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ABSTRACT 

A variety of mathematical models ranging from very simple ones to complicated 

ones have been developed and analyzed in order to capture different phenomena 

associated with the spread of diseases. Even though none of these models behave 

exactly according to the observed clinical data, major features of disease dynamics 

can be captured merely by means of a simple model. The model introduced by Nowak 

and May [12] is such simple deterministic model of which a stabiUty analysis has not 

been done. 

Our objectives in this endeavor are two-fold. The first objective of this thesis is 

to carry out a thorough analysis of the aforementioned deterministic model of virus 

dynamics while obtaining the related system of Ito stochastic differential equations 

which has not been obtained to date. 

The motivation for obtaining the related stochastic model is also two-fold. The 

first reason is the capability of stochastic models to capture the randomness associated 

with the disease dynamics. The second reason is while a deterministic model predicts 

a single outcome for a given set of parameter values, a stochastic model predicts an 

infinite set of possible outcomes weighed by their likelihoods and probabilities. 

Any mathematical model which describes virus dynamics, is not complete until 

it describes the immune response. With analogy to a predator-prey model, immune 

cells play the role of the predator while the virus plays the role of the prey. The 

immune response is triggered by encountering a foreign antigen. The role of the 

immune system is to fight off invasion by foreign pathogens. In this endeavor, our 

interest is a special kind of T cell, namely cytotoxic T lymphocyte (CTL) which can 

also identify and eliminate infected cells. 

Then the immune response is incorporated with the aforementioned simple model 

of virus dynamics. This is done under three different assumptions on the CTL pro

liferation rate. This evidently results in three different models. The second objective 

of this thesis is to carry out a thorough stability analysis of the three deterministic 



models of virus dynamics with the CTL response while obtaining respective systems 

of Ito stochastic differential equations. 
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CHAPTER 1 

INTRODUCTION 

The application of mathematical models to disease goes back to 1840. William 

Farr fitted curves to data of smallpox epidemic eruptions that occurred in England 

and Wales. Ever since, scientists have been trying to analyze the spread of disease by 

means of mathematical models. There have been many scientists who captured the 

dynamics of a foreign antigen such as virus and the dynamics of the immune system 

individually and collectively by mathematical models. In particular, a number of 

researchers [5, 6, 10, 11, 12, 14, 15, 16, 18, 19, 20, 21] have developed mathematical 

models which describe the interaction of the immune system with the human immun

odeficiency virus (HIV). Even though there are many different models which capture 

different phenomena, none of these models behave exactly according to the observed 

clinical data. However, many of the major features can be explained by even a simple 

model. 

Nowak and May [12] developed several mathematical models (systems of differ

ential equations) describing the dynamics of the virus and the responsiveness of the 

immune system. They extended the analysis by outlining an explanation based on 

the dynamics of the interplay between the immune response and antigenic variation 

in the virus population [14]. Kirschner and Perelson [6] used a system of differen

tial equations to describe the interaction of the immune system with HIV. They also 

analyzed the efficacy of AZT treatments given at different stages of the disease pro

gression . Perelson, Kirschner and de Boer [15] examined a model for the interaction 

of HIV with CD4+ T cells. They also have analyzed the effects of AZT on viral 

growth and T cell population dynamics. A good summary of some of these basic 

models for HIV pathogenesis is the article by Perelson and Nelson [16]. Taking the 

analysis of HIV infection to the next level, Banks, Bortz, and Holte [5] have analyzed 

classes of functional differential equation models which arise in attempts to describe 

temporal delays in HIV pathogenesis. In particular, they developed a system of de-
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lay differential equations for incorporating arbitrary variability for these delays into 

systems that cannot readily be reduced to a finite number of coupled ordinary dif

ferential equations. Merrill [10] developed a mixed stochastic-deterministic model for 

the HIV infection, which is a continuous time Markov chain model. This model is 

used to explore the loss of immunocompetence in AIDS as it is affected by the rate of 

external antigenic stimulation of T cells, the effectiveness of defenses and initial size of 

infection. Also, Merrill [10] presented additional Markov chain models describing the 

interaction of HIV with helper T lymphocytes and macrophages. Moreover, Merrill 

[11] addressed some primary problems such as the dechne of immunocompetence as 

mirrored by the T cell number, the role of the macrophages in the disease process. 

There have been some stochastic differential equation (SDE) models developed 

for HIV pathogenese [19, 20] based on the ordinary differential equation models of 

Perelson and Nelson [16]. However, the SDE models make assumptions concerning 

the form of the distribution of births, deaths, and infection. The system of SDE's in 

[19, 20] is not an Ito system of SDE's and Euler method that is used in this thesis 

cannot be applied. 

The objective of this theses is to a provide a thorough mathematical analysis of 

models for the interaction between a foreign antigen such as virus and the immune 

system. We use as a starting point the model of Nowak and May [12]. In this endeavor, 

we also formulate new stochastic models, systems of stochastic differential equations. 

First, we need to understand the dynamics of virus particles and the immune response 

individually and collectively. 

Viruses are very small biological structures whose reproduction requires a host 

cell. Each virus has an affinity for a particular type of cell. For example, HIV virus 

recognizes CD4-h T cells-white blood cells which also known as helper T cells. A virus 

particle encounters uninfected cells and becomes an infected cell. Then infected cells 

produce more virus over time. In the course of viral infection, the host cell is changed 

or even killed. On the other hand, virus particles activate the immune system. The 

role of the immune system is to fight off invasion by foreign pathogens such as virus. 



Cells which are related to the immune response can be identified as two types, namely, 

B cells and T cells. The basic difference between these two types is that B cells and T 

cells are produced in the bone marrow and the thymus, respectively. Moreover, there 

is a salient distinction between their respective roles. That is, while B cells carry 

antibody molecules on their cell surface, T cells identify and destroy virus. Here, we 

consider special kinds of T cells, namely, cytotoxic T lymphocytes (CTLs) that are 

activated by the infected cells. 

The interaction between the virus and the immune system is reminiscent of predator-

prey model [12]. The immune cells play the role of the predator while the virus plays 

the role of the prey. The basic model consists of a system of three differential equa

tions for uninfected cells, infected cells, and virus particles. When the CTL response 

is introduced there is an additional equation for CTL. There is no clear evidence 

about the rate of the immune response. Thus we investigate the CTL response under 

different assumptions using the basic models developed by Nowak and May [12]. 

In Chapter 2, a simple model of virus dynamics is introduced. Analysis of the 

model begins by calculating equilibria and determining the basic reproduction ratio, 

denoted by RQ. The basic reproduction ratio is an important factor determining the 

persistence or extinction of the disease. Then, stability of each equilibria is analyzed 

for the simple model. 

In Chapter 3, a new stochastic model of virus dynamics is formulated and ana

lyzed. This model is a system of stochastic differential equations. Numerical simula

tions play an important role in determining the dynamics of the stochastic models. 

Thus, we include a few results of the numerical simulations to show the behavior of 

uninfected cells, infected cells, and virus particles. 

Chapter 4 describes the immune response to the virus. Here, we are interested 

in a special kind of immune response namely, CTL response. Analysis of the CTL 

response depends on three different assumptions on the CTL proliferation rate. The 

three models differ from each other in the last equation which describes the CTL 

proliferation rate. Moreover, for each model the analysis follows in a similar manner 



as in Chapter 2. 

In Chapter 5, new stochastic models for the dynamics of the CTL response are 

formulated and analyzed for the corresponding deterministic models. These models 

are stochastic differential equations. The numerical simulations play an important 

role in the stochastic models. The simulation results depict the dynamics of uninfected 

cell, infected cell, virus particles, and CTL cells. In addition the probability of virus 

extinction is examined. 

Hitherto, the models and their results apply to any foreign antibody. In particular, 

they hold true for HIV. Being a versatile virus, HIV plays an ironical role. Host cells 

of HIV are immune system cells namely, CD4-I- T cells which are the same cells acting 

to destroy a foreign antigen, namely HIV. Thus, HIV defeats the immune system by 

infecting and eventually killing them. 



1.1 Notation 

The following notations are used throughout this paper. All of these parameters 

and variables are assumed to be positive. 

c = the rate of CTL responsiveness 

di = the rate uninfected cells die 

(^2 = the rate infected cells die 

ds = the rate the virus dies 

ds = the rate free virus is removed from the system 

o?4 = the rate CTL cells die 

k = the rate infected cells produce free virions 

p — the rate CTL response kills infected cells 

Xi = abundance of the uninfected cells 

X2 = abundance of the infected cells 

X3 = a b u n d a n c e of t he free virus 

Xi = a b u n d a n c e of t he C T L cells 

Xi = a b u n d a n c e of Xj a t t he disease-free equi l ibr ium for i = 1,2,3, and 4. 

Xi = a b u n d a n c e of Xi a t t he endemic equi l ibr ium for i = 1, 2, 3, and 4. 

P = t h e r a t e uninfected cells react wi th free virus t o give rise to infected cells 

7 = the rate uninfected cells are replenished by the system 

Henceforth, these notations may be used without any further reference. 



CHAPTER 2 

DETERMINISTIC MODEL OF VIRUS DYNAMICS 

2.1 Introduction 

The simplest model of virus dynamics has three state variables namely, uninfected 

cells, infected cells, and free viruses. It is assumed that the uninfected cells are 

produced by the system at a constant rate 7 and uninfected cells encounter free virus 

and become infected cells at rate /?. It is also assumed that each infected cell produces 

A'' number of free virus particles. The death rates of uninfected cells, infected cells, 

and free virus particles are di,d2, and ^3. Thus, the average respective life times of 

uninfected cells, infected cells, and free virus particles are -r, -r, and —- [12]. The 
di d2 ds 

abundance of free virus particles derived from an infected cell is k = Nd2- Since in 

reality, the number N of free virus particles produced by an infected cell is very large 

A'" > > 1. Hence, k » d2 [6]. The interaction among these population variables are 

described by the following system of differential equations: 

xi = 7 - diXi - PxiXs, 

±2 — PX1X3 - d2X2, (2-1) 

X3 = kx2 - d^xs - PX1X3. 

The initial conditions are assumed to be nonnegative, Xj(0) > 0, for i = 1, 2, and 3. 

Model (2.1) is the basic model derived by Nowak and May [12], with the excep

tion of the term PxiXs which was omitted in ^3. By the fundamental theorem of 

existence and uniqueness for initial value problems in ordinary differential equa

tions, there exists a unique solution to model (2.1) [17]. In particular, the region 

Q = {(xi,X2,X3) : Xi > O,for i = 1,2, and 3} is positively invariant. Solutions are 

bounded below by zero. 

