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ABSTRACT 

Tactile learning models have helped students understand mathematical concepts since 

the beginning of man.  In this work, we investigate the options of developing hand held 

models using a 3D printer.  Special attention is given to assist blind learners, who are 

often tactile learners.  Although 3D printed models are very time consuming to develop, 

we present several options which are economical, repeatable and effective.  For our 

research we used geometric Euclidean shapes drawn with a compass and a straight edge, 

instructive proofs without words, volumes of solids and multivariable calculus models in 

space.  This work can be expanded in the future to produce other 3D printed models. 
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CHAPTER I 

INTRODUCTION 

Until the spring of 2013, we never understood what 3D printing was.  We had heard 

of it but it did not pique our interest until we considered using it as a thesis research 

project.  We began to think of a project that was “hands on” instead of proving some 

theory. 

 As a thesis topic, hands on, or tactile models are an attractive approach to developing 

teaching/learning aids.  Some students learn better by touching the learning aids rather 

than by just seeing them or hearing about them.  We discovered this by tutoring a 

basketball player in his remedial Math coursework.  He was a tall man with very large 

hands.  Our tutee preferred writing his homework on the large white board with dry/erase 

markers rather than using his number two pencil and paper while sitting at a confined 

desk top. 

We also became acquainted with a blind graduate student who had a need to touch 

geometric figures.  Although tactile learners come in all shapes and sizes, blind students 

have a high need for tactile models.  So this began our desire to develop learning models 

using a 3D printer. We began our pilot project to develop a process to produce 3D models 

to assist blind mathematics students.  We chose Euclid’s Elements, Proofs without Words 

and selected multivariable calculus models.  As our process developed, we found our 

models being useful to all students. 

` 
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CHAPTER II 

LEARNING STYLE 

2.1 Three Primary Types 

There are 3 primary learning styles. They are:  Visual, Auditory and Tactile.  The 

Visual style of learning is most commonly thought of as learning through reading a book, 

watching a presenter, or reviewing a movie clip.  The auditory learning style is most 

commonly thought of as learning through hearing a lecture, listening to a tape, or hearing 

a recording.   Most students learn by both visual and auditory styles.  The third style of 

learning is the tactile style.  This style is most commonly thought of as learning through 

touching a model, touching an object, or reading Braille with the fingertips.  The Tactile 

learning style is the primary type of learning we are addressing in this thesis.  According 

to Webster’s New Collegiate Dictionary, tactile is defined as “perceptible by touch”.  

Merriam (1996).  And a learner is defined as “one who gains knowledge or 

understanding”.  Therefore, a tactile learner is one who gains understanding by touching.  

A combination of these three is surely the most effective.  That is why good teachers use 

multimedia to present their subject matter most of the time.  According to Linkman 

(1997) kinesthetic learners “learn by moving their large, or gross, muscles in space, and 

by getting actively involved in the learning process through simulations, role-play, 

experimentation, exploration, and movement, and participating in real-life activities.”  

This is related to tactile learning because it is physical, but for our purposes we will 

address the tactile learning style since it refers to touch. 

2.2 Different Learning Styles 

Less than five percent of people are primarily tactile learners.  In the U.S. in 2012 

there were fewer than 1500 students in 9th through 12th grade who relied on Braille.  

APH (2012).  Most tactile learners use a combination of styles.  They either learn by ear 

and touch or by eye and touch.  We have worked closely with blind students. Of course 
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their primary learning is accomplished by hearing and their learning is supplemented by 

touching.  We observe our blind student as he touches the model and we describe in 

words the shapes he is touching.  Through our research we learned that students without 

disabilities can use all three styles and we recommended using all three for the best 

learning results. 

2.3 Learning Math as a Foreign Language 

Just as a foreign language has a different word for everything, math has a different 

symbol or number for everything.  The difference between math and a foreign language 

is that math is a universal language.  By definition, a different language is foreign. 

Math builds on itself as does language.  In language we learn the alphabet.  Next we 

learn to spell words.  Then we learn the meaning of each word.  Finally we learn to make 

sentences out of our words.  Similarly, in math we learn the numerals.  Next we learn to 

count.  Then we learn to add and then to multiply.  At the end, we can do calculus and 

analysis. 

Math seems more straight forward than a language.  Math has many rules, but very 

few exceptions.  English, on the other hand, has many exceptions to the rules.  We 

remember our grade school teacher in spelling class as she said, “I before E, except after 

C, or when sounding like A as in neighbor or weigh.”  Math has fewer exceptions to its 

rules and is more exact than other subjects.   
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CHAPTER III 

THE MATH MODELS 

3.1 Model Selection Process 

Now we set out to design the most helpful models.  Careful thought was given to 

determine the best use of our time and resources to assist tactile learners.  We soon 

realized that Euclid’s Elements is not translated into Braille and that 3D models of 

Euclid’s sketches do not exist.  Since his work is the foundation of much of mathematics, 

we set out to print the first 4 propositions of his first book. 

Next we set out to show to our tactile learners how a diagram, sketch or model can 

prove a statement with no explanation other than the model.  We selected the mediant 

property from Proof Without Words. Nelsen (1993).  Also as a proof without words we 

selected the volume of a cube and its 3 pyramids which make it. 

Finally we wanted to show more complex surfaces as are studied in multivariable 

calculus.  We selected a 3D surface from multivariable calculus which makes a spiral 

staircase and a surface which has maximums and minimums in the form of parabolas.  

Both of these multivariable calculus models have discontinuities at the point, (0,0). 

