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ABSTRACT

In recent times, micro-rheological applications involve determination of viscoelastic

properties for samples that are either too precious and fragile or in a state (like inside

a cell) where macroscopic experiments are impossible. In such cases, direct measure-

ments using rheometers are not possible, because then the system can be structurally

destroyed. One way to circumvent this problem is to predict fluid-rheology from the

random motion of a Brownian sphere in the medium. Thus, many past attempts tried

to relate viscoelastic properties to features of stochastic motion like time-dependent

velocity correlation or mean square displacement. All such theories, however, invari-

ably involve heuristic assumptions inherited from classical studies on purely viscous

fluid. This is why in this thesis the classical theories of statistical mechanics for Brow-

nian dynamics are first reevaluated and then modified to suit the new technological

demand.

This research first focuses on the flow-analysis which describes hydrodynamic field

inside a viscoelastic medium. Accordingly, a mathematically rigorous perturbation

method is developed which isolates the leading order linear contributions from higher

order non-linearities due to both convective acceleration and constitutive relation. As

a result, the conditions for linearized analysis are identified, and the leading order

fields as well as particle-motion are determined.

Then the analysis concentrates on the leading order linearized hydrodynamic equa-

tion only, and scrutinizes the relevance of classical theories of statistical mechanics for

micro-rheological applications. In this context, three key conclusions are drawn re-

vealing the errors in the earlier concepts. Firstly, the validity of fluctuation-dissipation
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theorem are questioned, as it requires Markovian condition only true for memory-less

systems without viscoelasticity and flow-inertia. Secondly, well-known Langevin equa-

tion for Brownian dynamics is rectified by including the effect of fluid-inertia in the

equation of motion of the suspended body in a density-matched liquid. Thirdly, the

equipartition principle is reinterpreted to find the correct normalization for correla-

tion of Brownian forces where energy associated with the translation of a Brownian

particle is considered to have an additional contribution from the induced flow in

the liquid. Thus, we discard the fluctuation-dissipation postulate, and recommend

an inertia-corrected modified Langevin formulation to be used in micro-rheological

problems.

We use our new theory to correctly describe the stochastic dynamics of a Brown-

ian sphere in a viscoelastic liquid by relating its time-dependent velocity correlation

function and mean square displacement to fluid-rheology. Resulting conclusions differ

substantially from popular beliefs while maintaining agreements under the long-time

or low-frequency limit under proper conditions. Thus, our alternative formulation

can be used in microrheological measurements to predict large-frequency complex

viscosity for which the failure of past theories are well-documented.

Moreover, we analyze the classical problem involving a Brownian sphere in a purely

viscous liquid with density similar to the suspended solid. The errors in the origi-

nal Langevin formulation are highlighted where the inertia of the fluid is ignored in

both equation of particle-motion and equipartition principle. Our new theory with

proper corrections is used to find the unsteady velocity correlation and mean square

displacement of the sphere. The computed temporal variations of these quantities

differ substantially from the results obtained from the classical Langevin equation.
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Curiously, however, the long-time diffusion coefficients in both cases exactly coincide.

It seems that the earlier analysis calculates the correct diffusivity, because the error

in equation of motion and misinterpretation in equipartition principle nullify each

other. As long-time diffusivity is a quantity which has been experimentally verified

over a century, the aforementioned agreement can be viewed as a further verification

of the new theory.
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CHAPTER 1

INTRODUCTION

Stochastic dynamics of a Brownian sphere has been widely investigated in the

past. These classical studies are predominantly focused on the system with purely

viscous fluid medium. In recent times, however, exploration of micro-rheological and

biological phenomena requires the extension of the previous analysis to a system

where a Brownian particle is suspended in a viscoelastic liquid. This dissertation

provides a mathematically rigorous approach for such generalization.

As a precondition for the aforementioned extension, many of the known theories

used in the earlier studies have to be reevaluated. This doctoral work shows several

short comings of the classical analysis which constitutes an important part of statisti-

cal mechanics — a century-old field. Main goal of my dissertation is to identify these

fundamental errors and propose appropriate rectifications.

There are four intellectual contributions of this dissertation. Firstly, we show how to

describe the particle-motion as well as hydrodynamic fields (i.e. velocity and pressure)

in a slowly moving viscoelastic medium in terms of a perturbation series where the

leading order gives a linearized system of equations. Secondly, we recognize that even

if linearized equation are considered, the dynamics becomes non-Markovian in pres-

ence of viscoelasticity and fluid-inertia causing the classical fluctuation-dissipation

theorem invalid. The corresponding modification needed in the earlier theory is out-

lined. Thirdly, it is shown that the well-known Langevin equation is actually not

correct to describe stochastic motion of a Brownian particle in a liquid due to the

presence of flow-inertia in such medium. Finally, and perhaps most importantly, for
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a non-Markovian dynamics, the study identifies the incompatibility of fluctuation-

dissipation theorem and Langevin formulation which are often referred interchange-

ably in engineering literature.

1.1 Motivation

Brownian particles are omnipresent in nature. For example, any emulsion like

milk consists of Brownian particles in liquid medium. Similarly, dust and droplets

in atmosphere are also examples of these systems. This is why study of Brownian

dynamics is important from both scientific as well as technological perspective. A

good understanding of such phenomenon can be exploited in revealing details physics

in sub-micron systems [1, 2, 3, 4]. Moreover, this can lead to better food processing

[5, 6, 7, 8], pollution control [9, 10, 11, 12, 13, 14, 15] and material developments

[16, 17, 18, 19, 20].

In recent times, there has been an added incentive to investigate Brownian dynamics

due to the development of sophisticated particle tracking equipments [21, 22, 23, 24,

25, 26]. Such experimental capabilities, if coupled with accurate analytical tools, can

be used in exploration of new sub-micron systems. This can he utilized in micro-

rheological studies as well as biological research.

In micro-rheology, the goal is to determine the viscoelastic properties of a medium

without using rheometer which can structurally destroy a fluid sample if it is too

fragile. Thus, if the sample is very precious and requires repeated measurement

without modifying its properties, one needs a non-invasive measurement technique.

One of such non-invasive procedures is the observation of Brownian motion in the

medium which if interpreted properly can reveal the properties of the liquid.

Moreover, in some cases, the fluid of interest may reside in a system which is

2
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inherently unsuitable for rheometer experiments. For example, if one wants to find the

properties of cellular fluids inside a living organism, rheometer measurements are not

suitable, because then the fluid sample has to be detached from the living tissue. As

rheology can vary substantially inside and outside a living organism [27, 28, 29, 30, 31],

one cannot trust the rheometer results to be representative of the actual biological

systems. One way to circumvent this difficulty is to inject a Brownian tracer particle

inside the cell, and determine the properties of the liquid inside by observing the

time-dependent dynamics of the tracer [32, 33, 34, 35].

For all these applications, there are two prerequisites. The first one is the ex-

perimental equipment which tracks the Brownian particle and provides the data on

its time-dependent stochastic dynamics. The second requirement is a proper theory

which can relate the features of the random motion to the viscoelastic properties of

the fluid. Our research provides the capability which addresses the latter necessity.

Besides scientific significance, such theory can have far-reaching impact in medical

science. The in-vivo rheological measurements based on our findings can detect blood

related abnormality. The diseases like leukemia or sickle cell anemia alter the rheology

of blood. The capability developed in our research can be used in early detection of

these abnormalities. As a result, medical expenses can be reduced by focusing on

timely prevention rather than costly cure.

Furthermore, recent discoveries in clinical science enable us to detect blood clots in

both arterial [36, 37, 38, 39, 40] and venal [41, 42, 43, 44] conduits in remote locations

of the body like limbs or viscera. However, pathological significance of these conditions

cannot be properly ascertained in advance, if there is no way to predict the chance of

the clotted cluster to reach vital cardio-vascular organs. The theory developed in this

3
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dissertation can be extended in the long run to indicate the critical values of system

parameters dictating the mobility of the cluster under the action of periodic pressure

pulse generally present in circulatory system. Moreover, for such critical cases, the

analysis would provide the travel time to reach a certain distance especially if the

exact flow profile is known [45]. As a result, an intervention strategy can be planned

to avoid medically fatal incidents like thrombosis and embolism.

1.2 Background

The classical statistical mechanics description of a Brownian particle in purely

viscous fluid is precursor of our work. There are several approaches which address

this problem. Among them, three are most popular: 1) Einstein phenomenological

relation [46, 47, 48, 49], 2) fluctuation dissipation theorem [50, 51, 52, 53, 54, 55] ,

and 3) Langevin’s analysis [56, 57, 58, 59]. As they ultimately arrive at the same

conclusion, these are often referred interchangeably in literature. However, we are

going to reevaluate these theories to understand their suitability in our intended

generalization.

We begin with Einstein phenomenological analysis which relates the instantaneous

diffusion flux of probability to the gradient of probability density. Such relation is

expressed in terms of a diffusion tensor D so that:

jd(r, t) = D ·∇φ(r, t). (1.1)

Here j(r, t) is the instantaneous diffusion flux whereas φ is the instantaneous prob-

ability density. The position vector and time are denoted by r and t, respectively.

Equation 1.1 is valid for memory-less Markovian systems. According to this, one can

4
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make predictions of the diffusion flux based solely on the particle density at present

state. However, when memory is present, the phenomenological relation has to be

generalized. As the dynamics is affected by the memory of the immediate past, in-

stantaneous diffusion flux should depend not only on the instantaneous probability

density, but also on its history. Therefore, eq.1.1 should be reformulated to include

this new aspect whereby our new relation involves an integral representing the con-

tribution of memory

jd(t) =

∫ t

−∞
D(t− τ) ·∇φ(τ)dτ. (1.2)

For steady system, the new expression matches Einstein’s original one

∫ t

−∞
D(r, t− τ)dτ =

∫ ∞
0

D(δt)dδt = DI, (1.3)

where DI can be interpreted as the commonly used diffusion tensor. As viscoelastic

fluid belongs to the class of non-Markovian systems due to their memory embedded

in their elastic nature, eq.1.2 can be used to solve it. Thus, the new reformulation of

Einstein’s theory resolves both Markovian and non-Markovian process, and provides

a more general phenomenological diffusion relation valid for a wider variety of fluids.

In contrast, the commonly known Einstein’s relation in eq.1.1 can only be applied

in either Markovian systems or non-Markovian but steady state condition. Hence,

for unsteady Brownian dynamics in presence of viscoelasticity or flow-inertia, this

well-known theory is simply irrelevant.

The second commonly used concept in statistical mechanics is fluctuation-dissipation

theorem which relates the response of a system to a non-equilibrium perturbation with

the fluctuation at equilibrium state. In other words, if a small external force drives a

5
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particle out of its equilibrium velocity, the induced motion is related to the velocity

fluctuation or velocity correlation function in absence of the external force. Therefore,

this theorem relates the linear response relaxation of a system from a prepared non-

equilibrium state to its instantaneous statistical fluctuation properties in equilibrium

. The theorem was proved in many decades back [60, 61]. However, the proof requires

an inherent Markovian assumption where the conditional probabilty of two states at

two different times depends only on the conditions during the time interval and not on

the past history. The presence of system-memory either due to viscoelasticity or due

to flow-inertia makes such Markovian approximation invalid. Thus, for our problem,

this approach is incorrect. This is why we discard fluctuation-dissipation conjecture

in our analysis, and resort to an alternative procedure.

