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ABSTRACT 

Discrete multi-tone (DMT) modulation has found its applications in high data 

rate transmission through twisted-pair copper wire (such as, in Asymmetric Digital 

Subscriber Lines [ADSL]). The main drawback of the DMT design is the fact that the 

guard interval introduced to remove inter-symbol and inter-carrier interference has 

to be at least as long as the order of the channel impulse response. This Hmits the 

data rate as well as the distance over which DMT can be used. As an alternative to 

the currently popular time-domain equalizer, we investigate a MIMO FIR frequency 

domain equalizer optimized according to an MMSE criterion. Results show the trade

off between computational complexity, achievable mean squared error and thus, data 

rate and signal delay. 
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CHAPTER I 

INTRODUCTION 

1.1 Multicarrier Modulation and its Applications 

Multicarrier modulation (MCM) represents the present and future of high speed 

digital communications. Many new communication applications, both wired and 

wireless, are on the horizon and will demand high data rates and large bandwidths. 

MCM, in the form of Orthogonal Frequency Division Multiplexing (OFDM), is used in 

several wireless communication systems such as Digital Audio Broadcasting (DAB), 

Digital Video Broadcasting (DVB), and Wireless Local Area Networks (WLANs). 

MCM is also present in Asymmetric Digital Subscriber Lines (ADSL), which utilizes 

Discrete Multitone (DMT) modulation as its standard hne code. DMT is also being 

employed in other wirehne communications such as the Enhanced Digital Telemetry 

System (EDTS) used by Schlumberger. 

1.1.1 Wireless Apphcations 

DAB is hailed as the next generation of broadcast radio. DAB brings a host of 

exciting new applications along with several advantages over current AM/FM radio. 

Weather reports, song lyrics, travel information, and email are a few of the intended 

uses of DAB, all brought to the user through graphics, text, and CD-quality sound. 

DAB is also more environment friendly than its analog counterparts. Utilization of an 

MCM technique termed coded orthogonal frequency division multiplexing (COFDM), 

transmit power for a DAB system can be reduced up to a factor of seven compared 

to AM/FM, while spectrum efficiency is increased. The increase in spectrum usage 

gives hope for a significant rise in the number of stations that can be carried by the 

airwaves. MCM, or COFDM, also has an inherent ability to thrive in multi-path 

environments, meaning that the end user enjoys better reception over the analog 

single-carrier networks of today. 

DVB offers many next generation services to the end user. High quahty video. 



audio, and data is dehvered to a variety of receivers, whether mobile or stationary. 

COFDM, as with DAB, is used in DVB. The advantages of COFDM reaUzed in DAB 

also make DVB a robust media. DVB can operate along with existing analog systems 

and offers the flexibility to carry many formats used in the delivery of audio and 

video. 

MCM, as OFDM, is used in WLANs under the IEEE 802.11a standard. WLANs 

are the communication networks of the future in many environments because of 

their portability. Hospitals, classrooms, and warehouses are a few of the places that 

would benefit from instant data access on the go, from an5Tvhere, and without wires. 

WLANs are very flexible and scalable, meaning that a network can vary in size to 

accommodate any number of users. Users can expect data rates of up to 54 Mbps in 

the 5GHz frequency range. Some issues to be resolved with WLANs involve security 

in a wireless environment and coexistence with other technologies. The interested 

reader may refer to [8] for more details on OFDM in wireless applications. 

1.1.2 Wirehne Applications 

The main wirehne application of MCM is in ADSL. MCM, as DMT modulation, 

is used in ADSL under the ANSI T1.413 standard. DMT is capable of providing 

downstream transmission rates of up to 6 Mbps on existing copper wire loops. DMT 

is also useful because of its resistance to noise and slow variations in the copper 

loops over time. ADSL, as enabled by DMT, shares its transmission medium with 

the Plain Old Telephone Service (POTS) without interrupting the telephone access. 

Usage of existing networks and telephone compatibility make ADSL a large player in 

the communications industry today. 

Schlumberger has recently begun using MCM, in the form of DMT, for data 

acquisition. The EDTS uses DMT to carry data on a cable from instruments located 

deep in the Earth's surface. While drilling for oil, measurements are taken of the 

down-hole environment which need to be relayed to the surface. The transmission 

medium for the data is a cable that extends several thousand feet into a very hot, 



rugged, and vibration riddled environment. It has been shown that enough data can 

be transmitted to provide real-time measurements. This harsh environment speaks 

volumes of DMT's ability to operate in hostile situations. 

1.2 Motivations and Contributions 

In any wired communication system, the transmission medium introduces distor

tion into the passing signal. In DMT, this distortion is realized in the form of inter-

symbol and inter-carrier interference. DMT combats this distortion by introducing 

redundancy into the transmitted symbol, with the stipulation that the redundancy 

must be as long as the order of the channel impulse response. This redundancy is 

prohibitive, because it lowers the overall throughput of the system. Therefore, DMT 

system designers must seek ways to skirt the redundancy problem if higher data 

rates are to be achieved. As one possible solution, this text proposes a Multiple-

Input/Multiple-Output (MIMO) frequency domain equahzer optimized by the Min

imum Mean Squared Error (MMSE) criteria. Accomplishments presented here are 

the modeling of the DMT transceiver system and specification of the MMSE receiver. 

Additionally, simulations are accomplished which compare the performance of the 

MMSE estimator with the traditional DMT receiver. As iUustrated by the simula

tions, the MMSE receiver design shows marked improvement in performance over the 

traditional receiver architecture. 