We began our modelling using 2D raised figures of Euclid’s Elements, Propositions 1 

through 4.  Proposition 1, which states, “On a given finite straight line to construct an 

equilateral triangle.”  Euclid (2013).   This is pictured in Figure 3.1. 
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Figure 3.1  Euclid’s Elements Book 1, Proposition 1. 

As can be seen in Figure 3.1, we used letters to notate the key points on the models.  

Before printing, we chose to label our models with Braille to accommodate our visually 

impaired math students.  The line AB is given.  Then we draw circles with radii the 

length of AB at centers A and B.  The point where these two circles intersect is point C.  

Now the circle with center A has the radius AB equal to the radius AC.  And the circle 

with center B has the radius AB equal to BC.  Therefore since AC and BC both are equal 

to BC then they are equal to each other.  Hence, we now have constructed an equilateral 

triangle with a compass and a straight edge.  See the printed 3D model in Figure 3.2. 
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Figure 3.2  Model of Proposition 1. 

In Figure 3.3, Proposition two from Euclid’s Book 1 are made in the software called 

Geogebra.  This figure depicts the proposition, “To place at a given point (as an 

extremity) a straight line equal to a given straight line.” Euclid (2013).  To prove this, we 

let A be the given point and BC be the given line.   Next we connect A and B and form an 

equilateral triangle ABD using Proposition 1.  Next we extend line DA to L and DB to G 

and draw circles at centers B and D with radii of BG and DG respectively.  Looking at 

the radius of these circles then BC and BG are equal and DL and DG are equal.  Now we 

remember that DA and DB are equal from Proposition 1. So the remainders AL and BG 
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are equal.  And BC is equal to BG as radii of circle BCG, therefore AL equals BC and 

BG.  So we have proved that AL is equal to BC as stated in the proposition. 

 

 

Figure 3.3  Euclid’s Elements Book 1, Proposition 2. 

See the 3D model of Proposition 2, in Figure 3.4. 
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Figure 3.4  3D Model of Proposition 2. 

In Figure 3.5 we show Euclid’s Proposition 3 which states, “Given two unequal 

straight lines, to cut off from the greater a straight line equal to the less.”  Euclid (2013)  

This proposition is best seen by using a collapsible compass and a straight edge. We start 

with line segments C and AB.  We start by using Proposition 2 to construct AD and draw 

a circle at center A with radius C or AD to cut off line segment AB at point E.  Finally, 

we have the length of line segment AE equal to line C as was to be proven. 
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Figure 3.5  Euclid’s Elements Book 1, Proposition 3. 

The 3D model of Proposition 3 is shown below in Figure 3.6. 
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Figure 3.6  3D Model of Proposition 3. 

Proposition 4 states, “If two triangles have the two sides equal to two sides 

respectively, and have the angles contained by the equal straight lines equal, they will 

also have the base equal to the base, the triangle will be equal to the triangle, and the 

remaining angles will be equal to the remaining angles respectively, namely those which 

the equal sides subtend.”  Euclid (2013).  This is most commonly called the SAS or Side 

Angle Side Proposition.  To put it simply, if two equal angles with equal sides making 

them are laid on top of each other, their bases will be equal straight lines forming equal 

angles to their corresponding sides.  And, the two triangles are equal.  See the Geogebra 

sketch in Figure 3.7 
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Figure 3.7  Euclid’s Elements Book 1, Proposition 4. Side Angle Side. 

In Figure 3.8 see the 3D  plot. Notice that the SAS figure is incomplete and that the 

thin ear was torn during removal from the print bed. 

 

Figure 3.8  Incomplete 3D Plot of SAS. 
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3.2 Solid Models 

Next we wanted to produce 3D models to assist tactile learners in understanding more 

complex shapes and concepts.  First we will discuss the process for describing the 

relationship of a pyramid’s volume to that of a perfect cube. 

Below are AutoDesk models of a cube and pyramid in Figures 3.9 and 3.10.  The 

cube is designed with AutoDesk Inventor.  To begin, we drew a square base on the xz 

plane.  Next we expanded it in the y direction in an amount equal to the height of the base 

side.  This yielded a perfect cube.  Next, as can be seen by the two planes in Figure 3.9, 

we sliced the cube into thirds. 

 

Figure 3.9  Slicing the Cube. 

After slicing the cube twice, we removed the upper portions of the cube.  When we 

removed these bodies, we had the design we were after.  We had successfully designed a 
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pyramid with a square base and a height equal to the length of a base side.  This yielded a 

pyramid that is one-third the volume of the cube used to design it.  The AutoDesk screen 

shot in Figure 3.10 illustrates the resultant pyramid. 

 

 

Figure 3.10  The Resultant Pyramid. 

Using the 3D plotter, the models of the pyramids are shown in Figure 3.11.  This 

figure shows how the three models in 3D can be situated, to later slide into a perfect 

cube.  These 3D models print the best when they are oriented on the MakerBot print bed 

with the square base at the bottom.  This allows the models to print in layers where the 

layer below supports the layer above. 
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Figure 3.11  3 Pyramids Plotted in 3D. 

After some manipulation, our student can slide the pyramids into place to yield the 

perfect cube.  This final orientation of the pyramids is shown in Figure 3.12.  Under close 

observation, we see that the base of the pyramids did tend to curl on their edges.  This is 

inconsequential to the learning of our students; however, for more precise models we 

recommend some alternatives.  The base of the pyramids can be designed with the round 

ears as we did on the flatter models we printed for Euclid’s Elements.  If made properly, 

these thin ears can easily be removed and sanded to a nice square edge.  Alternately, we 

can use a printer with a print bed heater or coat the bed with a thin layer of painter’s tape. 
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.  

