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ABSTRACT 

The influence of nanoconfinement on the kinetics and thermodynamics of free radical 

polymerization reactions is investigated considering the polymerization of methyl 

methacrylate (MMA) and sulfur.  The mathematical model described by Verros et al. 

(2005) for diffusion controlled bulk polymerization of methyl methacrylate is extended to 

account for polymerization in nanopores by incorporating the effect of nanoconfinement 

on diffusivity using the scaling reported in the literature.  The calculations indicate that 

nanoconfinement will lead to higher molecular weights and lower polydispersity, and that 

the gel effect will occur at earlier times.  The results qualitatively describe the literature 

experimental observations for molecular weights and polydispersity.  The decrease in the 

time for the onset of the gel effect was verified in subsequent work in our laboratory on 

methyl methacrylate polymerization in nanoporous confinement.  Experimental 

calorimetric conversion versus time data in hydrophobic nanopores was described using a 

simplified kinetic model in which different effects are incorporated using the Doolittle 

free volume theory.  In the case of hydrophobic nanopores, the model uses the same 

parameters as used for the bulk reaction, plus two additional parameters, one accounting 

for the change in chain diffusivity on confinement and the another accounting for the 

modest increase in Tg under nanoconfinement.  One additional consideration, catalysis by 

surface silanol groups, is accounted for in the polymerization in native hydrophilic 

nanopores.  The diffusivity of chains in good solvent scales with molecular size to the –3 

power and with nanopore diameter to the 1.3 power. 
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The effect of nanoconfinement on the polymerization of sulfur and its ring/chain 

equilibrium is examined.  We extend Tobolsky and Eisenberg's model of sulfur 

polymerization to nanopores accounting for the entropy change of chain and ring on 

nanoconfinement using scaling in literature.  The data in the literature, which shows the 

transition temperature is shifted to higher temperatures with decreasing pore size and the 

limiting conversion at high temperatures decreases, are quantitatively captured assuming 

the change of entropy is proportional with chain length to the 2 power and with nanopore 

diameter to the –3 power.  Another prediction of the model is that the maximum average 

chain length decreases with decreasing pore size. 
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CHAPTER 1 

INTRODUCTION  

Polymeric nano-structured materials, including polymers in nanopores [1–9] and thin 

films [10] as well as nanocomposites [11, 12] and polymer blends [12], have properties 

that can differ significantly from bulk.  For example, poly(methyl methacrylate) (PMMA) 

confined in sol-gel glass shows improved mechanical and optical properties, and these 

composites have potential applications as hosts for active dyes in lasers, sensors and 

nonlinear optics [5–7].  Other properties also change at the nanoscale including the glass 

transition temperature Tg [10], modulus [13–15], thermal expansion coefficient [16–18], 

diffusivity [19–21], and segmental mobility [22, 23].  Thus, studies of material properties 

under nanoscale constraint have useful implications for product design, materials 

insertion, and the use of nano-structured materials. 

This dissertation consists of eight chapters.  In Chapter 2, the general background 

associated with free radical polymerization is addressed. Chapters 3–6 are original 

journal manuscripts with relevant subsections such as introduction, polymerization 

model, methodology, results, discussion, and conclusions.  The journal articles have been 

modified to avoid repetition of background and model information. 

Chapter 3 deals with free radical polymerization of methyl methacrylate (MMA) in 

nanopores.  It had been shown in the literature that free radical polymerization of methyl 

methacrylate in nanopores generally results in an increase in the molecular weight and a 

decrease in the polydispersity index of the polymer product [1–4, 8, 9].  In order to model 

the effect of nanoconfinement on the molecular weight and molecular weight distribution 
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of free radical MMA polymerization, the mathematical model of Verros et al. [24] for 

free radical bulk polymerization of MMA is extended to account for polymerization in 

nanopores using scaling from the literature [25, 26] which indicates that the diffusion 

coefficient decreases upon nanoconfinement in cylindrical geometries.  To the best of our 

knowledge, this is the first work to model of free radical polymerization in nanopores; the 

work has been published in Polymer [27].  The results were qualitatively verified in 

subsequent work in our laboratory [28]. 

In an extension of our first work [27] and to quantitatively predict the experimental 

results [28], in Chapter 4, we simplify our model of nanoconfined methyl methacrylate 

polymerization.  Diffusion effects are incorporated using the Doolittle free volume theory 

[29] with an activated temperature term [30].  In order to model the reaction in 

nanopores, we assume the same scaling as was used in our initial work and make another 

consideration accounting for the modest increase in Tg.  The model shows very good 

agreement with experimental data in hydrophobic nanopores, and the work has been 

published in Polymer [31].  The model is also currently being applied to predict 

experimental molecular weight versus conversion data; preliminary results indicate that 

the model well describes this data also [32]. 

In Chapter 5, we model the free radical polymerization reaction in hydrophilic 

nanopores using the same model used to describe the reaction in hydrophobic nanopores 

with an additional assumption that the propagation rate constant in the absence of 

diffusion control increases linearly with reciprocal pore size due to catalysis of surface 

silanol groups.  The work has been published in Polymer [33]. 
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The effect of nanoconfinement on the thermodynamics of free radical polymerization 

of sulfur [34, 35] is examined in Chapter 6.  The effects of nanoconfinement on the 

ring/chain equilibrium are described extending the model of Tobolsky and Eisenberg to 

the nanoscale accounting for the entropy change of chains on nanoconfinement using 

scaling in the literature [36].  The paper will be submitted for publication in 

Macromolecules. 
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CHAPTER 2 

BACKGROUND  

2.1 Free Radical Polymerization 

Poly(methyl methacrylate) (PMMA) polymer is formed by free radical 

polymerization of methyl methacrylate (MMA).  The structures of MMA and PMMA are 

shown in Figures 2.1 and 2.2. 

 

Figure 2.1.  Methyl methacrylate (MMA) 
 

 

Figure 2.2.  Poly(methyl methacrylate) (PMMA) 
 

The kinetic reaction mechanism of MMA free radical polymerization consists of three 

steps; initiation, propagation, and termination.  The initiation step is performed by two 

elementary reactions.  In the first step, a primary radical Ro is produced by dissociation of 

the initiator species I.  A chain initiating radical R1 is formed by addition of monomer 

species M to Ro.  So the initiation step [1] is given by 

o
k R2I d→  [2.1] 

1
k

o RMR i→+  [2.2] 
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where kd and ki are the rate constants for initiator dissociation and the initiation step, 

respectively.  In the propagation step [1], the free radical species having n+1 monomer 

units, Rn+1, is formed by the addition of M to the free radical species having n monomer 

units Rn: 

1n
k

n RMR p

+→+  [2.3] 

where kp is the propagation rate constant.  The termination step [1] may occur by 

combination, disproportionation and chain transfer to monomer: 

mn
k

mn PRR tc
+→+  [2.4] 

mn
k

mn PPRR td +→+  [2.5] 

1n
k

n RPMR tm +→+  [2.6] 

where Pn represents the dead polymeric species having n monomer units.  ktc, ktd, and ktm 

are the termination rate constants for combination, disproportionation, and chain transfer 

to monomer, respectively. 

The rate of propagation or polymerization rp is the sum of the individual propagation 

reactions and is given by the following if no chain transfer to monomer occurs [1]: 

MRk
dt

dM
r pp ==  [2.7] 

where M is now monomer concentration and R is total radical concentration.  According 

to the steady state approximation, R reaches a constant value, and the rate of change of R 

becomes zero which means that the rate of initiation ri equals the rate of termination rt: 

2
tti R2k

dt

dR
rr ===  [2.8] 
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where kt is the termination rate constant.  Again Equation (2.8) assumes no chain transfer 

to monomer. 

The rate of initiator dissociation rd is equal to ri due to very fast initiation step and is 

given by 

I2fk
dt

dR
rr d

o
id ===  [2.9] 

where f is the initiator efficiency.  From Equations (2.7)–(2.9), we can express rp in terms 

of known properties of the reaction mixture: 

21

t

d
pp k

Ifk
Mkr 








=  [2.10] 

This equation, with constant kp, kd, kt and f describes the reaction kinetics in the early 

stages of reaction when the reaction is kinetically controlled and the diffusion effects can 

be neglected.  In order to calculate molecular weight, we need to know the kinetic chain 

length ν which is equal to the ratio of rp to ri and is expressed in terms of known 

parameters: 

( ) 21
td

p

i

p

t

p

Ikfk2

Mk

r

r

r

r
ν ===  [2.11] 

The number average degree of polymerization xn is equal to 2ν and ν for termination by 

coupling and by disproportionation, respectively, and the number average molecular 

weight is then given by 

nmn xWM =  [2.12] 

where Wm is the molecular weight of monomer. 
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2.2 Diffusion controlled Phenomena in Free Radical Polymerization 

One of the important characteristics of the free radical bulk homopolymerization is 

the presence of diffusion controlled initiation, propagation, and termination reactions.  

The diffusion-controlled phenomena, the cage effect, the glass effect and the gel effect 

are related to the initiation reaction, the propagation reaction, and the termination 

reaction, respectively. These diffusion-controlled phenomena affect the reaction kinetics, 

as well as the molecular weight and the molecular weight distribution of the final 

polymer product. 

In the initiation step, the primary radicals are produced by the decomposition of 

initiators, which in turn produce polymer chains after reacting with monomers.  The 

primary radicals may often be unable to escape from their cage to diffuse through the 

surrounding layer of live polymers, dead polymers, and solvent molecules.  As a result, 

the primary radicals may self-terminate or react with other close molecules produced by 

side reactions without reacting with monomer molecules.  The cage effect [1] affects the 

initiator efficiency, the monomer conversion, and the molecular weight distribution of the 

final product.  The magnitude of the cage effect is determined by the physical and 

transport properties of the reaction mixture. 

The glass effect or the vitrification effect [2–6] is observed when the glass transition 

temperature of the reaction mixture rises above the reaction temperature.  In the case of 

the glass effect, the propagation rate constant decreases due to the decrease in the 

mobility of monomer molecules, and the propagation rate constant becomes diffusion 

controlled.  The glass effect essentially determines the final monomer conversion for a 

particular reaction mixture. 
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The gel effect, which is also known as Trommsdorff-Norrish effect, is due to the 

decrease in the rate of termination reaction.  At low conversions, the change in 

conversion is linear with time and the termination rate constant is equal to the termination 

rate constant at zero conversion, kto, which is also known as the intrinsic termination rate 

constant.  The viscosity of the reaction mixture increases with increasing conversion, and 

as a result, the diffusion of free radicals decreases leading to an increase in the rate of 

propagation relative to termination.  At a certain conversion, a sharp increase in monomer 

conversion and average molecular weight occurs.  This phenomenon is known as the 

autoacceleration or gel effect and results in a broader molecular weight distribution of 

produced polymer. 

Figure 2.3 shows monomer conversion versus polymerization time for free radical 

polymerization reaction with and without diffusion control.  In the absence of diffusion 

controlled phenomena, the change in conversion is approximately linear with time at 

lower conversions, whereas a sharp increase in monomer conversion occurs at certain 

polymerization time in the case of diffusion controlled reaction. 

 

Figure 2.3.  Monomer conversion versus polymerization time for free radical polymerization reaction 
with and without diffusion control  
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2.3 Free Radical Polymerization with diffusion control 

Following the modeling efforts of Achilias and coworkers [7–9], the batch 

polymerization kinetics of PMMA can be well described. In their works, a large number 

of nonlinear ordinary differential equations are solved to yield the moles of each species 

in the reacting mixture (NG) as a function of time t: 

GoG
G εX)r(1VVr

dt

dN +==  [2.13] 

where Vo is the initial volume of the reacting mixture, ε is the contraction factor which 

accounts for the change in volume with conversion, X is the monomer conversion, and rG 

is the rate of accumulation of species G (mol/L/s). 

Based on the elementary reactions for MMA polymerization, the rates of 

consumption of initiator (rI) and monomer (rM), as well as the rates of production of 

active free radical species (rRn) and dead polymeric species (rPn) are given by [7] 

Ikr dI −=  [2.14]  

( ) ∑
∞

=

+−=
0m

mtmpM RMkkr  [2.15]  

( ) ( )

0)Rk(kRMRk

RRMk1-nδRMkI2fkr

0m
mmn,tc,mn,td,nntm

n1np
0m

mtmdRn

=+−−

−+






 +=

∑

∑
∞

=

−

∞

=  [2.16]  

∑∑
∞

=

−

=
−− ++=

0m
mmn,td,n

1n

1r
rnrrr,ntc,ntmP RkRRRk

2
1

MRkr
n

 [2.17] 

where δ is Kronecker delta.  Equation (2.16) is set equal to zero according to the quasi 

steady state approximation (QSSA) [10–13]. 
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All of the rate constants in the above equations depend on the temperature. In 

addition, f, kp, and the termination rate constants are influenced by the diffusion 

controlled phenomena associated with the cage, glass, and gel effects, respectively. 

Verros et al. [7] modeled these phenomena and the relevant equations will be discussed 

subsequent to first describing the equations for the molecular weights and molecular 

weight distribution. 

The number average molecular weight Mn and the weight average molecular weight 

Mw can be calculated from the moments of the chain length distribution of free radicals 

and dead polymer by the following equations [7]: 

)λ(µ
)λ(µ

WM
00

11
mn +

+=  [2.18] 

)λ(µ
)λ(µ

WM
11

22
mw +

+=  [2.19] 

The moments of the chain length distribution of free radicals (λk) and dead polymer (µk 

are given by the following equations [7]: 

∑
∞

=

=
0n

n0 Rλ  [2.20] 

∑
∞

=
=

1n
n

k
k Rnλ  [2.21] 

∑
∞

=

=
1n

n
k

k Pnµ  [2.22] 

To calculate the normalized weight molecular weight distribution (NWMWD) for dead 

polymer, the following equation [7] is used: 

∑= /XnPWNWMWD nm  [2.23] 
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The effect of caging on the efficiency f of the initiator is given by Achilias and 

Kiparissides [8, 9]: 

Io

po

1

3
H

o D

[M]

f

k

3r

8R
E

f

1

f

1 +=  [2.24] 

where fo is the initiator efficiency at time zero. RH is the initial hydrodynamic radius of 

the polymer. r1 is taken as the diameter of MMA molecule, E is a proportionality constant 

and kpo is the propagation rate constant in the absence of diffusion control. The primary 

radical diffusion coefficient DI changes with conversion and its evolution during 

polymerization can be determined [14] by employing the Vrentas-Duda free volume 

theory [15, 16] 

]V̂])M(ω)M(ω[MV̂γexp[DD fjppjmmjI
*
IIIoI +−=  [2.25] 

fp
*
ppfm

*
mmf VV̂ωVV̂ωV̂ +=  [2.26] 

mpm ω-1ω X;-1ω ==  [2.27] 

where ωm and ωp are the weight fractions of monomer and polymer, and fV̂  is the 

specific free volume.  The molecular weights of the monomer fragment Mjm and polymer 

fragment Mpm, the free volume of the monomer Vfm and polymer Vfp, and the specific 

critical volume of monomer 
*

mV̂  and polymer
 

*
pV̂ , depend on the monomer-polymer 

system [9], as do the parameters related to the initiator, such as the specific critical 

volume of initiator 
*

IV̂ , the molecular weight of the initiator fragment MjI, and the 

overlap factor γI. DIo is the initial diffusion coefficient of the primary radical. 
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The propagation rate constant kp in Equations (2.16) and (2.17) similarly depends on 

the time scale for diffusion of the monomer, especially at high conversions, and has been 

given by [7, 9], 

m

o
2
m

pop 3D

λr

k

1

k

1 +=   [2.28] 

]V̂])M(ω)M(ω[MV̂γexp[DD fjppjmmjm
*
mmom +−=  [2.29] 

where λo is the first moment of the chain length distribution of free radicals, given by 

Equation (2.20).  Dm is the self-diffusion coefficient of the monomer which is again 

calculated using the Vrentas–Duda free volume theory [15, 16].  Dmo is the initial 

diffusion coefficient of the monomer [7].  The effective radius for propagation reaction 

rm, which is equal to the effective radius for termination reaction rt, is given by the 

following equation [8, 9, 17]: 

21

23
oA

3

tm
πλN

1000
ln

1
rr 
















== τ

τ
 [2.30] 

( )( ) 212
cδ2J3τ =  [2.31] 

where δ is the average root mean square end to end distance of a polymer chain and NA is 

the Avogadro number.  The entanglement spacing Jc is given by the following equation 

[8, 9, 17]: 

co

p

coc X

2

J

1

J

1 ϕ
+=  [2.32] 

( )εX1

ε)X(1
p +

+=ϕ  [2.33] 
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where φp is the volume fraction of polymer and Xco is the critical degree of 

polymerization for the entanglement of polymer chains.  Jco is calculated from Equations 

(2.31)–(2.33) considering that at time zero Jc is equal to Jco and rt is equal to effective 

hydrodynamic radius RH [8] of polymer. 

