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Abstract

A switched linear system is a dynamical system that consists of multiple linear time-
invariant systems, called subsystems, and a piecewise constant function, called a switching
signal, that orchestrates the switching between the subsystems. For the last two decades
switched linear systems have attracted a significant amount of attention due to their wide
range of applications.

Stability, which is the first property that every controlled system must have, has been
one of the central topics in the study of switched linear systems. In particular mean sta-
bility, that roughly speaking requires stability in average, is known to be a rather practical
and easy to check stability notion. There are now many conditions available to check the
mean stability of linear switched systems with various different stochastic structures. How-
ever, there are still some important classes of switched linear systems whose mean stability
cannot be checked by available methods.

This thesis gives the characterization of the mean stability of discrete-time switched
linear systems with identically and independently distributed system parameters and
continuous-time (semi-)Markov jump positive linear systems. These conditions can be
checked by the eigenvalues of a matrix and also extend the stability conditions obtained
in the systems and control theory literature. We also study the mean escape time and
the asymptotic behavior of switched Riccati differential equations naturally induced by
switched linear systems.
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1. Introduction

1.1 Switched linear systems

Switching phenomena can be found in many disciplines. For example, when one drives a
car with a manual gear box, it is important that the power from the engine is transmitted
to the axles efficiently. To achieve an efficient transmission, the gear ratio of the vehicle
should be selected appropriately depending on the speed of the vehicle and this is why
the ratio should be switched from one to another by the driver. Other examples of switch-
ing phenomena can be found in power electronics [102], communication networks [50],
biology [108], drug treatments [49], and consensus problems [87].

In mathematical systems theory, the dynamical systems having such switching phe-
nomena are called switched systems [72]. One of the general models of switched systems
is given by the differential equation

Σ :
dx
dt

= fσ(t)(x(t)) (1.1)

where x ∈ Rn for some n ≥ 1 and σ is a piecewise constant function from the set of real
numbers to some index set Λ. The vector x(t) is called the state. The mapping σ is called
the switching signal and orchestrates the switching between subsystems dx/dt = fλ(x)
(λ ∈ Λ) of Σ. The time t at which the value of σ changes is called a switching instant.
In the above example of driving a car, the index set Λ could be the set of possible gear
ratios, say, {1st, 2nd, 3rd, 4th, 5th, 6th, back}, and the switching signal σ will be a piecewise
constant function on R taking values in Λ. The switching instants is the time when the
driver changes the gear ratio. A function fλ for each λ ∈ Λ models the dynamics of the
vehicle when the gear ratio is fixed to λ.

Among switched systems this thesis concentrates on those having linearity. When all
the subsystems dx/dt = fλ(x) are linear time-invariant systems, i.e., the mappings fλ are
all linear transformations, then the switched system (1.1) is called a linear switched system

and takes the form
Σc :

dx
dt

= Aσ(t)x(t), (1.2)

where Aλ is a square matrix for each λ ∈ Λ. Similarly, in the discrete-time case, a linear
switched system takes the form

Σd : x(k + 1) = Aσ(k)x(k). (1.3)

1
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Figure 1.1: Unstable trajectory of a switched system consisting of stable systems

1.2 Stability

Roughly speaking, we say that the continuous-time switched linear system Σc is stable if
the state x(t) approaches the origin as t → ∞. The stability of the discrete-time system Σd

is understood in a similar way. Stability is no doubt the most important requirement placed
on any controlled systems. Stability of switched linear systems in particular has been one
of the biggest topics in the mathematical systems theory over the last two decades [73,101].
Before reviewing the stability of switched linear systems, let us first recall that the stability
of a time-invariant linear system is easily determined by the eigenvalues of a matrix.

Proposition 1.1. Consider the time-invariant linear system dx/dt = Ax with x(0) = x0 ∈

Rn. Then there exist α > 0 and β > 0 such that ‖x(t)‖ ≤ αe−βt‖x0‖ for any x0 if and only if

A is Hurwitz stable, i.e., the real part of the eigenvalues of A are all negative.

However the stability analysis of switched linear systems is not trivial. On the one
hand, it is known that the stability of a switched system is not necessarily guaranteed by
the stability of its subsystems, which contradicts our intuition. For example, consider the
continuous-time linear switched system (1.2) where Λ = {1, 2} and

A1 =

−1/2 −2
5 0

 , A2 =

−1/2 5
2 0

 .
Since A1 and A2 are Hurwitz stable, each time-invariant system dx/dt = Aix (i = 1, 2)
is stable. The typical trajectories of these systems are shown in Figures 1.1(a) and (b).
However, one can easily find a switching signal that makes the state x(t) diverge to ∞ as
t → ∞ as in Figure 1.1(c). In this way, a switched system can exhibit instability even if it
consists of stable subsystems.

2
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On the other hand, in contrast with time-invariant linear systems, there exist several
different notions of stability for switched systems. Roughly speaking the differences come
from how strong uniformity with respect to switching signals we require by stability no-
tions. In the following we list three basic stability notions for the discrete-time switched
linear system (1.3). One can find several other stability notions in the survey paper [67].
Let us start with the most straightforward stability notion.

Definition 1.2. We say that Σd is absolutely asymptotically stable if x(k) → 0 as k → ∞

for every σ.

The absolute asymptotic stability of Σd can be checked by the quantity called joint

spectral radius [61, 91]. For a subsetM ⊂ Rn×n the joint spectral radius ofM is defined
by

ρ̂(M) := lim sup
k→∞

sup
A1,...,Ak∈M

‖Ak· · · A1‖
1/k. (1.4)

The next proposition is well known (for its proof see, e.g., [103]).

Proposition 1.3. Let M := {Aλ}λ∈Λ. Σd is absolutely asymptotically stable if and only if

ρ̂(M) < 1.

Though absolute asymptotic stability is naturally defined and also admits the above
simple characterization, it has two drawbacks.

1. Unless P = NP, joint spectral radius is not polynomial-time approximable (see [105]
for detail). Therefore checking absolute asymptotic stability is in general a hard
problem and hence its availability is limited in practice.

2. A switched system fails to be absolutely asymptotically stable even when there exists
only one switching signal that destabilizes the system.

Though asymptotic stability treats every switching signal σ in an equal manner, in
several cases, we may know a priori the frequency at which each σ arises. One can model
such a frequency by introducing a probability distribution on the set of switching signals. In
such a case we can introduce other stability notions that take the distribution into account.
Before introducing the notion of mean stability, which is the main theme of this thesis,
let us briefly review the almost sure stability that is a probabilistic counterpart of absolute
asymptotic stability.

Definition 1.4. We say that Σd is almost sure stable if x(k) converges to 0 with probability
1.

3
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Almost sure stability gives a remedy to the problem 2 of absolute asymptotic stability
because it can ignore instability happening with probability 0. However, unfortunately
almost sure stability is again known to be difficult to check. Even in the simplest case
when the matrices {Aσ(k)}

∞
k=0 are identically and independently distributed, in order to check

almost stability we need to compute a quantity called the top Lyapunov exponent [4], which
is known to be very difficult to find [105].

1.2.1 Mean stability

Now we introduce the stability notion mainly investigated by this thesis.

Definition 1.5. Let p > 0 be an integer. Σd is said to be pth mean stable if the expected
value of ‖x(k)‖p converges to 0 as k → ∞.

Though the definition of mean stability is not as direct as that of absolute asymptotic
stability and almost sure stability, it has been studied extensively mainly by the next two
reasons:

1. For a wide class of linear switched systems, mean stability is “between” absolute
asymptotic stability and almost sure stability; i.e., absolute asymptotic stability im-
plies mean stability and mean stability implies almost sure stability [34, 52].

2. Mean stability can be often easily checked by just computing the eigenvalues of a
matrix [3, 28, 35, 39, 62].

For the discrete-time case, around 60’ it was already known [7, 64, 65] that the mean
square stability (p = 2) of Σd can be checked by the spectral radius of a matrix when
{Aσ(k)}

∞
k=1 is independently and identically distributed (see also [51]). An extension of the

result to a general exponent p is presented in [62], where the authors use a quantity called
Lp-norm joint spectral radius [89, 111]. A sufficient condition of the mean square stability
for more general switched systems is given in [1] but is not easy to apply in practice. Ji et
al. [58] give a necessary and sufficient condition for the mean square stability of discrete-
time Markov jump linear systems [29], which are switched linear systems whose switching
is governed by a time-homogeneous Markov chain. A more convenient condition in terms
of the spectral radius of a matrix is proved in [28, 35] (see also [27]).

As for continuous-time switched linear systems, some early studies on mean square
stability can be found in [8,10,94]. A necessary and sufficient condition of the mean square
stability for continuous-time Markov jump linear systems [30] is given in [39] (see [76] for
a general exponent p). The paper [26] gives a necessary and sufficient condition for mean

4
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square quadratic robust stability (and hence a sufficient condition for mean square robust
stability). Fragoso and Costa [41] present stability conditions under the presence of additive
disturbances. Recently Antunes et al. [3] gave a characterization of the mean stability of
hybrid systems with renewal transitions. Bolzern et al. [15] study the mean square stability
of switched Markov jump linear systems.

Though the mean stability of linear switched systems has been extensively studied as
we reviewed above, there are several remaining issues. As for discrete-time switched linear
systems, there are only a few conditions to check the first mean stability. The advantages
of considering the first mean stability instead of the mean square stability include the fol-
lowings:

• First mean stability is in general weaker than mean square stability but still ensures
almost sure stability. Thus it is a more appropriate and less conservative stabitliy
notion to use as an alternative of almost sure stability.

• First mean stability often can be checked by the eigenvalues of a matrix that is affine

with respect to the parameters of a given switched system. This property will be
utilized in Chapter 2 to study the stabilization of discrete-time linear switched sys-
tems and also in Chapter 3 to derive an L1-optimal controller for Markov jump linear
systems.

Another issue is the pth mean stability of a general exponent p. Again there are not
so many effective conditions to check them. For example, in order to use the results in
[62,89] to check the pth mean stability, the probability distribution associated with a given
switched linear system must be a uniform distribution on a finite set, which implies that the
switched system must has finitely many subsystems and those subsystems appear with an
equal probability at each time. This restriction makes it difficult to study robust stability
because we often model the uncertainty of systems using the probability distribution on the
neighborhood of the nominal system and such a neighborhood typically contains infinitely
many elements.

1.3 Organization of the thesis

This thesis is organized as follows.

• Chapter 2 investigates the mean stability of discrete-time switched linear systems Σd

under the assumption that the matrices {Aσ(k)}k≥0 are identically and independently
distributed. We first show a characterization of mean stability using an extended

5
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version of Lp-norm joint spectral radius. Then we study the limiting behavior of the
mean stability. It will be shown that, in the limit of p → ∞, the pth mean stability
becomes equivalent to the stability of an associated deterministic switched linear
system. We also present a converse Lyapunov theorem, which states the equivalence
of the mean stability and the existence of a homogeneous Lyapunov function. Finally
the stabilization of positive linear switched systems is studied. Some of the results in
this chapter were published in [81–85].

• Chapter 3 then studies continuous-time Markov jump linear positive systems, an
important class of stochastic switched linear systems in continuous-time. We first
present a characterization of their mean stability in terms of the eigenvalues of a
matrix. Then the L1-optimal control of Markov jump linear positive systems is dis-
cussed. We will show that finding optimal state feedback gain can be reduced to
solving a linear program. Some of the results in this chapter were published in [86].

• Chapter 4 investigates the mean stability of semi-Markov jump linear positive sys-
tems, which, as their special cases, include Markov jump linear positive systems.
As in Chapter 3 we will give a characterization of the mean stability of semi-Markov
jump linear positive systems with the spectral radius of a matrix. The characterization
will be proved by introducing a stability-preserving discretization of a continuous-
time semi-Markov jump linear system. This chapter is based on [86].

• Chapter 5 then studies switched Riccati differential equations. We will first show that
the mean escape time of a switched Riccati differential equation is characterized by
integral equations. A discretization method to approximately solve the integral equa-
tions is proposed. Then we study the random walk on projective spaces associated
with switched Riccati differential equations. We show that, under certain irreducibil-
ity assumptions, the random walk converges in a certain manner to an invariant dis-
tribution exponentially fast. Some of the results of this chapter were published in
[80].

1.4 Mathematical preliminaries

Let R and R+ denote the set of real and non-negative real numbers, respectively. The
standard inner product in Rn is denoted by (x, y) := y>x. Rn admits the norms ‖x‖p :=
(
∑n

i=1|xi|
p)1/p for p ≥ 1 and ‖x‖∞ := max1≤i≤n|xi|. Without being explicitly stated the Eu-

clidean norm will be denoted by ‖·‖. The standard basis of Rn is denoted by e1, . . . , en. The
symbol 1n denotes the column vector of length n whose entries are all 1.

6
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The identity matrix with size n is denoted by In. For a matrix A ∈ Rn×m its maximal
singular value is denoted by ‖A‖, which gives a norm on Rn×m. Let A be square. The
spectral radius, i.e., the maximum of the absolute value of the eigenvalues of A, is denoted
by ρ(A). We say that A is Schur stable if ρ(A) < 1. The maximum of the real parts of the
eigenvalues of A is denoted by η(A). We say that A is Hurwitz stable if η(A) < 0. Let tr A

denote the trace of A.

Lemma 1.6. Let {αk}
∞
k=1 be a sequence of positive numbers such that αk+` ≤ αkα` for all k

and `. Then the limit limk→∞ α
1/k
k exists.

Proof. Apply so-called Fekete’s subadditive Lemma [88, Ch. 3, Sect. 1] to the se-
quence {log ak}

∞
k=1, which is subadditive by assumption. �

Matrices leaving a cone invariant

Let us recall the definition of cones in Euclidean spaces.

Definition 1.7. A subset K ⊂ Rn is called a cone if K is closed under multiplication by
nonnegative real numbers. The cone is said to be solid if it possesses a nonempty interior.
We say that a cone is pointed if x,−x ∈ K implies x = 0. We say that K is proper if it is
closed, convex, solid, and pointed.

Let K ⊂ Rn be a proper cone. A matrix A ∈ Rn×n is said to leave K invariant, or to
be K-nonnegative, written A ≥K 0, if AK ⊂ K. For A, B ∈ Rn×n, by A ≥K B we mean
A − B ≥K 0. A setM ⊂ Rn×n is said to leave K invariant if any M ∈ M leaves K invariant.

Lemma 1.8 ([106]). Let K be a proper cone and assume A ≥K 0. The following statements

are true.

1. ρ(A) is an eigenvalue of A.

2. K contains an eigenvector corresponding to ρ(A).

3. If A ≥K B ≥K 0 then ρ(A) ≥ ρ(B).

A is said to be K-positive if A(K − {0}) ⊂ int K, where int K denotes the interior of K,
and we write A >K 0. The dual cone K∗ is defined by

K∗ = { f ∈ Rn : f >x ≥ 0 for every x ∈ K}.

The next lemma collects elementary facts about K-positive matrices.

7
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Lemma 1.9. Let K be a proper cone. Assume A >K 0.