The analysis of model (2.1) is carried out in the following manner. First, the 

equilibrium states are determined. Then, the reproduction number is calculated. 

Finally, the stability of equilibrium states is analyzed. 



2.2 Equilibrium States 

We consider the equiUbrium states in the absence of infection as well as in the 

presence of the infection namely, the disease-free equilibrium and the endemic equi

Ubrium. 

At an equilibrium state, 

7 — diXi — PxiXs = 0, 

PxiX3 - d2X2 = 0, (2.2) 

kx2 — (̂ 3X3 — /3xiX3 = 0. 

In the absence of infection, virus particles X3 = 0. Substituting X3 = 0 into the 

first and the second equations of (2.2), we obtain the disease-free equihbrium 

(xi,X2,X3) = ( —,0 ,0 j . 

Note that the abundance of uninfected cells has the equilibrium state ^ . 

In the presence of infection, virus particles X3 7̂  0. The first and the second 

equations of (2.2) imply that 

7 Pxixs 
xi = , , ^ and X2 = — 1 — . (2.3) 

"1 + PXs d2 

Substituting the values of xi and X2 into the last equation of (2.2) yields 

Since X3 7̂  0, 

kPj , Pi 
- 0 3 -d2(di+pX3) di + Px3 

= 0. 

^^^ d,- . ^ \ =0. 
d2(di+Px3) di + pX3 

Straightforward calculations yield that, 

_ 7(A:-d2) _ rfi 

0̂ 2 c?3 P 

Substituting the value of X3 into the equations in (2.3), we obtain the endemic equi

librium 

(^* ^* ^*) - ( ^^^3 2. _ ^^^3 l{k - d2) _ dj\ 
(Xi,X2,X3J- (^^^^_^^^,^^ /3( /c -d2) ' d2d3 P) ^ ' 



Note that in the absence of infection, the abundance of uninfected cells xj must be 

greater than the abundance of uninfected cells xl in the presence of infection. This 

impUes 

2_ d2ds 

di^ P(k-d2y ^^^ 

At the endemic equihbrium, the number of infected cells and free virus particles are 

positive and bounded. Thus, 

- ; = ^ - ^ 7 ^ > 0 (2.6) d2 P(k - d2) 

and 

'y(k — d2) di , „, 

The inequalities (2.5), (2.6), and (2.7) imply that at the endemic equilibrium 7/3(A;— 

^2) > d\d2d3. 

Persistence or extinction of an infection depends on a quantity called the basic 

reproduction number, RQ. The basic reproduction number is discussed in the next 

section. 

2.3 Basic Reproduction Number RQ, 

The basic reproduction number i?o is defined as the total number of infected cells 

that arise from one infected cell when almost all cells are uninfected [12]. If i?o is 

less than unity, every infected cell on the average produces less than one infected 

cell. Thus, the virus will not spread. If RQ is greater than unity, every infected cell 

produces more than one newly infected cell. Then the disease will spread. 

We calculate RQ, evaluating the linearized system (2.1) at the disease-free equi

hbrium. The Jacobian matrix J for system (2.1), evaluated at the disease-free equi-



librium f ^ , 0 , 0 j , is given by 

/ 

J ( ^ , 0 , 0 ) = 

V 

-di 0 

0 -d2 

0 k 

Pi \ 
d 
h 
di 

Pi 

di 
Pi 

-d. - ^ 
di J 

The disease-free equihbrium is locally asymptotically stable if and only if all of 

the eigenvalues of the Jacobian matrix J have negative real part [17]. The eigenvalues 

can be determined by solving the characteristic equation det ( J - A/) = 0: 

det (J-XI) = (\ + di) 

Then \ = —di and 

A' + (̂  ^2 + Ĉ3 + ^ j A + (̂ 2 ^ ^3 + ^ 
Pl\ Plk 

= 0. 

Pj 
di 

Â  + ( d2 + 0?3 -F ^ 1 A + ^2 ( 0?3 + ^ I - ^ ^ ^ = 0. 
Pl\ Plk 
di di 

(2.8) 

Obviously, one eigenvalue is negative. Now equation (2.8) is the characteristic equa

tion of submatrix Ji, where 

( d ^^ \ 
-d2 — 

T — " 1 
I. rl (^^ ' 

Then we see that trace(Ji) = — [c?2 + c?3 -h f^] < 0. Therefore, if 

Pl\ Plk 
det(Ji) = a!2 Ma + ^ , ^ 

is greater than zero, then all of the eigenvalues have negative real part. If 

kPl , ^ 
dMd3 + ^^) ' 

then det(J i ) is greater than zero. Thus, we define the basic reproduction number, 

RQ — 
kp^ di 

d2(d3 + ^y 
(2.9) 



2.4 StabiUty of Equihbria 

We investigate global stability of the disease-free equihbrium and local stability 

of the endemic equilibrium of model (2.1). Prior to the investigation of stabiUty, we 

show that the number of uninfected cells is bounded above by ^ . 

Lemma 2.4.1. The number of uninfected cells xi(t) in model (2.1) satisfies 

1 limsupxi(t) < —. 
t-.oo "1 

Proof. The dynamics of the uninfected cells Xi (t) is given by 

^i{i) =1 - dixi(t) - Pxi(t)x3(t) 

with xi(0) = xio > 0. It is obvious that Xi(t) < 7 - rfiXi(i). Consider 

yi(t) =l-diyi(t) 

with initial condition yi(0) = j/io = XIQ. Since Xi(t),yi(t) G C^[0,oo) and Xi(0) = 

2/1 (0) > 0, by comparison results in [2, 6] it follows that Xi(i) < yi(t) for t G [0,oo). 

Straightforward calculations yield 

yi(t) = Vioe-'^' + ^ - ^ ^ ^ ^ for t > 0. 

Thus, lim yi(t) = ^ . By comparison 
t—•CXD U l 

7 
limsupxi(i) < lim yi(t) = —. 

Thus, lim sup xi(t) < ^ . ° 
i^oo " 1 

Next we show that if < 1 then the disease-free equilibrium is globally asymp-
' did2d3 

kPi 
totically stable. But if -—3-7- < 1, then R^ < i. 

Theorem 2 4.1. / / is less than unity, then the disease-free equilibrium (^ , 0,0) 
did2d3 

of model (2.1) is globally asymptotically stable. 
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Proof By Lemma 2.4.1, we have Umsupxi(^) < ]-• Thus, for any e > 0, there exists 
i—too Ui 

Ti > 0 such that 

xi{t) < ]- + e hi t > Ti. 
" 1 

Prom model (2.1), 

Mt) < P{i^+€)x3(t)-d2X2(t), 

X3(t) < kX2(t) - d3X3(t). 

Now define two variables j/2 and ys that satisfy for t > Ti: 

^ 2 ^ = P{f,+^)y3it)-d2y2{t), 

2/3 (i) = ky2(t)-d3y3(t), 

with y,(Ti) = Xi(Ti) for z = 2 and 3. This is a Unear system of the form of Y = AY 

where Y = (y2,yiY ^^<i 

-d2 P{i^^) 
k -ds 

It can be seen that trace(A) = — [̂ 2 + 0̂3] < 0 and 

7 
det(A) = d2d3 - kp(-^ + e) 

di 

Since 
kPi 

< 1 and e is arbitrary, it can be chosen sufficiently small such that 
^1^2 4 

det(A) > 0. Then it follows that 

/ 
lim 

t—>oo 

2/2(i) 

By a comparison theorem for systems [2, 6], it follows that 

X2(t) 1 ^ / 0 
lim 
* ^ ° ° * X3(t) 

7 Now we need to show that lim Xi(t) = —. Since Um X3(t) = 0, for any 6 > 0, 
t-*oo di t—^oo 

there exists T2 > 0 such that 

X3(t) <5iort> T2. 
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LetT3 = max(Ti,r2). Then 

< 
di 

xi(t) < ^ + f and X3(̂ ) < 5 for t > T3 (2.10) 

and 

xi(i) > 7 - diXi - P(J- + e)S for t > T3. 
"1 

Now, consider w(t) given by 

7 w(t) = 1 - diw - p(-^-^ e)5 
"1 

with the initial condition w(T3) = WQ = x(T3). Straightforward calculations yield 

w(t) = woe-'''^'-^'^ + 1 ^ (1 - e-'̂ if*-^^)) for t > T3, 

where ei = p (f^ + e) 5. Thus, 

lim w(t) 
t->oo di 

Since Xi(t), w(t) e C^([0, 00)) and Xi(r3) = w(T3) > 0, by comparison 

xi(t) >w(t) for i > T 3 . 

Thus, 

liminf xi(t) > 2LIL£1. (2.ii) 
«-^oo ct]̂  

Then by (2.10), (2.11), and definition of e, for a given 62 > 0, e and 5 can be chosen 

sufficiently small and T^ > T3 such that 

y- - es < xi(t) < ^ + 62 for t > T4. 
U l U l 

Since 62 > 0 is arbitrary, we have 

7 
lim Xi(t) = —. 
t^oo di 

The disease-free equiUbrium (^, 0, 0)^ of model (2.1) is globally asymptotically stable. 

D 
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If the basic reproduction number RQ is greater than one, interaction occurs among 

uninfected cells, infected cells and virus particles. After some time of interaction it 

will be shown that system (2.1) converges to the endemic equiUbrium. 

Theorem 2.4.2. If RQ is greater than unity, then the endemic equilibrium 

Xj^, X.2, X3J 
d2d: 2 " 3 7 dids i(k - 0̂ 2) di 

^P(k-d2)''d2 P(k-d2y d2d3 P 

is locally asymptotically stable. 

Proof. We investigate the stability of the endemic equiUbrium by evaluating the lin

earized system at the endemic equilibrium. The endemic equilibrium is locally asymp

totically stable if and only if all of the eigenvalues of the Jacobian matrix J have 

negative real part [17]. We determine the eigenvalues by solving the characteristic 

equation. Jacobian matrix J is given by 

J(Xi, X2, X3J — 

The characteristic equation is giv 

-di - pxl 

Pxl 

-Pxl 

en by 

0 

-d2 

k 

-Pxl 

Pxl 

-X3 - Pxl 

(di+pxl+\)[X^ + (d2+d3-hpxl)X-\-d2(d3+Pxl)-kPxl]+pxl[pxl(k-d2)-px;X]=0. 

By simplifying we obtain the characteristic equation in the form 

\^ + A\^ + BX-^C = 0. 

The coefficients are given by 

A = di + d2 + d3 + pxl+pxl 

B = (di+Pxl)(d2 + d3 + pxl) + d2(d3 + Pxl)-kPxl-p^xlxl 

C = d2(d3 + Pxl)(d, + Pxl) - (di + pxDkPxl -f P''xlxl(k - d2). 

