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ABSTRACT 

The theoretical analysis of a mode I crack in functionally graded material is 

presented and the numerical values of the stresses and displacements are obtained for 

particular material parameters.  Numerical results are obtained through inverse Mellin 

transforms.  It was found that in most cases, the material inhomogeneity parameter had a 

greater effect on the stresses and displacements than did Poisson’s ratio. The energy 

release rate for the mode I and mode III cracks are analyzed and it was noted that under 

certain conditions the energy release rate vanishes. 
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CHAPTER I 

INTRODUCTION 

This thesis will examine the growth behavior of a fracture in a nonhomogeneous 

elastic medium. A nonhomogeneous medium is one in which the elastic properties of the 

material vary depending on their position. Significant advances were achieved in the area 

of fracture mechanics by researchers such as A. A. Griffith and G. R. Irwin in the early to 

middle 20th century. Their work was primarily related to cracks in homogeneous 

materials. Much less is known regarding fracture propagation in nonhomogeneous 

materials.  

The current analysis is carried out within the parameters of linear elasticity and 

linear elastic fracture mechanics. The basic terminology and background of the theory of 

elasticity and of fracture mechanics is presented in chapter 2. This is then followed by a 

literature review of research on fracture mechanics, with an emphasis on some notable 

results regarding mode III fracture in nonhomogeneous media.  

The crack under consideration in this work will be that of a mode I crack in a 

nonhomogeneous medium.  Chapter 3 presents a more detailed outline of fracture 

mechanics including aspects from the theory of elasticity and the application of boundary 

conditions. Mellin transforms are used to solve for the stresses and displacements on the 

crack. For this thesis, the transform is the complex integral of a hyperbolic equation 

which is not computed explicitly, but is solved numerically in the case of particular 

material parameters. The numerical results obtained are compared to results found in the 

literature.  

An in-depth analysis of all the relevant stress and displacement components is 

presented in chapter 4. Values of Poisson's ratio and the nonhomogeneous parameter, β, 

are varied and an analysis into how these values affect the behavior of the crack is 

presented.  When taking an inverse Mellin transform, certain material parameters 
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introduce different orders of poles of the transform, thus increasing the difficulty of the 

calculation. These calculations are also developed and explored. 

The energy release rate is a measure of the work done in propagating the fracture. 

It involves products of stresses and displacements. The general form of the energy release 

rate is presented in chapter 5 and applied to two different types of cracks.  First, an 

interesting observation is made concerning the energy release rate for a mode III crack in 

a nonhomogeneous medium. This is followed by an analysis of the energy release rate for 

a mode I crack. The thesis concludes with a summary of the results in chapter 6, which 

also includes suggestions for future research in this area. 
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CHAPTER II 

 BACKGROUND 

2.1 Elasticity 

The study of elasticity is the study of how a material reacts to the application of 

force resulting in a deformation of the body. Stress is a measure of how a body reacts to 

an applied force. Given a body in the x-y plane, when a force acts upon that body, there is 

a possible change in size, shape and relative displacement. The stresses on the body are 

labeled in figure 2.1. 

Figure 2.1 Stresses in a body 

are the stresses in the x and y directions, respectively. is a measure of 

how the x direction reacts to force  in the y direction where  is how the y direction 

reacts to force  in the x direction. Consideration of the equilibrium of the body yields  

=  , (Sokolnikoff, 1956). Thus, in two dimensions, 3 stresses govern how the body 

reacts; on the x-y plane, these are . Sometimes   is replaced with or 
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and  is replaced with .  A point, with Cartesian coordinates (x,y) may be displaced 

by an amount u and v in the x and y directions, respectively. 

Strain is a measure of relative displacement with components .   

Strains and displacements are related in the following manner: 

. 

Plane strain is a strain deformation in which the out-of-plane strains are zero.  If 

we consider the x-y plane in 3 dimensions, then in a plane strain setting, the strains 

 vanish leaving a case identical to the isotropic two dimensional case 

mentioned above. 

The behavior of a body not only depends on outside influences, but also upon 

material properties.  E is known as Young's modulus and is a measure of the stiffness of 

the material.  ν is known as Poisson's ratio and is a measure of the change in thickness as 

a material is compressed or elongated. The modulus of rigidity or the shear modulus can 

be related to E and σ by the following formula: . A material that has 

different elastic properties is called anisotropic. If it has different elastic properties in 

orthogonal directions it is called orthotropic. 

2.2 Fracture 

Upon applying force to a material, deformations in the body occur.  If enough 

force is applied, the material fractures. A fracture is the separating of the material under 

the influence of a force. When force is applied to a crack, there are 3 different modes of 

crack opening: mode I, mode II, and mode III.  These are also known as a (tensile) 

opening, in-plane shear, and anti-plane or shear cracks, respectively. 
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Figure 2.2 Modes of opening of a crack 

https://en.wikipedia.org/wiki/File:Fracture_modes_v2.svg 

For each mode, there exists a stress intensity factor.  The stress intensity factor is 

a measure of the state of stress near a crack tip.  When this state of stress reaches a 

critical point, the crack will grow in the material. (Kim, 2013). The stress intensity factor 

is denoted  , where i = I, II, III depending on the type of mode. The value K is a 

function of the applied stress, the size and the position of the crack as well as the 

geometry of the solid piece where the cracks are detected (Kim, 2013).  