1. A has a simple eigenvalue ρ(A), which is greater than the magnitude of any other

eigenvalue of A. Moreover the eigenvector corresponding to the eigenvalue ρ(A) is

in int K (see, e.g., [106]);

2. K∗ is a proper cone and A> is K∗-positive [9, 2.23].

A norm ‖·‖ on Rn is said to be cone absolute [97] with respect to a proper cone K if, for
every x ∈ Rn,

‖x‖ = inf
v,w∈K
x=v−w

‖v + w‖. (1.5)

Also we say that ‖·‖ is cone linear with respect to K if there exists f ∈ K∗ such that

‖x‖ = ( f , x) for every x ∈ K. (1.6)

A norm that is cone absolute and cone linear with respect to a proper cone is said to be
cone linear absolute. Every f ∈ int K∗ yields [97] a cone linear absolute norm ‖·‖ f , which
is determined by the equations (1.5) and (1.6).

One of the most important cones in applications is the positive orthant Rn
+ of Rn. In this

case, a matrix A leaves Rn
+ invariant if and only if the matrix has only nonnegative entries.

Thus we simply call such a matrix as a nonnegative matrix and write A ≥ 0. Similarly we
say that A is positive, written A > 0, if A has only positive entries. A is positive if and only
if A is Rn

+-positive. Negative matrices are defined in the obvious way. For positive matrices
we can prove the next corollary of Lemma 1.8.

Corollary 1.10. Let A and B be nonnegative square matrices with the same dimensions. If

Ai j > Bi j whenever Bi j > 0 then ρ(A) > ρ(B).

Proof. Define r = mini, j:Bi j,0
Ai j

Bi j
> 1. Then A ≥ rB so that, by Lemma 1.8, ρ(A) ≥ rρ(B) >

ρ(B). �

Finally A is said to be Metzler if its off-diagonal entries are nonnegative. Since any
Metzler matrix A can be written as P − αI where P ≥ 0 and α ∈ R, the exponential matrix
eAt (t ≥ 0) is nonnegative.

8
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Kronecker products

The Kronecker product [17] of A ∈ Rn×m and B ∈ Rk×` is defined as the block matrix

A ⊗ B :=


a11B · · · a1mB
...

. . .
...

an1B · · · anmB

 ∈ R(nk)×(m`).

One can see that taking the Kronecker product with a standard basis vector gives an isom-
etry, i.e., for any p ≥ 1, x ∈ Rn, and a starndard basis vector e we have

‖x‖p = ‖e ⊗ x‖p. (1.7)

For a positive integer p define the Kronecker power A⊗p by A⊗1 := A and A⊗(p) = A⊗(p−1)⊗A

recursively for a general p. It can be seen that (see, e.g., [13, 69])

‖A⊗p‖ = ‖A‖p (1.8)

provided that ‖·‖ denotes the maximum singular value and

(AB)⊗p = A⊗pB⊗p (1.9)

provided that AB is well-defined. In particular it holds that

( f , g)p = ( f ⊗p, g⊗p) (1.10)

for f , g ∈ Rn. Finally, for a subsetM ⊂ Rn×n define

M⊗p := {M⊗p : M ∈ M} ⊂ Rnp×np
.

Lemma 1.11 ([13]). IfM ⊂ Rn×n leaves a proper cone K invariant thenM⊗p leaves the

proper cone K̃p := conv(K⊗p), the closure of the convex hull of K⊗p, invariant.

The Kronecker power x⊗p of x ∈ Rn has, for p ≥ 2 and n ≥ 2, a redundancy in
the sense that it has duplicated elements. For example if x = [x1 x2]> then x⊗2 =

[x2
1 x1x2 x1x2 x2

2]> has the same element x1x2 as its second and third entries. Thus
sometimes a more compact expression is desirable. From this viewpoint we define the

9
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vector x[p] as [5, 19] the real vector of length

np =

(
n + p − 1

n

)
=

(n + p − 1)!
(p − 1)!n!

whose elements are all the lexicographically ordered monomials of degree p in the vari-
ables x1, . . . , xn. The coefficients of the monomials are chosen in such a way that ‖x‖p

2 =

‖x[p]‖2 (see [5] for the expression of the coefficients). In particular the coefficients are
nonzero. From (1.7) it follows that

‖e ⊗ x[p]‖2 = ‖x‖p
2 (1.11)

for any standard unit vector e. For A ∈ Rn×n we define the matrices A[p] and A[p] as the
unique matrices [5, 19] satisfying

(Ax)[p] = A[p]x[p] (1.12)

for every x ∈ Rn and
dx
dt

= Ax ⇒
dx[p]

dt
= A[p]x[p] (1.13)

for every differentiable Rn-valued function x.

Probability spaces

Let (Ω,M, µ) be a probability space. For a random variable X on Ω its expected value is
denoted by E[X]. For an Rn-valued random variable f its variance is defined by Var( f ) :=
E[( f − E[ f ])( f − E[ f ])>]. The support of µ, denoted by supp µ, is defined as the closed set
such that µ((supp µ)c) = 0 and, if G is open and G ∩ supp µ , ∅, then µ(G ∩ supp µ) > 0.
Dirac’s delta distribution on x ∈ Ω is denoted by δx.

If M1 ⊂ M is a σ-algebra then E[X | M1] denotes the conditional expectation of X

givenM1. It is well known (see, e.g., [16]) that, ifM2 ⊂ M1 is another σ-algebra then

E[E[X | M2] | M1] = E[E[X | M1] | M2]

= E[X | M2].
(1.14)

The σ-algebra generated by random variables X1, . . . , Xm is defined [16] as the smallest
σ-algebra on which X1, . . . , Xm are measurable and is denoted byM(X1, . . . , Xm).

Let µ be a probability measure on Rn×n. For α > 0 define the probability distribution
µα on Rn×n as the image of µ under the multiplication mapping M 7→ αM on Rn×n (for

10
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detail see, e.g., [14]). Let f is a measurable function on Rn. If A and B follows µ and µα
respectively then it holds that

E[ f (B)] = E[ f (αA)]. (1.15)

Also define the probability distribution µ⊗p on Rnp×np
as the image of µ under the measur-

able mapping (·)⊗p : Rn×n → Rnp×np
. Let g be a measurable function on Rnp×np

. If C follows
µ⊗p then we have

E[g(C)] = E[g(A⊗p)]. (1.16)

11
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2. Discrete-time Switched Linear Systems
with I.I.D. Parameters

2.1 Introduction

This chapter investigates the mean stability of the discrete-time switched linear system

Σµ : x(k + 1) = Akx(k), Ak follows µ independently

where x(t) ∈ Rn and µ is a probability distribution on Rn×n. We define the mean stability of
Σµ as follows:

Definition 2.1. We say that Σµ is exponentially stable in pth mean (pth mean stable for
short) if there exist α > 0 and β > 0 such that, for any initial state x0 ∈ R

n,

E[‖x(k; x0)‖p] ≤ αe−βk‖x0‖
p. (2.1)

Remark 2.2. By the equivalence of the norms on a finite dimensional vector space, the pth
mean stability is independent of the norm used in (2.1). Actually one can even use different
norms in (2.1).

Though Σµ is a rather simplified discrete-time linear switched system due to the as-
sumption of the independence of the random variables Ak, not many conditions are known
to check its pth mean stability. When p = 2, it is known that its mean square stability can
be checked by the spectral radius of a matrix [65]. If µ is the uniform distribution on a
finite set of matrices leaving a common proper cone invariant then the pth mean stability
can be again checked by the spectral radius of a matrix [62]. However, for the other cases,
only sine sufficient conditions are available (see, e.g., [74]).

Accordingly there are still several unanswered questions on the mean stability of Σµ.
One of them is the existence of Lyapunov functions, which is known as converse Lyapunov
theorems in mathematical systems theory. Though by [1, Theorem 1] a certain Lyapunov
function can ensure the mean square stability of Σµ, it is still not clear which class of
Lyapunov function should exist to ensure mean square stability. The situation is more
unclear when we consider pth mean stability for a general exponent p.

Another question of interest is the limiting behavior of the pth mean stability as p goes
to ∞. It is known [34] that, in the limit of p → 0, the pth mean stability of Σµ becomes
equivalent to its almost sure stability. Thus it is natural to investigate the limiting behavior
of pth mean stability in the limit of p→ ∞.

12
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The above questions are answered in this chapter using the Lp-norm joint spectral radius
of probability distributions, which is an extension of Lp-norm joint spectral radius of a set
of finitely many matrices [62, 89]. We organize this chapter as follows.

• Section 2.2 defines the Lp-norm joint spectral radius of probability distributions and
shows their basic properties.

• Section 2.3 proves a characterization of the pth mean stability of Σµ under the as-
sumption that p is even or µ has a certain invariance property (Assumption 2.9).

• Section 2.4 studies the limiting behavior of pth mean stability in the limit of p →

∞. We will prove that the pth mean stability becomes equivalent to the absolute
asymptotic stability of an associated deterministic switched system.

• Section 2.5 presents a converse Lyapunov theorem. We show that, for an even p, the
pth mean stability of Σµ is equivalent to the existence of a homogeneous Lyapunov
function of degree p. This equivalence is still true for a general p provided the
distribution possesses a certain invariance property.

• Finally Section 2.6 studies the stabilization of linear positive switched systems based
on the results obtained in previous sections.

2.2 Lp-norm joint spectral radius

This section introduces the Lp-norm joint spectral radius for probability measures and
shows some basic properties of them. Throughout this chapter µ denotes a probability
distribution on Rn×n and p a positive integer. Moreover A and Ak (k ≥ 0) denote random
variables following µ independently.

Definition 2.3. The Lp-norm joint spectral radius (p-radius for short) of µ is defined by

ρp,µ := lim
k→∞

(E[‖Ak . . . A1‖
p])1/pk . (2.2)

Remark 2.4. By the equivalence of the norms on a finite-dimensional vector space, the
value of p-radius is independent of the norm used in (2.2).

This definition extends the Lp-norm joint spectral radius [59, 107] for a set of finite
matrices, which has been used in many applications including wavelet theory, approxima-
tion theory, and fractal theory (for details see [63] and references therein). For a finite set

13
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M ⊂ Rn×n of size N its Lp-norm joint spectral radius is defined [59, 107] by

ρp,M := lim
k→∞

N−k
∑

A1,...,Ak∈M

‖Ak· · · A1‖
p


1/kp

. (2.3)

Our definition (2.2) extends this original one (2.3) in the sense that, if µ is the uniform
distribution onM then ρp,µ = ρp,M. One of the remarkable properties of the original Lp-
norm joint spectral radius is that, under a certain assumption, it can be computed as the
spectral radius of a matrix. We here quote the result for ease of reference.

Proposition 2.5. LetM = {A1, . . . , AN}. Assume that either

1. M leaves a proper cone invariant or

2. p is even.

Then

ρp,M = ρ

A⊗p
1 +· · · + A⊗p

N

N

1/p

.

The rest of this section is devoted to show some basic properties of the p-radius for
distributions. The next proposition ensures the existence of the p-radius.

Proposition 2.6. If supp µ is bounded then the p-radius ρp,µ exists for every p.

Proof. It is sufficient to show that the sequence {h1/k
k }

∞
k=1 where hk := E[‖Ak · · · A1‖

p] con-
verges. Notice that hk is well-defined because the norm ‖Ak· · · A1‖ is essentially bounded
by the boundedness of the support of µ. Now, for every k and `,

hk+` ≤ E[‖Ak+`· · · A1+`‖
p · ‖A`· · · A1‖

p]

= E[‖Ak+`· · · A1+`‖
p]E[‖A`· · · A1‖

p]

= hkh` (by the independence of {Ak}
∞
k=1)

Therefore Lemma 1.6 immediately implies that the sequence {h1/k
k }

∞
k=1 converges. �

The next lemma follows from the standard argument in the theory of Lp spaces.

Lemma 2.7. If 1 ≤ p ≤ q then ρp,µ ≤ ρq,µ.

Proof. From the standard argument of the theory of Lp spaces (see, e.g., [92]) we have
(E[‖Ak· · · A1‖

p])1/p
≤ (E[‖Ak· · · A1‖

q])1/q for every k. Thus the conclusion holds. �
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Finally the next lemma shows that the computation of the Lp-norm joint spectral radius
can be reduced to that of a lower exponent.

Lemma 2.8. For any p > 0 and a positive integer m we have

ρp,µ = (ρp/m,µ⊗m)1/m (2.4)

provided p/m is an integer.

Proof. By (1.8) and (1.9) we have

‖Ak· · · A1‖
p = ‖A⊗n

k · · · A
⊗n
1 ‖

p/m.

Therefore if B1, B2, . . . follow µ⊗m independently then (1.16) yields that

E[‖Ak· · · A1‖
p] = E[‖Bk· · · B1‖

p/m]

and hence
ρm

p,µ = lim
k→∞

(
E[‖Bk· · · B1‖

p/m]
)m/pk

= ρp/m,µ⊗m ,

as desired. �

2.3 Stability criterion

This section proves a characterization of the mean stability of Σµ. The next assumption,
which is similar to the assumption of Proposition 2.5, plays the key role.

Assumption 2.9. The support of µ is bounded. Moreover either

1. supp µ leaves a proper cone invariant or

2. p is even.

Remark 2.10. The class of measures µ satisfying the condition 1 of Assumption 2.9 in-
cludes the important class of probability distributions having support in Rn×n

+ . In this case
supp µ leaves the proper cone Rn

+ invariant and µ induces a so called switched linear positive
system. We will study their stabilization in Section 2.6.

The main result of this section is the next stability criterion, which extends the stability
conditions obtained in the literature [35, 36, 62].

Theorem 2.11. Assume that the pair (µ, p) satisfies Assumption 2.9. Then Σµ is pth mean

stable if and only if ρ
(
E[A⊗p]

)
< 1.
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As a bi-product of this theorem we also show the following theorem, which extends
Proposition 2.5.

Theorem 2.12. Assume that the pair (µ, p) satisfies Assumption 2.9. Then the p-radius of

µ is given by

ρp,µ = ρ(E[A⊗p])1/p.

The rest of this section is devoted for the proof of the above theorems. We start with
showing that p-radius characterizes pth mean stability.

Proposition 2.13. Σµ is pth mean stable if and only if ρp,µ < 1.

Proof. Assume that Σµ is pth mean stable. Take α > 0 and β > 0 satisfying (2.1). Define a
norm ‖·‖p on Rn×n by ‖A‖p :=

(∑n
i=1‖Aei‖

p)1/p. Then

E[‖Ak· · · A1‖
p
p] = E

 n∑
i=1

‖Ak· · · A1ei‖
p


=

n∑
i=1

E[‖x(k; ei)‖p]

≤

n∑
i=1

αe−βk‖ei‖
p (by (2.1))

= nαe−βk.

Hence ρp,µ ≤ e−β/p < 1.
On the other hand assume ρp,µ < 1. Then there exists β > 0 such that if k is sufficiently

large then E[‖Ak · · · A1‖
p]1/pk < e−β. Let x0 ∈ R

n be arbitrary. Then for every sufficiently
large k we have

E[‖x(k; x0)‖p] ≤ E[‖Ak· · · A1‖
p]‖x0‖

p

< e−βpk‖x0‖
p.

This implies the exponential pth mean stability of Σµ. �

This proposition has the next corollary.

Corollary 2.14. If Σµ is q-th mean stable then Σµ is pth mean stable for every 1 ≤ p ≤ q.

Proof. Combine Proposition 2.13 and Lemma 2.7. �

For the proof of Theorem 2.11 we need another notion of stability called moment sta-
bility [48, 74].