Figure 3.12  Three Pyramids Make a Cube. 

3.3 Multivariable Calculus 

The next models we made depict multivariable calculus shapes in space.  The first of 

these 3D shapes comes from the mathematical model affectionately known as the Spiral 

Staircase.  Its equation looks like this:   

z = f(x,y) = 2xy/(x
2
+y

2
) 

Consider the line, y = mx that lies in the xy-plane and goes through the origin.  The 

value of the function along this line is: 

f(x,mx) = 2x(mx)/(x
2
+(mx)

2
) = 2m/(1+m

2
) 
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which is a constant. 

For example, if the slope of the line is 1 then the value along this line is 1. 

If the slope equals -1, then z equals -1.  And as we show in Figure 3.13, which is the 

plan view of the xy plane, the z value varies between 1 and -1 for any slope, m. 

 

Figure 3.13  The xy Plane Looking at it From Above. 

But we see that f(x,y) is not defined at (0,0), since 0/0 is undefined.  In addition, we 

cannot define the function at (0,0) so that it is continuous.  See graph in Figure 3.13.  But 

this illustrates the need for this entire thesis study.  Can a 3D model help tactile learners 

better understand mathematical concepts?  We think it can.  In fact, as can be seen by 

observing and touching our models, we believe that it will assist understanding for ALL 

mathematics students. 
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The software for creating this 3D surface is MatLab and is shown in Appendix B.  

Polar Coordinates are used to depict the surface in a circular fashion.  In these cases:  x = 

r(cos(u)) and y = r(sin(u)), where r equals the radius from .2 to 4 and u equals the angle 

from 0 to 2*Pi radians.  Figure 3.14 shows the 3D surface in space.  

We see that the code summary is listed at the top of Appendix B in black.  And the 

appendix lists the code again in red followed by the values derived by the code in blue.  

In each section of code the 3D sketch is depicted in red, blue and black shading. 

 

Figure 3.14  MatLab Plot of the Spiral Staircase. 

We tried to print this space but the 3D printer could not print a model with such large 

over hanging planes above a tiny base.  In cases like this, our printer can sometimes use 

supports or scaffolding from below to support the objects above.  At the conclusion of the 

print, the supports are simply clipped away and the desired model results.  We tried to 

send this to a mail order 3D printing service but they could not print it either.  Although 

scaffolding and supports are provided as an option, we have not seen it work in practice.  

Neither our EE lab nor the 3D animation lab managers have had success with scaffolding.  
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So we thought we could solve this problem by building sides to our models to help our 

printer perform the additive process for which it is designed.   

Further code written in the MatLab program is listed in Appendix B and the resulting 

outside of the model is shown in Figure 3.15. 

 

Figure 3.15  The Outsides to Add to the Spiral Staircase. 

Now the inside shape of our model is designed in MatLab to address the discontinuity 

at (0,0).  This model is shown in Figure 3.16.  Notice that this inside shape is drawn at a 

smaller scale with the values of x and y ranging from -0.2 to 0.2. 
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Figure 3.16  The Inside to Add to the Spiral Staircase. 

Finally the design of the bottom is shown in Appendix B and depicted in Figure 3.17. 

 

 

Figure 3.17  The Bottom of the Spiral Staircase. 
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These four shapes are added together to form the model.  In these taller 3D models, 

the printer uses honeycomb construction on the insides of the models to assist in lowering 

the print time as well as conserving the use of PLA material.  Figure 3.18 shows the .stl 

file of our model created in MatLab. 

 

 

Figure 3.18  The Completion of the Spiral Staircase. 

Finally, MatLab is programmed to save the file as a .stl file and sent to the MakerBot.  

The final printed model is shown in Figure 3.19.  This model is 75 mm in diameter and 

stands about 38 mm tall.  This model was printed at a high resolution of .1 mm per 

extruder passage.  It took 4 hours and 50 minutes to print. 
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Figure 3.19  The 3D Plot of the Spiral Staircase. 

The next multivariable calculus surface we will look at is defined by the equation: 

z = f(x,y) = 2x
2
y/(x

4
+y

2
). 

Now we can see that f is not defined at (0,0).  So let’s take a look at what this surface 

might look like. 

Letting y = x
2
 we will see that f(x,y) is constant along the parabola because 

substituting x
2 

for y we get the following:   

f(x, x
2
) = 2x

2
(x

2
)/(x

4
+(-x

2
)
2
) = 2x

4
/2x

4
 = 1 

And if y = -x
2
 then, 

f(x,-x
2
) = 2x

2
(-x

2
)/(x

4
+(-x

2
)
2
 = -2x

4
/2x

4
 = -1 

Looking at the xy plane from above we see the following in Figure 3.20. 
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Figure 3.20  xy Plane From Above. 

So setting the definition of f(0,0) to 0 will not make f continuous at (0,0).  So as in the 

spiral staircase model, our code for our parabola-like model is listed in black at the top of 

Appendix C.  The code is repeated in red and the derived values and formulas are listed 

in blue.  Finally at the end of each section, the model part is shown in red and blue with 

black shading. The final MatLab .stl model is shown below in Figure 3.21. 
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Figure 3.21  f(x,y) = 2x
2
y/(x

4
+y

2
) in MatLab. 

As you can see, from our model in Figure 3.22, the printer did a nice job.  This model 

is also 75 mm in diameter and stands about 19 mm high.  At high resolution this model 

took 2 hours and 53 minutes to print.  

This print was made possible by manipulation of the .stl file in software called Maya.  

