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ABSTRACT 

Silicon nanowires (SiNWs) are studied experimentally and theoretically for 

their potential use in devices as well as for thermoelectric applications. The measured 

thermal conductivity of SiNWs is much lower than that of bulk Si and depends on 

their diameter d. However, very little is understood at the atomic level about the way 

impurities and/or surface conditions affect the thermal conductivity of SiNWs.  

I have extended the theoretical ‘laser-flash’ method, recently developed by 

Gibbons and Estreicher, to calculate the thermal conductivity of Si nanostructures 

entirely from first principles in SiNWs which contain impurities. 

This dissertation describes this method and my result, the thermal conductivity 

of the Si200X32 (X = H, D, or OH) and Si296X112 (X=H or D) nanowires. The main 

emphasis is on the role of the surface and of defects, such as Ge or C δ-layers and 

random distributions of these impurities. The localized vibrational modes of these 

defects are explicitly included in the calculations and no empirical defect-related 

parameter is introduced. I find that the surface Si-H wag modes couple resonantly to 

each other much faster than they decay into bulk modes, which leads to distinct 

surface and bulk contributions to the thermal conductivity. The spatially-localized 

vibrational modes associated with the Ge or C impurities as well as the δ-layers trap 

thermal phonons thus reducing the thermal conductivity. 
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CHAPTER I 

INTRODUCTION 

1.1 Motivation  

One-Dimensional nanostructures have been extensively studied in the last two 

decades because their properties are different from those of bulk materials [1]. Since 

silicon is a well known semiconductor material, there is an increased interest in silicon 

nanowires (SiNWs) for nanoscale electronic devices [2, 3]. SiNWs have low thermal 

conductivity (κ) which could enhance their thermoelectric efficiency [4]. On the other 

hand, some devices that use silicon nanowires need to remove heat more efficiently. A 

high κ would make this removal easier. Controlling κ in SiNWs is becoming more 

important. 

It is well known [5, 6] that the presence of defects reduces the phonon 

contribution to the thermal conductivity of materials. Since the pioneering work of 

Peierls in the 1920’s, this reduction has been described in terms of the scattering of 

(bulk) phonons by static defects. This empirical description has been refined over the 

years by several authors [7–9]. Today, the concept of phonon scattering by a wide 

range of defects (impurities, interfaces, boundaries, surfaces, etc.) is the most 

commonly accepted way to include defects in calculations of thermal conductivities 

(see e.g., refs. [10–14]), but there is little atomistic understanding of how κ varies with 

the surface conditions, impurities, defects, presence of -layers, or other conditions 

that can be implemented experimentally. 

Defects are dynamic. Light impurities introduce local vibrational modes 

(LVMs). They are high-frequency vibrational modes that give rise to infra-red 

absorption or Raman spectra [15]. Photoluminescence spectra of transition-metal 

impurities in Si often show phonon side bands characteristic of low-frequency 

impurity-related pseudo-local modes [16, 17] implying that impurities also give rise to 

low-frequency vibrational modes. 
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The existing theoretical studies of thermal conductivity and defects are 

empirical in nature and are imperfectly suited to defect-related problems because 

semiempirical parameters are usually not transferable. My goal in this work is to use 

first-principle methods to calculate the vibrational and thermal properties, as well as 

thermal conductivity of SiNWs as a function of the surface condition and impurity 

content of the SiNWs. These results could be used to improve future silicon material 

performance properities. 

1.2 The experimental thermal conductivity  

The thermal conductivity of bulk Si crystals, thin silicon layers, and various 

SiNWs have been measured. From the highest to the lowest, the thermal conductivity 

is for bulk crystal, silicon layer, and SiNWs. Decreasing the diameter of the SiNWs 

reduces κ as well. In nanowires of the same size, the presence of impurities and 

surface roughness also reduces κ. 

The calculated thermal conductivity of SiNWs should be compared to the 

experimental κ. It should be less than the κ of bulk crystal and silicon layer due to size 

and surface effects. It also should follow the experimental trend of κ for SiNWs with 

different diameters. Therefore, I will discuss the experimental κ of bulk silicon, thin 

silicon layers, and SiNWs.  

It is not known yet how the surface conditions affect κ in SiNWs. Surfaces are 

usually assumed to be scattering centers for bulk phonons [12, 14]. Impurity atoms can 

also change the structure of SiNWs and therefore change the phonon density of states 

(pDoS). There is no experimental data for this issue. However, we can get a clue from 

the experimental κ of thin silicon layers containing impurities.  

Figure 1 shows a schematic system of measuring thermal conductivity of a 

Cylinder with cross-section A. Heat flux measured under the temperature gradient  

∆T ( T1 - T2 ) through length ∆L. Then, thermal conductivity calculated by Fourier's 

law (  
   

     
 ). 
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Figure 1. Thermal conductivity measurement of a Cylinder. 

 

1.2.1 The thermal conductivity of bulk silicon (Heading 3) 

The thermal conductivity vs. temperature has been measured in both highly 

isotopically enriched (99.8588%) 
28

Si and naturally abundant Si bulk crystals [18]. 

The growth of large (about 10 g) single crystals of highly pure and isotopically 

enriched 
28

Si has been achived using a combination of Czochralski and float-zone 

techniques as well as an entirely crucible-free method [18]. Using a steady-state heat-

flow technique, the κ of highly isotopically enriched (
28

Si) and natural silicon was 

measured.  

 



Texas Tech University, Byungkyun Kang, May 2014 

4 

 

Figure 2. Thermal conductivity of the highly isotopically enriched 
28

Si sample (filled 

circle) and the natural Si reference (open circle). The filled and open triangles are 

other measurements for highly isotopically enriched 
28

Si and natural Si, respectively 

(from Ref. [19]); “plus” symbols denote the “standard” curve for natural Si [19]. The 

thin solid and dashed lines are the theoretical results [20] for 
28

Si and natural Si, 

respectively. The thick solid line has been calculated with the same theory using the 

different parameters [18]. 

 

The thermal conductivity of the isotopically enriched 
28

Si sample is 237 W/mK 

at 300 K. It is enhanced by about 60% from the reference κ (150 W/mK) of natural 

silicon at the same temperature. Around Tmax= 20 K, κ reaches a maximum of κmax= 

30,000 W/mK, almost six times larger than in natural silicon (5,140 W/mK), because 

that mass difference in natural silicon reduced the thermal conductivity.  The 

temperature which κ reaches its max is Tmax. 
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1.2.2 The thermal conductivity of thin silicon layers with impurities 

The thermal conductivity was measured at temperatures between 15 and 300 K 

[21] in free-standing thin (~3   ) silicon layers doped with boron and phosphorus in 

concentrations ranging from 1*10
17

 to 3*10
19

cm
-3

. The silicon layers were made from 

silicon-on-insulator wafers doped with impurities. Steady-state Joule heating and 

electrical-resistance thermometry in patterned metal bridges were used. 

 

 

Figure 3. Thermal conductivity of P or B doped 3-µm thick silicon layers [21]. The 

doping rate (atoms/cm
3
) are 1.0×10

19
 B (blue full triangle), 1.0×10

18
 B (red full 

circle), 1.0×10
17

 B (black full square), 3.0×10
19

 P (blue open triangle), 1.0×10
18

 P (red 

open circle) and 1.0×10
17 

P (black open square) 

 

All the thermal conductivities of the silicon layers are lower than the bulk 

ones. And Tmax of the silicon layers is higher than the bulk ones. For the bulk of 

natural silicon, κmax= 5140 W/mK at Tmax= 20K. For the pure silicon layer, κmax= 600 

W/mK at Tmax= 60K.  
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The thermal conductivity of silicon layers doped with boron and phosphorus at 

concentrations of 1.0*10
17

cm
-3

 are nearly equal to those of the pure silicon layer 

showing that impurity concentration in the parts-per-million (ppm) range has a minor 

impact on thermal conductivity.  

