is designed to multiply 

the flexible terms, and form the voltage vector: 

{Ee} =-[Ke]{sq,} (5.21) 

where 

[Ke] = . (5.22) 

The individual gains are simply picked, studying the performance of the manipulator 

in simulation. The next step is to use the error in the rigid terms to correct for 

the position of the manipulator. Unlike the flexible terms which are impossible to 

correct directly, the rigid terms are correlated to the applied motor voltages. For 

each instant of time, there will be desired vector, {sqr}des, for the rigid terms based 

on the path generation explained in Chapter FV. The voltage accounting for the 

tracking error^ is: 

{£•,} = [Kr] {{sq,}^, - {sqA) - {E,} (5.23) 

^Where the {£"6}-vector has been included only so that it will carry on to the 
next step of the control law. 



69 

where 

Krii ' • - Kru 
{Kr] = (5.24) 

i^r21 ••• -^r24 

and [Kr] is chosen by the pole placement discussed above. The main criteria for the 

pole placement is to choose a critical damped response while avoiding the poles of 

the system. Finally, the voltages including the dynamics of the system that will be 

applied to the motors becomes: 

{E} = [Gr]-' ( - { F J + [he]lIee]-'{Fe} + lIr]{Er}) • ( 5 . 25 ) 

A schematic of the control law can be seen in Figure 5.1. 

5.1.4 Step Response 

In order to show the idea behind the proposed control law, tYie law wiW be applied 

to a step response of the manipulator. The step is done on angle qi{t) which has 

an initial angle of 85° and is driven to 60° while q4{t) is kept steady at 0°. The 

two poles of [Kr] are placed on the real negative real axis {s = —4)̂  to make the 

response critically damped. Figure 5.2 shows the response of qi{t), where the curves 

are as follows: 

1. No feedback linearization (NFBL) — Feedback linearization is not used (simu

lated response). The last step of the control law is omitted so that the control 

becomes strictly proportional {{E} = {Er}). 

^Here "5" is used to denote the s-plane, also known as the complex-frequency 
plane. 
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2. Feedback hnearization (FBL) — Feedback linearization is used (simulated re

sponse). 

3. Feedback linearization w/ Ke (FBLK) — Feedback linearization is used (sim

ulated response). Unlike the two curves above, where the flexible gains, [Ke], 

were set to zero, the gains are selected to dampen the vibration. 

4. Testbed (TB) — Analogous to NFBL where the testbed is used to create the 

response. 

It is readily seen from Figure 5.2 that the overshoot shown by NFBL is eliminated 

with the use of FBL. The setthng time is also greatly improved. Although no in

tended motion was applied the second motor, the dynamics of the system causes 

a secondary response in q4{t). Figure 5.3 shows the corresponding curves for q4{t). 

Here too, it is seen that FBL quickly brings the angle back to its desired position 

while NFLB shows a much slower underdamped response. However, since the feed

back linearization only acts on the rigid body angles, the flexibility of the system is 

actually exited more by the use of FBL than NFBL. This is illustrated in Figure 5.4 

where q3{t) is chosen'* to demonstrate the oscillatory motion of the flexible beams. 

Whereas NFBL shows a shghtly damped response, FBL shows no sign of damping. 

The job now is to pick flexible gains [Kg] for the control that utilize feedback hn

earization to find a compromise between joint response and fiexible beam response. 