16



Texas Tech University, Masaki Ogura, August 2014

Definition 2.15. We say that Σµ is exponentially stable in pth moment (pth moment stable

for short) if there exist α > 0 and β > 0 such that, for every x0 ∈ R
n,

‖E[x(k; x0)⊗p]‖ ≤ αe−βk‖x0‖
p.

The next sufficient condition for moment stability is easy to derive.

Proposition 2.16. If ρ(E[A⊗p]) < 1 then Σµ is pth moment stable.

Proof. Let x0 ∈ R
n be arbitrary. By (1.9) we have x(k + 1)⊗p = (Akx(k))⊗p = A⊗p

k x(k)⊗p.
Then, from the independence of {Ak}

∞
k=1 it follows that

E[x(k + 1)⊗p] = E[A⊗p]E[x(k)⊗p]. (2.5)

Therefore, by a discrete-time version of Proposition 1.1 and the assumption,

‖E[x(k)⊗p]‖ ≤ αe−βk‖E[x(0)⊗p]‖

= αe−βk‖x⊗p
0 ‖

= αe−βk‖x0‖
p,

where in the last equation we used (1.8). This completes the proof. �

This sufficient condition is also necessary when p = 1.

Corollary 2.17. Σµ is 1st moment stable if and only if ρ(E[A]) < 1.

Proof. Assume p = 1. Then the sufficient condition ρ(E[A]) < 1 of Proposition 2.16 is
also necessary because the set of initial states of the equation (2.5) is the whole space as
{E[x(0)]}x0∈Rn = {x0}x0∈Rn = Rn. �

To use moment stability for proving Theorem 2.11, we need to know the relationship
between mean and moment stability.

Proposition 2.18.

1. If Σµ is pth mean stable then Σµ is pth moment stable.

2. If Σµ is pth moment stable and the pair (µ, p) satisfies Assumption 2.9 then Σµ is pth

mean stable.
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Proof. The pth mean stability is sufficient for the pth moment stability because (1.8) yields
the inequality

‖E[x(k; x0)⊗p]‖ ≤ E[‖x(k; x0)⊗p‖]

= E[‖x(k; x0)‖p].

Then assume that the pair (µ, p) satisfies Assumption 2.9 and that Σµ is pth moment
stable. Let x0 ∈ R

n be arbitrary. First consider the case when p is even. Then we have
‖x(k)‖p

p =
∑n

i=1 x(k)p
i and hence

E[‖x(k)‖p
p] =

n∑
i=1

E
[
x(k)p

i

]
=

n∑
i=1

∣∣∣∣E [
x(k)p

i

]∣∣∣∣
≤ ‖E[x(k)⊗p]‖1

≤ αe−βk‖x0‖
p

for some α > 0 and β > 0 by the moment stability of Σµ. Therefore Σµ is pth mean stable.
Next suppose that supp µ leaves a proper cone K invariant. First we consider the case

when x0 ∈ K. Take a vector f ∈ int K∗ and the cone linear absolute norm ‖·‖ f . Since x0 ∈ K,
the invariance assumption shows that x(k; x0) is in K (with probability 1). Therefore (1.6)
holds and hence ‖x(k; x0)‖p

f = ( f , x(k; x0))p = ( f ⊗p, x(k; x0)⊗p) with probability 1 by (1.10).
Thus

E[‖x(k; x0)‖p
f ] = ( f ⊗p, E[x(k; x0)⊗p])

≤ ‖ f ⊗p‖‖E[x(k; x0)⊗p]‖

≤ αe−βk‖x0‖
p

for some α > 0 and β > 0 by the moment stability of Σµ. Then let us consider the general
case when x0 is not necessarily in K. Take x+

0 , x
−
0 ∈ K such that x = x+

0 − x−0 and ‖x+
0 ‖ f +

‖x−0 ‖ f ≤ 2‖x0‖ f . The existence of such x+
0 and x−0 are guaranteed by the fact that K is proper.

Let x(k), x+(k), and x−(k) denote the solutions of Σµ with the initial states x0, x+
0 , and x−0 ,

respectively. Since x(k) = x+(k) − x−(k), the general inequality

(a + b)p ≤ 2p(ap + bp), a, b ≥ 0 (2.6)

shows
‖x(k)‖p

f ≤
(
‖x+(k)‖ f + ‖x−(k)‖ f

)p

≤ 2p
(
‖x+(k)‖p

f + ‖x−(k)‖p
f

)
.
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Therefore
E[‖x(k)‖p

f ] ≤ 2p
(
E[‖x+(k)‖p

f ] + E[‖x−(k)‖p
f ]
)

≤ 2p · 2αe−βk(‖x+
0 ‖

p
f + ‖x−0 ‖

p
f )

≤ 2p+1αe−βk(‖x+
0 ‖ f + ‖x−0 ‖ f )p

≤ 2p+1αe−βk2p‖x0‖
p
f .

Hence Σµ is pth mean stable. �

This proposition gives the next important fact.

Proposition 2.19. If the pair (µ, p) satisfies Assumption 2.9 then

ρp,µ ≥ ρ(E[A⊗p])1/p. (2.7)

Proof. First let us prove (2.7) for p = 1. Assume the contrary, i.e., assume that there exists
a probability measure µ such that ρ(E[A]) > ρ1,µ, where A is a random variable following
µ. To derive a contradiction let µr be the image of µ under the multiplication by r on Rn×n

and let Ar be the random variable following µr independently with A. Then, by (1.15), we
can check ρ1,µr = rρ1,µ and ρ (E[Ar]) = rρ (E[A]). Hence, by our assumption, there exists
r > 0 such that

ρ(E[Ar]) > 1 > ρ1,µr . (2.8)

The second part of this inequality shows that, by Proposition 2.13, Σµr is 1st mean stable
and therefore, by Proposition 2.18, Σµr is 1st moment stable. Hence Corollary 2.17 shows
ρ(E[Ar]) < 1, which contradicts the left half of (2.8). Thus (2.7) is true for p = 1. For a
general p, let B be the random variable following µ⊗p. Then the above argument for p = 1
and (2.4) shows that

ρ(E[A⊗p])1/p = ρ(E[B])1/p

≤ ρ
1/p
1,µ⊗p

= ρp,µ.

This completes the proof. �

Now we can prove Theorems 2.11 and 2.12.

Proof of Theorem 2.11. First assume that ρ(E[A⊗p]) < 1. Then Σµ is pth moment stable by
Proposition 2.16. Therefore, by Proposition 2.18, Σµ is pth mean stable. On the other hand
assume that Σµ is pth mean stable. Then Proposition 2.13 implies ρp,µ < 1. Therefore, by
Proposition 2.19, we have ρ(E[A⊗p]) < 1. �
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Proof of Theorem 2.12. Assume that Assumption 2.9 is satisfied. By Proposition 2.19 it is
sufficient to show ρp,µ ≤ ρ(E[A⊗p])1/p. Assume the contrary; i.e., ρp,µ > ρ(E[A⊗p])1/p. We
derive a contradiction as in the proof of Proposition 2.19. Let Ar be the random variable
following µr. By our assumption, there exists r > 0 such that

ρp,µr > 1 > ρ(E[A⊗p
r ])1/p. (2.9)

By Proposition 2.16, the second part of this inequality implies that Σµr is pth moment stable.
Therefore, since the pair (µr, p) also satisfies Assumption 2.9, Proposition 2.18 implies that
Σµr is pth mean stable. On the other hand the first part of (2.9) implies the opposite by
Proposition 2.13. Thus we obtained a contradiction. �

2.4 Limiting behavior of pth mean stability

For a subsetM ⊂ Rn×n we define the deterministic switched linear system ΣM by

ΣM : x(k + 1) = Akx(k), Ak ∈ M.

Then a probability distribution µ on Rn×n naturally induces the deterministic switched lin-
ear system Σsupp µ. This section shows that, in the limit of p→ ∞, the pth mean stability of
the stochastic switched linear system Σµ becomes equivalent to the absolute asymptotic sta-
bility (see Definition 1.2) of Σsupp µ. This is in contrast with the fact that, as p → 0, the pth
mean stability can give almost sure stability [34] and clarifies a fundamental relationship
between different stability notions.

We start with the following observation. First notice that the definitions of p-radius and
joint spectral radius (1.4) show that

ρp,µ ≤ ρ̂(supp µ) (2.10)

for every p ≥ 1. Since ρp,µ is non-decreasing with respect to p by Lemma 2.7, we have

lim
p→∞

ρp,µ ≤ ρ̂(supp µ). (2.11)

It is then natural to ask when the equality holds in this inequality. We will show that the
equality still holds under the following assumption.

Assumption 2.20. Let µ be a probability distribution on Rn×n having compact support.
Assume that
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1. supp µ leaves a proper cone invariant;

2. The singular part µs of µ consists of only point measures, i.e., µs =
∑N

i=1 piδMi for
some positive numbers p1, . . . , pN and matrices M1, . . . ,MN .

The next theorem is the main result of this section.

Theorem 2.21. If µ satisfies Assumption 2.20 then

lim
p→∞

ρp,µ = ρ̂(supp µ).

This theorem has two corollaries, both of which can be proved easily using Proposi-
tion 2.11. The first one shows a novel relationship between the stability of the deterministic
switched system Σsupp µ and the stochastic switched system Σµ.

Corollary 2.22. Assume that µ satisfies Assumption 2.20. Then Σsupp µ is absolutely asymp-

totically stable if and only if there exists γ < 1 such that Σµ is pth mean stable with the

decay rate at most γ for every p ≥ 1; i.e., the expectation E[‖x(k)‖p]1/p is of order O(γk)
for every p.

The second corollary gives an expression of the joint spectral radius, extending the
result obtained in [13].

Corollary 2.23. If µ satisfies Assumption 2.20 then

ρ̂(supp µ) = lim
p→∞

ρ
(
E[A⊗p]

)1/p
.

We give the proof of Theorem 2.21 in the rest of this section. Assume that µ satisfies
Assumption 2.20 and let K be the proper cone left invariant by supp µ. Also we letM :=
supp µ. Let us introduce the set

S M := {X ∈ Rn×n : X ≥K M}

for M ∈ Rn×n. Notice that the boundary ∂S M is a null set with respect to the Legesgue
measure because S M is convex [68]. Let us begin with the next lemma.

Lemma 2.24. Assume that µ is a probability distribution on Rn×n that is absolutely contin-

uous. Let M ∈ Rn×n be arbitrary and assume that the sequence {Mk}
∞
k=1 converges to M.

Then limk→∞ µ(S Mk\S M) = 0 and limk→∞ µ(S M\S Mk) = 0.
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Proof. We only give the proof of the second equation limk→∞ µ(S M\S Mk) = 0 because the
other one can be proved in a similar way. Let A ∈ M\∂S M be arbitrary. Then it is sufficient
to show

lim
k→∞

χS M\S Mk
(A) = 0 (2.12)

since, by Lebesgue dominant convergence theorem, this equation readily implies the de-
sired equation. Since S M is closed, A is either not in S M or in int S M. If A is not in S M then
(2.12) clearly holds. Assume A ∈ int S M. Define G := {Y ∈ Rn×n : Y <K A}. G is clearly
open. Moreover M ∈ G because A ∈ int S M implies A >K M. Now, since Mk converges to
M, for a sufficiently large k the matrix Mk is in G, i.e., Mk <

K A. Therefore A ∈ S Mk and
hence χS M\S Mk

(A) = 0, which shows (2.12). �

Let ε > 0 be arbitrary and define the function φε : M→ R by

φε(M) := µ(S (1−ε)M).

Proposition 2.25. Assume that µ satisfies Assumption 2.20. For every ε > 0, there exists

δ > 0 such that φε(M) ≥ δ for every M ∈ M.

Proof. Let ε > 0 be arbitrary. First assume that µ is absolutely continuous. Since M is
compact by Assumption 2.20, it is sufficient to show that φε is continuous and positive on
M. Let us first prove that φε is continuous onM. Let M ∈ M be arbitrary and let {Mk}

∞
k=1

be a sequence ofM converging to M. Then we can see that

|φε(M) − φε(Mk)| =
∣∣∣µ(S (1−ε)M) − µ(S (1−ε)Mk)

∣∣∣
≤ µ(S (1−ε)M\S (1−ε)Mk) + µ(S (1−ε)Mk\S (1−ε)M),

which converges to 0 as k → ∞ by Lemma 2.24. To show that φε is positive on M let
M ∈ M be arbitrary. Then M ∈ (int S (1−ε)M) ∩ supp µ and therefore µ(int S (1−ε)M) > 0 by
the definition of support. This shows φε(M) ≥ µ(int S (1−ε)M) > 0.

Then assume that µ is of the form µ =
∑N

i=1 piδMi . Then, since Mi ≥
K 0 and hence Mi ≥

K

(1−ε)Mi for each Mi ∈ M, it holds that φε(Mi) ≥ pi. Therefore φε(M) ≥ min(p1, . . . , pN) >
0 for every M ∈ M.

The general case immediately follows from the above two special cases. �

Also we need the next basic fact on the norm of the product of matrices leaving a proper
cone invariant.

22



Texas Tech University, Masaki Ogura, August 2014

Lemma 2.26 ([97]). Let ‖·‖ be the norm on Rn×n induced by a cone linear absolute norm

on Rn with respect to a proper cone K ⊂ Rn. If Ai ≥
K Bi ≥

K 0 for all i = 1, . . . , k then

‖A1· · · Ak‖ ≥ ‖B1· · · Bk‖.

Proof. The special case i = 1 can be found in [97]. Then it is easy to prove the general
case since A1· · · Ak ≥

K B1· · · Bk under the assumption. �

Now we can prove Theorem 2.21.

Proof of Theorem 2.21. Let γ := ρ̂(supp µ). By (2.11) it is sufficient to show limp→∞ ρp,µ ≥

γ. Let us take any cone linear absolute norm ‖·‖ with respect to K. By Proposition 1.3,
we can show that there exist C > 0 and {Mk}

∞
k=1 ⊂ supp µ such that ‖Mk· · ·M1‖ > Cγk for

infinitely many k.
Take arbitrary γ1 and γ2 such that γ > γ1 > γ2. Define ε := (γ − γ1)/γ and take the

corresponding δ > 0 given by Lemma 2.25. Observe that, by Lemma 2.26, if Xi ∈ S (1−ε)Mi

then Xi ≥
K (1−ε)Mi = (γ1/γ)Mi so that ‖Xk· · · X1‖ ≥ (γ1/γ)k‖Mk· · ·M1‖ > Cγk

1. Therefore,
by Proposition 2.25,

E[‖Ak· · · A1‖
p] >

(
Cγk

1

)p
µk

(
‖Ak· · · A1‖ > Cγk

1

)
≥Cpγ

pk
1

k∏
i=1

µ(S (1−ε)Mi)

≥Cpγ
pk
1 δ

k

and hence E[‖Ak· · · A1‖
p]1/kp > C1/kδ1/pγ1. Choose sufficiently large p0 such that δ1/p0γ1 >

γ2. Then E[‖Ak· · · A1‖
p0]1/kp0 > C1/kγ2 for infinitely many k. This implies ρp0,µ ≥ γ2 and

therefore limp→∞ ρp,µ ≥ γ2. Since γ2 can be made arbitrarily close to γ, this completes the
proof. �

Example 2.27. As an illustration of Theorem 2.21 let us study the following simple ex-
ample. Let λ be the uniform distribution on [0, γ] and let µ be the probability distri-
bution of the random variable diag(λ, γ/2). Clearly µ is absolutely continuous. Also
supp µ =

{
diag(x, γ/2) : 0 ≤ x ≤ γ

}
leaves the proper cone R2

+ invariant. Now it is easy
to observe ρ̂(supp µ) = γ and ρ(E[A⊗p]) = γp/(p + 1). Therefore ρp,µ = γ(p + 1)−p and
hence limp→∞ ρp,µ = γ = ρ̂(supp µ), as expected.
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2.5 Converse Lyapunov theorem

This section shows a converse Lyapunov theorem for the mean stability of Σµ. We will show
the equivalence between the pth mean stability of Σµ and the existence of a homogeneous
Lyapunov function of degree p. Let us first define Lyapunov functions for Σµ.