Another important fracture concept is that of energy release rate. The energy 

release rate is a measure of how much energy is released during crack propagation. 

Indeed, if a crack extends in length by Δa, then the energy release rate is the measure of 

the change in the total potential energy of the body, often written as G=  (Schovanec 

and Timmons, 1989). The energy release rate is also called the J integral. In the plane 

strain case, the energy release rate and stress intensity factor can be related by the 

following formula: . (Bower, 2010) 

2.3 Literature Review 

A functionally graded material is a substance that varies in composition and 

structure gradually. Examples of this are ceramic and metal alloys, where the 

composition of the two changes continuously along one direction.  The fracture mode 
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type of a functionally graded material is inherently mixed when it is not parallel to the 

direction of the material property variation (Gu and Asaro, 1995). In chapters 3, 4 and 5 

mixed modes shall not be an issue, but it should be noted that it is common for mixed 

modes to occur. 

In 2003, Guo, Wu, Zeng, and Ma (Guo, Wu, Zeng and Ma, 2003) examined a 

crack perpendicular to the boundaries of a functionally graded orthotropic strip with 

properties varying in the x-direction.  The material property has a Young’s modulus of 

the form and .  Then, applying 

boundary conditions, and using Fourier transforms, they solve for the stresses and strains.  

Using different loading conditions and changing material constants and geometry 

parameters, they analyze the stress intensity factor and compare what they obtained to 

results obtained by others. It was found that the material nonhomogeneity constant had a 

significant impact on the stress intensity factor. 

In 1997, Ozturk and Erdogan (Ozturk and Erdogan, 1997) considered a mode I 

symmetric crack problem in an orthotropic material.  Using the notation of Ozturk and 

Erdogan, the elastic properties of the material are the stiffness parameter 

with a stiffness ratio  ,  Poisson's ratio , and a shear parameter 

.  It is further assumed that  where with being the 

inhomogeneity parameter. It should be noted that this is just an extension of the isotropic 

case.  Indeed, if c = 1 and k = 1, then the isotropic case is obtained. Upon applying 

boundary conditions, it was found that the stress intensity factors are independent of c 

and , and  is invariant with respect to a rotation of  For an orthotropic 

inhomogeneous medium 1) the stress intensity factor is negligibly influenced by 

Poisson's ratio, 2) the influence of the shear parameter k may be significant only for k 

, 3) the parameters E and c have no influence on stresses and affect the 

displacements in the usual manner, 4) the influence of the material inhomogeneity 
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parameter on the stresses and displacements is quite significant, and 5) that within the 

practical range of material parameters, the solution of the crack problem for the 

orthotropic medium may be approximated by that of an isotropic medium having the 

same inhomogeneity parameters.  

In 1995, Gu and Asaro (Gu and Asaro, 1995) considered a semi-infinite crack in a 

strip of isotropic functionally graded material under edge loading and in both the plane 

stress and plane strain deformation conditions. The complex stress intensity factor (CSIF 

= ) is obtained and various numerical results are presented. Then, Gu and Asaro 

extend the analysis to that of an orthotropic functionally graded material. The main 

emphasis of the paper is to analyze the fracture behavior in materials that possess 

continuously graded microstructures.  For the isotropic case, the elastic properties are of 

the form where γ and ϵ are material constants 

representing the material gradients and  are the values of these elastic properties 

at y = 0. The orthotropic case has material properties 

where are material 

constants,  at y = 0, and is the shear modulus in the 

x-y plane. Gu and Asaro discovered that the mode II stress intensity factor plays an 

important role in the fracture of functionally graded material.  Crack propagation is the 

competition between the energy release rate and the toughness of the material.  

Functionally graded materials are considerably tougher than their corresponding 

bimaterial counterparts, but it was found that the energy release rate of a functionally 

graded material is of the same level as that of the corresponding bimaterial.  This means 

that functionally graded materials can be subjected to higher external loads than can the 

corresponding bimaterial. 

In 2003, Sujatha and Kishen (Sugatha and Kishen, 2003) published a paper on the 

energy release rate in a concrete dam. They considered a mode II crack at a bimaterial 

interface.  In this situation it was noted that the energy release is zero. This is due to the 
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presence of weak singularities in the near tip stresses that are included in the formulation 

of the release rate integral.  

In 1997, Sun and Qian (Sun and Qian, 1997) studied other bimaterial cases and 

stated that the strain energy release rate would decrease and eventually vanish under 

particular loadings for similar reasons as those described by Sugatha and Kishen.  When 

the energy release rate vanishes it was proposed that a finite extension strain energy 

release rate associated with a finite crack extension be adopted to quantify the weak 

singular stress field ahead of the crack tip. 