The termination rate constants (ktd and ktc) in Equations (2.16) and (2.17) are given 

by: 

'
trest,tctdt kkkkk +=+=  [2.34] 

where the residual termination rate constant kt,res is proportional to the rate of monomer 

consumption by the free radical [7, 9].  The termination rate constant kt' can be calculated 

using an analytical expression from Achilias and Kiparissides [9] to account for the gel 

effect:  

[M]Akk prest, =  [2.35] 

pseg

o
2
t

to
'
t D3F

λr

k

1

k

1 +=  [2.36] 

In Equation (2.35), A is a proportionality constant.  In Equation (2.36) the self-diffusion 

coefficient pD  is multiplied by a factor Fseg to yield the segmental diffusion of the radical 

chains [7, 9].  Vrentas and Duda free volume theory [15, 16] can be used to describe the 

concentration and temperature dependence self-diffusion coefficient of the free radical in 

reaction mixture, and the following expression [7, 9] is used to calculate the self-

diffusion coefficient of the free radicals,pD : 

]V̂])M(ω)M(ω[MV̂γexp[)MD(D fjppjmmjm
*
m

2
pop +−=  [2.37] 
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where M is taken as the number average degree of polymerization of the free radicals and 

defined in terms of the moments of chain length distribution of free radicals (λ1/λ0).  The 

exponent of M is set equal to 2 according to the scaling in a theta-solvent [18]. 

2.4 Continuous Variable Approximation (CVA) 

In order to obtain accurate  molecular weight and polydispersity (PDI) from the 

model, the number of equations in the free radicals' mass balance system should be 1×105
 

[7]; consideration of all equations makes the time of calculation longer.  So the 

continuous variable approximation (CVA) [7] is used to reduce the number of equations 

to be solved.  In order to implement CVA, the concentration of live radical having chain 

length n is expanded by a Taylor series expansion truncated after the second term: 

nx
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The derivatives in the above expression are calculated using the finite difference scheme: 

η
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∂
∂

 [2.40] 

where η is the chain length step used in the discretization.  The following equation is 

obtained from Equations (2.16) using Equations (2.38)–(2.40): 
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After rearranging the above equation, we can get the following equations to calculate the 

first two consecutive live polymer concentrations for any value of η: 

( )
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=

∞
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2.5 Equilibrium Reaction and Sulfur Polymerization 

We consider the following equilibrium reaction where A and B are reactants, and C 

and D are products, and a, b, c, and d, are stoichiometric coefficients of the respective 

reactants and products: 

dDcCbBaA +↔+  [2.44] 

The equilibrium constant K of the above equation is then given by the following: 

ba

dc

BA

DC
K =  [2.45] 

where now A, B, C, and D refer to the activities of the respective species.  Activity is the 

product of concentration and activity coefficient for an equilibrium reaction.  So, the 

equilibrium constant can be expressed in terms of concentrations when the activity 

coefficients of the species equal 1; that is the condition for ideal solution.  In the ideal 

solution, the interactions between all pairs of molecules are the same, and the volume of 

mixing is zero.  In the case of sulfur, the system is acting as an ideal solution because the 

interactions between the ring and the chain as well as the molar volume in the chain and 
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in the ring per eight-membered S8 unit are the same.  The equilibrium constant K can be 

expressed in term of the standard Gibbs free energy change for the reaction ∆G: 

)
RT

∆G
exp(K −=  [2.46] 

where R and T are gas constant and temperature, respectively.  Generally, the changes of 

enthalpy ∆H and entropy ∆S for a polymerization reaction is negative and the change of 

enthalpy is much more higher than the change of entropy; in this case the ceiling 

temperature phenomena is observed.  On the other hand, floor temperature phenomena is 

observed when ∆S is positive and ∆H is either positive or negative but very small. The 

ring to chain equilibrium polymerization of sulfur shows the floor temperature.  Figures 

2.4 and 2.5 represent extent of polymerization versus temperature showing reactions with 

ceiling and floor temperatures, respectively.  

  

Figure 2.4  Extent of polymerization versus temperature showing ceiling temperature. 
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Figure 2.5  Extent of polymerization versus temperature showing floor temperature. 

Liquid sulfur of eight-membered S8 ring is formed after melting of solid elemental 

sulfur at the melting point of 461 K.  At the transition temperature of 432 K, upon heating 

S8 transforms into high viscous polymeric liquid by equilibrium living polymerization 

which is given by [19–21] 

*
88 SS ↔  [2.47] 

n
*
81n

*
88 )S()S(S ↔+ −  [2.48] 

where n
*
8 )S(  is the polymeric liquid having n radical unit of *8S .  The structure of sulfur 

ring and sulfur chain are given below: 

 

Figure 2.6  Sulfur ring 

 

 
Figure 2.7  Sulfur chain 
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The polymer is a long chain free radical when the polymeric mixture does not contain 

any chain breaking inhibitor.  At the transition temperature, the extent of polymerization 

increases very sharply before reaching to the limiting conversion.  The polymerization 

model of sulfur is described in detail in Chapter 6. 
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CHAPTER 3 

MODELING METHYL METHACRYLATE FREE RADICAL 
POLYMERIZATION IN NANOPOROUS CONFINEMENT  

3.1 Introduction 

Several studies [1–9] in the literature show that nanoconfinement of methyl 

methacrylate (MMA) free radical polymerization has an impact on the molecular weight 

and molecular weight distribution of the poly(methyl methacrylate) (PMMA) produced. 

Most of the studies [1–8] show an increase in molecular weight upon nanoconfinement; 

five of these [1–5] also show a decrease in the polydispersity index (PDI) and one [6] 

shows an increase in both molecular weight and PDI. However another study [9] shows 

decreasing molecular weight and increasing PDI. The observed nanoconfinement effects 

may be attributable to a decrease in the diffusivity of active chains upon confinement, 

consistent with the observation by Kageyama et al. [4] and Ikeda et al. [7] that 

termination reaction rates decrease for MMA polymerization confined in porous media. 

This hypothesis is also consistent with the observed decrease in the self diffusion 

coefficient of chains confined in ultrathin polymer films [10–13].  Increases in the degree 

of tacticity [5], as well as decreases in yields [5, 14–16] and density [17] for 

nanoconfined free radical polymerization have also been reported. 

In addition to the effect of nanoconfinement on the molecular weight and PDI for 

MMA polymerization, reactivity may also be influenced by nanoconfinement. In the case 

of aluminum nanoparticles [18–22], oxidation rates increase presumably due to a 

decrease of diffusion barriers and an increase of interfacial area. The trimerization of 
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cyanate esters also increases upon nanoconfinement [23–26], as does the dimerization of 

protein molecules [27], although a decrease in reactivity is observed for nanoconfined 

free radical pyrolysis reaction [28]. In another study Huck [29] shows faster formation of 

self assembled monolayers (SAMs) of microcontact printing on gold or Si/SiO2 surfaces.  

The main objective of the work reported in this chapter is to model the effect of 

nanoconfinement on the molecular weight and molecular weight distribution of free 

radical MMA polymerization. To fulfill this purpose the mathematical model of Verros et 

al. [30] for free radical bulk polymerization of MMA is extended to account for 

polymerization in nanopores.  In their model [30], Verros et al. consider the effects of 

diffusion controlled phenomena in bulk polymerization, including the cage, glass, and gel 

effects, and the model successfully describes experimental data [31]. To account for the 

effect of nanoconfinement, we use the scaling results in the literature [32, 33] which 

indicate that the diffusion coefficient decreases upon nanoconfinement in cylindrical 

geometries: 

( )

3

2/ν-2-

confp,
N

D
D ∝  [3.1] 

where confp,D  is the diffusion coefficient of a nanoconfined chain, N is the number of 

bonds in the chain, D is the nanopore diameter, and the exponent ν is the Flory exponent 

[34]. According to this scaling, the diffusion coefficient is expected to decrease with 

decreasing pore size, and the effect will be more pronounced the larger the chain. We 

thus anticipate that the rate of the termination reaction in free radical polymerization, 

which depends on the diffusivity of active chains, will be more strongly influenced than 

the propagation reaction which is governed by diffusion of the monomer. 
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3.2 Polymerization Model 

Details of the diffusion controlled free radical bulk MMA polymerization model of 

Verros et al. [30] are given in Chapter 2.  Our aim is to incorporate nanoconfinement 

effects in the model considering the scaling of chain diffusivity with confinement size 

and molecular weight as found in the modeling works of Cui et al. [32] and Avramova 

and Milchev [33].  Based on their work, nanoconfinement will affect the diffusion of 

active chains but not small molecules when the confinement size is much larger than the 

monomer size; hence, we consider that changes in diffusivity will only impact the 

termination reaction.  The diffusivity of active chains, thus, scales with confinement 

diameter D and the number average degree of polymerization of the free radicals M  [32, 

33].  To incorporate nanoconfinement effects in the model, the scaling behavior given by 

Cui et al. [32] and Avramova and Milchev [33] is applied:  

( )
3

2

confp, M
aD

D ∝  [3.2] 

where a is taken to be twice the bond length of 1.54 Å in the chain backbone. In the 

above equation we assume the number of bonds in the chain N is proportional to the 

number average degree of polymerization of free radical M  and the exponents are taken 

according to the scaling in a theta solvent (ν=0.5) [34]. From Equations (3.2) and 

Equation (2.37) of Chapter 2 the following relations are obtained: 

M
(D/a)

D/D
2

pconfp, ∝  [3.3] 

]V̂])M(ω)M(ω[MV̂γexp[)MD((D/a)D fjppjmmjm
*
m

3
po

2
confp, +−∝  [3.4] 
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We assume a prefactor equal to one in Equation (3.4) to calculate confp,D . Qualitatively, 

this will not influence the results. However, if the prefactor is less than 1.0, effects will be 

observed at larger confinement sizes than shown, and vice versa for a prefactor greater 

than 1.0. 

3.3 Methodology 

In the present work MATLAB® software is used to do the numerical calculation 

(sample code is given in Appendix A). The Explicit Backward Euler method [35] with 

0.1 s time steps is used to solve the equations describing the mass balances of free 

radicals and dead polymers. The continuous variable approximation (CVA) [30] is made 

to reduce the number of equations from 2×105 to 2×104 using a discretization step (ηstep) 

equal to 10 (i. e., n=1, 11, 21…). In the numerical procedure several calculations are 

performed within each time step to obtain the rate constants, the concentration of all 

species, and the molecular weights. Initially in the time loop, an initial value (1×10–7 

mol/liter) of free radical total concentration λo is assumed, and then the free radical 

concentrations are calculated from Equation (2.16) of Chapter 2.  A new value of λo is 

then calculated using Equation (2.20) of Chapter 2 from the calculated free radical 

concentrations. This new value of λo is compared with the initial value of λo and the 

procedure is repeated until the absolute value of the difference of new and initial values 

of λο agree within a tolerance of 1×10–11. Initiator efficiency, propagation and 

termination rate constants are then calculated in this loop using Equations (2.24)–(2.37) 

of Chapter 2, as well as calculation of the initiator concentration, monomer concentration, 

and dead polymer concentrations using Equations (2.14), (2.15), and (2.17) of Chapter 2, 
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and the number and weight average molecular weights using Equations (2.18)–(2.23) of 

Chapter 2. The process is then repeated for a new time step. The values of the parameters 

used in the model calculations are given in Table 3.1 and were obtained from the 

literature [30, 36–42]. 

Calculations are performed for both bulk and nanoconfined MMA polymerization for 

reaction temperatures of 70 ⁰C and 90 ⁰C and 0.5 wt% of 2, 2'-azoisobytyronitrile 

(AIBN) initiator feed concentration. In the case of nanoconfinement, 3.5, 4, 5, and 6 nm-

diameter pore sizes are used for the reaction temperature of 90 °C, and 7.5, 8, 9, and 10 

nm-diameter pore sizes are used for the reaction temperature of 70 °C. 

3.4 Results 

A comparison of the present work for bulk (unconfined) MMA polymerization with 

the results of Verros et al. [30] and the experimental data from Balke and Hamielec [31] 

is shown in Figure 3.1 for monomer conversion versus polymerization time at 

temperatures of 70 °C and 90 °C and for 0.5 wt% of AIBN initiator concentration.  The 

evolution of the number and weight average molecular weights versus monomer 

conversion are shown for the same polymerization conditions in Figure 3.2.  In both cases 

very good agreement is obtained between the present work and the calculations of Verros 

et al. [30].  At low conversions due to the absence of diffusion controlled phenomena, the 

change in conversion is linear with time and Mn decreases slightly with increasing 

conversion in Figure 3.2.  At a conversion of approximately 50% at 90 °C and 40% at 70 

°C, a sharp increase in monomer conversion and average molecular weight occurs. This 

phenomenon is known as the autoacceleration or gel effect, and it arises because the 

viscosity of the reaction mixture increases with increasing conversion and as a result, the 
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diffusion of free radicals decreases leading to an increase in the rate of propagation 

relative to termination. 

As we mentioned earlier, the main purpose of the present work is to extend Verros et 

al. model [30] to predict the effect of nanoconfinement on the free radical MMA 

polymerization. Figure 3.3 shows monomer conversion versus polymerization time as a 

function of nanopore size for polymerization at 90 °C with 0.5 wt% AIBN.  The bulk 

unconfined results are also shown for comparison.  In the figure, the gel effect is shifted 

to shorter polymerization times with decreasing pore size.  The results arise from our 

assumption, consistent with the scaling in the literature [32, 33], that the diffusivity of the 

free radical active chains decreases with nanoconfinement whereas the diffusivity of 

monomer is not significantly affected.  Consequently, the rate of propagation relative to 

termination increases under nanoconfinement leading to earlier autoacceleration. 

The effects of nanoconfinement on the number average molecular weight and 

polydispersity index (PDI) are shown in Figures 3.4a and b, respectively.  The number-

average molecular weight increases with decreasing pore size, especially after the gel 

effect occurs.  For the smallest pore size modeled, the molecular weight at high 

conversion increases by a factor of three compared to bulk polymerization.  As shown in 

Figure 3.4b, at low conversions, nanoconfinement results in higher PDI due to the earlier 

initiation of the gel effect. Near full conversion, however, nanoconfinement results in 

decreasing PDI with decreasing pore size. Our results are qualitatively consistent with 

experimental work on nanoconfined MMA polymerization which generally shows an 

increase in Mn [1–8] and a decrease in PDI [1–5]. Quantitatively, however, most 

experiments show an increase in Mn by a factor of five to ten in 2 to 5 nm pores [1–6] 
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rather than the factor of three found here at the highest conversions. Experiments also 

generally show decreases in PDI upon nanoconfinement, often to values often below 2.0 

[1–5].  The quantitative discrepancy may be related to the assumed scaling prefactor of 

1.0 used in Equation (3.4). In addition there is the possibility that rate constants may 

change upon nanoconfinement, both in absolute terms and relative to one another.  For 

example, if initiation is ten times faster under nanoconfinement, PDIs just under 2.0 are 

obtained over a wide conversion range (up to 60%).  In fact, changes in reactivity under 

nanoconfinement have been observed for other types of reactions as mentioned in the 

introduction [18–29]. 

