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ABSTRACT 

The following schedule problem can be regarded as an 

abstract model of motion coordination of multiple robots: A 

number of distinct pebbles are placed on distinct vertices 

of a graph. A set of pebbles can be moved simultaneously 

along the edges of the graph, provided that, at any moment, 

at most one pebble is placed on a vertex and at most one 

pebble passes through an edge. Given distinct final 

positions for the pebbles, obtain a schedule, if it exists, 

for moving all pebbles to their final positions. In this 

thesis we first show that the problem of deciding whether 

there exists a schedule is NP-hard if (1) schedules must 

meet a given deadline, or (2) a given graph is directed. 

Second, we show that if a given graph is an n-vertex tree 
I 

with diameter d, then whether there exists a schedule can be 

decided in O(n2 ) time and a schedule can be obtained in 

O(n2·d) time if it exists. Furthermore, the algorithm for 

obtaining a schedule is shown to be optimal with respect to 

time complexity. Third, a special case is discussed in which 

a given graph is an n-vertex tree having K leaves and the 

number I PI of pebbles is less than K. For this case, we 

show that a schedule can be obtained in O(nl PI) time. The 

algorithm presented is shown to be optimal with respect to 

time complexity. Finally, we present a distributed algorithm 
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for the scheduling problem in which each pebble is assumed 

to represent an autonomous robot which can compute its own 

schedule. We prove that, if a graph is a tree and the number 

of robots is three, then the algorithm allows a maximum 

possible number of robots to reach their final positions. 
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CHAPTER 1 

INTRODUCTION 

The following scheduling problem on graphs has been 

considered in [16] as a generalization of the 15-puzzle, and 

in [13,14] as a combinatorial model of the problem of motion 

coordination in a two dimensional space [10,11,12,14,15,17]: 

Consider an n-vertex graph G and K distinct pebbles 
(K<n-1) . Initially the pebbles are placed on distinct 
vertices of G. A pebble occupying vertex u can be moved 
to vertex v iff there is an edge between u and v and 
currently v is not occupied by a pebble. Given distinct 
final positions for the K pebbles, decide if all 
pebbles can be moved to their final positions. 

It has been shown that if G is biconnected, then (1) 

the problem is solvable in O(n2 ) time, and (2) a desired 

sequence of moves of length O(n4 ) can be found in O(n6) time 

if there exists one [13,14,16]. Further, the problem is NP-

hard in the strong sense [2] even for planar graphs if (1) 

all vertices are "one-pass" (no additional pebbles can be 

placed on a vertex once a pebble passes through it), or (2) 

the final positions are required to satisfy a simple 

combinatorial property (see [14] for details). 

The problem considered in this thesis is basically the 

same, except that we allow more than one pebble to be moved 

simultaneously in a single step. In particular, a set of 

pebbles that occupy a consecutive segment of a path can be 
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"shifted," and a set of pebbles that occupy an entire cycle 

of a graph can be "rotated" in one step. The graph 

scheduling problem in which a number of pebbles may be moved 

simultaneously can be regarded as an abstract model of the 

motion coordination or collision avoidance problem for 

multiple, autonomous, but synchronously moving robots 

working in an environment to achieve their own goals [1,4, 

7]. In this thesis, however, we are interested only in 

theoretical aspects and present new results on the 

computational complexity of the scheduling problem. 

We first prove that the problem of deciding whether 

there exists a schedule from a given initial state to a 

given final state that meets a given deadline is NP-hard in 

the strong sense. Then we consider the directed version of 

the problem in which the underlying graph is directed, and a 

pebble can be moved only in the direction prescribed by an 

arc. We show that the problem of deciding whether there 

exists a schedule in a directed acyclic graph is NP

complete. 

Next, we show that the decision problem and the 

problem of finding a schedule can be solved for n-vertex 

trees in O(n2) time and O(n2 ·d) time, respectively, where d 

is the diameter of the tree. The algorithm we develop for 

obtaining a schedule is shown to be optimal with respect to 

time complexity. As is stated in [5,13], the complexity of 

2 



deciding whether there exists a schedule for graphs that are 

not biconnected has been open. Furthermore, we present an 

O(nl PI) time algorithm, where Pis the set of pebbles, for 

obtaining a schedule of length O(dl PI) for n-vertex trees 

with diameter din which the number of pebbles I PI is less 

than the number of leaves. The algorithm is shown to be 

optimal with respect to time complexity. 

Finally, we assume that each pebble represents an 

autonomous robot, and present a distributed solution to the 

scheduling problem in which each robot computes its own 

schedule based on its (possibly incomplete) knowledge about 

the system. It is proved that the distributed algorithm 

presented allows a maximum possible number of robots to 

reach their final positions for the case in which a given 

graph is a tree and the number of robots is three. 

After introducing necessary terminology in Chapter 2, 

we present the NP-hardness results in Chapter 3. The problem 

of moving a single pebble in a tree is discussed in Chapter 

4. Polynomial time algorithms for trees are presented in 

Chapter 5. A distributed algorithm is presented in Chapter 

6. Concluding remarks are found in Chapter 7. 
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CHAPTER 2 

PROBLEM FORMULATION 

Let G=(V,E) be an n-vertex undirected simple graph with 

vertex set V (I vl=n) and edge set E. Let P be a set of 

pebbles such that I Pl<n. A state of G is a function f:V~ 

PU{~} such that for each pebble peP, there is exactly one 

vertex veV with f(v)=p. For a state f we denote by f- 1 the 

function from P to V such that for each peP, f-1(p)=v iff 

f(v)=p. For a pebble peP, vertex f-1(p) is the position of 

p at f. For a vertex veV, if f(v)~ then f(v) is the pebble 

occupying vat f. If f(v)=~, then v is said to be unoccupied 

at f. 

Let f and g be two distinct states of G. We say that g 

is immediately reachable from f, denoted f ~g, iff for each 

peP, either 

(1) f-1 (p) =g-1 (p) or 

(2) {f-1(p),g-1 (p)}eE and 

{f-1(p),g-1(p) }*{f-1(q),g-1(q)} for any pebble~

Intuitively, ft-g iff state g can be obtained from f by 

moving those pebbles p such that f- 1 (p)*g-1 (p) in parallel 

from their positions f- 1 (p) at f to g-1 (p) along edges 

{f-l(p),g-1(p) }. The second condition assures that at most 

one pebble can pass through an edge during the transition 

from f to g. Note that pebble p on f- 1 (p) can move to g-l(p) 
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even if g-1 (p) is currently (i.e., at f) occupied by a 

pebble q as long as q moves to some other vertex g-1 (q) at 

the same time. Thus, in one transition, a set of pebbles 

that occupy a consecutive segment of a path can be 

"shifted," and a set of pebbles that occupy an entire cycle 

of a graph can be "rotated" in one step. Therefore, the 

problem remains nontrivial even if I Pl=n, i.e., a pebble is 

placed on every vertex of the graph, though in this thesis 

we consider only the case where I Pl<n-1. 

Any set of ordered pairs <u,v> of vertices is called a 

move if {u, v}eE. If f J-g for states f and g, then 

s={<f-l(p),g-l(p)>l f-l(p)~-l(p), peP}, 

called the move associated with the transition from f to g, 

represents the set of all ordered pairs <u,v> such that the 

pebble on u is moved to v during the transition. f ~ g is 

sometimes written as f~ g where s is the move associated 

with this transition. 

A sequence of moves s 1s 2 ... sk is called a schedule from 

f tog iff there exist states f 0 ,f1 , ... ,fk such that fo=f, 

fk=g and fi-l~i fi for each i, l<i<k. k is the length of 

s
1

s
2 
... sk. By convention, the null sequence A is regarded as 

a schedule of length zero from f to f for any state f. If a 

. schedule from f to g, then g is said to be reachable l.S a 

from f by a, and we denote this by f ~g. We write f~ g if 

f I a g for some schedule a. Note that f~ g iff g ~ f for 

5 



any states f and g. A schedule s 1s 2 ... skis said to be 

serial if each move si, l<i<k, is a singleton set. 

The directed version of the problem can also be 

considered. In this case we are given a directed graph G= 

(V,A) with arc set A, and the second condition (2) in the 

definition of immediate reachability f~g is replaced by 

<f(p),g(p)>eA. That is, a pebble can be moved only in the 

direction prescribed by an arc. 
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CHAPTER 3 

NP-HARDNESS RESULTS 

Let us define the following problems: 

UNDIRECTED GRAPH SCHEDULE 

INSTANCE: Undirected graph G, set P of pebbles, initial 

state SI, and final state sF. 

QUESTION: Is there a schedule from SI to SF ? 

UNDIRECTED GRAPH SCHEDULE WITH DEADLINE 

INSTANCE: Undirected graph G, set P of pebbles, initial 

state SI, final state SF, and nonnegative 

integer D. 

QUESTION: Is there a schedule from SI to SF with length 

at most D? 

DIRECTED GRAPH SCHEDULE 

INSTANCE: Directed graph G, set P of pebbles, initial 

state SI, and final state SF. 

QUESTION: Is there a schedule from SI to SF ? 

It has been shown [13,14,16] that if G is biconnected 

and I Pl<n-1, where n is the number of vertices, then (1) 

UNDIRECTED GRAPH SCHEDULE is solvable in O(n2 ) time, and (2) 
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a serial schedule of length O(n4) can be obtained in O(n6) 

time if there exists one. (In the original problem 

considered in [13,14,16], only one pebble can be moved at a 

time.) We have the following results for the two variations 

of UNDIRECTED GRAPH SCHEDULE given above. 

Theorem 1: UNDIRECTED GRAPH SCHEDULE WITH DEADLINE is 

NP-hard in the strong sense. 

Proof: The following problem is known to be NP-complete 

[ 3] : 

WORD PROBLEM FOR PRODUCTS OF SYMMETRIC GROUPS 2 (WPPSG2) 

INSTANCE: Positive integer K, two-element subsets x1 , 

x2 , ... ,XroC{1,2, ... ,K}, and permutation~ on 

{1,2, ... ,K}. 

QUESTION: Can ~be realized by the composition of 

pairwise interchanges corresponding to some 

We reduce WPPSG2 to UNDIRECTED GRAPH SCHEDULE WITH DEADLINE. 

Let K,x1 ,x2 , ... ,Xm and~ be an arbitrary instance of 

WPPSG2, and let Xi={ai,bi} for 1<i~. Construct G=(V,E) such 

that 

V={v· · I Q<i<m, 1<j<K} and 
~,] 
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E={ {vi, j'vi+1 , j} I Q<i<m-1, 1<j<K} 

U{ {vi-1'ai ,vi,bi }, {vi-1'bi ,vi'ai} I 1<i<m}. 

The set of pebbles is P = {p1 ,p2 , ... ,pk}. We present the 

initial and final states SI and SF in terms of the positions 

of the pebbles: at SI, si-1<Pj> = v 0 ,j, 1<j<K, and at SF, 

SF-1 <Pj> = vm,x(j)' 1<j<K. Finally, we set the deadline D to 

be m. It is easy to see that the construction can be done in 

polynomial time. The value of D, the only number in the 

instance of UNDIRECTED GRAPH SCHEDULE WITH DEADLINE, is 

bounded by a polynomial in the size of the graph G. An 

example of the construction is shown in Figure 1. 