In the late 1980's two significant papers were written relating to a mode III crack 

in a nonhomogeneous elastic material. The problem addressed is that of a crack in a 

medium in which the modulus varies continuously as a function of spatial coordinates. In 

polar coordinates, with r = 0 being the crack tip, the shear modulus is of the form 

where β is the inhomogeneity parameter and must satisfy 0 ≤ β < 1. β = 0 

represents a homogeneous material, while β close to 1 represent a very nonhomogeneous 

material. The parameter represents a distance measured from the crack tip and serves 

to nondimensionalize μ(r) (Schovanec, 1989).  Using the theory of elasticity, applying the 

boundary conditions for mode III fracture and using Mellin transforms, the stresses and 

displacements were stated explicitly.  In total, there are 2 non-zero stresses and 1 non-

zero displacement, namely and ω. The inverse Mellin has poles of different order 

resulting from the 3 different cases: . It was noted that the 

stress near the crack tip of a nonhomogeneous material is less than that of homogeneous 

material. Also, as β, the inhomogeneity parameter, increases the nature of the stress 

changes from an algebraic to a logarithmically singular form and if the material is soft 

enough, the stress will be bounded at the crack tip (Schovanec, 1989). 

In the second paper (Schovanec and Timmons, 1989), the results from the 

previous paper were expanded upon.  Using the asymptotic stress and displacement forms 
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of the mode III nonhomogeneous crack, the energy release rate was calculated.  It was 

noted that except for very small values of β, the effect of a decreasing rigidity is to 

significantly reduce the energy release rate. Other properties including the strain energy 

density are found in the paper (Schovanec and Timmons, 1989). 

Brisendine (Brisendine, 1988) continues the work of Schovanec and applies it to 

the behavior of a mode I opening in a nonhomogeneous material.  Brisendine formulates 

the problem starting from the general stresses of a body, applying the stresses to the mode 

I opening under a given boundary condition and proceeds to calculate the stresses and 

displacements of this crack. Whereas the mode III case had only 2 non-zero stresses and 

1 non-zero displacement, the mode I case had 3 non-zero stresses and 2 non-zero 

displacements. The stresses and displacements are  From here 

Brisendine presents an analysis of the behavior of the stress in the  direction. For 

particular values of μ and β, Brisendine calculates .  Furthermore, Brisendine gives a 

rough idea of where the inverse Mellin has a pole of order two.  While the stresses and 

displacements of the mode III case were solved for explicitly, due to the complexity of 

the mode I case, the stresses and displacements were not solved for explicitly; however, 

the 5 stresses and displacements were written as inverse Mellin transforms.  This work is 

the springboard from which this thesis is developed.  
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CHAPTER III 

 DEVELOPMENT OF MODE I FRACTURE ANALYSIS 

3.1 Theory 

Key aspects of Brisendine’s (Brisendine, 1988) work are described here for 

completeness.  

Consider a semi-infinite mode I crack in a nonhomogeneous material.  We assume the 

crack to be in a state of plane strain relative to the  axes. Hence, z = 0.  A crack is 

assumed to be located on the negative half of the x axis.  

The strain-displacement relations are: 

. 

Hooke's law relates the stress and strain tensors, as follows: 

, 

, 

, 

, 
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The equations of equilibrium are 

, 

, 

. 

Applying normal forces to the upper and lower crack surfaces, we obtain a problem that 

is symmetric about the plane y = 0 and it suffices to solve the equations of equilibrium of 

the upper half-plane that has the following boundary conditions 

, 

, 

. 

The first boundary condition states that there is no displacement in the y direction.  The 

second boundary condition states that force is applied to the crack on the negative x-axis, 

outward.  Finally, the third boundary condition states that there is not any shear stress on 

the x-axis. 

Consider a nonhomogeneous material.  In particular, consider a material that decreases in 

rigidity as one gets nearer the crack tip.  The shear modulus, μ, has the form μ(r) = 

 where 0 ≤ β < 1 is the parameter of inhomogeneity and  is the distance from 

the crack tip which makes the quantity  dimensionless. 
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Figure 3.1 Crack in Polar Coordinates 

The analysis of a mode I opening is more convenient in terms of polar coordinates (r, θ) 

where r = 0 corresponds to the crack tip.  θ = 0 corresponds to the positive x-axis and 

increasing θ gives larger angles in the counter clock-wise direction.  Transforming the 

strains to polar coordinates gives the following expressions, relating strains and 

displacements: 

, 

, (3.1) 

In the case of plane strain, the relationship between stresses and strains is given by 

, 

, 

. 

For a general case of plane stress, we have 
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, 

, (3.2) 

 .   

The equilibrium equations are 

. 

Lastly, transforming the boundary conditions gives 

, 

, (3.3) 

. 

The stresses can be written in this form 

(3.4) 

, 

where F is called the Airy's stress function (Sokolnikoff, 1958). 

Substituting these stresses into equation (3.2) allows the strains to be written in terms of 

the Airy stress function F by 
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, 

, (3.5) 

. 

These strains are substituted into the following compatibility condition (Sokolnikoff, 

1958) 

. (3.6) 

Using the notation  for the polar coordinate form of the biharmonic operator, the 

substitution yields the following equation for the Airy stress function: 

(3.7) 

The details of the derivation of (3.7) are presented in Brisendine (Brisendine, 1988). 

3.2 Mellin Transformation Technique

Equation (3.7) can be changed from a partial differential equation to an ordinary 

differential equation by applying the following integral transform, called the Mellin 

Transform, 

M[ f(r) ;r → s](s)           , 

where s is a complex number. 