The third popular technique used to address the same problem is the Langevin

formulation of stochastic processes. The basis of the theory in connection to Brown-

ian dynamics stems from Newton’s second law which provides an equation of motion

for the suspended body. The key addition to the equation is the contribution of a

stochastic external force due to the random impacts of fluid-molecules on the Brow-

nian particle. Accordingly, Langevine’s equation assumes the following form

m
dup
dt

= −γup + f(t), (1.4)

where m is the mass of the suspended particle, up is the instantaneous velocity of

the particle, and γ is the hydrodynamic friction caused by viscous stresses. The

stochastic force f(t) due to molecular collisions are assumed to be instantaneous and

uncorrelated so that

〈f(t)f(t′)〉 = Aδ(t− t′), (1.5)

6
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where the sign 〈〉 denotes ensemble average and δ is Dirac delta function. The nor-

malization constant A is determined from the equipartition principle in thermal equi-

librium, where the energy associated to a certain degree of freedom is equated to

the half of the product of Boltzmann constant Kb and temperature T . The outlined

approach, however, consistently disregards effect of fluid-inertia. This incurs a sub-

stantial leading order error in the result if the densities of the liquid medium and the

solid object are of the same order. Under such condition, the temporal acceleration

of the fluid causes a correction in hydrodynamic force known as history force which

is ignored by Langevin. If Reynolds number Re is small (i.e. Re� 1), the correction

scales as
√
Re leading to a misconception about its significance in equation of motion

for the sphere. A closer scrutiny, however, cannot justify exclusion of this term, as it

is larger than the particle-inertia which is only proportional to Re. Thus, if particle-

inertia is indispensable in the equation of particle-motion (i.e. in eq.1.4), the history

force should be even more significant, unless the density of the medium is too small

to contain any significant inertia.

Moreover, there is a second consequence in Langevin’s approach due to the presence

of fluid-inertia — the energy considered in equipartition principle has to reinterpreted.

Traditionally, the kinetic energy of a body is considered as the only energy involved

with its translation. However, in presence of fluid-inertia, the energy due to motion of

a suspended body has two parts — the kinetic energy of the solid and the flow-induced

kinetic energy in the medium.

Thus, the time-dependent velocity correlation and mean square displacement pre-

dicted by Langevine have substantial zeroth order errors due to the discrepancy in

equation of motion as well as the misinterpretation of energy in equipartition principle.

7
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These errors are small only for heavy solids in light fluid like aerosols in air. Hence,

the analysis should be corrected if it has to be used for a system where density-ration

of solid and liquid is similar.

From such observations, we draw the following conclusions. Firstly, the Einstein’s

phenomenological relation is deemed irrelevant in an unsteady system with memory,

because his equation is only valid for either steady or Markovian processes. Secondly,

the fluctuation-dissipation theorem is considered invalid for the intended applications.

Finally, Langevin’s formulation has to be modified to address the micro-rheological

problems. The main content of this dissertation is devoted to the modification of the

latter.

In recent times, there have been several articles focusing on the issues involved in

micro-rheology. Main purpose of these studies is to relate viscoelastic properties to

features of stochastic motion like time-dependent velocity correlation or mean square

displacement. All such works, however, invariably involve heuristic assumptions in-

herited from classical studies discussed before. For example, an earlier paper [62] on

this topic assumed the equation of motion for a Brownian particle to include dynamic

history from an arbitrary initial time (t=0) with a specified initial velocity. While this

approach is valid for memory-less viscous fluid, the correct procedure for viscoelastic

liquid would be to account for distant past also (t=−∞) rendering the initial velocity

irrelevant. Also, the paper neglected changes in frequency-dependent friction due to

flow-inertia which would have a predominant effect even for low Reynolds number due

to unsteady fields. The latter error was rectified recently by a more general analysis

[63]. Still, none of these works recognizes let alone addresses the flaws of the exist-

ing theories, and realizes the necessity of modifying them. My doctoral dissertation

8
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addresses this much needed but somehow overlooked problem.

1.3 Objectives of the research

This doctoral research accomplishes several specific tasks which are discussed in

details in the dissertation. We give a brief overview of these goals here.

• Our first objective is to recognize the most fundamental but at the same time

sufficiently convenient form of the constitutive equation relating instantaneous stress

with the history of the strain-rate.

• Next, the constitutive relation is used to derive an integro-differential equation

which describes the hydrodynamic fields in the viscoelastic medium.

bullet Our third goal is to device a perturbation scheme which identifies the Wisen-

berg number as a small parameter. Hence, the constitutive relation and governing

equation can be expanded in terms of the small parameter so that the linear and the

non-linear contributions are isolated by the leading order and the higher order terms,

respectively. This also indicates the conditions required for linearized analysis.

• Then, the leading order field-solutions as well as particle-motion are determined

from the linearized system of equations.

• The leading order results for linearized systems are exploited to find the velocity

response of a sphere in viscoelastic fluid driven by an impulsive force at initial time.

The analysis includes the effects of both viscoelasticity and temporal fluid-inertia.

• The same is obtained in presence of flow-inertia for a system where a solid body is

suspended in a purely viscous liquid. This highlights a fundamental error in classical

Langevin equation which disregards the contribution of fluid-inertia in the equation

of particle-motion even if the inertial effect is substantial for dense enough medium.

• We derive a general expression relating the velocity correlation function for a

9
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Brownian particle under thermal equilibrium to its velocity response for the impulsive

force using the basic definitions along with the properties of Brownian force. The

obtained relation is valid for both purely viscous and viscoelastic fluids. The new

calculation disagrees with fluctuation-dissipation theorem. We conclude that this

classical postulate should not be applied in presence of viscoelasticity or fluid-inertia

because these effects violate the Markovian condition required for the aforementioned

theorem.

• Also, a new interpretation of energy associated with the translation of a Brownian

particle is given where the contribution of inertial flow induced in the medium is

included along with the kinetic energy of the suspended body. As a result, the

equipartition principle yields a modified normalization for the correlation of Brownian

force.

• The velocity correlation is determined by using its new expression and the altered

normalization of force-correlation.

• We scrutinize Green-Kubo equation in the new context, and prove its validity

even in presence of viscoelasticity and flow-inertia. As a result, the mean square

displacement of a Brownian particle is calculated from its velocity correlation function.

• The long-time diffusivity is obtained from the temporal derivative of the mean

square displacement. For purely viscous fluid, the computed diffusion coefficient

matches with the value predicted by the classical analysis despite several modifica-

tions. It seems that the earlier analysis calculates the correct diffusivity, because the

error in equation of motion and misinterpretation in equipartition principle nullify

each other. As long-time diffusivity is a quantity which has been experimentally ver-

ified over a century, the observed agreement can be viewed as a further verification
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of the new theory.

1.4 Organization of the dissertation

This dissertation consists of three subsequent technical chapters. Then the entire

research is summarized in a conclusion section. The outline of the presented material

is discussed below.

In Chapter 2, we develop a perturbation method for analysis of hydrodynamic

fields in a viscoelastic medium. Accordingly, the appropriate constitutive relation,

the governing equation and the involved variables are expanded in terms of a series in

Wisenberg number identified as a small parameter in Brownian systems. The leading

order solutions correspond to the linearized system of equations which are solved to

find both predominant fields and particle-motion.

In Chapter 3, the linearized system of equations is exploited to explain the stochas-

tic dynamics of a Brownian sphere in a viscoelastic fluid. Accordingly, the velocity re-

sponse of the particle to a force impulse is determined, and a general expression relat-

ing the response with velocity correlation function is derived. A proper modification

in interpretation of energy in equipartition principle yields the correct normalization

for force-correlation. Then, the new theory is used to compute the time-dependent

velocity correlation function. We also prove the validity of Green-Kubo theorem in

the general context so that mean square displacement of the Brownian particle is

obtained from the velocity correlation.

Chapter 4 presents the required inertial corrections in Langevin’s theory to elimi-

nate substantial zeroth order error in prediction of time-dependent velocity correlation

in purely viscous density-matched liquid. The equation for particle-motion and the

equipartition principle are modified accordingly. The limiting cases are explored to
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verify the new theory.

Finally, the conclusions are drawn in Chapter 5. The main findings of the research

are summarized properly. Also, possible future works are outlined.

12
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CHAPTER 2

EXPANSION OF INTEGRO-DIFFERENTIAL FIELD EQUATION

FOR FLOW IN A VISCOELASTIC MEDIUM

In this chapter, we outline a mathematically rigorous approach to describe hydro-

dynamic fields and motion of a suspended particle in a viscoelastic medium. In such

systems, there are two inherent non-linearities. First of them is due to the convec-

tive fluid-inertia which can be present in both purely viscous and viscoelastic liquids.

For the latter case, there can be a second source of non-linearities due to the consti-

tutive relation between the stress and the strain-rate. In our analysis, we carefully

investigate under what conditions these non-linearities can be neglected. Then, the

resulting linearized equation in presence of a translating sphere inside the viscoelas-

tic liquid is solved to determine the velocity and the pressure fields. Moreover, the

time-dependent motion of the suspended body under the action of an external force

is derived from its equation of motion.

This chapter is organized in the following way. Section 2.1 describes a novel math-

ematical procedure to convert constituitive relation between instantaneous stress and

history of strain-rate in a convenient form where linear and non-linear contribution

can be easily separated. In section 2.2, Wisenberg number Wi is identified as a small

parameter in which an expansion of the constitutive relation is proposed. Then, in

section 2.3, governing equation of an unbounded viscoelastic fluid are expanded in

Wi. Solution for the leading order governing equation in Wi is obtained in section 2.4.

The corresponding leading order unsteady motion of a suspended sphere is calculated

in section 2.5. Finally, section 2.6 indicates how to include the effects of small but

13
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finite non-linearities in a perturbation scheme.

2.1 Conversion of constitutive relation in terms of derivatives of strain-rate compo-

nents

The key step in our analysis is to formulate a proper mathematical representation

of the stress-strain constitutive relation which ultimately provides the governing equa-

tions for hydrodynamic fields. There are several models for such constitutive relations

due to Maxwell [64, 65, 66, 67, 68, 69, 70] and Oldroyd [71, 72, 73, 74]. We, however,

proceed from a more fundamental starting point. We consider a phenomenological

expression relating the instantaneous stress at a point in the viscoelastic medium to

the past history of the strain-rate of the material occupying that space at that time

σij(t) = η0 L̂tε
′
ij = η0

∫ ∞
0

E(
τ

τv
)ε′ij(t− τ)d

τ

τv
. (2.1)

Here E( τ
τv

) is the structure function also known in some literature as relaxation

function which relates instantaneous stress to history of strain rate. The components

of instantaneous stress σij(t) is in unprimed Eulerian basis whereas the component of

strain-rate tensor ε′ij is in primed Langragian basis. The integral operator L̂t depends

on time because of the presence of the structure function E. The nominal viscosity is

defined as η0, and the characteristic viscoelastic time scale is τv. These two quantities

rescale the structure function and the time in non-dimensional form, respectively.

Such scaling suggests two artificial constraints on non-dimensional structure function

E. According to this, we choose these constraints to be

∫ ∞
0

E(τ̄)dτ̄ = 1, (2.2)
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and ∫ ∞
0

τ̄E(τ̄)dτ̄ = 1. (2.3)

Thus, any functional form for E satisfies the aforementioned two constraints in our

subsequent analysis. The well-known frequency dependent complex viscosity ηk is the

Fourier transform of E

ηk = η0

∫ ∞
−∞

E(t)eiktdt, (2.4)

which will be extensively used in susbsequent analysis.

The integral form of the constitutive relation in eq.2.1 is inconvenient. This is why

we convert eq.2.1 in a form where a series of higher order substantial derivative of the

component of strain-rate tensor is involved instead of its past history in an integral

form. Accordingly, first the following Taylor series expansion is considered:

εij(τ) = εij[t+ (t− τ)] =
∞∑
n=0

(t− τ)n

n!

dnεij
dtn
|t. (2.5)

Inserting eq.2.5 into eq.2.1, and then rearranging , we obtain

σij(t) = η0

∞∑
n=0

(−1)n

n!

∫ t

−∞
E(
t− τ
τv

)(t− τ)ndτ
dnεij
dtn

. (2.6)

Next we consider a change in variable in eq.2.1. Accordingly, we let (t− τ)/τv = τ̄ ,

and modify eq.2.6

σij(t) = η0

∞∑
n=0

bn
dnεij
dtn

, (2.7)
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where

bn =
(−1)nτv

n+1

n!

∫ t

−∞
τ̄nE(τ̄)dτ̄ . (2.8)

Equations 2.7 together with 2.8 give a more convinient form of the constitutive re-

lation (eq.2.1), since they no longer have the complicated past history integral of

the strain rate component, but rather a more easy-to-manipulate series of temporal

derivatives of the later.