'*The angle, 93(t). has the greatest response of the fiexible coordinates while any 
of the flexible coordinates could have been selected for this purpose. 
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As stated above, we have not developed a procedure on how to do this, the gains 

are simply chosen by trial and error in simulation trying to counter the bending 

by adjusting the motor torques. The curve FBLK shows a response where [Ke] is 

included. Bear in mind that these gains are by no means optimal but only picked for 

the purpose of demonstrating the control ideas. Referring back to Figure 5.2, FBLK 

starts out along FBL but cuts over to NFBL at approximately t = I s. and follows 

NFBL from t = 2 s and on. So the overshoot and settling time has not improved 

according to qi{t). In Figure 5.3 FBLK does not do a good job of bringing q4{t) 

back to its desired position in a critical damped fashion. The only improvement 

noted by this speciflc FBLK is the response in 93(i). Although not noticeably much 

better than NFBL, FBLK does do a better job damping the beam vibrations than 

FBL. Overall, the [Ke] chosen is not satisfactory and more tuning needs to be done 

in order to flnd a better compromise. The last curve shown, TS, is shown as a 

comparison of the real response of the robot. It does not use feedback linearization 

for reasons discussed in the next section. Lastly, it must be emphasized that since 

these curves are from a step response, no path generation was used which would 

have dampened the overall motion. 

5.2 Proportional Control Law 

Because of the difficulties associated with obtaining the deflection rates of the 

flexible beams, the above control law was not used for the testbed. Rather a simple 

proportional control law was implemented. This objective of this section is not 
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to optimize the control based on the states that are obtainable, but to show that 

the mechatronic part of this system works. The same generic setup is used for the 

proportional control law but all the flexible gains [Ke] are set to zero. Also, instead 

of using Equation 5.25 for the voltages applied to the motors. Equation 5.23 is used, 

that is 

{E} = [Er}. (5.26) 

The reason for this is that the inertia terms in Equation 5.25 are invalid unless the 

deflection rates are known. Since the control law is no longer model based, the gains 

obtained from the pole placement will no longer be used. The following uncoupled 

[/Cr]-matrix is used for the proportional control: 

Krn 0 Kris 0 

0 -̂ r22 0 ^r24 

where Krn, Kris are angular velocity gains used for damping and J^r22, -̂ r24 are 

angular position gains used for tracking. The numerical values chosen are: 

-^rll = -̂ r22 = 5.0 

and 

Krl3 = Fir2A = 20.0. 

No desired motor velocities will be prescribed, as these are dependent on 

measurement of deflection rates. 

[Kr\ = (5.27) 
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5.2.1 Straight Line Path 

Using the simple control law. the manipulator was commanded to follow a 

straight line from the cartesian coordinates (-0.04043,1.66219) to (0.3,1.5) in 4 

seconds. The initial coordinates correspond to qi{0) = 90° and 54(0) = 0° where 

the manipulator is aligned with the wall. This explains the seemingly strange ini

tial conditions as Xi is the value of the dimension tooly in Figure 4.4 and Yi is the 

total length of the manipulator. The path followed by the end-effector^ is shown in 

Figure 5.5. It is seen that the line is far from straight because of the oscillations in 

the flexible beams. The trajectories of qi{t) and q4{t) are seen in Figure 5.6. Also 

shown are the desired trajectories, qi{t)(ies and q4{t)des- The lag in the tracking is 

most likely caused by the arbitrarily chosen [Kr] of the system. No consideration 

has been put into placing the poles of the system. Also shown in Figure 5.6 are the 

flexible coordinates of the system to give an idea of the flexibility. Note how the 

inverse kinematics uses the flexible coordinates to correct the desired angles in order 

to follow the straight line. It is clearly seen that that Qi(i)des and q4{t)de3 oppose 

the net motion of the flexible coordinates. The correction of the desired angles is 

necessary in order to track a desired path. Finally, Figure 5.7 shows the plot of the 

first motor velocity. The switching from the H-bridges discussed in Section 4.3.2 

causes the spikes in Si{t). However, the overall motion seems to follow expected 

*The path is calculated by forward kinematics. 
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CHAPTER VI 

SUMMARY AND FUTURE DIRECTIONS 

6.1 Summary 

The work presented in this thesis has successfully accomplished the full kinematic 

analysis that is stated as the first point the objectives. The forward kinematics 

analysis has been shown. A compact closed form inverse dynamics methodology 

that is well suited for real-time control has been developed. The path generation 

uses a smooth acceleration trajectories that maintain their characteristics through 

the inverse kinematics. 