Texas Tech University, Micah Pearce, August 2013 

15 

Now, assume that Young's modulus, E, is of the form  Then (3.7) can be 

rewritten as  

(3.8) 

Let F(s,θ) = M[ f(r) ;r → s](s,θ). Then, multiplying the equation by , for ease of 

calculation, one may take the Mellin transform of each part to yield 

(3.9) 

Let =  and 

= . 

Substituting b and c into equation (3.9), we have 

. (3.10) 

If it is supposed that is of the form , then the solution to (3.10) can be 

written as  which has roots for k = 1,2,3,4. 

Thus,   or equivalently it can be written as 

, 

where . (3.11) 
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Applying the boundary conditions and substituting  into (3.10) shows that 

 and 

, 

, 

,  (3.12) 

and 

, 

where   A more detailed derivation of these expressions can be found 

in Brisendine (Brisendine, 1988).   Assuming that the loading is of the form 

p(r) = , the boundary condition can be transformed to   

g(s) =  and substituting (3.12) into (3.4) and computing inverse Mellin 

transforms yield values for the stresses and displacements. 

(3.13) 

, 

(3.14) 
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 ,  (3.15) 

, 

where 

(3.16) 

and 

, 

where 

(3.17) 

3.3 Numerical Results 

Consider the stress  

(3.18) 

In order to integrate the inverse Mellin transform, the behavior of the integral as r→0 and 

as r→∞ must be compatible with the physical conditions.  As stated in Brisendine 
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(Brisendin, 1988),  must be integrable near the crack tip and = O( ) for p>1 as 

r →∞ . Also, if  is the largest root with real part less than -1, an appropriate path of 

integration for the inverse Mellin transforms is defined by any value c with   < c < -1. 

 Rewriting (3.18) we obtain, 

,      where 

n(s) = and 

D(s) = (2+s) 

        = (2+s) d(s). 

Using an observation made by Brisendine, the roots of d(s) are assumed to be on the real 

axis. 

We consider first poles of order one (poles of higher order are considered later). 

If the integrand has a simple pole at a point s = s1, or equivalently, if the denominatior 

d(s) has a simple zero at s= s1, the residue at the pole can be calculated as 

.

Once the residues at the poles are calculated, we obtain 

= 

where is the stress coefficient related to a particular pole and C is the stress coefficient 

related to a pole of order 2. 

Brisendine calculates and which are real zeros of d(s), and the 

corresponding exponent and stress coefficient, respectively.  These values are shown for 

and and in the first 3 columns of Table 3.1 
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Table 3.1 Comparison of Roots and Stress Coefficients 

v = 0.1 and β = 0.1 

Brisendine’s Analysis Current Analysis 

-1.56238 0.438 1.865 0.738434422 

-2 0.000 -1.022 -1.021867098 

-2.02963 -0.030 0.002 -0.000109373 

-2.58763 -0.585 0.856 0.55798741 

-3.00763 -1.008 -0.001 -0.000573591 

-3.60688 -1.607 -0.073 -0.205581503 

-3.98513 -1.985 0.002 0.001277515 

v = 0.1 and β = 0.5 

-1.83738 0.163 3.475 1.863952028 

-2 0.000 -1.971 -1.970719109 

-2.1902 -0.190 -0.006 -0.005548457 

-2.98913 -0.989 1.152 1.025354762 

-3.02813 -1.028 -0.967 -0.0654339195 

v = 0.1 and β = 0.9 

-2 0.000 1.662 1.662406729 

-2.14638 -0.146 -2.325 -1.696665994 

-2.41313 -0.413 -0.019 -0.015023235 

In calculating the stress coefficient, , it was found that for each value of β and ν, only 

the stress coefficient that corresponded to matched that of Brisendine. Indeed, they 

were verified, but only to 3 decimal places. When calculating the stress coefficient at the 

simple pole of ,  there are two equivalent methods of calculation. These methods 

are done by evaluating either 

1)   or 
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2)  at . 

When , it has been presumed that Brisendine used 1) to find the stress coefficient. 

Indeed, it was possible to verify the coefficient with both method 1) and also method 2).  

However, when calculating the coefficient at , one must use method 2).  For these 

cases, Brisendine's results could not be verified, but were instead found to be as in the 

last column of Table 3.1. Since our results at via both methods were identical, it is 

conjectured that Brisendine's calculation of D'(s) was less accurate than that possible with 

today's computing accuracy. This accounts for the discrepancy in the stress coefficients 

for , while having matching results for the stress coefficient for . 

For cases and , Brisendine found 7 zeros of D(s).  However, upon a further 

analysis, there are actually 15 zeros that make a significant contribution to the integral.  

Table 3.2 gives these zeros below.  
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Table 3.2 Zeroes and Stress Coefficient for  v = 0.1 and β = 0.1 

-1.56255 0.738434422 

-2 -1.021867098 

-2.02967 -0.000109373 

-2.58485 0.55798741 

-3.00777 -0.000573591 

-3.60708 -0.205581503 

-3.98513 0.001277515 

-4.63121 0.128355676 

-4.96128 -0.002446967 

-5.65781 -0.096021639 

-5.93496 0.004505890 

-6.68888 0.080995424 

-6.90419 -0.008761375 

-7.77307 -0.082695935 

-7.86262 0.022781927 

However, it should be noted that the residue that is calculated via the additional roots 

only contributes to the stress value by 6.939856005 x .  Perhaps, this is the reason 

why these roots were omitted. 