To further quantify the effects of nanoconfinement on the gel effect, the time and 

conversion at the beginning of the gel effect as a function of inverse pore size for 

polymerization at both 70 and 90 ⁰C are shown in Figure 3.5a and b, respectively.  Both 

the time and conversion required to reach gel effect decrease with inverse confinement 

size.  The effects occur at larger pore sizes for the polymerization at the lower 

temperature, presumably because diffusion effects are more important the lower the 

temperature.  Nanoconfinement effects may also be observed at larger pore sizes at the 

lower temperature because initial molecular weights are higher at lower temperatures.  

For the assumed scaling coefficient of 1.0, the dependence of the time and conversion to 

gel on pore size is steep.  If a different prefactor is chosen, the results are qualitatively the 

same, although the range of pore sizes over which the confinement effects will be 

observed will differ. 

Figures 3.6a and b present the number average molecular weight and PDI versus 

inverse nanopore size at a conversion of 89%.  Mn increases and PDI decreases with 
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inverse confinement size.  As in the case of the time and conversion to gel, for Mn and 

PDI, nanoconfinement effects are more prominent at the lower temperature and occur at 

larger pore sizes for polymerization at the lower temperature.  

The normalized weight molecular weight distributions (NWMWD) as a function of 

nanopore sizes are shown in Figure 3.7 for polymerization at 90 °C with 0.5 wt% AIBN, 

at a polymerization time of 1500 s.  The maximum in the distribution decreases and shifts 

to higher molecular weights with decreasing pore size which indicates a higher average 

molecular weight and a narrower distribution are obtained in the nanopores. The area 

under the curve indicates the weight average molecular weight of the product polymer. A 

bimodal distribution is obtained, as expected, due to the gel effect [30].  

3.5 Discussion 

The model of Verros et al. [30] has been extended to incorporate changes in 

diffusivity observed for nanoconfined polymer chains, and the results qualitatively 

reproduce the literature reports with respect to molecular weight and its distribution.  The 

glass transition temperature is also known to change under nanoconfinement but that 

effect was not incorporated into the model.  In the case of supported PMMA ultrathin 

films, Tg is observed to decrease, not change, or increase with decreasing film thickness, 

with results depending on interfacial interactions and surface energy, tacticity, 

polydispersity, and chain conformation [43–54].  One work has also shown that in 4.8 

nm-diameter SiO2 nanopores, PMMA Tg increases by approximately 25 K [55].  Such 

changes in Tg are expected to result in changes in diffusivity, and if that is its only effect 

on the nanoconfined polymerization, the effect is implicitly incorporated here through the 

scaling of the diffusivity with nanoconfinement.  As an aside, we note that the 
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observation of slower chain diffusion is not completely consistent with the general 

findings of the Tg reduction in polymer ultrathin films given that a Tg reduction implies 

higher segmental mobility.  On the other hand, if the polymerizing system vitrifies at 

higher conversions due to a Tg reduction at the nanoscale or at lower conversions due to a 

Tg elevation, that effect is not incorporated into the model presented in this chapter but it 

will be considered in Chapters 4 and 5. 

3.6 Conclusions 

The model of methyl methacrylate free radical polymerization by Verros et al. [30] is 

extended to account for polymerization in nanopores by incorporating the effect of 

nanoconfinement on diffusivity using the scaling results in the literature [32, 33].  

Calculations are performed to obtain the concentrations of all species in the reaction 

mixture for polymerization at 70 and 90 °C assuming 0.5 wt% AIBN initiator.  In the 

case of nanoconfinement, higher molecular weight and lower PDI are observed at high 

conversions, and the gel effect occurs at earlier times and lower conversions.  The effects 

occur at larger pore sizes for polymerization at the lower temperature, presumably 

because diffusion effects are more important at the lower temperature.  The results with 

respect to molecular weight and its distribution are qualitatively consistent with the 

majority of experimental findings [1–5, 7, 8] in the literature. 
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Table 3.1: Values of model parameters  
Parameter Expression or Values References 
kd (min–1) 6.32×1016exp(–30660/RT) [36] 
kto (L/mol/min) (kpo/k′po)

2× k′′to [30] 
kpo (L/mol/min) 1.6×108exp(–5344/RT) [37] 
k′po (L/mol/min) 2.95×107exp(–4353/RT) [36] 
k′′to (L/mol/min) 5.88×109exp(–701/RT) [36] 
ktm (L/mol/min) (9.48×103exp(–13880/RT))×k′po [36] 

ktc/ktd 3.956×10–4exp(4090/RT) [36] 
R (cal/K/mol) 1.9872 [38] 
Vo (cm3/g) 1/(0.968–1.225×10–3T(°C)) [36] 
ε –0.267 (70 ºC) 

–0.285 (90 ºC) 
[36, 38] 

fo 0.63 [30] 
M jm (g/mol) 100.13  [36] 
M jp (g/mol) 150 [36] 

M jI (g/mol) 68 [36] 
*

mV̂  (cm3/g) 0.822 [36] 

*
pV̂  (cm3/g) 0.77 [36, 39]  

*
IV̂  (cm3/g) 0.913 [45] 

Vfm 0.149+2.9×10–4T(°C) [36, 40] 
Vfp 0.0194+1.3×10–4( T(°C)–105) [36, 40] 
γI 1 [36, 41] 
γ 0.763 [36, 41] 
r1(cm) 7.1×10–8 [36] 
δ(Å) 6.9 [36] 
Xco 100 [36, 42] 
RH 1.3×10–9Mw

0.574
 [36] 

FsegDpo (cm2/s) 0.042 (70 ºC) 
0.014 (90 ºC) 

[30] 

Dmo (cm2/s) 1.3×10–9 (70 ºC) 
4.4 ×10–7 (90 ºC) 

[30] 

E/DIo (s/cm2) 47.86 (70 ºC) 
2239 (90 ºC) 

[30] 

A 31.21 (70 ºC) 
22.1(90 ºC) 

[30] 
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Figure 3.1.  A comparison of the present work with the results of Verros et al. [30] for bulk PMMA 
polymerization. Monomer conversion versus polymerization time at 70 and 90 °C are shown for an 
initial initiator feed concentration of 0.5 wt%. Experimental data [31] are also shown in the figure. 
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Figure 3.2.  A comparison of the present work with the results of Verros et al. [30] for bulk PMMA 
polymerization. Molecular weights versus monomer conversion at 90 °C are shown for an initial 

initiator feed concentration of 0.5 wt%. Experimental data [31] are also shown in the figure. 
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Figure 3.3.  Monomer conversion versus polymerization time for bulk and nanoconfined 

polymerizations at 90 °C with an initial initiator feed concentration of 0.5 wt%, as a function of 
nanopore diameter. 
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Figure 3.4a.  Number average molecular weight versus monomer conversion for bulk and 
nanoconfined polymerizations at 90 °C with an initial initiator feed concentration of 0.5 wt%, as a 

function of nanopore diameter. 
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Figure 3.4b.  Polydispersity index (PDI) versus monomer conversion for bulk and nanoconfined 
polymerizations at 90 °C with an initial initiator feed concentration of 0.5 wt%, as a function of 

nanopore diameter. 
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Figure 3.5a.  Polymerization time required to reach the gel effect versus inverse nanopore diameter 
for polymerization at 90 °C with an initial initiat or feed concentration of 0.5 wt%.  The time is 

normalized by the time required to reach the gel effect for the bulk unconfined polymerization. The 
dashed lines are only intended as guides to the eyes. 
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Figure 3.5b.  Conversion at the beginning of gel effect versus inverse nanopore diameter for 

polymerization at 70 and 90 °C with an initial initiator feed concentration of 0.5 wt%. The dashed 
lines are only intended as guides to the eyes. 
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Figure 3.6a.  Number average molecular weight versus inverse of nanopore diameter at 89% 

conversion for polymerization at 70 and 90 °C with an initial initiator feed concentration of 0.5 wt%. 
The dashed lines are only intended as guides to the eyes. 
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Figure 3.6b.  Polydispersity index (PDI) versus inverse nanopore diameter for 89% conversion for 
polymerization at 70 and 90 °C with an initial initiator feed concentration of 0.5 wt%. The dashed 

lines are only intended as guides to the eyes. 
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Figure 3.7.  Normalized weight molecular weight distribution (NWMWD) versus molecular weight 

for bulk and nanoconfined polymerizations at 90 °C after 1500 s with an initial initiator feed 
concentration of 0.5 wt%, as a function of nanopore diameter. 
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CHAPTER 4 

MODELING METHYL METHACRYLATE FREE RADICAL 
POLYMERIZATION : REACTION IN HYDROPHOBIC NANOPORES 

4.1 Introduction 

In the modeling work outlined in Chapter 3 [1], we predicted that the polymerization 

time for the gel effect for free radical polymerization of MMA in nanoconfined systems.  

This prediction was later confirmed in experimental studies performed by H. Y. Zhao in 

our laboratory for confinement in hydrophobic and hydrophilic nanopores [2].  In this 

chapter, we directly compare the model with the experimental results for MMA 

polymerization in hydrophobic nanopores. 

In our present work, we consider that the free radical polymerization of MMA to 

form linear PMMA is a homogeneous (one-phase) system, which differs from the 

heterogeneous crosslinking diacrylate systems studied by Bowman and coworkers [3, 4], 

Kranbuehl and coworkers [5], and Duchet and coworkers [6].  In the latter works, 

microgel formation influenced the polymerization kinetics; however, this issue is not 

pertinent to the present work. 

4.2 Polymerization Model 

In order to compare the model and experimental data [2], the model outlined in 

Chapter 3 is first simplified and in order to minimize the number of parameters and to 

increase the applicability to other systems.  In particular, we use more simplified 

expressions for rRn and rPn than were used in our previous chapter and in the work of 

Verros et al. [7] and Achilias and Kiparissides [8, 9], and we make the assumption that 
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the termination rate constants for combination and chain transfer to monomer are 

insignificant compared to the termination rate constant for disproportionation [10].  The 

reaction rates are then given by 

Ikr dI −=  [4.1]  

∑
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where as in previous chapters, M, I, and f indicate monomer concentration, initiator 

concentration, and initiator efficiency, respectively.  δ is Kronecker delta, kd is the 

initiator dissociation rate constant, kp is the propagation rate constant, and kt is the rate 

constant for termination by disproportionation.  Equation (4.3) is set equal to zero 

according to the quasi steady state approximation (QSSA) [11–13]. 

we also simplify the model using the Doolittle free volume equation [14] coupled 

with an activated temperature term [15] to account for changes in diffusivity during the 

reaction.  The effect of diffusion on the propagation rate constant kp is assumed to follow 

the form proposed by Rabinowitch [16], 

pdpop k

1

k

1

k

1
+=  [4.5] 

where kpo is the propagation rate constant without diffusion control and 1/kpd is the time 

scale for diffusion of monomer.  The time scale of diffusion can be taken to be a function 

of free volume and temperature through the Doolittle free volume equation [14] modified 
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to include an activated temperature dependent term as in the work by Macedo and 

Litovitz [15].  Similar approaches were used to model diffusion control in diacrylate 

photopolymerization [17], epoxy/amine resins [18–20], and polycyanurates [21], albeit in 

some of these works without the activated temperature term of Macedo and Litovitz. In 

addition, the time scale for monomer diffusion is assumed to be proportional to the total 

concentration of the free radicals, ∑Rn, as in the work by Verros et al. [7].  The 

expression for kp, thus, becomes, 

)Vb/RT)exp(Eexp(A
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where Ap is a prefactor and Ep is the apparent activation energy of the diffusion process.  

Here, the Doolittle parameter b is taken equal to boX, where bo is equal to one.  The value 

of b, thus, increases with increasing conversion and is 1.0 at full conversion, which is 

consistent with the observation that b increases with increasing solute size [22].  The free 

volume fraction Vf  above Tg is related to the temperature departure from the glass 

transition temperature, Tg, using the universal constants given by Williams, Landel, and 

Ferry (WLF) [23]: 

( )gf TT0.000480.025V −+=  [4.7] 

For T < Tg, we assume Vf  = 0.025.  The glass transition temperature Tg increases during 

polymerization and can be related to conversion using the Fox equation [24] assuming 

that the polymer/monomer mixture form a homogeneous solution: 
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where Tgp and Tgm are the glass transition temperatures of the polymer and monomer, 

respectively.  Cook used a similar approach to model diffusion control in diacrylate 

photopolymerization [17]. 

The Tg of the polymer, depends on molecular weight [24]: 

)M1(KTT ngpgp −= ∞  [4.9] 

where Tgp
∞

is the glass transition temperature of the infinite molecular weight polymer 

and K is a constant.  nM  is the number average molecular weight, and the expression for 

nM  was given in Chapter 2 by Equation (2.18). 

A similar approach is used to model the effect of caging on the initiator efficiency f: 

)Vb/RT)exp(Eexp(A
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1

f

1
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+=  [4.10] 

where fo is the initiator efficiency at time zero.  In Equations (4.6) and (4.10), the same 

prefactor Ap and activation energy Ep are used because we assume that the effects of 

diffusion on kp and f, which are related to the diffusion of the small monomer and 

initiator molecules, respectively, are similar.  However, in Equation (4.10), the time scale 

for the cage effect is assumed to be proportional to conversion X as in the work of Verros 

et al. [7], rather than to ∑Rn as in Equation (4.6). 

The rate constant for termination kt is taken as the sum of the residual termination rate 

constant kt,res and the termination rate constant kt' following the work in the literature [7], 

with kt,res proportional to the rate of monomer consumption in the propagation step [9]: 

[ ] '
tp

'
trest,t kMAkkkk +=+=  [4.11] 
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where A is a constant for a particular temperature.  In order to model k′t in the Equation 

(4.11), we use the same Rabinowitch [16] approach as was used for kp and f: 

)Vb/RT)exp(Eexp(A
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where kto is the termination rate constant without diffusion control.  1/ktd is the time scale 

of diffusion which is proportional to the reciprocal of the diffusion coefficient of polymer 

chain.  At is the prefactor and Et is the activation energy of the diffusion process.  The 

time scale of diffusion is assumed to be proportional to 
2.176M  as in the work of Verros 

[7]; however, Verros used an exponent of 2 here, which is consistent with scaling in a 

theta solvent [26], whereas an exponent of 2.176 is expected for good solvent.  In Chapter 

3, we also assumed theta solvent but comparison of the model and experiment indicates 

that good solvent behavior is a better assumption.  M  is the number average degree of 

polymerization of the free radicals and was defined in Chapter 2. 