Maya is part of the AutoDesk suite of design programs.  We will discuss this 

manipulation further in Chapter Five when we address the challenges of 3D printing.   
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Figure 3.22  The Multivariable Calculus Model is Complete. 

Our last model is designed in Autodesk Inventor using the equations function.   

We let  

x = t and 

y = 1/t 

After this curve is plotted on the xy plane, it is rotated 360  degrees around the y axis.  

In order for the base to be solid we had to connect  the y and x axis at (.01, .01).  This 

also takes into consideration the fact x and y never equal zero.  The screen shot of this 

model is shown in Figure 3.23. 
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Figure 3.23  y = 1/x Rotated Around the y Axis. 

The solid 3D model is shown in Figure 3.24.  One of our goals for this model is to 

show how the base runs off horizontally in all directions and that the y value 

asymptotically approaches infinity as x approaches 0.  Or in this case, the base gets 

thinner until it is completely gone.  Another goal is to see how the x value asymptotically 

approaches zero as the y value gets larger and larger.  Or in this case, the tip gets thinner 

and thinner until it forms a sharp point and the printer eventually stops.   



Texas Tech University, Mark R. McVay, May, 2014 

 

 

26 

 

 

Figure 3.24  The Finished 3D Plot of  y = 1/x. 
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CHAPTER IV 

PRELIMINARY MATERIAL 

4.1 The Search for the Use of a 3D Printer 

So, now we have some mathematical models on which to focus.  The next step is to 

figure out how best to make them.  Our first exposure to a 3D printer was in Frank 

Anderson’s classroom at the Byron Martin Technology Center (BMTC) at 34
th

 Street on 

Q Avenue.  Frank teaches Computer Aided Design (CAD) for the Lubbock Independent 

School District (LISD).  Figure 4.1 shows the early model MakerBot 3D Printer at the 

BMTC in LISD.   
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Figure 4.1  MakerBot Replicator at the BMTC in LISD. 
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While visiting off campus, Frank showed us a 3D model one of his students had 

made.   He explained that there are many design softwares in existence which could be 

used to make models.  Being a CAD instructor, he was most familiar with AutoCad. 

The second option we found was at the Texas Tech University Architecture School.  

They were willing to let us use their printer but its use would be limited.  The 

Architecture students keep it busy most of the time.   

Our research revealed that there are 3D printer services available for hire.  We 

consulted with a company called Sculpteo.  They required .stl files and cash for hourly 

printing service fees, packing and shipping.  Other resources revealed that Virginia Tech 

University has a 3D printer vending machine available, Virginia Tech (2014).  A student 

plugs in their model file, swipes their credit card, and after some time, out comes the 

desired 3D model.  Mail order and vending 3D printing are nice for those who do not 

have access to a 3D printer, but the same amount of software programming work is 

required to hire a remote vendor. We preferred to find a locally run 3D printer.  So we 

continued to search. 

Our contacts with Electrical Engineering seemed even more promising. The EE 

Building is in close proximity to the Mathematics Building.  Upon further investigation, 

we found that the electrical engineers have at their disposal an actual 3D printing 

laboratory.  In TTU’s EE Department, the 3D printer utilized is a MakerBot Replicator 2.  

Compatible software for operating the MakerBot is found at:  

http://www.makerbot.com/makerware/  MakerBot. (2013).  Figure 4.2 shows the TTU 

EE MakerBot Replicator 2. 

http://www.makerbot.com/makerware/
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Figure 4.2  The TTU EE MakerBot Replicator 2. 

Later we discovered a 3D printer was available in the 3D animation Lab on the 

second floor of the TTU library.  Figure 4.3 shows this printer. 
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Figure 4.3  MakerBot Replicator 2 in the 3D Animation Lab at the TTU Library. 

 

The 3D Lab Manager, Kevin Jones, gave us a tour and encouraged us to write a 

proposal to apply for access to the lab through Ken Chaffin, Director LTMS Public 

Operations:  Digital Media Studio, 3D Lab, Media Lab, TTU Libraries.  See Appendix A 

for our proposal and Ken Chaffin’s approval.  Lab access was granted from 7:00 a.m. to 

5:00 p.m. on Monday through Friday. 

4.2 Selecting the Correct Software 

Now that we located a 3D printer we needed to select software to design our 3D 

models.  Many types of software are available for 3D design.  Work horses like 
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AutoCAD, Mathmatica, and Maple were considered.  All have rather steep learning 

curves.  Through influence in Facilities Design, we tried to make Google SketchUp work.  

Google SketchUp is easy to learn and is free to download from the internet.  As a result, 

we downloaded Google Sketchup and designed our first  model. Google (2013).  It was a 

perfect cube.  Then we sliced it into thirds.  However, the free version of Google 

Sketchup has no way to develop the .stl file which is necessary to drive the 3D printer.  

We tried adding on software modules and even considered purchasing the $600 

professional version of Google Sketchup.  Since it is too expensive and does not make .stl 

files, we abandoned this design software option. 

Since we are mechanical engineers by training and facility directors by trade, we have 

quite a lot of experience in reading design documents drawn in AutoCad.  But we are 

from the old school of T-squares and triangles and only have experience drawing with 

pencil and paper.  From our experience, AutoCad is an extremely involved and expensive 

software.  AutoCad is great for making architectural plans and very detailed mechanical 

design drawings.  New building construction and renovation plans are best suited for 

AutoCad.  Along with these great details for facilities design comes a very steep learning 

curve.  And since it is very expensive, we decided to continue our design software search. 

Our Electrical Engineering contacts recommended using Inventor by AutoDesk.  Our 

Byron Martin Technology Center staff contacts verified that Inventor was successfully 

utilized by their students.  We downloaded free educational versions of Inventor at the 

following website:  http://students.autodesk.com/  Autodesk (2013). 