In order to calculate the inverse Mellin transform, one must know the appropriate pole 

order of the integrand in order to know which method to use.  For , the integrand 

of  has at most a pole of order 1.  However, when , and when d(-2) = 0, we see 

that the integrand of  has a pole of order 2.  This leads to a logarithmically singular 

stress.  Brisendine gives a finite number of values for ν and β that make d(-2) = 0.  They 
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are namely: 

Table 3.3 Values of ν and β for which the stress is logarithmically singular 

β ν 

0.7100 0.01 

0.7100 0.03 

0.7110 0.05 

0.7120 0.07 

0.7130 0.09 

0.7140 0.11 

0.7160 0.13 

0.7170 0.15 

0.7190 0.17 

0.7200 0.19 

0.7220 0.21 

0.7240 0.23 

0.7260 0.25 

0.7280 0.27 

0.7310 0.29 

0.7330 0.31 

0.7360 0.33 

0.7390 0.35 

0.7420 0.37 

0.7450 0.39 

0.7480 0.41 

0.7520 0.43 

0.7560 0.45 

0.7600 0.47 

0.7640 0.49 
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These results were replicated in our analysis with two or three decimals of accuracy. 

However, implicitly graphing d(s), we can see all the values of ν and β for which d(s) = 0.  

Using the maple command implicitplot and defining ν, β, δ, and ϵ as before, we get  

Figure 3.2 Values of v and β that lead to a logarithmically singular stress 

It should be noted that the value of Poisson's ratio is usually between 0 and 0.5.  However 

there exist materials that have a Poisson's ratio between -1 and 0.5 and as expanding the 

graph gives a better understanding of the nature of the curve, we have hitherto extended 

the graph in a like manner. 
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Figure 3.3 Extended values of v and β that lead to a logarithmically singular stress 

By applying cubic splines we may approximate the curve in (Figure 3.3) to more easily 

assess the values of ν and β that makes  display a logarithmically singularity.  The 

piecewise function that is generated from the splines is below 

Combining the piecewise function with the original, we get the following two 

overlapping graphs in which little difference exists. 
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Figure 3.4 Juxtaposition of the Cubic Splines and Hyperbolic Function 

Finally, to close his thesis, Brisendine calculates the stress value for  for particular 

values of ν and β.  His results can be seen in the first 3 columns of Table 3.4. The results 

of the current analysis are in column 4. Brisendine calculates the actual stress given 

particular values of ν and β. Here,  has been normalized with respect to  and  , 

each being set to 1. 

Table 3.4 Selected Values of ν and β for  with r = 0.01 and θ = 0 

Brisendinde’s Analysis Current Analysis 

0.1 0.1 13.03 4.55 

0.6 0.1 5.13 1.57 

0.9 0.1 0.47 0.80 

0.1 0.3 13.22 4.56 

0.6 0.3 5.66 1.56 

0.9 0.3 1.23 0.76 

0.1 0.5 13.40 4.57 

0.6 0.5 5.72 1.53 

0.9 0.5 1.98 0.71 

As seen in Table 3.1, the coefficients that Brisendine calculated and those calculated in 

this thesis are different. Thus, there is not a surprise when for β = 0.1 and ν =0.1 he gets a 
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stress of 13.03, while the stress calculated via this thesis is 4.55.  This being the case, it 

was found that if one uses the stress coefficients that Brisendine had supposed from Table 

3.1, one can replicate the stresses of 13.03, and 0.47.  As Brisendine does not provide the 

stress coefficients for other values of β and ν, it is not possible to verify the stress values 

that he obtained.   

For the work of this thesis, the stress values in the 4th column are independently 

calculated. Looking at the relationship between the inhomogeneity parameter and 

Poisson's ratio we see that changing β for a particular value of ν decreases the order of 

magnitude of stress significantly. However, keeping the inhomogeneity parameter 

constant, and changing Poisson's ratio does not have a significant impact on the stress. 

Even though different Poisson's ratios lead to little changes in stress, it must be pointed 

out that increasing ν for β =0.1 increases  while, increasing ν for β =0.6 and β =0.9 

decreases the stress. 
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CHAPTER IV 

ANALYSIS OF STRESSES AND DISPLACEMENTS 

4.1 Selected Values of Stresses and Displacements 

When calculating the stresses and displacements on a crack opening under mode I 

conditions, 5 values are needed, namely . These 5 stresses and 

displacements have their stress coefficients calculated for particular values of β and ν. 

has already been discussed in the previous chapter and so we will now provide some 

analysis for the remaining stresses and displacements. Furthermore, looking at the inverse 

Mellin transform used to get these values, (3.13) - (3.17), we see that the denominator is 

of the form  where P(s) is a polynomial of 

degree 5 or less.  Each root of P(s) other than , is also a root of the numerator and 

consequently does not contribute to the calculation of the inverse Mellin transform. 

These roots have been omitted from the Table 4.1. The only exception to this is for in 

which the root at - β-1 contributes to the calculation of the inverse Mellin transform. 