1.3 Outline 

This chapter has provided a brief introduction to MCM apphcations, in several 

forms, for both wired and wireless environments. The motivations and contributions 

for the remainder of this text have also been elucidated. Chapter II provides much 

of the background needed to understand a DMT system. The DMT transmission 

scheme will be introduced as a MIMO system of which several key concepts will 

be visited. Bit loading, channel estimation, and the inclusion of redundancy are 

discussed as main components of the system. Furthermore, channel equahzation is 



presented as the main precursor of future discussions. Several options for equalization 

are given, along with simple explanations of each. Chapter III deals with the two main 

accomplishments of this paper. The MIMO DMT system is modeled using matrices 

to describe the transmitter, receiver, and channel. Furthermore, the MMSE receiver 

is specified from the model's system matrices and other parameters. Chapter IV 

presents the results of simulations accomplished with the DMT system model. System 

performance parameters, such as data rate, latency, and complexity are discussed 

along with how they relate to the MMSE design parameters. The MMSE equahzer's 

performance is benchmarked according to the one tap equalizer traditionally used. 

Chapter IV also discusses other factors in DMT performance. Chapter V concludes 

the paper by reiterating the findings of the simulations and summarizing the work 

still needed to implement the MMSE equalizer. 



CHAPTER II 

DISCRETE MULTITONE MODULATION (DMT) 

DMT is a form of multicarrier modulation used to carry data in communication 

systems. In DMT, the available frequency spectrum is partitioned into a large number 

(M) of independent, narrowband subchannels. All subchannels are assumed to have 

a flat frequency response, thus each can be modeled as a gain plus Additive White 

Gaussian Noise (AWGN). This makes channel equalization very simple at the receiver, 

as one complex multiphcation per subchannel is the extent of the equalizer. Each of 

the subchannels in the DMT system carry a predetermined amount of data in parallel. 

The sum of the data in each parallel stream is the total data throughput for the 

whole system. Using subchannels individually allows DMT to make very efficient use 

of the available spectrum. DMT transmitters use the Inverse Fast Fourier Transform 

(IFFT) for modulation, while DMT receivers use the Fast Fourier Transform (FFT) 

for demodulation. The explosion of Digital Signal Processor (DSP) technology has 

allowed for efficient implementation of the transforms and, thus the synthesis of the 

DMT transmit symbols. 

2.1 DMT as a MIMO System 
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Figure 2.1: DMT as a MIMO system 



Figure 2.1 shows the block diagram of a DMT system described as a multiple-

input, multiple-output (MIMO) system. The input data to the system is arranged 

to form M parallel, multibit data streams. The number of bits in each stream is 

determined by a bit allocation table. The bit allocation table is filled according to 

the loading algorithm used. The Quadrature Amplitude Modulation (QAM) block 

maps the multiple bits in each stream to a QAM constellation pomt. The output of 

the QAM block is M complex values representing the input data stream. Next, an 

M-point complex-to-real IFFT is used to modulate the M complex QAM symbols into 

M real values. Thus, we have the relation M= ^ , meaning M subchannels are needed 

to carry the M QAM symbols. For transmission through the channel, a DMT system 

prepends a guard interval (GI) of length L (samples) to the transmit symbol. The GI 

is taken from the last L samples of the transmit symbol. Thus, the total symbol has 

L identical values to begin and end the transmission, with M-L symbols in between. 

The GI serves no purpose other than to add redundancy, which will be discussed in 

section 2.4. The signal encounters a parallel-to-serial (p/s) converter and arrives at 

the receiver of the DMT system via the transmission channel. At the receiver, the 

serial data stream is buffered in a serial-to-parallel (s/p) converter and is passed to the 

FFT. The L sample GI is discarded and the FFT operation is performed on the non-

redundant data. The M-point real-to-complex FFT demodulates the composite time-

domain signal back into the M subchannels. Next, channel equalization is performed 

on each subcharmel to correct the effect of the channel. As mentioned, only one 

complex multiplication is needed (per subchannel) to undo the magnitude and phase 

distortion introduced during transmission. Inverse mapping of the QAM symbols 

returns the original multibit data streams. 

2.2 Bit Loading 

Part of the attractiveness of a DMT transmission scheme is its efficient use of 

available spectrum. The reason for this is the allocation of energy to each subchannel 

based on its own merit. The bit loading algorithm has the role of mapping the merit 



of each subchannel to a bit allocation table. The bit allocation table defines the 

number of bits that are loaded onto each subchannel, such that 

M 

B=Y^rn (2.1) 
m = l 

where B is the total number of bits in one DMT symbol and bm is the number of bits 

assigned to the m*'' subchannel. A good bit loading algorithm finds the values for bm 

(for a given channel) that optimizes system performance. Material on several loading 

algorithms are discussed in [7]. 

Since the available bandwidth is divided into independent subchannels, each one 

can be evaluated as a single carrier channel. The sum of these single carrier channels 

yields the whole channel. Shannon's channel capacity theorem defines the theoretical 

capacity of a channel. Letting C be the capacity: 

C = log2il + SNR). (2.2) 

In addition, Cioffi [5] has derived the capacity of a DMT subchannel to be, 

C = log2{l + ^ ) (2.3) 

SNR, in both cases, is the output signal-to-noise ratio of the channel and is given by: 

SNR = 4 ¥ (2.4) 
2(7"' 

where e is the energy of the DMT symbol assuming a square QAM constellation, H 

is the channel gain, and a^ is the noise variance. The value T is called the SNR gap 

and, when greater than one, degrades the performance of the channel compared to 

the theoretical capacity. F, for a probability of error at 10"'̂  is defined to be: 

r = 9.8 + 7m - 7c (2-5) 

where jrn is defined as the system margin and 7c is the coding gain. The system 

margin is intended to provide a cushion in the system performance to ensure minimum 



performance requirements are met regardless of slight changes in the channel. The 

coding gain amounts to a boost in channel capacity due to clever encoding such that 

the signal power appears to be higher. Substituting (2.5) into (2.3), keeping in mind 

single carrier, multicarrier duality, gives an expression for the number of bits that can 

be loaded into the m*'' subchannel (6„) given the SNR of the m*'̂  subchannel. 