With the equipment available, the mechatronics of the system has successfully 

been incorporated. The method used for keeping track of time by the use of a counter 

chip has overcome the resolution issue of the PC processor. This method has also 

been passed on to others in the field of real-time applications.^ The backlash in 

the gearboxes was eliminated by changing the locations of the encoders and adding 

tachometers. A digital approach of sensing contact between the end-effector and 

wall has been shown to perform well. Although the approach taken for finding 

the defiection rates might be inappropriate, the drift in the accelerometers is not 

necessarily a shortcoming in mechatronic design on our part. Except for faulty 

design of the accelerometers no reasonable explanation is found for the drift being 

present while the manipulator is motionless. As the manipulator moves, a slight 

^A graduate student in the Department of Computer Science here at TTU re
quested the knowledge. 
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twist along the axis of the beams might cause gravity to affect the accelerometer 

reading. It is noted that Khorasani [22, 23] mentions feedback of deflection rates 

as a drawback to one of his models. Although the deflections alone are found 

directly by the use of strain gages, it is inappropriate to use finite difference on 

these measurements because of the noise in the analog signals. 

A control law for the free-fiight regime based on the non-linear high fidelity dy

namic model has been proposed. The basic idea behind the control law is shown for 

a step response of the manipulator. Because of the measurement problem mentioned 

above, only a modified proportional control law is implemented in both simulation 

and experiment. 

6.2 Future Directions 

The research presented in thesis might be in extended the following ways: 

1. Develop an alternative way of measuring/calculate the beam deflection rates. 

One approach suggested is to omit the integration procedure and use the ac

celerometer reading directly in a non-linear set of equations. By making use 

of the state equations, the non-linear equations can be solved for S2{t), Ss{t), 

55(t) and se{t). 

2. Develop a methodology for assigning the flexible gain matrix, [Ke] used in the 

proposed control law. 

3. Include the contact region in a control law that is based on the dynamic model 

of the system. 
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APPENDDC A 

NOMENCLATURE 

Ax: amplitude of sinusoidal function along X, m; m/s. 

Ay: amplitude of sinusoidal function along Y, m; m/s. 

A, 

bij: unit vector of the i^^ rigid body with principal direction j . 

B): coordinate frame of i^^ rigid body. 

{E}: vector of motor voltages. 

{F}: vector of gyroscopic terms found in the equations of motion. 

[G]: matrix of voltage coefficients. 

[/]: inertia matrix. 

ki. intermediate variables {i=l,2) used in the inverse kinematics analysis, m. 

fii: unit vector of the Newtonian frame with principal direction i. 

TV: Newtonian frame. 

qi. generalized coordinate i, m; rad. 

Qi. intermediate angles (z=0,l,4) used in the inverse kinematics analysis, rad. 

J^fAi. vector from the origin of the Newtonian frame out to accelerometer Ai, m. 

5 :̂ first time derivative of generahzed coordinate i, m/s; rad/s. 

5 :̂ second time derivative of generalized coordinate i, m/s^; rad/s^. 

t: time, s. 

iiij: displacement variable used to describe the shape of the i^^ flexible beam in the 

j principal direction, m. 
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VA,: speed of accelerometer Ai in direction of acceleration sensor, m/s. 

^v"^': velocity of accelerometer Ai w.r.t. the Newtonian frame, m/s. 

VLi: virtual link i, m. 

Xi: flrst component of virtual link z, m. 

X: first cartesian coordinate of end-effector along the first principal direction of the 

Newtonian frame, m. 

X: first time derivative of the first cartesian coordinate describing the location of 

the end-effector, m/s. 

X: second time derivative of the first cartesian coordinate describing the location 

of the end-effector, m/s^. 

yi: second component of virtual link i, m. 