However, to avoid confusion in Table 4.1, this term is not included.  
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Table 4.1  Values for the Stress coefficient for particular v and β 

v = 0.1 and β = 0.1 

-1.56255 0.02247465793 0.2518050621 0.1255464570 -2.697972257 

-2.00000 -0.8537989635 0.006856518490 -0.7375633345 0.2945714479 

-2.02967 -0.03596364148 0.0000343077638

8 

-

0.06643969230 

0.002037544910 

-2.58485 -0.00648433484 -0.2072188246 0.3958995458 0.7600560810 

-3.00777 0.03862166617 0.03893323302 -

0.02961119753 

-0.00442770654 

-3.60708  -0.01375291972 0.2025637256 -

0.09931358123 

0.1646321516 

-3.98513 0.04171294733 -0.005846571113 0.01991959905 -0.00429527219 

v = 0.1 and β = 0.5 

1.83758 0.1770887447 -0.5491632241 0.08502043637 3.150743162 

-2.00000 -0.6345537395 0.2800715946 -0.3129024988 -5.137713444 

-2.19018 -0.06609850479 0.001614850340 -0.1907928870 0.02519323198 

-2.99029 -0.2595777767 -0.8778303522 1.050275382 1.690177349 

-3.02925 0.3421517231 0.8232689714 -0.8967998877 -1.170221776 

v = 0.1 and β = 0.9 

-2.00000 -0.3107495518 -0.6868111433 0.8376491665 -5.524664641 

-2.14655 -0.2070827891 0.4326558716 0.2349858490 3.836793415 

-2.41317 -0.04141482559 0.003981639011 -0.2065112590 0.04439821140 
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Table 4.2 Evaluation of Particular Stresses and Displacements for r = 0.01 

0.1 0.1 -0.7167404306 -1.894488545 -0.8962610723 -0.3150712580 

0.5 0.1 -0.2876712513 -0.8814664951 -1.154293728 -0.2876712519 

09 0.1 -0.4452734122 -0.4452734122 -2.261918892 - 2.248927433 

It should be noted for computational purposes that every zero was used in calculating 

Table 4.2 (not just the ones listed in Table 4.1 above) and each stress coefficient and zero 

were calculated to 9 decimal places minimum.  

4.2 Higher Order Poles 

In most cases, taking the inverse Mellin transform of a particular stress or displacement is 

relatively simple as it only contains a pole of order 1.  However, as is seen above, there 

exist particular values of ν and β for which the integrand of has a pole of order two.  

We shall examine the order of the poles of the inverse Mellin transforms for all of the 

stresses and displacements relative to a mode I crack opening.  For the convenience of the 

reader, we explicitly write the full expressions for the denominators of the inverse Mellin 

transform below: 

where is a non-vanishing function of s for j = 1, ... , 5. 
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To calculate  we must take into account the poles of the integral above.   Note that the 

integral has denominator which has zeros, all of which are poles of order 

1 except for .  At , is zero and contains a zero for specific material 

parameters as given near the end of section 3.3.  is hypothesized not to have a pole of 

order more than 2, however a proof of this is not given.  This is because it is speculated 

that d(s) only has at most a pole of order 1, for a particular value of s, due to hyperbolic 

construction of d(s).  In a similar manner, contain at least one of the 

following factors s, s+1, s+β +1, or s+β+2.  For β ≠ 0 these factors cannot be zero at the 

same time which means our integral can have at most a pole of order 2. However, if β = 0, 

there are, in total, 3 cases that give a pole of order 3. can have a pole of order 3 when 

 and can have a pole of order 3 when 

 or . As is hypothesized to have at most a pole of order 1, the pole of every 

integral must be at most of order 3. 

In order to calculate an integral that has a pole of order k, we must use the following 

formula 

  , (4.1) 

where and are as defined previously and R  =  . 

These residues of at may be more easily calculated by making a substitution for 

As previously stated, D(s) = (s+2) d(s).  As d(s) is analytic and has a zero at -2, we may 

define an analytic function e(s) to be such that d(s) = (s+2)e(s).  Thus, 

where e(-2) ≠ 0. 
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Consider when the pole is of order 2. Then, (4.1) looks like the following 

   = 

(4.2) 

The function is not explicitly known, however, as we know the relationship between 

and D(s), we may use that relationship to write (4.2) in a way that may be evaluated: 

. 

Thus, with the above substitution, (4.2) may be rewritten as 

(4.3) 

and one may calculate the residue at a pole of order 2 for   at using (4.3).  To 

calculate the residue at a pole of order two for a different value of s (for different stresses 

and displacements) one needs to modify the derivation of (4.3) slightly. 

As was seen above, there exist a few occasions when a pole of order 3 needs to be 

calculated. As can have a pole of order 3 when and β = 0, the residue has the 

form 
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where , is the numerator of  , and 

 is an analytic function with , 

which simplifies to 

and may be rewritten in terms of as 

. 

It is noted that a pole of order 3 did not occur in the current analysis. 

4.3 Dependence on Material Parameters 

Particular values of stresses and displacements were calculated at the coordinates 

indicated as follows (r, 0), (r, π ), (r, 
 
),     (r, 0), and     (r, π) where r = 0.01. 
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As noted in Chapter 3, for  and for different values of β, increasing ν would either 

increase or decrease  For β < 0.4, increasing ν increases . For β > 0.4, increasing 

ν decreases . For β = 0.4, increasing ν increases for ν ≤ 0.3.  Once ν > 0.3, 

increasing ν decreases . Also, it is seen that changes in β affect the stress more than 

changes in ν.