For our more complicated 3D mathematics models we considered using MatLab.  We 

will discuss our MatLab models in more detail later in this text. 

4.3 AutoDesk’s Advantages 

AutoDesk Inventor has several advantages over other design softwares.  Some 

important advantages are that it is free to students on the internet and it can produce .stl 

http://students.autodesk.com/
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files to drive our 3D printer.  Inventor is an industry standard for solid model designers 

and has been used successfully for years.  Furthermore, it has a fairly flat learning curve.  

Finally it can design in English or metric units.  We like using metric units since all 

dimensions follow the base ten convention. 

4.4 AutoDesk’s Disadvantages 

AutoDesk’s primary disadvantage is that it cannot easily accommodate free hand 

drawing.  Also, Inventor uses dimensions as its main designing force, but it cannot design 

with one scale on the y axis and a different scale on the x axis. 

4.5 3D Model Making 

Next we partnered with TTU’s Electrical Engineering Chair, Dr. Michael 

Giesselmann  He introduced us to the EE 3D Printing Lab Manager, Joshua Hoose.  He 

became our ally in EE and successfully printed out many of our .stl files.  The nice thing 

about 3D modeling is how precise the end model is.  Another advantage is the perfect 

repeatability.  Our AutoDesk .stl files are small enough that they can be easily emailed 

anywhere.  Emailing our .stl files proved helpful as we coordinated with the TTU EE 3D 

Printing Lab.  Josh printed out Book 1, Proposition 1 after several hours of drawing in 

AutoDesk Inventor Professional. 

4.5 The Predominantly Tactile Learner 

Next, a blessing came in the form of a blind math graduate student.  Kyle J. Steinle 

joined our team along with his trusty companion, Janette, a yellow lab mix service dog.  

Kyle lends the perfect experience of how to make tactile learning aids most useful.  Kyle 

introduced Braille as the ultimate tactile communication aid.  The Braille on our first 

model was too small to be read by touch.  So we measured the universal Braille 

characters and found that they are 6.5 mm in height.  We were able to convert our model 

labels to Braille by importing a Braille font into Microsoft Word and then into AutoDesk 
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Inventor.  The Braille font can be downloaded from the following website.:  

http://www.duxburysystems.com/product2.asp?product=The%20Braille%20TrueType%2

0Fonts&level=free  Duxbury (2013).  Braille textbooks can run as much as $75,000 if all 

text and figures are converted.  We were surprised to find that a classic like Euclid’s 

Elements has never been transcribed into Braille for blind learners. 

  

http://www.duxburysystems.com/product2.asp?product=The%20Braille%20TrueType%20Fonts&level=free
http://www.duxburysystems.com/product2.asp?product=The%20Braille%20TrueType%20Fonts&level=free


Texas Tech University, Mark R. McVay, May, 2014 

 

 

35 

 

CHAPTER V 

3D PRINTING 

5.1 Beginning with 3D Printing 

After carefully feeling preliminary 3D plots from Josh Hoose, Kyle suggested raised 

object outlines to allow his fingers to “see” the plots more clearly.  This was done in the 

first four proposition of Euclid’s Elements.  He also suggested line points which are small 

cylinder wall tops, versus solid cylinder tops.  Finally he suggested using the universal 

Braille Font sizes as mentioned earlier at 6.5 mm tall.  Braille dot tops need to be .5 mm 

for the MakerBot 3D printer to print repeatable models. 

The goal was to provide the first several of Euclid’s Book 1 Propositions with 3D 

images complete with Braille labels.  Future research could yield models of all of 

Euclid’s work from Euclid’s Elements All Thirteen Books Complete in One Volume.  

Euclid (2013).  The text also needs to be transcribed in Braille.  This would be a very 

helpful study aid for future tactile learners. 

5.2 Disadvantages of 3D Printing 

3D printing is a very time consuming process.  It takes over an hour to print a small 

model.  In a 3D model the work horse is writing the .stl file.  Writing that file can take 

hours by itself.  The softwares involved often have a steep learning curve.  Another 

disadvantage is the need for a 3D printer lab.  Consideration should be given to 

purchasing a 3D printer for future developments in the Math Department.   

5.3 Other Methods of Obtaining Similar Outcomes 

Injection molding could make the same parts.  To make an injection molding tool, 

however, would cost at least $40,000.  This tool would be made out of finely machined 

metal.   This type of molding is used to make thousands of parts in just a few days.  
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Manufacturing thousands of parts is the only way to get the price per part down to a 

reasonable cost.  Even if all 1,500 Braille using American high school students received 

an injection molded part, the cost per model would be about $27.  A 3D printed model is 

only pennies of plastic material with no waste. 

Another way to make these 3D models is the age old materials of balsa wood and 

glue.  This would require a lot of measuring, cutting, sanding and gluing of wooden parts.  

With balsa wood models, we end up with unique models every time.  So, there is no 

consistency from model to model. 

As described by Fulker and Fulker a “Thermoform vacuum duplicating machine” 

which uses “heat plus suction” can also be used to make plastic raised surface models.  

Fulker and Fulker (1968).  In this process, card stock paper would be placed over a frame 

of window screen.  Then we would draw a mirror image of the diagram.  We would use a 

sharp instrument like a nail, a pencil or an open pen to draw on the card stock paper.  As 

the pen passed over the screen a series of raised dots would be formed on the back side of 

the card stock.  Labels could be made with a Braille machine and glued on to the image.  