The effects of nanoconfinement on the rate of termination are accounted for in a way 

similar to that Chapter 3: 

( )
3

m
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M

aD
D ∝  [4.13] 

where the exponent m is now equal to either 2.0 or 1.3 according to the scaling in a theta 

or good solvent [26].  From Equations (4.12) and (4.13) the following relation is 

obtained: 
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The above equation does not give confp,D  equal to the bulk diffusivity pD  when the 

confinement diameter D goes to infinity.  In order to make the equation physically valid 

in this limit, we consider the following equation to incorporate nanoconfinement effects 

in the model: 

( )m

0.824

confp,p
aDB

M
1DD +=  [4.15] 

where B is a constant for a particular temperature.  The expression for the termination 

rate constant becomes: 
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In addition to changes in chain diffusivity which influence the termination reaction, 

the glass transition temperature can also be influenced by confinement [27–29].  In order 

to account for this effect, we consider that the Tg of the nanoconfined polymer, Tgp,nano, 

varies with reciprocal confinement size, 1/D [27–29]: 

DC)M1(KTT ngpnanogp, +−= ∞

 [4.17] 

where C is a constant.  In the case of nanoconfined poly(methyl methacrylate) in 

hydrophobic pores, the glass transition temperature increases with decreasing 

confinement size (see later) and C is positive.  The model, however, could also be used in 

the more general case where Tg decreases with decreasing nanopore diameter [27–29] 

resulting in a negative value for the parameter C. 
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4.3 Methodology 

Details of the model calculation are given in Chapters 2 and 3 (sample code is given 

in Appendix B).  The experimental conversion versus time data [2] are fit to the current 

model.  The data were obtained from differential scanning calorimetry (DSC) 

experiments performed isothermally at 60, 70, 80, and 95 °C using methyl methacrylate 

monomer with 0.5 wt% 2, 2'–azoisobytyronitrile (AIBN), both from Sigma Aldrich.  

Conversions are calculated by integrating the isothermal heat flow versus time curve and 

dividing by the total heat of reaction obtained from the isothermal run plus a subsequent 

heating scan which gives the residual exotherm.  The nanoconfinement medium, 

controlled pore glass (CPG, Millipore) is composed of nanoporous borosilicate particles 

with pore diameters (D) of 13, 50, and 110 nm; the glass is made by a spinodal 

decomposition process resulting in a relatively narrow pore distribution with the standard 

deviation for pore sizes being 7.4% for 13 nm pores and less than 4% for the larger sizes 

according to manufacturer data.  Both native hydrophilic and hydrophobic pores, the 

latter in which the native hydroxyl groups are replaced by trimethylsilyl functionality, 

were used to confine the polymerization of MMA.  In this chapter, we only fit the 

hydrophobic nanopore data to the present model.  The data in hydrophilic pores will be 

modeled in Chapter 5 due to the catalytic effect of the hydrophilic surface, which 

complicates the analysis.  For each reaction condition, two to three runs were performed 

for both bulk and nanoconfined experiments and we consider all runs in our modeling.  

For the conversion versus time data, the polymerization time is that after subtracting the 

induction time. 
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The values of the parameters used in the model calculations are given in Table 4.1.  

Parameters kd, fo, kpo, and kt are taken from the literature [7, 9, 30].  The glass transition 

temperature of monomer Tgm is taken to be 2/3 of the melting point of the monomer, 

which is 225.15 K [31].  Parameters Ap, At, Ep, Et, and A are obtained by fitting the bulk 

experimental data to the current model, and these parameters are maintained at the same 

values for the nanoconfined calculations.  The parameter B is obtained by fitting the 

nanoconfined data for m equal to 1.3 (i.e., good solvent condition).  Fits for other values 

of m are addressed in the discussion. 

The values of K, Tgp∞, and C describing the influence of molecular weight and 

confinement are also shown in Table 4.1.  These parameters were obtained from the 

experimental Tg values for the polymer after isothermal reaction at 60 and 95 °C, both in 

bulk and in 13 nm-diameter pores.  Tg values were measured on the third heating scan (to 

ensure complete conversion) and are shown in Table 4.2.  The molecular weights of the 

polymer for the same isothermal reaction conditions, also shown in Table 4.2, were 

obtained from the calculated values (Equation (2.18) of Chapter 2), and are in good 

agreement with experimental values [32]. 

 

4.4 Results 

Figure 4.1 represents monomer conversion versus polymerization time for bulk 

(unconfined) MMA polymerization at temperatures of 60, 70, 80, and 95 °C with 0.5 

wt% of AIBN initiator feed concentration.  The experimental data are shown as points in 

the figure and model calculations are shown as solid lines.  Very good agreement is 

observed between the model and the experimental data.  At all temperatures, the change 
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of conversion is approximately linear with polymerization time at low conversions 

because of the absence of diffusion controlled phenomena.  As conversion increases, the 

viscosity of the reaction mixture increases leading to decreasing diffusivity of polymer 

chains which results in an increase in the rate of propagation reaction compared to that of 

termination.  The resulting sharp increase in conversion is autoacceleration or the gel 

effect.  The onset of the gel effect decreases with increasing temperature because the 

reaction rate is higher at higher temperatures.  On the other hand, the conversion at the 

gel point and the limiting conversion decrease with decreasing temperature because 

molecular weight is higher at lower temperatures and vitrification occurs earlier at the 

lower temperatures.  Both effects are captured by the model. 

The model predictions for conversion versus polymerization time for the MMA 

polymerization in 13 nm pores are shown in Figure 4.2 as solid lines, along with the 

experimental data as symbols.  In order to indicate the magnitude of the nanoconfinement 

effect, the bulk model calculations from Figure 4.1 are shown as dashed lines.  At all 

temperatures, the initial slopes of conversion versus time curves are quite similar for bulk 

and nanoconfined reactions.  However, the gel effect is shifted to shorter polymerization 

times for the nanoconfined polymerization.  The model describes the experimental data 

quite well with only one fitting parameter, B(T), using the scaling exponent m=1.3 which 

is for good solvent conditions.  Although m=2.0, for theta conditions, can also describe 

the data in 13 nm pores, this value of m does not predict the data in larger pores: using 

m=2.0 predicts no nanoconfinement effect at 110 nm (i.e., the reaction in 110 nm is 

predicted to be the same as the bulk), which is inconsistent with the data.  The fact that 
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the experimental data is better described by m=1.3 rather than m=2.0 is the reason that 

we assumed good solvent conditions in Equation (4.15). 

Figures 4.3 and 4.4 show the model predictions for nanoconfined MMA of 

polymerization in 50 and 110 nm pores, respectively. The experimental data are shown as 

symbols, model calculations are shown as solid lines, and the bulk model calculations are 

shown as dashed lines for comparison.  In these pore sizes, as in the smaller pores, the 

initial slopes of the conversion versus time curves for both bulk and nanoconfined data 

are quite similar, and this is captured by the model.  Although it is not as dramatic as in 

the smaller pores, the gel effect is generally shifted to shorter polymerization times with 

nanoconfinement and the model with a scaling exponent m=1.3 does a reasonable job of 

capturing the observations.  In 110 nm pore at 60 °C, there is some discrepancy in the 

data, however, with two data sets showing a delay in the onset of the gel effect relative to 

the bulk and one curve showing opposite behavior.  The model, as formulated, will 

always predict earlier gelation under nanoconfinement and the bulk response will be the 

limiting result for large pore sizes.  The reason for the differences in the data sets 

obtained at 60 °C in 110 nm pores is not clear. 

The natural logarithm of the prefactor B from Equation (4.15) that is used to fit the 

nanoconfinement data is shown as a function of reciprocal temperature in Figure 4.5.  

The B value increases with decreasing temperature, and it seems that the dependence of 

B on temperature is of the Arrhenius form.  The apparent activation energy as calculated 

from the slope of the line is 86 kJ/mol.  Based on these B values, Figure 4.6 shows the 

ratio of the logarithm of the nanoconfined diffusivity ( confp,D ) to the bulk diffusivity ( pD

) from Equation (4.15) as a function of the logarithm of reciprocal confinement size at 
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temperatures of 60, 70, 80 and 95 °C.  The calculations are made for two values of the 

number average degree of polymerization for the active chains,M , 1000 for the dashed 

line and 5000 for the solid line–these values are comparable to xn at the end of 

polymerization for reaction at 95 and 60 °C, respectively, based on the calculated nM  

values provided in Table 4.2.   Diffusivity decreases more for the higher value of M  

(solid lines) capturing the fact that longer chains will be more hindered by the 

confinement.  According to the fit of the experimental data, for the smallest pore size of 

13 nm, the diffusivity of nanoconfined chains is approximately 20% of the bulk value at 

95 °C and 50% of the bulk value at 60 °C.  The scaling of 1.3 just approached at the 

highest temperature in the region of our data from 1/D = 0.01 to 0.076.  However, at 

lower temperatures, the scaling exponent is significantly lower than 1.3 in the region of 

our data because the limiting slope is not reached.  We will come back to this point in the 

discussion. 

The time at the onset of the gel effect is shown as a function of reciprocal 

confinement size in Figure 4.7.  Points and lines represent experimental data and model 

calculations, respectively, with bulk results shown at 1/D=0.  In order to calculate the 

onset, a tangent is drawn through the initial linear part of the conversion versus time 

curve and another tangent is drawn through the steep part of the curve; the intersection of 

the two tangents is taken as the time at the onset of gelation.  The onset of the gel effect 

increases with decreasing temperature because the reaction rate is lower at lower 

temperatures.  At all temperatures, the time also decreases with decreasing pore size for 

experimental data within the error of measurements.  The model quantitatively captures 

the experimental observations.  For the smallest 13 nm diameter pores, a 27–36% 
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reduction in the time to reach autoacceleration is observed for the experimental data 

relative to the bulk [2], depending on reaction temperatures, and reductions of 30–33% 

are predicted by the model. 

The limiting conversion versus reciprocal confinement size is shown as a function of 

temperature in Figure 4.8, with points and lines representing experimental data and model 

calculations, respectively.  For the bulk polymerization, the limiting conversion decreases 

from 98 to 88% as temperature decreases from 95 to 60 °C.  The decrease is due to 

vitrification of the reaction system at low temperature as the glass transition temperature 

of the system increases towards the reaction temperature.  The model predictions are 

within 1% of the experimental data for the bulk reaction.  For nanoconfined reactions, the 

limiting conversion does not show a trend with confinement size: at 60 °C limiting 

conversions are slightly higher for the nanoconfined samples compared to the bulk; for 

the other temperatures there is no statistically significant difference between the bulk and 

nanoconfined samples.  The model predicts that the limiting conversion will decrease 

slightly with decreasing pore size because the increase in Tg under nanoconfined 

conditions (see Table 4.2) will lead to vitrification at a slightly lower conversions, 

thereby limiting the reaction.  Although the model prediction does not seem to be 

observed, the absolute values of the model prediction are in agreement with the data 

within the experimental error at 70, 80, and 95 °C.  The model underestimates the 

limiting conversions at 60 °C by several percent. 

4.5 Discussion 

Results indicate that the nanoconfinement reaction can be qualitatively described 

using the scaling in the literature for a good solvent, i.e., confp,D  scales with pore diameter 
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to the 1.3 power.  The scaling exponent of 2.0 for theta solvent can also describe the data 

in 13 nm pores, but in this case, the prediction for 110 nm pores is the same as for the 

bulk and that is inconsistent with the data.  In fact, although the data is well explained 

using the D1.3 scaling, the data suggest that the exponent could be lower.  The best fit of 

the model yields exponents of 1.0 ± 0.1, 0.7 ± 0.2, 1.1 ± 0.1, and 0.7 ± 0.1 at 60, 70, 80, 

and 95 °C, respectively, where the error reported for the exponent is that which results in 

χ
2 10% larger than the minimum value.   

In addition to the best fit of the model yielding exponents less than 1.3, it is clear 

from Figure 4.6 that the limiting slope of the logarithm of the normalized diffusivity 

versus logarithm of the reciprocal pore size is not reached in the range of pore sizes 

studied except for the smallest pore size of 13 nm-diameter at the highest reaction 

temperatures.  Perhaps this is not surprising given the size of the chains relative to the 

confinement size.  For a 500,000 g/mol chain, which is approximately the number-

average upper bound for the chains produced (see Table 4.2), the unperturbed radius of 

gyration is 18 nm, [33] smaller than the largest pores of 50 and 110 nm in diameter.  

Hence, the degree of confinement is not strong at these pore sizes.  In order to more 

critically test the scaling in the literature, it is necessary to change reaction conditions to 

produce higher molecular weight chains or to confine the reaction to smaller pores. 

4.6 Conclusions 

The kinetic model of bulk methyl methacrylate free radical polymerization of Verros 

et al. is simplified using the Doolittle free volume theory and extended to reactions in 

nanopores assuming the scaling in the literature that diffusivity of chains in good solvent 

scales with molecular size to the -3 power and with nanopore diameter to the 1.3 power.  
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Experimental calorimetric conversion versus time data are fit with the model for bulk and 

nanoconfined polymerizations at 60, 70, 80, and 95 °C with nanoconfined reactions 

performed in controlled pore glass having hydrophobic pores of 13, 50 and 110 nm in 

diameter.  Good agreement is observed between the model and experimental data for bulk 

reactions using literature values of the kinetic parameters coupled with our parameters for 

the diffusion controlled terms.  The onset of the gel effect is shifted to the shorter 

polymerization time for nanoconfined reactions and the model describes the data well 

using the same parameters as used for the bulk reaction, plus two additional parameters, 

one accounting for the magnitude in the change in chain diffusivity on confinement and 

the other accounting for the modest increase in Tg.  Although the scaling of diffusivity 

assuming good solvent, with diffusivity scaling with nanopore diameter to the 1.3 power, 

well describes the data, slightly better fits are obtained with scaling exponents of 0.7 to 

1.0, depending on the polymerization temperature.  However, even for the scaling to the 

1.3 power, the limiting slope of the logarithm of the normalized diffusivity versus 

logarithm of the reciprocal pore size is not reached in the range of pore sizes studied 

except for the smallest pore size of 13 nm-diameter at the highest reaction temperatures; 

hence, stronger confinement of the chains is required to critically test the scaling in the 

literature. 
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 Table 4.1: Values of model parameters  
Parameter Expression or Values Ref/Comments 

 
kd (min–1) 6.32×1016exp(–30660/RT) [9] 
kpo (L/mol/min) 1.6×108exp(–5344/RT) [30] 
kto (L/mol/min) 5.88×109exp(–701/RT) [9] 
R (cal/K/mol) 1.9872 [9] 
Vo (cm3/g) 1/(0.968–1.225×10–3T(°C)) [9] 
ε –0.255 (60 ºC) 

–0.267 (70 ºC) 
–0.275 (80 ºC) 
–0.290 (95 ºC) 

[9] 

fo 0.63 [7] 
Ep/R (K) 22000 Present work 
Et/R (K) –4003 Present work 
AP 3.5×1038 Present work 
At 7.31×1010 Present work 
A 50 (60 ºC) 

40 (70 ºC) 
30 (80 ºC) 
20 (95 ºC) 

Present work 

Tgm (K) 150.1 [31] 
m 1.3 Present work 
B 9.5 (60 ºC) 

4.0 (70 ºC) 
1.75 (80 ºC) 
0.50 (95 ºC) 

Present work 

K (K g mol–1) 200541 Present work 
Tg∞ (K) 374.41 Present work 
C (nm) 100 Present work 
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Table 4.2: Glass transition temperature and 
polymer molecular weight after complete 
reaction  
Reaction Conditions Tg (°C) Mn (kg/mol)  
Bulk, 60°C 100.9  ± 1.0  561 
Bulk, 95°C   97.0 ± 0.9  75 
13 nm pore, 60°C 106.7 ± 2.6  686 
13 nm pore, 95°C 108.5 ± 0.3  102 
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Figure 4.1.  Model predictions (solid lines) and experimental data (open symbols) for monomer 
conversion versus polymerization time for bulk MMA polymerization at temperatures of 60, 70, 80, 

and 95 °C.  
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Figure 4.2.  Model predictions (solid lines) and experimental data (open symbols) for monomer 
conversion versus polymerization time for the MMA polymerization in 13 nm silanized hydrophobic 
pores at temperatures of 60, 70, 80, and 95 °C.  The bulk model predictions are shown as dashed lines 

for comparison. 
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Figure 4.3.  Model predictions (solid lines) and experimental data (open symbols) for monomer 
conversion versus polymerization time for the MMA polymerization in 50 nm silanized hydrophobic 
pores at temperatures of 60, 70, 80, and 95 °C.  The bulk model predictions are shown as dashed lines 

for comparison. 
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Figure 4.4.  Model predictions (solid lines) and experimental data (open symbols) for monomer 
conversion versus polymerization time for the MMA polymerization in 110 nm silanized 

hydrophobic pores at temperatures of 60, 70, 80, and 95 °C.  The bulk model predictions are shown 
as dashed lines for comparison. 
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Figure 4.5.  The natural logarithm of the model parameter B from Equation (4.15) as a function of 
reciprocal polymerization temperature.  
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Figure 4.6.  Double logarithmic plot of the ratio of nanoconfined diffusivity ( confp,D ) to bulk 

diffusivity ( pD ) versus reciprocal confinement size at temperatures of 60, 70, 80, and 95 °C from 

right to left.  The number average degree of polymerization of the free radicals M  is equal to 1000 
for the dashed lines and 5000 for the solid lines.  
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Figure 4.7.  The time for the onset of the gel effect (tgel) as a function of reciprocal confinement size 
for polymerization at 60, 70, 80, and 95 °C.  Model predictions are shown as lines and experimental 

data are shown as symbols. 
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Figure 4.8.  Limiting conversion as a function of reciprocal confinement size for different 
polymerization at 60, 70, 80, and 95 °C.  Model predictions are shown as lines and experimental data 

are shown as symbols. 
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CHAPTER 5 

MODELING METHYL METHACRYLATE FREE RADICAL 
POLYMERIZATION : REACTION IN HYDROPHILIC NANOPORES 

5.1 Introduction 

As outlined in Chapters 3 and 4, the model of methyl methacrylate (MMA) 

polymerization well describes calorimetric conversion versus time data for isothermal 

bulk polymerization using the kinetic parameters from the literature and the parameters 

from our model for the diffusion controlled terms [1, 2].  The model also well describes 

calorimetric conversion versus time data in hydrophobic nanopores using the same 

parameters as used for the bulk reaction, plus two additional parameters, one accounting 

for the magnitude in the change in chain diffusivity on confinement and the other 

accounting for the modest increase in Tg under nanoconfinement. 