2.2 Length, velocity and time scales

At this point, we identify the different scales involved in the dynamics of a Brownian

sphere and the hydrodynamic fields around it in a viscoelastic medium. As a result,

the relevant non-dimensional parameters can be recognized so that a dimensionless

formulation of the problem is possible.

The considered system only involves a single sphere inside an unbounded viscoelas-

tic medium. Thus, the only length-scale for the problem is dictated by the dimension

of the suspended body. Hence, for our analysis, the length-scale is chosen as the

radius of the particle.

Under equilibrium condition, the motion is induced by the collisional impacts be-

tween the Brownian particle and the fluid molecules. As a result, the velocity scale

for the system is related to the thermal kinetic energy

us =
√
KbT/m (2.9)

where Kb is Boltzmann constant, T is temperature, and m is the mass of the sphere.
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Finally, we explain the different time-scales associated with both the flow- and

particle-dynamics. There are four such time-scales. The first of these is the viscoelas-

tic time scale τv which is already discussed in connection to the normalized structure

function defined in eq.2.1. This is the time taken for a stretched fluid element to relax

to its initial position due to viscoelastic forces. The second time-scale τf is associated

with the flow given by

τf = a/us. (2.10)

The third one τd corresponds to the momentum diffusion

τd = a2/ν, (2.11)

where ν is the kinematic viscosity of the fluid. This is the time taken by the Brownian

particle to transfer a substantial amount of its momentum to its neighboring fluid.

Conversely, this is also the time needed by the surrounding viscous fluid to decelerate

the Brownian particle substantially if the solid and the liquid have similar densities.

Finally, we could have an externally imposed temporal period as the fourth time-scale

τe set either by a periodic external force or by the experimental consideration.

For micro-rheological applications, as the experiments are designed to reveal the

viscoelastic properties effectively, τe is simply same as τv. Also, for proper measure-

ments, one needs τv ∼ τd. Moreover, as a Brownian system corresponds to creeping

motion, τf would be much larger than τd. Thus, the ratios of the time-scales are the

non-dimensional parameters in our analysis. Accordingly, we define the ratio of τv
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and τf as Wisenberg number Wi which is much smaller than unity

Wi = τv/τf � 1. (2.12)

On the other hand, the ratio between τd and τv are of the order of unity

β = τd/τv ∼ 1. (2.13)

Finally, the Reynolds number Re given by the ratio of τd and τf is also considered to

be small

Re = τd/τf = β Wi� 1. (2.14)

Thus in our analysis, we take Wi as a small parameter, and expand the dynamic

equation as a series of this quantitiy. In contrast, β is assumed to be a system

parameter which characterize the medium.

2.3 Wisenberg number expansion of Constitutive relation

In this section, we determine the nth order derivative of the components of strain-

rate history ε′ij to expand the constitutive relation eq.2.7 in terms of a perturbative

series. For this purpose, two reference frames are distinguished. Firstly, the Eulerian

reference frame corresponds to a coordinate system which is fixed with space and does

not evolve with the flow. In contrast, the second coordinate system is a Langrangian

one which not only translates with the flow but also rotates and deforms with the

fluid material. We denote the basis vectors associated to these systems with primed

18



Texas Tech University, Martin Ndi Azese, May 2012

and unprimed vectors. Consequently, the strain-rate tensor is given by

ε = ε′ij ê
′
iê
′
j = εij êiêj. (2.15)

Here, ê′i, ê′j are basis vectors in Lagrangian system whereas êi, êj are the same for

the Eulerian frame.

In the constitutive relation, the component of strain-rate tensor is expressed in

Lagrangian basis. However, if one wants to effectively use the constitutive relation

in momentum equation for derivation of a proper governing equation for viscoelastic

fields, the component of strain-rate should be expressed in Eulerian basis. Though

eq.2.1 is apparently linear, the intended conversion from Lagrangian to Eulerian ba-

sis introduces an additional non-linearity in the governing equation. This happens

because the transformation coefficients between Lagrangian and Eulerian basis de-

pends on the local velocity-gradient. In this section, we propose a Wisenberg number

expansion which systematically isolates such non-linear contributions from the linear

part.

Firstly, we choose successive time derivative of the components of strain-rate in

deformed basis system. Accordingly, both the nth and the (n− 1)th derivatives of the

strain-rate έ is defined in the convected coordinates:

έn = [
dnέij
dtn

]´̂ei´̂ej, (2.16)

and

έn−1 = [
dn−1έij
dtn−1

]´̂ei´̂ej. (2.17)

Our goal is first to relate both derivatives in eq.2.16 and then to express higher order
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time derivatives of the strain-rate at the instant considered. For this purpose, we

begin by redefining the nth temporal derivative of strain-rate components in primed

basis in the following way

έn =
d

dt
[
dn−1έij
dtn−1

]´̂ei´̂ej. (2.18)

Then, we recognize from product rule of differential that eq.2.18 can take the following

form

έn =
dέn−1

dt
− [

dn−1έij
dtn−1

]
d

dt
[´̂ei´̂ej] (2.19)

As the flow field convects with the fluid element, the basis vectors in prime coordi-

nates, though invariant in Langrangian basis, deform with the material line. As a

result, they admit a temporal variation. Their temporal variations can be expressed

in terms of local vorticity or rotation-rate

d

dt
[´̂ei´̂ej] = Ω× [´̂ei´̂ej]− [´̂ei´̂ej]×Ω, (2.20)

where the symbol ”×” denotes the cross product and Ω is the local vorticity repre-

senting the rotational velocity of the fluid material. Thus, Ω dictates the temporal

variation of the convected basis vectors given in eq2.20.

Next, we recognize two time scales in the physics. The first of them is the vis-

coelastic time-scale τv. The second one is the flow time-scale

τf = a/us, (2.21)

where a is the length scale and us is the velocity-scale.

We combine eqs.2.19 and 2.20 in terms of non-dimensional time t̄ by using the
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aforementioned time-scales :

έn =

{
1

τv

∂

∂t̄
+ [

1

τf
(v̄ · ∇̄) +

ω̂

τf
]

}
έn−1, (2.22)

where ω̂ is an operator associated with the temporal derivatives of the convected basis

vectors defined in a similar fashion as eq.2.20 , and is of the form [ Ω× ] + [ Ω× ]T,

where the superscript T denotes the transpose. The barred quantities are the ratio

between the variables and their scales. However, from now on, we will drop the bar

and the non-dimensionality is implied if not mentioned otherwise in this chapter.

The ratio of τv and τf is Wisenberg number Wi

Wi = τv/τf . (2.23)

We use this quantity to obtain the non-dimensional version of eq.2.22

έn =

{
∂

∂t
+Wi[(v.∇) + ω̂]

}
έn−1, (2.24)

where strain-rate is non-dimensionalized by τv and non-dimensionality of other quan-

tities are taken for granted.

We use the recurrence relation in eq.2.24 to obtain higher order temporal derivatives

of the instantaneous strain-rate . We achieve this by using a series of operators which

are needed in the expression of the time-derivatives of strain rate:

L̂e =
∂

∂t
, (2.25)

L̂
n

e =
∂n

∂tn
, (2.26)
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L̂w = [(v.∇) + ω̂], (2.27)

and

L̂j =

{
∂

∂t
+Wi[(v.∇) + ω̂]

}j
=
{
L̂e +Wi L̂w

}j
. (2.28)

Following eq.2.28, one can rewrite eq.2.24

έn =
{
L̂e +Wi L̂w

}n
έ = L̂nέ (2.29)

in terms of the the defined operators.

Here, we provide some examples of lower order terms expressed in eq.2.29

έ1 = L̂1έ, (2.30)

where

L̂1 =
{
L̂e +Wi L̂w

}
. (2.31)

Then, the second time derivative assumes the following form

έ2 = L̂2έ, (2.32)

where

L̂2 =
{
L̂

2

e +Wi

[
L̂e L̂w + L̂w L̂e

]
+W 2

i [ L̂
2

w]
}
. (2.33)

It is to be noted that as L̂w itself depends on vorticity field, L̂e and L̂w does not

commute

L̂e L̂w 6= L̂w L̂e. (2.34)
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As a result, expression for L̂2 has additional complexity.

We can proceed with the similar approach to obtain the expression for L̂j for

arbitrary j :

L̂j =

{
L̂
j

e +

j∑
p=1

W p
i

{
Perm[ L̂

j−p
e , L̂

p

w]
}}

, (2.35)

where, Perm[ L̂
j−p
e , L̂

p

w] is a function that sums different permutations of the product

that has (n− p) number of L̂e and p number of L̂w. As a result, we have nCr (reads

as ”n combination r”) number of terms. As an illustration, we consider the 4th-order

term of the series with n = 4. Also, let us focus on the 2nd-order Wi number with

p = 2 . Consequently, Perm[ L̂
2

e, L̂
2

w] yields

Perm[ L̂
2

e, L̂
2

w]=
{
L̂e L̂

2

w L̂e+ L̂e L̂w L̂e L̂w+ L̂
2

e L̂
2

w+ L̂
2

w L̂
2

e+ L̂w L̂e L̂w L̂e+ L̂w L̂
2

e L̂w
}
,

(2.36)

It is to be noted that if the flow-field is given, the expression ineq.2.36 can be explicitly

computed in spite of its complexitiy.

Equation 2.36 is the final expression needed in oder to completely define higher

order temporal derivatives of the strain-rate at the current time as a function of the

strain-rate. When eq.2.36 is substituted into eq.2.7, we obtain a form of the consti-

tutive equation that relates the component of strain-rate with the stress component

σij(t) = η0

∞∑
n=0

bn L̂nεij = η0

∞∑
n=0

bn L̂
n

eεij + η0

∞∑
n=0

bn

n∑
p=1

W p
i

ˆ̃L(p)εij, (2.37)

where

ˆ̃L(p) =
{
Perm[ L̂

n−p
e , L̂

p

w]
}

(2.38)

Here also, L̂n, which is L̂j whose summation index has been changed from j to n
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, and bn are defined as in eqs.(2.8) and (2.35), respectively. With expression for an

obtained, the constitutive relation in eq.2.1 can be express as a series expansion of

the spatial and temporal derivatives of field quantities.

2.4 Wisenberg number expansion of Governing Equation

In this section our primary goal is to obtain a governing momentum equation that

depicts a Wisenberg number expansion. Consequently, we expand the momentum

equation as a series of Wisenberg number. As viscoelastic time scale τv is relatively

smaller compared to the flow time-scale, Wi is typically small for a Brownian particle.

Therefore, an expansion in Wi gives a good perturbation scheme for flow solution.

Accordingly, we consider the non-dimensional differential form of momentum equation

and the incompressibility equation

β
∂v

∂t
+Re v ·∇v =∇ · (−pI + σ), (2.39)

and

∇ · v = 0. (2.40)

Here, p represents the isotropic part of the stress tensor whereas σ is the anisotropic

part. Also, Re is the Reynold number of the flow :

Re = τd/τf , (2.41)

and β is

β = τd/τv, (2.42)
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where, τd is the time-scale for momentum diffusion. We substitute eq.2.37 into eq.2.39

and eq.2.40 to find

β
∂v

∂t
+ βWi(v ·∇v) = −∇p+ η0∇ ·

∞∑
n=0

bn L̂nε. (2.43)

A Wisenberg number expansion of eq.2.43 is needed to formulate a proper perturba-

tion scheme.

For this purpose, we recognize that if all tensorial components are expressed in

Eulerian system, the operator L̂t defined in eq.2.1 can be related to the Eulerian

time-derivatives:

L̂t =
∞∑
n=0

bn L̂
n

e . (2.44)

We also remember the definition of the strain-rate tensor

ε = [∇v + (∇v)T]. (2.45)

When eq.2.44 and eq.2.45 are combined, eq.2.43 takes the following form

β
∂v

∂t
= −∇p+∇2 L̂tv +∇ ·

∞∑
i=1

{
W i
i L̂(i)[∇v + (∇v)T]

}
− βWi(v ·∇)v, (2.46)

This observation splits the linear and non-linear terms. One can see that the last

two terms in the right hand side of eq.2.46 are only non-linear expressions which

depend on Wi. Apart from that, all other terms correspond to linear equation which

is independent of both Re and Wi.