Definition 2.28. We say that a positive definite and continuous function V : Rn → R is a
Lyapunov function for Σµ if there exists γ ∈ [0, 1) such that

E[V(Ax)] ≤ γV(x) (2.13)

for every x ∈ Rn.

This definition is actually consistent with mean stability in the following sense.

Proposition 2.29. If Σµ admits a homogeneous Lyapunov function of degree p then Σµ is

pth mean stable.

Proof. Assume that Σµ admits a homogeneous Lyapunov function V of degree p. Let
x0 ∈ R

n be arbitrary. Using induction we can show E[V(x(k; x0))] ≤ γkV(x0). Since V

is continuous, homogeneous with degree p, and positive definite, there exist (see, e.g.,
[53, Theorem 5.4.4]) constants C1,C2 > 0 such that C1‖x‖p ≤ V(x) ≤ C2‖x‖p for every
x ∈ Rn. Therefore E[‖x(k; x0)‖p] ≤ (C2/C1)γk‖x0‖

p. Thus Σµ is pth mean stable. �

Then it is natural to ask if, conversely, the mean stability of Σµ implies the existence of
a homogeneous Lyapunov function. The next theorem answers this questions affirmatively.
Recall that, by Lemma 1.11, ifM ⊂ Rn×n leaves a proper cone K invariant thenM⊗p leaves
the proper cone K̃p invariant.

Theorem 2.30. Assume that either

1. p is even or

2. supp µ leaves a proper cone K invariant and E[A⊗p] >K̃p 0.

If Σµ is pth mean stable then it admits a homogeneous Lyapunov function of degree p.

Remark 2.31. The second condition of the assumption in Theorem 2.30 requires a stronger
invariance on the support of µ than Assumption 2.9.

Let us start with the special case p = 2 of the first assumption 1. In this case the notion
of simultaneous contractibiilty, which is originally formulated in [2] in a deterministic
setting, plays an important role.
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Definition 2.32. We say that µ is simultaneously contractible in square mean if there exist
γ < 1 and an invertible matrix S ∈ Rn×n such that if A follows µ then, for every x ∈ Rn,

E
[
‖S −1AS x‖2

‖x‖2

]
≤ γ. (2.14)

The next proposition gives a special case of Theorem 2.30.

Proposition 2.33. The following conditions are equivalent:

1. Σµ is mean square stable;

2. ρ2,µ < 1;

3. Σµ admits a Lyapunov function of the form V(x) = (Hx, x) for a positive definite

matrix H.

4. µ is simultaneously contractible in square mean;

5. There exist M, β > 0 such that, for every x0 ∈ R
n, ‖E[x(k; x0)]‖ < Me−βk‖x0‖ and

‖Var(x(k; x0))‖ < Me−βk‖x0‖
2.

Proof. The equivalence [1⇔ 2] was proved in Theorem 2.11. Let us show the cycles [2⇒
3⇒ 4⇒ 1] and [1⇒ 5⇒ 1].

[2⇒ 3]: We use an idea from [2]. Assume ρ2,µ < 1. Take α such that ρ2,µ < α < 1.
Let us write Xk = Ak · · · A1. Take a positive integer m such that

E[‖Xm‖
2] ≤ α2m. (2.15)

Define a positive definite matrix H by

H := I +

m−1∑
k=1

α−2kE[X>k Xk]

and define V(x) := (Hx, x). Then V(x) = ‖x‖2 +
∑m−1

k=1 α
−2kE[‖Xkx‖]2. Now if A follows µ

then we have

E[V(Ax)] =

m−1∑
k=0

α−2kE[‖Xk+1x‖2]

≤

m−2∑
k=0

α−2kE[‖Xk+1x‖2] + α−2(m−1) · α2m‖x‖2 (by (2.15))

= α2V(x).
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Therefore V is a Lyapunov function for Σµ.
[3 ⇒ 4]: Assume that Σµ admits the quadratic Lyapunov function V(x) = (Hx, x).

Take γ ∈ [0, 1) that satisfies (2.13). Let S be an invertible matrix such that H−1 = S S >.
Then ‖S −1AS x‖2 = (S −1AS x, S −1AS x) = (HAS x, AS x) = V(AS x) and V(S x) = ‖x‖2 so
that (2.14) follows.

[4⇒ 1]: Assume that µ is simultaneously contractible in square mean with a constant
γ < 1 and an invertible matrix S . Let us show the mean square stability of Σµ with respect
to the norm ‖x‖S := ‖S −1x‖ on Rn. Let x0 ∈ R

n be arbitrary. Since x(k + 1) = Akx(k) =

AkS · S −1x(k) it holds that

E[‖x(k + 1)‖2S ] = E[‖S −1AkS · S −1x(k)‖2]

≤ γE[‖S −1x(k)‖2]

= γE[‖x(k)‖2S ]

and hence E[‖x(k)‖2S ] ≤ γkE[‖x0‖
2
S ] = γk‖x0‖

2
S . Since 0 ≤ γ < 1 the switched system Σµ is

mean square stable.
[1⇒ 5]: Assume that Σµ is mean square stable. Let x0 be arbitrary. It is easy to see

that
‖E[x(k)]‖ ≤ E[‖x(k)‖]. (2.16)

Also since
Var(x(k)) = E[x(k)x(k)>] − E[x(k)]E[x(k)]>, (2.17)

we can see that
‖Var(x(k))‖ ≤ E[‖x(k)‖2] + E[‖x(k)‖]2. (2.18)

By (2.16) and (2.18) it is sufficient to show that Σµ is first mean stable and mean square
stable. The latter follows from the assumption and the former follows from Corollary 2.14.

[5 ⇒ 1]: Assume the condition 5. Then (2.17) and the triangle inequality imply the
existence of α, β > 0 such that ‖E[x(k)x(k)>]‖ < αe−βk‖x0‖

2 for every x0 ∈ R
n. Now let x0

be arbitrary. Using the identity ‖v‖2 =
∑n

i=1 e>i vv>ei for v ∈ Rn we can show that

E[‖x(k)‖2] =

n∑
i=1

e>i E[x(k)x(k)>]ei

≤

n∑
i=1

‖e>i ‖ ‖E[x(k)x(k)>]‖ ‖ei‖

< nαe−βk‖x0‖
2,
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which implies the mean square stability of Σµ. �

Let us see examples.

Example 2.34. Hanlon et al. [48] study the linear switched system Σµ where µ is the uni-
form distribution on the set {A1, A2} given by

A1 =

 0.9739 0.0098
−0.9772 0.9739

 , A2 =

 0.9719 0.0975
−0.0975 0.9719

 .
They show that the mean and the variance of the state converges to 0 by deriving differ-
ence equations satisfied by them. This conclusion now follows easily from computing the
2-radius of µ. By Theorem 2.12 one can check ρ2,µ = 0.9973 and this guarantees the
convergence of mean and variance by Proposition 2.33.

Also they claim without a proof that, though the mean and variance converges to 0,
there exists a switching signal that drives the trajectory x(k) to infinity. We can prove this
fact by simply observing ρ4,µ = 1.0063 > 1 because this shows ρ̂({A1, A2}) > 1 by (2.10)
and therefore implies that the switched system is not absolutely asymptotically stable by
Proposition 1.3.

Example 2.35. Consider the probability distribution

µ =

 [−0.8, 0] [0.05, 0.35]
[0.050.35] [0, 0.08]

 (2.19)

where the closed intervals in the matrix above indicate that each element follows a uniform
distribution on the corresponding interval independently. The associated system Σµ was
first studied in [6] and later its mean square stability was proved in [51]. Indeed we can
easily see that ρ2 = 0.5212 < 1. Therefore, by Theorem 2.11, Σµ admits a quadratic
Lyapunov function V(x) = (Hx, x) for some H > 0. We can find such an H by solving the
linear matrix inequality

E[A>HA] ≤ γH (2.20)

which follows from (2.13). To solve this inequality let us rewrite the matrix in (2.19) as
A = Ã + ∆ where

Ã =

−0.4 0.2
0.2 0.04

 , ∆ =

r11U11 r12U12

r21U21 r22U22

 ,
r11 = 0.4, r12 = r12 = 0.15, r22 = 0.04,
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and Ui j are independently distributed continuous uniform distributions on the inter-
val [−1, 1]. Then, since E[∆] = 0,

E[A>HA] = Ã>HÃ +
1
3

r2
11H11 + r2

21H22 0
0 r2

12H11 + r2
22H22

 .
Now we can easily solve the linear matrix inequality (2.20) for H. Setting γ := 0.3 > ρ2

2,µ

we obtain

H =

1.2193 0.0678
0.0678 1.3366

 .
Let us go back to the proof of Theorem 2.30. To prove the case when there exists an

invariant cone we start with the next lemma about the norm of matrices induced by cone
linear absolute norms. The proof can be found in [97].

Lemma 2.36 ([97]). Let ‖·‖ be a cone linear absolute norm with respect to a proper cone

K in Rn. Then the induced norm of A ∈ Rn×n defined by ‖A‖ = supx∈Rn
‖Ax‖
‖x‖ satisfies

‖A‖ = sup
x∈K

‖Ax‖
‖x‖

. (2.21)

The next proposition states that the induced norm (2.21) can be attained by spectral
radius.

Proposition 2.37. Let K ⊂ Rn be a proper cone and assume that A >K 0. Then there exists

f ∈ int (K∗) that induces the cone linear absolute norm ‖·‖ f such that ‖A‖ f = ρ(A).

Proof. By Lemma 1.9 the matrix A admits the Jordan canonical form J = V−1AV where
V ∈ Rn×n is an invertible matrix whose columns are the generalized eigenvectors of M and
J ∈ Rn×n is of the form

J =

J0 0
0 ρ(A)


for some upper diagonal matrix J0. Define f ∈ Rn by

V−1 =

 ∗f >
 .

We can easily see that f is an eigenvector of A> corresponding to the eigenvalue ρ(A).
Since K∗ is proper, Lemma 1.9 shows f ∈ int(K∗). Moreover, by Lemma 2.26,

‖A‖ f = sup
x∈K

‖Ax‖ f

‖x‖ f
= sup

x∈K

f >Ax
f >x

.
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Since f >Ax = ρ(A)
[
0 · · · 0 1

]
V−1x = ρ(M) f >x we have ‖A‖ f = ρ(A), as desired. �

Now we can complete the proof of Theorem 2.30.

Proof of the necessity in Theorem 2.30. First consider the case when p is even. Assume
that Σµ is pth mean stable for p = 2q where q is a positive integer. Then Theorem 2.11
gives ρp,µ < 1 and therefore ρ2,µ⊗q < 1 by (2.4). Hence, by Proposition 2.33, Σµ⊗q admits
a homogeneous Lyapunov function V of degree 2. Now define W : Rn → R by W(x) :=
V(x⊗q). Since V is a Lyapunov function and is homogeneous of degree 2, W is positive
definite and is homogeneous with degree 2q = p. Moreover, by (1.9) and (1.16), if B

follows µ⊗q then
E[W(Ax)] = E[V(A⊗qx⊗q)]

= E[V(Bx⊗q)]

≤ γV(x⊗q)

= γW(x)

(2.22)

for some γ < 1. Therefore W is a Lyapunov function for Σµ.
Then let us turn to the second case. First we consider the special case p = 1. In this

case K̃p = K. Assume that supp µ leaves a proper cone K invariant and E[A] >K 0. If Σµ

is first mean stable then γ := ρ(E[A]) < 1 by Theorem 2.11. Also, by Proposition 2.37,
there exists a cone linear absolute norm ‖·‖ on Rd such that ‖E[A]‖ = γ. Now we define
V(x) := ‖x‖. We need to show (2.13). Let x ∈ Rn and ε > 0 be arbitrary. Since ‖·‖ is cone
absolute there exist x1, x2 ∈ K such that x = x1 − x2 and ‖x1‖ + ‖x2‖ = ‖x1 + x2‖ ≤ ‖x‖ + ε.
Notice that, by the linearity of ‖·‖ on K, we have E[‖Axi‖] = ‖E[A]xi‖ ≤ γ‖xi‖. Therefore

E[V(Ax)] = E[‖Ax1 − Ax2‖]

≤ E[‖Ax1‖] + E[‖Ax2‖]

≤ γ(‖x1‖ + ‖x2‖)

≤ γ(‖x‖ + ε)

≤ γV(x) + γε

by the linearity of ‖·‖ on K. Since ε > 0 was arbitrary the inequality (2.13) actually holds
and this finishes the case p = 1. Then let us give a proof for a general p. Assume that
Σµ is pth mean stable. Then ρp,µ < 1 and hence ρ1,µ⊗p < 1 by (2.4). Since supp(µ⊗p) =

(supp µ)⊗p leaves the proper cone K̃p invariant by Lemma 1.11, Σµ⊗p is first mean stable by
Theorem 2.11. Therefore, by the above result for p = 1 and the assumption E[A⊗p] >K̃p 0,
the system Σµ⊗p admits a homogeneous Lyapunov function V with degree 1. Now we define
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Figure 2.1: The sample means of the Lyapunov function (circle) and the Euclidean norm
(triangle)

W : Rn → R by W(x) := V(x⊗p). Then, in the same way as (2.22), we can show that W

is actually a homogeneous Lyapunov function of degree p for Σµ. This completes the
proof. �

Let us see an example.

Example 2.38. Consider the probability distribution

µ =

 [0, 1.5] [0, 1.8]
[0, 0.15] [0, 1.2]

 .
Clearly supp µ leaves the proper cone R2

+ invariant. Also the mean E[A] has only positive
entries so that it is R2

+-positive. Therefore Theorem 2.30 shows that Σµ admits a homo-
geneous Lyapunov function of degree 1. From the proof of the theorem, the Lyapunov
function is given as a cone linear absolute norm ‖x‖ f and we can obtain the f by following
the proof of Proposition 2.37 as f = [0.3838 1]>.

We generate 200 sample paths of Σµ with the initial state x0 = [0 1]>. Figure 2.1
shows the sample means of the Lyapunov function ‖x(k)‖ f and the Euclidean norm ‖x(k)‖.
While the sample mean of our Lyapunov function is almost decreasing, that of the Eu-
clidean norm shows oscillation. Figure 2.2 shows the average of the sample paths and the
contour plot of our Lyapunov function and the Euclidean norm.
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Figure 2.2: The averaged sample path (solid) and the level plots of the Lyapunov function
(dashed) and the Euclidean norm (dotted)

2.6 Stabilization of switched linear positive systems

Based on the stability characterization obtained in Section 2.3, in this section we study the
stabilization of positive switched systems defined as follows.

Definition 2.39. The switched system Σµ is said to be positive if supp µ ⊂ Rn×n
+ .