Y: second cartesian coordinate of end-effector along the second principal direction 

of the Newtonian frame, m. 

Y: first time derivative of the second cartesian coordinate describing the location 

of the end-effector, m/s. 

Y: second time derivative of the second cartesian coordinate describing the location 

of the end-effector, m/s^. 

Greek Letters 

e,: strain at strain gage i, m/m. 

9i: angle of virtual link z, rad. 

u: angular frequency, rad/s. 
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Subscripts 

e: variable is associated with the elastic coordinates (pseudo coordinates). 

/ : final condition. 

i: general parameter designation; initial condition. 

j : general parameter designation. 

k: general parameter designation. 

n: nominal condition. 

r: variable is associated with the rigid coordinates. 

Superscripts 

: unit vector. 

" : vector. 

" : active low designation (digital logic). 

~: field variable. 

' : first time derivative. 

•: second time derivative. 



APPENDIX B 

COMPUTER PROGRAM 

#include <stdio.h> 
#include <conio.h> 
#include <math.h> 
#include <stdlib.h> 
#include <windows.h> 
#include "sanding.h" 

#define Motl o 
#define Mot2 i 
double Volt_to_Dig = 2048.0/5.0;/ /dig/V 

double ql=0.0,q2=0.0,q3=0.0,q4=0.0,q5=0.0,q6=0.0; 
double sl=0.0,s2=0.0,s3=0.0,s4=0.0,s5=0.0,s6=0.0; 
double Sld=0.0,s2d=0.0,s3d=0.0,s4d=0.0,s5d=0.0,s6d=0.0; 
double ql_des,q4_des,sl_des,s4_des; 
double s t r_off[4] ; 
double Jeql ,Jeq2; 
double Ceql,Ceq2; 
double t o ; 
double t ; 

void main(void) 
{ 
double Xpath,Ypath,Xpathd,Ypathd; 

double Xpos,Ypos,Xposd,Yposd,Xosc,Yosc; 

double Xinit,Yinit; 

double ql_pos,q4_pos,ql_osc,q4_osc; 

int stop,intres,mode,space; 

int Pl,P2,cyclel,cycle2; 

signed int Qlact,Q4act,Qlactl,Q4actl,Qlinit,Q4init; 

signed int duiiiinyQl,dunimyQ4; 

int contFlag,ii; 

double VEL[4]={0.0.0.0,0.0,0.0}, ST[4]={0.0,0.0,0.0,0.0}; 

double ACC[4]={0.0,0.0,0.0,0.0}; 
double ve ls lope[4] ; 
double imat[6] [6] , F[6] , Er[2] , Rhs[6]; 
double t s=3.0 ; 
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double Ec[2] ,ErP[2]; 
//Getting properties 
properties(); 

//Initialize DaqBook and WaveBook 
daqinitO ; 
waveinitO ; 

//********j|c***********j)cj|t5tc:tt:)t:jc*j)c****** * * * * * * * * * * * * * * * * * * * * * * / / 

//Opening output files 
0utput=fopen("sanding.out","w"); 
0utput2=fopen("sanding2.out","w"); 

/ / * * * * * * * * * * * * * * * * * * * * * * * * : j t : ^ : ) t ^ , ( t j , t * * * * * * * * * * * * * * * * * * * * * * * * * * / / 

//Assigning initial position(both links straight along the wall) 
Qlinit=500;//90 degrees lower decoder 
Q4init=0; 
//Reading encoders to get exact positions 
readQdec(&Qlact,&Q4act); 
//Adding initial assignments to encoder readings 
Qlact=Qlact+Qlinit 
Q4act=Q4act+Q4init 
ql=Qlact*2.0*PI/Cl 
q4=Q4act*2.0*PI/C2: 
//Using forward kinematics to find the initial position of 
//the end-effector 
forkin(&Xinit,&Yinit,ql,q4); 
printfC initial X=7.finitial Y=7,f\n" ,Xinit,Yinit); 
//Initialize motors to stand still 
motor(Mot1,2048); 
motor(Mot2,2048); 
//Enable amplifier 
ampenO ; 
printf ("Qlinitial=7.d\n",Qlact); 
printf ("Q4initial=7,d\n" ,Q4act); 

printf("Enter mode:rigid=l,flexible=2,exit=3\n"); 
scanf ("7.d",&mode); 
if (mode==3) 