The maximum in κ for doped layers is determined by the impurity 

concentration in the silicon layer and shifts toward higher temperatures as the impurity 

concentration increases. Tmax shifts from ~20 K on bulk Si to ~60 K in the 3    layer 

with a few impurities to ~75 K for sample with high impurity concentrations. The 

thermal conductivity of both phosphorus and boron doped silicon layers decreases as 

the level of impurity concentration increases, and the decrease is sharper in boron 

doped layers.  

1.2.3 The thermal conductivity of silicon nanowires 

The measurement of κ vs. temperature of SiNWs has also been reported (see 

e.g., refs. [22]). The SiNWs were synthesized by the vapor-liquid-solid method [23]. 

The SiNWs were single crystalline and grown along the <111> direction. Joule 

heating was used to increase the temperature through a resistor on one side of SiNWs. 

Under steady state, part of the heat flows through the nanowires to the other side, and 

raises its temperature. Then κ was calculated by solving the heat transfer equations 

using the measured temperatures.   
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Figure 4. Measured κ of different diameter SiNWs. The number associated with each 

curve denotes the wire diameter [22]. 

 

The measured κ are about three orders of magnitude lower than that of bulk 

28
Si and  two orders of magnitude lower than the ~3    thick silicon layers. As the 

wire diameter is decreased, κ strongly decreases as well due to the enhanced surface 

effect. For the 115, 56, and 37 nm diameter wires, κmax≈ 50, 30, and 20 W/mK at 

Tmax≈ 130, 160, and 210 K, respectively. This is in sharp contrast to the peak of bulk 

Si (5140 W/mK) which occurs at about 20 K.  

1.3 Theoretical methods to calculate thermal conductivities 

Four approaches have been developed to calculate thermal conductivities, the 

Green-Kubo method, the steady-state method, the Boltzmann transport equation 

method and, most recently, the theoretical laser-flash method. The first three methods 

are not suitable for the calculation of κ in SiNWs using first principles, which is what I 

need to do here. The reason is explained below. 
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1.3.1 The Green-Kubo method 

The molecular-dynamic (MD) simulations in the Green-Kubo method [24] are 

performed in thermal equilibrium. The goal is to evaluate the Green-Kubo formula 

derived from the fluctuation-dissipation theorem [25]. The thermal conductivity tensor 

is defined as integral of the autocorrelation of heat current vectors: 

    
 

                  
 

 
                                          (1) 

 where i,  j = x, y, z,    is the system volume,    is the Boltzmann constant, 

and   is the temperature. The brackets denote an ensemble average. Finally,  

            is the autocorrelation function of the microscopic flux of heat, where 

  
 

  
              is the heat flux,       is the coordinate of atom  , and       is 

the energy of atom  .  

One problem is that the computation of the heat flux requires the knowledge of 

the energies       of each single atom, a quantity that is not directly accessible in 

first-principles calculations, especially in systems containing defects such as 

impurities and surfaces. An a posteriori decomposition of the first-principle total 

energy of a system into individual atomic contributions is error prone and 

cumbersome in the presence of defects. The Green-Kubo approach has only been 

applied within the framework of semiempirical potentials [26-30]. 

1.3.2 The steady-state method 

The steady-state method [27, 31] is based on nonequilibrium MD simulation in 

which (large) temperature gradients are maintained between two parts of the system. 

In Fig. 5, I show a schematic representation of the system.  

By rescaling the velocity of atoms at each MD time step, the heat  Δ  is added 

in the hot “source” slice and removed from the cold “sink” slice. When the system 

reaches an approximate steady state, the temperature gradients, and the heat current  

   Δ     Δ   are calculated, where A is the cross-sectional area of the system and 
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Δ  is the MD time step.  The thermal conductivity is then obtained from Fourier’s law  

                . 

Due to the large temperature fluctuations inherent to nonequilibrium MD 

simulations, this method requires a large temperature gradient, and so long MD 

simulation times are required to achieve even an approximate steady-state. Examples 

of such temperature gradients are 50 and 1000 K in [32], 66 and 246 K in [33]. This 

long MD runs make it computationally prohibitive for systematic first principle 

calculation.  Further, κ varies considerably with T, especially in these large 

temperature gradient, and it is not clear at what T κ is calculated. Despite all of these 

shortcomings, this method has been used for thermal conductivity of SiNWs [34-37]. 

  

  hot “source” slice                cold “sink” slice 

Figure 5. The simulation system has length   . There is a heat source slice at 

         , and heat sink slice at       . 

 

1.3.3 The Boltzmann transport equation method 

The Boltzmann transport equation [38] for the vibrational mode   is given by  

        
   

  
  

   

  
 
         

                                         (2) 

where     is the mode occupation number,   is the time, and      is a group 

velocity .  
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Under the single-mode relaxation time approximation, where every phonon 

mode is assigned a relaxation time corresponding to the net effect of different 

scattering mechanisms [38]. The thermal conductivity of a SiNW in the axial direction 

of the nanowire is given by    

           
                                                    (3) 

where   is the specific heat per unit volume obtained from the Bose-Einstein 

distribution,   is a phonon momentum,     is the group velocity,    is a relaxation time 

of each mode, and    
   

    
          

                  is the mode diffusivity. 

Here        
   is the   component of the heat flux operator projected on the   and    

vibrational eigenstates. The thermal conductivity of SiNWs has been calculated using 

this method [39-44].  

In the Boltzmann transport equation method, the specific heat is readily 

obtained from first principles if the pDoS is known. The group velocities can be 

extracted from the phonon dispersion curves. But the relaxation time    are more 

difficult to calculate, especially if impurities and other defects are present as they 

introduce spatially localized modes [45]. 

1.3.4 The theoretical ‘laser-flash’ method 

Gibbons and Estreicher have introduced a technique to calculate κ in Si 

nanostructures from first principles in periodic supercells which may contain defects 

[46, 47]. This method is now known as the “theoretical laser-flash method”, as it 

mimics the experimental laser-flash approach [48]. In the theoretical laser-flash 

method, the electronic structure is obtained from standard density functional theory 

(DFT), which is commonly used to predict the properties of defects in semiconductors. 

The nonequilibrium ab initio MD approach without using a thermostat (it would 

artificially force the system back into thermal equilibrium faster than the various 

vibrational modes actually couple) starts with a supercell prepared slightly away from 

equilibrium in a manner that minimizes the thermal fluctuations and allows the use of 
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small temperature gradients. And then, one monitors how the system returns to 

equilibrium. This is the method I will use in the present work. The details of the 

calculation are discussed below. 

 

Table I. Comparing methods 

Method 
Computational 

Time 

Temperature 

Fluctuation 
ΔT 

Static or 

Dynamic 

Defects 

Green-Cubo long - - Static 

Steady-state long large large Static 

Boltzmann tra. short - - Static 

Laser-flash short small small Dynamic 

 

In the experimental laser-flash approach (Fig. 6),  is measured as follows. The 

sample starts in thermal equilibrium at the temperature, T (in a furnace or cryostat). A 

laser pulse is applied to one side of the sample. The temperature on the other side is 

measured as a function of time. Then, T(t) is fit to the analytic solution to the heat 

diffusion equation.   

                                       
      

                             (4) 

 This give the thermal diffusivity  at the temperature T. The thermal 

conductivity is then given by  = C, where  is the density of material, and C is the 

specific heat at the appropriate temperature. 
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Figure 6. The Laser Flash Apparatus [49] 

 

The theoretical laser-flash method mimics the experimental approach using 

first-principles theory in a periodic supercell “prepared” in thermal equilibrium. No 

thermostat is used in the non-equilibrium MD simulations. 

The host material is represented by 3D-periodic supercell [46, 47] or, in the 

case of SiNWs, 1D-periodic supercells (see below). 

The nuclei are classical, and ab initio MD simulations are used to describe 

nuclear motion. At each time step, the forces acting on the nuclei are computed from 

total energy calculations using the Hellman-Feynman theorem [50, 51]. The Verlet 

algorithm [52] is used to calculate the position and velocity of the nuclei at the time t 

+ Δt from the calculated forces. The temperature is related to the kinetic energy of the 

nuclei. 