'- = " " ' ^ ' ^ 9 ^ ^ ^ ^ (2.6) 

In practice, the number of bits assigned to a subchannel must be an integer, therefore 

bk is rounded to the nearest integer. Equation (2.6) represents the maximum capacity 

of the subchannel. Depending on operating parameters, some apphcations of DMT 

do not use the full capacity. This situation is found in DMT systems where the rate 

of incoming data is insufficient for maximum capacity. In this text, the interest lies in 

the maximum data rate possible. Therefore, all subchannels will be fiUed to capacity 

and the data rate is ^ where Tg is the transmit time of one DMT symbol. 

2.3 Channel Estimation 

Channels encountered in practice introduce many types of noise into a passing 

DMT symbol. Chen [4], has identified three sources of noise present in DMT trans

mission systems: crosstalk, impulse, and thermal. Crosstalk noise is distortion present 

in a channel caused by the influence of other twisted pair lines adjacent to the sys

tem. Crosstalk noise is further classified as Near End Crosstalk (NEXT) and Far 

End Crosstalk (FEXT). NEXT is noise introduced by a DMT transceiver in the same 

end of a subscriber loop, while FEXT is interference from DMT transceivers at the 

opposite end of the same subscriber loop. Impulse noise is also a common source 

of noise in DMT systems. Impulse noise consists of high amplitude, short duration 

voltage spikes present on the line. Impulse noise is very hard to quantify and can 

be caused by many different sources. Thermal noise is also present. Thermal noise 

sources are varied and have a distribution that can be considered Gaussian. Real 

channels also have a non-constant magnitude frequency response. Many channels are 

8 



considered to be lowpass in nature. This means that signals are attenuated more as 

their frequency increases. It follows then, that each subchannel can be associated 

with a certain attenuation, the inverse of which is the gain of the subchannel. 

Since DMT subchannels are modeled as a gain plus AWGN, both of these pa

rameters are important for channel equalization and bit loading. Therefore, proper 

channel estimation is crucial to the performance of a DMT system. An estimate of the 

channel characteristics can be accomphshed by reviewing channel distortion present 

in a transmitted medley. A medley is a predetermined sequence of symbols designed 

to give the receiver a look at every possible distortion present in the system. By 

examining the medley, the mean response for a subchannel is taken as its gain, while 

the variance of the response is assumed to be noise. If a certain level of accuracy is 

desired in the estimations, one can build a confidence interval based on the number 

of symbols in each medley [3]. 

2.4 Guard Interval 

The guard interval (GI) is defined to be the addition of redundant data (L sam

ples) to the beginning of the DMT symbol. The GI serves to remove interference 

caused by channel memory from previous DMT symbols. Thus, a system constraint 

of a DMT system is that the GI must be as long as the channel impulse response 

{Length = L^) minus one (i.e. GIL > Lc — 1). Once this constraint is met, a one 

tap complex equalizer is sufficient for the receiver. The redundant GI, while allowing 

simple equalization, is disregarded at the receiver, thereby reducing the efficiency of 

the system. This is manifested in terms of lower data rate and smaller bandwidth 

efficiency. 

The length of the channel impulse response has a necessary effect on the GI 

length, and thus affects the efficiency of the DMT system. Unfortunately, channel 

impulse responses are rarely short enough to facilitate good efficiency. Generally, a 

channel's impulse response is directionally proportional to the distance between the 

transmitter and receiver. Thus, the impulse response increases as the loop distance 



increases. Obviously, any efficient DMT system will have an appropriate solution for 

the GI constraint. The next section addresses a few of these possible solutions. 

2.5 Channel Equahzation 

Since a short GI means high efficiency, one should look for techniques to have 

as little redundancy as possible. First, one could shorten the effective length of 

the channel, which is exactly the purpose of a Time Domain Equalizer (TEQ). Per-

tone equalization (PTE) is similar to the TEQ approach, except the equalizer is 

placed in the frequency domain. Alternatively, one could shorten the GI length, 

disregarding the length of the channel impulse response. Once the GIL constraint is 

disregarded, the simple one tap equalizer is no longer sufficient to equalize the effect of 

the channel. The Zero Forcing (ZF) receiver and the Minimum Mean Squared Error 

(MMSE) receiver are viable options to remove the inter-block interference caused by 

the relaxed GI constraint. 

2.5.1 Time Domain Equalizers (TEQs) 

A time domain equalizer is a short Finite Impulse Response (FIR) filter placed in 

the serial data input of the receiver, as shown in Figure 2.2. Therefore, the effective 

data4 

u(m) v(m) y(m) 

>data 

Figure 2.2: DMT system with Time Domain Equalizer 

channel impulse response (EIR) is the cascade of the channel and the TEQ. Ideally, a 

TEQ is designed such that the length of the EIR matches a desired GIL. In practice, 

the EIR is rarely non-zero for only L samples. Usually a target impulse response 

10 



(TIR) of length L is identified in a window of the EIR and the relationship between 

the two is dealt with according to some specified criteria. 

Many different methods are available for the design and optimization of TEQs [2]. 

One method minimizes the mean squared error (MSE) between the EIR and the TIR. 

Another method minimizes the part of the EIR not contained in the TIR, thereby 

reducing the inter-symbol interference (ISI). Finally, TEQ designs have been proposed 

to maximize bit rate. In general, these equalizers are designed without regard to the 

frequency response of the filter. If one is not careful, the frequency response of a 

poorly designed TEQ can adversely affect good subchannels and enhance noise in 

others. In addition, the first two methods are not designed with respect to system 

throughput. TEQs can also increase the latency of the system and the channel can 

never be perfectly equalized. 