The Routh-Hurwitz criteria can be used to determine the sign of the eigenvalues [17]. 
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All three eigenvalues have negative real part if and only ii A,C > 0 and AB -C > 0. 

Obviously, A> 0. The value of C can be simplified as follows. 

C = d2(d,-\-pxl)(d3 + pxl)-(di+pxl)kPxl+p^xlxl(k-d2) 

iPjk - d2) 

d2d3 2̂ Ms + 
d2<̂ 3 \ kd2d3 

k — do I k — do 
-^P^xlxl(k-d2). 

Since k > d2 hy simplifying we see that 

C = P'^xlxKk - d2) > 0 . 

Thus now we need to consider AB — C. First consider B and AB: 

B = (di + Pxl)(d2 + d3 + pxl) + d2(d3 + Pxl)-kPxl-p^xlxl 

lP(k -di), . did2d3 
B = :r-. (C?2+C?3) + dod 2 " 3 (k-d2 

AB = rt ^ri , d2d3 -fP(k-d2) 
a2 + "3 + J-, j-T H T~i 

(k - d2) dids 

lP(k - d2)(d2 + ds) did2d3 

d2d3 (k - d2) 

Then, 

lP(k-d2)(d2 + d3) 

0?2C?3 

+7/3(o?i + rf2 + 4 ) -

iP 

d2 + 4 
lP(k - d2) 

d2d3 
+ . / "^js [d2 + c?3 + did2d3] 

(k - d2) 

AB-C = -f^(k-d2)(d2 + d3) 
" 2 " 3 

2̂ + 0̂3 + iP 
(k - d2) 

dids 
+ . / ^ / . [d2 + d3 + did2d3] 

(k - d2) 

-\-lP(di + d2 + 4 ) - lP(k - d2) + did2d3 

Mv. , ^r(rf2 + 4 ) ^ , , ^ , 7^ ( fc -^2) , , 

+ 4 + diC?2C?3] + lP(dx + 0̂2 -f ofs) + dxd2d3 

dxd2d3 

(k - d2) 
{d2 

^^^^^ ,f'^ [(d2 + d3)[(d2 + d3)d2d3 + lP(k - d2)] - (rf2C?3)'] 
(a2a3)^ 

AB-C = 
iPjk - d2) 

(d2d3)' 
[(dl -f dl)d2d3 + (d2d3)^ + (d2 + d3)iP(k - d2)] 

14 



Since k > d2, AB — C > 0. Thus, the endemic equiUbrium is locally asymptotically 

stable. D 

2.5 Numerical Simulations 

To get a better understanding of the dynamics of viral infection over time, we 

numerically integrate the basic model of virus dynamics given by (2.1). Out of many 

available numerical schemes, we use Euler's method to simulate the above model 

[7, 8, 18]. We use two sets of parameter values for this simulation. The first set of 

parameter values is given by 

p = 2x 10-^ cells-^mrMay-\ 7 = 10^ cells.day"\ k = 100 day"^ 

dl = 0.1 day~\ (̂ 2 = 0.5 day~\ ds = 5 day"-̂  

(2.12) 

which is obtained from [12]. This set of parameter values is more reaUstic with HIV 

[12]. However, realistic parameter values, the parameters associated with the CTL 

response are not available. Thus we use another set of parameters given by 

P = 0.005 cells"^mrMay"\ 7 = 1 cells.day~\ k = 50 day"^ 
(z.ioj 

dl = 0.01 day" \ c?2 = 0.5 day"\ ds = 5 day"^ 

for which the associated parameter values of the CTL response are available. For 

comparison purposes, we simulate the model (2.1) for both sets of parameters with 

the initial condition 

2;i(0) = ^ , X2(0) = 0, X3(0) = 1. (2.14) 
"1 

The graphs given in Figure 2.1 show the variation of the populations of uninfected 

cells, infected cells, and virus particles over time for the set of parameters given in 

(2.12). Prom these graphs, it is evident that these populations with initial condition 

given in (2.14) converge to the endemic equilibria 

(1.26 X 10°^1.75x 10°^ 3.48 X 10 )̂ 

15 



which is calculated from (2.4) using the set of parameters given in (2.12). 

Similarly, the graphs given in Figure 2.1 show the variation of the populations of 

uninfected cells, infected cells, and virus particles over time for the set of parameters 

given in (2.13). From these graphs, it is evident that these populations with initial 

condition given in (2.14) converge to the endemic equilibria 

(10.1,1.8,17.8) 

which is calculated from (2.4) using the set of parameters given in (2.13). 

In Theorem 2.4.2, we proved that the endemic equiUbrium of the basic model 

of virus dynamics given in (2.1) is locally asymptotically stable. Eigenvalues of the 

Jacobian matrix for the set of parameter values given in (2.12) are 

-0.082 ±zO. 157 and -5 .53 . 

The corresponding eigenvalues of the Jacobian matrix for the set of parameter values 

given in (2.13) are 

-0.045 ±zO. 195 and -5 .56. 

These complex eigenvalues give rise to oscillatory behavior which is also evident from 

the graphs given in Figures 2.1 and 2.2. 

By comparing these two sets of eigenvalues, there is rapid convergence to the 

equilibria with fewer osscillations associated with the set of parameter values given 

in (2.12). This fact is also evident from the Figures 2.1 and 2.2. 
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Figure 2.1: Populations of uninfected cells, infected cells, and virus particles 
over time. Parameters and initial conditions are /3 = 2 x 10~''cells~ 

^5, 
'mrMay"^ 7 

lO^cells day" \ A; = 100day-\di = 0.1day-\d2 = 0.5day-l,d3 = 5day \x i (0) = 
Ji, 0:2(0) = 0,X3(0) = 1 [12]. The basic reproduction number is RQ = 52.00. 
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Figure 2.2: Populations of uninfected cells, infected cells, and virus particles 
over time. Parameters and initial conditions are P = 0.005cells"-^mr day" ,7 = 
Icells day" \ A; = 50day"\di = 0.01day"\o!2 = 0.5day~\d3 = 5day"\xi(0) = 
:L^a;2(0) = 0,X3(0) = 1. The basic reproduction number is RQ = 68.75. 

18 



CHAPTER 3 

STOCHASTIC MODEL OF VIRUS DYNAMICS 

3.1 Introduction 

Unhke a deterministic model, a stochastic model is capable of capturing the ran

domness of the birth and death rates. While a deterministic model predicts a single 

outcome for a given set of parameters, a stochastic model predicts a set of possible 

outcomes weighed by their likelihoods or probabiUties. Thus, analyzing the stochas

tic model will lead to a better understanding and better decision making regarding 

disease control. Therefore, it is important to develop and analyze a stochastic model 

for virus dynamics at the cellular level. 

Stochastic differential equations (SDEs) can be defined in several different ways. 

Ito and Stratonovich are the most well-known stochastic differential equations. In 

biological examples, Ito stochastic differential equations are used more frequently 

[4]. Henceforth, in this context, Ito SDEs are used without any further reference. 

3.2 Deriving the Stochastic Model from the Deterministic Model 

In an attempt to derive the stochastic model from the deterministic model of 

interest, we use the methodology introduced in [1] and [4] based on the derivation of 

SDEs for two interacting populations. The most ubiquitous types of such interactions 

are 

(i) predator-prey interaction and 

(ii) the interaction between susceptible and infected individuals. 

In this endeavor, our interest is in the interaction among uninfected cells, infected 

ceUs, and virus particles in an individual. 

In order to obtain the corresponding SDE model, we need to identify the basic 

deterministic model as a birth, death, and migration process. The SDE formula

tion assumes there is demographic variability in births, deaths, and migration. Let 
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A'l, A'o, and A'3 denote random variables for the number of uninfected cells, infected 

cells, and virus particles, respectively. Let the incremental change in uninfected cells, 

infected cells, and virus particles during the small time period At be denoted by 

AXi, AA'2, and A A3, respectively. Then define the vector AX as 

AX = AX(t) = (AXi(t), AX2(t), AX3(t))^, 

where AXi(t) = X,(t + At) - Xi(t) for i = 1, 2, and 3. 

The mean and the covariance matrices of AX have the forms 

E(AX) = ^lAt and V(AX) = CAt, (3.1) 

respectively, where C is a positive definite matrix. From the work done by Allen in [1], 

an explicit form for the matrix B = \fC exists for a given positive definite matrix 

C of order 2. Furthermore, the method of obtaining such a square root matrix is 

explained in [1]. Then, the SDE model of the deterministic model of interest can be 

obtained in the form of 

dX = pdt A BdW, 

where p and B = VC are defined in (3.1). The variable W = W(t) is a three 

dimensional Wiener process. The notation 

dW = (dWi,dW2,dW3)^ 

denotes the differential of the three dimensional Wiener process. This is a formal 

definition because the Wiener process is continuous but not differentiable. The incre

mental change in the Wiener process satisfies 

AW,(t) = Wi(t + At) - Wi(t) - iV(0, At). 

Therefore, in order to formulate the SDE's the mean matrix E(AX) and the covari

ance matrix V(AX) need to be computed, so that the vector p and the matrix B can 

be obtained. 
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Consider the basic deterministic model of virus dynamics which is described by 

the following differential equations: 

Xl = 1 - diXi - PX1X3, 

X2 = pXiX3-d2X2, (3.2) 

x'3 = A;x2 - 0̂ 3X3 - PX1X3. 

Each term in the right-hand side of model (3.2) can be identified as a term associated 

with a birth, death, or migration rate. The parameters 6j and di are the per capita 

birth and death rates oi Xi(i = 1, 2, and 3) and rriij is the per capita rate at which 

population i is transformed into population j ior i = 1,2 and 3 referred to as migra

tion also. The only migration term present in the system is PX3 which represents 

the transformation of uninfected cells into infected cells which is denoted by m2i. 

AU other migration terms mi2,mi3,7x123, ^^32, and 77131 are zero. The per capita birth 

rates of Xi, X2 and X3 are 

bi = ^,b2 = Q, and 63 = ^ , (3.3) 
Xl A3 

respectively. Likewise, the per capita death rates of Xi,X2 and X3 are 

dl = dl, 4 = d2, and (̂ 3 = ^3 -I- pXi, (3.4) 

respectively. Note that model (3.2) has the same notation for the per capita death 

rates di and ^2 as the general birth, death, and migration process. However, free 

viruses are removed by the system due to the natural death of the free virus and due 

to the interaction with uninfected cells. Thus, the rate at which viruses are eliminated 

by the system (death rate of free virus) is 4 = c?3 + P^i- Assume that a single birth 

or death occurs during a small time interval At. The probability of a single birth 

or death of a ceU is given by hXiAt and diXiAt for 2 = 1,2, and 3, respectively. 