Recently positive switched systems have attracted much attention (see, e.g., [12, 78,
110]) due to their applications in various areas including communications, economics, and
biology. The term positive comes from the property that, if the initial state x(0) = x0 is
in Rn

+ then the trajectory x(k; x0) also stays in Rn
+ with probability 1. Since Rn×n

+ leaves the
proper cone Rn

+ invariant, the next stability characterization directly follows from Theorem
2.11.

Proposition 2.40. Let p be arbitrary. The positive switched system Σµ is pth mean stable

if and only if ρ(E[A⊗p]) < 1.

This section studies the stabilization of the positive switched system with an input de-
fined by

Σ̃µ : x(k + 1) = Akx(k) + bu(k) (2.23)

where b ∈ Rn and u(k) ∈ R. We consider the state feedback controller

u(k) = f x(k), f ∈ R1×n, (2.24)
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which yields the controlled system

Σµ f : x(k + 1) = (Ak + b f )x(k)

where µ f denotes the probability distribution of the random variable Ak + b f . We say that
the feedback controller (2.24) positively stabilizes Σ̃µ in the 1st mean if Σµ f is positive and
1st mean stable.

For simplicity we place the following assumption. Its second condition is similar to
the one employed in [24] where the authors study the stabilization of deterministic positive
linear systems.

Assumption 2.41. Consider Σ̃µ defined by (2.23).

1. There exist M1, . . . ,MN ∈ R
n×n
+ and p1, . . . , pN > 0 such that

∑N
i=1 pi = 1 and

µ = p1δM1 +· · · + pNδMN . (2.25)

2. The vector b does not have a positive entry.

The next lemma shows the monotonicity of the 1-radius of the distributions µ f .

Lemma 2.42. Assume that µ f1 and µ f2 have supports in Rn×n
+ . If f1 ≤ f2 then ρ1,µ f1

≥ ρ1,µ f2
.

Proof. If f1 ≤ f2 then Assumption 2.41 implies b f1 ≥ b f2 and hence E[A + b f1] ≥ E[A +

b f2] ≥ 0. Thus Lemma 1.8 shows ρ(E[A + b f1]) ≥ ρ(E[A + b f2]). Hence Theorem 2.12
gives ρ1,µ f1

≥ ρ1,µ f2
. �

Now we can prove the next proposition that enables us to check the stabilizability of
positive switched systems.

Proposition 2.43. For each i = 1, . . . ,N write Mi = [M(1)
i · · · M(n)

i ] where M( j)
i ∈ R

n.

Define f ∗ = [ f ∗1 · · · f ∗n ] by

f ∗j = max{α ∈ R : M( j)
i + bα ≥ 0 for every i}.

If ρ1,µ f ∗ < 1 then the controlled system Σµ f ∗ is positive and 1st mean stable. If ρ1,µ f ∗ ≥ 1
then no feedback control (2.24) positively stabilizes Σ̃µ in the 1st mean.

Proof. Notice that the definition of f ∗ implies that Σµ f ∗ is positive. Therefore, if
ρ1,µ f ∗ < 1 then Σµ f ∗ is also first mean stable by Theorem 2.11. On the other hand as-
sume ρ1,µ f ∗ ≥ 1. Suppose that the feedback control (2.24) positively stabilizes Σ̃µ for some
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Figure 2.3: Sample paths of switched systems. Dashed: Before stabilization. Solid: After
stabilization

f = [ f1 · · · fn] to derive a contradiction. Since µ f has its support in Rn×n
+ , for each

j = 1, . . . , n the vector f j must satisfy M( j)
i + b f j ≥ 0 for every i = 1, . . . , n. This shows

f ≤ f ∗ and hence ρ1,µ f ≥ ρ1,µ f ∗ ≥ 1 by Lemma 2.42. Thus Σµ f is not first mean stable by
Theorem 2.11, which gives us a contradiction. �

Example 2.44. Consider the switched linear system Σ̃µ where µ is given by (2.25) with
p1 = 0.5, p2 = 0.3, p3 = 0.2 and

M1 =

0.56 0.86
0.43 0.58

 , M2 =

0.47 0.57
0.66 0.75

 , M3 =

3.7 1.2
0.4 1.5

 , b =

−0.86
−0.39

 .
The 1-radius of µ equals 1.66 and hence the original switched system Σµ is not 1st mean
stable. On the other hand the feedback gain f ∗ = [0.55 0.66] obtained by Proposition 2.43
gives ρ1,µ f ∗ = 0.91 and therefore achieves positive stabilization in the first mean. Figure 2.3
shows 15 sample paths of the original switched system and the stabilized switched system.

Before closing this section let us briefly discuss the robustness of the stability of
switched linear positive systems. In practice it is often difficult to exactly identify the value
of the parameters of a given system to be controlled and sometimes such an uncertainty
is modeled using probability distributions. For example the switched system Σµ with µ

defined in (2.25) may be modeled by the switched system Σν where

ν = p1ν1 +· · · + pNνN
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and νi is a probability distribution modeling an uncertainty around the point Mi. Then it is
natural to ask how the uncertainty affects the stability property. The next proposition shows
that the 1st mean stability is preserved as long as the means of the parameters are correctly
estimated.

Proposition 2.45. Assume that the expected value of νi equals Mi and that supp νi is

bounded and contained in Rn×n
+ for every i. Then Σµ is 1st mean stable if and only if Σν

is 1st mean stable.

Proof. Notice that both µ and ν have finite supports in Rn×n
+ , which leaves the proper

cone Rd
+ invariant, and share the same expectation

∑N
i=1 piMi. Therefore Theorem 2.12

gives ρ1,µ = ρ1,ν. Hence the conclusion follows from Theorem 2.11. �

2.7 Conclusion

In this chapter we investigated the mean stability of a class of stochastic discrete-time
switched linear systems. We first gave a characterization of its pth mean stability using
the Lp-norm joint spectral radius of the distribution defining the switched system. Then
we studied the limiting behavior of the pth mean stability as p → ∞ and showed that, in
the limit, the pth mean stability becomes equivalent to the absolute asymptotic stability of
a deterministic switched system naturally associated with the original stochastic switched
system. Then we showed a converse Lyapunov theorem for the mean stability. We finally
studied the stabilization of switched linear positive systems to illustrate the results obtained.
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3. Continuous-time Markov Jump Linear Positive Systems

3.1 Introduction

In Chapter 2 we investigated the mean stability of discrete-time switched linear systems.
However, since natural phenomena are often described by differential equations, it is some-
times appropriate to directly study continuous-time switched linear systems, not discrete-
time ones. The rest of this thesis will be devoted to study continuous-time switched linear
systems. As its starting point, this chapter studies continuous-time Markov jump linear

systems, which have received the most attention from researchers among continuous-time
switched systems. Roughly speaking, a Markov jump linear system is a switched linear
system whose transition between subsystems is governed by a time-homogeneous Markov
process. The book [30] gives an extensive and state-of-the-art survey of the field.

As for the stability of a Markov jump linear system, it is well known that its mean
square stability can be checked by the spectral abscissa of a matrix [39], i.e., the largest
real part of the eigenvalues of the matrix. The mean square stability under disturbances
is also studied in [41]. However checking the pth mean stability of Markov jump linear
systems for a general exponent p has been an open problem. We here note that, though
a necessary and sufficient condition of the pth mean stability is found in [75], the result
seems to be incorrect. This issue will be discussed in Remark 3.8.

This chapter first shows that, if a Markov jump linear system is positive, then its pth
mean stability for a general p can be checked by the spectral abscissa of a matrix. One
of the advantages of considering general pth mean stability is in its special case of p = 1,
in which case the matrix determining stability is affine with respect to the parameters of
the subsystems. Using this structure we then study the L1-optimal control of Markov jump
linear positive systems. We will show that, when a state-feedback control is available, the
optimal feedback gain is given by solving a linear program.

Positive systems, whose state variables are constrained to be in positive orthants, have
received considerable attentions over the past decade [12, 40, 66, 99]. Their importance
stems from the fact that such positivity constraints naturally arise in broad areas including
biology [49], communication systems [100], formation flying [56] and multi agent sys-
tems [87]. Though many authors [12, 40, 47, 66, 109] have studied the stability of switched
linear positive systems for an arbitrary switching signal using co-positive Lyapunov func-
tions, their mean stability has not attracted much attention.

This chapter is organized as follows. Section 3.2 gives a brief overview of Markov jump
linear positive systems. A characterization of the pth mean stability is given in Section 3.3.
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In Section 3.4 we give a method to compute the L1-gain of a Markov jump linear positive
system. Then Section 3.5 discusses the L1-optimal control of Markov jump linear positive
systems.

3.2 Markov jump linear positive systems

Let us first recall the definition of Markov jump linear systems [30]. Let {θ(t)}t≥0 be a
continuous-time homogeneous Markov process taking values in the set {1, . . . ,N}. The
transition probabilities of the process θ(t) is given by, for every h > 0,

P(θ(t + h) = j | θ(t) = i) =

qi jh + o(h), i , j,

1 + qiih + o(h), i = j
(3.1)

where qi j (1 ≤ i, j ≤ N) are constants such that qi j ≥ 0 if i , j and qii = −
∑

j: j,i qi j. Define
the probability transition matrix Q ∈ RN×N by [Q]i j = qi j. A Markov jump linear system Σ

is a switched system of the form

Σ :


dx
dt

= Aθ(t)x(t) + Bθ(t)w(t)

z(t) = Cθ(t)x(t) + Dθ(t)w(t)
(3.2)

where x(t), w(t), and z(t) are real column vectors of length n, nw, and nz, respectively, and
Ai, Bi, Ci, and Di (i = 1, . . . , N) are real matrices with appropriate dimensions. We assume
that the initial state x(0) = x0 ∈ R

n and the initial mode θ(0) = θ0 ∈ {1, . . . ,N} are constants.
The mean stability of a Markov jump linear system is defined in the same way as Defi-

nition 2.1.

Definition 3.1. Let p be a positive integer. Σ is said to be internally exponentially stable in

pth mean (pth mean stable for short) if there exist α > 0 and β > 0 such that, for every x0

and θ0, if w = 0 then
E[‖x(t)‖p] ≤ αe−βt‖x0‖

p. (3.3)

This chapter focuses on Markov jump positive linear systems. We say that the linear
time-invariant system 

dx
dt

= Ax + Bw

z = Cx + Dw
(3.4)

with the initial condition x(0) = x0 is positive if x(t) and z(t) are both nonnegative for any
nonnegative x0 and nonnegative w. It is well known [37] that the system (3.4) is positive
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if and only if A is Metzler and B, C, and D are nonnegative. Then the following definition
naturally follows.

Definition 3.2. A Markov jump linear system Σ is said to be positive if its subsystem
dx
dt

= Aix + Biw

z = Cix + Diw

is positive for every i.

3.3 Stability characterization

The aim of this section is to give the next characterization of the mean stability of Markov
jump linear positive systems, which extends the well-known characterization of the mean
square stability of Markov jump linear systems [39]. Recall that, given a matrix A ∈ Rn×n

and a positive integer p, we define the matrix A[p] ∈ R
np×np by the relationship (1.13). We

write Ai,[p] = (Ai)[p].

Theorem 3.3. Σ is pth mean stable if and only if the (Nnp) × (Nnp) square matrix

Tp := Q> ⊗ Inp + diag(A1,[p], . . . , AN,[p]) (3.5)

is Hurwitz stable.

For the proof of this theorem we introduce the {0, 1}-valued stochastic processes δ1, . . . ,
δN by

δi(t) =

1 θ(t) = i

0 otherwise
(3.6)

for every i and t. We let

δ(t) =


δ1(t)
...

δN(t)

 . (3.7)

The next proposition plays the key role in proving Theorem 3.3.

Proposition 3.4. If w = 0 then

d
dt

E[δ ⊗ x[p]] = TpE[δ ⊗ x[p]]. (3.8)

37



Texas Tech University, Masaki Ogura, August 2014

Proof. First let us consider the special case p = 1. Notice that, by the definition (3.6) of δ,
the state x satisfies the differential equation

dx =

 N∑
i=1

δiAi

 x dt. (3.9)

Also we can check (see [20]) that, if Πi j denotes the Poisson process of the rate qi j for
every distinct pair (i, j) then the process δ satisfies the differential equation dδ =

∑
i, j(E ji −

Eii)δ dΠi j. Then the Itô rule for jump processes [20] shows that

d
dt

E[δ ⊗ x] = E

δ ⊗ N∑
i=1

δiAix

 + E

∑
i, j

qi j

[
(E ji − Eii)δ

]
⊗ x

 . (3.10)

As for the first term of the right hand side of this equation, since δiδ j = 0 if i , j and δ2
i = δi

for every i, from the definition of Kronecker products, it readily follows that

δ ⊗

 N∑
i=1

δiAix

 =


δ1A1x
...

δN AN x


= diag (A1, . . . , AN) (δ ⊗ x).

As for the second term, since [(E ji − Eii)δ] ⊗ x = ((E ji − Eii) ⊗ Inp)(δ ⊗ x) we can see that

∑
i, j

qi j

[
(E ji − Eii)δ

]
⊗ x =

∑
i, j

qi j(Ei j − Eii) ⊗ Inp

 (δ ⊗ x).

Moreover ∑
i, j:i, j

qi j(E ji − Eii) =
∑

i, j:i, j

qi jE ji +

N∑
i=1

∑
j,i

(−qi j)Eii

=
∑

i, j:i, j

qi jE ji +

N∑
i=1

qiiEii

= Q>.

Therefore the second term of the right hand side of (3.10) equals (Q> ⊗ In)E[δ ⊗ x]. The
argument so far shows (3.16) for p = 1. For a general p we let y := x[p]. Then applying the
operator (·)[p] to (3.9) gives dy =

(∑N
i=1 δiAi,[p]

)
y dt. Then we can proceed in the same way

as above to show d
dt E[δ ⊗ y] = TpE[δ ⊗ y], which proves (3.8). �

Also we will need the next technical lemma.
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Lemma 3.5. Let e1, . . . , eN denote the standard unit vectors in RN . Then the set

S p = {ei ⊗ x[p] : 1 ≤ i ≤ N, x ∈ Rn} ⊂ RNnp .

spans RNnp over R.

Proof. Since each ei is a standard unit vector, it is sufficient to show that the set S ′p =

{x[p] : x ∈ Rn} spans Rnp . Assume that v ∈ Rnp is orthogonal to span S ′p. Then, for every
x ∈ Rn we have (v, x[p]) = 0. Comparing the coefficient of each monomial in this equation
shows v = 0 because x[p] has all the monomials of degree p with nonzero coefficients. This
implies that span S ′p is the entire space Rnp . �

The next lemma shows that, to show the pth mean stability of Markov jump linear pos-
itive systems, without loss of generality we can assume that the initial state is nonnegative.

Lemma 3.6. Σ is exponentially pth mean stable if and only if there exist α > 0 and β > 0
such that (3.3) holds for all x0 ≥ 0 and θ0.