2.5.2 Per Tone Equalization (PTE) 

PTE is a relatively new method for channel equahzation [1]. By mapping the TEQ 

function across the receiver FFT to the frequency domain, a PTE can be defined. The 

result is a variable length FIR filter used for each subchannel. Thus, the receiver is 

constructed as shown in Figure 2.3. Optimization of the PTE has shown promise over 

data< 

u(m) v(m) y(m) u(m) 

>data 

Figure 2.3: DMT system with Per-tone Equalizer 

the conventional TEQ approach by evaluating each tone separately. Thus, a direct 

relation can be established to the SNR of each subchannel and, therefore, the data 

11 



rate. This relation allows system throughput to be maximized through the equalizer 

design. Furthermore, more attention, in the form of more equalizer taps, can be given 

to highly distorted tones, while unused tones can be ignored. One current drawback 

of the PTE is its computational complexity, but more efficient algorithms are certain 

to be developed. 

2.5.3 Zero Forcing (ZF) Receivers 

A DMT system with a ZF receiver is shown in Figure 2.4. The ZF receiver 

can be used when a one tap equalizer is not sufficient. The ZF receiver essentially 

inverts the action of the transmitter and channel so that the cascade of transmitter, 

channel, and ZF receiver has a flat, unity response. It follows that the inter-symbol 

and inter-carrier interference is forced to zero at sampling times, thus the name of the 

receiver. One strength of a ZF receiver is that it uses the redundancy in the cyclic 

data 4 > data 

u(m) v(m) y(m) u(in) 

Figure 2.4: DMT system with Zero Forcing Equalizer 

prefix for equalization, thus more efficient use of otherwise useless data. Problems 

arise with a ZF approach if the frequency response of the channel contains nulls. 

Nulls in the channel spectrum, because of inversion, cause excessive gains in the ZF 

receiver. Therefore, ZF receivers are prone to noise enhancement. 

2.5.4 Minimum Mean Squared Error (MMSE) Receivers 

Another equahzation option is a receiver optimized accordmg to the MMSE cri

terion. In this case, the receiver is designed to minimize the energy in the difference 

12 



between the received and expected symbols. Here, the receiver FFT and equalizer 

are incorporated into the MMSE estimator. MMSE receivers, as with ZF estima

tors, require a large amount of memory to store the receiver coefficients. This is one 

drawback of the receiver design. MMSE receivers use the cyclic prefix in channel 

equalization, as do ZF receivers; however, MMSE receivers perform much better in 

noisy environments and with null laden channels. The remaining text concerns the 

modeling and design of an MMSE receiver. The receiver will be specified, tested, and 

compared with the performance of the traditional DMT system setup. 

13 



CHAPTER III 

MMSE RECEIVER SPECIFICATION 

MMSE estimators are one viable option for channel equalization in DMT transmis

sion systems. This chapter provides some background material needed to understand 

the DMT system model and the specification of the MMSE equalizer. First, a ma

trix representation of the DMT system is proposed. This includes representations for 

multitap channels and the transmitter IDFT. The effect of AWGN is considered as 

a part of the system as is a variable length GI. The traditional DMT receiver is also 

discussed along with the formulation of the MMSE receiver. 

3.1 DMT Transceiver Description 

Figure 3.1 shows a block diagram of the DMT system complete with an MMSE 

receiver. The system can be described in three parts with a corresponding matrix for 

each. 

^L samples 

QAM ^ 
DATA 

L samples | / 

* 

"w-l 
^ u(w) 

ID
FT

 

/ / : 

v(/n) 

P/
S 

channel 
r{n) 

c{n) |-*€> 

a 
UJ 
UJ 

u(m) 

^ QAM 
DATA 

Figure 3.1: DMT system with MMSE receiver 

The transmitter side, on the left, modulates the QAM hiput data for each sub

channel and adds the guard interval to form the composite tune domam signal. The 

multi-tap channel is modeled, next, as a convolution matrbc which adds the channel 

14 



distortion to the passing signal. The receiver is modeled such that its output signal, 

u(m), is the estimate of the input signal, u(m — d), where d is a block delay param

eter. Thus, the DMT model consists of three matrices describing the system from 

transmitter input to receiver output and AWGN introduced into y{m). The model 

does not include QAM encoding and IQAM decoding. 

3.1.1 Transmitter Matrix 

The transmitter side includes the IDFT and the addition of the guard interval. G 

is a P X M matrix describing the DMT receiver, where P = M + L. The input is M 

distinct QAM points, and it is assumed that the data passed to the G matrix is in 

the proper form, i.e., to ensure conjugate symmetry. The output is the time domain 

modulated signal with the cyclic prefix added to the beginning of the symbol. The 

modulation is accomplished by the IDFT. Since the cychc prefix is a copy of the last 

L samples, it too can be described by a portion of the IDFT. G, therefore, is given 

by: 

OLX{M-L) I I 

The bracketed expression is a concatenation of identity and zero matrices such that 

the first L rows of G are a copy of the last L rows. W* is the IDFT matrix of size 

M X M. By definition, W* is a matrix whose entries are as follows: 

[Wlfc = WM*'̂  = e^"^ i,fc = 0 , . . . , M - l (3.2) 

where i, k are the row and column indices, respectively [6]. Thus, G is built so that 

v(m) is the DFT of u(m) with the GI prepended to the beginning of the symbol. 