The probability of an uninfected cell being transformed to an infected cell in time 

At is m2iA:iAt = /^XiATsAt. Since At is smaU, the higher order terms of At can be 

neglected. 
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The expectation matrix E(AX) of AX satisfies 

E(AX) = [( l ,0,0)^6i-h(-l ,0,0)^di + ( - l , l ,0)^m2i]AiAt 

+ [(0,1,0)^62+ (0,-l,0)^d2]A2At 

+ (0,0,1)^63 + (0,0, -1)^^31 X3At + o(At). 

For smaU At, the above expression can be written in vector form as follows: 

p = E(AX) 

(61 -dl- m2i)Xi 

(62 -d2)X2 + m2iXi 

(63 - 4 ) ^ 3 

At = 

7 - diXi - PX1X3 

-d2X2 + PX1X3 

kX2 - 0̂ 3X3 - PX1X3 

At, 

where p = (pi, p2, fJ-a)^ and term o(At) have been omitted. Note that ^^^P- is the 

right-hand side of the deterministic model (3.2). 

The covariance matrix V of AX is given by 

V(AX) = E((AX)(AX)^) - E(AX)E(AXf 

Since 

E(AX)E(AX)'^ = pi/(Atf 

for sufficiently small At the covariance matrix can be approximated by 

V ^ E({AX)(AX)'^). 

Thus, we can compute the covariance matrix as follows. 

AXl AXiAATa AA:IAA:3 

V E A X I A A : 2 AXl AA:2AA:3 

AA:IAA:3 AX2AA:3 A X | 

At 

(hi AdiA m2i)Xi -m2iXi 0 

—m2iXi m2iA'i + (62 + d2)X2 0 

0 0 kX2 + dsXs 

At, 
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where these terms represent the general birth, death, and migration terms. Replacing 

corresponding birth, death, and migration terms given in (3.3) and (3.4) it follows 

that 

V 

l + diXi+pXiX3 -PX1X3 0 

-PX1X3 d2X2 + PX1X3 0 

0 Q kX2 + 4 ^ 3 + PX1X3 

At. 

The covariance matrix V ~ CAt. Since the matrix C is a positive definite matrix, 

B = \fC can be calculated by following the methodology [1]. Matrix C is in block 

matrix form 
""Ci 0 

0 C2 
C = 

where 

Ci = 
1 + diXi + PX1X3 -PX1X3 

-PX1X3 d2X2 + PX1X3 
and 

C2 = [kX2 + d3X3 + PXiX3]. 

Therefore, 

/Ul 0 

0 VC2 

Obviously, y/C^ = VkX^n^XT+^X^. Letting Bi = ^/CT and using the formula 

derived by Allen [1], 

B = 

-.4 7 + diXi + PX1X3 + G -PX1X3 

-PX1X3 d2X2 + PX1X3 + G 
(3.5) 

where G and D are given by 

G = Vdet(Ci) = 7 ( 7 + diXi)(d2X2 + ^^1X2) + /3d2^i^2X3 

D = ^/c^lT~o^yT2G• 
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Therefore, 

B = 
Bi 0 

0 y/kX2 + 0̂ 3X3 + PX1X3 
(3.6) 

where Bi is as given in (3.5). 

The SDE model for the basic deterministic model (3.2) has the form dX = pdt + 

BdW(t), that is 

dX = 

l-diXi-pXiX3 

-^2X2 + PXIX3 

kX2 - 4 ^ 3 - PX1X3 

dt + BdW(t), (3.7) 

where B is defined in (3.6). 

3.3 Numerical Simulations 

In section 3.2, the corresponding Ito stochastic model was derived from the de

terministic model given in (2.1). This model is explicitly given in (3.7). When there 

are two models representing the same disease dynamics, the natural tendency is to 

compare them. Thus, at this point, it is imperative to compare the dynamics of the 

deterministic model given in (2.1) and that of the corresponding Ito stochastic model 

given in (3.7). 

Euler's method is used to simulate the stochastic model numerically by means of 

Xf+i = Xf + p^X^At + B^^VAtrj,, 

for z = 1,2,... and j = 1, 2, and 3, where pi, B, r], Xi are defined as in section 1.2. In 

order to obtain a better comparison between deterministic and stochastic models, we 

simulate the models simultaneously. 

Figure 3.1 illustrates the graphs of the deterministic solution and two sample paths 

of the stochastic model of virus dynamics over time for the parameter values given in 
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(2.12). We cannot see the variation of each sample path. They appear to agree very 

well. 

Figure 3.2 graphs the deterministic solution and the mean of 10,000 sample paths 

of the stochastic model over time. For each variable population, the deterministic 

solution and the stochastic mean coincide other than in the vicinities of the local 

maximum and local minimum points. 

Figure 3.3 depicts the probability of extinction of virus particles, when there is 

initially one virus particle. 
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Figure 3.1: Deterministic solutions and two sample paths of the stochastic model 
of virus dynamics. Parameters and initial conditions are given in Figure 2.1. 
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Figure 3.3: ProbabiUty of the extinction of virus particles. 
Parameters and the initial conditions are given in Figure 2.1. 
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CHAPTER 4 

DYNAMICS OF IMMUNE RESPONSE: CTL RESPONSE 

The immune response is an important determinant of the disease dynamics be

cause it can limit the virus load. Hitherto, the dynamics of the virus load were 

analyzed without including the role of the immune system. In this chapter, the 

interaction between a replicating virus population and the immune response is ana

lyzed. The interaction between viruses and the immune response is reminiscent of a 

predator-prey model. With analogy to a predator-prey model, immune cells play the 

role of the predator while the virus plays the role of the prey. 

The immune response is triggered by encountering a foreign antigen. The role of 

the immune system is to fight off invasion by foreign pathogens. In this case, B cells 

and T cells which are produced in the bone marrow and the thymus, respectively, 

play key roles. The B cells carry antibody molecules on their cell surface. T cells 

identify the virus. In this endeavor, we are interested in a special kind of T ceU, 

namely cytotoxic T lymphocyte (CTL) which can also identify and eliminate infected 

cells. 

Thus, in this chapter we are interested in the abundance of CTL cells (CTL 

response), denoted by X4 when infection is present. We also investigate several models 

exploring different assumptions about the CTL response including 

a. CTL proliferation rate is constant: c. 

b . CTL proUferation rate is proportional to the product of the abundance of the 

CTL cells X4 and the abundance of infected cells X2: 0x2X4. 

c. CTL proliferation rate is proportional to the abundance of infected cells X2 but 

independent of the abundance of the CTL cells X4: cx2. 

However, these rates also depend on an individual patient and antigenic variations. 

These forms (a), (b), and (c) for the CTL response were also used by Nowak and May 

[12]. However in [12], a thorough analysis of the models was not undertaken. 
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4.1 CTL Response at Constant Rate c 

4.1.1 Introduction 

We assume that the CTL response is triggered by encountering viruses and then 

it adopts a constant level, independent of the abundance of infected cells and viruses. 

The dynamics of virus particles can be described by model (2.1). In the presence 

of infection, CTL cells are produced at a rate c and die at a rate d^Xi. Infected 

cells are eUminated by the immune response (CTL response) at a rate 9̂x2X4. Thus, 

when the CTL response is in action, virus dynamics can be described by the following 

differential equations: 

x'l = 7 - diXi - PX1X3, 

±2 = PX1X3 - d2X2 - PX2X4, 
(4.1) 

X3 = kX2 - 0̂ 3X3 - PX1X3, 

X4 = 0 - ^ 4 x 4 , 

where k, P, 7, c,p,di, for i = 1,2,3, and 4 are given as in section 1.1. By the 

fundamental theorem for existence and uniqueness of ordinary differential equations, 

there exists a unique solution for model (4.1) [17]. In particular, the region fii = 

{(xi,X2,X3,X4) : Xj > 0, for i = 1,2,3, and 4} is positively invariant and solutions 

exist for t G [0, 00). 

4.1.2 Equilibrium States 

In the presence of the CTL response, we determine the equilibrium states in 

the absence of infection and in the presence of infection namely, the disease-free 

equilibrium and the endemic equilibrium. 

At the equiUbrium state, 

7 — diXi — PX1X3 = 0, 

pXiX3 - d2X2 - PX2X4 = 0, 

A;x2 - dsXs - PX1X3 = 0, 

c — (̂ 4X4 = 0. 
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The last equation of model (4.2) does not depend on the abundance of virus par

ticles or infected ceUs. Thus the abundance of CTL cells at either the disease-free 

equilibrium or the endemic equilibrium is 

X4 = 
dd 

In the absence of infection, virus particles X3 = 0. Substituting X3 = 0 into the 

first and the second equations of (4.2), we obtain the disease-free equilibrium 

(Xi, X2, X3, X4) = ( ^ ' 0' 0' ^ J 

In the presence of infection, virus particles X3 ^ 0. The first and the second 

equations of (4.2) imply that 

X l 
7 and X2 = 

PX1X3 

dl + Px3 " " " "^^ d2 + px4 • 

Substituting the values of Xi,X2, and X4 into the third equation of (4.2) 

kpi , Pi 
X3 

(^3 _ 

(d2 + px4)(di + Pxs) 

Since X3 7̂  0, we have 
Pi 

dl + PX3 

Straightforward calculations yield 

k 

1 
X3 = — 

03 

_d2 +PX4 

k 

-1 

dl + PX3 

= 4. 

dl 

P 

= 0. 

Hence, the endemic equilibrium is 

/ 

(Xi , X2, X3, X4J = 
7 Pixl 1 

\ 

^^ + ^ ^ 3 ' (d,^Pxl)(d2A'{\ '' 

k 

d2 + -r di 

- 1 
dl c 

1 ' JA 

I 

4.1.3 Basic Reproduction Number Ri 

Prior to activation of the CTL response, spread of a disease depends on RQ given 

by (2.9). If i?o > 1, then the disease wiU spread initially. These virus particles trigger 
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the activation of the immune response. At this stage, persistence or extinction of 

the disease depends on a different basic reproduction number, called Ri. The basic 

reproduction number Ri is defined as the total number of infected cells that arise 

from one infected cell when almost all cells are uninfected and when the immune 

response has been activated, i?o > 1 [12]. 