We identify three field quantities to be involved in the momentum equation. These

are the velocity field (v), the pressure field (p) and the angular velocity vector (Ω).
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The variables are expanded as a series in Wisenberg number expansion:

v =
∞∑
n=0

vnW
n
i , (2.47)

p =
∞∑
n=0

pnW
n
i , (2.48)

and

Ω =
∞∑
n=0

ΩnW
n
i . (2.49)

Then the expansion of the field quantities in eqs.2.47—2.49 is used in eq.2.46. This

yields an Wisenberg number expansion of the momentum equation:

∞∑
n=0

β
∂vn
∂t

= −
∞∑
n=0

∇pn +
∞∑
n=0

∇2 L̂tvn +
∞∑
n=1

bn, (2.50)

where bn is a source term in the n-th order equation due to the non-linear terms.

This source term depends on the lower order fields so that one can successively solve

a lower order equation, and then find the higher order source. Thus, a perturbation

scheme can be formulated based on such reccursive computation when coupled with

the expansion of the continuity equation

∇ · v =
∞∑
n=0

∇ · vnWin = 0. (2.51)

In the most common flows involving Brownian particles, Wi is a relatively small

parameter as compared to unity. Hence, a perturbation scheme with Wi as the small

parameter is a viable approach for such systems.
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2.5 Zero-th order equation and it’s solution

In this section, we obtain solutions of the zero order equation of the series given

in eqs.2.50 and 2.51. Firstly, we pull the zero-order equation from its general form

describe earlier. The zero order equation is the linear version of eq.2.50 that has no

dependence in Wi and no source terms. As a result, it only involves zero order field

quantities of eqs. 2.47, 2.48, 2.49 . This together with the approximation that Re →

Wi provides the the leading order equation:

β
∂v0

∂t
= −∇p0 +∇ · L̂t(∇v0) (2.52)

and

∇ · v0 = 0, (2.53)

where β remains the only non-dimensional parameter on which the flow-dynamics

depends.

We obtain a general solution for eq.2.52 by exploiting its linearity. Consequently

separation of variables are used to solve the field equation. We also note that the no

slip boundary condition to be satisfied at the sphere surface involves a vector field.

This suggests the use of a general expression for separation of variables in an integral

form. Accordingly, v is expressed as product of a time dependent vector u(k, t), and

a space dependent second order tensor T(ηk, r).

v0 =

∫
k

u(k, t) •T(ηk, r)dk. (2.54)

Similarly, we express the hydrodynamic pressure in terms of the time dependent

27



Texas Tech University, Martin Ndi Azese, May 2012

vector w and the spatial vector g

p0 =

∫
k

w(k, t) • g(ηk, r)dk. (2.55)

Here, t is time, r is the radius in spherical coordinate (r, θ, φ). The parameter k

is the frequency and also the summation parameter that accounts for all possible

combination of such solutions. Therefore, k varies from −∞ to ∞ to provide a

complete set of basis functions. The second order tensor T and the vector S spatial

functions which depend on ηk — the frequency dependent complex viscosity defined

in eq.2.4. These fields satisfy the following equations

β
∂u

∂t
= ξ2 L̂tu , (2.56)

∇2T = ξ2T +∇∇Φ , (2.57)

∇ ·T = 0 , (2.58)

w = L̂tu , (2.59)

and

S =∇Φ . (2.60)

The newly introduced parameter ξ has the form

ξ2=
√
ikβη0/η(k) , (2.61)

where it’s real part is always positive.
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The solution of eq.2.56 is easy to determine

u(k, t) = α(k)eiktê, (2.62)

where α(k) is considered as the Fourier transform of the translational velocity ut.

The velocity ut coincides with ê at initial time. The interpretation of α(k) (or ut)

provides the boundary condition for T at the sphere surface:

T = I at r = 1 . (2.63)

Also, the decaying feature of the hydrodynamic field makes

T = 0 at r =∞ . (2.64)

Hence, we have to solve eq.2.57 along with the condition eq.2.63 and eq.2.64 . We

also note that eq.2.57 is an isotropic and homogeneous equation in the r-direction .

For these reasons, the homogeneous solution is as below

TH = A
[
Gξ(r)I− 1/ξ2∇∇Gξ(r)

]
, (2.65)

where

Gξ(r) =
e−ξr

r
. (2.66)

Equation 2.57 equally admits a particular solution

Tp = −B∇∇G̃(r), (2.67)
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where

G̃(r) =
1

r
. (2.68)

We find the constants A and B by enforcing the boundary conditions

A = (3/2)eξ, (2.69)

and

B = (3/2)

[
1

3
+

1

ξ
+

1

ξ2

]
. (2.70)

Combining eqs.2.65-2.70, we find the following final expression for T

T = Ψ1(r)I + Ψ1(r)rr, (2.71)

where

Ψ1 =

{
+

3ξ

2
e−ξ(r−1)

[
1

ξr
+

1

ξ2r2
+

1

ξ3r3

]
− 3

2r3

[
1

3
+

1

ξ
+

1

ξ2

]}
(2.72)

and

Ψ2 =

{
−3ξ

2
e−ξ(r−1)

[
1

ξr
+

1

ξ2r2
+

1

ξ3r3

]
+

9

2r3

[
1

3
+

1

ξ
+

1

ξ2

]}
. (2.73)

The scalar function Φ(ξ, r) is also derived from T

Φ = −3

2
(
ξ2

3
+ ξ + 1)

1

r
. (2.74)

By replacing eqs.2.62, 2.71,2.74 into eqs. 2.54 and 2.55, the field quantities (v0, and
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p0 ) are obtained

v0 =

∫
k

eiktα(k)ê ·T(η(k), r)dk (2.75)

and

p0 =

∫
k

[
9η eikt

2
(
ξ2

3
+ ξ + 1)

]
r

r3
· α(k)êdk, (2.76)

which is a unique solution for the leading order equation.

2.6 Zero-th order Equation of Motion of a suspended Brownian particle

In the preceding section, we obtained the leading order solution of a the hydrody-

namic field in a viscoelastic fluid. For this purpose, we assume a no-slip boundary

condition on an arbitrary Brownian particle whose non-dimensional radius is unity.

Also, our zeroth-order solution decays to zero far away from the suspended sphere.

With both conditions, our solution is therefore unique. In this section, we use the ob-

tained field-solutions to find the motion of a sphere induced by an arbitrary externally

imposed force.

Apart from the external force, the viscosity and elasticity of the medium exert a

viscoelastic force on the particle denoted as fV E. Accordingly, our equation of motion

for such Brownian particle of mass m can be obtained by balancing the particle inertia

with the external and hydrodynamic force.

m
dut
dt

= fext + fV E. (2.77)

Here, ut is the translational velocity of the sphere to be calculated by solving eq.2.77.

In order to solve eq.2.77, the Fourier transform of the forces acting on the particle

are evaluated. As the external force is a given function of time, its Fourier transform
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is considered readily available:

fext = ausη0ê

∫ ∞
−∞

f̂exte
(ikt)dk, (2.78)

where f̂ext is the Fourier transform of fext given for known external force. We also rec-

ognize that the viscoelastic force fV E is caused by the stress field near the translating

sphere. As a result, we can write

fV E =

[∮
(−pI + σ) · n ds

]
=

[
∇ ·

∮
(−pI + σ)dV

]
, (2.79)

where the second equality is a transformation from surface integral to volume integral

using Gauss’s theorem where the decaying features of the hydrodynamic fields at the

infinity is implied. By replacing p with the expressions of p0 derived in the preceding

section, one obtains the following form of the viscoelastic force

fV E = −6πausê

∫ ∞
−∞

η(k)α(k)(1 + ξ +
ξ2

9
)e(ikt)dk, (2.80)

where a is the radius of the Brownian particle and us is the scale for velocity .

Finally, we replace eqs.2.80 and 2.78 into eq.2.77, and obtain an explicit expression

for α(k)

α(k) =
f̂ext{

ik 4π
3
β + 6πη(k)

[
1 + ξ + ξ2

9

]} . (2.81)

With α(k) known, translational motion ut of a sphere due to an external force in an

arbitrary medium can be calculated

ut = ê

∫ ∞
−∞

α(k)eiktdk, (2.82)
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where ê is the direction of the external force.

2.7 Discussion on First Order correction

So far, the leading order solutions are obtained from the linearized equation. Al-

though these are the predominant fields especially for Brownian systems, the analysis

can be extended to many other problems if corrections are made by including the non-

linear contributions. The non-linearity in the equation has two possible sources— the

convective acceleration and the constitutive relations. These non-linear terms are

proportional to Reynolds Re and Wisenberg Wi numbers, respectively. As our anal-

ysis assumes both to be small, their appearance in our formulation implies presence

of small but finite non-linear effect. Earlier, we had considered that Re ≈ Wi, such

that their ratio is β = Re/Wi ∼ 1. Therefore, the perturbative scheme is centered

around a single parameter Wi. Here, we outline how to account for the higher order

terms of that perturbation scheme.

We revisit the Wi expansion of the field quantities

v = v0 +
∞∑
n=1

vnWin, (2.83)

and

p = p0 +
∞∑
n=1

pnWin. (2.84)

Here v0 and p0 are leading order fields solved in section.2.5. In contrast, the higher

order fileds due to the presence of non-linearities correspond to n > 0. When we

replace eqs.2.83 and 2.84 in eq.2.46, a set of equations for higher order field vi and
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vi is derived

β
∂vi
∂t

= −∇pi +∇2 L̂tvi + bi (2.85)

where , bi , not to be confused with bn in eq.2.8, is

bi = −β
i∑
l=1

vi−l ·∇vl−1 +
i∑

j=1

∇ ·
{
L̂(j)[∇vi−j + (∇vj−i)

T]
}
. (2.86)

We regard the function bi as the source term because it depends on field quantities

of lower order vp and pq with p < i and q < i. Therefore, in order to incorporate

first order correction into the leading order field, say, we inevitably have to use the

zero order fields calculated earlier . This special condition is dictated by our source

terms bi. Following this, we can procure subsequent higher order field correction using

preceding lower order fields. This continuous quest for an upgrade of the core solution

is very involved when we get to more higher orders. However, the improvement, with

respect to either fields, brought to the prevailing solution is a decaying function as

their limits turn to zero at higher orders. Hence, in practice, only a few of such

amelioration need to be implemented.

As an example, one can formulate the first order correction where the source term

becomes

b1 = −βv0 ·∇v0 +∇ ·
{
L̂(1)[∇v0 + (∇v0)T]

}
. (2.87)

We can evaluate L̂(1)[∇v0 + (∇v0)T] by using a close form relation such that

L̂(1)[∇v0 + (∇v0)T] =∇ · [∇v0 + (∇v0)T]−∇v0 : C · [∇v0 + (∇v0)T], (2.88)

34



Texas Tech University, Martin Ndi Azese, May 2012

where C is a constant isotropic fourth order tensor containing the essential informa-

tion about micro-scale structure of the fluid. With the required source terms eq.2.88

obtained, we then calculate b1 for simulation of the effect of leading order correc-

tion. In general, for a given source term in eq.2.85, the corresponding correction in

particle-motion can be evaluated in the following way. First, we will assume the sus-

pended body to move with the leading order linear and angular velocity according to

the linear analysis, and then find the unbalanced force fi on it due to the non-linear

corrections. Such corrective force and torque can be related to bi by performing a

convolution with second order tensorial function H

fi(t) =

∫
V

∫ t

−∞
H(r′, t′, t) · bi(r′, t′)dt′d3r′. (2.89)

The key step in this analysis would be to compute the tensorial function and H(r′, t′, t),

where r′ and t′ denote a spatial point and its past history. The computation of H

will exploit the physical interpretation of the source bi which is actually force-density

at a very small fluid element at r′. Therefore, we conclude that by using bi and fi(t)

from eqs.2.86 and 2.89, respectively, we find the desired corrections.
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CHAPTER 3

STOCHASTIC DYNAMICS OF BROWNIAN PARTICLE IN

VISCOELASTIC MEDIUM

In micro-rheology, the goal is to find properties of viscoelastic liquids without using

rheometers, as samples are either too precious and fragile for macro-scale measure-

ments or in a state (like inside a cell) where such experiments are impossible[75, 30,

76]. In these cases, the fluid-rheology can be predicted from the random motion of a

Brownian sphere in the medium. Thus, many past attempts tried to relate viscoelas-

tic properties to features of stochastic motion like time-dependent velocity correlation

or mean square displacement [35, 77, 31]. All such theories, however, invariably in-

volve heuristic assumptions inherited from classical studies on purely viscous fluid.