{ 
printf("The program has been terminated"); 
disampO ; 
integrated); 



95 

stopwaveO; 
stopdaqO ; 
fclose(Output); 
exit(l); 

} 
printf("Enter spacemode:joint=l,cartesian=2\n"); 
scanf ("7.d",&space); 
if (space==l) 
{ 
printf("Enter final position in degrees (ql then q4):\n"); 
printf("ql:"); 
scanf ("7.1f",&ql_pos); 
ql_pos=ql_pos*PI/180.0; 
printf("\nq4:"); 
scanf ("7.1f",&q4_pos); 
q4_pos=q4_pos*PI/180.0; 
printf("Oscilation angle in ql:"); 
scanf ("7.1f",&ql_osc); 
ql_osc=ql_osc*PI/180.0; 
printf("Oscilation angle in q4:"); 
scanf ("7.1f",&q4_osc); 
q4_osc=q4_osc*PI/180.0; 
forkin(&Xpos,&Ypos,ql_pos,q4_pos); 
//calc. coefficients for a smooth path(in joint space) 
point_coef2(ql,ql_pos,q4,q4_pos,ts); 

} 
else if(space==2) 

{ 

printf("Enter final position in meters (x then y):\n"); 
printf("X-position:"); 
scanf ("7,lf".&Xpos); 
printf("\nY-position:"); 
scanf ("7.1f",&Ypos); 
printf("Oscillation distance in x:"); 
scanf ("7.1f",&Xosc); 
printf("Oscillation distance in y:"); 
scanf ("7.1f",&Yosc); 
invkin(Xpos,Ypos,Xposd,Yposd); 
//calc. coefficients for a straight line path 
point_coef2(Xinit,Xpos,Yinit,Ypos,ts); 

file:///nY-posit
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if (sqrt(pow(Xpos,2)+pow(Ypos,2)) > 1.6632) 
{ 

printf("Point is not reachable\n"); 

disampO ; 
} 
if ((Xpos<-0.2)||(Ypos<0.0)|I(Xpos>l.10)) 
{ 
printf("Point is off the table\n"); 

disampO; 

} 

if ((ql_des<0.0)11(ql_des>PI/2.0)) 
{ 
printf("First arm is off the tableXn"); 
disampO; 
} 
//Assigning a dummy variable used for overlapping cycles 
duininyQl=Qlact-Qlinit; 
cyclel=0; 
dummyQ4=Q4act-Q4init; 
cycle2=0; 
printf("Turn on Main Power.To stop iteration press any key\n"); 
_getch(); 
to=DaqClock(); 
//Control cycle starts here 
while (l.kbhitO) 
{ 
t=DaqClock()-to;//reading time 
//Finding states 
readQdec(&Qlactl,&Q4actl); 
cyclel=rev(Qlactl,dummyQl,cyclel); 
cycle2=rev(Q4actl,dummyQ4,cycle2); 
Qlact=Qlactl+cyclel*65535+Qlinit; 
Q4act=Q4act l+cycle2*65535-i-Q4init; 
dummyQl=Qlactl; 
dummyQ4=Q4actl; 

ql=Qlact*2.0*PI/Cl; 
q4=Q4act*2.0*PI/C2; 
SlS4read(&sl,&s4); 
if(mode==2)//flexible 
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{ 
strain(ST); 

(32Q3Q5Q6calc (ST, &q2, &q3, &q5, &q6); 
accel(VEL); 