Proof. The necessity part is obvious. Let us prove the sufficiency part. Assume that there
exist α > 0 and β > 0 such that (3.3) holds for any x0 ≥ 0 and θ0. Let x0 ∈ R

n be
arbitrary. Define x+

0 , x
−
0 ∈ R

n
+ as the entry-wise maximum and minimum x+

0 := max(x0, 0)
and x−0 := max(−x0, 0). Let x+(t) and x−(t) denote the solutions of Σ with the initial states
x+

0 and x−0 and w = 0, respectively. Since x0 = x+
0 − x−0 we have x(t) = x+(t) − x−(t). Then

the general inequalities (2.6) and ‖x+
0 ‖

p
2 + ‖x−0 ‖

p
2 ≤ 2‖x0‖

p
2 show that

E[‖x(t)‖p
2] ≤ E

[
(‖x+(t)‖2 + ‖x−(t)‖2)p]

≤ 2pE
[
‖x+(t)‖p

2 + ‖x−(t)‖p
2

]
≤ 2pαe−βk(‖x+

0 ‖
p
2 + ‖x−0 ‖

p
2)

≤ 2p+1αe−βk2p‖x0‖
p
2 .

Therefore Σ is exponentially pth mean stable. �

Let us prove Theorem 3.3.

Proof of Theorem 3.3. First assume that Tp is Hurwitz stable. Let us show that Σ is expo-
nentially pth mean stable. Let x0 and θ0 be arbitrary. We can assume x0 ≥ 0 by Lemma 3.6.
Then δ(t) ⊗ x(t)[p] ≥ 0 with probability 1. Then, by the equivalence of norms and the
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linearity of ‖·‖1 on a positive orthant, there exists C > 0 such that

E[‖x(t)‖p
2] = E[‖δ(t) ⊗ x(t)[p]‖2] (by (1.11))

≤ CE[‖δ(t) ⊗ x(t)[p]‖1]

= C‖E[δ(t) ⊗ x(t)[p]]‖1.

(3.11)

Moreover, since Tp is Hurwitz stable, Propositions 3.4 and 1.1 show the existence of α > 0
and β > 0 such that

‖E[δ(t) ⊗ x(t)[p]]‖1 ≤ αe−βt‖δ0 ⊗ x[p]
0 ‖1

≤ αe−βtC′‖δ0 ⊗ x[p]
0 ‖2

= C′αe−βt‖x0‖
p
2 (by (1.11))

for some C′ > 0 by the equivalence of norms. This inequality and (3.11) prove the pth
mean stability of Σ.

On the other hand assume that Σ is exponentially pth mean stable. Let α > 0 and β > 0
be constants satisfying (3.3). Since (3.8) shows E[δ(t) ⊗ x(t)[p]] = eTpt(δ0 ⊗ x[p]

0 ), we have

‖eTpt(δ0 ⊗ x[p]
0 )‖2 ≤ E[‖δ(t) ⊗ x(t)[p]‖2]

= E[‖x(t)‖p
2] (by (1.11))

≤ αe−βt‖x0‖
p
2

for every x0 ∈ R
n and δ0. Therefore, by Lemma 3.5, eTpty converges to 0 as t → ∞ exponen-

tially fast for every y ∈ RNnp , which proves that Tp is Hurwitz stable by Proposition 1.1. �

Theorem 3.3 gives an expression of the pth mean Lyapunov exponent of a Markov jump
linear system defined by

λp = sup
x0∈Rn

lim
t→∞

1
t

log E[‖x(t)‖p].

For a square matrix A let σ(A) denote the maximum of the real part of the eigenvalues of A.

Corollary 3.7. It holds that

λp = σ(Tp).

Remark 3.8. Mariton [75] proves Corollary 3.7 in a slightly different form without the
positivity assumption, for which we can find a counterexample. Consider a Markov jump
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linear system with the two subsystems dx/dt = A1x and dx/dt = A2x where

A1 =

0 −1
1 0

 , A2 =

 0 1
−1 0


and with the probability transition matrix given by

Q =

−1 1
1 −1

 .
Then we can check that the eigenvalues of T1 are all −1. Therefore the result in [75] shows
that λ1 = −1. On the other hand, since the both subsystems represent the rotation around
the origin, we have ‖eA1tx0‖ = ‖eA2tx0‖ = ‖x0‖ for any t ∈ R and x0 ∈ R

2. Therefore clearly
λ1 = 0, which is a contradiction.

3.3.1 Output feedback stabilization

As an illustration of Theorem 3.3 this section studies the stabilization of positive Markov
jump linear systems in the first mean, following the setting in [38] where the authors study
the stabilization of Markov jump linear systems in the mean square. Consider the Markov
jump linear system with input and output defined by

dx
dt

= Ar(t)x(t) + Br(t)u(t)

y = Cr(t)x(t),
(3.12)

where x(t) ∈ Rn, u(t) ∈ Rnu , y(t) ∈ Rny , and Ai, Bi, and Ci (i = 1, . . . , N) are real matrices
with appropriate dimensions. We study the stabilization of the system (3.12) via the output
feedback

u(t) = Kr(t)y(t),

where K1, . . . , KN ∈ R
nu×ny . Then the controlled system is described by

ΣK :
dx
dt

= AK,r(t)x(t), AK,i = Ai + BiKiCi

which is again a Markov jump linear system.
We consider the following problem. Let T1(ΣK) denote the matrix T1 given by (3.5) for

the system ΣK .
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Problem 3.9. Assume that the matrices A1, . . . , AN are Metzler. Find feedback gain matri-
ces K1, . . . , KN and a transition matrix Q such that the controlled system ΣK is positive and
η(T1(K)) is minimized.

This problem aims to stabilize a given positive Markov jump linear system in the first
mean while keeping its positivity. Notice that not only the gain matrices but also the tran-
sition matrix can be designed. We can reduce the problem to an optimization without con-
straints as follows. For A ∈ Rn×n define its distance from the set of n × n Metzler matrices
Mn by d(A,Mn) :=

∑n
i=1

∑
j,i max(−Ai j, 0). Clearly A is Metzler if and only if d(A,Mn) = 0.

Then define

f (K1, . . . ,KN ,Q) := η(T1(ΣK)) + Γ

 N∑
i=1

d(AK,i,Mn) +
∑
i, j

max(−qi j, 0)

 (3.13)

where Γ > 0 is a constant. When Γ is sufficiently large, Problem 3.9 is almost equivalent to
the minimization of f with respect to the free parameters K1, . . . , KN ∈ R

nu×ny and qi j ∈ R

(i , j) because the second term of f forces ΣK to be positive and Q be an admissible
transition matrix. One can solve this minimization problem using the gradient sampling
algorithm proposed in [23], which has been applied to the design of low-order and fixed-
order controllers successfully [22, 23].

Example 3.10. Consider the Markov jump linear system (3.12) with the two subsystems
given by the triples

(A1, B1,C1) =

 0 0.2
0.9 0.9

 , 0.60.3

 , [0.3 0.1
] ,

(A2, B2,C2) =

0.1 0.4
0.6 −0.3

 , 0.20.8

 . [−0.8 1
] .

We set x0 = [1 1]> and r0 = 1. We minimize the function (3.13) using a MATLAB
implementation [21] of the gradient sampling algorithm [23] with Γ = 105 and obtain

K1 = −3.3333, K2 = −2.0000, Q =

−2068.3 2068.3
3123.1 −3123.1


that make ΣK positive and achieve η(T1(ΣK)) = −0.1936. A sample path of ΣKis shown in
Figure 3.1.

Though the above obtained parameters achieve stabilization in the first mean, the tran-
sition matrix yields rather fast switchings that may not be desirable in practice. To achieve
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Figure 3.1: A sample path of the stabilized system. Dotted: x1(t). Solid: x2(t).
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Figure 3.2: A sample path of the stabilized system with slower switching rates. Dotted:
x1(t). Solid: x2(t).

stabilization with slower switching rates let us consider the next modified objective func-
tion

g(K1, . . . ,KN ,Q) = f (K1, . . . ,KN ,Q) + Γ
∑
i, j

max(qi j − q̄, 0)

where f is defined in (3.13) and q̄ > 0 is a constant. The second term of g aims to confine
each off-diagonal entry of Q to be less than q̄. Minimizing this function with Γ = 105 and
q̄ = 2 gives

K1 = −3.3308, K2 = −1.9998, Q =

−1.9997 1.9997
1.9817 −1.9817

 .
With these parameters ΣK is still positive and first mean stable as η(T1(ΣK)) = −0.02251.
A sample path of the stabilized system is shown in Figure 3.2.
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3.4 L1-gain analysis

This section proposes a method to compute the L1-gain of a Markov jump linear positive
system. Let L1(R+,R

n
+) denote the space of Lebesgue integrable functions on R+ taking

values in Rn
+ with the norm ‖ f ‖L1 =

∫ ∞
0
‖ f (t)‖1 dt.

Definition 3.11. Σ is said to be L1-input L1-output stable if there exists γ > 0 such that, for
every θ0 ∈ {1, . . . ,N} and w ∈ L1(R+,R

nw
+ ) we have E[z] ∈ L1(R+,R

nz
+ ) and

‖E[z]‖L1 < γ‖w‖L1

when x0 = 0. If Σ is L1-input L1-output stable then its L1-gain, denoted by ‖Σ‖1, is defined
by

‖Σ‖1 := sup
w∈L1(R+,R

nw
+ )

‖E[z]‖L1

‖w‖L1
. (3.14)

This definition extends the L1-gain of time-invariant linear positive systems [18]. We
quote some basic facts on the L1-gain of time-invariant linear positive systems in the fol-
lowing.

Proposition 3.12 ([18, 32]). Assume that the time-invariant linear system (3.4) is positive.

Let γ > 0 be arbitrary. The following statements are equivalent:

1. System (3.4) is stable and its L1-gain is less than γ.

2. System (3.4) is stable and 1>nz
(D −CA−1B) − γ1nw is negative.

3. There exists a positive λ ∈ Rn satisfying λ>A + 1>nz
C

λ>B − γ1>nw
+ 1>nz

D

 < 0.

The aim of this section is to show that, as in this deterministic case, computing the L1-
gain of a Markov jump linear positive system can be reduced to solving a linear program.
We first show that the norms ‖E[z]‖L1 and ‖w‖L1 in (3.14) admit useful expressions.

Lemma 3.13. Let x0 = 0 and let w ∈ L1(R+,R
nw
+ ) be arbitrary. Let z be the trajectory of Σ.

Then

‖E[z]‖L1 = 1>Nnz

∫ ∞

0
E[δ(t) ⊗ z(t)] dt,

‖w‖L1 = 1>Nnw

∫ ∞

0
E[δ(t)] ⊗ w(t) dt.

(3.15)
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Proof. Since 1>Nδ(t) = 1 and z(t) ≥ 0 for every t, 1>Nnz
E[δ(t)⊗z(t)] = E[1>nz

z(t)] = E[‖z(t)‖1].
Therefore the first equation of (3.15) is true. The second one can be proved in the same
way. �

The next proposition allows us to reduce the L1-gain analysis of a Markov jump linear
system to that of a time-invariant linear system. Its proof is omitted because it can be
proved in the same way as Proposition 3.4.

Proposition 3.14. It holds that

d
dt

E[δ ⊗ x] = T1E[δ ⊗ x] + B(E[δ] ⊗ w),

E[δ ⊗ z] = CE[δ ⊗ x] +D(E[δ] ⊗ w)
(3.16)

where T1 is defined by (3.5) and B = diag(B1, . . . , BN), C = diag(C1, . . . ,CN), and D =

diag(D1, . . . ,DN).

Finally we will need the next proposition.

Proposition 3.15. Σ is L1-input L1-output stable if it is internally mean stable.

Proof. Assume that Σ is internally mean stable. Then by Theorem 3.3 the matrix T1 is
Hurwitz stable. In particular T1 is invertible. Let w ∈ L1(R+,R

nw
+ ) be arbitrary and let

x0 = 0. From (3.16) it follows that, for every t ≥ 0,

E[δ(t) ⊗ z(t)] =

∫ t

0
CeT1(t−s)B(E[δ(s)] ⊗ w(s)) ds +D(E[δ(t)] ⊗ w(t)).

Since T1 is Hurwitz stable, integrating this equation from 0 to∞ with respect to t gives∫ ∞

0
E[δ ⊗ z] dt = (−CT −1

1 B +D)
∫ ∞

0
E[δ] ⊗ w dt. (3.17)

Multiplying 1>Nnz
from the left and then using (3.15) we obtain ‖E[z]‖L1 ≤ ‖−CT −1

1 B +

D‖1‖w‖L1 . Thus Σ is L1-input L1-output stable. �

The next theorem reduces the analysis of the L1-gain of a Markov jump linear positive
system to that of a linear positive time invariant system and thus to solving a linear program.

Theorem 3.16. For a given γ > 0 the following conditions are equivalent:

1. Σ is internally mean stable and ‖Σ‖1 < γ;
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2. The linear time-invariant system

Σ̂ :


dx̂
dt

= T1 x̂ + Bŵ

ẑ = Cx̂ +Dŵ
(3.18)

is internally stable, i.e, the linear system dx̂/dt = T1 x̂ is stable, and satisfies ‖Σ̂‖1 <

γ;

3. There exists a positive λ ∈ RNn such that T1
>λ + C>1Nnz

B>λ − γ1Nnw +D>1Nnz

 < 0;

4. T1 is Hurwitz stable and the vector

gγ := 1>Nnz
(D− C>T1

−1
B) − γ1>Nnw

is negative.

Proof. It is sufficient to prove only the implications [1 ⇒ 4] and [2 ⇒ 1] because the
equivalence [2⇔ 3⇔ 4] is a direct consequence of Proposition 3.12.

[1 ⇒ 4]: Assume that Σ is internally mean stable and ‖Σ‖1 < γ. Then T1 is Hurwitz
stable by Theorem 3.3. Let us show gγ < 0. Take ε > 0 such that ‖Σ‖1 < γ − ε. Then,
for every δ(0) = δ0 and w ∈ L1(R+,R

nw
+ ), if x0 = 0 then ‖E[z]‖L1 < (γ − ε)‖w‖L1 and hence

1>Nnz

∫ ∞
0

E[δ⊗ z] dt < (γ − ε)1>Nnw

∫ ∞
0

E[δ]⊗w dt by (3.15). This inequality and (3.17) yield
that

(gγ + ε1>Nnw
)
∫ ∞

0
E[δ] ⊗ w dt < 0. (3.19)

Now let 1 ≤ i ≤ N and 1 ≤ j ≤ nw be arbitrary. Let ei and f j be the ith and jth standard
unit vectors in RN and Rnw , respectively. Define δ0 = ei and w` := `χ[0,1/`] f j ∈ L1(R+,R

nw
+ ).

Then one can easily see that ∫ ∞

0
E[δ] ⊗ w` dt → ei ⊗ f j

as ` → ∞. Therefore, by (3.19),

(gγ + ε1>Nnw
)(ei ⊗ f j) ≤ 0.
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Since i and j are arbitrary it must be that

gγ + ε1>Nnw
≤ 0,

which proves gγ < 0.
[2⇒ 1]: Assume that Σ̂ is internally mean stable and ‖Σ̂‖1 < γ for some γ > 0. Then T1

is Hurwitz stable so that, by Theorem 3.3, Σ is internally mean stable. Let us show ‖Σ‖1 < γ.
Take ε > 0 such that ‖Σ̂‖1 < γ − ε. Set x0 = 0 and let δ0 ∈ R

N and w ∈ L1(R+,R
nw
+ ) be

arbitrary. Define ŵ := E[δ] ⊗ w ∈ L1(R+,R
Nnw
+ ). Since ‖Σ̂‖1 < γ − ε, the output ẑ of Σ̂ with

x̂0 = 0 must satisfy
‖ẑ‖L1 < (γ − ε)‖ŵ‖L1 .