Then by using the Thermoform machine, we would place a thin layer of plastic over the 

card stock model, close the lid, heat the plastic, and suck all of air out of the space.  This 

would yield a nice plastic form for a reasonable price.  We did not choose this model 

making method since the screen has a very low resolution and requires free hand 

drawing.  It would also be hard to draw in a mirror image. 

5.4 How a 3D Printer Works 

According to Evans (2012) a 3D printer works as a “Cartesian robot” having stepper 

motors which move the plastic extruder in the x and y directions.  For example, the x 

direction, east to west, is determined by the horizontal bar which the extruder moves on, 

driven by its stepper motor.  The y direction is determined by a second stepper motor 

which moves the horizontal bar from front to back, or north to south.  Finally the z 
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position, or “up” position is sometimes driven by an all thread rod with a stepper motor.  

All direction increments can be as small as .1 millimeter.  A rule of thumb is that 3 passes 

of the extruder lays down approximately 1 millimeter of plastic.  This presumes .3 mm 

per pass, which is the lowest resolution. 

The print bed is heated for best results and can be covered with blue painter’s tape to 

create the smoothest surface.  We did not try this method.  Instead, our 3D print lab 

engineer, Josh Hoose, preferred designing “ears” or “tabs” at the corners which could be 

easily removed upon print completion.  These ears are normally .5 millimeters thick and 

prevented the edges of the plot from curling up as they cooled. 

5.5 Printer Material Characteristics 

Several types of materials which can be used in 3D printing.  However, there are two, 

PLA and ABS, which have become the industry standard.  ABS or Acrylonitrile 

Butadiene Styrene was the first material used broadly in 3D printing.  It extrudes nicely at 

about 215 degrees Centigrade and dries rather quickly in a ventilated space.  ABS 

performs best when the print bed is heated to about 110 degrees Centigrade.  Since it has 

rubber in it, the resulting models are fairly flexible and it emits noxious fumes when 

melted. 

PLA or Polylactic Acid material is the other fast drying plastic that has very good 

characteristics.  It prints well in the typical computer or 3D animation laboratories.  It 

melts at approximately 180 degrees Centigrade and, like ABS, has a very good printing 

consistency at about 215 degrees Centigrade.  It works well when the print bed is heated 

to about 50 degrees Centigrade.  Being a plastic material, it is slightly less flexible than 

ABS.  For our purposes PLA is fine and not too brittle.  Probably the best reason to select 

PLA is that is does not give off noxious fumes.  This eliminates the need for a vent hood 

in the lab.   
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Both ABS and PLA extrude and print well at about 220 degrees Centigrade when the 

printer extrusion head speed is 40 mm/second or slower.  However, at printer head speeds 

upwards of 100 mm/second, the plastic material needs to be heated to about 230 degrees 

Centigrade.  In our work, we used the printer default speed of 90 mm/second and an 

extruder head temperature of 230 degrees centigrade.  See the temperature warning label 

in Figure 5.1.  Looking closely, one can see the plastic thread coming out of the extruder 

head. 

 

Figure 5.1  The Hot Extruder Head. 

The PLA spool of material weighs about one kilogram and costs about $50.00 per 

spool.  PLA also is available in a myriad of colors. See the green spool of PLA material 

on the back of the printer in Figure 5.2. 
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Figure 5.2  Polylactic Acid Spool on the Back of the 3D Printer. 

5.6 3D Printing is an Additive Process 

3D printing uses an additive process.  It puts down a layer of plastic that is .1 mm to 

.3 mm thick on every pass of the extruder head.  Then it lays down the next layer on top 

of the previous layer.  Layer by layer it builds until the model is complete.  This is 

different from the art of sculpting which starts with a slab of marble and the sculptor 

chips away until the form is complete.  Sculpting’s subtractive process yields a nice end 

product but it also produces buckets of useless marble spoils. 
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The additive building process is very exact and does not produce any waste material.  

However, it does require a base on which to build.  In the case of overhanging model 

parts, we will need to consider scaffolding or supports which were discussed in Section 

3.3. 

5.6 Creating a Model from Geogebra  

The next 2D model we printed was a raised image of Proofs without Words.  Nelsen 

(1993).  Notice the slopes of the given lines as outlined in Figure 5.3.  In simple terms, 

the slope of a line is the rise of the line divided by the run. Or, in a triangle with the base 

forming a right angle, the y length over the x length equals the slope of the hypotenuse.  

As can be seen in this proof without words, the slope a/b < c/d is obvious when looking at 

the steepness of the hypotenuses.  And it is also easy to see that the slope (a+c)/(b+d) is a 

number between the slopes of a/b and c/d.   Hence:  a/b < (a+c)/(b+d) < c/d.  This is 

commonly known as the mediant property. 
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Figure 5.3  Proof Without Words.  The Mediant Property. 

The above figure shows the sketch which was drawn in Geogebra, a software which 

is free on the internet, Geogebra (2013).  This sketch gives us a template to trace when 

copied and pasted into Inventor.  A new sketch surface must be created in Inventor.  Next 

we insert the image in the Sketch mode.  We open the image and uncheck LINK on the 

dialogue box.  Now that the image is in place, we hit escape and open the image for 

modification.   Although this brings up a great template, it can be very easily moved out 

of place anytime the view is slightly moved.  For this reason, we recommend designing 

over the Geogebra as quickly as possible and then deleting it.  We found that designing in 

AutoDesk Inventor is typically just as efficient as importing images from Geogebra.  The 

completed 3D model of the median property is shown below in Figure 5.4.  
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Figure 5.4  The 3D Plot of the Mediant Property. 