3.1.2 Channel Matrix 

The channel is specified as a matrix C. The channel matrix adds channel distortion 

to the mput signal to produce an output signal. The AWGN present in the channel 

is not considered in C, rather it is added to the output, y(m). This is a valid model 

15 
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because all subchannels are assumed independent, each with a representative noise 

power. Given the impulse response of the channel, 

C = [ C O , C I , . . . , C L , - I ] 

the polyphase filters of the impulse response are: 

Ck{n) = c{nP + k) A; = 0 , . . . , P - 1. 

(3.3) 

(3.4) 

Using the polyphase filters, the channel matrix can be constructed in parts by speci

fying the following: 

Co(n) c p _ i ( n - l ) . . . c i ( n - l ) 

ci(n) co(n) . . . C2(n-1) 
(3.5) 

cp_i(n) cp_2(n) . . . co(n) 

The matrices defined in equation (3.5) can be concatenated in the followuig manner 

to form the channel matrix C. 

C = [Co Ci C2 . . . Cnc-lJ (3.6) 

The quantity nc represents the number of sub-matrices needed to fully describe the 

channel and is a function of P and L^. Thus, the vector output y(m) can be expressed 

as follows: 
v(m) 

y(m) = [Co Ci . . . C„c-i] 
v(m — 1) 

(3.7) 

v(77i — nc— 1) 

which is equivalent to: y(m) = C • v(m). Multiplication of the channel matrbc and 

the input vector v(m) is equivalent to the convolution of the input sequence and the 

channel impulse response. 

16 



3.1.3 DMT Receiver Description 

The traditional DMT receiver is specified and evaluated as a benchmark for the 

MMSE receiver, which is discussed in section 3.2. The DMT receiver, as seen in 

Figure 2.1, consists of the DFT and equalization by one complex multiplication per 

subchannel. The receiver is described by an M x P matrix, F^MT, given by: 

FDMT = E • W • [OMXL IM] (3.8) 

where W is the DFT matrix (size M x M) whose entries are given by the complex 

conjugate of those in W*. Thus, the entries are given by: 

[W],, = H^S = e - ^ ^ i,A; = 0 , . . . , M - l . (3.9) 

E, in equation (3.8), is a diagonal matrbc whose diagonal entries are the complex 

equalizer coefficients, e^ for the m*'̂  subchannel. 

E = diag{eo, e i , . . . , CM-I) (3.10) 

The bracketed expression in equation (3.8) contains a zero portion which discards (or 

zeros out) the redundant GI data. 

3.1.4 Multi-Block Extension 

The MMSE receiver, defined in section 3.2, will have the capability to estimate 

the QAM outputs based on information from several received symbols. This means 

that the MMSE receiver, F , can have multiple blocks. Therefore, the system matrices 

described above must be extended to describe a system that is equahzed by an MMSE 

receiver with nf blocks. The extended transmitter matrix, denoted G, is constructed 

as: 

G = 

G O O 

0 G 0 

0 0 G 
(3.11) 
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G is the single block transmitter matrbc specified above and 0 is a zero matrix of the 

same size as G. The extended matrix will have nc + nf — 1 block rows and nc + 

n / - 1 block columns. Similarly, the channel matrix must be extended. The extended 

channel matrix, labeled C, is constructed of the sub-matrices (C„) as follows. 

Co Ci C2 . . . Cnc-l 0 . . . 0 

0 Co Ci C2 . . . C„e-i . . . 0 
C = 

0 

(3.12) 

0 Co Ci C2 C„c-i 

The extended matrix will have nf block rows and nc + nf — I block columns. The 

extended input vector will be denoted u, and the relationship wiU be: 

u(m) 

u(m — 1) 
u{m) = 

u{m — nc — nf ~ 1) 

The other vectors shown in Figure 3.1 will adhere to the same format. 

(3.13) 

3.1.5 Input-Output Relationship 

Since the three main portions of the DMT system have been specified, an overall 

system description can be formed. As mentioned previously, the AWGN is introduced 

into the model after the channel, as illustrated in Figme 3.2. In the traditional DMT 

setup, the input-output relationship can be expressed as: 

u(m) = FDMT • Co • G • u(m) + YDMT • r(m) (3.14) 

FDMT, again, is the DMT receiver and r(m) is an M x 1 vector of noise values. The 

assumption made, as in any traditional DMT setup, is that GIL > Lc-1. When this 

assumption holds, the C matrix reduces to Co because all inter-block mterference has 

been removed by the GI. 

The MMSE receiver may contain multiple receiver blocks. Therefore, the input-

output relationship for an MMSE system must use the extended matrices. Similar 
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Figure 3.2: DMT system showing introduction of noise 

to the single block DMT receiver case in equation (3.14), the MMSE input-output 

relationship is: 

u(m) = F • C • G • u(m) + F • f (m) (3.15) 

where F is the MMSE receiver containing nf blocks such that: 

F = [Fo ... F„ / - I ] 

and the noise vector is constructed as: 

i{m) 

r(m) 

r{m — 1) 

(3.16) 

(3.17) 

r(m — n / + 1) 

The multi-block input-output relationship of the MMSE system will now be used in 

the next section to specify the equalizer matrix F. 

3.2 MMSE Receiver Description 

The MMSE receiver, F, represents the channel equalization and outputs the orig

inal M QAM points. In traditional DMT, the L sample GI is discarded and any 
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information therein is lost. In this receiver, the redundant data is used as part of the 

equalization process. The receiver is optimized according to the MMSE cost function 

(CF): 

T r a c e { £ ; { | | u ( m ) - u ( m - d ) | | ^ } } = minimum (3.18) 

where d is the delay parameter describing by how many blocks the output is delayed 

with respect to the input. Expanding the quantity inside the expectance, using the 

input-output relationship, and taking advantage of the fact that the channel noise 

is statistically independent from the data, yields five terms whose sum is the Mean 

Squared Error (MSE) of the system. For convenience, define two new quantities 

derived from the extended system matrices. 