Since each pebble must be moved over m edges in order 

to reach its final position, any schedule from SI to SF 

having length at most m must be of the form s 1s 2 ... sm, where 

each si is either 

type 1: {<vi-1 , j'vi, j> I 1<j<K}, or 

2 { I 1< '<K ' ' b } type : <vi-1,j,vi,j> -J- ,J¢ai,J¢ i 

U {<vi-1,ai'vi,bi>,<vi-1,bi'vi,ai>}. 

Now let f be the state reached from SI by s 1s2···sm. Then f 

represents the permutation cr on {1,2, ... ,K} such that a(j)=k 

iff f-1(Pj)=vm,k· It is not difficult to see that a can be 

obtained by successively applying pairwise interchanges 

determined by Xi whenever move si is of type 2. Since the 

final state SF represents the given permutation x, there 

exists a schedule from SI to SF with length at most m iff x 
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WPPSG2 INSTANCE 
K = 4 
x, ={1,2} 
~ = {3,4} 
X3 = {2,3} 
1t(1) = 3 
1t(2) = 1 
7t(3) = 2 
7t(4) = 4 

UNDIRECTED GRAPH SCHEDULE WITH DEADLINE INSTANCE 

G: 

P = {P1 ·P.z ·P.3 ,p4 } 

s-h P , > = v o, 1 

s-~ P 2> = v o.2 
-1 

S I ( p 3) = V 0,3 

s-11 P4) = Vo,4 

-1 
SF ( P 1) = v 3,3 

-1 
SF ( P 2) = v 3,1 

-1 
SF ( p 3) = V 3,2 

-1 
SF ( P 4) = v 3,4 

Figure 1: An Instance of WPPSG2 and the 
Corresponding Instance of 
UNDIRECTED GRAPH SCHEDULE WITH 
DEADLINE Constructed from it 
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can be obtained by the composition of pairwise interchanges 

corresponding to some subsequence of x1,x2 , ... ,Xm. # 

Theorem 2: DIRECTED GRAPH SCHEDULE restricted to 

acyclic graphs is NP-complete. 

Proof: The membership in NP is straightforward. In a 

directed acyclic graph each pebble can be moved at most n-1 

times, where n is the number of vertices. So the length of 

any schedule is at most nl PI, where Pis the set of 

pebbles. 

We reduce SATISFIABILITY [2] to DIRECTED GRAPH SCHEDULE 

restricted to acyclic graphs. 

Let c1 ,c2 , ... ,Ck be the set of clauses in an arbitrary 

instance of SATISFIABILITY. Let x1 ,x2 , ... ,xm be the set of 

variables that appear in the clauses. Construct a directed 

graph G=(V,A) such that 

V={ai,bi ll<i<K} 

U{vj,vj,yj,zj,zj,wj,wjl l<j~} and 

A={<ai,vj>,<vj,wm>l l<i<K,l<j<m,xjeCi} 

U{<ai,vj>,<vj,wm>l l<i<K,l<j~,xjeCi} 

U{<vj,yj>,<vj,yj>,<yj,zj>,<yj,zj>l l<j<m} 

U{<zj,wm>,<zj,wm>l l<j~} 

U{<wj,wj>l l<j<m} 

U{<wj,wj_1>1 2<j~} 

U{<w1 ,bi>l l<i<K}. 
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The pebbles and their positions at the initial and final 

states s 1 and SF are given as follows: 

pebble position at s1 position at SF 

------------------------------------------------------
Pi a· 

~ b· 
~ 

(1<i<K) 

q· J V• J Z• J (1<j<m) 

.... 
q· J V• J Z• J (l<j<m) 

r· J Z· J W• J (l<j<m) 

.... 
(l<j<m) r· Z• W• J J J 

Notice that G is acyclic. It is easy to see that the 

construction can be done in polynomial time. An example of 

the construction is shown in Figure 2. 

Suppose that there is a truth assignment that makes all 

clauses Ci true. Then there exists a schedule from s 1 to SF 

consisting of the following four stages: 

(1) For each j, 1<j<m, move pebble qj from vj to Yj if 

xj=true, and move pebble qj from vj to Yj if xj= 

false. 

(2) For each i, l<i<K, move pebble Pi from ai to any of 

the vertices vj (or vj) such that xjeci and xj= 

true (or xjeci and xj=false), and then to vertex 

bi through vertices wm,wm, ... ,w1 and w1 . 
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SATISFIABILITY INSTANCE 

K = 3, m = 4 

c, = ( x, v X 2 v X 3 ) 

<; = ( x, v X 3 v X 4 ) 

c3 = ( ~ v x 3 v x 4 ) 

DIRECTED GRAPH SCHEDULE INSTANCE (only the graph is shown). 

Figure 2: An Instance of SATISFIABILITY and the 
Corresponding Instance of DIRECTED 
GRAPH SCHEDULE Constructed from it 
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(3) Move pebbles r 1 ,r1 , ... ,rm,rm from z 1 ,z1 , ... ,zm,zm 

to wl,wl, ... ,wm,wm, respectively, in this order. 

(4) For each j, l<j<m, move the pebble (qj or qj) on 

vertex Yj to its final position (zj or zj), and 

then move the other of q· and q· to its final 
J J 

position through Yj . 

Now we show the converse. It is not difficult to see 

that, until all pebbles Pi' l<i<K, have been moved from ai 

toward bi through wm, none of pebbles rj and rj, l<j~, can 

be moved to the subgraph starting at wm, and hence vertices 

zj and zj remain occupied by rj and rj, respectively. Since 

pebbles qj and qj on vertices vj and vj cannot be moved to 

vertex wm, we observe that, for each j, l<j<m, exactly one 

of V• 
J 

and V• 
J 

can be made unoccupied (by moving pebble q· J 
or 

q· J 
to Yi) while vertices Z• 

J and zj are still occupied by 

pebbles r· J 
and rj. Therefore, if there exists a schedule 

from SI to Sp, then it must be possible to move exactly one 

of qj and qj to Yj' for each l<j<m, so that each vertex ai, 

l<i<K, is connected to at least one of vj and vj which has 

been made occupied. Clearly, the truth assignment such that 

xj=true iff qj is moved to Yj satisfies all clauses c1 , ... , 

DIRECTED GRAPH SCHEDULE can be solved in polynomial 

time if a given graph is a directed tree. Here, a directed 
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tree is a tree whose edges are directed. It is easy to see 

that, for a directed tree G, a set of pebbles P, and initial 

and final states Sr and SF, Sr~ SF iff (1) for each peP, 

there is a directed path from Sr-1(p) to Sp-l(p), and (2) 

for every pair of pebbles p and qeP, the directed path from 

Sr-1 <p) to sF-1 (p) is not contained in the directed path 

from Sr-1 (q) to SF-1 (q). Therefore whether Sr~ SF holds 

can be decided in O(n2) time. Also, if Sr~ SF, then a 

schedule of length O(dl PI) can be obtained in O(n2 > time, 

where d is the length of a longest directed path in G. 
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CHAPTER 4 

SINGLE-PEBBLE REACHABILITY IN TREES 

In this chapter, we show that a schedule for moving a 

given pebble to a specified vertex in a tree can be obtained 

efficiently. In the following, G=(V,E) is an n-vertex tree, 

and P is a set of pebbles. 

4.1. Reachability of a Single Pebble 

For a path v 1 ,v2 , ... ,vJ, J>1, in G, [v1 ,vJ] and (v1 ,vJ) 

denote graphs which are paths v 1 , ... ,vJ and v 2 , ... ,vJ_1 in 

G, respectively. [v1 ,vJ) and (v1 ,vJ] denote graphs which are 

paths v 1 , ... ,vJ_1 and v 2 , ... ,vJ in G, respectively. A vertex 

with degree (i.e., the number of adjacent edges) at least 

three is called an intersection vertex. 

For any two graphs G1=<V1 ,E1 ) and G2=(V2,E2), G1-G2 is 

the graph with vertex set (V1-v2 > and edge set (E 1n ((V1-V2) 

x (V1-v2 ))), and G1UG2 is the graph with vertex set (V1Uv2 ) 

and edge set (E 1UE2). 

For a subgraph G' of G, we say that G' is fully 

occupied (or fully unoccupied) at a state f iff every vertex 

in G' is occupied by a pebble (or unoccupied) at f. 

we say that a pebble peP can reach a vertex vev 

starting from a state f iff there exists a state g such that 
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(1) f ~ g and 

(2) g(v)=p (i.e., p occupies vat g). 

Let v be a vertex with degree at least two. We say that peP 

can go through v starting from f iff 

(1) there exist a state g and a vertex u adjacent to v 

such that f ~ g and g (u) =p (i.e., p can reach some 

vertex u adjacent to v starting from f), and 

(2) p can reach some vertex ~u adjacent to v starting 

from g. 

Note that "p can go through v starting from f" is well

defined even if p itself occupies vat f. 

Lemma 1: Let v 1 ,v2 , ... ,vJ, J>2, be a path in G such 

that none of v 2 , ... ,vJ_1 is an intersection vertex. Let Gv
1 

(or Gv~) be the maximal subtree of G rooted at v 1 (or vJ) 

not containing v 2 (or vJ_ 1 ) . Let f be a state at which G

[v1,vJ] is fully occupied (see Figure 3). Then, starting 

from f, (1) no pebble in Gv
1 

U[v1 ,vJ] can go through vJ, and 

(2) no pebble in Gv
1

U [v1 ,vJ] can go through v 1 . 

Proof: By an elementary argument concerning the 

movement of the pebbles. # 

Lemma 2: If a pebble p can go through an intersection 

vertex I starting from a state f, then for any vertices u 1 

and u 2 incident on I, there exist~ a state g such that 

17 



• • • 

occupied 

fully 

Figure 3: Illustration for Lemma 1 
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(1) f ~ g, and 

(2) g(u1)=p, g(u2)=~ and g(I)=~ (see Figure 4(c)). 

Proof: Let x and y be distinct vertices adjacent to I 

(it may be the case that x or y coincides with u 1 or u2) 

such that p first reaches x, and then p reaches y through I. 

Let a=~·{<x,I>}·y{<I,y>} be a serial schedule for achieving 

this, i.e., 

(1) f~ g 1 , g 1 (x)=p and g1 (I)=~, 

( 2) g1 W-<x, I>} g2 and g2 (I) =p' 

(3) g2 ~ g3, g3 (y) =<1>, g3 (I) =p, and p continues to 

occupy I when y is executed, and 

(4) g3~I,y>} g4 and g4(y)=p. 