For example, an earlier paper [62] on this topic assumed the equation of motion for

a Brownian particle to include dynamic history from an arbitrary initial time (t= 0)

with a specified initial velocity. While this approach is valid for memory-less viscous

fluid, the correct procedure for viscoelastic liquid would be to account for distant

past also (t=−∞) rendering the initial velocity irrelevant. Also, the paper neglected

changes in frequency-dependent friction due to flow-inertia which would have a pre-

dominant effect even for low Reynolds number due to unsteady fields. The latter

error was rectified recently by a more general analysis [63]. Still, none of these works

recognizes let alone addresses the key complexity of the problem.

All past theories relate frequency-dependent complex viscosity and stochastic particle-

dynamics by using fluctuation-dissipation theorem [61]. However, this theorem is only

valid for Markovian situation which makes the conditional probability for two states
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at two different times independent of past history and only dependent on conditions in

the time interval. While such assumption is true for memory-less Markovian systems,

presence of viscoelasticity or fluid-inertia makes the conditional probability depen-

dent not only on immediate states but also on history of the distant past. One major

consequence of this observation is that the results obtained from rigorous general-

ization of Langevine’s formulation considering uncorrelated molecular force at two

different times differs from the results provided by fluctuation-dissipation postulate.

Such discrepancy is unprecedented in classical analysis often causing interchangeable

reference to these two approaches. We believe that past studies in this field failed to

recognize this crucial distinction.

In this chapter, we properly extend Langevine’s analysis in presence of viscoelastic-

ity and fluid-inertia from the fundamental definition of the involved quantities so that

no arbitrary assumption is required. Then, we highlight the differences between our

generalized approach and the one based on fluctuation-dissipation theorem. It is seen

that results from two methods coincide under long-time and low-frequency limit for

weakly elastic medium. However, the difference becomes considerable for short-time

or high frequency regime. It is possible that the well-documented failure of existing

methods to predict high-frequency complex viscosity is due to this fact. The main

message of this chapter is, however, not to focus on such predictions but to report

the hitherto unnoticed incompatibility of the aforementioned two formulations.

3.1 General relation between velocity response and velocity correlation

Our analysis exploits the basic definitions of two quantities. First, velocity cor-

relation tensor Uc is the auto-correlation of particle-velocity up at two times t and
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t′

Uc(t, t
′) = uc(t, t

′) I = 〈up(t)up(t′)〉, (3.1)

where 〈q〉 denotes ensemble average of a quantity q. As the system is isotropic, Uc is

proportional to identity tensor I so that it is uniquely described by a scalar function

uc. Secondly, we define the velocity response tensor Uδ(t) =uδ(t)I so that if at time

t = 0 an impulse force or delta function force acts on the sphere in ê direction, the

time-dependent motion of the sphere in the fluid can be given by

ê·Uδ(t)=uδ(t)ê for t>0. (3.2)

This means that a series of Brownian kick represented by an unsteady force f(t)

induces the motion of the particle expressed by

up(t) =
∫∞

0
uδ(τ) f(t− τ) dτ. (3.3)

Fluctuation-dissipation theorem wrongly suggests the velocity correlation function

uc(t, 0) to be proportional to the velocity response function uδ(t) by disregarding the

invalidity of Markovian assumption. Our goal is to derive a correct general expression

relating uc(t, t
′) in terms of uδ using the definitions in eqs.3.1 and 3.3.

To this end, we consider collisions between the fluid molecules and the Brownian

particle to be instantaneous and random from mesoscopic perspective. Thus, forces

at two different times are assumed to be uncorrelated

〈f(t)f(t′)〉 = Aδ(t− t′), (3.4)
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where A is an unknown constant and δ is the Dirac-delta function. When up(t) and

up(t
′) as per eq.3.3 are substituted in eq.3.1, and eq.3.4 is used, uc(t, t

′) is obtained

as

uc(t, t
′)=uc(|t−t′|)=A

∫ ∞
0

uδ(τ)uδ(|t−t′|+τ) dτ. (3.5)

Thus, the velocity correlation uc is proportional to a quadratic convolution of velocity

response uδ instead of uδ itself. The proportionality between these two quantities

proposed in fluctuation-dissipation theorem can be true only if uδ is exponentially

decaying with time. This happens for a sphere in a purely viscous fluid in absence of

flow-inertia. Thus, the classical result is simply a special case of the present analysis

valid only for heavy particles in very light fluid like aerosols in air.

The constant A in eq.3.4 or eq.3.5 is evaluated by using equipartition principle

under thermal equilibrium, where the energy associated with a certain degree of

freedom is equated to KbT/2 (Kb and T being Boltzmann constant and temperature).

In classical statistical mechanics, the kinetic energy of a body is considered as the

only energy involved with its translation. However, in presence of fluid-inertia, the

energy due to motion of a suspended body has two parts — the kinetic energy of the

solid and the flow-induced kinetic energy in the medium. Hence, the constant A is

evaluated from the following equation

KbT = m〈u2
pi〉+

∫
ρ 〈vi · vi〉 d3r (3.6)

where m is the mass of the sphere, ρ is the density of the liquid, upi is the particle-

velocity along the i-th coordinate, and vi(r) is the corresponding induced flow-field in

the fluid medium. The inclusion of kinetic energy of the medium in eq.3.6 is further
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justified by the fact that it makes the long-time diffusivity of a Brownian sphere

in a purely viscous but inertial fluid exactly same as experimentally well-verified

classical expression. It seems that the classical theory predicts the correct long-

time diffusivity, as the errors in the fluctuation-dissipation theorem and the energy

calculation compensate each other.

3.2 Velocity response in arbitrary fluid

Our flow-analysis finds uδ(t) for a viscoelastic medium. There, instantaneous Eu-

lerian stress σij relates to the history of strain-rate ε′ij in a Lagrangian basis by a

structure function E or a temporal integral operator L̂t

σij(t) = η0 L̂tε
′
ij = η0

∫∞
0
E(τ/τv)ε

′
ij(t− τ)d(τ/τv). (3.7)

A unique non-dimensional E is obtained by defining the nominal viscosity η0 and

the viscoelastic characteristic time τv which scale E and t, respectively. This sug-

gests E should satisfy two artificial constraints which we choose as
∫∞

0
E(α)dα =∫∞

0
αE(α)dα = 1. The frequency-dependent complex viscosity η(k) is the Fourier

transform of E. Our hydrodynamic calculation aims to evaluate uδ(t) for a given

E(t/τv) or η(k).

The momentum and continuity equations along with eq.3.7 dictate the velocity

field in the viscoelastic medium. Despite the operator L̂t being linear, eq.3.7 has

an inherent non-linearity. The non-linearity appears because ε′ij is the component

of strain-rate tensor in a Lagrangian basis which transforms continuously with local

flow-field around a fluid element, and only coincides with the Eulerian basis at τ=0.

Apart from this, the convective non-linearity can also be important in specific cases.
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For a Brownian system, however, scaling analysis shows both non-linearities to be

negligible. We recognize that the problem involves particle-radius a as length-scale,

Brownian velocity

ub=
√
KBT/m, (3.8)

as velocity scale and four different time-scales for 1) external variation τe, 2) vis-

coelastic relaxation τv, 3) flow-field τf = a/ub, and 4) momentum diffusion τd = a2/ν

(ν is kinematic viscosity). Typical Brownian system ensures τe= τv∼ τd� τf , so that

both Wisenberg Wi = τv/τf and Reynolds Re = τd/τf numbers are small parameters.

As two non-linearities are proportional to these small parameters, respectively, the

non-dimensional flow-field v̄ and pressure p̄ can be described by a linearized non-

dimensional equation

β
∂v̄

∂t̄
= −∇̄p+ ∇̄2 L̂tv̄ ∇̄ · v̄ = 0, (3.9)

where barred quantities are the ratios of the dimensional values and the scales. For

such non-dimensionalization, time- and pressure-scales are chosen as τv and η0ub/a.

Dimensionless β=τd/τv∼1 in eq.3.9 depends on the system. Its higher value means

more liquid-like viscous medium whereas lower value implies more solid-like proper-

ties.

The solution of eq.3.9 around a moving sphere is well-known [78]. The viscoelastic

stress around the body translating along ê causes the force fve on it to be

fve(t) = −6πaubê

∫ ∞
−∞

η(k)α(k)(1 + ξk + ξ2
k/9)eikt̄dk, (3.10)

where ξ =
√
ikβ/η(k) with positive real part for all k, and α(k) is non-dimensional
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Fourier transform of up in non-dimensional frequency space k. We substitute the

expression of fve in the equation of motion for the sphere driven by an external

impulse force at initial time t=0. So one finds α(k) by balancing the particle-inertia

with the hydrodynamic force and the external delta-function impulse force whose

time-Fourier transform is unity,

α(k) = [6πη(k){1 + ξk + (2ρ̄+ 1)ξ2
k/9}]−1. (3.11)

As α(k) in eq.3.11 is Fourier transform of uδ(t), we obtain

uδ(t)=
1

η0aτv

∫ ∞
−∞

eikt̄dk

6πη(k)[1 + ξk + (2ρ̄+ 1)ξ2
k/9]

, (3.12)

where ρ̄ is the density ratio of the particle and the fluid. It is to be noted that eq.3.12

is valid for −∞<t<∞, though it only provides non-zero value of uδ(t) for t>0. As

real part of ξ has to be positive, branch cut of the integrand in eq.3.12 would be the

positive imaginary line in the complex plane for k. Moreover, all the poles for the

integrand have positive imaginary parts. These two facts ensure that expression for

uδ in eq.3.12 gives zero for t < 0. This corroborates the physical intuition based on

causality, where the cause in the form of impulse force should precede the effect in

the form of particle-motion.

In Fig.3.1, we present computed uδ(t) for fluids with exponential structure func-

tions, i.e. E(t̄) = exp(−t̄). We consider three values for β and two density ratios ρ̄.

Initial uδ at t= 0 is derived as uδ0 = 3/[β(2ρ̄+1)η0aτv]. We normalize uδ by this so

that all curves start from 1 at t=0 for all ρ̄ and β. This serves as an independent ver-

ification of our computation. For small values of β, stronger elastic effect reverses the
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direction of velocity response in later time, as a more solid-like medium pushes back

the moving body in the opposite direction. This is why for smaller values of β the

curves become negative at a certain intermediate time. This phenomenon cannot be

observed for large β, as a more liquid-like medium cannot enforce the recoiling. Also

larger ρ̄ causes further suppression of the reversal due to stronger particle-inertia. For

larger t, the response function for all ρ̄ and β becomes positive again even for smaller

β. As t→∞, uδ decays as t−3/2 which can be proved analytically. Our numerical

results corroborate this mathematical prediction.