R^^ = C - G - R „ „ - G ^ - C ^ (3.19) 

f = C • G (3.20) 

The H superscript implies the Hermitian has been taken, and the autocorrelation 

matrix;, Ru„, is constructed as: 

-TMiU 

R„« 0 0 

0 Run 0 

0 0 R„„ 
(3.21) 

where R„„ = diag (r„„) is a diagonal matrbc whose m'^ diagonal entry is the energy 

aUocated to the m*^ subchannel, i.e., {al)^. R„„ will be a square matrbc with nc + 

nf - 1 block rows and columns. Assuming statisticaUy independent signals in the 

subchannels, no correlation between the signal and noise, and that the noise is AWGN, 

the CF can be expressed as: 

R , „ - F - f - X - X ^ T ^ . F ^ + F . R , , - F ^ + F R . . - F 
: i H 

m m (3.22) 

where X is a matrbc equal to the {d + 1)*'' block column of the matrbc R^„. The 

matrbc R , . is constructed as in equation (3.21) except the diagonal entries of R, , are 
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(.'^r)m^ *he noise power in the m*'' subchannel. The matrix R^r will have nf block 

rows and columns. It is well known that the minimum (or maximum) of a function 

can be found by setting its partial derivative equal to zero. Here, the derivative of 

equation (3.22) is taken with respect to F ^ , such that: 

^ ^ ( C F ) = 0 = - X ^ - t ^ + F - R „ , + F - R , , (3.23) 

By rearranging, we can find the expression for F which gives the MMSE. 

F = ( X ^ • f ^ ) ( R , „ + R , , ) " ' (3.24) 

Thus, the equalizer matrix F is defined in terms of the system matrices and the signal 

and noise autocorrelation functions. 

As mentioned, one can use multiple MMSE equalizer blocks to correct channel 

and noise distortions. Theoretically, taking information from multiple other symbols 

improves system throughput. Increasing the number of equalizer blocks, while using 

more information, will increase the computational complexity. The multi-block re

ceiver also allows the user an adjustable system block delay {d). A block delay allows 

the receiver to wait for following symbols to arrive before equalization. Therefore, 

introducing a delay will provide more information to the equalizer, ideally increasing 

throughput. Increasing the delay, however, increases the latency time of the system. 

The latency time of the system is calculated as: 

Latency = ^d+^)-P (3 25) 
I's 

Here, Fs is the sampling frequency (2.208 Mhz) and latency is measured in seconds. 

It can be seen that every integer increase in the delay increases the latency time by 

# seconds. In summary, the number of equalizer blocks {nf) and the block delay are 

the design parameters around which the MMSE receiver can be optimized, and a nec

essary trade-off is established between higher data rates and increased computational 

complexity/higher latency times. 
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3.3 Simulation Setup 

Primarily, system simulations are run to determine the data rate possible with 

certain system parameters. As mentioned in section 2.2, the data rate is given by ^ 

where the symbol period is T, = ;^ = 2 : ^ ^ ^ . The number of transmitted bits (B) 

is given by equation (2.1), where bm is given by equation (2.6). For given values of 7e 

and jm, the factor determining the data rate is the output SNR. The SNR for each 

subchannel is taken as: 

SNRm = ^ "̂ "̂  (3 261 
^ MSEm ^ ' 

where MSEm is the mean squared error of the m*'* subcharmel given by equa

tion (3.22). In terms of the system matrices, the output signal power of the m*'* 

subchannel,(or?)^, is: 

H)m = [di(^9 {Fm • Ryy ' F ^ ) ] ^ . (3.27) 

Thus, the data rate is a function of the system matrices discussed above. 

In the simulations there are several exceptions to the bit loading suggested by 

equation (2.6). These exceptions are taken to emulate DMT operation in a DSL 

system. In a DSL system the low frequencies of the channel are used to carry data for 

the Plain Old Telephone Service (POTS). The subchannels that cover this spectrum 

(up to 25.875 khz) are not allocated any energy. The Nyquist channel is "turned off" 

as well. This is the subchannel containing the frequency equal to half the sampling 

frequency (1.104Mhz). Turning off a subchannel amounts to setting {o-D^ = 0 for 

that subchannel, and it is assumed that all remaining subchannels are allocated the 

same amount of energy. The allocation is calculated by equally dividing the total 

allowed transmit energy among the used subchannels. Once the process of allocating 

bits is done one time, the bit allocation table is examined to find the subchannels 

which are not able to carry at least two bits. Those who do not meet the criteria are 

turned off along with the POTS and nyquist channels. The energy per subchannel 

is calculated again and the bit allocation table is constructed using the second set of 
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used subchannels. This is a one iteration optimization as any subsequent iterations 

fail to yield any further gains. 

For the simulations, data from several real channels have been used. The channel 

data used has been sampled at 2.208 Mhz and contains 512 samples, of which only 

around 100 are of significant value. Since the data rates calculated here are for 

comparison purposes, the channels used in the simulations were shortened to 32 taps 

by a TEQ. The shortened channels were obtained using a TEQ optimized by the 

Min-ISI method. The TEQ calculations were done using the toolbox discussed in 

[2]. The impulse responses of the original and shortened channels are plotted in 

Figure 3.3, while the corresponding frequency spectra are plotted in Figure 3.4. The 

Channel Impulse Response 

Figure 3.3: Impulse response for original and shortened channels (CSA loops 1, 2, 

and 4) 

channel data used are standard carrier-serving-area (CSA) loops representing several 

different actual channel performances. In all simulations, unless otherwise noted, the 

noise power is set to -140 dBm/Hz over the entire spectrum, while NEXT and FEXT 

noise are disregarded. The total power per DMT transmit symbol is set to 23 dBm. 