Figure 4.1 Changes in for different values of v 

For , changes in β affect the stress for a fixed ν more than changes in ν for a fixed β. 

Either increasing ν for a fixed β or increasing β for a fixed ν will increase the stress. 
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Figure 4.2 Changes in for different values of v 

For , with small β, β < 0.3, changes in β affects the stress value more than changes in 

ν.  However, for β ≥ 0.3, increasing β will have a greater affect on the stress than will 

changing β.  For ν = 0.1 and 0.3, increasing β will increase the stress up until a particular 

value of β,  and then for , increasing β will decrease the stress value.  

However, for ν = 0.4 and 0.5, increasing β increases the stress for all values of 0 ≤ β ≤ 1. 
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Figure 4.3 Changes in for different values of v 

For , changes in ν affect the displacement for a fixed β more than changes in β affects 

displacement for small β, e.g. β < 0.4 However, for large β, (β>0.4) the reverse is true.  

Unlike , for all fixed β, with 0 < β < 1, increasing ν will increase the inverse Mellin 

transform which is in this case, displacement.  For ν = 0.3 or 0.1, increasing β decreases 

the displacement, however, for ν = 0.5 increasing β will at first increase the displacement, 

but then around β = 0.4, increasing β will decrease the displacement.  
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Figure 4.4 Changes in for different values of v 

For , increasing β changes the displacement more than changing ν.  Also, increasing β

for a fixed ν decreases the displacement, while increasing ν for a fixed β will have the 

opposite effect.

Figure 4.5 Changes in for different values of v 
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CHAPTER V 

ENERGY RELEASE RATE 

5.1 The Form of the Energy Release Rate 

The amount of energy required to extend a crack of length a by an amount Δa can be 

calculated by measuring, - , the change in potential energy of the body (Rice, 1968).  

Indeed, the energy release rate can be found by 

, (5.1) 

where the superscripts of u, (+) and (-) correspond to the upper and lower crack surfaces 

respectively. 

To understand the mechanics behind the energy release rate, let us briefly turn to a 

similar crack on the x-y plane. If the forces on the crack are sufficient to open the crack, 

we may visualize the crack before and after the opening as follows with before and after 

pictures taken from Martel (Martel, 2002): 

Figure 5.1 Mode I crack opening in x-y plane 

Assuming a mode I analysis in 2 dimensions with no shear stresses applied leads to the 

following simplified energy release rate  
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Centering the crack on the axis and having it open an amount, , gives the upper and 

lower limits of the integral.  However, we still must take into account the difference in 

location, and  . The stresses of interest are those of a short distance r in front of 

the crack and the polar coordinates are given by and θ = 0. If the crack extends a 

distance r, the displacements induced by theses stresses will occur at a distance r behind 

the crack tip, or in other words at  and θ = π. The factor of 2 arises as there are 

two surfaces being displaced.  

5.2 Mode III Energy Release Rate 

Before deriving the energy release rate for the mode 1 fracture case particular to this 

thesis, it is interesting to review the case of the mode III energy release rate as presented 

by Schovanec (Schovanec, 1989).  An interesting observation shall be made regarding the 

properties of the energy release rate of a mode III crack opening. Consider an antiplane 

shear crack in a nonhomogeneous elastic material.  In particular, let the shear modulus be 

expressed in polar notation where r =0 corresponds to the crack tip.  Then, the shear 

modulus is of the form of where β is the parameter of inhomogeneity and 

 is the size of the region in which material softening occurs.  Note that serves to 

non dimensionalize the quantity.  

The stresses and displacements have been calculated (Schovanec, 1989). The stress 

calculations have been split into 3 cases: 0 ≤ β < , β = , and The case 

when 0≤ β<  presents some peculiar results. The asymptotic form of the stress and 

displacement ω(r,π) for this case are of the following form: 



Texas Tech University, Micah Pearce, August 2013 

39 

(5.2)

. (5.3) 

Schovanec and Timmons (Schovanec and Timmons, 1989) have shown that the energy 

release rate, G, for this particular problem may be calculated by  

(5.4) 

Substituting (5.2) and (5.3) into (5.4) gives an energy release rate of 

(5.5) 

where

Consider the substitution 

Then  (5.5) is of the following form: 
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. (5.6) 

It should be noted that in (5.6) the integrand is the kernel of the beta function. Hence the 

integral is a constant (for fixed β).  This means that the energy release rate is of the form 

 where  is times the value of the beta function. Thus,

 vanishes for all values of β ≠ 0 and, in particular for 0 < β < . 

However, in (Schovanec and Timmons, 1989), the energy release rate is given by the 

figure below. 

Figure 5.2 Energy Release Rate for mode III crack 

Note, that Figure 5.2 is not zero for 0 ≤ β < 0.5 and for β > 0.5, .  The reason 

behind the discrepancy is not fully understood. Computational analysis of equation (5.6) 
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with approximations of zero using very small values of δa ( ) yielded non-zero 

values of the energy release rate.  Indeed, points on the graph were reconstructed for this 

small value of δa. For this case it is believed that Figure 5.2 was calculated using a small 

value of δa. However, using today's technology by approximating zero with 

 yields energy release rate of zero. This coincides with the analysis above 

where the substitution enabled   to be removed from the integrand to leave it solely in 

front of the integral with a positive power, and thus yielding a zero energy release rate.  