3.3 Evaluation of velocity correlation and mean square displacement

We simplify eq.3.5 to compute the velocity correlation function uc(t, t
′) by using

the fact that uδ(t) = 0 for t< 0. So one can replace the lower limit of integration in

eq.3.5 by −∞ and apply the convolution property of Fourier transform as well as the

relation

α(−k)=α∗(k), (3.13)

to find

uc(t, t
′)=uc(|t−t′|)=

2πA

η2
0a

2τv

∫ ∞
−∞
α(k)α∗(k)eik|t̄−̄t

′|dk. (3.14)

Also, the constant A is explicitly evaluated by using eq.3.6. For this purpose, we first

obtain 〈u2
pi〉 and

∫
〈vi · vi〉 d3r from the known particle-motion and flow-solution:

〈u2
pi〉=

6πA

η2
0a

2τv

∫ ∞
−∞
αα∗dk, (3.15)

∫
〈vi · vi〉d3r=

6πA

ρlη2
0a

2τv

∫ ∞
−∞
αα∗F(ξ)dk, (3.16)
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where the ξ-dependent function F (ξ) has the form

F (ξ)=(ξ+ξ∗+9)/[2ρ̄(ξ+ξ∗)]. (3.17)

This function depends on k because ξ itself is function of k. Combining eqs.3.6 , 3.15

and 3.15, one gets

A =
KbTη

2
0a

2τv
2πm

∫∞
−∞ α(k)α∗(k)[1 + F (ξ)]dk

. (3.18)

For ρ̄→∞ and β→∞, eq.3.18 gives the known value of A.

Normalized uc(t, 0) from eqs.3.14 and 3.18 is presented in Fig.3.2 for different ρ̄

and β. Qualitative similarities between uδ and uc are apparent — both show reversal

in intermediate time for small β as well as the long-time decay as t−3/2. However,

quantitative differences between uδ and uc are substantial. To illustrate this, Fig.3.3

shows normalized ratios of uδ and uc. Classical theory suggests the normalized ratio

to be independent of time with a value of unity. We, in contrast, predict its complex

variation for t<3τv. When t>3τv, the curves in Fig.3.3 saturate at a constant value

indicating diminished effect of memory on conditional probability used in fluctuation-

dissipation theorem. The saturation value depends on β and ρ̄, and becomes unity if

either ρ̄→∞ (negligible flow-inertia) and β →∞ (purely viscous fluid).

Despite viscoelasticity and flow-inertia, velocity correlation remains even, that is

uc(t, t
′)=uc(t

′, t), (3.19)

and translationally invariant, that is

uc(t+δt, t)=uc(t
′+δt, t′). (3.20)
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Due to these properties, validity of the Green-Kubo theorem can be proved for a

particle in inertial viscoelastic medium. Thus, uc(t, 0) is related to mean square

displacement tensor

S(t)=〈rp(t)rp(t)〉=s(t)I, (3.21)

where rp is displacement, such that

d2s

dt2
= 2uc(t). (3.22)

We solve eq.3.22 to find s(t) plotted in Fig.3.4 for different ρ̄ and β. At t→ 0, s

varies quadratically with t whereas for t→∞ the variation becomes linear. These

behaviors are expected from fluctuation-dissipation theorem which predicts wrong

prefactors for both limits though. Increasing β causes larger s, as less elasticity in

the medium ensures more displacement. Also, s increases with ρ̄, because less energy

is then wasted to induce flow in the medium.

In Fig.3.5, the long-time diffusivity D∞, i.e. the proportionality constant relating s

and t for t→∞, is presented as function of β for two density-ratios. The diffusivity is

normalized by classical value Dc
∞. The ratio approaches to 1 either for purely viscous

medium (β→∞) or for negligible flow-inertia (ρ̄→∞). For smaller β, D∞ decreases,

as higher elasticity resists Brownian motion more.

3.4 Summary and concluding remarks for the chapter

This chapter relates the velocity correlation to velocity response of a sphere in

inertial viscoelastic medium by using the basic definitions. Thus, the analysis needs no

assumption beside axiomatically justified randomness and instantaneity of molecular

impacts on the body. Our results differ from the ones given by fluctuation-dissipation
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theorem which is not valid in presence of viscoelasticity and fluid-inertia as Markovian

conditions are violated.

We also modify the equipartition principle by including kinetic energy due to flow

induced in the fluid by the moving particle. This modification provides correct long-

time diffusivity in a liquid-like medium as well as proper strain hardening features

for a more solid-like substance.

We identify density ratio ρ̄ and time-scale ratio β to be two key parameters on

which Brownian motion in inertial viscoelastic fluid depends. Smallness of the first

quantity implies higher importance of flow-inertia whereas smallness of the second

one enhances the elasticity of the medium. The velocity response and correlation are

plotted as function of time for different ρ̄ and β. The results match with the classical

values in appropriate limits.

We prove Green-Kubo theorem even in presence of flow-inertia and viscoelasticity.

Thus, mean square displacement is still related to velocity correlation. So the observed

fluctuation in position of a Brownian sphere can be exploited to predict the complex

viscosity of an unknown medium. This, however, requires an inversion of the problem.

Such inversion, though unique, is non-trivial because unlike earlier theories the Fourier

transform of the velocity correlation is only related to the absolute value of the Fourier

transform of velocity response. The phase of the latter has to be determined by the

causality criterion which ensures no effect in the form of motion to precede the cause,

i.e. the Brownian force. In near future, we will formulate this inversion algorithm.
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Figure 3.1. Velocity response function normalized by its initial value uδ0 =
3/[η0aτvβ(2ρ̄ + 1)] as function of normalized time for different ρ̄ = 1.0 (thick lines)
and ρ̄= 2.0 (thin lines) with β = 1.0 (solid), β = 0.25 (dash-dot), β = 4.0 (dashed).
The fluid has an exponential structure function E(t/τv)=exp(−t/τv).
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Figure 3.2. Same as Fig.3.1 except normalized velocity correlation function is pre-
sented instead of velocity response function.

48



Texas Tech University, Martin Ndi Azese, May 2012

-10

-5

 0

 5

 10

 15

 20

 0  2  4  6  8  10

t/τ

KbT

muδ0

uδ
uc

Figure 3.3. Ratio of velocity response to velocity correlation function versus normal-
ized time for ρ̄ and β values same as Fig.3.1.
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Figure 3.4. Same as Fig.3.2 only normalized mean square displacement function is
presented instead of velocity correlation.
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Figure 3.5. Ratio of computed long-time diffusivity and corresponding classical value
for a Brownian sphere in the model fluid vs. β for ρ̄ = 2.0 (thin line) and ρ̄ = 1.0
(thick line).
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CHAPTER 4

ON THE FUNDAMENTAL ERRORS IN LANGEVIN’S EQUATION

FOR BROWNIAN MOTION IN LIQUIDS

Langevin equation is frequently used to describe stochastic dynamics of a Brownian

sphere in a liquid. It considers the equation of motion by balancing particle-inertia

with force due to purely viscous stresses and impact forces due to the molecular

collisions [79]. Then, the time-dependent velocity correlation and mean square dis-

placement are predicted by assuming uncorrelated statistics of the molecular impacts.

This classical analysis, however, incurs errors when the liquid medium is not much

lighter than the suspended solid body. Then, the fluid acceleration causes a correction

in hydrodynamic force [80, 81, 82, 83] known as history effect which is neglected in

Langevin’s formulation. For small Reynolds number Re, the correction scales as
√
Re leading to a misconception about its significance in equation of motion for the

sphere. A closer scrutiny, however, cannot justify exclusion of this term, as it is larger

than the particle-inertia which is only proportional to Re. Thus, if particle-inertia

is indispensable in the equation of particle-motion, the history force should be even

more significant, unless the density of the medium is too small. So velocity correlation

and mean square displacement predicted by Langevin have substantial zeroth order

errors which are small only for heavy solids in light fluid like aerosols in air.

This chapter rectifies the aforementioned error in Langevin’s calculation. The mod-

ification alone, however, alters the long-time diffusivity of the suspended body which

is experimentally verified over a century. Such anomaly indicates a second mistake

in the classical analysis which applies equipartition principle to complete the statis-
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tical description of the molecular impact. Equipartition principle [84] under thermal

equilibrium equates the energy associated with a certain degree of freedom to KbT/2

where Kb and T are Boltzmann constant and temperature. In statistical mechanics,

the kinetic energy of a body is considered as the only energy involved with its trans-

lation. However, in presence of fluid-inertia, the energy due to motion of a suspended

body has two parts — the kinetic energy of the solid and the flow-induced kinetic

energy in the medium. The inclusion of kinetic energy of the medium makes the

long-time diffusivity of a Brownian sphere in an inertial fluid exactly same as exper-

imentally well-verified known expression. It seems that the old theory predicts the

correct diffusivity, as the errors in the equation of motion and the energy calculation

nullify each other. Thus, we are able to find velocity correlation and mean square

displacement whose temporal variation differs considerably from the earlier results,

but the long-time behavior remains unchanged.

This article is organized in the following ways. In section 4.1, we solve the equation

of motion of a sphere in presence of flow inertia to find its response to an impulsive

force. Then, in section 4.2, Langevin’s formulation is modified to obtain the proper

expression for the velocity correlation function. Section 4.3 proposes the new inter-

pretation of the equipartition principle to provide the correct normalizations for force

correlation. The velocity correlation and mean square displacement of a sphere are

obtained in section 4.4, and comparisons with the fluctuation-dissipation theorem are

discussed in section 4.5. Finally, the article is summarized, and the conclusions are

drawn in section 4.6.
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4.1 Impulse-induced decelerating particle-motion in a viscous liquid

We consider an impulsive force acting on a sphere of radius a in a purely viscous

fluid of density ρ and viscosity η. Such a particle starts to decelerate due to the

viscous resistance after acquiring an initial velocity due to the impulse at t = 0. We

intend to find the flow-field in the medium as well as the unsteady motion of the

suspended body.

The velocity-scale us of the system is such that Reynolds number Re= ausρ/η is

much smaller than unity. Hence, the non-dimensional flow-equation simplifies where

the convective fluid-acceleration being proportional to Re is neglected:

Sl Re
∂v̄

∂t̄
= −∇̄p̄+ ∇̄2v̄, (4.1)

and

∇̄ · v̄ = 0. (4.2)

Here, the non-dimensional velocity v̄ and pressure p̄ are scaled with us and ηus/a,

whereas the position vector r̄ is normalized by a. We recognize that when density of

the solid and the liquid is of the same order, the time required for particle-deceleration

is same as the one for momentum diffusion. Thus, the dimensionless time t̄ is the ratio

of the dimensional time and the momentum diffusion time-scale a2ρ/η. As a result,

the Strouhal number Sl being the ratio of flow time-scale to proper time-scale for the

unsteady system becomes inverse of Re. Therefore, though convective acceleration is

negligible, the temporal acceleration of the fluid remains exactly of the same order of

the predominant viscous force. This means that more viscous the fluid is, stronger

would be the deceleration of the sphere causing two contributions to be of the similar
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magnitude.

The classical Langevin equation uses the friction of the sphere for a completely

steady system neglecting both convective and temporal acceleration of the fluid. This

is the key mistake of the earlier analysis incurring a leading order error in the unsteady

stochastic description of the Brownian dynamics. Our subsequent analysis rectifies

this error.

To this end, we use the separable solution of eqs.4.1 and 4.2 in spherical coordinates:

v̄ =

∫ ∞
−∞

u(k, t̄) ·T(k, r̄)dk, (4.3)

and

p̄ =

∫ ∞
−∞

u(k, t̄) · ∇Φ(k, r̄)dk, (4.4)

where k is frequency. The vector u depends on frequency and time, whereas the

second order tensor T and the scalar Φ are spatial functions. Replacing eqs.4.3 and

4.4 in eqs.4.1 and 4.2, we find

∂u

∂t̄
= ξ2u, (4.5)

∇̄2T = ξ2T + ∇̄∇̄Φ, (4.6)

and

∇̄ ·T = 0, (4.7)

where ξ =
√
ik with positive real value. If no-slip at the sphere in unbounded space

is assumed, the solution of eqs.4.5, 4.6, and 4.7 in spherical coordinate centered at

the particle becomes

u=α(k)eikt̄ê, (4.8)
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Φ=−(3 + 3ξ + ξ2)/(2r̄), (4.9)

and

T=3eξ(ξ2I−∇∇)[e−ξr̄/(2ξ2r̄)]−∇∇Φ/ξ2. (4.10)

Here α(k) is the non-dimensional Fourier transform of the rectilinear motion ut
δ = ut

δê

in non-dimensional k space. The translation is always in the direction ê along which

the initial impulse at t = 0 acts. Hence, combining eqs.4.3, 4.4, 4.8 , 4.9 and 4.10,

one can determine the leading order fields v̄ and p̄ induced by an impulse-driven

decelerating sphere.