(Without loss of generality we need only to consider a 

serial schedule, since a tree has no circuit.) Vertex x may 

or may not be occupied at g 4 (see Figure 4(a)). Since p 

continues to occupy I while g3 is reached from g 2 , a' = ~·y' · 

{<x,I>} ·{<I,y>} is also a valid schedule from f, where Y' is 

a subsequence of y consisting of those moves which are 

needed for making y unoccupied. If we let gs be the state 

reached from f by~~·, then we have gs(x)=p, gs(I)=~ and 

g5 (y)=~ (see Figure 4(b)). Let g be the state obtained from 

g
5 

by moving p and the pebbles occupying u1 and u 2 as 

follows (see Figure 4 (b), (c)) : 

(1) Move the pebble g 5 (u1 ) occupying u 1 toy through I. 
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(a) State g
4 

(b) State g
5 

(c) State g 

Figure 4: States g 4 , g5 , and gin the Proof of Lemma 2 



(2} Move p from x to u 1 through I. 

(3} Move the pebble g 5 (u 2} occupying u 2 to x through I. 

Clearly, g is a desired state. # 

A straightforward corollary of Lemma 2 is that if a 

pebble p can go through an intersection vertex I, then p can 

reach any vertex adjacent to I. 

As will be seen in Lemma 4, finding an intersection 

vertex that p can go through can be crucial 1n deciding 

whether p can reach a given vertex. We have: 

Lemma 3: Whether there exists an intersection vertex 

which a pebble p can go through starting from a state f can 

be decide in O(n} time, and one of such intersection 

vertices which p can go through, if they exist, can be found 

in O(n} time. 

Proof: Let u 1 , ... ,uD be the vertices adjacent to 

f-l(p}. For each i, l<i<D, let Gu. be the maximal subtree of 
1 

G rooted at ui and not containing f- 1 (p} (see Figure 5}. Let 

J· be the intersection vertex in Gu. closest to f- 1 (p} and 
l 1 

let Mi be the number of vertices in (f-l(p},Ji] (let Mi=~ 

if Gui contains no intersection vertex}. Finally, let Ti be 

the number of unoccupied vertices in Gui at f. 

case 1: f-l(p} is not an intersection vertex. Suppose 

that the degree of f- 1 (p} is two, and let v 1 and v 2 be the 
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Figure 5: Illustration for the Proof of Lemma 3 
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vertices adjacent to f-1 (p) (see Figure 6). Clearly, if p 

can go through an intersection vertex, then p must be able 

to go through J 1 or J 2 . If T 1~M1 +1 or T2~2 +1, then p can go 

through J1 or J 2 . Assume that T1<M1 +1 and T2<M2 +1. By moving 

the pebbles (other than p) "away" from the position f-l(p) 

of p, we can reach a state g such that, at g, for some path 

(1) v1, ... ,vJ is fully unoccupied except that g(vi)=p 

where vi =f-1 (p), 

(2) G-[v1 ,vJ] is fully occupied, and 

(3) none of v2, ... ,vJ_1 is an intersection vertex (this 

is because T1<M1 +1 and T2<M2 +1). 

Since p can go through neither v 1 nor vJ by Lemma 1, p can 

go through neither J 1 nor J 2 . Therefore, p can go through an 

intersection vertex iff T1>M1 +1 or T2>M2+1. If u 1 is the 

only vertex adjacent to f- 1 (p), then by a similar argument, 

we can show that p can go through J 1 iff T 1~1 +1. (end of 

Case 1) 

Case 2: f-1(p) is an intersection vertex. If at least 

two of T1 , ... ,T0 are nonzero, then clearly p can reach at 

least two of the vertices adjacent to f- 1 (p). Thus p can go 

through the intersection vertex f- 1 (p) starting from f. 

Suppose that exactly one of T1, ... ,T0 , say T1 , is nonzero. 

If T
1

>M1 +1, then p can go through J1 starting from f. If 
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There are T2 
unoccupied vertices M1 + 1 vertices 

There are T1 
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Figure 6: Pebble p Occupies a 
Non-intersection Vertex 
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T1<M1+l, then again by using Lemma 1, we can show that p can 

go through neither J 1 , ... ,J0 nor f-l(p). Finally, if Ti=O 

for each i, l<i<o, then clearly p cannot go through any 

intersection vertex. Thus we conclude that p can go through 

an intersection vertex starting from f iff at least two of 

T1, ... ,T0 are nonzero, or Ti>Mi+l for some i, l~i<D. (end of 

Case 2) 

By using a standard search technique (e.g., depth-first

search), in O(n) time we can obtain all of M1 , ... ,M0 and 

T1 , ... ,T0 , and find out if these values satisfy the 

conditions given above. # 

Lemma 4: A pebble p can reach a vertex v starting from 

a state f iff one of the following two conditions holds. 

(1) Tv>L. Here, Tv is the number of unoccupied vertices 

in Gv, where Gv is the maximal subtree of G 

containing v and not containing f- 1 (p), and Lis 

the number of vertices in (f-1 (p),v] (see Figure 

7) • 

(2) There exist intersection vertices r 1 , ... ,IK, IK~' 

such that (see Figure 8(a), (b)): 

(a) r 1 is any intersection vertex which p can go 

through starting from f, obtained by the method 

given in proof of Lemma 3, 



Gv 

There are Tv 

unoccupied vertices 

Figure 7: Illustration for the First 
Condition of Lemma 4 
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(a) 
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(b) 
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• • • I K )...t 
LK_

1
vertices •. ·~ 
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~ ~ 
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Figure 8: Illustration for the Second Condition of Lemma 4 



(b) I2, · .. ,IK are the intersection vertices that 

appear in this order in the path from r 1 to v, 

and 

(c) T~ax(L 1 +1, ... ,LK_1+1,LK), where Li is the 

number of vertices in [Ii,Ii+1 ], 1<i<K-1, and 

LK is the number of vertices in [IK,v]. T=n-

1 PI is the total number of unoccupied vertices 

in G. 

Proof: (if) If T~L, then (f-1(p),v] can be made fully 

unoccupied, without moving p from its position f-1(p). Then 

p can be moved from f-l(p) to v. 

Suppose that the second condition holds. For each i, 

l<i<K, let ui be an arbitrary vertex adjacent to Ii but not 

in [I 1 ,v] or [f-1 (p) ,v] (see Figure 8 (a), (b)). Let Gu. be 
l 

the maximal subtree of G rooted at ui but not containing Ii, 

l<i<K. Let w~1 be any vertex adjacent to r 1 but not in 

[I 1 ,v]. Let Lobe the number of vertices in (f-1 (p),I 1 ]. 

Pebble p can be moved to v, as shown below (see Figure 9) . 

(1) Since p can go through r 1 , by Lemma 2 there exists 

a state f 1 reachable from f such that f 1 (I)=$, 

f 1 (u 1 )=$ and f 1 (w)=p. Note that (f- 1 (p),w] contains 

at most Lo+1 vertices. 
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state f1 . . . . .. 

state g
1 . . . 

L1 + 1 unoccupied vertices 

state g 2 

~ 

Figure 9: Moving Pebble p to Vertex v 
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state gi 

state gk 

state g K+l 
. . . ... 

Figure 9: (continued) 



(2) Move as many pebbles as possible out of (w,v] 

without moving p. Let f 2 be the resulting state. 

Note that f 2 (w)=p. 

(3) Make both r 1 and u 1 unoccupied by moving only those 

pebbles in [I 1 ,v] and u 1 . This is possible since r 1 

and ul were unoccupied at f 1 . Then move p from w to 

ul, and let g 1 be the resulting state. Note that 

gl(ul)=p. If [I 1 ,v] is fully unoccupied at g 1 , then 

p can be moved from u 1 to v. Assume in the 

following that [I 1 ,v] is not fully unoccupied at 

g 1 . Then Ga-[I 1 ,v] is fully occupied, where Ga is 

the maximal subtree of G rooted at r 1 not 

containing w. 

(4) Make [I 1 ,u2 ] fully unoccupied by moving only those 

pebbles in (G-Ga)U[r 1 ,vJU{u2 }. This is possible 

(5) 

since at gl all T unoccupied vertices are in 

(G-Ga)U[I 1 ,v] and T>L1+1. Then move p from u 1 to 

u2. Let g2 be the resulting state. 

Repeatedly do the following for i=2, ... ,K-l: Make 

[Ii,ui+l] fully unoccupied by moving only those 

pebbles in (G-Ga)U[r 1 ,v]U{ui+l}. This is possible 

since all T unoccupied vertices are in (G-Ga>U 

(I 1 ,v] and T>Li+l. Then move p from ui to ui+l· Let 

gi+l be the resulting state. 
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(6) Make [IK,v] fully unoccupied by moving only those 

pebbles in (G-Ga)U[r 1 ,v]. This is possible since 

all T unoccupied vertices are in (G-Ga)U [I 1 ,v] and 

T>LK. Then move p from uK to v. At the resulting 

state gK+ 1 , p occupies v. 

(only if) Suppose that conditions (1) and (2) are both 

false. Assume that p cannot go through any intersection 

vertex starting from f. Then by moving the pebbles (other 

than p) "away" from the position f-1(p) of p, we can reach 

another state g such that, at g, for some path v 1 ,v2 , ... ,vJ, 

(1) v 1 , ... ,vJ is fully unoccupied except that g(vi)=p 

where vi =f-1 (p), 

(2) G-[v1 ,vJ] is fully occupied, and 

(3) none of v2, ... ,vJ_1 is an intersection vertex 

(since otherwise, p can go through an intersection 

vertex) . 

Since Tv<L, vis in Gv
1
-v1 or Gvj-vJ (Gv

1 
and GVj are 

defined in Lemma 1) . Then, since by Lemma 1 p can go through 

neither v 1 nor vJ starting from g, p cannot reach v starting 

from g (and hence starting from f either, since f~ g iff 

g l* t- f) . 

Now assume that p can go through at least one 

intersection vertex starting from f, and let I1, ... ,IK and 

L1 , ... ,LK be as defined in condition (2). Let w be a vertex 

adjacent to r 1 not in [I 1 ,v]. Since p can go through r 1 
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starting from f, by Lemma 2, there exists a state f' 

reachable from f such that f' (w)=p. Assume that T<Li+1 for 

some i, 1<i<K-1, where Li is the number of vertices in 

[Ii,Ii+1]. Let Gb (or Gc) be the maximal subtree of G rooted 

at Ii (or Ii+l) not containing any vertex in (Ii, Ii+1 ] (or 

[Ii,Ii+l)). Since T<Li+1, by moving as many pebbles as 

possible out of the path [Ii,Ii+1 ], we can reach a state g 

from f' such that, at g, G-[Ii,Ii+1 ] is fully occupied, pis 

in Gb, and vis in Gc. Since no vertex in (Ii,Ii+1 ) is an 

intersection vertex, by Lemma 1 p cannot go through Ii+1 

starting from g. Therefore p cannot reach v starting from g 

(and hence starting from f either, since f ~ g iff g ~ f) . 