Since the equations (3.16) and (3.18) share the same coefficient matrices it must hold that

‖E[δ ⊗ z]‖L1 < (γ − ε)‖E[δ] ⊗ w‖L1 .

This implies ‖E[z]‖L1 < (γ − ε)‖w‖L1 and hence ‖Σ‖1 ≤ γ − ε < γ, as desired. �

3.5 L1-optimal feedback control

Based on the L1-gain analysis in the last section, in this section we study the optimal control
of the general Markov jump linear system with input given by

Σ :


dx
dt

= Aθ(t)x(t) + Bw,θ(t)w(t) + Bu,θ(t)u(t)

z(t) = Cθ(t)x(t) + Dw,θ(t)w(t) + Du,θ(t)u(t).

We assume that the switching signal θ(t) is known and employ the state feedback u(t) =

Kθ(t)x(t) where K1, . . . , KN ∈ R
nu×n. This feedback control yields the controlled system

F (Σ,K) :


dx
dt

= AK,θ(t)x(t) + Bw,θ(t)w(t)

z(t) = CK,θ(t)x(t) + Dw,θ(t)w(t)

where AK,i = Ai + Bu,iKi and CK,i = Ci + Du,iKi for i = 1, . . . ,N.
In the same way as we defined the linear time-invariant system (3.18) for the Markov

jump linear system (3.2), we introduce the following linear time invariant system corre-
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sponding to Σ as

Σ̂ :


dx̂
dt

= T1 x̂(t) + Bwŵ(t) + Buû(t)

ẑ(t) = Cx̂(t) +Dwŵ(t) +Duû(t)

where
Bw = diag(Bw,1, . . . , Bw,N),

Bu = diag(Bu,1, . . . , Bu,N),

C = diag(C1, . . . ,CN),

Dw = diag(Dw,1, . . . ,Dw,N),

Du = diag(Du,1, . . . ,Du,N).

The state feedback control û = K x̂ with K ∈ RnuN×nN gives the controlled system

F (Σ̂,K) :


dx̂
dt

= (T1 + BuK)x̂ + BKŵ

ẑ = (C +DuK)x̂ +DKŵ.
(3.20)

Let Dn
++ denote the set of positive definite diagonal matrices of length n. Also we let

Mn denote the set of Metzler matrices of length n. Let us define S := {diag(K1, . . . ,KN) :

Ki ∈ R
nu×n}. Using Theorem 3.16 and the characterization [33] of the L1-optimal feedback

gain of linear time-invariant positive systems we can prove the next theorem.

Theorem 3.17. Let γ > 0 be arbitrary. The following statements are equivalent.

1. There exist K1, . . . , KN ∈ R
nu×n such that F (Σ,K) is positive and internally mean

stable with ‖F (Σ,K)‖1 < γ.

2. There exists K ∈ S such that F (Σ̂,K) is positive and internally stable with

‖F (Σ̂,K)‖1 < γ.

3. The linear program  T1X + BuY 1Nn,

1>Nnz
(CX +DuY) 1 − γ

 1Nn+1 < 0,

T1X + BuY ∈ MNn,

CX +DzuY ≥ 0,

Y ∈ S

(3.21)

has solutions X ∈ DnN
++ and Y ∈ RnuN×nN

+ .
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Moreover the optimal feedback gains K1, . . . , KN are given by the solutions of the linear

program (3.21) as

diag(K1, . . . ,KN) = X−1Y.

Proof. [1 ⇔ 2]: We only prove the direction [1 ⇒ 2] because the other direction can be
shown in a similar way. Assume that there exist K1, . . . , KN ∈ R

nu×n such that F (Σ,K)
is positive and internally mean stable with ‖F (Σ,K)‖1 < γ. Then, by Theorem 3.16, the
linear time-invariant system

dx̂
dt

=
(
Q> ⊗ In + diag(Ai + Bu,iKi)

)
x̂ + diag(Bw, i)ŵ

ẑ = diag(Ci + Du,iKi)x̂ + diag(Dw,i)ŵ
(3.22)

is internally mean stable, positive, and has L1-gain smaller than γ. If we define K =

diag(K1, . . . ,KN) then we can see that the system (3.22) is the same as F (Σ̂,K) defined in
(3.20). Thus the statement 2 is true.

[2⇔ 3]: Use Theorem 2 in [33] with the weighting vector qz = 1nz . �

Example 3.18. Let

A1 =


−0.1 0.2 0.8
1.0 −0.2 0.2
0.4 0.5 −0.5

 , A2 =


−0.8 0.1 0.5
0.7 −0.4 0.8
0.7 0.8 −0.2

 ,

Bw,1 =


1.0
0.8
0.8

 , Bw,2 =


0.9
1.3
1.4

 , Bu,1 =


0.8 0.4
0.8 0.7
0.9 0.8

 , Bu,2 =


0.6 0.5
0.9 0.7
0.8 0.6

 ,
C1 =

[
0.7 0.6 0.9

]
, C2 =

[
1.0 0.8 0.8

]
,

Dzu,1 =
[
0.1 0.4

]
, Dzu,2 =

[
0.3 0.4

]
, Dzw,1 = 1.5, Dzw,2 = 0.6.

Solving the linear program (3.21) gives the feedback gains

K1 =

−52.0 0.143 2.20
58.0 −0.786 −2.80

 , K2 =

 2.80 −8.50 −1.67
−4.60 10.0 1.00


such that F (Σ,K) is positive, internally mean stable, and achieves the sub-optimal L1-gain
‖F (Σ,K)‖1 = 4.78.
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3.6 Conclusion

In this chapter we investigated Markov jump linear positive systems. We first showed
that their pth mean stability for a general exponent p can be checked by the eigenvalues
of a matrix, which extends a well-known characterization of the mean square stability of
Markov jump linear systems. Using the characterization of the first mean stability we
then studied the L1-optimal state-feedback control of Markov jump linear positive systems.
It was shown that the (sub-)optimal feedback gain can be obtained by solving a linear
program. In the proof we used the reduction of the optimal control of a Markov jump
linear positive systems to that of a linear time-invariant positive system.
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4. Continuous-time Semi-Markov Jump
Linear Positive Systems

4.1 Introduction

In Chapter 3 we studied the mean stability and L1-gain optimal control of Markov jump
linear positive systems. However, sometimes the restriction that the rate of jump between
subsystems given in (3.1) is proportional to the (infinitesimal) dwell-time h is restrictive
and one may want to consider time-varying jump rates. A typical example appears in the
study of fault-tolerant control systems [71], where one needs to employ the transition rate
with a bathtub shape that consists of three parts: decreasing, almost constant, and then
increasing.

This consideration leads us to so-called semi-Markov jump linear systems [54, 55, 96]
(also called stochastic hybrid systems with renewal transitions [3]), whose switching signal
is driven by a Markov renewal process [57] that is a generalization of a time-homogeneous
Markov process. In this chapter we in particular investigate the mean stability of semi-
Markov jump linear positive systems. We allow the state to be reset [79] by random linear
mappings at switching instants.

Semi-Markov jump linear systems just recently started attracting the interest of re-
searchers and there are not so many studies on them. One of the difficulties in analyz-
ing semi-Markov jump linear systems lies in its time-varying transition rates. For example
Huang and Shi [55] give a condition for the mean stability in terms of linear matrix inequal-
ities but the condition is only sufficient due to the difficulty. On the other hand Antunes et
al. [3] give a necessary and sufficient condition for the mean stability with even exponents
but their argument depends on Volterra integral equations and needs detailed and careful
argument of them.

In this chapter we give the characterization of the mean stability of semi-Markov jump
linear positive systems in a rather straightforward way compared with [3]. To derive the
characterization we introduce a certain discretization of semi-Markov jump linear systems
that admits a time-invariant expression (Proposition 4.14). That discretization turns out
to preserve stability properties and hence the system matrix of the discretization exactly
determines the stability of the original system.

This chapter is organized as follows. In Section 4.2 we give the definition of
continuous-time semi-Markov jump linear systems and state the main result. Section 4.3
gives the stability analysis of discrete-time semi-Markov jump linear systems. Based on
this analysis Section 4.4.2 gives the proof of the main result.
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4.2 Continuous-time semi-Markov jump linear systems

This section introduces continuous-time positive semi-Markov jump linear systems. Then
we define their exponential and stochastic mean stability. After that we state our main
result, which gives the characterization of the mean stability of continuous-time positive
semi-Markov jump linear systems. A numerical example is given to illustrate the result.

Let A1, . . . , AN be n× n real matrices. Throughout this paper we fix a probability space
(Ω,M, P). Let {σk}

∞
k=0, {tk}

∞
k=0, and {Jk}

∞
k=0 be stochastic processes on Ω taking values in

{1, . . . ,N}, R+, and Rn×n, respectively. We assume that {tk}
∞
k=0 is non-decreasing. We let

hk = tk+1 − tk, k ≥ 0.

Assume that t0 = 0 and σ0 is a constant. Let Σ be the stochastic switched system defined
by

Σ :


dx
dt

= Aσk x(t), tk ≤ t < tk+1

x(tk+1) = Jkx(t−k+1), k ≥ 0

where x(0) = x0 ∈ R
n is a constant vector.

Definition 4.1. We say that Σ is a continuous-time semi-Markov jump linear system if the
following two conditions hold for every i, j ∈ {1, . . . ,N}, t ≥ 0, and every Borel subset B

of Rn×n.

C1. (Markovian property) It holds that

P(σk+1 = j, hk ≤ t, Jk ∈ B | σk, . . . , σ0, tk, . . . , t0, Jk−1, . . . , J0)

=P(σk+1 = j, hk ≤ t, Jk ∈ B | σk).

C2. (Time homogeneity) The probability

P(σk+1 = j, hk ≤ t, Jk ∈ B | σk = i) (4.1)

is independent of k.

Furthermore we say that Σ is positive if

C3. (Positivity) The matrices A1, . . . , AN are Metzler and, for each k ≥ 0, Jk is nonnega-
tive with probability 1.
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The conditions C1 and C2 in particular show that the process {(σk, tk)}∞k=0 is a time-
homogeneous Markovian renewal process and therefore {σk}

∞
k=0 is a time-homogeneous

Markov chain [57]. We let P = [pi j]i, j ∈ R
N×N be the transition matrix of the Markov

chain {σk}
∞
k=0. The condition C3 implies that x(t) ≥ 0 for every t ≥ 0 with probability

1 provided x0 ≥ 0. Without being explicitly stated, throughout this chapter Σ denotes a
positive continuous-time semi-Markov jump linear system. The aim of this paper is to
study the stability of Σ defined as follows.

Definition 4.2. Let m be a positive integer.

• Σ is said to be exponentially m-th mean stable if there exist C > 0 and β > 0 such
that, for every x0 and σ0,

E[‖x(t)‖m] ≤ Ce−βt‖x0‖
m. (4.2)

• Σ is said to be stochastically m-th mean stable if, for every x0 and σ0,∫ ∞

0
E[‖x(t)‖m] dt < ∞. (4.3)

Remark 4.3. The stability notions in Definition 4.2 are independent of the norms used in
(4.2) and (4.3) by the equivalence of the norms on a finite-dimensional normed vector
space. Actually we can even use two different norms in (4.2).

We now state the next assumption.

Assumption 4.4.

1. For every k ≥ 0,
hk > 0. (4.4)

2. There exists T > 0 such that, for every k ≥ 0,

hk ≤ T. (4.5)

3. There exists R > 0 such that, for every k ≥ 0,

‖Jk‖ ≤ R.

In this assumption, only the second condition, which is also used in [3], is essential.
The first condition 1 in Assumption 4.4 is not restrictive because most of semi-Markov
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jump linear systems can be rewritten as a semi-Markov jump linear system that satisfies
the condition 1. Also, though in [3] they use constant jump matrices, this paper allows
them to be uniformly bounded random variables.

The next theorem is the main result of this chapter.

Theorem 4.5. Σ is exponentially m-th mean stable if and only if the block matrixAm(Σ) ∈
R(nmN)×(nmN) whose (i, j)-block is defined by

[Am(Σ)]i j = p jiE
[
(JkeAσk hk)[m] | σk = j, σk+1 = i

]
∈ Rnm×nm (4.6)

is Schur stable.

Let us see an example.

Example 4.6. Let Σ be a positive semi-Markov jump linear system with the two subsystems
Σ1 : dx/dt = A1x and Σ2 : dx/dt = A2x given by

A1 =

−2 0.2
0.1 −2.3

 , A2 =

2.1 0.9
0.2 0.3

 .
We assume that Jk = I with probability 1, p11 = p22 = 0, and p12 = p21 = 1. Suppose that
the transition probability (4.1) is given by

P(σk+1 = 1, hk ≤ t | σk = 2) =


0, t ≤ a

(t − a)/2a, a ≤ t ≤ 3a

1, t ≥ 3a

(4.7)

where a > 0 is a constant and

P(σk+1 = 2, hk ≤ t | σk = 1) =

F(t; k, λ), t ≤ tp

1, t ≥ tp

(4.8)

where F(·; k, λ) denotes the probability distribution function of the Weibull distribution with
the shape parameter k > 0 and the scale parameter λ > 0, i.e., F(t; k, λ) = 1−e−(t/λ)k

for t ≥ 0
and F(t; k, λ) = 0 for t < 0, and tp > 0 is the unique number satisfying F(tp; k, λ) = 1 − p

(p > 0). Σ is clearly positive and satisfies Assumption 4.4 with T = max(3a, tp) and R = 1.
We can regard Σ as a controlled system with controller failures. The stable subsystem Σ1

models the controlled dynamics while the unstable one Σ2 models the open dynamics with-
out a controller in effect. The occurrence of a failure, whose probability is modeled by the
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Figure 4.1: Solid: ρ(A1). Dashed:
√
ρ(A2).
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1

Figure 4.2: A sample path of the semi-Markov jump linear positive system. Solid: x1(t).
Dotted: x2(t).

Weibull-like distribution (4.8), gives rise to the switching from Σ1 to Σ2. The time it takes
for the controller to be repaired is modeled by the uniform distribution (4.7).

We check the first mean and mean square stability of Σ using Theorem 4.5 for the pa-
rameters λ = 3, k = 10, and p = 0.1. Fig. 4.1 shows the graph of ρ(A1(Σ)) and

√
ρ(A2(Σ))

as the constant a moves over [0.8, 1.2]. We can see that Σ is exponentially first mean stable
if a < 1.035 while Σ is exponentially mean square stable only when a < 0.908. Notice
that the result in [3] does not check the first mean stability because it deals with only even
exponents m. A sample path of Σ for a = 1 is shown in Fig. 4.2.

We will prove Theorem 4.5 by first investigating the stability of its discretization. For
the trajectory x of Σ we define the discrete-time stochastic process {xd(k)}∞k=0 by

xd(k) := x(tk), k ≥ 0.
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Then, by (4.4), {xd(k)}∞k=0 satisfies

SΣ : xd(k + 1) = JkeAσk hk xd(k), k ≥ 0. (4.9)

In the next section we analyze the stability of a class of stochastic discrete-time switched
systems that include the above defined SΣ. Based on this analysis Section 4.4 gives the
proof of the main result of Theorem 4.5.