The electronic regions are divided into two parts. The core regions are 

removed from the calculations using ab initio norm-conserving pseudopotentials with 
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the Troullier-Martins parameterization [53] in the Kleinman-Bylander form [54]. The 

valence regions are treated using Density Functional Theory (DFT) with the exchange-

correlation potential of Ceperley-Alder [55] as parameterized by Perdew-Zunger [56]. 

We use the SIESTA [57, 58] method, in which the basis set for the valence 

states are numerical pseudo-atomic orbitals of the Sankey type [59, 60]. We use a 

double-zeta basis set for elements of the first two rows of the periodic table and add 

polarization functions to third and forth-row elements such as Si and Ge. 

The theoretical laser-flash method relies heavily on the dynamical matrix of 

the system. In order to avoid unphysical negative eigenvalues, the geometry must be 

carefully optimized. First, the dimensions of supercell are optimized in each charge 

state of interest. Then, the geometry of the defect is optimized using a conjugate 

gradient algorithm. Our standard requirement is that the maximum force component 

be in the range 0.003-0.001     . 

Once the geometry is properly optimized, the force constant matrix and the 

dynamical matrix are calculated. The eigenvalues of the latter are all the normal-mode 

frequencies    of the system. The eigenvectors    
           give the relative 

displacements of the nucleus   for each mode  . These 3N orthonormal vectors are 

central to the present calculations as they allow us to prepare the supercell in thermal 

equilibrium as well as slightly away from thermal equilibrium as explained below. 

The central ingredient of the theoretical laser-flash method is the preparation of 

the supercell in (or slightly away from) thermal equilibrium at t = 0. This is achieved 

by initializing the atoms in a linear combination of normal vibrational modes at the 

desired temperature, which involves random distributions of mode energies and 

phases.  

In order to simplify the expression for the kinetic energy, mass-weighted 

coordinates are used. Therefore, the eigenvectors are no longer unitless. Note that the 

dimension of frequency is the inverse of time and the dimension of the eigenvector is 

the square root of mass.  
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The Cartesian coordinates    
  of atom α in the mode s are related to the 

eigenvectors    
  via the normal-mode coordinate      , which we assume to be 

approximately harmonic at the time t=0 for the purpose of supercell preparation: 

   
          

  
 

   
                   

 ,                          (5) 

and the phase    of each mode spans the range [0,  ]. 

 If     
         

    , the average kinetic energy of each mode is 

     
 

 
     

    
 

  
 
 

  
 

 
  

   
    

 

 
     

    
 

 
  

   
        

 

 
   .    (6) 

In thermal equilibrium, the average energy of each mode is     . However, we 

use random energy of mode s,          , where                     
  

 
. Thus, 

   defines a random distribution of mode energies that averages out to    . This 

gives                 , and the kinetic energy of each mode is  

    
 

 
            ,        .                                     (7) 

Therefore, in thermal equilibrium at the temperature T, by combining (1) and 

(2), the mode amplitudes are  

      
              

  
 .                                                (8) 

This allows the calculation of the initial (time t = 0) positions and velocities of 

all the atoms in the supercell in (or very near) thermal equilibrium. The price we pay 

for eliminating the need for a thermalization and a thermostat is that we introduce two 

random quantities: the initial phases    , and the initial energies of the normal 

vibrational modes via   . The results must be averaged over a statistically relevant 

number of initial conditions. As will be show below, this averaging further reduces the 

magnitude of the temperature fluctuations. 
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The supercell can also be prepared (slightly) away from equilibrium in order to 

calculate vibrational lifetimes [61-63], thermal conductivities [46, 47], or establish a 

temperature gradient to study heat flow [64]. 

The calculation of vibrational lifetimes involves using a specific eigenvector of 

the dynamical matrix to add       potential energy to a specific vibrational mode, 

and then monitor its decay. 

The calculation of thermal conductivities or heat flow involves preparing the 

first slice of the supercell at a different temperature than the rest of the supercell. We 

start by preparing the entire supercell at a temperature Tcold and then increase the mode 

amplitudes until the atoms in the first slice are at the temperature Thot. And then the 

hot slice is appended to the cold one. This way, the modes are in phase and the desired 

temperature gradient is established. 

MD runs without a thermostat in the prepared supercell allow the calculation 

of      in the central slice. The time step is selected to be 1/40
th

 -1/30
th

 of the shortest 

oscillation period in the system. Because of the periodic boundary conditions, half of 

the temperature increase in the central slice comes from the hot slice and the other half 

from its nearest image outside the supercell. Thus, the temperature in the central slice 

increases because of a heat flux from both sides. 

The averaged temperature      of the central slice is fit to the analytic solution 

to the heat diffusion equation, which is the same function used by experimentalists 

[48]. Adapted to the present configuration, this is  

 

                                       
      

     
    .                 (9) 

 

Once we compute the thermal diffusivity  , we calculate the thermal 

conductivity      , where    is the density of the material and    is specific heat 
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which is obtained from      
 

  
                   where      is the 

calculated pDoS and           is the Bose-Einstein distribution function. 

1.4 My contributions to the field  

1.4.1 Extension the ‘laser-flash’ method to SiNW  

Until now, the theoretical laser-flash method has only been used in conjunction 

with 3D periodic supercells that are roughly cubic in shape. In order to study 

nanowires, I had to design long narrow “boxes” which contain the nanowire in free 

space in 2D, and are 1D periodic in the third dimension. This involves addressing 

several non-trivial issues. 

The geometries are much more difficult to optimize to the level of accuracy 

required by the laser-flash method. It is crucial to end up with a dynamical matrix that 

has no negative eigenvalues. The highly elongated shape of the “box” makes this 

surprisingly difficult. The linear dimensions of the box must be carefully optimized by 

hand before conjugate gradient techniques can be used. And then, some atoms on 

which residual forces remain must also be moved by hand. 

The SIESTA implementation of DFT uses numerical atomic-like orbitals as the 

basis set for the valence states. These orbitals are truncated beyond a certain radius in 

order for the overlap matrix to become sparse. This works very well in a 3D periodic 

supercell. In Si for example, the radius is set at about 5 Bohr radii (aB), meaning that 

two Si atoms that are more than 10 aB apart have zero overlap. There are so many 

atoms in a 5 aB sphere that this works very well and the method converges nicely with 

the orbital radius.  

However, this does not work for surface atoms facing free space because they 

have no nearest neighbor in that direction. Their orbitals cannot be left artificially 

confined, and the total energy depends on the orbital radius. In fact, the energy reaches 

a minimum for an infinity long box, and this is not computationally possible. In order 
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for the method to work with a free surface, the surface orbitals must be confined using 

a "fictitious enthalpy" [66]. 

The laser-flash method uses small temperature gradients and monitors how the 

system returns to equilibrium. It turns out that setting up such gradients is not trivial in 

systems that have a real, H-terminated surface. Issues related to the kinetic energy of 

the light H atoms on the surface are tricky, in particular when dealing with OH groups 

because H can freely rotate with huge amplitudes and this makes it difficult to set the 

temperature accurately for non-equilibrium MD simulations. 

1.4.2 Calculation the thermal conductivity of Si nanowires from first 

principle  

As mentioned in the introduction, many groups have calculated the thermal 

conductivity of various SiNWs using empirical techniques. When dealing with the 

nanowire surface, these authors introduced various empirical parameters which act as 

‘friction coeffcients’ to lower the thermal conductivity. But these authors provide no 

atomistic information about the interactions taking place. 

My contributions involve studying such interactions entirely from first 

principles and provides new information about the impact of the surface and of defects 

(such a delta-layer) without introducing empirical parameters or assuming some type 

of interaction. Everything here is extracted from ab-initio MD simulations without 

“scattering”, “surface roughness”, or other such parameters. The localized vibrational 

modes associated with the surface or the defects are explicitly included in the 

calculation. 