S2S3S5S6calc(VEL,&s2,&s3,&s5,&s6); 
} 
//Checking for contact 
contFlag=contact(); 

if ((DaqClock()-to)<ts)//two point path 
{ 
if (space==l)//Joint space 
{ 
point_path2(&ql_des,&q4_des,&sl_des,&s4_des,to); 

} 
else//Cartesian space 
{ 

point_path2(&Xpath,feYpath,feXpathd,feYpathd,to); 
invkin(Xpath,Ypath,Xpathd,Ypathd); 

} 
} 
else/ /Sanding operation 
{ 
if (space==l)//Joint space 

{ 
sin_path(&ql_des,&q4_des,&sl_des,&s4_des.ql_pos.q4_pos,\ 

ql_osc,q4_osc,to+ts); 

} 
else//Cartesian space 

{ 

sin.path(ftXpath,&Ypath,feXpathd,feYpathd,Xpos,Ypos,Xosc,\ 
Yosc,to-»-ts); 

invkin(Xpath,Ypath,Xpathd,Ypathd); 
} 

} 
/ /L inear iz ing voltages 
Ec[0]=-kc00*s2-kc01*s3-kc02*s5-kc03*s6-

kc04*q2-kc05*q3-kc06*q5-kc07*q6; 
Ec[1]=-kcl0*s2-kcll*s3-kc02*s5-kcl3*s6-

kcl4*q2-kcl5*q3-kcl6*q5-kcl7*q6; 
//Error based voltages 
ErP[0]= kr02*(-ql + ql_des) + kr03*(-q4 + q4_des) + 

i ^ 
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k r 0 0 * ( - s l + s l . d e s ) + kr01*(-s4 + s4_des ) -Ec[0] ; 
ErP[ l ]= k r l 2 * ( - q l + ql_des) + k r l3*( -q4 + q4_des) + 
k r l 0 * ( - s l + s l . d e s ) + k r l l * ( - s 4 + s 4 _ d e s ) - E c [ l ] ; 
if(mode==l) 
{ 

/ / s i m p l e p r o p o r t i o n a l con t ro l on a l l 
/ / t h e (des i r ed - a c tua l ) s t a t e s 
Er [0]=ErP[0] ; 
E r [ l ] = E r P [ l ] ; 

} 
e l s e 
{ 
//feed back linearized (free or contact) 
if(contFlag==l)//free-fly 
{ 

ImatFmat( imat ,F); 
Ermat (Er , imat ,F ,ErP) ; 

} 
else //contact 

{ 
//Not developed ImatFmatC(imatc,Fc); 
//Not developed ErmatC(ErC,imatC,Fc,ErP); 

} 
} 
Er[0]=ErP[0] ; 
E r [ l ]=ErP [ l ] ; 
/ /Conve r t i ng vo l t ages t o output from D/A 
Pl=2048+(( int ) (Vol t_to_Dig*Er[0] /GainMl)) ; 
P2=2048+((int)(Volt_to_Dig*Er[l] /GainM2)); 
/ / S a t u r a t i n g vo l t ages i f above maximum 
P l = s a t u r a t i o n ( P l ) ; 
P2=sa tu ra t ion (P2) ; 
motor (Mot l ,P I ) ; 
motor(Mot2,P2); 

} 
motor(Mot1,2048); 
motor(Mot2,2048); 
printf("\nTurn off Main Power first, then press 's* key\n"); 
do 

{ 
printf("\nPress 's' to stop the processXn"); 

file:///nTurn
file:///nPress
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stop=_getch(); 
}while (stop! ='s O; 

StopwaveO ; 
StopdaqO ; 
fclose(Output); 
fclose(0utput2); 

} 



APPENDIX C 

PROPERTIES OF TESTBED COMPONENTS 

Material of beams 

Young's modulus of beams {E) 