The motion of the particle ut
δ is determined in terms of the Fourier transform α(k):

ut
δ(t) = usê

∫ ∞
−∞

α(k)eikt̄dk. (4.11)

Accordingly, the equation of motion for the sphere is derived from the Newton’s second

law which involves particle-inertia, viscous force fv and any externally imposed force

fex:

m
dut

δ

dt
= fv + fex, (4.12)

where m is the mass of the suspended body, and t is dimensional time. The Fourier

transform of the viscous force fv is obtained from the field solution eqs.4.3, 4.4 , 4.8,

4.9 and 4.10:

fv(t) = −6πausη ê

∫ ∞
−∞

α(k)(1 + ξk + ξ2
k/9)eikt̄dk. (4.13)

Assuming the only external force on the particle to be the initial impulse represented
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by a Dirac delta function at t = 0, we conclude

fex(t) = ausη ê

∫ ∞
−∞

eikt̄dk. (4.14)

When eqs.4.11—4.14 are combined, α(k) is evaluated in non-dimensional form

α(k) = [6π{1 + ξk + (2ρ̄+ 1)ξ2
k/9}]−1, (4.15)

where ρ̄ is solid-to-liquid density ratio.

We calculate the impulse-driven time-dependent motion ut
δ(t) by using eqs.4.11

and 4.15. The normalized results are presented in Fig.4.1 for different ρ̄. Initial ut
δ

at t = 0 is ut
δ0 = 3us/(2ρ̄+1). We divide ut

δ by ut
δ0 so that all curves start from 1

at t = 0 for all ρ̄. Moreover, as t → 0, uδ decreases sharply with time-dependence

54
√
t/[
√
π(2ρ̄ + 1)2]. Our numerical results coincide with the exact behavior. As

t→∞, ut
δ decays as t−3/2 which can be proved analytically.This means:

lim
t→0

ut
δ0 =3us/(2ρ̄+1)− 54

√
t/[
√
π(2ρ̄+ 1)2] (4.16)

Our computation corroborates this mathematical prediction. Satisfaction of these

limiting conditions is an independent verification of the computation.

In Fig.4.2, we plot the ratio of ut
δ(t) and Langevin’s prediction

uL
δ (t) =

3us
2ρ̄

exp (−4.5t̄/ρ̄) (4.17)

in absence of fluid-inertia to highlight the difference between the classical results and

ours. At t = 0, the ratio equals to 2ρ̄/(2ρ̄ + 1). Then, it decreases sharply to a
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minimum. For larger time, ut
δ/u

L
δ again increases because ut

δ decays as t−3/2 whereas

uL
δ predicts a much faster exponential long-time decay. As the density-ratio increases

to larger values, ut
δ/u

L
δ approaches unity at initial time. Also, for higher values of ρ̄,

the curves remain to the initial value of unity for longer time-period starting from

t= 0. The initial time-period scales as proportional to ρ̄ when ut
δ/u

L
δ remains 1, if

the density-ratio is large enough. This indicates the non-inertial regime where the

exponential behavior is valid. However, when time exceeds a certain critical value, the

departure from exponential decay becomes prominent, and ut
δ/u

L
δ starts to increase

rapidly with time. We confirm these features from case-studies with ρ̄ = 200 and

ρ̄ = 400.

The velocity ut
δ(t) due to the force-impulse at t = 0 is non-zero only for t > 0.

However, the expression for ut
δ(t) is valid for −∞<t<∞. As real part of ξ is always

positive, branch cut of α(k) is along the positive imaginary line in the complex plane

for k. Also, poles for the function have positive imaginary parts. These two facts

ensure ut
δ in eq.4.11 to be zero for t < 0. This corroborates the physical intuition

based on causality, where the cause in the form of impulse force should precede the

effect in the form of particle-motion.

4.2 Stochastic dynamics of a Brownian sphere in liquid

A Brownian sphere undergoes random motion induced by series of instantaneous

molecular impacts. Such collisions can be interpreted as external impulse force acting

on the suspended body. Hence, one can consider the particle to be under the action of

an unsteady external Brownian force fb due to which the motion would be as below:

up(t) =
1

ρa3us

∫ ∞
0

ut
δ(τ) fb(t− τ) dτ, (4.18)
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where up(t) is the unsteady velocity of the Brownian sphere.

Randomness in up(t) arises from the probabilistic nature of fb. Such statistical

dynamics of the Brownian particle is traditionally characterized by its velocity cor-

relation tensor Uc which is the auto-correlation of particle-velocity up at two times t

and t′

Uc(t, t
′) = uc(t, t

′) I = 〈up(t)up(t′)〉, (4.19)

where 〈q〉 denotes ensemble average of a quantity q. As the system is isotropic, Uc is

proportional to identity tensor I so that it is uniquely described by a scalar function

uc.

We find a general relation between uc and ut
δ by considering the stochastic prop-

erties of fb. As collisions between the fluid molecules and the Brownian particle are

instantaneous and random from mesoscopic perspective, fb at two different times are

uncorrelated

〈f(t)f(t′)〉 = Aδ(t− t′), (4.20)

where A is an unknown constant and δ is the Dirac-delta function. When up(t)

and up(t
′) are substituted in eq.4.19 according to eq.4.18, eq.4.20 yields an exact

expression of uc(t, t
′):

uc(t, t
′)=uc(|t−t′|)=A

∫ ∞
0

ut
δ(τ)ut

δ(|t−t′|+τ) dτ. (4.21)

In classical statistical mechanics, the velocity correlation uc is taken as proportional to

ut
δ. Such proportionality is only possible if ut

δ is exponentially decaying with time as

predicted by Langevin’s formulation. However, when effect of fluid-inertia is included

causing a non-exponential decay, uc is proportional to a quadratic convolution of
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velocity response ut
δ instead of ut

δ itself. Thus, the earlier result valid only for heavy

particles in light fluid like aerosols in air is only a special case of more general eq.4.21.

4.3 Normalization for force-correlation

The constant A in eq.4.20 or eq.4.21 is evaluated by using equipartition principle

under thermal equilibrium. According to this fundamental postulate of statistical me-

chanics, the energy associated with a certain degree of freedom is equated to KbT/2.

Traditionally, the kinetic energy of a body is considered as the only energy involved

with its translation. Such consideration, however, yields a long-time diffusivity which

has an unphysical dependence on the density-ratio. As measurements over a century

record diffusion coefficient to be independent of density-ratio, we encounter a paradox

where a logically correct analysis arrives to a conclusion which is not supported by

experiments.

An answer to this paradox can be the reinterpretation of energy associated to

translation of the sphere. In presence of fluid-inertia, the energy due to motion of a

suspended body has two parts — the kinetic energy of the solid and the flow-induced

kinetic energy in the medium. Hence, the constant A is evaluated from the following

equation

KbT = m〈u2
pi〉+

∫
ρ 〈vi · vi〉 d3r (4.22)

where upi is the particle-velocity along the i-th coordinate, and vi(r) is the corre-

sponding induced flow-field in the fluid medium.

To obtain A, we first replace the lower limit 0 in eq.4.21 with −∞ noticing that as

ut
δ = 0 for t < 0, the change in limit does not affect the equality. Then, the property
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of Fourier transform and the relation α(−k)=α∗(k) are exploited to find

〈u2
pi〉 =

1

3
〈up · up〉 =

2πA

ηρa4

∫ ∞
−∞
α(k)α∗(k)dk, (4.23)

with ∗ representing complex conjugate. Similarly, we also conclude

∫
〈vi · vi〉d3r =

1

3

∫
〈v · v〉d3r =

2πmA

ηρ2a4

∫ ∞
−∞
α(k)α∗(k)F (k)dk, (4.24)

where the non-dimensional function F (k) can be expressed in terms of tensor T in

eqs.4.3 and 4.4

F (k) =

∫
T(k, r̄) : T∗(k, r̄)d3r. (4.25)

Subsequent simplifying calculation using the specific form of T(k, r̄) gives

F (k) =
ξ(k) + ξ∗(k)+9

2ρ̄[ξ(k) +ξ∗(k)]
. (4.26)

Finally, combining eqs.4.22, 4.23, 4.24 and 4.26, the unknown constant A is evaluated

A =
KbTηρa

4

2πm
∫∞
−∞ α(k)α∗(k)[1 + F (ξ)]dk

. (4.27)

Thus, the Brownian dynamics in a liquid can be described by combining eqs.4.21 and

4.27.

4.4 Computation of velocity correlation and mean square displacement

The velocity correlation function uc can be computed from eq.4.21 by transforming

the involved convolution in Fourier space. As uδ(t)=0 for t<0, the Fourier transform
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of uc is easily available from the convolution property

uc(t, t
′) = uc(|t− t′|) =

2πA

ηρa4

∫ ∞
−∞
α(k)α∗(k)eik|t̄−̄t

′|dk, (4.28)

where α(−k) = α∗(k) is considered. We use eqs.4.28 and 4.27 together to evaluate

uc(t, t
′).

In Fig.4.3, we present normalized uc(t, 0) as function of normalized time for different

density-ratios ρ̄. As velocity correlation is an even function of time, the plots are

shown only for t > 0. The curves exhibit monotonous decay of uc with time. The

initial non-dimensional velocity correlation at t= 0 is more for higher density-ratio,

if m/KbT is multiplied for the normalization. This is intuitive because lighter fluid

implies that relatively smaller fraction of energy is wasted to induce motion in the

medium. On the other hand, initial decay-rate of uc is higher for heavier particles.

The long-time decay of uc is similar to ut
δ — both have t−3/2 rate of decrease as t→∞.

However, the constant prefactors involved in the long-time behavior of two quantities

are different. Such prefactor for uc is an increasing function of ρ̄ whereas the same

for ut
δ is independent of the density-ratio.

It is to be noted that even in a system with fluid-inertia, velocity correlation func-

tion retains some of its properties exhibited in non-inertial cases. Firstly, it has an

even dependence on two time instants

uc(t, t
′) = uc(t

′, t). (4.29)
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Secondly, it remains translationally invariant

uc(t+ δt, t) = uc(t
′ + δt, t′). (4.30)

These relations makes Green-Kubo theorem valid even for inertial flow. Hence, the

second derivative of mean square displacement S(t) = 〈rp(t)rp(t)〉 = s(t)I can be

related to uc(t, 0)

d2s

dt2
= 2uc(t, 0), (4.31)

where rp(t) is the displacement of the particle from its initial position at t=0.

We determine s(t) by solving eq.4.31 numerically where the known results of uc(t, 0)

is utilized. The computed result is presented in Fig.4.4. At t=0, both s(0) as well as

its first derivative are assigned as zero. Hence, at initial time, s varies quadratically

with t. This behavior is same as the one obtained in classical analysis though the

involved prefactor in the quadratic expressions are different in two formulations. The

long-time characteristics of s in two approaches are identical. In both cases, s varies

linearly with time as it goes to infinity. Also, as t → ∞, the derivative of s (i.e.

the long-time diffusivity) predicted from our analysis is exactly same as the classical

value. For the diffusion coefficient, it seems that error due to omission of fluid-inertia

in Langevin equation is exactly compensated by the error in misinterpretation of

translational kinetic energy in equipartition principle. Whether such cancellation of

two errors is a coincidence or a more general artifact, should be a matter of future

theoretical research. Nevertheless, the inclusion of kinetic energy of the medium

in eq.4.22 is further justified by the fact that it makes the long-time diffusion of a

Brownian sphere in a purely viscous but inertial fluid exactly same as experimentally
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well-verified classical expression. If the kinetic energy is not modified, the diffusivity

exhibits unphysical dependence on density-ratio.

4.5 Discussion on fluctuation-dissipation theorem

In statistical mechanics, two different approaches describe the stochastic dynamics

of a Brownian particle. The first one, Langevin equation, is already scrutinized in

this chapter. The second formulation is based on fluctuation-dissipation theorem

[61]. Though these two theories are mutually independent, they finally reach to

the same conclusion in the classical problem which actually analyzes a Markovian

system in absence of any flow-inertia. As a result, in spite of being independent,

the aforementioned two approaches are often referred interchangeably especially in

application oriented literature.