I calculated the thermal conductivity (sometimes as a function of T) for various 

shapes of SiNWs and for several surface terminations. In my calculations, I was able 

to quantify how much heat propagates on the surfaces vs. in the “bulk” of the 

nanowire. I was able to see the resonant coupling of surface H wag modes occurring 

without coupling to Si bulk modes. 
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I also compared surface effect in H- and D- terminated nanowires. Again, this 

type of analysis has never been done before. 

I also calculated the impact of a mono-atomic delta layer on the flow of heat. 

In conventional methods, this would be described in terms of a static “boundary” or 

“interface” scattering parameter. In my calculations, the localized vibrational modes 

associated with the delta layer are explicitly included in the calculations and I can 

monitor phonon trapping at the layer followed by decay into bulk phonons. This type 

of analysis has never been done before. 

Finally, I compared the effect on the thermal conductivities of C- or Ge- delta 

layers to the effect of a random distribution of C or Ge substitutional impurities 

throughout the Si nanowires.    

The use of first-principles techniques provides a non-empirical input into some 

key issues such as finding absolute values of  consistent with experimental data, roles 

of defects, size effects, etc.  

Obviously, there are vast number of issues that can be addressed at the level of 

theory used here, and only a few problems have been tackled all of them for the first 

time. The amount of computer power required for such calculations is substantial and 

some decisions had to be made about what to include, what to leave out, and when to 

stop. After all, everything has to fit within the lifetime of a graduate student. But my 

calculations open the way for others to pursue other problems at the same level of 

theory. 
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CHAPTER II 

THEORETICAL APPROACH 

2.1 SiNWs construction 

I start with SiNW supercells with a (100) axis modeled from bulk silicon. I use 

terminating atoms such as hydrogen or O-H groups. these supercells are shown in 

 Fig. 7.  

 

Figure 7. a) Si200H32, b) Si200O32H32 and c) Si296H112 supercells 
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The supercells can be divided into N “slices” aligned along the x direction. In 

Si200H32 , N is 16 with odd numbered slices Si13H2 and even numbered slices Si12H2 

(See Table II for more) In Si200 O32H32 , N is 16 with odd numbered slices Si13 O2H2 

and even numbered slices Si12 O2H2. In Si296H112 , N is 8 with odd numbered slices 

Si25H6 and even numbered slices Si49H22. The diameters of the silicon nanowires are 

13.18, 14.67, and 14.70  , respectively (including the surface atoms). The sides (along 

the y and z direction) of the square box containing the nanowires must be equal or 

greater than 22, 22, and 26  , respectively, in order to contain the optimized orbitals 

(Sec. 2.2). Along the x direction, the optimized length of the box is almost the same 

for these three nanowires, 43.18, 43.18, and 42.53  , respectively. Periodic boundary 

conditions are applied along the x axis. 

 

Table II. Supercells 

 N Odd slice Even slice Diameter     
Si200H32 16 Si13H2 Si12H2 13.18 

Si200O32H32 16 Si13O2H2 Si12O2H2 14.67 

Si296H112 8 Si25H6 Si49H22 14.70 

 

2. 2 The optimization of the surface orbitals 

The SIESTA method uses truncated atomic-like numerical orbitals to describe 

the valence regions by introducing a cutoff radius rc for each orbital. In general, a 

larger rc provides better quality orbitals (i.e., lower energies), but it increases the 

computational effort because the overlap matrix contains more non-zero elements. In 

this work, the rc`s for the orbitals in the bulk are those optimized by Anglada et al. 

[65] for a Si atom in the bulk (Table I). There are 86 Si atoms in a sphere of radius 10 

aB, the nearest non-overlapping Si atoms are 4
th

 nearest neighbors. This means that the 

overlap between two Si atoms more than 10 aB is set to zero (and the orbitals are 

renormalized). However, surface atoms have no neighbors in the direction of free 
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space, and one needs to include orbitals which are allowed to extend into the vacuum 

region of the box. 

 

 

Figure 8. Schematic view for basis sets for the surface 

 

In Ref. [66], the surface orbital problem was solved as follows. The orbital 

radius rc of each surface orbitals is chosen to minimize a fictitious enthalpy     

  , where   is the total energy of the system,             
 

  is the sum of 

volumes of the basis orbitals (µ), and P is a fictitious pressure parameter. By varying 

P, we can optimize rc without going to the limit rc → ∞.  

I calculated how the rc`s of the surface orbitals varie with P in a small Si64 slab. 

Figs 9 and 10 show that the lower P, the larger rc and the longer the computational 

time. Considering these facts I chose a reasonable value of rc with P = 0.2 (GPa). The 

rc for the orbitals of silicon in the bulk and on the surface are shown in Table III. 

In my calculation, the basis sets for the valence states are double zeta (two set 

of s and p’s) for H, C and O, and double zeta polarized (an additional set of d`s) for Si 

and Ge.  

 



Texas Tech University, Byungkyun Kang, May 2014 

22 

 

 

Figure 9. Calculated orbital radius rc for some of the valence orbitals of Si on the 

surface (black solid square-3s(1), red solid circle-3p(1), and green solid triangle-3d 

shells). The thin dashed lines are exponential fits. P = 0.2 (GPa) was chosen (thick 

dashed line). I use a double-zeta polarized basis set for Si: two set of s and p and one 

set of d orbital. The Fig. shows the result for the first zeta s, p and the 3d orbitals as 

examples. 

 

Figure 10. The CPU time varies with rc via the fictitious pressure parameter P. The 

thin dashed line is an exponential fit. 
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Table III. Optimized orbital radii rc (aB) for the double-zeta polarized basis set of Si in 

the bulk [65] and on the surface. The optimized rc for the H 1s(1) and 1s(2) are 5.47 

and 4.05 aB, respectively. 

 rc (aB) 

orbitals 3s(1) 3s(2) 3p(1) 3p(2) 3d 

Si (bulk) 5.39 4.47 6.75 5.13 3.90 

Si (surface) 6.27 4.58 7.47 5.33 4.10 

    

2.3 Eliminating unphysical negative modes 

In order to obtain accurate dynamical matrices, the geometries are optimized in 

two steps. First, the lattice constant(s) of the defect-free cell is (are) optimized in each 

charge state and for each basis set and exchange-correlation potential. In 3D-periodic 

supercells (which has no surfaces), this is best done using nuclear coordinates written 

in units of the lattice constant and the optimization is easily carried out until the 

maximum force component is of the order of 10
–6

 eV/Å or less. When written in units 

of the lattice constant, the numerical accuracy of the nuclear coordinates is as high as 

the lattice constant which can easily be optimized to 10 or 12 significant figures. Then, 

the defect is introduced and its geometry is optimized using a conjugate gradient 

algorithm until the maximum force component is smaller than 0.003 eV/Å.  

In the present case, however, the surface itself is a defect. It is impractical to 

write the nuclear coordinates in units of the lattice constants, as changing them affects 

not just the Si-Si bond length but also the Si-H surface bond lengths and angles. 

Therefore, the dimensions of the box containing the supercell have to be optimized by 

hand, before a conjugate gradient can be used. The problem here is that the accuracy 

of the nuclear coordinates in Å or aB is limited by number of decimal points. Since the 

box is elongated along the x direction, it was impossible to generate a dynamical 

matrix that did not have a handful of unwanted negative eigenvalues. In order to 

optimize the geometry of our nanowires, we displaced the atoms along the 
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eigenvectors associated with each negative eigenvalues until the absolute minimum of 

the potential energy surface was reached and no negative eigenvalues occurred. 

For example, Si200H32 originally has a five negative modes (-25, -27, -37, -39 

and -44 cm
-1

). Atoms were moved by multiplying each of the five negative 

eigenvectors by 0.1 aB, the conjugate gradient algorithm was applied again. The new 

dynamical matrix doesn’t have any negative mode. 