 

 

5.7 Creating a Model in AutoDesk Inventor 

After we have downloaded all of our necessary software, we open AutoDesk 

Inventor.  See the startup page in Figure 5.5.  We can select either English or metric 

units. 
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Figure 5.5  Inventor Start Up Page. 

We select the plane in which we want to design as shown in Figure 5.6.  Then we 

begin to design the base of our model. 
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Figure 5.6  Selecting the Plane in Which to Design. 

We use a base of 120 mm x 100 mm and design ears to prevent the corners of our 

model from peeling up as they cool.  After removing the overlap on the ears we have a 

nice base.  The base with ears is depicted in Figure 5.7. 
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Figure 5.7  Model Base with Ears. 

In Figure 5.8 we select the base on which to extrude.  We extrude it about .5 mm 

thick for the ears and another .5 mm thick for the rectangular base. 

 

Figure 5.8  The Extruded Base with Ears. 



Texas Tech University, Mark R. McVay, May, 2014 

 

 

46 

 

Next we place our model on the Makerware print bed to check for a proper fit as seen 

in Figure 5.9. 

 

Figure 5.9  The Model Fits on the Print Bed. 

After verifying the fit we return to our model design and begin our work on 

Proposition 1.  We place a line and draw a circle centered around one end point and 

passing through the other endpoint.  See Figure 5.10. 
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Figure 5.10  Begin Drawing the Model. 

Then we draw a circle around the other end point and connect the triangle where the 

two circles intersect as shown in Figure 5.11. 

 

Figure 5.11  The Inscribed Triangle. 
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After our sketch is complete, we need to add some thickness to our sketch of circles 

and our triangle.  We use the offset function to give our lines 1 mm of width as seen in 

Figure 5.12. 

 

Figure 5.12  Adding 1 mm of Thickness to Our Sketch. 

Then we trim off our interior construction lines to end up with one solid figure of 

intertwined circles and a triangle. See Figure 5.13.   Our model is now ready to be 

extruded in the y or up direction. 
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Figure 5.13  The Solid Model is Ready for Extrusion. 

We end the part and select it for extrusion and the result is a nice model of raised 

figures as seen in Figure 5.14. 
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Figure 5.14  The Successful Extrusion of Our Inscribed Triangle. 

Finally we add vertex points on our triangle and add labeling and titles in Braille on 

our model. See the final plot in Figure 5.15. 
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Figure 5.15  Labeled Model of Proposition One. 

The next step is to open the .stl file in Makerware and slice it for printing.  Slices can 

be made in .1, .2 or .3 mm increments, depending on the desired resolution.  The defaults 

of 230 degrees Centigrade for extruder head temperature and 90 mm/second print head 

speed are acceptable.  See the model in Makerware in Figure 5.16.  The file can now be 

saved in the .x3g format and saved on an SD disk for printing. 
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Figure 5.16  Model in Makerware for Slicing Into an .x3g File. 

After placing the .x3g file into the MakerBot Replicator 2, we are able to obtain the 

desired 3D plot of Euclid’s Elements, Book 1, Proposition 1.  See Figure 5.17 for the 3D 

plot. 
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Figure 5.17  3D Plot of an Equilateral Triangle. 

5.7 Challenges 

3D printing is not without its challenges.  When we attempted to print out our 

multiple variable models, our 3D printer would not print a smooth model.  After the base 

of our model was printed, the printer began to print fuzz and needed more direction.  Our 

many attempts were both time consuming and wasteful.  We tried adjusting the size and 

resolution of our model, to no avail.  At one point the printer extruder head jammed and 

the filament had to be removed and re-inserted. One of our failed attempts is shown in 

Figure 5.18.   
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Figure 5.18  The MakerBot Was Confused. 

We discovered that the mesh lines on the top and bottom surfaces did not line up 

correctly with the mesh lines on the sides of our model.  To correct these errors we 

introduced yet another software, Maya, to line up the meshes.  This was suggested by the 

3D Animation Lab Manager after much thought and after many trials and errors.  See the 

Maya blowup in Figure 5.19 where the mesh lines do not coincide. 
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Figure 5.19  Maya Cleaned Up the Models for 3D Printing. 

Maya is a free software on the internet. It can be downloaded at this website:  

http://www.autodesk.com/education/free-software/maya, Maya (2014).  Care must be 

taken to download the 2014 version since older versions do not recognize the .stl file 

format. 

We deleted the mesh lines on the outside and inside of the model.  Then we 

performed the extrusion again.  This lined up the mesh lines on these sides.  Finally we 

saved the modified model in our .stl file. 

  

http://www.autodesk.com/education/free-software/maya
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CHAPTER VI 

SUMMARY 

6.1 Multiple Softwares Required 

We used at least three softwares on each of our models.  In some cases we used five 

softwares.  Geogebra makes files in .ggb format.  It was used to construct geometric 

figures as were needed for Euclid’s Elements and for the mediant property.  It served as a 

template when designing in AutoDesk Inventor. 

Inventor was our second software which was used extensively in our raised 2D 

models.  We also used Inventor while designing some of our solid models like y = 1/x 

and the three pyramids which made a cube.  Inventor made the necessary .stl files to drive 

our 3D printer. 

MatLab was our third software used.  We utilized it to make our 3D models of 

multivariable surfaces in space.  MatLab was readily available on most computers in the 

TTU Mathematics building.  MatLab makes mathematical programming code in .mn 

files, or MuPAD Notebook files.  MatLab also makes files in the .stl format. 

AutoDesk Maya is a helpful 3D animation modeling software.  It was used to insure 

proper mesh configuring, especially where two surfaces met.  Maya makes .obj files and 

.stl files, the latter of which drives the 3D printer. 