If T<LK, by an argument similar to the one used above, we 

can show that p cannot reach v starting from f. # 

Remark: Frcm the (if) part of the proof of Lemma 4, 

it is not difficult to see the following. Let G' be the 

maximal subtree of G containing v but not containing 

intersection vertex IK (see Figure 10) . If p can go through 

IK and reach uK adjacent to IK starting from a state f, then 

p can reach uK without moving the pebbles in G', starting 

from a state g such that (1) f~ g, (2) G' is fully 

occupied at g, and (3) p is in G-G' at g. This observation 

will be used in the proof of Lemma 6. 
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keep this subtree 
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Figure 10: Illustration for Remark 
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Condition (1) of Lemma 4 can be tested in O(n} time 

by depth-first-search on a tree, where n is the number of 

vertices in tree G. To test if condition (2} is satisfied, 

first we find r 1 in O(n) time by Lemma 3. Once an 

intersection vertex r 1 that p can go through starting from f 

has been found, all intersection vertices r 2 , ... ,IK between 

I1 and v, together with the distance L1 , ... ,LK-l between 

them and LK, can be obtained in O(n) time. Therefore we 

have: 

Theorem 3: Whether a pebble can reach a vertex v 

starting from a state f can be decided in O(n) time. # 

4.2. Schedules for Moving a Single Pebble 

Lemma 5 is used to prove Theorem 4. 

Lemma 5: For a state f of G and a path v 1 ,v2, ... ,vL 

containing L vertices, we can obtain, in O(nL) time, a 

schedule of length at most L for moving as many pebbles as 

possible out of [v1 ,vL]. Furthermore, the state reached by 

the schedule can be obtained in O(nL) time. 

Proof: The theorem is proved by induction on L. The 

claim holds for L=l, since a single vertex v 1 can be made 

unoccupied by the schedule {<vl,ul>,<ul,u2>, ·· .,<uk-l,uk>} 

of length one for moving the pebbles in the path v 1 ,u1 ,u2 , 
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·· .,uk-1 toward uk, where v 1 ,u1 ,u2 , ... ,uk_ 1 ,uk is a path in 

G such that f(ui)~~, 1<i~k-1, and f(uk)=~. Clearly such a 

schedule and the resulting state can be obtained in O(n) 

time. 

Assume that, for some L>1, the claim holds for all 

paths containing less than L vertices. Let v 1 ,v2 , ... ,vL be a 

path containing L vertices. For each vj, 1<j~L, let Fj= 

Gj-vj, where Gj is the maximal subtree of G rooted at vj not 

containing any vi~vj (see Figure 11). Note that Fj is a 

forest in general. Let Tj be the number of unoccupied 

vertices in F· at f. Note that T·=O iff F· is the empty 
J J J 

graph or Fj is fully occupied. In the following, #[vi,vj] 

denotes the number of pebbles in [vi,vj] at f. In 

particular, #[v· v·]=l iff v· is occupied at f. 1 1 1 1 

If T1 + ... +TL<#[v1 ,vL], then [v1 ,vL] cannot be made 

fully unoccupied. In this case, we move as many pebbles as 

possible out of [v1 ,vL_1 J. By the inductive hypothesis, we 

can obtain, in O(n(L-1)) time, a schedule a of length at 

most L-1 for achieving this. It is not difficult to see that 

the total time needed to obtain a, including the time for 

computing T1 , ... ,TL and #(v1 ,vL], is O(n(L-l))+O(n)=O{nL). 

By the inductive hypothesis, the state reached from f by a 

can be obtained in O(n(L-1))+0(n)=O(nL) time. 

In the following we assume that T1+ ... +TL>#[v1 ,vL], 

i.e., [v1 , vL] can be made fully unoccupied. 
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Figure 11: Fj and Gj in the Proof of Lemma 5 
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Case 1: T1<#[v1 ,v1 ] (i.e., T1=o and v 1 is occupied). 

Since Tl+ ... +TL>#[v1 ,vL] at f, path [v1 ,vL] can be made 

fully unoccupied within subtree G-F 1 , i.e., without moving 

any pebble in F 1 nor moving any pebble into F1 . Therefore, 

[vl,vL] can be made fully unoccupied by first (stage 1) 

making v 1 unoccupied by moving the pebble occupying v 1 into 

G-Gl, and then (stage 2) making [v2 ,vL] fully unoccupied 

within subtree G-G1 . Stage 1 can be achieved by a schedule 

a 1={<v1 ,v2 >,<v2 ,u0>,<u 0 ,u1>, ... ,<uk_1 ,uk>} of length one, 

where v 1 ,v2,u0 ,u1 , ... ,uk_1 ,uk is a shortest path from v 1 to 

an unoccupied vertex uk in subtree G-G1 . Clearly such a 

schedule a1 and the state g reached from f by a1can be 

obtained in O(n) time. By the inductive hypothesis, a 

schedule a 2 of length at most L-1 for achieving stage 2 can 

be obtained in O(n(L-1)) time. Then ~=a1 ·a2 is a schedule of 

length at most L for making [v1 ,vL] fully unoccupied. 

Schedule p can be obtained in O(n)+O(n(L-l))=O(nL) time. By 

the inductive hypothesis, the state reached from f by P can 

be obtained in O(n)+O(n(L-l))=O(nL) time. (end of Case 1) 

Case 2: TL<#[vL,vL]. This case is similar to Case 1. 

Case 3: T1>#[v1 ,v1 ] and TL>#[vL,vL]. First we show that 

there exists some k, l<k<L, such that 

( 1 ) 
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and 

(2) 

If T1+ ... +TL-1>#[v1 ,vL_1 ], then (1) and (2) hold for k=L, 

since TL>#[vL,vL]. Now assume that T1+ ... +TL_ 1<#[v1 ,vL-1], 

and let k<L be the smallest value such that 

(3) 

Since T1>#[v1 ,v1 ], such k must satisfy k>1. Since k is the 

smallest value for which (3) holds, we have 

Tk+ ... +TL- (Tl+ ... +TL)-(T1+ ... +Tk-1) 

> #[v1,vL] - #[v1,vk-1] 

- #[vk,vL]. 

Then (1) and (2) follow from (5) and (6). 

( 4 ) 

(5) 

(6) 
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(1) implies that [v1 ,vk_ 1 ] can be made fully unoccupied 

within subtree G-{GkU ... UGL), and hence by the inductive 

hypothesis, a schedule a 1=s 1 s 2 ... sL of length L 1~k-1 for 

achieving this can be obtained in O(n(k-1)) time. Similarly, 

(2) implies that [vk,vL] can be made fully unoccupied within 

subtree G-{G1U ... UGk_ 1), and hence by the inductive 

hypothesis, a schedule a 2=t 1t 2 ... tL of length L2<L-k+1 for 

achieving this can be obtained in O{n{L-k+1)) time. Then 

~=a1a2 is a schedule of length at most L for making [v1 ,vL] 

fully unoccupied. (In fact, since a 1 and a 2 are 

independent, there exists a schedule of length max{L 1 ,L2 ) 

for making [v1 ,vL] fully unoccupied.) It is not difficult to 

see that the total time needed to obtain~ is O{nL 1 )+0{nL2 )+ 

O(n)=O{nL). By the inductive hypothesis, the time needed to 

obtain the state reached from f by~ is also O{nL 1 )+0{nL2)+ 

O{n)=O{nL). (end of Case 3) # 

Theorem 4: If a pebble p can reach a vertex v starting 

from a state f, then {1) a schedule of length O(d) for 

moving p to v and {2) the state reached from f by the 

schedule can be obtained in O(n·d) time, where d is the 

diameter of G. {The diameter of G is the length of a longest 

simple path G.) 

Proof: We use the symbols introduced in Lemma 4 and 

its proof. 
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If T~L, then by Lemma 5, a schedule o of length O(L) 

for making (f-1 (p),v] fully unoccupied and then moving p 

from f-l(p) to v can be obtained in O(nL) time. The state g 

reached from f by 0 can also be obtained in O(nL) time. 

Since L<d, Oand g can be obtained in O(n·d) time. 

Suppose that the second condition of Lemma 4 holds. Let 

f1,f2,g1, · .. ,gK,gK+1 be the states defined in the proof of 

Lemma 4. By Lemma 5, there are schedules ~ 1 ,~ 2 ,~3 ,a1 , ... ,aK 

such that 

(1) f ~1 f1, f1 ~2 f2, f2 ~3 gl, 

( 2 ) I a· 1< · < g i 1-l g i+1' _l_K, 

(3) the length of ~ 1 is O(Lo+1), since (f-1(p),w] 

contains at most L0+1 vertices, 

(w,v] contains L1+L2 + ... +LK-K+1 vertices, 

(5) the length of ~3 is 0(1), 

(6) the length of ai, 1<i<K-1, is O(Li+1), since 

[Ii,ui+1 ] contains Li+1 vertices, and 

(7) the length of aK is O(LK), since [IK,v] contains 

Lk vertices. 
. o = p1 ·p2 ·p3 ·a1 · ... ·aK is a schedule for mov1ng p to v. The 

length of 0 is O(Lo+1) + O(L 1+ ... +LK-K+1) + 0(1) + O(L1+1) + 

... +O(LK_ 1+1) + O(LK) - O(Lo) + O(L) + O(K) = O(d). The 

time needed to obtain o and gK+l is O(n·d) by Lemma 5. # 
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CHAPTER 5 

POLYNOMIAL TIME ALGORITHMS FOR TREES 

UNDIRECTED GRAPH SCHEDULE has been open for graphs that 

are not biconnected [5,13]. We present efficient algorithms 

for trees. 

5.1. General Case 

The main result in this subsection is the following 

theorem. 

Theorem 5: If G is an n-vertex tree with diameter d, 

then UNDIRECTED GRAPH SCHEDULE can be solved in O(n2) time, 

and a schedule of length O(n·d) can be obtained in O(n2 ·d) 

time if there exists one. # 

We need a number of preliminary results to prove 

Theorem 5. 

Recall that a vertex with degree at least three is 

called an intersection vertex. For an intersection vertex I 

and pebbles p and q, we say that p and q can occupy the 

intersection at I starting from a state f iff there exists a 

state g and three distinct vertices u1,u2,u3 adjacent to I 

such that: 
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(1) f ~ g and 

(2) g(I)=<f>, g(u1 )=<j>, g(u2 }=p and g(u3 )=q. (That is, p 

and q occupy two vertices adjacent to I, and I and 

another vertex adjacent to I are both unoccupied. 

See Figure 12(a) .) 

Lemma 6: If pebbles p and q can go through an 

intersection vertex I starting from a state f, then p and q 

can occupy the intersection at I starting from f. 

Proof: Let u 1 ,u2 ,u3 be three vertices adjacent to I. 