Supercell preparation relies on accurate dynamical matrices, and unphysical 

negative frequencies appear when the geometries are insufficiently optimized. They 

indicate that the system is not at a true minimum of the 3N-dimensional potential 

energy surface (N is the number of atoms).  

2.4 Rescaling wag modes in Si200(OH)32 

Early in the calculations, I noticed an unexpected temperature increase in 

Si200(OH)32 which was caused by the O-H wag modes on the surface (Fig. 11).  

 

Figure 11. One of the O-H wag mode with ω=20 cm
-1

.  

 

The O-H wag modes have frequencies in the range ~ 19 – 77 cm
-1

, and large 

amplitudes. Therefore, the O and especially the H atoms move slowly and far away 
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from their equilibrium position. Since the eigenvector of the dynamical matrix 

corresponds to a displacement perpendicular to the O-H stretch mode (Fig. 12), it does 

not preserve the O-H bond length for large displacements. This adds a substantial 

amount of unwanted potential energy which becomes kinetic energy after the MD run 

start and thus artificially increases the temperature.  

 

 

Figure 12. One of the O-H stretch mode with ω=3500 cm
-1

. 

 

In order to correct this problem, I rescaled these wag modes displacement in a 

way that maintains the bond lengths. 

Figure 13 shows the total kinetic energy of the nanowire in a MD after exciting 

the specific wag mode at ω=20 cm
-1

. Without rescaling, the total kinetic energy 

oscillate substantially because of the unwanted O-H stretch mode (ω=3500 cm
-1

) 

contribution which was not supposed to be excited. The stretch mode contribution is 

eliminated after rescaling (black line). 
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Figure 13. Total kinetic energy of atoms in the MD run exciting a O-H wag mode 

(ω=20 cm-1). Red line: before rescaling. Black line: after rescaling. The temperature 

stabilizes on the 1.6 ps time scale. The figure only shows the first 20 fs and 

emphasizes the unwanted stretch mode contribution. 

 

Figure 14 shows the supercell temperature fluctuation in Si200(OH)32 for 400 

fs. The intended temperature was 125 K. Without rescaling, the temperature is much 

higher than 125 K. But after rescaling all O-H wag modes, the supercell temperature 

(black line) is very close to 125 K. 
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Figure 14. Supercell temperature; red line: before rescaling; black line: after rescaling. 

The supercell is prepared at 125 K. The figure shows the first 400 fs showing the 

rescaling is working. 

 

2.5 Averaging and calculation the thermal conductivity 

MD simulations in supercells prepared slightly away from thermal equilibrium 

produce small temperature fluctuations starting with the first MD step. No thermostat 

can be used since it would artificially force the system back into thermal equilibrium 

faster than the various vibrational modes actually couple. One must repeat the MD 

runs with many random distributions of initial mode phases and energies, and then 

average the results. The averaging further reduces the temperature fluctuations (Fig. 

14). Because of the random distributions of initial mode phases and energies, some 

runs result in having supercell temperatures which are higher or lower than is desired. 

Those runs were discarded by monitoring supercell temperature for 400 fs.  
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Figure 15. Effect of averaging on T(t)  in the central slice in the Si200H32  supercell 

after averaging over 30 runs (top), 60 runs (center) and 90 runs (bottom): ±6 K for 

ΔT30, ±4 K for ΔT60,  ±3 K for ΔT90. Thot is 269 K and Tcold is 115 K. The (red) solid 

line shows the fit from which we extract the thermal conductivity . 

 

In Figure 15, the temperature in the central slice increases by 10 K. Note that 

the temperature fluctuations drop to just a few degrees K after averaging. Based on 

this temperature behavior, 100 jobs is enough to see the converged thermal 

conductivity in this study. 

Note that because of the 1-D periodic boundary condition, the temperature of 

the central slice increases because of heat flow from the hot slice as well as from its 

image in the adjacent cell. Thus, the calculated  depends on the nanowire surface 

condition in the entire supercell. 
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In order to calculate the thermal conductivity, the averaged temperature T(t) of 

the central slice is fit to the analytic solution to the heat diffusion equation as 

explained in  

Sec. 1.3.4  The specific heat calculated at 125 K using the pDoS of the system and the 

Bose-Einstein distribution function. The sum runs up to n=10 using Eq. (9).  

The total MD simulation time is in the range 6 to 14 ps depending on SiNWs 

with a time step of 1 fs. The simulation time was fully extended from the initial 6 ps 

until the averaged temperature of central slice reached to the equilibrium temperature.  
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CHAPTER III 

RESULTS 

In this chapter, I discuss first the size and temperature-dependence of the 

thermal conductivity. I consider next the role of the surface, and how it reduces the 

thermal conductivity. Finally, I look at the impact of a mono-atomic δ-layer of Ge 

(heavier than Si) or C (lighter than Si), and compare it to the impact of the same 

impurities randomly distributed in the nanowire. The latter results are interpreted in 

terms of phonon trapping at the spatially localized modes (SLMs) associated with the 

defects, and their vibrational lifetimes. The spatial localization of vibrational modes, 

phonon trapping at defects, vibrational lifetimes, and decay channels are discussed in 

detail in Ref. [45]. 

3.1 Size and temperature dependence of the thermal conductivity 

The theoretical laser-flash method is ideally suited to study the impact of 

defects on the thermal conductivity without reference to empirical phonon scattering 

parameters. All the normal vibrational modes are explicitly included in the 

calculations, the electronic structure is obtained from density-functional theory, and 

the nonequilibrium MD runs are performed at the ab-initio level without using a 

thermostat and with excellent temperature control. On the other hand, the method is 

computationally demanding, especially because the results must be averaged over 

many runs, each with randomly generated initial mode phases and relative energies. 

Thus, the method is not appropriate to calculate size effects related to the length or 

diameter of the nanowire. 

However, we can compare the calculated thermal conductivities (Table IV) at a 

fixed temperature to an extrapolation of the experimental data [22] obtained at the 

same temperature in nanowires of various diameters (Fig. 16). The calculated thermal 

conductivities are consistent with the measured ones. 
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Figure 16. The experimental thermal conductivities at T=125 K (x’s) have been 

obtained from Fig. 3 in Ref. [22]. The theoretical values are for nanowires with 

diameter 13.18   (Si200D32, square), 13.18   (Si200H32, triangle down), 14.67   

(Si200(OH)32, cross), 14.70   (Si296D32, circle), and 14.70   (Si296H32, triangle up) 

diameter. The dotted line is the extrapolation of the measured data to the size of our 

nanowires 

 

Table IV. thermal conductivities κ (T = 125 K), in W/mK 

 Si200(OH)32 Si200H32 Si200D32 Si296H112 Si296D112 

κ (T = 125 K) W/mK  0.21 0.22 0.27 0.14 0.16 

 

We can also compare our calculated κ (T) to that measured in larger nanowires 

as a function of their diameter [22] (Fig. 17). The comparison is qualitative because 

our nanowire is perfectly H-terminated while the experimental nanowires have some 

ill-defined oxide on the surface. However, the key features are well reproduced, such 

as the temperature at which κ is maximum, the drop in thermal conductivity with the 

diameter of the nanowire, and the general shape of the curve. These comparisons 



Texas Tech University, Byungkyun Kang, May 2014 

32 

suggest that our calculated thermal conductivities are quite consistent to the 

experimental ones. 

 

 

Figure 17. Temperature dependence of the thermal conductivity calculated in Si200H32 

(diameter 13.18  , full squares) compared to the measured values in Si nanowires with 

diameter (top to bottom) 1150 (full circle), 560 (open circle), 370 (full triangles), and 

220   (open triangles) respectively (Fig. 3 in Ref. [22]). Note that the temperature at 

which κ (T) is maximum and the general shape of the curve are consistent with the 

measured data. 