Mass density of compressed foam 

Inertia of first rigid body 

Inertia of second rigid body 

Inertia of third rigid body 

Inertia of fourth rigid body 

Mass of first rigid body 

Mass of second rigid body 

Mass of first third body 

Mass of first fourth body 

Inertia of base gear box 

Inertia of middle gearbox 

Damping coefficient of base gearbox 

Damping coefficient of middle gearbox 

Aluminum (6061- T-6511) 

56.3 GPa (Experimental) 

594.57 kg/m^ 

3.27 X 10-^ kg m 

2.19 X 10-3 kg m 

2.68 X 10-^ kg m 

2.35 X 10-3 kg m 

0.410 kg 

2.27 kg 

0.402 kg 

1.94 kg 

0.4832332 kg m^ 

0.3827326 kg m̂  

5.1764 Nm-s 

3.7014 Nm • s 

Damping coefficient of aluminum beams : 2.0 Nm • s 

Length of first beam 

Length of second beam 

Thickness of beams 

: 0.65 m 

: 0.6575 m 

: 3.1 mm 
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Width of beams 
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: 38.24 mm 

Accelerometers 

Manufacturer 

Model Number 

Type 

Sensitivity 

Silicon Designs, Inc., Issaquah, WA 

2210-050 

Capacitive 

80 mV/G (Differential) 

Computer 

Manufacturer 

Processor 

Memory 

Operating system 

Built from parts 

AMD 6x86L 166MHz 

80 MB RAM 

Microsoft Windows 95 

Data Acquisition Systems 

Manufacturer lOTECH, Cleveland, OH 

Model name and number : DaqBook/100 

Number of analog inputs : 16 single ended or 8 differential 

Number of analog outputs : 2 

Number of digital I/O : 24 

Number of counter/timers : 5 
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Maximum analog scan rate : 100 kHz 

A/D resolution : 12 bit 

Manufacturer : lOTECH, Cleveland, OH 

Model name and number : WaveBook/512 

Number of analog inputs : 8 single ended or differential 

Maximum analog scan rate : 1 MHz 

A/D resolution : 12 bit 

Digital Encoder Assembly 

Manufacturer 

Encoder 

Code wheel 

Decoder 

Counts per revolution 

Hewlett-Packard, Palo Alto,CA 

HEDS-9000 

HEDS-5120 

: HCTL-2020 

: 500 (=2000 quadrature) 

Motor Assembly 

Motors 

Manufacturer 

Type 

Maxon Precision Motors, Switzerland 

Permanent magnet DC motors 
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Model number 

Gearboxes 

Manufacturer 

Type 

Gear reduction 

RE035-071-33EAB200A (90 watt) (Base motor) 

2332.966-51-236-200 (15 watt) (Middle motor) 

Maxon Precision Motors, Switzerland 

3 Stage planetary gearhead 

156 (Base gearbox) 

236 (Middle gearbox) 

Servo Amplifiers 

Manufacturer Logosol, Inc., Sunnyvale, CA 

Model LS-5Y 

Operating voltage 18-65 VDC (Depending on power supply) 

PWM switching frequency : 25 kHz 

Power Supplies 

Manufacturer Power-One, Camarillo, CA 

Model HD24-4.8-A 

Output 24 VDC at 4.8 A 

Strain Measurement 

Strain Gages 

Manufacturer Measurements Group, Inc., Raleigh,NC 

Type EA-06-240LZ-120 
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Resistance 

Gage factor 

Strain Indicators 

Manufacturer 

Model 

Output sensitivity 

(120.0 ±0.5%) n 

2.070 ±0.2% 

Measurements Group, Inc., Raleigh,NC 

P-3500 

40 - 440 ^V/fie (Adjustable) 

Tachometers 

Distributor 

Catalog number 

Type 

Sensitivity 

Gear reduction 

RadioShack, Fort Worth,TX 

273-223 

1.5-3 VDC hobby motor 

0.0025 V/ (rad/s) (Experimental) 

220/46 (First tachometer) 

130/21 (Second tachometer) 
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