Let Gu
1

, Gu
2 

and Gu
3 

be the maximal subtrees of G rooted at 

u1, u2 and u3, respectively, not containing I (see Figure 

13) . Since p can go through I starting from f, by Lemma 2, a 

state h 1 is reachable from f such that h 1 (I)=<j>, h 1 (u 1 >=<!>, 

h 1 (u2 )=p, and q is in Gu
3 

at h 1 (see Figure 13). Assume that 

h 1 (u3 )*q, since otherwise, at h 1 , p and q are occupying the 

intersection at I. Now, move as many pebbles as possible out 

of (h1-1(q),u 1 ] without moving p nor q. Let h 2 be a 

resulting state such that h2(I)=<j> and h2(u 1 >=<t> (such h 2 

always exists). If (h2 - 1 (q),u1 J is fully unoccupied at h 2 , 

then q can be moved to u 3 , and hence p and q can occupy the 

intersection at I. If (h2 - 1 (q),u 1 J is not fully unoccupied 

at h 2 , then by moving p from u2 to u1, Gu 1 can be made 

fully occupied. Let the resulting state be h3. Since q can 

go through I starting from f (and hence from h 3 ), by Lemma 2 
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(a) State g 

(b) State g' 

Figure 12: States g and g' in the 
Proof of Lemma 6 
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h 1 (q) 

State h1 

Figure 13: State h 1 in the 
Proof of Lemma 6 
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q can reach u2 starting from h 3 . Then, as was stated in the 

remark following the proof of Lemma 4, q can reach u2 

starting from h 3 without moving any pebbles in Gu
1 

. Clearly 

we can make r 1 and u 3 unoccupied when q has reached u 2 . At 

the resulting state, p and q are occupying the intersection 

at I. # 

We say that pebbles p and q can be interchanged without 

changing the position of any other pebble, denoted p ~ q, 

starting from a state f iff there exists a state g such that 

(1) f ~ g and 

(2) f- 1 (p) = g- 1 (q), f- 1 (q) = g- 1 (p) and f-l(r) -

g-l(r) for every reP such that r~ and r~q. 

Lemma 7: If pebbles p and q can occupy the 

intersection at an intersection vertex starting from a state 

f, then p ~ q starting from f. 

Proof: Let I be an intersection vertex. Let g be a 

state such that f~ g and p and q are occupying the 

intersection at I at g, i.e., for three distinct vertices 

u 1 , u 2 and u 3 adjacent to I we have g(I)=~, g(u 1 )=~, 

g(u2 )=p and g(u3 )=q. Let a be a schedule from f to g. Let 

g' be the state obtained from g by moving p and q as follows 

(see Figure 12 (a), (b)) : 
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( 1) Move p from u2 to u1 through I. 

(2) Move q from u3 to u2 through I . 

(3) Move p from u1 to u3 through I. 

Note that g' . 
identical that the positions of l.S to g except 

P and q are interchanged. Then, by applying the "reverse" 

schedule a-1 of a tog', we reach a state h which is 

identical to f except that the positions of p and q are 

interchanged, i.e., h-l(p)=f-l(q), h-1(q)=f-1(p) and h-1(r)= 

f- 1 (r) for all reP such that r~ and r:;t:q. Since flag, 
-1 

g ~ g' and g' I a h, we have f ~ h. # 

Let e= { u, v} e E be an edge of G. Let Gu (or Gv) be 

the maximal subtree of G rooted at u (or v) not containing v 

(or u) . Let SF be a given final state. Pebbles p and q are 

said to conflict at a state f with respect to edge e iff 

( 1) f-1(p) is in Gu and sF-1(p) is in Gv, and 

(2) f-1 (q) is in Gv and sF-1(q) is in Gu. 

If p and q conflict at f with respect to e and f~ SF, then 

p and q must pass through e in opposite directions (see 

Figure 14). 

Lemma 8: If pebbles p and q conflict at a state f 

with respect to an edge and f~ SF, then P ~ q starting 

from f. 
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Proof: Suppose that p and q conflict at f with respect 

to e={u,v}. Let Gu and Gv be as defined above. Since p and q 

must pass through e in opposite directions, there must be a 

state g such that f ~ g, g ~ SF, and one of the following 

cases hold (see Figure 15): 

Case 1 : (1) g-1 (p) and g-1 (q) are in Gu, 

(2) g-1(p) is not on the path between g-1 ( q) 

and u, and 

(3) g-1 (q) is not on the path between g-1 (p) 

and u. 

Case 2: ( 1) g-1(p) and g-1 (q) are in Gv, 

(2) g-1(p) is not on the path between g-1 ( q) 

and v, and 

(3) g-1(q) is not on the path between g-1(p) 

and v. 

In Case 1, there exists an intersection vertex I in Gu which 

(1) q has already gone through (since f~ g), and (2) p can 

go through starting from g (since g~ SF). Then by Lemmas 

6 and 7, we have p ~ q starting from f. The argument for 

Case 2 is similar. # 

proof of Lemma 8, we can prove the following lemma. Details 

are left to the reader. 
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Case 1 

Case 2 

Figure 15: Illustration for the 
Proof of Lemma 8 
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Lemma 9: If p ~ q starting from a state f, then p and 

q can go through a common intersection vertex starting from 

f. # 

Let s 1 and SF, respectively, be initial and final 

states of G. The following algorithm TREE-SCHEDULE 

determines whether s 1 ~ SF, and obtains a schedule from s 1 

to SF if Sr ~ SF. 

Algorithm TREE-SCHEDULE: 

1 Choose any vertex as the root; 

2 Rename the vertices as 1,2, ... ,n in the order they are 

visited by breadth-first-search starting from the 

root; 

3 for v ~ 1 to n do f (v) ~ s 1 (v) ; { f is the "current" 

state} 

4 a ~ the null sequence A; {a will contain a schedule} 

5 for v ~ n downto 2 do 

6 begin 

7 if SF(v)=~ then 

8 if f(v)*~ then 

9 begin {Find an unoccupied vertex u<v closest to 

v and move the pebbles on the path 

between u and v toward u, so that v 

becomes unoccupied} 

10 Find a shortest path v=uo,u 1 , ... ,uk such 
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11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

that ui<v, 1<i<k, and f(uk)=~; {Such uk 

always exists} 

fori~ 1 to k do f(ui) ~ f(ui-1); 

f (v) ~ <P 

end 

else {SF(v):;t:<p} 

begin 

if f(v)=<P then 

begin {Find an occupied vertex u<v closest to 

v and move the pebble occupying u to 

v} 

Find a shortest path v,u1 , ... ,uk such that 

{Such uk always exists} 

a f- a·{<uk,uk-l>}·{<uk-1,uk-2>}· · · · · 

{ <u1 , v>}; 

f(v) f- f(uk); 

f(uk) f-~ 

end; 

if f(v)~SF(v) then 

begin 

p f- f(v); {pis the pebble occupying v} 
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28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

q +- SF{v); {q is the pebble which should 

occupy v at SF} 

{Interchange p and q without changing the 

position of any other pebble} 

if p ~ q starting from f then 

begin 

By using the method given in the proof 

of Lemma 11, obtain a schedule y of 

length O(n) for achieving the 

interchange of p and q; 

a +- a·y; 

f ( f- 1 ( q) ) ~ p; 

f (v) ~ q 

end 

else 

begin 

print ("There is no schedule."); 

stop 

end 

41 end 

42 end 

43 end; 

44 print {"There is a schedule."); 

45 stop 
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Lemma 10: TREE-SCHEDULE correctly determines whether 

there exists a schedule from Sr to sF. When it terminates at 

line 45, the variable a contains a schedule from Sr to SF. 

Proof: Clearly, TREE-SCHEDULE terminates eventually. At 

the beginning of the loop starting at line 5, f(u) = SF(u) 

holds for all vertices u>v. That is, (1) if f(u)~~, then the 

pebble f(u) occupying u at the current state f has already 

reached its "destination" vertex u, and (2) a vertex u which 

must be unoccupied at the final state SF is already 

unoccupied at f. Furthermore, it is not difficult to see 

that, when an execution of the loop is completed at line 43, 

we have f(v)=SF(v) as well as f(u) = SF(u) for all u>v. 

Since the value of v is decreased by one everytime the loop 

is executed, f=SF holds when TREE-SCHEDULE has terminated at 

line 45. That is, s 1 ~ SF holds, and clearly a is a 

schedule from s 1 to SF. If TREE-SCHEDULE terminates at line 

39, then for pebbles p=f(v) and q=SF(v), p ~ q does not 

hold starting from f. Then, since clearly pebbles p and q 

conflict at f with respect to the edge between v and its 

"parent," by Lemma 8 there is no schedule from f to SF. 

This, together with Sr ~ f (or equivalently f ~ s 1 ), 

implies that there is no schedule from s 1 to SF. # 

In order to evaluate the running time of TREE-SCHEDULE 

and the length of a schedule a it produces, we need the 
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following lemma. Note that n is the number of vertices in G, 

and d is the diameter of G. 

Lemma 11: For pebbles p, q and a state f, whether p ~ 

q holds starting from f can be decided in O(n) time, and if 

P ~ q, then a schedule of length O(d) for achieving the 

interchange can be found in O(n·d) time. 

Proof: By Lemmas 6, 7 and 9, p ~ q starting from f iff 

p and q can go through a common intersection vertex starting 

from f. Clearly, if p ~ q and there exists an intersection 

vertex I in (f-1 (p),f-1 (q)), then both p and q must be able 

to go through I starting from f. If p ~ q and there is no 

intersection vertex in (f-1 (p),f-l(q)), then p and q must be 

able to go through one of the intersection vertices closest 

to f-1(p) or f- 1 (q). Therefore, in order to test if p ~ q, 

we only need to test if p and q can go through one of at 

most two intersection vertices which can be identified in 

O(n) time. Furthermore, to test if p can go through an 

intersection vertex I, if f- 1 (p)*I then by Lemma 2 we only 

need to select an arbitrary vertex u adjacent to I but not 

in [f-l(p),I), and test if p can reach u starting from f. If 

f-1(p)=I, then we first select a vertex ui adjacent to I 

such that the subtree Gui (ui and Gui are defined in the 

proof of Lemma 3) is not fully occupied. Then clearly p can 

reach ui starting from f, and the resulting state g can be 
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found in O(n) time. Then we test if p can reach an arbitrary 

chosen vertex uj~ui adjacent to I starting from g. In 

conclusion, since testing if a pebble can reach a vertex can 

be done in O(n) time by Theorem 3, whether p ~ q starting 

from a given state f can be decided in O(n) time. 

From the proofs of Lemmas 7, 8 and Theorem 4, it is not 

difficult to see that, once an intersection vertex which p 

and q can go through has been identified, a schedule of 

length O(d) for interchanging the positions of p and q by 

using the intersection at I can be obtained in O(n·d) time. 

Details are left to the reader. # 

Lemma 12: The running time of TREE-SCHEDULE is O(n2·d) 

and the length of a schedule a it produces is O(n·d). 

Proof: Lines 1-4 can be executed in O(n) time. The loop 

starting at line 5 is executed n-1 times. Lines 9-14 and 

lines 18-24 can be executed in O(n) time. By Lemma 11, Lines 

29-35 can be executed in O(n·d) time, and the length of a 

is increased by O(d) (at lines 11, 21 and 32) everytime the 

loop is executed. Hence the proof is complete. # 

If we remove lines 4, 11, 21, 31 and 32 that are used 

for obtaining a schedule a, then the running time of TREE

SCHEDULE is reduced to O(n2 ), since by Lemma 11, line 29 can 
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be executed in O(n) time. Theorem 5 follows from this 

observation and Lemmas 10 and 12. 