The coding gain (7c) and margin (7^) are set to zero. 
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CHAPTER IV 

MMSE EQUALIZER PERFORMANCE AND EVALUATION 

DMT system designers continuously seek to improve system performance. MMSE 

receivers are one of the many tools available for system improvement. As with any 

technology, MMSE estimators have both strengths and weaknesses. This chapter, 

using rigorous simulation results, discusses the overall performance of the MMSE 

equalizer, pointing out both the gains and drawbacks of using this type of receiver. 

4.1 Performance Parameters 

The overall performance and feasibility of MMSE receivers can be measured by 

three parameters. First, data rate is of obvious importance, especially with the ever 

increasing demands on communication systems. The data rate of a scheme is closely 

related to the system's bandwidth efficiency. Every communications device operates 

in a specified spectrum, and systems that use the available resources wisely wiU show 

the best performance. In general, the bandwidth efficiency of a DMT system is 

proportional to j ^ ^ - This quantity tends toward a maximum in one of two cases. 

The block length (M) can be increased such that M > > L, or the GI length (L) is 

shortened, ideally, to zero. Secondly, latency time is important to consider in DMT 

systems. Latency is the total system delay time from input to a valid output. Low 

latency is especially important in real time and other time sensitive applications. The 

overall DMT system latency is proportional to M + L. Therefore, lower latency is 

achieved with short GI lengths and small block sizes. Another, often overlooked, 

performance criteria is a scheme's cost of implementation. Part of this cost comes 

in terms of computational complexity. Intuitively, the smaller amount of data that 

needs to be calculated and stored, the lower the cost of implementation. Therefore, 

low computational complexity is realized for small M, L, and number of equalizer 

blocks {nf). 
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4.2 Receiver Block Delay 

The use of an MMSE estimator allows for multiple equalizer blocks at the output. 

This affords the system an adjustable block delay parameter {d). The block delay 

means that the receiver estimates the output symbol only after d following symbols 

have arrived. Theoretically, data rate should increase due to the fact that more 

information is available to the receiver. As the delay increases, so does the latency 

time of the system and the complexity (i.e., more equalizer blocks). Figure 4.1 shows 

a plot of data rate versus GIL for several block delays and a block size of M = 64. 

The traditional DMT system requires that the GIL be as long as the Channel Impulse 

- # - delay=0, nf=4. m=64 
— i — delay=1, nf=4, m=64 
- © - delay=2, nf=4, m=64 
- B - delay=3, nf=4, m=64 
- ^ DMT Receiver, m=64 

15 20 
Guanj Interval Length (L) 

Figure 4.1: Data rate versus GIL for different block delays using CSA loop 4, M = 

64 

Response (32 taps). Therefore, the DMT equalizer performance is shown, as a bench 

mark, by the diamond symbol at a GIL of 32. Here, the result worth noting is that 

the data rate performance is improved for small L and block delays greater than zero. 

Figure 4.2 shows the same plot for a block length of 256. These two figures both 

illustrate the fact that non-zero delays increase the data rate for small GI lengths. 

Also noted is the fact that the effect of the GIL is more pronounced for M = 64 than 

for M = 256. An increase in complexity and latency for higher delays establishes a 

tradeoff between these two and high data rates. 
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Figure 4.2: Data rate versus GIL for different block delays using CSA loop 4, M = 
256 

4.3 Number of Equalizer Blocks 

For a receiver containing nf equalizer blocks, nf received symbols must be used 

to complete the equalization. With a multiple block receiver, multiple combinations 

exist for system delay and receiver block size. Once the number of blocks has been 

established, the delay can take on any value between zero and nf — I. Alternatively, 

the delay can be specified, and the number of blocks must be at least d+\. Figure 

4.3 is a plot of data rate for different delays and number of blocks. Again, the 

DMT equahzer is used as a reference. From the plot, there is a clear separation 

in performance for the different system parameters. The system shows data rate 

increase for situations such that n / > d + 2. Figure 4.4 is the same plot at M = 512. 

The increase is present here also. The number of blocks used in the equalizer has 

httle bearing on the system latency other than higher available delays. The obvious 

drawback is the cost of implementation. The more blocks needed for the equalizer, the 

more coefficient storage needed. The design decision, then, is between complexity and 

higher data rate. Considering the complexity and data rate, n / = d + 2 is sufficient 

for high throughput and minimal complexity. 
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Figure 4.3: Data rate versus GIL for different nfs and delays, using CSA loop 4, M 
= 128 

4.4 Overall Performance 

Figure 4.5 plots the data rate versus system latency for a GIL from four to 32 in 

steps of four. Here, the system performance, with respect to data rate and latency, is 

shown for a wide range of operating parameters. All data shown is for systems with 

delay greater than 1, as discussed in section 4.2, and with nf greater than d + 1, as 

per section 4.3. Here, the effect of block delay and M on the system latency can be 

easily seen. One can also see that the highest data rate is achieved with 4 equalizer 

blocks and a block delay of 2 at M = 64. This is a fortunate result because M = 64 

gives a low system latency as compared to higher block lengths. Figure 4.6 shows the 

results for CSA loop 1. While the data rate differs between Figures 4.5 and 4.6, the 

relative performance stays the same. In both cases n / = 4, d = 2, M = 64 shows 

the best performance and is considered the best choice of operating parameters. The 

traditional DMT setup (M = 512, GIL = 32) is plotted also. It can be seen that 

the MMSE equalizer, with optimal settings, outperforms the DMT setup in terms of 

data rate and system latency. 
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4.5 MMSE Receiver versus DMT Receiver 