In this chapter , the same model used to describe the reaction in hydrophobic 

nanopores [2] is extended to capture the reaction in native CPG nanopores accounting for 

catalysis by surface silanol groups.  The calorimetric conversion versus time data in 

native hydrophilic pores show faster reaction rates at low conversions before the gel 

point, the gel point is shifted to the shorter polymerization times in hydrophilic pores 

compared to results in hydrophobic pores, and limiting conversion increases with 

confinement size [3].  In order to model the faster reaction rate at low conversions, we 

consider that the propagation rate constant without diffusion control increases linearly 

with reciprocal pore size.  In order to capture the gel effect and limiting conversion, the 
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parameters describing monomer and active chain diffusion differ from that in 

hydrophobic pores. 

5.2 Polymerization Model 

Details of the polymerization model are given in Chapters 2–4.  In order to describe 

the change in reactivity in hydrophilic nanopores before the gel point, we consider that 

the propagation rate constant without diffusion control k′po increases linearly with the 

ratio of the pore surface area to pore volume (i. e., with 1/D) because of the catalytic 

effect of surface silanol groups on the native CPG pores.  So the expression for k′po 

becomes 








 +=
D

E
1kk po

'
po  [5.1] 

where E is a constant for a particular temperature, and kpo is the propagation rate constant 

without diffusion control for the bulk reaction. 

5.3 Methodology 

In order to describe the MMA polymerization in hydrophilic pores, the parameters E, 

Ap and At are fit in the present work.  These account for the faster reaction rate at low 

conversion, and the changes in the diffusivity of small molecules and active chains, 

respectively.  These parameters are given in Table 5.1; all other parameters are the same 

as in Table 4.1.  Details of the calculation are given in Chapter 2–4. 

Due to the differences in the values of Tg in hydrophilic and hydrophobic pores, the 

value of parameter C is different from that used previously for hydrophobic pores.  Tg 

values were measured on the third heating scan (to ensure complete conversion) and are 

shown in Table 5.2.  The molecular weights of the polymer for the same isothermal 
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reaction conditions, also shown in Table 5.2, were obtained from the calculated values, 

and are in good agreement with experimental values for bulk and for nanopores at higher 

temperatures [4].  

5.4 Results 

Figure 5.1 shows monomer conversion versus polymerization time for MMA 

polymerization in 13, 50, and 110 nm native hydrophilic pores and in bulk at 95 °C.  The 

experimental data and model predictions are shown as symbols and solid lines, 

respectively.  In all cases, good agreement is observed between the model and the 

experimental data.  The conversion versus time curves are approximately linear at short 

polymerization times because of the absence of diffusion controlled phenomena.  In 

contrast to polymerization in hydrophobic pores where initial rates were unchanged by 

nanoconfinement [2, 3], the initial slope of the conversion versus time curves for reaction 

in hydrophilic pores increases with decreasing pore size.  The increasing slope at initial 

conversions is well captured by the model with only one fitting parameter E(T), which 

quantifies the magnitude of the increase of kpo with confinement size and is related to the 

presumed catalytic effect of silanol groups on the of CPG surface.  In addition to the 

increase in the initial slope with decreasing pore size, it is apparent from Figure 5.1 the 

onset of the gel effect is obviously shifted to shorter polymerization times.  The viscosity 

of the reaction mixture increases with increasing conversion leading to decreasing 

diffusivity of polymer chains, which then results in an increase in the rate of propagation 

reaction compared to that of termination and a sharp increase in conversion is observed at 

the gel point.  In order to quantitatively capture the gel effect, we use higher values of At 

than the values used to fit bulk and hydrophobic nanopore data, as shown in Table 5.1; 
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these higher values of At represents higher diffusivity of active chains leading to higher 

rates of the termination reaction.  The experimental data also shows an increasing 

limiting conversion with decreasing pore size, which was not observed in hydrophobic 

pores.  In order to quantitatively fit the limiting conversions, we allow Ap values to 

increase with reciprocal confinement size, as shown in Table 5.1; these higher values of 

Ap also represent higher diffusivity of small molecules in the reaction mixture.  The 

dashed lines in the figure, one of which is just barely visible for the 13 nm-diameter pore, 

are the results that would be obtained using the value of Ap that was used in our previous 

work [3] for the reaction in bulk and hydrophobic pores. 

The model predictions for conversion versus polymerization time for the MMA 

polymerization in 13, 50, and 110 nm hydrophilic pores and in bulk at 80, 70, and 60 °C, 

are shown in Figures 5.2–5.4 as solid lines, along with the experimental data as symbols.  

At these reaction temperatures, as was the case for the 95 °C data shown in Figure 5.1, 

the initial slope of the conversion versus time curves increases with decreasing pore size 

and the model describes the data well with the fitting parameter E(T).  In all cases, the 

onset of gel effect is also obviously shifted to shorter polymerization times, and the 

limiting conversion increases with decreasing pore size.  The model quantitatively 

captures these effects.  In Figures 5.2–5.4 a dashed line is apparent for the 13 nm pore fit.  

This dashed line is the result that would be obtained using the value of Ap that was used 

for the reaction in bulk and hydrophobic pores [2]; it is clear that a higher value of Ap 

(shown by the solid line) must be used to quantitatively fit the data. 

The effect of reaction temperature and pore size on the propagation rate constant 

without diffusion control, k′po from Equation (5.1), is shown in an Arrhenius plot in 
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Figure 5.5.  The value of k′po increases with decreasing pore size presumably due to the 

presence of the silanol groups on the native CPG surface, and the assumption that k′po 

increases linearly with the ratio of the pore surface area to pore volume (i.e., with 1/D) 

appears to be consistent with the data.  The apparent activation energies from the slope of 

the lines of ln k′po versus I/T plot are 22, 19 17, 13 kJ/mol for bulk, 110, 50, 13 nm pores, 

respectively.  Clearly, the activation energy decreases with decreasing pore size, again 

consistent with the silanol groups on the pore surfaces having a catalytic effect on the 

reaction rate.  The k′po values are based on the parameter E values which show an 

Arrhenius temperature dependence with an apparent activation energy of 14 kJ/mol. 

Figure 5.6 shows the time at the onset of the gel effect as a function of reciprocal 

confinement size, with points and lines representing experimental data and model 

calculations, respectively, and bulk results shown at 1/D=0.  The time at the onset is 

calculated by drawing one tangent through the initial linear part of the conversion versus 

time curve and another tangent through the steepest part of the curve; the intersection of 

the two tangents is taken as the time at the onset of gelation.  The time at the onset of the 

gel effect increases with decreasing temperature because the reaction rate is lower at 

lower temperatures.  At all temperatures, clearly, the gel time from experimental data 

decreases with decreasing pore size, and at the higher temperatures, the model 

quantitatively captures the experimental observations; however, at the lower temperatures 

for the smaller pore sizes, the model underestimates the observation perhaps, in part, 

because the molecular weight calculated at the lowest temperature and smallest pore size 

may be too large.  We note that even larger deviations for the experimental gel times are 
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observed when the value of At used for the bulk reaction is used to fit the data; this can be 

seen in the inset of Figure 5.6.  Relative to the bulk, a reduction of approximately  

80% in the time at the onset of the gel effect is observed experimentally for the smallest 

13 nm pores, whereas 80–88% reductions are predicted by the model using an increased 

value of At; reductions of 93–96% would be predicted using the bulk value of At. 

The dependence of limiting conversions on reciprocal confinement size is shown as a 

function of temperature in Figure 5.7.  Experimental data and model calculations are 

shown as points and lines; the dashed lines are model predictions using the value of Ap 

used to fit the data in bulk and hydrophobic pores [2].  For the bulk polymerization 

(shown at 1/D=0), the limiting conversion decreases from 98 to 88% as polymerization 

temperature decreases from 95 to 60 °C because vitrification occurs at lower conversions 

as temperature decreases, thereby limiting the reaction.  The model predictions are within 

1% of the experimental data for the bulk reaction.  Within the error of experimental 

measurements, the limiting conversion increases with decreasing confinement size.  

Using the value of Ap used to fit the bulk reaction (dashed lines), the model predicts a 

decrease in limiting conversion as pore size decreases because the increase in Tg under 

nanoconfined conditions (see Table 5.2) causes vitrification and quenching of the 

reaction at lower conversions.  However, the use of higher values of Ap allows 

quantitatively prediction of the limiting conversions within the error of experimental 

measurements.  Physically, the higher value of Ap indicates an increase in effective 

diffusivity of small molecules with decreasing confinement size; the reason for this 

increasing diffusivity will be addressed in the discussion section. 
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5.5 Discussion 

Two additional considerations to those used in our previous Chapter 4 for the fitting 

of bulk and hydrophobic pores data, have been made in order to model the MMA 

polymerization in native hydrophilic pores.  The enhanced reaction rates at low 

conversions before the gel point are described by the model assuming that the 

propagation rate constant without diffusion control increases linearly with reciprocal pore 

size.  The presence of the silanol groups on the native CPG surface is presumed to be 

responsible for the enhanced reaction rate because such an increase is not observed for 

the reaction in hydrophobic pores.  MMA polymerization in the presence of benzyl 

alcohol solvent results in an increase in the effective rate constant and in the apparent 

activation energy, as observed by O’Driscoll and coworkers [5, 6].  In the present work, 

we also find an increased rate of reaction but a decrease in the apparent activation energy.  

Similar to our results, Lutkenhaus and coworkers [7] found an increase in the amidation 

reaction rate and a concomitant decrease in the activation energy with decreasing film 

thickness for reactive layer-by-layer polymer assemblies on both alumina and native 

silicon substrates; they explained their results considering the catalytic effect of hydroxyl 

groups present on the native surface.  We attribute our findings to the catalytic effect of 

the surface silanol groups on the CPG pores. 

In addition to change in initial reaction rate, additional changes in value Ap and At 

with decreasing pore size are needed to quantitatively fit the data in hydrophilic pores.  

The increases in Ap and At indicate faster diffusivity of small molecules and active chains 

in native pores, respectively.  The value of At could also compensate for too large a 

calculated value of M  but the molecular weights calculated in the bulk and at the 
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highest temperatures in the pores are in good agreement with experimental values; 

furthermore, an even higher value of At would be needed better describe autoacceleration 

at 60 °C in the l3-nm diameter pores.  A second explanation for the changes in both Ap 

and At may be found by examining the work of Khare and coworkers [8] on cross-linked 

epoxy under nanoconfinement; they found that a lower reaction rate near the pore wall 

resulted in a concentration gradient in reactive species across the pore radius.  In our 

system, the reaction may preferentially take place at the pore walls due to catalysis by 

hydroxyl groups rather than in the center of the pore as in the work of Khare [8]; 

however, this difference in reaction rate across the pore radius is anticipated to similarly 

result in a concentration gradient in both monomer and active chains, which may result in 

higher fluxes of reactive species.  In the model, the higher flux of monomer and active 

chains may be reflected by higher values of Ap and At, respectively. 

5.6 Conclusions 

In Chapter 4, a simplified kinetic model of bulk methyl methacrylate free radical 

polymerization was extended to capture the reactions in nanopores assuming the scaling 

in the literature.  In that work the model well captured the MMA polymerization reaction 

in bulk and hydrophobic nanopores.  In hydrophilic pores, experiments show an increase 

in the reaction rate at low conversions before the gel point, shorter times to reach the gel 

point, and higher limiting conversions with decreasing pore size.  We quantitatively 

capture the first effect in the model considering that the propagation rate constant without 

diffusion control increases linearly with reciprocal pore size.  In order to capture the 

change in the gel point and limiting conversion, we consider faster diffusivity of active 

chains and small molecules, respectively, than those used to describe the reactions in bulk 
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and hydrophobic nanopore.  Good agreement is observed between the model and 

experimental data.  The increase in initial reaction rate and the decrease in activation 

energy are presumed to be due to the catalytic effect of silanol groups present on the 

native surface.  The need for higher diffusion coefficients may arise from flux due to a 

concentration gradient because the reaction occurs preferentially at the pore wall. 