The value of Ri can be calculated by following the same process as in section 

2.3. Thus, to calculate Ri, we evaluate the linearized system (4.1) at the disease-free 

equiUbrium. The Jacobian matrix J for system (4.1) evaluated at the disease-free 

equiUbrium ( ^ i 0, 0, ^ j is given by 

/ 

V dl d4 

v 

-dl 

0 

0 

0 

0 

pc 
-do - — 

k 

0 

Pi 

h. 
dl 

dl 
Pi 

, Pi 
-'^-Ti 

0 

0 

0 

0 

-di 

\ 

J 

The disease-free equilibrium is locally asymptotically stable if and only if all of the 

eigenvalues of the Jacobian matrix J have negative real part [17]. The eigenvalues 

can be determined by solving the characteristic equation det (J - A/) = 0. Thus, 

det(J - XI) = (A + d4)(A + di)[X^ + aA + 6] = 0, 

where P^ pc , 
a = d2 + d3 -f - ^ + — and 

Then A = - d i , A = -d4, and 

^^-^(''-^3.t.g^.(...g(^3.f)-M.o. (.3) 
Obviously, the two eigenvalues are negative. Now equation (4.3) is the characteristic 
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equation of submatrix Ji, where 

/ - d 2 - ^ ^ \ 
J^ = ^4 dl 

V ' - ' ^ - T i l 
Then we see that trace(Ji) = -[d2 + d3 -f g: + ££] < Q. Therefore, if 

dij \ dl J dl 

is greater than zero, then all eigenvalues have negative real part. If 

kPl 
dl{d2 + fj(d3 + ^) ' 

then det(Ji) is greater than zero. Thus, we define the basic reproduction number to 

be 

kP^ 
Ri = ^ ^ . (4.4) 

Note that i?o > ^ l • 

If i?o > 1 > -^i; then the CTL response will take control over the virus particles. 

Thus, the disease will become extinct. However, ii RQ > Ri > 1, then the CTL 

response will not be able to eliminate virus particles. It will be shown that the 

system converges to the endemic equilibrium state. 

4.1.4 Stability of Equilibria 

In this section, we investigate the stabiUty of the equilibria for model (4.1) when 

the CTL response proliferates at a constant rate c. First, we determine the global 

stability of the disease-free equilibrium and tUen the local stability of the endemic 

equilibrium. 

kPi 
Theorem 4 1 1 / / — r 5̂ less than unity, then the disease-free equilibrium 

did3(d2 + f-J 
(JL^O,0, ^ ) of model (4-1), is globally asymptotically stable. 

kB^ 
Note that ii ^ _, ,^ , ^^s < 1' t^en i?i < 1. 

did3(d2 + ^ ) 
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Proof Consider the last equation of model (4.1): X4(t) = c - d4X4(t). The solution 

is given by 

XA(t) = X4oe~"'** + 

where, X4(0) = X40. Then, 

-d,t ^ c(l - e-^^0 

d4 

lim X4(t) 
t—»oo 

C 

d4 
(4.5) 

Thus, there exists Ti > 0 such that 

X4(t) > ei for t > Ti, 
d4 

7 where ei > 0 is any arbitrary constant. By Lemma 2.4.1, we have l imsupxi( t ) < —. 
t-^00 dl 

Thus for any 62 > 0, there exists T2 > 0 such that 

3̂ 1 (t) < ^ + e 2 f o r t > r 2 . 
dl 

Let T3 = max(Ti,T2) and €3 = max(ei, 62). From model (4.1), 

X2(t) < /3( ^ + £ 3 )x3(t) d 2 + p ( - - e 3 X2(t), 

X3(t) < A;X2(t) -d3X3(t). 

Now define two variables j/2 and ys that satisfy for t > T3: 

Mt) = / ^ ( ^ + ^ 3 ) 2 / 3 ( t ) d 2 + H ^ - ^ 3 y2(t) 

yz(t) = ky2(t)-d3y3(t), 

with yi(T3) = Xi(T3) for i = 2 and 3. This is a linear system of the form oiY = AY 

where Y = (^2,^/3)^ and 

A = -'^-p^i'V ^[i^'' 
k -d. 
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It can be seen that trace(^) = -[da + ds + p ( ^ + 63)] < 0 and 

Since 
kPl 

dld3(d2 + ^) 

det(A) = [d2+p(^-63)]d3-fc /? (^+e3) 

= {d2 + ^)d3-^-(pd3 + kp)e3. 

< 1 and €3 is sufficiently smaU det(^) > 0. So that 

,. , y2{t) 
lim 
'-'^' yz(t) 

0 

0 

By comparison theorems for systems [2, 9], 

lim 
t—»oo 

X2(t) 

xs(t) 

0 

0 

Together with (4.5) we see that 

lim 
t—>oo 

( Mt) ] 
X3it) 

\ X4(t) J 

= 

1 o\ 
0 
c 

\ d4 / 

By following similar arguments presented in the proof of Theorem 2.4.1 we see that 

lim xi(t) = —. Thus, 
t—koo d l 

lim 

/ Xi(t) ^ 

X2(t) 

X3(t) 

\ Mi) ) 

( ^ \ 

0 

0 

\ dl / 

The disease-free equiUbrium of the model (4.1) is globally asymptotically stable. D 

Theorem 4.1.2. If Ri is greater than unity, then the endemic equilibrium 

1 P1X4 1 k 

( x t , x ; , x ; , x : ) = di + Pxl' ^diApxl)(d2 + -) d3[d2Apx4 
\ di 

is locally asymptotically stable. 

dl c 
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Proof We investigate the local stability of the endemic equiUbrium by evaluating the 

Unearized system. The endemic equilibrium is locally asymptotically stable if and 

only if aU of tUe eigenvalues of the Jacobian matrix J have negative real part [17]. 

We determine the eigenvalues by solving the characteristic equation. The Jacobian 

matrix J is given by 

J[X-^, X2, X3, X j j — 

- d l - Pxl 0 -Pxl 0 

Pxl -d2-px\ Pxl -pxl 

-Pxl k -da - Pxl 0 

0 0 0 -d4 

The characteristic equation of J is given by 

(A + d4)[(A + dl + Pxl)[(A + d2 + pxl)(A + d3 + Pxl) - kPxl]+ 

PxllkPxl - Pxl(X + d2 +pxl)]] = 0. 

By simpUfying we can reduce tUe above equation to the form 

(A + di)[X^ + AX^ + 5A + C] = 0, 

where 

A = dl-\-d2 + d3 + pxl-\-Pxl + px*i, 

B = (di+pxl)(d2 + d3+pxl+px*i) + (d2+pxl)(d3 + pxl)-kpxl-p^xlxl, and 

C = (di+Pxl)[(d2+pxl)(d3 + pxl)-kpxl]+p^xlxl[k-(d2+pX*i)]. 

The Routh-Hurwitz criteria can be used to determine the sign of the eigenval

ues [17]. All three eigenvalues have negative real part if and only if ^ , C > 0 and 

AB — C > 0. Obviously, A > 0. The parameters B and C can be simplified as 

follows. First notice that from the second and the third equations of (4.2) 

Pxlxl 
jCn 

= d2 -I- pxl and ^=d3+Pxl. 
^3 

Then 

kPxl = (d2+pxl)(d3+Pxl). (4.6) 
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Thus, 

B = di(d2 + d3+ pxl + Pxl) + Pxl(d2 + d3+pxl). 

Likewise the coefficient C can be simplified as follows: 

C = (di+Pxl)[(d2+pxl)(d3 + Pxl)-kPxl]+P^xlxl[k-(d2+pxl)] 

= P'xlxl[k-(d2+pxl)] 

C = d3Pxl(d2+pxl). 

Clearly, C > 0. Thus, 

AB-C = [di+d2 + d3 + Pxl + Pxl + pxl] [di(d2 + d3+ pxl + pxl)+ 

Pxl(d2 +d3+ pxl)] - d3pxl(d2 + pxl) 

AB-C = [dl + da + d3 + Pxl + Pxl + pxl] [di (d2 + d3+ pxl + pxl)]+ 

[dl +d2 + +Pxl + pxl]Pxl(d2 + ds + px*) + d|/3x*. 

Thus, AB — C>0. By the Routh-Hurwitz criteria the endemic equiUbrium is locally 

asymptotically stable. D 

4.2 CTL Response at Rate 0x2X4 

4.2.1 Introduction 

In this section, we consider a more reaUstic CTL response against the virus. Now 

CTL cells proliferate at a rate proportional to the product of the abundance of CTL 

cells X4 and the abundance of infected cells X2, that is, CX2X4. Thus, CTL cells 

are produced at a rate CX2X4 and die at rate d4X4. As we discussed earlier, the 

dynamics of virus particles can be described by model (2.1). Moreover, infected cells 

are eUminated by the CTL response at rate PX2X4. Hence, the virus dynamics when 

the CTL response is in action, can described by the following deterministic model: 

Xl = 1 - diXi - PX1X3, 

X2 = PX1X3 - d2X2 - pX2Xi, 

X3 = kX2 - d3X3 - PX1X3, 

Xi = CX2X4 — d4X4, 
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where k, p, 7, c,p,di, and for i = 1,2,3, and 4 are given as in section 1.1. The 

initial conditions are assumed to be nonnegative, x, > 0, for i = 1,2,3, and 4. The 

region Q = {(xi,:r2,X3,X4) : x^ > 0, for z = 1,2,3 and 4} is positively invariant and 

solutions exist for t G [0, 00). 

4.2.2 Equilibrium States 

In the presence of the CTL response, we determine the equiUbrium states in 

the absence of infection and in the presence of infection, namely, the disease-free 

equiUbrium and the endemic equiUbrium. 

At tUe equilibrium state, 

7 — diXi — PX1X3 = 0, 

PX1X3 - d2X2 - PX2X4 = 0, 
(4.8) 

A;x2 - d3X3 - PX1X3 = 0, 

CX2X4 — d4X4 = 0. 

In the absence of infection, virus particles X3 = 0. Straightforward calculations 

yield that the disease-free equilibrium is 

(Xi,X2,X3,X4) = ( — , 0 , 0 , 0 

In the presence of infection, virus particles X3 7̂  0 and CTL cells X4 7̂  0. The first 

and the last equations of (4.8) imply that 

1 , di 
Xl = -, — and X2 = —. 

dl -I- Px3 c 

Substituting the values of xi and X2 into the second equation of (4.8), we get 

PIX3 d2di pdiXj _ 
dl + PX3 c c 

Thus, the number of CTL cells at the equilibrium state is 

X4 
CP1X3 d; 2 

pdi(di + pX3) p 
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The third equation of (4.8), yields 

A;d4 P1X3 
d3X3 = 0, 

c dl -h PX3 

cd3Pxl - [kdiP - did3C - cpj]x3 - kdidi = 0. 