The following example presents an instance of the 

problem in which d=S(n) and any serial schedule from the 

initial to final states is of length 0(n3). Therefore, (1) 

any schedule is of length 0(n2), and (2) a schedule cannot 

be obtained in less than 0(n3) time. This shows that TREE-

SCHEDULE for obtaining a schedule is optimal with respect to 

time complexity. 

Example 1: Consider the tree shown in Figure 16. The 

number of vertices is n=6m+2, and the diameter is d=6m. 

Suppose that for each i, 1<i<m, the positions of pebbles Pi 

and qi must be interchanged. Then p 1 and q 1 should move to 

the "other side" of pebbles r 1 , ... ,rm, as is shown in Figure 

17. Any serial schedule for achieving this should be of 

length Q(m2), since each ri is moved over Q(m) vertices. 

Furthermore, since there is only one vertex v that can be 

"used" for interchanging the positions of pebbles, this 

Q(m2) time procedure must be repeated serially for each 

pair of Pi and qi, l<i<m. Therefore, any serial schedule for 

this instance is of length Q(m3)=0(n3 ). # 
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Figure 16: Illustration for Example 1 
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Figure 17: Interchanging the Positions of P1 and ql 
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5.2. A Special Case 

In the following we show that a schedule can be 

obtained more efficiently if the number of pebbles is less 

than the number of leaves. A leaf is a vertex with degree 

one. 

Let G=(V,E) be an n-vertex tree with diameter d. For 

simplicity of notation, let V={1,2, ... ,n} and assume that 

1,2, ... ,K are the leaves. Assume that I PI<K. A state f of G 

is said to be in normal form if f(v)=~ for all vertices v> 

I PI, i.e., all pebbles are occupying the first I P I leaves 

at f (see Figure 18). Clearly, since I PI<K, for any state f 

in normal form, there exists at least one unoccupied leaf at 

f. The following algorithm NORMALIZE generates a serial 

schedule of length at most dl PI from a state f to a state 

in normal form in O(nl PI) time. Note that lines 3 and 5 can 

be executed in O(n) time. When the algorithm terminates, the 

variable f represents the state in normal form reached by a. 

Algorithm NORMALIZE: 

{1,2, ... ,K are the leaves; Pis the set of pebbles; 

I P I<K is assumed} 

1 a f- the null sequence A; 

2 for i f- 1 to I P I do 

3 if f(i)=$ and there exists an occupied vertex v>l PI 

then 
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Figure 18: Illustration for the Proof of Theorem 6 
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Figure 18: (continued) 



4 

5 

6 

7 

8 

9 

begin 

Find a shortest path i,u1 ,u2 , ... ,uk such that 

uk> I P I and f {uk) :t4>; 

a f- a· {<uk,uk_1 >} · ... · {<u2 , u 1>} · {<u1 , i>}; {The 

length of a is increased by at most d} 

f{i) ~ f{uk); {Move the pebble occupying uk to i} 

f (uk) f- <P 

end 

Lemma 13: If I PI<K, then for any states f and g of G 

in normal form, there exists a schedule of length O{dl PI) 

fromf to g. Such a schedule can be obtained in O{nl PI) 

time. 

Proof: The following algorithm TRANSFORM produces a 

serial schedule a of length O{dl PI) from f to g. The 

algorithm uses unoccupied leaves for interchanging the 

positions of the pebbles. The running time of TRANSFORM is 

o <n I P I> . 

Algorithm TRANSFORM: 

{1,2, ... ,K are the leaves; Pis the set of pebbles; 

I PI<K is assumed; f and g are states in normal form} 

1 a +- the null sequence A; 

2 for i +- 1 to I P I do 

3 begin 
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4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

if f{i)~ and f{i)~g(i) then {i is occupied by a 

"wrong" pebble} 

begin 

Find a shortest path i,u1 ,u2 , ... ,uk such that 

uk<K and f{uk)=~; {Such uk>i always exists} 

a. f- a.· {<i,u1>} · {u 1 ,u2>} · ... · {<uk_1 ,uk>}; {The 

length of a. is increased by at most d} 

f{uk) f- f{i); {Move the pebble occupying ito 

uk} 

f{i) ~<I> 

end; 

if f{i)=<j> then 

begin 

Find the path i,u1 ,u2 , ... ,uk such that uk<K and 

f(uk)=g(i); {Such uk>i always exists} 

a~ a·{<uk,uk-1>}· ... ·{<u2,u1>}·{<ul,i>}; 

{The length of a is increased by at most d} 

f(i} ~ f(uk); {Move the pebble occupying uk to 

i} 

17 end 

18 end 

# 
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Theorem 6: Let G be ann-vertex tree having K leaves. 

Let d be the diameter of G. Let P be a set of pebbles. If 

I PI <K, then there exists a schedule of length 0 (d I PI) from 

any initial state to any final state, and such a schedule 

can be obtained in 0 (n I P I) time. 

Proof: Let Sr and SF be any states of G. A serial 

schedule from Sr to SF can be obtained as follows (see 

Figure 18) : 

(1) By using NORMALIZE, obtain a serial schedule a and 

a state Fin normal form such that srla F. 

(2) By using NORMALIZE, obtain a serial schedule ~ and 

a state F' in normal form such that SF J! F'. 

(3) By using TRANSFORM, obtain a serial schedule y such 

that F l1. F' . 

Then a·y·p-1, where ~-1 is the "reverse" schedule of ~' is a 

serial schedule of length O(dl PI) from Sr to SF. The time 

needed to obtain it is O(nl PI). # 

Example 2 illustrates an instance in which d=8(n), 

I Pl=8(n), and the length of any schedule is 0(n2 ). This 

shows that the method for obtaining a schedule given above 

is optimal with respect to time complexity. 

Example 2: Figure 19 shows a tree having n=3m vertices, 

2m of which are leaves. The diameter is d=m+l. The number of 
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Figure 19: Illustration for Example 2 

66 

m vertices 



pebbles is 2m-1. Suppose that, for each i, l<i<m-1, the 

positions of Pi and qi should be interchanged. In order to 

achieve this, Pi's and qj's must be moved to the "other 

side" alternatively, since at any moment there is at most 

one unoccupied leaf on each side. Since a pebble must be 

moved over O(m) vertices to reach the other side, any 

schedule for this problem is of length 0(m2)=0(n2 ). # 
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CHAPTER 6 

A DISTRIBUTED ALGORITHM FOR THE SCHEDULING PROBLEM 

WITH THREE ROBOTS 

6.1. Problem Formulation 

The algorithms for the scheduling problem given in the 

previous chapters can be regarded as "centralized 

algorithms," since they generate a schedule which is 

followed by all pebbles in a given graph. In this chapter, 

we assume that the pebbles in a given graph represent 

autonomous robots, and investigate how each robot (which 

does not have complete knowledge about the current and final 

positions of other robots) can generate its own schedule so 

that all robots, or as many robots as possible in case not 

all robots can reach their final positions simultaneously, 

will eventually reach their final positions. We only 

consider the case in which a given graph is a tree and there 

are exactly three robots in the tree. 

Let G be a tree and P={r1 ,r2 ,r3 } be a set of robots. 

Let SI and Sr be initial and final states of G. We consider 

the distributed scheduling problem under the following 

assumptions (Al) through (A6). (Al) and (A2) state our 

assumption on the limited knowledge of the robots. 
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(A1) Initially, each robot rieP knows the topology of 

G, and its initial and final positions SI- 1 (ri) 

and sF-1(ri). 

(A2) Initially, each robot rieP does not have any 

information about other robots. That is, ri does 

n t k P I P I S -1 -1 o now , , I (rj) nor SF (rj) for any 

rjeP-{ri}. 

We say that a subset QfP of robots form a group at a state f 

iff Q is a maximal subset of robots that occupy consecutive 

vertices of G at f. In particular, if there is no robot 

occupying a vertex adjacent to the vertex occupied by robot 

r 1 at f, then {r1 } is a group at f. If r 1 and r 2 are 

occupying adjacent vertices but r 3 is adjacent to neither r 1 

nor r 2 , then {r1 ,r2 } is a group. If there exists no group of 

sizes 1 or 2 at f, then {r1 ,r2 ,r3 } is a group. 

(A3) The robots that belong to the same group can 

communicate with each other and generate a 

schedule that determines the movement of all 

robots in the group. 

(A4), (AS) and (A6) are adopted for simplicity of 

discussion. The argument that follows can easily be modified 
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so that it becomes applicable to the case 1n which (A4), 

(AS) or (A6) does not hold. 

(A4) The robots start executing the algorithm 

(presented in the next subsection) simultaneously. 

(AS) The time needed to find the group to which a robot 

belongs, to generate a schedule, or to test 

whether two schedule are identical is negligible. 

(A6) The robots execute their schedules at the same 

rate and move synchronously. 

(A6) implies that two or more robots may try to move into 

the same vertex simultaneously. To avoid such "collision," 

we assume: 

(A7) There exists a "lower level" mechanism such that, 

if two or more robots try to move into the same 

vertex, then exactly one of them can move into the 

vertex and others stay in their current positions. 

Furthermore, if a robot is forced to stay in its 

current position v by this mechanism, then another 

robot that is planning to move into v will also be 

forced to stay in its current position. 
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6.2. A Distributed Algorithm 

Here we present a distributed algorithm for the 

scheduling problem. 

Each robot ri executes algorithm DISTRIBUTED-SCHEDULE 

given below. Function CURRENT-GROUP(ri) returns the group to 

which ri belongs at the current state. TEST-AND-MOVE(v) lS a 

procedure that invokes the lower level mechanism for 

avoiding collision assumed in (A7). When robot ri executes 

TEST-AND-MOVE(v), if (1) either vertex vis currently 

unoccupied or the robot currently occupying v moves to 

another vertex, and (2) either there is no collision in 

vertex v or there is a collision but r· is selected to move 
l 

to v, then ri occupies v in the next state. Otherwise, rj 

stays in its current position, and the execution of 

algorithm DISTRIBUTED-SCHEDULE continues. When function 

NEW-SCHEDULE(Q) is called, the robots in group Q communicate 

with each other and generate a schedule that determines the 

movement of the robots in Q {how such a schedule is 

generated will be explained below) . The schedule is returned 

as the value of NEW-SCHEDULE(Q), and it becomes the "current 

schedule" a of each robot ri in Q. Lines 5 through 7 of the 

algorithm state that, whenever two or more robots having 

different current schedules form a group Q, the robots in Q 

discard their current schedules and generate a new schedule 

a. Each robot ri in Q moves according to a until (1) the 
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current schedule becomes A or (2} ri belongs to a group 

consisting of robots having different current schedules. 

Algorithm DISTRIBUTED-SCHEDULE 

{By (A4), (AS) and (A6), we assume that lines 1 and 2 

and lines 5 through 14 are executed indivisibly by all 

robots simultaneously.} 

1 Q f- CURRENT-GROUP(ri); 

2 a f- NEW-SCHEDULE(Q}; {a is the current schedule of ri} 

3 repeat forever 

4 begin 

5 Q f- CURRENT-GROUP(ri); 

6 if there exist two robots in Q having different 

7 

8 

9 

10 

11 

12 

13 

current schedules then 

a f- NEW-SCHEDULE(Q); {Generate a new schedule} 

if a~A then {Execute one step of schedule a} 

begin 

sf- head(a); 

a f- tail(a); 

if s contains move <u,v> such that u is the 

current position of ri then 

TEST-AND-MOVE(v) 

14 end 

15 end 
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In the following we illustrate how schedule NEW

SCHEDULE(Q) is generated. Basically, NEW-SCHEDULE{Q) is a 

schedule that moves the maximum possible number of robots in 

Q to their final positions, assuming that there are no other 

robots in G. 