. 
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Table 5.1: Values of model parameters  
Parameter Expression or Values for this 

work 
Expression or 
Values for Ref 3 

Ref/Comments 
 

AP 3.5×1038 (Bulk) 
1.93×1039 (110 nm pore) 
1.93×1040 (50 nm pore) 
1.93×1041 (13 nm pore) 

3.5×1038
 (Bulk & 

110, 50, & 13 nm 
pores) 

[2] & Present 
work 

At  7.31×1010 (Bulk) 
1.50×1011 (50 & 110 nm pore) 
1.0×1012 (13 nm pore) 

7.31×1010 (Bulk & 
110, 50, & 13 nm 
pores) 

[2] & Present 
work 

C (nm) 230 100 Present work 
E 40 (60 ºC) 

35 (70 ºC) 
30 (80 ºC) 
25 (95 ºC) 

Not applicable Present work 
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Table 5.2: Glass transition temperature and 
polymer molecular weight after complete 
reaction  
Reaction Conditions Tg (°C) Mn 

(kg/mol)  
Bulk, 60°C 100.9  ± 1.0  561 
Bulk, 95°C   97.0 ± 0.9  75 
13 nm pore, 60°C  118.5± 0.4  2298 
13 nm pore, 95°C  118.3± 0.6  254 
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Figure 5.1.  Model predictions (solid lines) and experimental data (open symbols) for monomer 
conversion versus polymerization time for the MMA polymerization in bulk, as well as in 13, 50, and 

110 nm native hydrophilic pores at 95 °C.  The dashed lines (visible for 13 nm data) are the model 
calculations using the value of Ap that is used for the reaction in bulk and hydrophobic pores. 
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Figure 5.2.  Model predictions (solid lines) and experimental data (open symbols) for monomer 
conversion versus polymerization time for the MMA polymerization in bulk, as well as in 13, 50, and 

110 nm native hydrophilic pores at 80 °C.  The dashed lines (visible for 13 nm data) are the model 
calculations using the value of Ap that is used for the reaction in bulk and hydrophobic pores. 
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Figure 5.3.  Model predictions (solid lines) and experimental data (open symbols) for monomer 

conversion versus polymerization time for the MMA polymerization in bulk, as well as in 13, 50, and 
110 nm native hydrophilic pores at 70 °C.  The dashed lines (visible for 13 nm data) are the model 

calculations using the value of Ap that is used for the reaction in bulk and hydrophobic pores. 
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Figure 5.4  Model predictions (solid lines) and experimental data (open symbols) for monomer 
conversion versus polymerization time for the MMA polymerization in bulk, as well as in 13, 50, and 

110 nm native hydrophilic pores at 60 °C.  The dashed lines (visible for 13 nm data) are the model 
calculations using the value of Ap that is used for the reaction in bulk and hydrophobic pores. 
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Figure 5.5.  The natural logarithm of the model parameter k′po from Equation (5.1) as a function of 

reciprocal polymerization temperature. 
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Figure 5.6.  The times for the onset of the gel effect (tgel) as a function of reciprocal confinement size 
for polymerization at 60, 70, 80, and 95 °C. The inset figure shows the times from model calculations 
using the value of At that is used for the reaction in bulk and hydrophobic pores.  Model predictions 

are shown as lines, and experimental data are shown as symbols. 
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Figure 5.7  Limiting conversion as a function of reciprocal confinement size for polymerization at 60, 

70, 80, and 95 °C.  Model predictions are shown as lines and experimental data are shown as 
symbols.  The dashed lines are the model calculations using the value of Ap that is used for the 

reaction in bulk and hydrophobic pores. 
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CHAPTER 6 

MODELING RING /CHAIN EQUILIBRIUM IN NANOCONFINED 
SULFUR  

6.1 Introduction 

Nanoscale confinement has an impact on the properties of small molecules and polymeric 

materials, including the melting point [1], glass transition temperature (Tg) [1], modulus 

[2–4], thermal expansion coefficient [5–7], and reactivity and reaction rates [8–15].  In 

addition, polymerization under nanoconfinement influences the molecular weight [16–

24], polydispersity index (PDI) [16–20, 23], and degree of tacticity [20] of the resulting 

polymer.  In the case of sulfur, which shows a floor polymerization temperature, the 

ring/chain equilibrium is shifted to higher temperatures in Gelsil nanopores and the 

limiting conversion also decreases with decreasing confinement size [25, 26].  Our 

objective is to model the effects of nanoconfinement on the polymerization of sulfur by 

extending Tobolsky and Eisenberg’s model [27] to account for the entropy change upon 

chain nanoconfinement given in the literature [28–30]: 

mp
conf DN∆S −−∝  [6.1] 

where ∆Sconf is the change of entropy of a confined chain, N is the number of bonds in 

the chain, and D is the nanopore diameter.  The exponent p is equal to either 1.0 or 2.0 

according to the scaling in a weak or strong confinement [28, 29], and the exponent m is 

equal to either 1.67 or 3.0 according to the scaling in a cylindrical or spherical pores 

confinement [28, 30].  The implication of our modeling is that the sulfur ring/chain 

equilibrium constant will depend on chain length, as well as pore size; this differs from 
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the explanation provided by Kalampounias and coworkers, who interpreted their data for 

nanoconfined sulfur assuming that the ring/chain equilibrium constant simply depends on 

pore size.  We will come back to the implications of this point in the discussion. 

6.2 Polymerization Model 

The kinetic model of living sulfur polymerization follows from the work of Tobolsky 

and Eisenberg [27].  The first step is initiation, in which the S8 ring (M) forms a *
8S
 

radical ( *
1M ): 

M *
1M  [6.2] 

where K1 is the equilibrium constant for the initiation reaction.  Subsequent steps involve 

propagation to form active radicals having n S8 monomer units, *
nM : 

*
1nMM −+ *

nM  [6.3] 

where Kn is the equilibrium constant for the nth reaction.  The concentration of free 

radical species, *
nM  can be expressed in term of the equilibrium constants and the 

equilibrium concentration of monomer M [27]: 

MKM 1
*
1 =  [6.4] 

2
21

*
12

*
2 MKKMMKM ==  [6.5] 
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Following the work of Tobolsky and Eisenberg [27], Kn is independent of n for n>1, such 

that 

n1n
1

*
n MKKM −=  [6.7] 

Kn 

K1 
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where K is the equilibrium constant for propagation.  After algebraic rearrangement and 

simplification of the binomial series expansions, the total concentration of polymer P, the 

number average degree of polymerization xn, and conversion X are given by the 

following expressions [27]: 

KM1

MK
MP 1

n −
==∑  [6.8] 
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Equation (6.10) can be solved analytically to get the value of the conversion X and, thus, 

equilibrium monomer concentration M as a function of temperature, the latter of which is 

then used to obtain the chain length xn from Equation (6.9). 

The equilibrium constants K1 and K are functions of temperature and can be 

expressed in terms of the change in standard Gibbs free energy on reaction [31].  For the 

propagation step, 

[ ]G/RTexpK ∆−=  [6.11] 

( ) ( )[ ]oopbulko,o TTTlnTT∆CTS∆H∆G −−+−=  [6.12] 

where ∆G is the standard change of free energy at temperature T, and ∆Ho, and ∆So,bulk 

are the standard change of enthalpy and entropy of the propagation reaction at To, 

respectively, ∆Cp is the change in heat capacity upon reaction, and To is the reference 

temperature.  Assuming that ∆Cp is zero for the initiation reaction, the rate constant K1 is 

simply given by 
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[ ] [ ]/RSexp/RTHexpK 111 ∆∆−=  [6.13] 

where ∆H1 and ∆S1 are the standard change of enthalpy and entropy, respectively, for 

initiation, and are assumed to be independent of temperature. 

In order to extend the model to the case of nanoconfinement, we consider the scaling 

given by de Gennes in Equation (6.1).  For the initiation step, molecular size does not 

change and thus, K1 is not expected to be influenced by nanoconfinement.  For the case 

of weak confinement, where confinement entropy is proportional to chain length (N1), the 

change in entropy upon propagation and K will similarly not be influenced by 

confinement.  However, in the case of strong confinement, ∆Sconf ∝ N2, and the entropy 

change for the nth propagation step is expected to be modified: 
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where ∆So,bulk is standard change in entropy for propagation in the bulk at To.  Equation 

(6.12), n is the chain length in terms of S8 units, and c is a prefactor.  Hence, in the case 

of strong confinement, the simplifying assumption that Kn = K is no longer valid; rather, 

K is expected to decrease with increasing chain length and is given by 
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The equations for total concentration of polymer P, chain length xn, and conversion X 

are then given by the following: 
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Simultaneous solution of these equations at a given temperature gives conversion and 

chain length for the nanoconfined reaction in strong confinement. 

6.3 Methodology 

In the present work, a computer code written in MATLAB ® software is used to 

perform the numerical calculations (sample code is given in Appendix C) to obtain the 

average chain length (xn) and the conversion or extent of polymerization (X) as a function 

of temperature (T).  We solve Equations (6.16)–(6.18) with Equations (6.11)–(6.13) 

defining equilibrium constants in the bulk case, and Equations (6.12), (6.13) and (6.15) 

defining the equilibrium constants in the nanoconfinement case.  A trial and error 

approach is implemented to search for the correct equilibrium value of M at a particular 

temperature.  The initial guess starts with M = 0, and in subsequent trials, its value is 

increased.  The correct value of M should equal the difference between Mo and the 

amount of monomer in polymer (Pxn).  The error (ε) is calculated by evaluating (Mo–

Pxn–M) in each trial.  Since M increases in the subsequent trials, at some point, M crosses 

its correct value, and ε changes its sign.  After the sign change, the step size for M is 

taken as half of the previous step size, and in subsequent trails, instead of increasing, M 

decreases until another sign change in ε occurs, and then the step size is again decreased 

by half.  These forward and backward steps lead the value of M towards its actual value, 

and the iteration is stopped when ε becomes smaller than a prespecified tolerance, which 

is set to 1×10–6 mol/Kg.  Once the correct value of M is obtained, P, xn, and X are 

calculated. 
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The numerical solution for the bulk unconfined case should equal the analytical 

calculation given by Equations (6.8)–(6.10), and this has been verified to be the case as 

shown in Figure 6.1.  The values of the parameters used in the model calculations are 

given in Table 6.1, with parameters Mo, ∆H1, ∆S1, ∆Ho, and ∆So,bulk taken from the 

literature for the bulk unconfined polymerization [25].  As shown in Figure 6.1, the 

extent of reaction goes to unity at high temperatures when ∆Cp is taken to be zero; to 

capture the limiting conversion unequal to unity, ∆Cp must decrease with decreasing 

temperature, as discussed in the results. 

The parameters ∆Cp and c are obtained by fitting the model to the experimental data 

assuming the literature values reported for bulk polymerization are valid at the reference 

temperature of To = 150 °C and assuming that the scaling exponent for the pore diameter 

m equals 3.  The choice of m = 3 is expected for spherical confinement [30], and this is 

the type of confinement that is thought to be provided by Gelsil glasses [32, 33].  The use 

of m = 1.7 was also attempted and will be discussed. 

6.4 Results 

A comparison of the present work for equilibrium living polymerization of sulfur in the 

bulk unconfined state and in 20, 7.5, and 2.5 nm pores of Gelsil glass with the experimental 

Raman spectroscopy data from Andrikopoulos et al. [26] is shown in Figure 6.2 for the 

extent of polymerization X versus polymerization temperature.  Good agreement is 

obtained between the present work and the experimental data.  For the bulk, the extent of 

reaction is initially a few percent and at approximately 430 K, conversion increases with 

increasing temperature, leveling off at approximately 63 % conversion at 573 K.  The data 

in 20 nm diameter pores is indistinguishable from the bulk.  For the two smallest pore 
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sizes, the transition temperature is shifted to higher temperatures with decreasing pore size 

and the limiting conversion at high temperatures decreases.  Our model captures both of 

these results with two fitting parameters, c and ∆Cp, using the scaling exponent m = 3 for 

spherical confinement [30].  For m = 1.7, which is expected for planer or cylindrical 

geometries [30], the dependence on D is weaker; in this case, the model predicts that the 

transition shifts to higher temperatures compared to the bulk for the 20 nm-diameter pores 

when the 2.5 nm-diameter pore data is described.   

In order to capture the decrease in the limiting conversion, ∆Cp cannot be equal to zero, 

and the value decreases (becomes more negative) with decreasing pore size.  For the bulk, 

∆Cp is equal to –0.059 cal/g/K, and this is consistent with the literature value of –0.039 

cal/g/K [34].  For smaller pore sizes, ∆Cp appears to be a larger, more negative, number; 

however, there is no data in the literature to compare this with and future experiments are 

planned to test this prediction from the model. 

6.5 Discussion 

The experimental data for nanoconfined polymerization of sulfur [26] is well 

explained by our model where the propagation equilibrium rate constant K is a function 

of chain length for the case of strong confinement in spherical geometry where the 

change of entropy on confining a chain is assumed to be of the form 32
conf DNS −−∝∆ .  

The propagation equilibrium rate constants Kn as a function of chain length at 473 K are 

shown in Figure 6.3.  The value of Kn is constant for the bulk, in accordance with the 

Tobolsky and Eisenburg assumption, but it decreases with increasing chain length, for the 

bulk and nanopores results.  For a particular chain length, K's value also decreases with 
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decreasing confinement size for the nanopore-confined polymerizations, as well as 

decreasing confinement size for a given chain length. 

In order to show the effect of nanoconfinement on the average chain length xn, Figure 

6.4 shows the model prediction of change of xn as a function of temperature for 

polymerization in bulk and in 20, 7.5, and 2.5 nm pores.  The change of xn with 

temperature is gradual initially and then shows a sharp increase at around 423, 419 and 

408 K for bulk and for 7.5 and 2.5 nm pores, respectively; the observation for 20 nm is 

indistinguishable from the bulk.  The maximum value of xn decreases with decreasing 

pore size, and at 450 K, the number average degree of polymerization xn for the bulk is 

3.37×105.  In nanoporous confinement, xn decreases to 2.5×103, 6.2×102, and 1.3×102 for 

20, 7.5, and 2.5 nm-diameter pores, respectively. Even in 20 nm-diameter pores, where 

the extent of polymerization appears to be unaffected by nanoconfinement, chain length 

decreases two order of magnitude compare to bulk. 

Based on our calculation, the maximum value of chain length for the smallest pore 

size is 126 at 450 K.  On the other hand, for the same 2.5 nm-diameter pore size, 

Kalampounias et al. [25] estimated that the maximum value would be 3.2×104 assuming 

that the propagation equilibrium constant was a constant value of 2.1×10–13 at 450 K. 

6.6 Conclusions 

The ring/chain equilibrium model for sulfur is extended for polymerization in 

nanopores using assuming that the equilibrium propagation constant depends on both 

confinement size and chain length.  Scaling from the literature is applied for the regime 

of strong, spherical porous confinement in which the change of entropy of confined 

chains scales with molecular size to the 2nd power and with nanopore diameter to the –3rd 
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power.  In both bulk and nanopore-confined cases, the model well describes the 

experimental data of Kalampounias, Andrikopoulos, and Yannopoulos which shows that 

the transition temperature shifts to higher temperatures with nanoconfinement in Gelsil 

pores and the limiting conversion correspondingly decreases.  The maximum value of 

chain length is also predicted to decrease significantly with decreasing pore size. 
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Table 6.1: Values of model parameters  

Parameter Expression or Values References 

Mo (mol/kg) 3.9 [25] 

∆H1 (kcal/mol) -28 [25] 

∆S1 (cal/mol/K) 3.2 [25] 

∆Ho (kcal/mol) -4.7 [25] 

∆So,bulk (cal/mol/K) 

To (°C) 

8.4 

150 

[25] 

∆Cp(cal/g/K) –0.05856 (Bulk & 20 nm) 

–0.1055 (7.5 nm) 

–0.1523 (2.5 nm) 

Present work 

c 0.15 Present work 

R (cal/K/mol) 1.98588 Present work 
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Figure 6.1: Model predictions for the extent o f polymerization versus temperature for sulfur 
polymerization in bulk.  Comparison of the numerical and analytical solution, and experimental data 
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(open symbols) [25] is also shown.

 
Figure 6.2  Model predictions (solid lines) and experimental data (open symbols) [25] for the extent of 

polymerization versus temperature for sulfur polymerization in bulk and 20, 7.5, and 20 nm pores. 
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Figure 6.3  Model predictions of the propagation equilibrium rate constant K as a function of chain 
length at 473 K. 
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Figure 6.4  Model predictions (solid lines) for the average chain length (xn) versus temperature for 
sulfur polymerization in bulk and in 20, 7.5, and 20 nm-diameter pores. 
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CHAPTER 7 

CONCLUSIONS 

The effects of nanoconfinement on the free radical polymerization of methyl 

methacrylate were investigated.  The kinetic model of Verros et al. [1] was simplified using 

the Doolittle free volume theory [2] and extended to reactions in nanopores assuming the 

scaling in the literature [3, 4], that diffusivity of chains in good solvent scales with 

molecular size to the –3 power and with nanopore diameter to the 1.3 power.  Three 

publications have resulted [5-7] and the major findings are the following: 

• Molecular weight increases and PDI decreases at high conversions as pore size 

decreases, and these observations are qualitatively consistent with the majority of 

experimental findings in the literature [8-16].  The gel effect occurs at earlier times 

and lower conversions, and subsequent work in our laboratory verified this prediction 

[17]. 