The distinction between two theories becomes prominent in a non-Markovian sys-

tem where either flow-inertia or viscoelasticity introduces inherent memory in the

physics. While memory in presence of viscoelasticity is intuitive, the history effect

of fluid-inertia is often under-explored. It is to be noted here that the predominant

inertial contribution comes in the form of Basset history force which has an intrinsic

dependence on past conditions. Such effect of system memory is already resolved in

section 4.3, and its consequence on features of stochastic dynamics is discussed in

section 4.4.

The observed differences between our findings and classical Langevin’s results auto-

matically imply obvious incompatibility between our modified theory and fluctuation-

dissipation theorem. Hence, the new theory requires an additional justification from

a different perspective of fluctuation-dissipation theorem.

For this purpose, we reevaluate the derivation of fluctuation-dissipation theorem.
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The proof requires a Markovian assumption where conditional probability of two

states at two different times is dependent only on the conditions during the time-

interval, and not on the past history. Such Markovian condition is simply not true in

presence of flow-inertia, because in that case the dynamics is inherently dependent on

the history of distant past. Thus, we conclude that fluctuation-dissipation theorem is

not valid in non-Markovian systems. In such situation, either of the classical theories

should be replaced by our version of modified Langevin formulation.

Fluctuation-dissipation theorem infers proportionality between the velocity response

to an impulsive force and the velocity correlation under thermal equilibrium. In other

word, it claims the ratio ut
δ(t)/uc(t) to be a constant of time. Moreover, it proposes

universality of this ratio so that it would be independent of any system parameters

like density-ratio ρ̄. Our results show that neither of these conclusions to be true.

We illustrate the differences between our inertia-modified Langevin formulation and

fluctuation-dissipation theorem by presenting the ratio ut
δ(t)/uc(t) as function of time.

We normalize this quantity in such a way that the classical analysis would predict

its value to be unity. In Fig.4.5, the time-dependent normalized values are plotted

for different density-ratios. The curves disprove both universality and temporal inde-

pendence of ut
δ(t)/uc(t). The values are consistently higher for lower density-ratio ρ̄

indicating the larger departure from Markovian condition. For low ρ̄, the curves initial

decay rapidly and then approach to a saturation value as t→∞. The convergence-

rate towards this value is proportional to
√
t which can be predicted theoretically and

corroborated numerically.

As ρ̄ increases, the initial value of ut
δ(t)/uc(t) at t=0 approaches unity, and remains

at that value throughout an initial time interval which scales as proportional to ρ̄.
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This is the exact parametric regime where ut
δ behaves as an exponential function of

time during which Markovian conditions are valid in absence of significant flow-inertia.

After such initial time-interval, however, curves start to decay to their saturation value

at t→∞ for all density-ratios.

4.6 Summary and conclusion for the chapter

This chapter points out a couple of fundamental errors if classical Langevin equa-

tion is applied to describe Brownian dynamics in a liquid where the fluid-density is

comparable to the density of the suspended solid body. The mistakes stem from the

exclusion of the flow inertia in the analysis leading to a zeroth order discrepancy in

the particle-dynamics even if the Reynolds number of the system is very low.

The first of the two errors appears due to the wrong formulation of the equation of

motion of the suspended body. In the classical version of the equation, the particle-

inertia is balanced by the viscous force whereas the contribution of flow-inertia in

the hydrodynamic force in terms of the Basset history effect is completely ignored.

Basset force is, however, stronger than the particle-inertia for low Reynolds number

density-matched systems. A correct approach should include both particle- and fluid-

inertia along with the viscous force to avoid zeroth order error unless fluid density is

too small. Our analysis rectifies this mistake by taking into account the inertial effect

properly.

The second discrepancy due to exclusion of fluid-inertia involves the misinterpreta-

tion of energy associated to particle-motion for equipartition principle. In presence of

fluid-inertia, the kinetic energy due to translation of a suspended body should have

two contributions: one from the particle itself, and the other from the deterministic

flow induced in the medium. The classical study does not account for the latter en-
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ergy while using equipartition principle to determine the proper normalization of force

correlation. We calculate the addition energy explicitly, and modify our formulation

accordingly.

In our analysis, we first solve the linearized hydrodynamics equation and the equa-

tion of motion to find the velocity response of a Brownian force to an impulsive force.

Then, a general relation between the velocity response and the equilibrium velocity

correlation is derived by exploiting the basic definitions and properties of Brownian

force. We also establish the validity of Green-Kubo relation in presence of fluid-

inertia so that mean square displacement can be obtained. Different limiting cases

are considered to validate the numerical results by comparing it with mathematical

predictions. Moreover, intuitive results are scrutinized for further verification of the

new theory.

The detailed time-dependent stochastic dynamics of a Brownian sphere described

by our analysis differs substantially from the classical version. For example, both

the short-time and the long-time variations of velocity correlation are different from

the one predicted by original Langevin’s theory. Similarly, the short-time behavior of

unsteady mean square displacement is predicted differently in two approaches. Cu-

riously, however, the long-time diffusion coefficients in both cases exactly coincide.

It seems the aforementioned two errors of earlier analysis nullify each other in dif-

fusivity calculation. This agreement is also a further verification of the new theory,

because long-time diffusivity is a quantity which has been experimentally verified over

a century.

Finally, we recognize that our modified formulation disagrees with fluctuation-

dissipation theorem which concurs with the classical Langevin’s analysis. However,
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this discrepancy appears because fluctuation-dissipation theorem is only true under

Markovian condition. As the system becomes non-Markovian in presence of fluid-

inertia or Basset history force, one should not expect the validity of fluctuation-

dissipation postulate. We check that the new theory coincides with the theorem

under limiting cases where Markovian conditions are restored.
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Figure 4.1. Impulse-driven unsteady translational velocity of a sphere in a viscous
fluid normalized by its initial value uδ0 =3mus/[ρa

3(2ρ̄+1)] as function of normalized
time for different ρ̄=0.5 (dash-dot) ρ̄=1.0 (solid) and ρ̄=2.0 (dotted).
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Figure 4.2. Time-dependence of the ratio of the velocity response ut
δ and its classical

value uL
δ as per Langevin’s analysis which disregards flow-inertia. The density-ratios

are same as Fig.4.1.
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Figure 4.3. Normalized velocity correlation function is plotted as function of normal-
ized time for different ρ̄=0.5 (dash-dot) ρ̄=1.0 (solid) and ρ̄=2.0 (dotted).
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Figure 4.4. Same as Fig.4.3 only normalized mean square displacement is plotted as
function of time instead of velocity correlation function.
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Figure 4.5. Same as Fig.4.3 except the non-dimensional ratio of velocity response and
velocity correlation is plotted instead of uc.

73



Texas Tech University, Martin Ndi Azese, May 2012

CHAPTER 5

CONCLUSION OF THE DISSERTATION

In this chapter, we draw the conclusion for the doctoral research and summarize

the thesis. Also possible future works are indicated.

5.1 Concluding remarks and comprehensive summary

In this doctoral work, we first device a perturbation scheme which expands the con-

stitutive relation and the governing equation in terms of typically small Wisenberg

number for Brownian systems. The leading order terms in the perturbation the-

ory correspond to linear system of equations, whereas the higher orders in Wisenberg

number represent both convective and constitutive non-linearities. We especially con-

centrate on the linearized equations, and determine the leading order hydrodynamic

fields as well as particle-motion.

The leading order motion of the particle from linearized analysis is exploited to

find the velocity response of a sphere in a liquid under the action of a force impulse

at initial time. The velocity response of the particle is obtained for both viscoelastic

and purely viscous liquids. In both cases, the fluid density is considered to be similar

to the density of the suspended solid so that substantial effects of flow-inertia are

included in the calculation.

Then the analysis relates the velocity correlation to velocity response of a sphere

in both viscoelastic as well as purely viscous medium by using the basic definitions.

Thus, the mathematical approach needs no assumption beside axiomatically justified

randomness and instantaneity of molecular impacts on the body. Our results differ

from the ones given by fluctuation-dissipation theorem which is not valid in presence
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of viscoelasticity and fluid-inertia as Markovian conditions are violated.

We also modify the equipartition principle by including kinetic energy due to flow

induced in the fluid by the moving particle. Such consideration alters the normal-

ization of the force correlation. The consequent results provide correct long-time

diffusivity in a purely viscous medium as well as proper strain hardening features for

a more solid-like substance.

The time-dependent velocity correlation function is calculated by using its new rela-

tion with velocity response and the new force-normalization from modified equiparti-

tion principle. We check our computed results with analytical predictions for different

limiting cases involving both viscoelastic and purely viscous fluids.

We identify density ratio ρ̄ and time-scale ratio β to be two key parameters on

which Brownian motion in inertial viscoelastic fluid depends. Smallness of the first

quantity implies higher importance of flow-inertia whereas smallness of the second

one enhances the elasticity of the medium. The velocity response and correlation are

plotted as function of time for different ρ̄ and β. The results match with the classical

values in appropriate limits.

For purely viscous liquid, only the density-ratio ρ̄ is involved as a non-dimensional

parameter which dictates the dynamics. Our analysis for such medium points out

a couple of fundamental errors if classical Langevin equation is applied to describe

Brownian dynamics in a liquid where the fluid-density is comparable to the density

of the suspended solid body. The mistakes stem from the exclusion of the flow inertia

in the analysis leading to a zeroth order discrepancy in the particle-dynamics even if

the Reynolds number of the system is very low. The first of the two errors appears

due to the wrong formulation of the equation of motion of the suspended body. The
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second discrepancy due to exclusion of fluid-inertia involves the misinterpretation of

energy associated to particle-motion for equipartition principle.

We prove Green-Kubo theorem even in presence of flow-inertia and viscoelasticity.

The former is only present in case of purely viscous liquids whereas both effects are

included for viscoelastic fluids. Validity of Green-Kubo equation ensures that the

second derivative of mean square displacement can be related to velocity correlation.

We use this relation along with known value of velocity correlation to compute the

mean square displacement.

The detailed time-dependent stochastic dynamics of a Brownian sphere described

by our analysis differs substantially from the classical version. For example, both

the short-time and the long-time variations of velocity correlation are different from

the one predicted by original Langevin’s theory. Similarly, the short-time behavior

of unsteady mean square displacement is predicted differently in two approaches.

Curiously, however, the long-time diffusion coefficients in both formulations exactly

coincide for purely viscous fluid. It seems that the error in the equation of particle-

motion and the misinterpretation of energy in equipartition principle nullify each

other in diffusivity calculation of earlier analysis. This agreement is also a further

verification of the new theory, because long-time diffusivity is a quantity which has

been experimentally verified over a century.

5.2 Future works

The observed fluctuation in position of a Brownian sphere can be exploited to

predict the complex viscosity of an unknown viscoelastic medium. This, however,

requires an inversion of the problem. Such inversion, though unique, is non-trivial

because unlike earlier theories the Fourier transform of the velocity correlation is only
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related to the absolute value of the Fourier transform of velocity response. The phase

of the latter has to be determined by the causality criterion which ensures no effect

in the form of motion to precede the cause, i.e. the Brownian force. In near future,

we will formulate this inversion algorithm.

Moreover, it is possible to extend the analysis for many-body systems. Such gen-

eralization can reveal how the Brownian motion of a sphere is affected by another

particle. We will consider suspended bodies of different size in viscoelastic medium

to account for multi-species systems also.

At present, we consider the system to be in unbounded geometry. It is possible

to include the effect of any bounding surfaces in the calculation also by using basis

function expansions as long as the system parameters allow linearization of the equa-

tion. We will focus on both circular and planar wall bounded domains. Then, the

analysis can address more general geometries relevant to microfluidic and biofluidic

applications.

In case of Brownian sphere, impulse forces in the form of molecular collisions cause

the motion. However, the problem can be generalized where the periodic pressure

pulses instead of force-impulse drive the suspended particles. We will analyze such

systems in the future which have direct relevance in hematological studies where

periodic pressure pulses induce the flow of a particulate medium like blood inside a

conduit.
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