Case 1: Q={ri}. NEW-SCHEDULE(Q) is the schedule that 

moves robot ri from its current position to its final 

position sF-1 (ri) along the shortest path. Such a schedule 

can be generated in O(n) time, where n is the number of 

vertices in G. (end of Case 1) 

Case 2: Q={ri,rj}, ri¢rj. NEW-SCHEDULE(Q) is a 

schedule that moves the maximum possible number of robots in 

Q to their final positions simultaneously, assuming that 

there are no other robots in G, in such a way that, 

informally speaking, ri and rj remain in the same group as 

much as possible. Such a schedule can be generated 

efficiently as described below. Let f be the current state. 

Note that ri and rj are occupying adjacent vertices at f. 

{1) First, we test whether both ri and rj can reach 

their final positions simultaneously. This can be 

done in O(n2) time by using TREE-SCHEDULE given in 

Chapter 5. {Actually it can be done in O{n) time, 

since by Theorem 6 both ri and rj can reach their 

final positions simultaneously if G has at least 

one intersection vertex.) Suppose that both ri and 
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rj can reach their final positions simultaneously. 

Let f- 1 <ri)=u0 ,u1 , ... ,uL=sF-l(ri) (L~O) and 

f - 1 <r·)= s -1< > ( >o J va,vl, ... ,vK= F rj K2) be the 

shortest paths from the current positions of ri and 

rj to their final positions, respectively. Then a= 

{<u0 ,u1>} ... {<uL_1 ,uL>} and P={<v0 ,v1>} ... 

{<vK-l,vK>} are serial schedules for moving robots 

ri and rj from their current positions to their 

final positions, respectively. aand ~ can be 

obtained in O(n) time. If neither 

(a) u 1=vo and v 1=u0 (see Figure 20) nor 

(b) one of a and P is a substring of the other 

(see Figure 21), 

then clearly a and P can be executed "in 

parallel". Thus we let NEW-SCHEDULE(Q) be the 

schedule obtained by "merging" a and p, i.e., 

NEW-SCHEDULE(Q)=s 1s 2 ... sm, where m=max{L,K}, si= 

{<ui_1 ,ui>,<vi_1 ,vi>} for l~i~min{L,K}, and si= 

{<vi_1 ,vi>} for K+l<i<L if K<L, and si={<ui_1 ,ui>} 

for L+l<i<K if K>L. If (a) or (b) given above is 

true, then there must be at least one intersection 

vertex in G (since otherwise, G is a chain and 

robots ri and rj can not change their "relative 

positions"). Let I be an arbitrary intersection 

vertex. Without loss of generality assume that ri 
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Figure 20: a and p Share an Edge in 
the Opposite Directions 
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VK 

···-Q-··· -0-··· 
a 

Figure 21: One of a and Pis a 
Substring of the Other 
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is closer to I than rj at the current state f. Let 

f -1( -r j ) -X Q , X 1 , . . . , xM= I be the shortest path from 

the current position of rj to I. Let u and v be two 

vertices adjacent to xM but not on the path 

[x0 ,xM) (see Figure 22). Then a 1={<x0 ,x1>, 

<xl,x2>}.{<xl,x2>,<x2,x3>}· ... ·{<xM-2,xM-1>, 

<xM-l,xM>} is a schedule for moving rj and ri to 

xM-1 and xM, respectively (see Figure 22). Clearly, 

schedule for "switching" the positions of r· l 
and 

rj. Note that after a 1 ·a2 is executed, ri and rj 

are occupying vertices xM and v, respectively. Also 

note that ri and rj occupy adjacent vertices while 

a 1 ·a2 is executed. Now, let a 3 be the schedule 

obtained by merging the two serial schedules for 

moving ri and rj from xM and v, respectively, to 

sF-1(ri) and Sp-1(rj}, respectively, along the 

shortest paths from xM to Sp-1 (ri} and from v to 

sF-1(rj}, respectively (this construction is the 

same as the one discussed above for the case ln 

which neither (a) nor (b) holds). a3 is a "valid" 

schedule, since after a 1 ·a2 is executed, the 

relative positions of ri and rj has been 

interchanged. Then we let NEW-SCHEDULE(Q)=a1 ·a2· 
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Figure 22: Schedule al for Moving 
ri and rj 
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a 3 . Clearly NEW-SCHEDULE(Q) can be obtained ln 

O(n) time. 

(2) If ri and rj can not reach their final positions 

simultaneously, then we test whether exactly one of 

the robots can reach its final position. This can 

be done in O{n) time by Theorem 3, and a schedule 

for moving one of the robots to its final position, 

if it exists, can be generated in O{n) time as 

described below. Without loss of generality assume 

that ri can reach its final position. Let f be the 

current state. Let f- 1 (ri)=u 0 , ... ,uL=Sp- 1 (ri) (L~O) 

be the path from f-1(ri) to Sp-1(ri). We have the 

following two cases. 

(2.1) f-1(rj) is in the path [uo,uL] (i.e., 

u 1=f-1(rj)) (see Figure 23(a)). Let u' be the 

vertex adjacent to uL but not on the path [uo,uL]. 

{<ul,u2>,<u2,u3>}· ... ·{<uL-l'uL>,<uL,u'>}. 

NEW-SCHEDULE(Q) is a schedule that moves ri and rj 

t o u =S -l(r·) and u', respectively, in such a way 
L F 1. 

that r· and r· will always occupy adjacent 
l. J 

vertices. 

(2.2) f-l(rj) is not in the path [uo,uL] (see 

Figure 23(b)). We let NEW-SCHEDULE(Q) be 

{<f-l(rj),u0>,<u 0 ,u1>}·{<u0,u1>,<u 1 ,u2>}· 
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(a) 

(b) 

NEW-SCHEDULE(Q) .. ... -o-o-~ ... . .. 

NEW-SCHEDULE(Q) .. 
... -<5>-§-- ... -o-o- ... 

i\r·)uo 
J 

Figure 23: A Special Case of 
NEW-SCHEDULE(Q) 
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<uo,u1>}·{<uo,ul>,<u1,u2>}· · · .·{<uL-2,uL-1>, 

<uL-1,uL>}. NEW-SCHEDULE(Q) is a schedule that 

moves ri and rj to uL=SF-1(ri) and uL_ 1 , 

respectively, in such a way that r· and r· will 
l J 

always occupy adjacent vertices. 

(3) If neither ri nor rj can reach its final position, 

then we let NEW-SCHEDULE(Q) be A. (end of Case 2) 

Case 3: Q={r1,r2,r3}. NEW-SCHEDULE(Q) is a schedule 

that moves the maximum possible number of robots in Q to 

their final positions simultaneously. Such a schedule can be 

generated efficiently as described below. 

(1) First, We test whether there is a schedule that 

moves all three robots to their final positions 

simultaneously. This can be done in O(n2 ) time by 

using TREE-SCHEDULE given in Chapter 5. If there lS 

such a schedule, then it can be generated in 

O(n2·d) time by using TREE-SCHEDULE, where dis the 

diameter of G. 

(2) If there is no such schedule, then we test whether 

exactly two robots can reach their final positions 

simultaneously, as described below. Suppose that we 
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wish to test whether r 1 and r2 can reach their 

final positions simultaneously. This can be done by 

repeatedly testing whether r 1 , r2 and r3 can reach 

their final positions simultaneously for var1ous 



"fictious" final positions of r 3 . The total number 

of such fictious final positions of r 3 that must be 

considered is at most three, since 

(a) if the three robots can not reach their final 

positions simultaneously, then by Theorem 6 G 

has at most one intersection vertex, 

(b) by (a), the final positions of r 1 and r 2 devide 

G into at most four connected components, and 

(c) the reachability of the three robots to their 

final positions is not affected by the choice 

of fictious final positions for r 3 that belong 

to the same connected component mentioned in 

(b) . 

Therefore, in O(n2 ) time we can test whether two 

robots can reach their final positions by 

repeatedly using TREE-SCHEDULE, and in O(n 2 ·d) time 

we can generate a schedule that moves two robots to 

their final positions (and the third robot to a 

fictious final position), if it exists. 
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(3) If no pair of robots can rea~h their final 

positions simultaneously, we test whether exactly 

one robot can reach its final position. This can be 

done in O(n) time by Theorem 3, and a schedule for 

moving one robot to its final position, if it 



exists, can be generated ln O(n·d) time by Theorem 

4 . 

(4) Finally, if none of the robots can reach its final 

position, then we let NEW-SCHEDULE(Q) be A. (end of 

Case 3) 

Lemma 14: If a robot does not form a group with any 

other robot when DISTRIBUTED-SCHEDULE is executed, then the 

robot reaches its final position eventually. 

Proof: By Case 1 of the definition of NEW-SCHEDULE(Q) 

the robot moves along the shortest path from its current 

position to its final position and reaches its final 

position eventually. # 

Lemma 15: If (1) a group Q={ri,rj} generates a schedule 

NEW-SCHEDULE(Q) at state f, and (2) ri and rj can reach 

their final positions simultaneously starting from f 

assuming that there are no other robots in G, then NEW

SCHEDULE(Q) satisfies the following condition : There exist 

some o, y and state g such that; 

(1) NEW-SCHEDULE(Q)=O.y, 

(2) f ~ g' 

( 3) r· and r· occupy adjacent vertices at any state 
l J 

reached from f while 0 is executed, 
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(5) the final position sF-1 <ri) of ri is in Gu and the 

final position sF-1 (rj) of rj is in Gv, where Gu 

(or Gv> is the maximal subtree of G containing u 

(or v) but not containing v (or u) (see Figure 24), 

and 

(6) y is the schedule that moves ri from u to 

SF-l(ri) along the shortest path between u and 

-1 1 SF (ri), and rj from v to sF- (rj) along the 

shortest path between v and sF-l(ri). 

(That is, ri and rj remain adjacent until g is reached, and 

starting from g ri and rj move into disjoint subtrees of G.) 

Proof: Let f- 1 (ri)=u0 , ... ,uL=SF- 1 (ri) (L>O) andf-1 (rj) 

=v0 , ... ,vK=SF-1 (rj) (K>O) be the shortest paths from the 

current positions of robots ri and rj to their final 

positions. 

Case 1: Neither (a) u 1=v0 and v 1=u0 , nor (b) one of the 

two paths is a substring of the other. There are three 

subcases. 

(1.1) The two paths u 0 , ... ,uL and vo, ... ,vK have no 

vertex in common (see Figure 25(a)). The 

condition of Lemma 15 is satisfied by letting 

u=uo and v=v0 . 