The MMSE receiver achieves higher data rates than the DMT receiver because 

more bits can be loaded into each DMT symbol. This happens because the output 

signal to noise ratio (SNR) is higher when the MMSE equalizer is used. Figure 4.7 

plots the signal power present at the receiver output for both receivers using CSA 

loop 4. The difference between the two is also plotted so as to emphasize the gains 

realized by the MMSE receiver. One can see that the available signal power at the 

receiver output is much greater for the MMSE receiver. This is the main reason 

that the output SNR can be increased by the MMSE equalizer. Similarly, Figure 4.8 

shows the MSE per subchannel for both equalizers. Again, CSA loop 4 is used. The 

MSE present at receiver output is equivalent to the noise power at receiver output, 

thus the SNR is determined by the output signal power and output MSE. It can be 

seen that, except for a few subchannels, the MMSE receiver has a lower output MSE. 

This, too, factors into the higher output SNR. Figure 4.9 displays the number of bits 

that can be loaded into each subchannel. Except for two subchannels, the MMSE 

equalizer allows more bits to be loaded into a symbol than the DMT receiver. The 

higher subchannel capacity for the MMSE receiver is a result of having higher output 
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Figure 4.5: Data rate versus latency for CSA loop 4 

signal power, lower MSE and, therefore, higher SNR. 

4.6 Other Factors Affecting System Performance 

The power of the AWGN introduced by the channel has a very direct effect on 

the data rate of a system. High levels of noise lower the output SNR and, therefore, 

the data rate. Figures 4.10 and 4.11 show the performance of the MMSE and DMT 

receivers for different values of AWGN. It can be seen that the MMSE receiver, 

again, permits a higher data rate over a wide range of noise levels. In both cases, 

the throughput approaches zero on the right hand side as the additive noise level 

becomes prohibitive. Likewise, the rate increases, as expected, when the noise power 

is lowered. Both receivers exhibit an almost linear relationship over any practical 

noise values. 

The channel through which the data passes also has a large effect on the data 

rate. Different channels have different responses, limiting the possible SNR at the 
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Figure 4.6: Data rate versus latency for CSA loop 1 

receiver. Figure 4.12 iUustrates the different capacities for different channels. CSA 

loop 4 is the most generous channel, allowing data rates of up to 15 Mbps using a 

particular MMSE receiver setup. CSA loop 2, however, obviously introduces more 

distortion into the signal, producing much lower throughput. 
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CHAPTER V 

CONCLUSIONS AND FUTURE WORK 

MMSE receivers are one promising method of equalization in DMT systems. In 

this paper, the DMT system has been modeled as a MIMO system, using matrbc 

descriptions of the transmitter, channel, and receiver. The receiver model has been 

accomplished for the MMSE estimator and the traditional DMT receiver. In addition, 

an extension of the matrix descriptions has been specified for multiple block receivers. 

Once the input/output relationship was established, an expression for the MSE of 

the system was formulated. By finding the minimum of the MSE, receiver matrbc 

coefficients were found to form the MMSE equahzer. 

It has been shown that the MMSE receiver can increase the DMT data rate over 

a system using the traditional one tap equalizer. Multiple MMSE receiver blocks 

and adjustable block delays were discussed as design parameters affecting perfor

mance. Simulation results determined that non-zero delays increased data rates, 

while nf = d + 2 provided the best results of the non-zero delay setups. The increase 

in data rates was accomphshed while having a lower latency time than the traditional 

DMT system setup (i.e., M=512, L=32). The drawback to an MMSE implementation 

is the computational complexity needed for operation. MMSE receivers have a dis

advantage in complexity even in their most simple form, while the best performances 

were obtained from setups containing more than one equalizer block. Fortunately, 

the reduction of the necessary GIL has made smaller DMT block sizes feasible while 

not sacrificing bandwidth efficiency. These smaller block sizes have shown good per

formance and the cost of implementation is much lower than that of systems with 

higher block sizes. 

Higher data rates are possible because more bits can be loaded into a transmitted 

symbol. The output SNR is the determining factor in assigning bits into subchannels. 

It has been shown that the MMSE receiver, comparatively, has a lower overall MSE 

per subchannel while the output signal power is higher. The resulting higher SNR 
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was shown to translate into an overall increase in bits per subchannel. Additionally, 

the dependance of the data rate on AWGN power was simulated, showing MMSE 

superiority over a wide range of noise levels. The effect of the channel on the system 

throughput was iUustrated by simulation results for three different channels. These 

simulations verify that the performance of a DMT system is closely tied to both the 

AWGN power and the interference caused by the channel. 

It IS evident that the performance of MMSE receivers has a much higher ceiling 

than the traditional DMT equalizers. Future work in this area must concentrate on 

mitigating the drawback of this receiver design. Although there are situations in which 

MMSE estimators can be used, the cost of implementation in real time apphcations 

is too high for MMSE equahzers. This is reahzed in the form of memory needed 

for storage of coefficients and processing power needed for the many mathematical 

operations. There are two possible solutions to these problems. First, advances in 

hardware could produce devices with large amounts of memory in very small spaces, 

thus reducing the problem of coefficient storage. These advances could also provide 

processors with enough processing power to do the many calculations needed in a 

reasonable amount of time. These two, together, could make the MMSE receiver 

viable in some applications through the brute force approach. Another solution is 

to lessen the burden on the hardware through more efficient algorithms. It could be 

possible to make small sacrifices in performance to achieve much lower complexity. 

This could be done by finding clever ways to store coefficients and/or reduce the 

number of computations needed. Alternatively, one could use a combination of the 

MMSE equalizer with another scheme such that the combined cost of implementation 

is sufficiently low. 
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