Thus, the number of virus particles at the equilibrium state is the positive solution 

of the quadratic equation in X3: 

X3 = 
2cd3P 

(kdip - didsc - cp-f) + ^(kdiP - didsc - cPj)^ + Ackpdid2d3 

(4.9) 

Hence, the endemic equiUbrium is 

\Xi) X2, X3, Xi) — 

where X3 is given by (4.9). 

7 
dl -I- Pxl c 1 „ ) -^3 ^ 3 ' 

cPixl 
pdi(diAPxl) p 

4.2.3 Basic Reproduction Number P{Q 

As discussed earlier, in tUis model the effect of the CTL response depends on 

infected cells X2 and CTL cells X4. Thus, we see that persistence or extinction depends 

on the same basic reproduction number RQ as in model (2.1). 

We follow the same methodology to calculate RQ as in section 2.3 and section 

4.1.3. Thus evaluating the linearized system (4.7) at tUe disease-free equiUbrium, we 

obtain the Jacobian matrix J, 

( 

J { ^ , 0 , 0 , 0 ) = 
0 

0 

0 0 0 

The characteristic equation of the Jacobian matrix J, 

-dl 0 Pi 
0 

-d2 

k 

dl 
Pi 
dl 

, Pi 
-'^-Ti 

0 

0 

0 

\ 

v -di 

d e t ( J - A / ) = (A + di)(A + d4) Â  + ("ds + d3 + ^ " ) A + d2 (d3 -f ^ 
kPi 

= 0. 
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Considering the determinant and the trace of the Jacobian matrix J, straightforward 

calculations yield the basic reproduction number 

kPl 
RQ = 

d2{d, + ^) 

4.2.4 StabiUty of Equilibria 

In this section, we investigate the stabiUty of the equihbria for model (4.7) wUen 

the CTL response proliferate at rate 0x2X4. First, we determine the global stability of 

the disease-free equilibrium and then the local stabiUty of tUe endemic equilibrium. 

kdy 
T h e o r e m 4.2 .1 . / / is less than unity, then the disease-free equilibrium ( ^ , 0 , 0 , 0 ) 

of model (4-1) is globally asymptotically stable. 

Proof. By using the method of the proof of Theorem 2.4.1 it can be shown that when 
kPi 

< 1 the system consisting of the first three equations has a globally asymp-
didads 

totically stable disease-free equilibrium ( ^ , 0,0). Therefore, it suffices to consider the 

last equation of model (4.7): 
X4(t) = CX2(t)x4(t) — d4X4(t), 

with initial condition X4(0) = X40. 

Since lim X2(t) = 0, there exists T > 0 such that X2(t) < -^ for t > T. Then 

,-^(,) < _ ^ for t > T. 

2c 

Let w(t) = — ^ ^ - ^ with w(T) = WQ = Xi(T). Then the solution is given by 

w(t) = vjQe 2 

for t>T. So that by comparison with w(t) it follows that Um X4(t) = 0. Therefore, 

Um 
i—»oo 

^ Xi(t) \ 

X2(t) 

X3(t) 

\ XA(t) J 

40 

/ :L\ 
dl 

0 

0 



Then the disease- free equiUbrium of model (4.7) is globaUy asymptoticaUy stable. D 

Let 

(4.10) 

TT = {dl+Pxl)[(di+Pxl)^-\-(di+Pxl)Pxl+di(d2+pxl)] + 

Pxl(d2 + pxl)(di + Pxl + Pxl) + P^xlxKdi + Pxl + Pxl) 

+Cpxlxl(di + Pxl + d3+ Pxl) + did3(di + Pxl) - dlpxl 

Theorem 4.2.2. If RQ is greater than unity and n is greater than zero, then the 

endemic equilibrium 

[Xl, X2, X3, Xi) — 
7 d i 

dl + Pxl' c 
X 

cPixl 
3) pdi(di+pxl) p 

where xl and n are given by (4.9) and (4.10), is locally asymptotically stable. 

Proof We investigate the local stability of tUe endemic equiUbrium by evaluating the 

linearized system. The Jacobian matrix J is given by 

T / :+: * He He\ 

J [Xi,X2, X^, Xi) — 

- d l - pxl 0 -Pxl 0 

Pxl -d2 - pxl Pxl -PX*2 

-Pxl k -d3 - Pxl 0 

0 CX A 0 CX2 — d4 

By straightforward calculations, we obtain the characteristic equation of J in the 

form, 

Â  + AX^ + BX^ + CX + D = 0, 

where 

A = di + d2 + d3 + pxl+ Pxl + pxl, 

B = (dl + Pxl)(d2 + pxl + d3) + diPxl + cpx^xl, 

C = p^xlxl[k - (d2+pxl)]+ cpx*2xl(di+Pxl+ d3 +Pxl), and 

D = cpx^x:[(di+/?x^)d3 + di/3x^]. 

The Routh-Hurwitz criteria can be used to determine the sign of the eigenvalues [17]. 

All three eigenvalues have negative real part if and only ii A,C,AB - C > 0, and 
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(AB - C)C - A^D > 0. Obviously, A,D > {). Parameter C can be simplified as 

follows: 

C = f'x\x^ - (d2 + pxl)] + CpX^xKdi + Pxl + d3 + pxl). 

Since equation (4.6) impUes k - (d2 A pxl) > 0, clearly C > 0. TUen AB-C can be 

simpUfied as follows. 

AB-C = [di+d2 + d3 + pxl + Pxl + pxl] [(dl + Pxl) (d2 +pxl-\-d3) + diPxl 

+cpx*2xl] - p^xlxllk - (d2 + pxl)] - cpx*2xl(di + Pxl +d3 + pxl) 

= (dl + Pxl)[(di + Pxl)(d2 +pxl+d3)+ dlpxl] + (dl + Pxl)(d3 + Pxl) 

(d2+pxl) + d3(di + Pxl)(d3 + Pxl) + dipxl(d3 + pxl) + (d2+pxl) 

[(dl A pxl)(d2 + pxl + d3) + diPxl -f cpx*x*] - kp'^xlxl + P'^xlxl(d2 + pxl) 

AB-C = (diAPxl)[(diApxl)(d2+pxlAd3)AdiPxlAd3(d3 + Pxl)] 

Adipxl(d3 A pxl) A (d2 A pxl)[(di A Pxl)(da + px* + d3) 

+di/?x* + cpxlxl A /?^x*x* + di(d3 + pxl)]. 

Thus, AB-C>Q. Now we need to check (AB - C)C - A^D. But first (AB - C)C 

and A^D can be simpUfied as follows: 

(AB-C)C = {(diApxl)[(di+Pxl)(d2+pxlAd3) + dipxlAd3(d3 + Pxl)] 

AdiPxl(d3 A pxl) A (d2Apxl)[(di A Pxl)(d2+pxl + da) 

Adipxl A cpxlxl A P^xlxl A di(d3 A Pxl)]}{p^xlxl[k - (d2 A pxl)] 

Acpxlxl(di A pxl Ads A Pxl)} 

A^D = [(diAPxl)^A(d2Apxl)^A(d3^Pxl)^A2(diAPxl)(d2Apxl) 

+2(di + Pxl)(d3 + Pxl) A 2(d2 Apxl)(d3 A Pxll)]{cpxlxl[(di A pxDdsA 

diPxl]} 

Then, 

(AB - C)C - A^D = (AB - C)P^xlxl[k - (d2 A pxl)] A (AB - C)cpxlxl(di + Pxl 

+d3APxl)-A^D 
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By rigorous simplification we obtain 

(AB - C)C - A'D = (AB - C)P'xlxl[k - (d2Apxl)] + (da +px*){(di +^x^)[(di +/3x 

-|-(di -f PxDpxl A di(d2Apxl)] A Pxl(d2Apxl)(di A pxl A pxl) 

+P^xlxl(di A pxl A Pxl) A cpxlxKdi + Pxl + ds A Pxl) 

Adid3(di A pxl) - dlpxl} 

Equation (4.10) imply that (AB - C)C - A^D > 0. Hence, by the Routh-Hurwitz 

criteria the endemic equilibrium is locally asymptotically stable. D 

4.3 CTL Response at Rate cx2 

4.3.1 Introduction 

Experiments shows that the virus load stimulates the CTL response [12]. Since 

infected cells produce virus particles, the infected cells are a better indicator of the 

CTL response than the abundance of CTL cells. TUus, in this section let us consider 

the CTL response proliferate at a rate proportional to the abundance of infected cells. 

As discussed earUer, tUe dynamics of virus particles can be described by model (2.1). 

In the presence of infection, CTL cells are produced at rate cxa and die at rate d4X4. 

Infected cells are eliminated by the immune response (CTL response) at rate pxaX4. 

Thus, when the CTL response is in action, the virus dynamics can be described by 

the following differential equations: 

Xl = J - diXi - PxiX3, 

X2 = PXiX3 - d2X2 - pxaX4, 

X3 = kX2 - d3X3 - PxiX3, 

Xi = cxa — d4X4, 

where k, p, 7, c,p,di ior i = 1,2,3, and 4 are given as in section 1.1. The ini

tial conditions are assumed to be nonnegative, x̂  > 0 for z = 1,2,3, and 4. The 

region fi = {(xi, Xa, X3, X4) : x̂  > 0, for i = 1, 2, 3 and 4} is positivefy invariant and 

solutions exist for t G [0, 00). 
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4.3.2 Equilibrium States 

In the presence of the CTL response, we determine the equiUbrium states in 

the absence of infection and in the presence of infection namely, the disease-free 

equiUbrium and the endemic equilibrium. 

At an equilibrium state, 

7 - diXi - PX1X3 = 0, 

PX1X3 - daXa - PX2X4 = 0, 

A;x2 - dsXs - PxiXs = 0, 

CX2 — d4X4 = 0. 

In the absence of infection, the disease-free equilibrium of model (4.11) is 

7 

(4.12) 

(Xi,X2,X3,X4) = ( — , 0 , 0 , 0 j . 

In the presence of infection, virus particles X3 ^ 0. The first and the last equations 

of (4.12) imply that 

Xl = 
7 and X2 = 

d4X4 

dl -I- PX3 c 

Substituting the values of Xi, and X2 into the second equation of (4.12) yields 

d2d4X4 pdixl 
PX1X3 = 0, 

(4.13) 

pd4X4 -I- d2diXi — cPxiX3 = 0, 

Then, 

X4 
2pd4 

-d2d4 -I- \/(d2d4)2 -f 4pcd4/3xiX3 (4.14) 

The third equation of system (4.12) yields 

fcd4X4 , P1X3 
d3X3 - , , n = 0-

c dl -I- PX3 

By simplifying we obtain 

^ \kdipXi - cdids - cPi) + ^/[(kdiPxi - cdids - cpi)^ A 4:ckdid2dipXi] 
X3 

2cd3P L 
(4.15) 
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Thus, the endemic equiUbrium of model (4.11) is 

/ H e * He * \ / 7 1X4X4 
[Xl, X2, X^,Xi) — I - , , 

\d i -I- PX3 c 

where X3 and X4 are given in equations (4.14) and (4.15). 