• Quantitative agreement between the model and experimental conversion versus time 

data obtained for bulk polymerization and polymerization in 13, 50, and 110 nm 

diameter hydrophobic pores.  The nanoconfined model uses the same parameters as 

used for the bulk reaction, plus two additional parameters, one accounting for the 

change in chain diffusivity on confinement and the other accounting for the modest 

increase in Tg. 
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• One consideration, in addition to the assumption made to model the hydrophobic 

nanopore data, catalysis by surface silanol groups, is accounted for in order to model 

the polymerization in native hydrophilic nanopores. 

The effects of nanoconfinement on the polymerization of sulfur and its ring/chain 

equilibrium was examined.  We extended the Tobolsky and Eisenberg's model [18] of 

sulfur polymerization to nanopores accounting for the entropy change of confining chains 

and rings using scaling in the literature.  One paper will be submitted.  The major findings 

are the following: 

• The extent of polymerization versus temperature data for bulk sulfur polymerization 

and polymerization in 20, 7.5, and 2.5 nm Gelsil pores is quantitatively captured 

assuming the change of entropy of the chain scales with molecular size to the 2 power 

and with nanopore diameter to the –3 power for strong and spherical pores 

confinement, respectively. 

• The model also predicts the maximum value of average chain length decreases with 

decreasing pore size considering that the equilibrium constant for propagation 

reaction K is a function of chain length.  The magnitude of the decrease in the chain 

length is much greater than that predicted by Kalampounias et al. [19] who assumed 

that the value of K decreased on nanoconfinement but remained a constant, 

independent of chain length. 
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CHAPTER 8 

FUTURE WORK  

In this section some recommendations for future work are suggested. 

1)  Generalization 

One of the main findings of this work is that the gel effect for the free radical 

polymerization of MMA is shifted to lower polymerization times with increasing 

nanoconfinement [1–4].  In order to generalize this finding, the free radical polymerization 

of other materials, such as polystyrene [6] and poly(vinyl acetate) [8] is proposed. 

2)  Proper scaling exponent for the diameter of nanopores 

Nanoconfinement effects are incorporated in the model of free radical bulk 

polymerization of methyl methacrylate using scaling from the literature [7, 8].  In order to 

model the reaction in nanopores, we assume that the diffusion coefficient scales with 

molecular size to the –3 power and with nanopore diameter to the 1.3 power.  The scaling 

assumed is consistent with that predicted using molecular simulations for good solvent 

conditions by Avramova and Milchev [7] and by Cui, Ding, and Chen [8].  Although, the 

decrease in the time to reach autoacceleration with decreasing pore size for polymerization 

in hydrophobic nanopores are well captured by the model, the experimental data suggests 

that the exponent could be lower.  The best fit of the model [3] yields exponents of 1.0 ± 

0.1, 0.7 ± 0.2, 1.1 ± 0.1, and 0.7 ± 0.1 at 60, 70, 80, and 95 °C, respectively.  In addition to 

the best fit of the model yielding exponents less than 1.3, it is clear that the limiting slope 

of the logarithm of the normalized diffusivity versus logarithm of the reciprocal pore size 

(Figure 4.6) is not reached in the range of pore sizes studied except for the smallest pore 
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size of 13 nm-diameter at the highest reaction temperatures.  In fact, the degree of 

confinement is not strong at the largest pores of 50 and 110 nm-diameter.  In order to more 

critically test the scaling, experiments should be performed in smaller pores, and the 

reaction conditions should be changed to produce higher molecular weight chains by 

decreasing the initiator concentration. 

3) Determination of the weak/strong confinement effects and of the chain length for 

equilibrium polymerization of sulfur 

To the best of our knowledge, no experimental studies have been performed to 

determine the chain length of sulfur because sulfur is insoluble in most solvents.  Our 

modeling results show that the average chain length of sulfur is 126 compared to the bulk 

value of 1.2×105 and the value predicted by Kalampounias et al. [9] of approximately 

about 3.2×104 for polymerization of sulfur in 2.5 nm pores at 450 K.  In order to check 

our modeling results, experimental data for the average chain length of sulfur 

polymerization in bulk and in nanopore are needed.  One possible way to determine the 

chain length may be to determine the mechanical and viscoelastic properties of the chains 

at high temperatures.  In order to observe the effects of confinement strength, sulfur may 

be polymerized in thin films or CPG pores (cylindrical pores) which are expected to 

provide weak confinement. 
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APPENDIX A 

MATLAB  CODE FOR FREE RADICAL PMMA  POLYMERIZATION 
WITH DIFFUSION CONTROLLED PHENOMENA  

 
clear all ; clc; clear mex;  
  
% Physical & transport properties for the MMA–PMMA System rho  
  
Rg=1.9872;                            %  Gas constant, cal/K/mol;  
T=90+273.15;                          %  K  
V0=1;                                 %  Initial volume, liter  
rho_m=(0.968–1.225e–3*(T–273.15))*1000;%  Density of monomer, g/ liter  
eps= 0.183+9e–4*(T–273.15);           %  volume contraction factor  
rho_p=rho_m*(1+eps);                  %  Density of polymer, g/ liter  
ex=(rho_m/rho_p)–1;                   %  Volume contraction factor  
MW_m=100.13;                          %  g/mol, molecular weight of 

monomer 
MWjp = 150;                           %  Molecular weight of jumping 

polymer  
MWjm = 100.13;                        %  Molecular weight of jumping 

monomer 
MWji=68;                              %  Molecular weight of jumping 

initiator  
CSVm = 0.822;                         %  Critical specific volume of 

monomer,cm3/g  
CSVp = 0.77;                          %  Critical specific volume of 

polymer,cm3/g  
CSVi=0.913;                           %  Critical specific volume of 

initiator,cm3/g  
Gama = 0.763;                         %  Overlap factor  
FVm = 0.149+2.9e–4*(T–273.15);        %  Free volume of monomer  
FVp = 0.0194+1.3e–4*((T–273.15)–105); %  Free volume of polymer  
DM1 = (0.968–1.225e–3*(T–273.15))/MWjm;%  Density of monomer, mol/cm3  
VM1 = 1/DM1;                          %  cm3/mol  
GI=1;   
  
% Initial conditions  
  
M0 = rho_m/MW_m;      %  Monomer initial concentration, mol/liter  
I0 = 0.0258;          %  Initiator initial concentration, mol/liter  
f0=0.63;              %  Initiator initial efficiency  
  
% Adjustable parameters of the model  
  
gv1=2239;             %  gv1=E/Dio, s/cm2  
Dmo = 4.4e–7;         %  cm2/s,  
NA = 6.023e23;        %  Avogadro's number  
A = 22.1;             %  A  
X13= (CSVm*MWjm)/(CSVp*MWjp);  
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Dpo = 0.014;          %  Dpo=DpoFseg, cm2/s  
  
% Program variables  
  
n = 200000;           %  Number of Radicals  
step=10;              %  Size of step  
total_step = n/step+1;%  this is the total number of R in the run  
tol = 1e–11;  
  
%  Initial Kinetic rate constants for the MMA polym erization  
  
Kd = (6.32e16*exp(–30660/(Rg*T)))/60; %  Initiator (AIBN) decomposition 

rate constant,  sec–1  
Kpo1 = (2.95e07*exp(–4353/(Rg*T)))/60;%  Chain propagation constant,  

liter/(mol.sec)  
Kto1=(5.88e09*exp(–701/(Rg*T)))/60;   %  Termination, liter/(mol.sec)  
ratio=Kpo1/Kto1^0.5;  
Kpo =(10^6.427)*exp(–22360/(8.314*T));%  propagation rate  
Kto=Kpo^2/ratio^2;  
Ktmo= (9.48e03*exp(–13880/(Rg*T)))*Kpo;%  Chain transfer to monomer 

constant, liter/(mol.sec)  
  
% Initialization  
  
Kp=Kpo;  
Kt=Kto;  
Ktm=Ktmo;  
M(1)=M0;  
V(1)=V0;  
I(1)=I0;  
X(1)=0;  
f=f0;  
  
% Starting allocations of the time loops  
  
R=zeros(1,total_step);    %  Allocating memory for R  
P=zeros(1,total_step);    %  P and R have the same number of elements                
rP = zeros(1,total_step); %  Allocating memory for rPn  
dataNumber=1;  
lemda_0=1e–7;  
MWn=zeros(1,dataNumber);  
MWw=zeros(1,dataNumber);  
time=zeros(1,dataNumber);  
  
% Starting of time loop  
  
for  ts=1:30:1300%  reaction time, sec  
     
    dataNumber=dataNumber+1;  %  Variable to control change of different 

parameters with respect to time  
    time(dataNumber)=ts;  
    dt=30;     
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  %  Calculation of free radical concentration  
    
    run_the_loop= true;      
          
    while (run_the_loop)  
        R(1)=(2*f*Kd*I(dataNumber–1) + Ktm*M(dataNu mber–1)*lemda_0)/ ...  
            (Kp*M(dataNumber–1)+ Ktm*M(dataNumber–1 )+Kt*lemda_0 );  
        R(2) = ((2*step*Kp*M(dataNumber–1)*R(2–1))– (2*Kp*M(dataNumber–1) ...  
            * R(2–1))+ 0)/((2*step^2*Ktm*M(dataNumb er–1))+(2*step*Kp ...  
            * M(dataNumber–1))–(Kp*M(dataNumber–1)) +(2*step^2*Kt*lemda_0));     
             
        for  i=3:total_step  
            neu = (2*step*Kp*M(dataNumber–1)*R(i–1) )– ...  
                (2*Kp*M(dataNumber–1)*R(i–1))+ Kp*M (dataNumber–1)*R(i–2); 
%this is the numerator of the expression  
            deno = (2*step^2*Ktm*M(dataNumber–1)) +  ...  
                (2*step*Kp*M(dataNumber–1))–(Kp*M(d ataNumber–1)) + ...  
                (2*step^2*Kt*lemda_0 );                                   
%this is the denominator of the expression  
            R(i) = neu/deno;        
        end  
        
        lemda_0_new=0;  
             
        for  n=2:total_step  
            lemda_0_new =lemda_0_new+(R(n–1)+R(n))* step/2;  
        end  
        
        diff = abs(lemda_0_new–lemda_0);     
        if (diff > tol)  
             lemda_0 = lemda_0_new;  
        else  
            run_the_loop = false;  
        end  
    end  
  
  %  Calculation of lemda_1 and lemda_2  
  
    lemda_1=0;  
    lemda_2=0;  
  
    for  n=2:total_step  
        lemda_1=lemda_1+((((n–1)*step+1)–step)^1*R( n–1)+ ...  
            ((n–1)*step+1)^1*R(n))*step/2;  
        lemda_2=lemda_2+((((n–1)*step+1)–step)^2*R( n–1)+ ...  
            ((n–1)*step+1)^2*R(n))*step/2;  
    end  
           
  %  Initiator efficiency  
  
  %  Calculation of hydrodynamic radius, RH  
              
    if  dataNumber > 2  
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        CMWW=MWw(dataNumber–1);      
    else  
        CL0 = (2*f0*Kd*I0/Kto)^0.5;  
        CL1 = Kpo*CL0*M0/(Kto*CL0+Ktmo*CL0*M0);  
        CMWQ =Kpo*M0*CL0;  
        CMWQ1=Kto*CL0^2+Ktmo*M0*CL0;  
        CMWN = (CMWQ)/(CMWQ1);  
        CMWW = 2*100.13*CMWN;  
        CMWW0=CMWW;  
    end  
    
    DH = 6.9;%  angstrom% 1 meter = 10000000000 angstrom  
    RH = (1.3e–9*(CMWW)^0.574);%  cm     
            
  %  Calculation of RT by excess chain and mobility the ory  
         
    if  dataNumber > 2  
        CMWW=weightmolecularweight(dataNumber–1);    
        RH = (1.3e–9*(CMWW)^0.574);%  cm    
            
        FP=X(dataNumber–1)*(1+eps)/(1+eps*X(dataNum ber–1)); % Volume 
fraction  
        inv_JC = (1/JC0)+(2*FP/XC0);  
        JC = 1/inv_JC;  
        DT1 = (3^0.5/(2*JC)^0.5)/(DH*1e–8);       
        RT = ((log(1000*(DT1^3)/(NA*lemda_0*3.14^1. 5)))^0.5)/DT1;          
    else  
        CL0 = (2*f0*Kd*initiator_0/Kto)^0.5;  
        CL1 = Kpo*CL0*monomer_0/(Kto*CL0+Ktmo*CL0*m onomer_0);  
        CMWQ =Kpo*monomer_0*CL0;  
        CMWQ1=Kto*CL0^2+Ktmo*monomer_0*CL0;  
        CMWN = (CMWQ)/(CMWQ1);  
        CMWW = 2*100.13*CMWN;  
        CMWW0=CMWW;  
  
        RH = (1.3e–9*(CMWW)^0.574);%  cm  
        RT = RH;  
        DT=1e5;  
        lemd_0=1e–7;  
        counter=1;  
        while (1)  
            C1=((log(1000*(DT^3)/(NA*lemd_0*3.14^1. 5)))^0.5)/DT;  
            CK=RT–C1;  
            if (counter>1)  
                if (CK*CK_old<=0)  
                    break ;  
                end                                         
            end  
            CK_old=CK;  
            DT=DT*1.01;  
            counter=counter+1;  
        end  
         
        JC0 = (3/2)/(DT*DH*1e–8)^2;             
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    end  
 
          
  %  Calculation of Kp  
  
    Wm = (1–X(dataNumber–1));             %  weight fraction of monomer  
    Wp = 1–Wm;                            %  weight fraction of polymer     
    FV = Wm*CSVm*FVm+Wp*CSVp*FVp;         %  free volume     
    Dm = Dmo*exp(–Gama*CSVm*MWjm*((Wm/MWjm)+(Wp/MWj p))/FV);  
    Kp = 1/((1/Kpo)+((RT^2*lemda_0)/(3*Dm)));%  RT=cm, Dm=cm2/s  
  
  %  Calculation of initiator efficiency  
  
    DI = exp(–GI*CSVi*MWji*((Wm/MWjm)+(Wp/MWjp))/FV );               
    R2 = 2*RH;     % cm 
    R1 = (6*VM1/(3.14*NA))^0.3333;%  cm  
    ei = gv1;                     %  ei=E/Dio, s/cm2  
    f1 =(1/f0)+((R2^3)*ei*Kpo*M(dataNumber–1)/(3*R1 *f0*DI)); 

% R2=cm, ei=s/cm2, R1=cm, DI=cm2/s  
    f  = 1/f1;  
  
  %  Calculation of Kt  
        
    if  dataNumber > 2  
       M_bar=lemda_1/lemda_0;  
    else  
       M_bar=0;  
    end  
         
  %  Calculation for nanoconfinement  
    L= 0.154; % average bond length of backbone atoms. c–c bond  
  % length is 154 picometer=1.54 angstrom=1.54*10^– 10 m 
    ra=(1/M_bar)*((3.5/(2*L))^2);  
      
  
     
 
% Bulk diffusion  
  
    Dp=Dpo*exp(–Gama*(Wm*CSVm+Wp*CSVp*X13)/(X13*FV) );  
    Dp=ra*Dp;  
    inv_Dp =M_bar^2/Dp;  
    inv_Kt = (1/Kto)+inv_Dp*(RT^2)*lemda_0/3;  
    Kt1 = (1/inv_Kt);  
    Kt= Kt1 +Kp*M(dataNumber–1)*A;  
    CD= 3.956D–4*exp(4090/(Rg*T));%  CD=Kct/Kcd  
    Ktd = Kt/(1+CD);              %  Termination by disproportination  
    Ktc = Kt–Ktd;                 %  Termination by combination  
  
  %  Transfer to monomer  
  
    Ktm = Kp*9.48e3*exp(–13880/(Rg*T));  
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  %  Monomer Concentration, Volume, & Initiator concent ration  
  