 

3.2 Surface of the nanowire and resonant coupling 

In order to study the impact of the surface atoms on the thermal conductivity, I 

used two Si nanowires with very different concentrations of H surface atoms. The 

ratio of surface-to-bulk atoms is [H]/[Si] = 0.16 for Si200H32 and 0.39 for Si296H112.  

A quantitative measure of the spatial localization of mode s on one atom or a 

group of atoms is provided by a plot of L
2
{α} = (e

s
αx)

2
 +(e

s
αy)

2
  +(e

s
αz)

2
  vs.    (See 

Fig. 17, below). If { } includes all the atoms in the system, the sum is of course equal 
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to 1. If {α} includes a single atom (e.g. H) or a group of atoms (e.g. all the H atoms on 

the surface of the nanowire), then the sum is smaller than 1. In the case of a bulk mode 

which involves the motion of many (or all) the atoms in the system, L
2
{α} calculated 

for just one atom is a very small number. But for a SLM, it can be quite large. 

The localization of the H- (or D-) related modes in the Si200H32 and Si296H112 

supercells is shown in Fig. 18. It consists of a narrow band of high-frequency Si-H (or 

Si-D) stretch modes and broader bands of Si-H (or Si-D) wag modes. All these modes 

are strongly localized on the surface of the nanowire.  

 

 

                             a)                                                                  b) 

Figure 18. a) Spatial localization L
2
{α} of the Si-H (black solid lines) and Si-D (red 

dashed lines) stretch and wag modes in Si200(H,D)32. The highest-frequency Si-Si 

stretch mode in this nanowire is at 570 (cm
−1

), slightly higher than the optical phonon 

in crystalline Si. b) L
2
{α} of the Si-H (black solid lines) and Si-D (red dashed lines) 

stretch and wag modes in Si296(H,D)112. 

 

As discussed in Ref. [45], all defects (impurities, grain boundaries, interfaces, 

surfaces, etc.) introduce SLMs into the vibrational spectrum. These modes can trap 

phonons and the vibrational energy remains trapped at the defect for lengths of time 

(the vibrational lifetimes) substantially longer than in bulk vibrational modes of the 

same frequency. The phonons trapped in SLMs ultimately decay into lower-frequency 
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modes. Thus, defects always lower the thermal conductivity of the material by 

trapping heat in SLMs. 

In the present case, the SLMs are the surface Si-H stretch and wag modes. The 

high frequency stretch modes can only be excited optically, but the lower frequency 

wag modes can be excited thermally, especially in the hot slice of the supercell when 

the temperature gradient is applied. 

I calculated the thermal conductivity of the Si200H32 and Si296H112 nanowires at 

125 K by preparing the nanowire in thermal equilibrium at 115 K, raising the 

temperature of a thin slice (on the far left) to 270 K (for Si200H32) or 247 K (for 

Si296H112), and then monitoring the temperature increase in the central slice as a 

function of time. Once thermal equilibrium is reached, the temperature of the entire 

cell is 125 K. 

The results are shown in Fig. 19 for Si296H112 which has a surface-to-bulk ratio 

[H]/[Si] = 0.39. The figure shows that the central slice reaches thermal equilibrium in 

two steps. The first step corresponds to the heat carried by Si-related (bulk) phonons 

(increase in temperature ΔTb ≈ 5.9 K) and the second step to the heat propagating on 

the surface (increase in temperature ΔTs ≈ 3.1 K).  
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Figure 19. A thin slice of the Si296H112 supercell is prepared at 247 K and the 

temperature of the central slice is monitored at its temperature increases from 115 to 

125 K. The temperature increases first when the bulk (Si related) phonons reach the 

central slice, and later when the heat propagating along the surface arrives.  

 

Figure 20 shows the temperature of only the Si atoms and that of only the H 

atoms in the central slice. The temperature of the Si atoms increase up fast while that 

of the H surface atoms is delayed. 
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Figure 20. The temperature increase of only the Si atoms in the central slice compared 

to the temperature increase of only the H atoms in the same slice. The surface lowers 

the thermal conductivity because the heat propagates slower along the surface than in 

the bulk. 

 

The same calculations performed in Si200H32 (which has a much smaller 

surface-to-bulk ratio, [H]/[Si] ≈ 0.19) shows a comparatively smaller effect, with ΔTb 

≈ 9.3 K and ΔTs ≈ 1.5 K, as shown in Fig. 21. A very similar process happens in D-

terminated nanowires, even though the Si-D wag modes (~420 cm
−1

) are within the 

phonon density of states of nanowire.  
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Figure 21. A thin slice of the Si200H32 supercell is prepared at 270 K and the 

temperature of the central slices is monitored at its temperature increases from 115 to 

125 K. The temperature increases first when the ‘bulk’ (Si related) phonons reach the 

central slice, and later when the heat propagating along the surface arrives.  

 

The explanation for this behavior lies in the vibrational lifetime of the surface 

wag mode. Once such a mode is thermally excited in the hot slice of the supercell, the 

excitation can decay in two ways: it can resonantly couple to adjacent surface wag 

modes (of the same frequency) or decay into bulk phonons. Resonant coupling is a 

one-phonon process expected to be very fast while decay into bulk (Si-related) modes 

is a much slower two-phonon process. Indeed, the vibrational lifetime of numerous 

SLMs have been measured [67] and plotted as a function of the order of the decay 

(Fig. 22). The resulting ‘frequency-gap law’ predicts that one-phonon process should 

be of the order of 0.5 ps and two-phonon process of the order of 5 – 10 ps. 
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Figure 22. Measured vibrational lifetimes of H-related stretch modes vs. decay order 

in different hosts. The line is a fit of T1=Ae
BN

 with two parameters: A=0.15 ps and 

B=2.01 [67].  

 

We have estimated the lifetime associated with the resonant coupling of Si-H 

wag modes as follows: The Si200H32 supercell was prepared at T = 0 K and one Si-H 

wag mode (583 cm
−1

) was selected and given the initial amplitude           , 

with T = 400 K. We then initiated a MD simulation and recorded the kinetic energy of 

this H atom as well as the kinetic energies of its nearest and second-nearest H 

neighbors. The first two ps of this run are shown in Fig. 23. Kinetic energy (KE) of 

adjacent surface H atoms (a) and D atoms (b). The excited Si-H (Si-D) wag mode 

(black) couples resonantly to one of its nearest-neighbor (NN, red) on a time scale 

shorter than 1 ps, consistent with the lifetime associate with the frequency-gap law 

[67]. The excitation of one second NN (green) can be seen in the color figure as well. 

Adjacent wag modes couple on a time scale of the order of 0.5 ps, and the initial 

energy propagates back-and-forth among adjacent Si-H units until thermal equilibrium 
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is reached. The coupling time between adjacent Si-D wag modes is slightly shorter 

than for Si-H (Fig. 23). 

 

 

a)                                                            b) 

Figure 23. Kinetic energy (KE) of adjacent surface atoms. See text for details. 

 

Resonant coupling is obviously a one-phonon process. The lifetime we 

estimate is consistent with the time scale of one-phonon processes predicted by the 

frequency-gap law [67]. This lifetime is still considerably longer than that associated 

with the excitation of bulk phonons [67]. 

The decay of the Si − H wag mode at 531 cm
−1

 (or Si−D at 368 cm
−1

) wag 

mode into bulk phonons can also be calculated using the techniques discussed in Refs. 

[61-63]. At 125 K, this decay is of the order of 15 to 20 ps for Si−H and slightly less 

than 10 ps for Si−D [68]. According the frequency-gap law [67], the former decay is 

at the upper end of a two-phonon decay or at the lower end of a three-phonon decay, 

while the latter corresponds to a two phonon decay. 

Note that no single Si-related phonon has enough energy to excite a surface Si-

H wag mode. Thus, surface modes couple resonantly to each other much faster than 

they can decay into bulk (Si) modes which themselves cannot excite surface modes.   