* He 

X3, X4 

4.3.3 Basic Reproduction Number RQ 

As discussed earlier, in this model, the effect of the CTL response depends on 

infected cells Xa- In this case also we see that persistence or extinction depends on 

the same basic reproduction number RQ as in model (2.1). 

We follow the same methodology to calculate RQ as in section 2.3 and section 

4.1.3. Thus, evaluating the linearized system (4.7) at the disease-free equilibrium, we 

obtain the Jacobian matrix J, 

J | ^ , 0 , 0 , 0 | = 

/ - 4 0 -§I 
dl 

n r^ ^ ^ 
0 -d2 -r-

di 
0 

0 c 0 

The characteristic equation of the Jacobian matrix J, 

k -da 
Pi 
dl 

\ 

0 

0 

0 

-d4 

\ 

d e t ( J - A / ) = (A + di)(A + d4) 
Pi 

A V d2 + d3 + ^ A + ds d3 + 
Pl\ kPi 

dl 
= 0 

dl y ' V ^ "̂ 1 

By similar calculations we see that the basic reproduction number 

4.3.4 Stability of EquUibria 

In this section, we investigate the stabUity of equilibria of model (4.11) when the 

CTL response proliferate at rate CX2. First, we determine the global stability of the 

disease-free equilibrium and then the local stability of the endemic equilibrium. 

Theorem 4 3 1 / / -^—— ^^ ^^^^ ^^"'̂  unity, then the disease-free equilibrium 
did3(d2 + fj 

(^ ,0,0,0) of model (4.II) is globally asymptotically stable. 
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Proof The last equation of model (4.11) is given by x'4(t) = cx2(t) - d4X4(t) with 

initial condition X40. Then the proof of theorem 4.2.1 can be appUed to show that 

lim X2(t) = 0 and lim X3(t) = 0. 
t—>oo t — • O O 

is an Since Um X2(t) = 0, there exists Ti > 0 such that X2 < - for t > Ti, where e i£ 
t—»0O Q ^ ' 

arbitrary constant. Thus, 

X4(t) < e — d4X4(t) . 

Let w(t) = e - d4X4(t) with Wi(T) = X4(r) = WQ. Straightforward calculations 

yield that 

d4 
for t > Ti. 

Thus, Um w(t) = —. But since e is arbitrary Um w(t) = 0. By comparison results 
t—>oo di t—•00 

in [2, 6] for t > Ti, it follows that 

lim X4(t) = 0 
t—>oo 

TUen the disease-free equilibrium of model (4.11) is globally asymptotically stable. D 

Theorem 4.3.2. If RQ is greater than unity, then the endemic equilibrium 

1 diXl / * * * He \ 

[X-^, X2, X3, X4J — 
* He 

- , X3 , X4 
^ d i - 1 - / 3 x 3 ' c 

where, xl and xl are given in equations (4-14) and (4-15) is locally asymptotically 

stable provided the positive constants Fi andF2 satisfy Fi > F2, where Fi and F2 are 

defined in (4-16) and (4-17). 

Proof. We investigate the local stability of the endemic equilibrium by evaluating the 

linearized system. The Jacobian matrix J evaluated at the endemic equilibrium is 

given by 

-di-Pxl 0 -Pxl 0 

Pxl -d2- pxl pxl -pxl 

-Pxl k -ds-Pxl 0 

0 c 0 CX2 — d4 

j ( X i , Xa, X3, X4J 
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The characteristic equation of J is 

cpxl[X^ A (dl A Pxl Ad3A Pxl)X + (di + Pxl)(d3 A Pxl) - P^xlxl] 

A(X A di){(di A pxl A A)[A2 + (da A pxl -K dg + Pxl)X A (d2Apxl)(d3 A pxl) 

-kPxl\AP^xlxl[k-(d2ApxlAX)]} = 0. 

By straightforward calculations, we obtain the characteristic equation in the form, 

Â  AAX^ABX^ACXAD = Q 

where, 

A = diAd2Ad3ApxlAPxlApxlAdi, 

B = di(di + da + da -f /5x* + pxl A pxl) A dfdi + px* + dg + Pxl) 

APxl(d2 -^pxl Ads) A cpxl, 

C = d4di(d2+px^ + d3-f/3x*) + d4/3x^(da+pxa + d3)+;52x*x^[A;-(da+px^)] 

-|-cpx2(di -I- Pxl -f d3 -I- Pxl), and 

D = diP^xlxl[k - (da +px^)] + cpx^((di + PxDds A diPxl). 

The Routh-Hurwitz criteria can be used to determine the sign of the eigenvalues [17]. 

All three eigenvalues have negative real part if and only if A,C, AB — C > 0, and 

(AB - C)C - A^D > 0. Obviously, A, B, C, and L> > 0. The relation AB-C can 

be simplified as follows: 

AB-C ^ [diAd2Ad3Apxl+pxlApxlAdi][di(diAd2 + d3APxl+Pxl 

Apxl) A di(d2 A pxl Ads A Pxl) A pxl(d2 A- pxl + ds) A cpxl] 

- [didi (d2 A pxl Ads A Pxl) A dipxl(d2 A pxl -{- ds) 

+p'^xlxl[k - (da Apxl)] A cpxl(di A Pxl Ads-^ Pxl)] 

= [dl A Pxl Ads+ pxl] [di(di + da + d3 + pxl A Pxl 

Apxl) A di(d2 A pxl Ads A pxl) A Pxl(d2 A pxl A da)] A (ds + /3x*) 

[d4(di Ad2AdsA Pxl A Pxl + pxl) A di(d2 A pxl Ads A Pxl) 

Apxlds] A (d2 A pxl A di)cpxl A d|(di + d2 + da + /3x* + pxl A pxl) 

Adi(d2Apxl Ads Apxl) AP^xlxl(d2Apxl). 
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Thus, AB ~C > 0. Likewise we need to consider (AB - C)C - A^D which is given 

by 

^3 (AB-C)C = [[diApxlAd3Apxl][di(diAd2 + d3APxl + Pxl 

Apxl) A di(d2Apxl + da + Pxl) A /?x^(da Apxl A ds)] A (ds A Pxl) 

[di(di + da + da + pxl + Pxl A pxl) A di(d2 A pxl Ads A Pxl) 

APxlds] A (da + px* + d4)cpx^ + d|(di + da + d3 + /3x* + pxl A pxl) 

Adi(d2 Apxl Ads A /?x*) + P''xlxl(d2A pxl) [didi(d2 

Apxl Ads A pxl) A diPxl(d2 A pxl A ds) + p^xlxl[k - (d2 A pxl)] 

+cpx*(di + pxl Ads A pxl) = Fi 

(4.16) 

A^D = [diAd2Ad3APxlAPxlApxlAdif[dip^xlxl[k-(d2Apxl)] 
(4.17) 

+cpx*((di A Pxl)ds A diPxl)] = Fa 

D 

4.4 Numerical Simulations 

The dynamics of the CTL response under the assumptions (a), (b) and (c) can 

be simulated by integrating the respective models (4.1), (4.7), and (4.11) numerically. 

As i n section 2.5, we use Euler's method to simulate the above models. 

Figure 4.1 illustrates dynamics of each variable over time when the CTL response 

occurs at the rate of 0x2X4. Figure 2.2 shows that the population of infected cells 

reaches 60 while Figure 4.1 shows that it reaches 26. Moreover, without the CTL 

response, the population of virus particles reaches 600 while with the CTL response 

it reaches only 240. Thus, it can be seen that the CTL response has a very realistic 

control over the population of infected cells and virus particles. Figure 4.2 illustrates 

the population of virus particles when the CTL response occurs at rate 0 and 0x2. 

The graph on the left in Figure 4.2 describes the dynamics of virus particles when the 

CTL response is at a constant rate 0. The graph on the right describes the dynamics 

when the CTL response is at the rate of oxa. Even though variation of the solutions 
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look very similar, there are slight differences at the peaks. The other variables have 

solutions very similar to those of Figure 4.1. Therefore, they are not included here. 
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Figure 4.1: Solutions when the CTL response is cxaX4 
Parameters and initial conditions are given in Figure 2.2. 
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Figure 4.2: The virus particles when the CTL response rates are o and 0x2, 
respectively. Parameters and initial conditions are given in Figure 2.2. 
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CHAPTER 5 

STOCHASTIC MODEL FOR CTL RESPONSE 

5.1 Introduction 

Stochastic models play an important role in capturing the dynamics of virus in the 

presence of the CTL response. They are also capable of capturing the variabiUty in 

the parameters which may affect the interaction between virus and the CTL response. 

Hence, it is important to formulate and analyze stochastic differential equations which 

describe the interaction among uninfected cells, infected cells, virus particles, and 

CTL cells. 

5.2 Deriving Stochastic Model for CTL Response 

In Chapter 4, we investigated deterministic models (4.1), (4.7), and (4.11) under 

the different assumptions (a), (b), and (o) on the CTL response, respectively. In this 

section, we formulate stochastic models for the corresponding deterministic models. 

However, according to the different assumptions on the dynamics of the CTL re

sponse only the equation with the CTL response differs among the models. As in 

Chapter 3, to derive the stochastic model which describes the CTL response, we use 

the methodology introduced in [12] and [9]. Thus, we need to identify in the respec

tive deterministic model, birth, death, and migration processes. Let the incremental 

change in uninfected cells, infected cells, virus particles and CTL cells during the 

smaU time period At be denoted by AXi, AXa, AX3, and AX4, respectively. Then 

define the vector AX as 

AX = AX(t) = (AXi(t), AX2(t), AX3(t), AX4(t))^, 

where AXi(t) = Xi(tAAt)-Xi(t) for i = 1,2, 3 and 4. Following the same arguments 

presented in section 3.2, the SDE model of the deterministic model of interest can be 

obtained in the form 

dX = pdt A BdW, 
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where 

£;(AX) = ^At , y ( A X ) = C;(At), and B = VC. 

The variable W == W(t) is a four- dimensional Wiener process. The notation 

dW = (dW^i, dWa, dWs, dWi)^ 

denotes the differential of the four- dimensional Wiener process. Therefore, in order 

to formulate the SDE's, the mean matrix £ ' (AX) and the covariance matrix V(AX) 

need to be computed, so that the vector p and the matrix B can be obtained. 