    X(dataNumber)=(M0*V0–M(dataNumber–1)*V(dataNumb er–1))/(M0*V0);  
    dvdt(dataNumber)=V0*ex*(1–X(dataNumber))*(Kp+Kt m)*lemda_0;  
    V(dataNumber)=V(dataNumber–1)+dvdt(dataNumber)* dt;  
    M(dataNumber)=M(dataNumber–1)+(–(Kp+Ktm)*lemda_ 0*M(dataNumber–1)– ...  
        dvdt(dataNumber)*M(dataNumber–1)/V(dataNumb er–1))*dt;  
    dIdt(dataNumber)=–Kd*I(dataNumber–1)–I(dataNumb er–1)* ...  
        dvdt(dataNumber)/V(dataNumber);  
    I(dataNumber)=I(dataNumber–1)+dIdt(dataNumber)* dt;  
  
  %  Calculation of rP(n)     
           
  
    for  n=1:total_step       
        RxR =0;  
        for  r=1:n–1% RxR = sum(R(r)*R(n–r) where r goes from 1 to n–1  
            RxR = RxR + R(r)*R(n–r);  
        end               
        rP(n) = (Ktm*M(dataNumber)*R(n))+0.5*Ktc*Rx R+Ktd*lemda_0*R(n);  
        P(n) = P(n) +V(dataNumber)*rP(n)*dt;  
    end  
  
  %  Calculation of mu_o, 1, & 2   
       
    mu_1=0;  
    mu_2=0;  
    mu_0=0;  
  
    for  n=2:total_step  
        mu_0=mu_0+(P(n–1)+P(n))*step/2;  
        mu_1=mu_1+((((n–1)*step+1)–step)^1*P(n–1)+ ...  
            ((n–1)*step+1)^1*P(n))*step/2;  
        mu_2=mu_2+((((n–1)*step+1)–step)^2*P(n–1)+ ...  
            ((n–1)*step+1)^2*P(n))*step/2;  
    end  
     
    MWn(dataNumber)=MW_m*((mu_1+lemda_1)/(mu_0+lemd a_0));  
    MWw(dataNumber)=MW_m*((mu_2+lemda_2)/(mu_1+lemd a_1));  
end  
  
% Calculation Normalized WMWD  
XC=X(dataNumber);  
  
for  n=1:total_step  
    sum(n)=100*((n–1)*step+1)*P(n)/XC;  
    MWw1(n)=100*((n–1)*step+1);             
end  
  
figure, plot(MWw1,sum);   
  
% Different plots  
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figure, plot(X,MWn);  
figure, plot(X,MWw);  
figure, plot(time,X);  
  
% Writing in Excel File  
  
A = [time',X', MWn', MWw'];  
[writeStatus, message]= xlswrite( 'output_0.05_1.xls' ,A); 
 
B=[MWw1',sum'];  
[writeStatus, message]= xlswrite( 'output_0.05_2.xls' ,B); 
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APPENDIX B 

MATLAB  CODE FOR FREE RADICAL PMMA  POLYMERIZATION 
WITH DIFFUSION CONTROLLED PHENOMENA  

(SIMPLIFIED MODEL ) 
 
clear all ; clc; clear mex;  
% Physical & transport properties for the MMA–PMMA System  
  
Rg=1.9872;  % Gas constant, cal/K/mol;  
T=60+273.15;  % K 
volume_0=1;  % Initial volume, liter  
row_m=(0.968–1.225e–3*(T–273.15))*1000;%  Density of monomer, g/ liter  
row_p=1.2e3;  % Density of polymer, g/ liter  
eps=(row_m/row_p)–1;  % volume contraction factor  
monomermolecularweight=100.13;  % g/mol, molecular weight of monomer  
DM1=(0.968–1.225e–3*(T–273.15))/monomermolecularwei ght;  
 % Density of monomer, mol/cm3  
VM1=1/DM1;  % cm3/mol  
  
Diameter=13;  %nm 
C=30;  
  
% Program variables  
  
n=200000;  % Number of Radicals  
step=20;  % Size of step  
total_step=n/step+1;  
 % this is the total number of R in the run  
tol=1e–9;  
  
%  Initial Kinetic rate constants for the MMA polym erization  
  
Kd=(6.32e16*exp(–30660/(Rg*T)))/60;  
Kto=(5.88e09*exp(–701/(Rg*T)))/60;  % Termination,  liter/(mol.sec)  
%Kpo=(10^6.427)*exp(–22360/(8.314*T)); % propagatio n rate  
Kpo1=(10^6.427)*exp(–22360/(8.314*T)); % propagation rate  
Kpo=Kpo1*(1+C/Diameter);  
  
% Initial conditions  
  
monomer_0=row_m/monomermolecularweight; % Monomer initial concentration, 
 % mol/liter  
initiator_0=0.0258;  % Initiator initial concentration, mol/liter  
f0=0.63; % Initiator initial efficiency  
  
% Initialization  
  
Kp=Kpo;  
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Kt=Kto;  
f=f0;  
  
%Calculation of constant  
  
Ap= 3.5e48*exp(–22000/T);  
AI=3.5e48*exp(–22000/T);  
At= 7.31e10*exp(–(–4003)/T);  
  
% Starting allocations of the time loops  
  
dataNumber=1;  
lemda_0=1e–7;  
volume=zeros(1,dataNumber);  
initiator=zeros(1,dataNumber);  
monomer=zeros(1,dataNumber);  
monomer(1)=monomer_0;  
volume(1)=volume_0;  
initiator(1)=initiator_0;  
deadpolymer=zeros(1,total_step);  % P and livepolymer have the  
 % same number of elements                
r_deadpolymer = zeros(1,total_step);  % Allocating memory for rPn  
numbermolecularweight=zeros(1,dataNumber);  
weightmolecularweight=zeros(1,dataNumber);  
Tgp=zeros(1,dataNumber);  
 
livepolymer=zeros(1,total_step);  % Allocating memory for 
livepolymer  
time=zeros(1,dataNumber);  
X=zeros(1,dataNumber);  
  
% Starting of time loop  
tic  
 
time(1)=0;  
ts=0;  
total_time=6500;%  sec  
  
while  (1)% infinite loop, will terminate by break statement      
    dataNumber=dataNumber+1;  % Variable to control change of 
different  % parameters with respect to time        
    if  ts<100% 700@80C 
        dt=0.1;  
    else  
        dt=0.1;      
    end  
    ts=ts+dt;     
    time(dataNumber)=ts;  
    run_the_loop= true;  
     
 % Verros' approach  
    
    r=zeros(1, 11);  
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    counter1=0;  
         
    while (run_the_loop)  
        counter1=counter1+1;  
        livepolymer(1)= (2*f*Kd*initiator(dataNumbe r–1)) / ... 
         (Kp*monomer(dataNumber–1)+ Kt*lemda_0 );  
        r(1)=livepolymer(1);     
        for  i=2:11  
            r(i)= (Kp*monomer(dataNumber–1)*r(i–1))  / ... 
   (Kp*monomer(dataNumber–1)+Kt*lemda_0);  
        end      
        livepolymer(2)=r(6);  
        livepolymer(3)=r(11);  
         
        deno = (Kp*monomer(dataNumber–1)/step+Kt*le mda_0 );  
 %this is the denominator of the 
expression  
  
        p=4:total_step;  
        livepolymer(p)= (Kp*monomer(dataNumber–1) /  ... 
       step/deno).^(p–3)*livepolymer(3);          
         
        lemda_0_new = step/2*sum(livepolymer(1:tota l_step–1))  + ... 
    step/2*sum(livepolymer(2:total_step));  
         
        diff = abs(lemda_0_new–lemda_0);     
        if (diff > tol)  
            lemda_0 = lemda_0_new;  
        else  
            run_the_loop = false;  
        end    
       
    end  
     
  %  Calculation of lemda_one & two  
  
    lemda_1=0;  
    lemda_2=0;  
  
    for  n=2:total_step  
        lemda_1 = lemda_1+((((n–1)*step+1)–step)^1* livepolymer(n–1) + 
... 
   ((n–1)*step+1)^1*livepolymer(n))*step/2;  
        lemda_2 = lemda_2+((((n–1)*step+1)–step)^2* livepolymer(n–1) + 
... 
   ((n–1)*step+1)^2*livepolymer(n))*step/2;  
    end     
     
  % Free volume  
        
    Tgm=150.1;  % K 
    Tgp(dataNumber)=((101.35–(251821.86/numbermolec ularweight(dataNumber–
1)))... 



Texas Tech University, Fatema Begum, August 2012 

142 

  + 273.15)+(247/Diameter);  % K 
    Tg=1/(1/Tgm+X(dataNumber–1)*(1/Tgp(dataNumber)– 1/Tgm));  
    Vf=0.025+0.00048*(T–Tg);  
    FV_Ap=exp(–1*X(dataNumber–1)/Vf);  
    FV_At=exp(–1*X(dataNumber–1)/Vf);  
     
  %  Calculation of Kp    
  
    invKp=(1/Kpo)+lemda_0/(Ap*FV_Ap);   
    Kp = 1/invKp;  % RT=cm, Dm=cm2/s              
  
  %  Calculation of initiator efficiency  
     
    f1 =(1/f0)+X(dataNumber–1)/(AI*FV_Ap);  
 % R2=cm, ei=s/cm2, R1=cm, DI=cm2/s  
    f  = 1/f1;  
      
  %  Calculation of Kt  
     
    if  dataNumber > 2  
        M_bar=lemda_1/lemda_0;  
    else  
        M_bar=0;  
    end    
      
     L= 0.154;  % m average bond length of backbone atoms. c–c 
bond  
 % length is 154 picometer=1.54 
angstrom=1.54*10^–10 m  
  
     ra1=(1/M_bar^0.824)*((Diameter/(2*L))^1.3)*9.5 ;  
     ra=1/(1+(1/ra1));  
         
  %  Bulk diffusion  
     
    inv_Kt = (1/Kto)+((M_bar^2.176)/(At*ra*FV_At));  
    Kt1 = (1/inv_Kt);  
    Kt= Kt1 + Kp*monomer(dataNumber–1)*50;% 8@80C 
    
  %  Transfer to monomer  
  
  %  Monomer Concentration, Volume, & Initiator concent ration  
  
    X(dataNumber)  = (monomer_0*volume_0–monomer(da taNumber–1) * 
...  
  volume(dataNumber–
1))/(monomer_0*volume_0);  
    dvdt(dataNumber)  = volume_0*eps*(1–X(dataNumbe r))*Kp*lemda_0;  
    volume(dataNumber)  = volume(dataNumber–1)+dvdt (dataNumber)*dt;  
    monomer(dataNumber) = monomer(dataNumber–1)+((– Kp*lemda_0 * ...  
   monomer(dataNumber–1))–(dvdt(dataNumber) * 
...  
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   monomer(dataNumber–
1)/volume(dataNumber)))*dt;  
    dIdt(dataNumber) =–Kd*initiator(dataNumber–1)–
initiator(dataNumber–1)...  
  *dvdt(dataNumber)/volume(dataNumber);  
    initiator(dataNumber) = initiator(dataNumber–1) +dIdt(dataNumber)*dt;  
     
   %  Calculation of rP(n)  
      
    for  n=1:total_step        
        r_deadpolymer(n)  = Kt*lemda_0*livepolymer( n); 
        deadpolymer(n)  = deadpolymer(n) + volume(d ataNumber) * ... 
    r_deadpolymer(n)*dt; 
    end  
  
  %  Calculation of mu_o, 1, & 2   
     
    mu_1=0;  
    mu_2=0;  
    mu_0=0;  
    for  n=2:total_step  
        mu_0 = mu_0+(deadpolymer(n–1)+deadpolymer(n ))*step/2;  
        mu_1 = mu_1+((((n–1)*step+1)–step)^1*deadpo lymer(n–1) + ... 
  ((n–1)*step+1)^1*deadpolymer(n))*step/2;  
        mu_2 = mu_2+((((n–1)*step+1)–step)^2*deadpo lymer(n–1) + ... 
  ((n–1)*step+1)^2*deadpolymer(n))*step/2;  
    end    
  
    numbermolecularweight(dataNumber) = monomermole cularweight * ...  
       ((mu_1)/(mu_0));  
    weightmolecularweight(dataNumber) = monomermole cularweight * ...  
       ((mu_2)/(mu_1));   
      
    if  ts > total_time  
        break ;  
    end  
    
end        
  
toc  
  
figure, plot(time,X);  
  
% Writing in Excel File  
  
A = [time',X',numbermolecularweight', weightmolecul arweight', Tgp'];  
[writeStatus, message]= xlswrite( '60C_13nm_C30_Ap48.xls' ,A);  
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APPENDIX C 

MATLAB  CODE FOR RING /CHAIN EQUILIBRIUM IN 

NANOCONFINED SULFUR  

 
close all ;  
clear all ;  
close all ;  
clc;  
  
format long ;  
  
% Variable declaration  
% M0 = Initial monomer concentration  
% N  = Number of radicals  
  
R = 1.98588;  
M0        = 3.9;%  moles/kg  
N         = 4e5;  
T_incr    = 1;  
T_final = 580;  
Tarray    = 360:T_incr:T_final;  
chain_length = zeros(size(Tarray));  
Phi       = zeros(size(Tarray));  
To = 273.15+150;  
tol  = 0.000001;  
Cp =–15;% bulk15%2p5 nm 37%7p5 nm 25  
  
% Initializing arrays  
  
LP        = zeros(1,N);  
k         = zeros(1,N);  
  
% Nano parameters  
  
Dia       = 2.5;  
Nano_eff  = zeros(1,N);  
m = 3;  
Dia_term  =–2*Dia^(–m)/8.314;  
Prefac = 0.15;  
  
for  j=1:size(Tarray,2)  
    err  = 2*tol;  
    Temp  = Tarray(j);  
    AA = 5;  
    BB = 68.71;% 68.71  
    CC = 14100;  
    DD = 2367;% 2367;  
    k(1)    = AA*exp(–CC/Temp);  
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    Cp_term = ((Temp–To)–Temp*log(Temp/To));  
    Fixed_RC = BB*exp(–DD/Temp)*exp(–Cp*(Cp_term/R/ Temp));  
      %10.43*exp(–1500/Temp);  
  
  %  inital guess of left hand (LH) and right hand (RH)  values of               
  % equilibrium monomer concentration  
    M  = 0;  
    calc_eps;   % calling routine to calculate error (epsilon)  
    eps_old  = epsilon;  
  
    incr_par = 1;  
    forward_loop = true;  
  
    new_access = true;  
    while (err>tol)     
      % forward loop  
        if (forward_loop)  
            if (new_access)  
                incr_par  = incr_par/2;  
                new_access  = false;  
            end  
            M  = M + incr_par;  
            calc_eps;  
            if (eps_old*epsilon <0)% direction will be reversed  
                forward_loop  = false;  
                new_access  = true;  
            end  
            eps_old = epsilon;  
        else %reverse loop  
            if (new_access)  
                incr_par  = incr_par/2;  
                new_access  = false;  
            end  
            M    = M–incr_par;  
            calc_eps;  
            if (eps_old * epsilon < 0)% direction will be reversed  
                forward_loop  = true;  
                new_access  = true;  
            end  
            eps_old = epsilon;  
        end  
        err    = abs(eps_old);  
        disp([ 'M = ' ,num2str(M), '  Error = ' ,num2str(err)]);  
    end  
     
    Phi(j)          = (M0–M)/M0;  
    chain_length(j) = MinP/sum(LP);  
     
end  
  
semilogy(Tarray,chain_length);  
semilogy(Tarray,Phi);  
  
% Writing in Excel File  
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A = [Tarray',chain_length',Phi'];  
[writeStatus, message]= xlswrite ( 'bulk.xls' ,A);  