Texas Tech University, Byungkyun Kang, May 2014 

40 

As long as the surface is out of equilibrium, the energy of the surface wag 

modes is confined to just a few Si-H atoms. This energy propagates by resonant 

coupling on the surface much faster than it can decay into bulk modes. This holds until 

the surface reaches thermal equilibrium, and then the surface wag modes decay into 

bulk modes, and the entire nanowire reaches thermal equilibrium. The implication is 

that the surface does reduce the thermal conductivity, but not by scattering bulk 

phonons. Instead, one must wait for part of the heat to propagate through the bulk and 

part along the surface before thermal equilibrium is reached. 

A single fit to T (t) in the central slice of the various nanowires leads to the 

following thermal conductivities in Table IV. A larger number of surface atoms 

reduces the thermal conductivity as the amount of heat carried by surface atoms 

increases. Replacing H by the heavier D leads to lower-frequency surface wag modes 

(Fig. 18), faster resonant coupling between adjacent modes on the surface, and an 

increase in the thermal conductivity (Fig. 24).  

 

a)                                                               b) 

Figure 24. Thermal conductivity of surface (H,D) atoms. a) Si296(H,D)112. D=0.22 

W/mK. H=0.04 W/mK. b) Si200(H,D)32. D=0.16 W/mK. H=0.05 W/mK. 

 

The (OH)-terminated nanowire is a poor representation of the surface oxide 

layer normally found on Si nanowires in a laboratory setting. Indeed, the H atoms at 

the end of the long Si – O − H surface bonds oscillate in vacuum with very large 
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amplitudes. Such a termination is unlikely to survive at room temperature. However, 

our calculation also shows the resonant coupling of O and H atoms; Fig. 25 shows the 

localization of O, H, and OH related wag modes in Si200(OH)32, and Fig. 26 shows the 

temperature of only the Si, O, and H atoms in the central slice. These modes are 

independent due to the different coupling times. H atoms especially lower the thermal 

conductivity. Since O related wag modes are within the phonon density of state of 

bulk Si, the temperature rise in the O atoms in the central slice is similar to the one in 

Si atoms. 

 

                                                                      

Figure 25. Spatial localization L
2
{α} of the O and H related wag modes in 

Si200(OH)32.  
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Figure 26. The temperature increases of only the Si atoms in the central slice 

compared to the temperature increase of only the H and O atoms in the same slice. The 

surface (H atoms) lowers the thermal conductivity because the heat propagates slower 

along the surface than in the bulk. 

 

3.3 δ-layers, phonon trapping, and decay of vibrational  excitations 

I also investigated the role of impurities, in particular the effect of a mono-

atomic δ-layer of Carbon (lighter than Si) or Germanium (heavier than Si). Such δ-

layers can, in principle, be incorporated into the growth of a nanowire more easily 

than a random distribution of impurities. To compute the effects of such a layer, we 

prepare the supercell in thermal equilibrium at 115 K and set up a temperature 

gradient by preparing a thin slice at the left end of the supercell at 270 K (the final 

equilibrium temperature is 125 K). Since the supercells are periodic along the x 

direction, there is an image of the hot slice just beyond the end of the nanowire. The 

change in temperature in the central slice is caused by heat coming from the two hot 

slices; for this reason, we incorporated two mono-atomic C (or Ge) δ-layers, as shown 

in Fig. 27. 
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Figure 27. The Si190X10H32 supercell with a mono-atomic δ-layer (X = C or Ge) on 

either side of the central slice where the temperature is recorded. 

 

The mono-atomic layers discussed here constitute a "defect" that covers the 

entire cross sectional area of the nanowire. The SLMs associated with this defect are 

associated with the Si-C or Si-Ge bonds. The localization of these SLMs is shown in 

Fig. 28. In the case of the Ge δ-layer, there are a number of SLMs below 100 cm
−1

. In 

the case of C, the highly localized SLMs are all above 550 cm
−1

, and are therefore 

much less likely to be populated. In both cases, there are numerous, more weakly 

localized modes with low frequencies, corresponding to bending and twisting modes.  

 

Figure 28. Spatial localization L
2
{α} of the modes associated with C (solid red lines) 

or Ge (dashed black lines) δ-layer in Si190X10H32 (X = C or Ge). 
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The propagating bulk phonons interact and trapping with the δ-layer by 

displacing the Ge (or C) atoms, thus exciting some SLMs. Phonons trap at these 

SLMs. The trapped phonons then decay into bulk phonons of lower frequency. Since 

there are equivalent Si atoms on both sides of the δ-layer, the probability of decay on 

either side would be the same were it not for the presence of the temperature gradient. 

Thus, a mono-atomic δ-layer of Ge or C reduces the thermal conductivity by 

comparable amounts, the difference being due to slight differences in the lifetimes of 

the vibrational excitation in the SLMs associated with Ge or C. Such low-frequency 

modes have more than one decay channel. The calculated [45] lifetimes for a C-related 

SLM at 556 cm
-1 

are 10.5 and 17.2 ps, and a Ge-related SLM at 426 cm
-1

 are 3.5 and 

6.8 ps. For comparison bulk modes at 424 and 241 cm
-1

 have vibrational lifetimes in 

the range 0.2 to 0.8 ps. 

We plot temperature vs. time for the "perfect" and δ-layers-doped nanowires 

are compared in Fig. 29. A thin slice on the left end of the Si200H32 supercell was 

prepared at 270 K, and the rest of the supercell at 115 K. After reaching thermal 

equilibrium, the final temperature of the central slices increased from 115 to 125 K. 

The calculated thermal conductivities are 0.22 (perfect nanowire), 0.09 (with a Ge δ-

layer), and 0.07 W/mK (with a C δ-layer). Note that the mono-atomic δ-layers 

considered here are qualitatively different from those containing several layers of C or 

Ge atoms). In the latter case, one deals with a Si-like phonon density of states on one 

side of the interface and a Ge- (or C-like) one on the other. The decay of the phonons 

trapped in the interface SLMs involves very different receiving modes on the two 

sides of the interface, leading the different coefficients of reflection and transmission. 

This situation will be discussed elsewhere [64]. 
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Figure 29. Temperature vs. time in the central slice of the perfect Si200H32 supercell 

compared to that in the presence of two mono-atomic δ-layers of Ge or C atoms. 

 

3.4 Randomly distributed impurities  

In order to investigate the randomly distributed impurities effect on thermal 

conductivity, we modeled Si188X12H32 with X = Ge (or C) (Fig. 30). When a δ-layer 

was introduced into these system, simple conjugate gradient calculations produced 

excellent dynamical matrices. When a random distribution of Ge substitutional 

impurities was introduced, a simple conjugate gradient calculation achieved the 

desired geometry optimization because substitutional Ge is a very small perturbation 

in Si. However, substitutional C impurities produce a substantial change in the 

crystalline structure (large inward displacement of the four Si neighbors to C). In this 

case, I had to perform conjugate gradient optimizations for each substitutional C 

successively introduced into the nanowire. In the end, none of the calculated 

dynamical matrices had negative eigenvalues. 
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Figure 30. The Si188X12H32 supercell with randomly distributed impurities  

(X = C or Ge). 

 

I performed calculations for Si188X12H32 with X = Ge (or C), and obtained  (T 

= 125 K) = 0.16 W/mK (with twelve Ge substitutional impurities) and 0.17 W/mK for 

12 Ge and C substitutional impurities, respectively. The random distribution of Ge or 

C reduces the thermal conductivity of SiNW by comparable amounts. The SLMs 

associated with randomly distributed defects are associated with the Si-C or Si-Ge 

bonds; Fig. 31 shows the localization of these SLMs.  

 

Figure 31. Spatial localization L
2
{α} of the modes associated with C (solid red lines) 

or Ge (dashed black lines)  in Si188X12H32 (X = C or Ge). 



Texas Tech University, Byungkyun Kang, May 2014 

47 

The mono-atomic δ-layer is more efficient at reducing the thermal 

conductivity than randomly distributed Ge or C impurities in the nanowire; See Table 

V. The temperature vs. time for the randomly distributed and delta doped nanowires 

are compared for Ge (Fig. 32) and for C (Fig 33). Obviously, the temperature in the 

central slice of randomly distributed supercell increase quickly while that of δ-layers-

doped supercell is delayed. 