Consider the CTL response in general, which has per capita birth rate 64 and per 

capita death rate d4. Thus, the dynamics of the CTL response can be described by 

±4 = 64X4 — d4X4. The dynamics of virus particles can be described by system (2.1). 

Moreover, infected cells are eUminated by the CTL response at rate pxaX4. 

The d5mamics of the CTL response in general can be described by the following 

differential equations: 

Xl = 7 — diXi — PxiXs, 

±2 = PxiXs - d2X2 - PX2X4, 

X3 = kx2 - daxa - PxiXs, 

Xi = 64X4 — d4X4. 

Recognizing the deterministic model as birth, death, and migration process we see 

that per capita death rate of an infected cell is 

d2 = d2 -^px4. (5.1) 

AU of the other birth, death, and migration rates are given in equations (3.3) and 

(3.4). The mean matrix of A X is 

p = E(AX) 

(hi - dl- m2i)Xi 

(6a - d2)X2 -h m2iXi 

(63 - d3)Xa 

(bi — di)Xi 

At = 

7 - diXi - pXiXs 

-(d2ApXi)X2ApXiXs 

kX2 - dsXs 

(bi — di)Xi 

At 
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where/i = (//i,^2,/"3,/'.i)^. 

The covariance matrix V of AX can be computed as foUows. 

V E 

AXl AX1AX2 AX1AX3 AX1AX4 

AXl AXa A X | AX2AX3 AX2AX4 

AXl AXa AX2AX3 A X | AX3AX4 

AX1AX4 AX2AX4 AX3AX4 A X | 

At 

(61 - dl -I- m2i)Xi - m 2 i X i 0 

- m 2 i X i m2iXi A (62 + d2)X2 0 

0 0 (63 + d3)X3 

0 0 0 

0 

0 

0 

(bi A di)Xi 

At, 

where these terms represent the general birth, death, and migration terms. Replacing 

the corresponding birth, death, and migration terms given in (3.3), (3.4), and (5.1) 

it follows that 

V ^E 

7 + diXi + pXiXs -pXiXs 0 

-pXiXs (da + pX4)Xa + PXiXs 0 

0 0 fcXa + d3X3 

0 0 0 

0 

0 

0 

(bi A di)Xi 

At. 

Then the covariance matrix V ^ CAt and again C is a positive definite matrix. Let 

matrix B = \fC. The square root of C can be calculated by foUowing the methodology 

in [1]. Matrix C is in block matrix form 

C = 
Ci 0 

0 C2 
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where 

Ci = 

Co 

1 A diXi A PXiXs -pXiXs 

-pXiXs (d2 + pXi)X2 A pXiXs 

kX2 A dsXs A PXiXs 0 

0 (bi A di)Xi 

and 

Therefore, 

B = 
Vcl 0 

0 VC'2 

Since C2 is a diagonal matrix, we define B2 = ^/Cl 

Bo = 

Bi 0 

0 B2 

0 

(5.2) 

V/cXa + d3X3 + pXiXs 

0 y/(bi A di)Xi 
(5.3) 

Define Bi = ^/Cl. Using the formula derived by Allen [1] 

1 
Bi = 

D 

1 -f d iXi + pXiXs A G -PXiXs 

-pXiXs (da + pX4)Xa + ^XiX3 + G 

where G and D are given by 

G = v 'd^t^CO = ^(1 + diXi + pXiXs)(d2 ApXi)X2 + (7 + diXi)pXiXs 

(5.4) 

D = Vcii + caa + 2G. 

The SDE's, in the form of d X = ^dt A BdW(t), are given by 

d X = dtABdW(t), 

1 - d iXi - pXiXs 

-(d2ApXi)X2APXiXs 

fcXa - d3X3 

O4X4 — diXi 

where B is defined by equations (5.2), (5.3), and (5.4). 

Now the assumptions on the CTL response can be considered for the three different 

models. 
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a. CTL response at constant rate o. 

Then the dynamics of the CTL response is described by X4 = c - d4X4. Thus, 

the per capita birth and death rates are 

, 0 
bi = —- and d4 = d4. 

Ad U 

b. CTL response at rate 0x2X4. 

The dynamics of the CTL response is given by X4 = 0x2X4 - d4X4. The per 

capita birth and death rates are 

bi = oXa and di = di. 

c. CTL response at rate 0x2. 

The dynamics of the CTL response is given by X4 = 0x2 - d4X4. The per capita 

birth and death rates are 

0X2 
04 = -^rr- and d4 = d4. 

X4 

The per capita death rate is the same in each case. By substituting the respective per 

capita birth rate, we obtain the stochastic model for the corresponding deterministic 

model. 

5.3 Numerical Simulations 

Figure 5.1 illustrates the dynamics of each population variable when the CTL re

sponse rate is 0x2X4. Initially, the deterministic and stochastic models agree. Because 

zero is an absorbing state for infected cells and virus particles, when X2(t) = 0, then 

Xa(t -I- At) = 0 = Xa(t -I- At). This demonstrates an obvious realistic fact of tUe bi

ology. Whenever, infected cells and virus particles hit zero, uninfected cells approach 

the disease-free equilibrium, which is illustrated in Figure 5.1. Figure 5.2 describes 

the deterministic solutions and the mean of 10,000 sample paths of the stochastic 

model. For each population variable there is a significant difference between the de

terministic solution and the stochastic sample paths. We argue that this difference is 
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also due to the extinction of infected ceUs and virus particles. Figure 5.3 illustrates 

the dynamics of virus particles when the CTL response rates are c and 0x3. The 

deterministic solution with two sample paths and mean of 10,000 sample paths of 

the stochastic model are graphed. Figure 5.4 illustrates the probabiUty of extinction 

of the virus when the CTL response rate is 0x3X4. The probability of extinction is 

similar for the other two response rates. The probability of viral extinction assumes 

there is one virus particle. When the CTL response is present the probability of 

extinction of the virus particles reaches one. 
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Figure 5.1: Deterministic solutions and two sample paths of the stochastic model 
with the CTL response 0x2X4. Parameters and initial conditions are given in Figure 
2.2. 
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Figure 5.2: Deterministic solutions and the mean of 10,000 sample paths 
of the stochastic model with the CTL response 0x2X4. Parameters and initial condi
tions are given in Figure 2.2. 
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Figure 5.3: Deterministic solutions with two sample paths and the mean 
of the stochastic model with the CTL responses o and oxa- The top two figures are for 
the response rate c and the bottom two figures are for the response oxa. The figures 
on the left graph two sample paths (solid curve) and the figures on the right graph 
the stochastic mean(sohd curves) 
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Figure 5.4: Probability of viral extinction witU the CTL response 0x2X4. 
Parameters and initial conditions are given in Figure 2.2. 
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CHAPTER 6 

CONCLUDING REMARKS 

In this thesis, the dynamics of virus particles together with the interaction between 

virus particles and the immune system were extensively analyzed. The basic models 

were formulated by Nowak and May (2.1), but were not thoroughly analyzed by them. 

There are various models formulated by others that differ from our models [6, 16]. In 

models in [6] and [16] to describe the dynamics of HIV infection, it was considered 

that the uninfected CD44- T cells were produced by the system and by existing CD4-h 

T cells. This latter production rate is not included in our models. In our models, it is 

assumed that the uninfected cells are produced at a constant rate by the system but 

not by the CD4-I-T cells. In addition, there is another difference between our models 

and the work in [6]. The simple model (2.1) of virus dynamics which was introduced 

by Nowak and May [12], does not capture the phenomenon of infected cells being 

latent before becoming actively infected [6]. 

By simulating the basic model of virus dynamics, given in (2.1), it can be observed 

that the abundance of virus particles increases to a peak and then settles down to a 

low steady state. Thus, it is unclear to what extent the immune response is involved 

in the reduction of virus load during an infection. It is also not clear at what rate 

the CTL cells proliferate in the course of infection. 

In model (4.1), we consider the CTL proliferation rate as constant. This assump

tion makes the model simple but may not be very realistic. Thus more suitable 

assumptions may be that CTL cells proUferate at rates 0x3X4 and 0x3. The CTL 

response depends on the amount of stimulation provided by the virus load. On the 

other hand, a strong CTL response may reduce virus load [12]. Thus, the correlation 

between virus and the CTL response is not simple. Therefore, the CTL proliferation 

rate term 0x2X4 also may not be appropriate. The abundance of virus particles varies 

according to that of CTL cells and vice versa. Thus, more suitable assumption on the 

CTL proliferation rate may be 0x3. There may be many other factors which affect the 
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abundance of virus particles, infected cells and CTL cells. AU these factors determine 

the prohferation rate term which may be a very complicated one. Since stochastic 

models capture the variation and randomness of associated birth and death processes. 

Stochastic models may capture those properties of the proliferation term better than 

the deterministic models. Thus, it may be more appropriate to use stochastic models 

m order to analyze the interaction between the virus and the CTL response. 

As discussed earlier, an important appUcation of the basic model (2.1) of virus 

dynamics is HIV infection. This model could be modified to incorporate the effect 

of drug therapy. Current drug therapies for HIV infected patients involve inhibiting 

either reverse transcriptease (RT) or HIV protease. If RT is inhibited, HIV can 

enter a ceU but not successfully infect it [16]. Thus, with RT inhibitors, the rate P of 

producing infected cells by the interaction between uninfected ceUs and virus particles 

is reduced. The same models we have studied can be used to describe the effects of 

RT inhibitors if the reduction in P is known with a reasonable amount of precision. 

Protease inhibitors cause infected cells to produce non-infectious virions [16]. 

WUile prior to treatment, virus particles remain infectious, in the presence of treat

ment, virus particles cannot produce infectious viruses. Thus we need to consider 

two types of virus particles: infectious virions xsi and non-infectious virions xa;v To 

cope with this fact, evidently, the model is needed to be modified accordingly. The 

basic model of virus dynamics, given by (2.1), can be modified as follows: 

Xl = 7 - diXi - PxiXsi, 

Xa = PxiXsi - daXa, 

XaAT = kx2 -dsXsN - PxiXsi, 

Xsi = -dsxsi-

A thorough mathematical analysis is always involved and can be rigorous for simple a 

models. When a model becomes too complicated, carrying out an extensive analysis 

of the model may be impossible. The nature of the appUcation determines whether to 

use a simple model which can completely be analyzed or to use a complicated model 

which certain may not lend itself to analysis. 
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Obviously, many biological facts together with clinical data should be considered 

in the process of obtaining better models to describe virus dynamics. Therefore, the 

analysis should be done with suitable sets of clinical data. In this context, respective 

stochastic models give more reliable outcomes than their deterministic counterparts. 

Since the immune system is also affected by drug therapy, modifying the models with 

the CTL response should be done meticulously. 
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