(1.2) Either uL is one of v 0 , ... ,vK_1 or vK is one of 

uo, ... ,uL-1' If vK=um, O~~L-1 (see Figure 

25(b)), then the condition of Lemma 15 is 
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State g 

Figure 24: Pebbles ri and rj Move 
into Disjoint Suotrees 
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(a) 

(b) 

v u 

-o-

Figure 25: Illustration for the 
Proof of Lemma 14 
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(c) 

(d) 

Figure 25: (continued) 



satisfied by letting u=um+ 1 and v=vK. The other 

case is similar. 

(1.3) The two paths have at least one vertex in common, 

uL is not any of v 0 , ... ,vK-l' and vK is not any 

of uo, ... ,uL-1· Let us=vt be the "last" vertex 

common to the two paths (see Figure 25(c) and 

(d)). The condition of Lemma 15 is satisfied by 

letting u=us+ 1 and v=vt if u 0 is closer to us 

than vo (see Figure 25(c)), and u=us and v=vt+ 1 

if vo is closer to us than u 0 (see Figure 25(d)). 

(end of Case 1) 

Case 2: Condition (a) or (b) stated in Case 1 holds. 

Let NEW-SCHEDULE(Q)=a1 ·a2 ·a3 , where a 1 , a 2 and a 3 are as 

given in Case 2 of the definition of NEW-SCHEDULE(Q). While 

schedule a 1 ·a2 is executed robots ri and rj occupy adjacent 

vertices. Since neither (a) nor (b) stated in Case 1 of this 

proof holds if we let u 0 and v 0 represent the positions of 

ri and rj, respectively, after a 1 ·a2 is executed, this case 

is reduced to Case 1 of this proof. (end of Case 2) # 

Remark : If Q={ri,rj} and ri and rj can not reach their 

final positions simultaneously starting from the current 

state, then by Case 2 of the definition of NEW-SCHEDULE(Q), 

ri and rj remain adjacent while NEW-SCHEDULE(Q) is executed. 
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Lemma 16: If a group Q of size three (Q={r 1 ,r2 ,r3 }) is 

formed when DISTRIBUTED-SCHEDULE is executed by the robots, 

then the maximum possible number of the robots can reach 

their final positions eventually. 

Proof: Once three robots r 1 , r 2 and r 3 form a group 

and generate a new schedule NEW-SCHEDULE(Q), by (AS) and 

(A6) the current schedules of the robots remain identical 

until a new schedule is generated. This implies that no more 

schedules are generated, since a new schedule is generated 

only when robots having different current schedules form a 

group by lines 6 and 7 of DISTRIBUTED-SCHEDULE. Then the 

proof is complete, since by Case 3 of the definition, NEW

SCHEDULE(Q) is a schedule that moves the maximum number of 

robots to their final positions. # 

Theorem 7: If each robot executes DISTRIBUTED-SCHEDULE, 

then a maximum possible number of robots reach their final 

positions eventually. 

Proof: If a group of three robots is formed during the 

execution of DISTRIBUTED-SCHEDULE, then by Lemma 16 the 

maximum possible number of robots can reach their final 

positions eventually. Thus in the following we consider the 

case in which the size of any group formed during the 

execution of DISTRIBUTED-SCHEDULE is at most two. 
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Case 1: No robot forms a group with any other robot. By 

Lemma 14 all robots reach their final positions eventually. 

(end of Case 1) 

Case 2: There is exactly one robot that does not form 

a group with other robots. Without loss of generality assume 

that robot r 1 does not form a group with other robots. By 

Lemma 14 robot r 1 reaches its final position eventually. 

Suppose that at state f the other two robots form a group 

Q={r2,r3}. Then, since r 1 does not form a group with neither 

r2 nor r3, by of the definition of NEW-SCHEDULE(Q) the 

maximum possible number of robots in Q={r2 ,r3 } reach their 

final positions eventually. Since the maximum possible 

number of robots in {r1 ,r2 ,r3 } that can reach their final 

positions simultaneously is at most one more than the 

maximum possible number of robots in Q={r2 ,r3 } that can 

reach their final positions simultaneously, in this case 

actually the maximum possible number of robots in {rl,r2,r3} 

reach their final positions eventually. (end of Case 2) 

Case 3: Every robot forms a group with another robot 

at least once. For any state f and robot ri, we let Gf(ri) 

denote the maximum subtree of G rooted at f- 1 (ri) containing 

sF-l(ri) but not containing any vertex v adjacent to f- 1 (ri) 

other than the one in the path [f-1 (ri),SF-l(ri)] (see 

Figure 26). Let g 1 be the state at which a group Q1 of two 

robots is formed for the first time. Without loss of 
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current position of ri 

final position of ri 

State f 

Figure 26: Subtree Gf{ri) at State f 



generality suppose that Q1={r1 ,r2} (see Figure 27). Since 

(1) by assumption one of r1 and r 2 must form a group with r 3 

at some state reached after state g 1 , and (2) the size of 

any group is at most two, r 1 and r 2 must eventually 

''separate." By the definition of NEW-SCHEDULE(Q1 ) this 

implies that both r 1 and r 2 can reach their final positions 

starting from state g 1 assuming that there are no other 

robots in G. Therefore Lemma 15 applies, and let g 2 be a 

state such that g1 ~ g 2 and r 1 and r 2 separate right after 

gz (see Figure 27) . Without loss of generality suppose that 

r 1 and r 3 form a group a2={r1,r3 } next at a state g 3 such 

that g 2 ~ g3 (see Figure 27) . Since by Lemma 15 r 2 moves 

toward its final position along the shortest path starting 

from state g 2 , at state g 3 the positions of r 1 and r 3 are 

both in G-Gg
3

<rz). If r 2 does not form a group with neither 

r 1 nor r 3 after state g 2 , then by an argument similar to the 

one in Case 2 we conclude that the maximum possible number 

of robots in {r1 ,r2 ,r3 } reach their final positions 

eventually. Suppose that r 2 forms a group Q3 of size two 

with one of r 1 and r 3 after state g 2 . Then by the assumption 

that the size of any group is at most two, rl and r3 must 

eventually separate. By the definition of NEW-SCHEDULE(Q2) 

this implies that both r 1 and r 3 can reach their final 

positions starting from state g 3 assuming that there are no 

other robots in G. Then Lemma 15 applies, and let g4 be a 
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state g 1 

state 

·.. .·. 

. . . ~ . . . 

Figure 27: Illustration for the Proof of Theorem 7 
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state g
4 

state g
5 

state g 
6 

Figure 27: (continued) 



state such that g3 ~ g 4 and r 1 and r 3 separate right after 

g4 (see Figure 27) . Since by Lemma 15 r 2 moves toward its 

final position along the shortest path starting from state 

g2, at state g4 both the current and final positions of r 1 

are in G-Gg
4

(r2). This, together with the fact that r 1 moves 

toward its final position along the shortest path starting 

from g4 by Lemma 15, implies that the only robot that can 

possibly form a group with r 2 after state g 4 is r 3 . Now, let 

gs be the state such that g 4 ~ g 5 and r 2 and r 3 form a 

group Q3={r2,r3 } at state g 5 (see Figure 27). If r 2 and r 3 

remain adjacent at all states reached after state g 5 , then 

by the assumption that the size of any group is at most two, 

r 1 does not form a group with any other robot after state 

g 5 . Therefore by an argument similar to the one in Case 2 we 

conclude that the maximum possible number of robots in 

{r1 ,r2 ,r3 } reach their final positions eventually. Suppose 

that r 2 and r 3 separate after state g 5 . Then again Lemma 15 

applies, and let g 6 be a state such that g5 ~ g6 and r2 and 

r
3 

separate right after state g 6 (see Figure 27) . Since by 

Lemma 15 r 1 moves toward its final position along the 

shortest path starting from g 4 , at state g6 the current and 

final positions of r 2 and r 3 are in G-Gg
6 

(r 1 ) . Since by 

Lemma 15 r2 and r 3 move toward their final positions along 

the shortest paths starting from g 6 , r 1 does not form a 

group with any other robot after state g 6 . Then by an 
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argument similar to the one in Case 2 we conclude that the 

maximum possible number of robots in {r1,r2 ,r3 } reach their 

final positions. (end of Case 3) # 

From the proof of Theorem 7 it is easy to see that ln 

O(d) steps the maximum possible number of robots in 

{rl,r2,r3} reach their final positions. 
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CHAPTER 7 

CONCLUSION 

In this thesis we have investigated a scheduling 

problem on graphs in which a number of pebbles are moved 

from their initial positions to final positions. The problem 

is regarded as an abstract model of motion coordination of 

multiple robots. First, we proved the NP-hardness of 

deciding whether there exists a schedule for the case in 

which (1) schedules must meet a given deadline or (2) a 

given graph is directed. Second, we showed that the decision 

problem and the problem of finding a schedule can be solved 

for n-vertex trees in O(n2 ) time and O(n2·d) time, 

respectively, where d is the diameter of the tree. The 

algorithm we have developed for obtaining a schedule has 

been shown to be optimal with respect to time complexity. A 

special case in which the number of pebbles I PI is less 

than the number of leaves was also discussed. Finally, we 

presented a distributed solution to the scheduling problem 

in which each pebble represents an autonomous robot which 

can compute its own schedule based on its knowledge about 

the system. It was proved that the distributed algorithm 

allows a maximum possible number of robots to reach their 

final positions if a given graph is a tree and the number of 

robots is three. 
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As was stated in Chapter 1, the complexity of the 

scheduling problem has been open for graphs which are not 

biconnected. The algorithms for trees presented in this 

thesis are the first nontrivial results obtained for an 

interesting subclass of nonbiconnected graphs. We have also 

obtained polynomial time algorithms similar to those 

presented in this thesis for trees in which each vertex v 

has a capacity c(v)>l and up to c(v) pebbles may be placed 

on v at the same time. Furthermore, it has been shown that 

the results for trees with capacities can be used to obtain 

polynormial time algorithms for general nonbiconnected 

graphs with certain exceptions. The details are found in 

[8, 9] . 

Finally, we suggest the following problems for future 

research. 

1. As the NP-hardness of deciding whether there exists 

a schedule that meets a given deadline implies, it is 

probably intractable to generate an optimal schedule for 

general undirected graphs. Although obtaining an optimal 

schedule for undirected trees seems also difficult, we have 

not been able to show that it is NP-hard. Research toward 

the goal of determining the complexity of generating an 

optimal schedule for general trees (both undirected and 

directed) as well as for some special cases such as "single 

track systems" [6] seems interesting and challenging. 
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2. Although distributed algorithms (similar to 

DISTRIBUTED-SCHEDULE(Q) given in Chapter 6) for moving more 

than three robots can be developed by using the same idea 

for moving three robots, we have not been able to prove that 

such algorithms in fact have the desired property of moving 

a maximum possible number of robots to their final 

positions. The straightforward extension of the proof of 

Theorem 7 does not seem appropriate, since basically all 

possible interactions of the three robots are considered in 

the proof. Extension of our result for the cases with more 

than three robots, as well as for the cases in which a given 

graph is not a tree, remains open. 
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