 

Table V. Thermal conductivities comparing 

  (W/mK) 

SiNW with C δ-layers 0.07 

SiNW with Ge δ-layers 0.09 

SiNW with C random distribution 0.17 

SiNW with Ge random distribution 0.16 

Perfect SiNW 0.22 

 

 

 

Figure 32. Temperature vs. time in the central slice of the Si188Ge12H32 (randomly 

distributed) supercell and Si190Ge10H32 (delta doped) supercell 
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Figure 33. Temperature vs. time in the central slice of the Si188C12H32 (randomly 

distributed) supercell and Si190C10H32 (delta doped) supercell 

 

3.5 Isotope effect  

Finally, I investigated the isotope effect on the thermal conductivity of SiNWs, 

H isotopes on the surface, Ge isotopes in the mono-atomic δ-layer and the random 

distributions. 

The localization of H isotopes in Si200
X
H32 (X=1, 2, 8 and 16) is shown in Fig. 

34. Except for 1 (H) and 2 (D), these are "invented" isotopes. The localized modes 

with higher mass have lower frequencies and less localization. However, there is no 

clear trend on the impact on the thermal conductivities. The thermal conductivities of 

Si200
1
H32, Si200

2
H32,, Si200

8
H32 and Si200

16
H32,, are 0.22, 0.27, 0.22, and 0.25 W/mK, 

respectively (See Table IV). This suggests that the lifetimes of excitations in the 

associated SLMs are roughly independent of the frequencies of these modes.  
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Figure 34. Spatial localization L
2
{α} of the H isotopes in Si200

X
H32 (X=1,2,8 and 16); 

black lines: 
1
H; red lines: 

2
H; green lines: 

8
H ; blue lines: 

16
H.  

 

Table VI. Thermal conductivities of Isotopes 

Element Isotope(X) Material  (W/mK) 

Si200
X
H32 1 Perfect SiNW 0.22 

Si200
X
H32 2 Perfect SiNW 0.27 

Si200
X
H32 8 Perfect SiNW 0.22 

Si200
X
H32 16 Perfect SiNW 0.25 

Si190
X
Ge10H32 70 δ doping 0.09 

Si190
X
Ge10H32 74 δ doping 0.09 

Si190
X
Ge10H32 76 δ doping 0.10 

Si188
X
Ge12H32 70 random distribution 0.16 

Si188
X
Ge12H32 74 random distribution 0.14 

Si188
X
Ge12H32 76 random distribution 0.15 

 

The Ge isotopes have a minor effect on the thermal conductivity at both the 

mono-atomic δ-layer and the randomly distributed nanowires. For the δ doping,  of 

Si190
70

Ge10H32, Si190
74

Ge10H32 and Si190
76

Ge10H32 are 0.09, 0.09 and 0.10 W/mK 

respectively.  For the random distribution, the ’s of Si188
70

Ge12H32, Si188
74

Ge12H32 

and Si188
76

Ge12H32 are 0.16, 0.14 and 0.15 W/mK respectively (See Table IV). The 



Texas Tech University, Byungkyun Kang, May 2014 

50 

temperature vs. time for the delta doped Ge isotope (Fig. 35) and randomly distributed 

Ge isotope (Fig. 36) are shown. The temperatures in the central slice within same 

distribution are almost the same.  

  

Figure 35. Temperature vs. time in the central slice of the delta-doped supercell 

Si190
X
Ge10H32 (X=70, 74 and 76) 

 

Figure 36. Temperature vs. time in the central slice of the randomly distributed 

supercell Si188
X
Ge12H32 (X=70, 74 and 76) 
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The localization of Ge isotopes in the δ-layer-doped supercell and in the 

randomly distributed supercell show that the isotopes do not change the localization 

very much. Phonon trapping in these SLMs is not affected noticeably by the isotope.  
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CHAPTER IV 

SUMMARY AND DISCUSSION 

4.1 The issue 

Due to the increased interest in using SiNWs in nanoscale electronic devices, 

understanding the thermal conductivity of SiNWs is important. Real SiNWs have 

surfaces, can be grown with δ layers, and even trace amounts of impurities correspond 

to high concentrations (atomic %). However, we understand very little about the way 

thermal conductivity varies with the presence of such defects. The study of the impact 

of defects on thermal conductivities requires first-principle theory, this study focuses 

on the "impact."  

 4.2 My contributions 

In order to study the impact of defects on thermal conductivity of SiNWs, I 

extended the ‘theoretical laser flash method’ of Stefan et al. [46, 47] to 1D-periodic 

SiNWs. The SiNWs were carefully constructed using H-, D-, and OH-terminated 

atoms on the surface and, the surface orbitals were optimized. Then, the thermal 

conductivity of SiNWs containing defects (surface, δ-layer and random distributions 

of impurities) was calculated. The impact of the surface on the thermal conductivity 

was analyzed at the atomic scale based on the temperature of surface and bulk atoms 

separately. The roles of C of Ge δ-layer, as well as random distributions of these 

atoms were studied. Their impact on the thermal conductivity was analyzed in terms 

of phonon trapping. 

4.3 Key finding  

The presence of a surface is known to lower the thermal conductivity. The 

conventional description [10-14] is that the surface can be treated as a defect, and 

therefore, bulk phonons scatter off of it. As a result, it is bulk-phonon scattering off 

the surface that is believed to lower the thermal conductivity. What I find – using first 

principle methods and including the normal vibrational modes of the surface – is that 

this description is not correct. 
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First, the Si-H, Si-D, and Si-OH wag modes (the lowest-frequency surface 

modes) are not excited by Si bulk phonons because such excitations would require two 

or more bulk phonons arriving in phase at the same time, a very rare event! Second, 

the surface wag mode excited in the "hot" slice can propagate in two ways: a) decay 

into Si bulk phonons, or b) couple to each other at the surface. The decay into bulk 

phonons is a two-phonon process (5-10 ps; [67]), while the resonant coupling to 

adjacent surface wag mode is a one-phonon process (calculated to take ~0.5 ps in this 

work). Thus, surface modes propagate along the surface independently of the bulk. 

Since the surface contribution to the thermal conductivity propagates slower than the 

bulk contribution, it takes longer to achieve thermal equilibrium with than without a 

surface. This is how the surface reduces the thermal conductivity.   

My work and earlier calculations [45] show that the empirical concept of 

defects being static scattering centers for bulk phonons is incomplete. I studied the 

impact of impurities in the case of both a mono-atomic δ-layer of Ge or C, and a 

random distribution of substitutional Ge or C impurities. What I find is: 

1. There is no surface scattering of bulk phonons. 

2. There are spatially-localized modes (SLMs) associated with these defects. 

They play a pivotal role. 

3. Some of these SLMs are thermally excited by the heat flow and phonons trap 

in them. 

4. The lifetime of phonons in SLMs is at least one order of magnitude longer 

than that of bulk phonons of the same frequency. Thus, phonon trapping at 

defects for hundreds of period of oscillations is the true reason for the 

reduction in the thermal conductivity. 

5. The trapped phonons decay into Si bulk modes which completes the process. 
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A mono-atomic δ-layer of Ge or C across the nanowire reduces the thermal 

conductivity more efficiently than a random distribution of Ge or C impurities in the 

nanowire (See Table V). The heat flow generated by the hot slice propagates along the 

nanowires. When it reaches the δ-layer, some of the SLMs associated with it trap 

phonons for lengths of time of the order of 10 ps (typical of a two-phonon decay [67]). 

Such vibrational lifetimes are much longer than those of bulk modes. The trapped 

phonons ultimately decay into lower-frequency modes on either side of the δ-layer. 

Therefore, I find that phonon trapping is the dominant physical mechanic in reducing 

the thermal conductivity.  
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