And finally, we used Makerware for every model.  Makerware is specific to the 

MakerBot Replicator 2.  Makerware opens .stl files and slices the models to prepare them 

for printing.  When our Makerware software makes a .x3g file that is saved on our SD 

disk, the disk can be directly inserted into our MakerBot Replicator 2 printer.  If a 

different make of 3D printer is used, it will need its own specific slicing software to 

prepare models for printing. 
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6.2 Reflections on Tactile Learning 

Since most learners are primarily visual or auditory learners, we find that tactile 

models work best as a supplemental learning aid.  Tactile models are particularly helpful 

to visually impaired students.  Watching what a blind learner is touching helps us talk 

them through the details of what is going on with the surface. 

We know that models can be 2D with raised figures as is shown in Euclid’s Elements 

and proofs without words.  Models can be solid shapes as in the multivariable calculus 

models, the three pyramids which make a cube, and y = 1/x.  Models depicting functions, 

and points where functions are not continuous yield great understanding to all learners 

We recommend using the highest resolution when printing the models.  Although it 

will take three times as long to print, it produces a much smoother surface.  It is always 

very helpful to have a blind consultant when building tactile models.  He/She can touch 

them and ask questions when interpreting the intent of the model.  Finally, we learned 

that tactile models are useful to supplement all types of learning styles.  Holding a 3D 

model and rotating it in our hands is much more instructional than just looking at a 3D 

sketch on paper. 

6.3 Future Work 

We plotted the first four of forty-eight propositions of Euclid’s Elements.  

Completing 3D models for  the remaining propositions in Euclid’s Elements is a 

worthwhile exercise.  No tactile models of the propositions exist.  Blind students finally 

would be able to understand the geometric proofs as they are discussed. 

Continuing work on Braille translated text would be beneficial to supplement our 3D 

plotted work for blind students.  We recommend starting with Euclid’s Elements since no 

Braille transcriptions exist at this time. 
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Plotting other proofs without words would be most helpful.  These are probably the 

most beneficial since they assist learning for all students.  Even auditory and visual 

learners can get a new perspective utilizing our 3D models.  This aids learning beyond 

what a 3D sketch can show.   

Cataloguing these and other files in the .stl format and placing them in an online 

library would be a valuable resource to any instructor with access to a 3D printer.  

Surveying mathematics instructors could help prioritize and guide future model making 

needs for tactile learners. 

Finally, serious consideration should be given to procuring a 3D printer for the TTU 

Mathematics and Statistics Department.  All of this proposed future work will assist 

learning in multiple levels of mathematics understanding 
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APPENDIX A 

PROPOSAL TO USE THE 3D PRINTER IN THE ANIMATION LAB 
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APPENDIX B 

MATLAB CODE FOR THE SPIRAL STAIRCASE 

 
insider:=0.2 

outsider:=4 

zoffset:=1.1 

msh:=30 

z1:=(r,u)->(2*(r*cos(u))*(r*sin(u)))/((r*cos(u))^2+(r*sin(u))^2); 

 

outside1:=plot::Surface([outsider*cos(u),outsider*sin(u),z*(z1(ou

tsider,u)+zoffset)],z=0..1,u=0..2*PI,Mesh=[msh,msh]) 

 

plot(outside1); 

 

inside1:=plot::Surface([insider*cos(u),insider*sin(u),z*(z1(insid

er,u)+zoffset)],z=0..1,u=0..2*PI,Mesh=[msh,msh]) 

 

plot(inside1) 

top1:=plot::Surface([r*cos(u),r*sin(u),z1(r,u)+zoffset],r=insider

..outsider,u=0..2*PI,Mesh=[msh,msh]) 

plot(top1) 

 

bottom1:=plot::Surface([r*cos(u),r*sin(u),0],r=insider..outsider,

u=0..2*PI,Mesh=[msh,msh]) 

plot(bottom1) 

plot(outside1,inside1,top1,bottom1) 

f:=NOTEBOOKPATH."cal3spiralstair.stl"; 

export::stl(f,outside1,inside1,top1,bottom1) 

plot(plot::SurfaceSTL(f, MeshVisible)) 
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APPENDIX C 

MATLAB CODE FOR THE MULTIVARIABLE CALCULUS SURFACE 

 
insider:=0.2 

outsider:=4 

zoffset:=1.1 

msh:=40 

z1:=(r,u)->(2*(r*cos(u))^2*r*sin(u))/((r*cos(u))^4+(r*sin(u))^2); 

 

outside1:=plot::Surface([outsider*cos(u),outsider*sin(u),z*(z1(ou

tsider,u)+zoffset)],z=0..1,u=0..2*PI,Mesh=[msh,msh]) 

 

plot(outside1); 

 

inside1:=plot::Surface([insider*cos(u),insider*sin(u),z*(z1(insid

er,u)+zoffset)],z=0..1,u=0..2*PI,Mesh=[msh,msh]) 

 

plot(inside1) 

top1:=plot::Surface([r*cos(u),r*sin(u),z1(r,u)+zoffset],r=insider

..outsider,u=0..2*PI,Mesh=[msh,msh]) 

plot(top1) 

 

bottom1:=plot::Surface([r*cos(u),r*sin(u),0],r=insider..outsider,

u=0..2*PI,Mesh=[msh,msh]) 

plot(bottom1) 

plot(outside1,inside1,top1,bottom1) 

f:=NOTEBOOKPATH."cal3parabola.stl"; 

export::stl(f,outside1,inside1,top1,bottom1) 

plot(plot::SurfaceSTL(f, MeshVisible)) 
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