It is known that certain material conditions can lead to a vanishing energy release rate but 

in general, other boundary conditions and material properties lead to positive values of 

the energy release rate. An example is provided in Martel (Martel, 2002) in which the 

limit is of the form . Making the substitution yields a 

nonzero energy release rate. 

5.3 Mode I Energy Release Rate 

Applying the energy release rate to the mode I case results in 

which may be simplified to 

, (5.7) 

as 

For a pole of order 1, have the form and 
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respectively.  For notational purposes, rewrite these as 

and . 

The following conditions have been assumed: 

1) Both  > -1 for all values of k and  j. 

2) The sum of any two pairs of are such that  for  Thus, 

By making the same substitution as in section 5.2, we see that  reduces to 

(5.8) 

By property 1) the integral in (5.8) is a beta function, which is finite.  Since the sums are 

finite also, then by property 2)  If β = 0, then  = 0 giving a 

nonzero value of . Therefore, as in the mode III case, the material properties that lead 

to conditions 1) and 2) lead to vanishing energy release rate while β = 0 leads to a 

nonvanishing energy release rate.  Numerical evidence appears to suggest that 

for all pairs of and , but it was not proven here. 

It is recognized that this last result is similar to the research of others as stated in 

the literature review. In particular the energy release rate depends on a parameter such as 

δa raised to a specific power that varies according to the material. In the literature (Sun 

and Qian, 1997 and Sugatha and Kishen, 2003), this power included a bimaterial 

parameter. In our cases, the power includes a parameter of the functionally graded 

material.  

In all cases, three possibilities exist. If the power is positive (corresponding to a 

weak singularity), then the energy release rate vanishes. If the power is zero 
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(corresponding to the regular square root singularity), then there is a finite energy release 

rate. If the power is negative (corresponding to a strong singularity), then the energy 

release rate becomes unbounded. In the cases of zero or unbounded energy release rates 

the literature notes that a more meaningful measure can be provided through analysis that 

includes a finite value of δa rather than a definition including a limit.  
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CHAPTER VI 

CONCLUSION 

In this thesis, a mode I crack in a nonhomogeneous material is studied.  The 

material in the body is assumed to have a Young's modulus of the form with β 

as an inhomogeneity parameter.  This form of Young's modulus allows us to model a 

material that changes properties relative to distance from the crack tip.  Theoretical 

analysis leads to stresses and displacements in the form of inverse Mellin transforms. 

These transforms are calculated numerically to give the stresses and displacements for 

particular values of Poisson's ratio and the inhomogeneity parameter. 

The work of this thesis is compared to that of Brisendine (Brisendine, 1988).  

Several of the results that were obtained by Brisendine were also obtained in this thesis, 

however there were a few instances where his work could not be replicated. Brisendine 

gave discrete values for which  had a logarithmically singular inverse Mellin 

transform. In the work of this thesis, the actual function of the location for these values 

was noted. Due to the complexity of the function, it was then fit by a cubic spline to more 

easily obtain particular values.  

 For particular values of Poisson's ratio and the inhomogeneity parameter, the 

stresses and displacements were obtained explicitly. The conditions for which all five 

stresses and displacements have poles of order 2 and 3 were obtained and a formula was 

given for calculating the values under those conditions. The influence of changing the 

material constants was studied for each of the stresses and displacements. It was found 

that in most cases, changing the inhomogeneity parameter had a greater influence on the 

crack stresses than changing Poisson's ratio.  This coincides with several results in the 

literature (Sun and Qian, 1997 and Sugatha and Kishen, 2003). 

Finally, the energy release rate was examined in detail.  While many energy 

release rates are positive in value, the energy release rate for the mode I and mode III 

cases under consideration here were found to vanish. In both cases, an appropriate 
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substitution led to an energy release rate that is a product of a beta function and a 

parameter with positive power.  In the limit, as this parameter goes to zero, the entire 

expression goes to zero.  This coincides with results in the literature for energy release for 

cracks at bimaterial interfaces. 

The analysis in this thesis may be extended in a number of ways. In the mode III 

case, there was an explicit formula for the stresses and displacements.  Greater insight 

could be obtained if there was an explicit formula found for the mode I case as in the 

mode III case. For each of the stresses and displacements, there exist material parameters 

that lead to poles of order more than 1 in the integral transforms. The stresses and 

displacements are impacted by these higher order poles and further analysis is required to 

more fully understand that impact.   

The effect of the higher order poles on the calculation of the energy release rate 

has not yet been studied.  It is possible that these situations would yield a non-vanishing 

energy release rate.  In both the mode I and mode III cases, the energy release rate 

vanishes in a similar manner. The dependence on elastic properties may also be explored. 

Would a mode I crack in a material with a different Young's modulus e.g. 

yield similar results? Finally, we note that the energy release rate is closely related to the 

stress intensity factor and a greater understanding of the fracture may be obtained by 

calculating the stress intensity factor. 
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