4.3 Discrete-time positive semi-Markov jump linear sys-
tems

Let {σk}
∞
k=0 be a time-homogeneous Markov chain taking values in {1, . . . ,N}with the prob-

ability transition matrix [pi j]i j. We assume that σ0 is a constant. Let {Fk}
∞
k=0 be another

stochastic process on Ω taking values in Rn×n. Define the discrete-time switched system Σd

by
Σd : xd(k + 1) = Fkxd(k), xd(0) = x0.

Definition 4.7. We say that Σd is a discrete-time semi-Markov jump linear system if the
following two conditions hold for every k ≥ 0, i, j ∈ {1, . . . ,N}, and every Borel subset B

of Rn×n.

D1. (Markovian property) It holds that

P(σk+1 = j, Fk ∈ B | σk, . . . , σ0, Fk−1, . . . , F0) = P(σk+1 = j, Fk ∈ B | σk).

D2. (Time homogeneity) The expected probability

P(σk+1 = j, Fk ∈ B | σk = i)

does not depend on k.

Furthermore we say that Σd is positive if

D3. (Positivity) Fk is nonnegative with probability 1.

Each of the conditions D1, D2, and D3 corresponds to C1, C2, and C3 in Definition 4.2,
respectively. Throughout this section Σd denotes a positive discrete-time semi-Markov
jump linear system.
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The stability of discrete-time semi-Markov jump linear systems is defined in a similar
way as that of continuous-time ones. As mentioned in Remark 4.3, any combination of
norms can be also used in the following definition.

Definition 4.8. Let m be a positive integer.

• Σd is said to be exponentially m-th mean stable if there exist C > 0 and β > 0 such
that, for any x0 and σ0,

E[‖xd(k)‖m] ≤ Ce−βk‖x0‖
m. (4.10)

• Σd is said to be stochastically m-th mean stable if, for any x0 and σ0,

∞∑
k=0

E[‖xd(k)‖m] < ∞.

We place the following assumption that corresponds to the conditions 2 and 3 of As-
sumption 4.4.

Assumption 4.9. The expected value

E[F[m]
k | σk = i, σk+1 = j] (4.11)

exists for all i, j ∈ {1, . . . ,N}.

Notice that, by D2, the expected value (4.11) does not depend on k. The next theorem
gives a characterization of the stability of Σd and is used in Section 4.4 to prove Theo-
rem 4.5.

Theorem 4.10. The following statements are equivalent:

1. Σd is exponentially m-th mean stable.

2. Σd is stochastically m-th mean stable.

3. The block matrix Fm ∈ R
(nmN)×(nmN) whose (i, j)-block is defined by

[Fm]i j = p jiE[F[m]
k | σk = j, σk+1 = i] ∈ Rnm×nm (4.12)

is Schur stable.

Remark 4.11. Theorem 4.10 extends the stability characterizations of discrete-time Marko-
vian jump linear systems given in [28, 35] to semi-Markov jump linear systems.
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The rest of this section is devoted to the proof of Theorem 4.10. Let us first observe
that, by the positivity of Σd, the initial state x0 can be assumed to be nonnegative without
loss of generality.

Lemma 4.12. Σd is exponentially m-th mean stable if and only if there exist C > 0 and

β > 0 such that (4.10) holds for any x0 ≥ 0 and σ0.

Proof. The necessity part is obvious. Let us prove the sufficiency part. Assume that there
exist C > 0 and β > 0 such that (4.10) holds for any x0 ≥ 0 and σ0. Let x0 ∈ R

n be
arbitrary. Define x+

0 , x
−
0 ∈ R

n
+ as the entry-wise maximum and minimum x+

0 := max(x0, 0)
and x0 := max(−x0, 0). Let x+

d (k) and x−d (k) denote the solutions of Σd with the initial states
x+

0 and x−0 , respectively. Since x0 = x+
0 − x−0 we have xd(k) = x+

d (k)− x−d (k). Then the general
inequalities (a + b)m ≤ 2m(am + bm) (a, b ≥ 0) and ‖x+

0 ‖
m
2 + ‖x−0 ‖

m
2 ≤ 2‖x0‖

m
2 show that

E[‖xd(k)‖m2 ] ≤ E
[
(‖xd(k; x+

0 )‖2 + ‖xd(k; x−0 )‖2)m]
≤ 2mE

[
‖xd(k; x+

0 )‖m2 + ‖xd(k; x−0 )‖m2
]

≤ 2mCe−βk(‖x+
0 ‖

m
2 + ‖x−0 ‖

m
2 )

≤ 2m+1Ce−βk‖x0‖
m
2 .

Therefore Σd is exponentially m-th mean stable. �

Let us introduce the stochastic process {ζ(k)}∞k=0 taking values in the set of standard unit
vectors of RN and defined by

ζ(k) = eσk .

We will need the next technical lemma.

Lemma 4.13. Let k ≥ 0 and i, j ∈ {1, . . . ,N} be arbitrary. Assume P(σk = i) , 0. Define

the probability space (Ω′,M′, P′) by

Ω′ = {ω ∈ Ω : σk = i},

M′ = {M′ ⊂ Ω′ : M′ ∈ M},

P′(M′) = P(M′)/P(Ω′).

(4.13)

Then the random variables ζ(k + 1) jF
[m]
k and xd(k)[m] are independent on Ω′.

Proof. Let B1 ⊂ R
n×n and B2 ⊂ R

n be arbitrary Borel sets. We need to show

P′
(
ζ(k + 1) jFk ∈ B1, xd(k) ∈ B2

)
= P′

(
ζ(k + 1) jFk ∈ B1

)
P′ (xd(k) ∈ B2) . (4.14)
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The left hand side of this equation can be computed as

P′
(
ζ(k + 1) jFk ∈ B1, xd(k) ∈ B2

)
=

1
P(Ω′)

P
(
ζ(k + 1) jFk ∈ B1, xd(k) ∈ B2, σ(k) = i

)
=P

(
ζ(k + 1) jFk ∈ B1 | xd(k) ∈ B2, σ(k) = i

)
P (xd(k) ∈ B2 | σ(k) = i)

=P
(
ζ(k + 1) jFk ∈ B1 | σ(k) = i

)
P(xd(k) ∈ B2 | σ(k) = i)

(4.15)

where in the last equation we used the condition D1 of Assumption 4.7. Then it is easy to
show that

P(ζ(k + 1) jFk ∈ B1 | σ(k) = i) =
1

P(Ω′)
P(ζ(k + 1) jFk ∈ B1, σ(k) = i)

= P′(ζ(k + 1) jFk ∈ B1).
(4.16)

In a similar way we can see that

P(xd(k) ∈ B2 | σ(k) = i) = P′(xd(k) ∈ B2). (4.17)

The equations (4.15) to (4.17) prove (4.14). �

This lemma proves the next proposition, which plays the key role in the proof of Theo-
rem 4.10.

Proposition 4.14. The matrix Fm is nonnegative. Moreover, for every k ≥ 0,

E
[
ζ(k + 1) ⊗ xd(k + 1)[m]

]
= FmE

[
ζ(k) ⊗ xd(k)[m]

]
. (4.18)

Proof. The nonnegativity of Fm is clear from D3. To show (4.18) let us fix arbitrary x0 and
σ0. By the definition of Kronecker products,

ζ(k + 1) ⊗ xd(k + 1)[m] =


ζ(k + 1)1xd(k + 1)[m]

...

ζ(k + 1)N xd(k + 1)[m]

 . (4.19)

Now we recall
∑N

i=1 ζ(k)i = 1. Since the equation (1.12) gives xd(k + 1)[m] = F[m]
k xd(k)[m]

we have xd(k + 1)[m] =
∑N

i=1 ζ(k)iF
[m]
k xd(k)[m]. Therefore, for a fixed j,

E
[
ζ(k + 1) jxd(k + 1)[m]

]
=

N∑
i=1

E
[
ζ(k + 1) jζ(k)iF

[m]
k xd(k)[m]

]
. (4.20)
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Let us temporally fix also i and assume that P(σk = i) , 0. Let (Ω′,M′, P′) be the prob-
ability space defined by (4.13) and let E′[·] denote the expected value on Ω′. Notice that,
for a random variable X on Ω, we have

E[ζ(k)iX] = E[1{σk=i}X] = E′[X]P(σk = i).

Then, Lemma 4.13 yields that

E
[
ζ(k + 1) jζ(k)iF

[m]
k xd(k)[m]

]
= P(σk = i)E′

[
ζ(k + 1) jF

[m]
k xd(k)[m]

]
= P(σk = i)E′

[
ζ(k + 1) jF

[m]
k

]
E′

[
xd(k)[m]

]
=

E
[
ζ(k + 1) jF

[m]
k ζ(k)i

]
P(σk = i)

E
[
ζ(k)ixd(k)[m]

]
.

(4.21)

Since

E
[
ζ(k + 1) jF

[m]
k ζ(k)i

]
= E

[
F[m]

k 1{σk=i,σk+1= j}

]
= P(σk = i, σk+1 = j)E

[
F[m]

k | σk = i, σk+1 = j
]
,

by (4.21) we have

E
[
ζ(k + 1) jζ(k)iF

[m]
k xd(k)[m]

]
= pi jE[F[m]

k | σk = i, σk+1 = j]E
[
ζ(k)ixd(k)[m]

]
= [Fm] jiE

[
ζ(k)ixd(k)[m]

]
,

where [Fm] ji is defined by (4.12). Notice that this equation is valid even when P(σk = i) = 0
because, in this case, the left and right hand sides of the equation are both 0. Hence, by
(4.20),

E[ζ(k + 1) jxd(k + 1)[m]] =
[
[Fm] j1 · · · [Fm] jN

]
E[ζ(k) ⊗ xd(k)[m]].

This equation and (4.19) prove (4.18). �

Also we will need the next lemma.

Lemma 4.15. Let x be an Rn-valued random variable. If x ≥ 0 with probability 1 then

E[‖x‖mm] ≤ n‖E[x[m]]‖1. (4.22)

Proof. By the assumption we have E[‖x‖mm] = E[
∑n

i=1|xi|
m] =

∑n
i=1 E[xm

i ]. Since x[m] has
the entry xm

i it holds that E[xm
i ] =

∣∣∣E[xm
i ]

∣∣∣ ≤ ‖E[x[m]]‖1. Thus (4.22) is true. �

Now we prove Theorem 4.10.
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Proof of Theorem 4.10. Let us show the cycle [1⇒ 2⇒ 3⇒ 1].
[1⇒ 2]: If Σd is exponentially m-th mean stable then Σd is clearly stochastically m-th

mean stable.
[2 ⇒ 3]: Suppose that Σd is stochastically m-th mean stable. Assume ρ(Fm) ≥ 1 to

derive a contradiction. Since Fm is nonnegative it has an eigenvector v corresponding to
the eigenvalue ρ(Fm) by Lemma 1.8. For this vector v, by Lemma 3.5 there exist c1, . . . ,
c` ∈ R, σ(1)

0 , . . . , σ(`)
0 ∈ {1, . . . ,N}, and x(1)

0 , . . . , x(`)
0 ∈ R

n such that v =
∑`

i=1 ciζ
(i)
0 ⊗ (x(i)

0 )[m].
Let x(i)

d (k) be the solution of Σd with the initial state x(i)
0 and mode σ(i)

0 . Then, by (4.18),

∑̀
i=1

ciE[ζ(i)(k) ⊗ x(i)
d (k)[m]] = F k

mv = ρ(Fm)kv.

Therefore, by (1.11),

ρ(Fm)k‖v‖2 ≤
∑̀
i=1

|ci|E
[
‖ζ(i)(k) ⊗ x(i)

d (k)[m]‖2

]
=

∑̀
i=1

|ci|E
[
‖x(i)

d (k)‖m2
]

because ζ(i)(k) takes its value in the set of standard unit vectors. Thus, the stochastic m-th
mean stability of Σd shows that

∞∑
k=0

ρ(Fm)k‖v‖2 ≤
∑̀
i=1

|ci|

∞∑
k=0

E
[
‖x(i)

d (k)‖m2
]
< ∞.

This gives a contradiction because ρ(Fm) ≥ 1 and v , 0.
[3 ⇒ 1]: Suppose ρ(Fm) < 1. Then we can take [53, Lemma 5.6.10] a norm |||·||| on

RnmN such that
|||Fm||| < 1.

Let x0 ≥ 0 and σ0 be arbitrary. Since xd(k) is nonnegative, (4.22) shows that

E
[
‖xd(k)‖mm

]
≤ n

∥∥∥E[xd(k)[m]]
∥∥∥

1
. (4.23)
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Since
∑N

i=1 ζ(k)i = 1 and the 1-norm is linear on a positive orthant,

∥∥∥E[xd(k)[m]]
∥∥∥

1
=

∥∥∥∥∥∥∥E

 m∑
i=1

ζ(k)ixd(k)[m]


∥∥∥∥∥∥∥

1

=

m∑
i=1

∥∥∥E[ζ(k)ixd(k)[m]]
∥∥∥

1

=

∥∥∥∥∥∥∥∥∥∥∥

E

[
ζ(k)1xd(k)[m]

]
...

E
[
ζ(k)N xd(k)[m]

]

∥∥∥∥∥∥∥∥∥∥∥

1

= ‖E[ζ(k) ⊗ xd(k)[m]]‖1

= ‖F k
m(ζ0 ⊗ x[m]

0 )‖1. (by (4.18))

(4.24)

By the equivalence of the norms on a finite-dimensional vector space, there exist positive
constants C1 and C2 such that

‖F k
m(ζ0 ⊗ x[m]

0 )‖1 ≤ C1

∣∣∣∣∣∣∣∣∣F k
m(ζ0 ⊗ x[m]

0 )
∣∣∣∣∣∣∣∣∣

≤ C1|||Fm|||
k
∣∣∣∣∣∣∣∣∣ζ0 ⊗ x[m]

0

∣∣∣∣∣∣∣∣∣
≤ C1C2|||Fm|||

k
‖ζ0 ⊗ x[m]

0 ‖2

= C1C2|||Fm|||
k
‖x0‖

m
2 . (by (1.11))

This inequality together with (4.23) and (4.24) proves the exponential convergence (4.10)
because |||Fm||| < 1. Thus, since x0 ≥ 0 and σ0 were arbitrary, Lemma 4.12 shows the
exponential m-th mean stability of Σd. �

4.4 Proof of the main result

This section gives the proof of Theorem 4.5. We separately prove sufficiency and necessity.
Let Σ be a continuous-time positive semi-Markov jump linear system satisfying Assump-
tion 4.4 and let SΣ be its discretization defined by (4.9).

4.4.1 Proof of sufficiency

We start with the next lemma.

Lemma 4.16. Let M1,M2,M3 ⊂ M be σ-algebras on Ω and X be a random variable

on Ω. If E[X | M1] = E[X | M3] andM1 ⊂ M2 ⊂ M3 then E[X | M1] = E[X | M2].
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Proof. By (1.14) and the assumption,

E[X | M1] = E [E[X | M1] | M2]

= E [E[X | M3] | M2]

= E [X | M2] .

This completes the proof. �

Let us begin by checking that the discrete-time system SΣ is a discrete-time positive
semi-Markov jump linear system.

Lemma 4.17. SΣ is a discrete-time positive semi-Markov jump linear system satisfying

Assumption 4.9.

Proof. Let {σk}
∞
k=0, {tk}

∞
k=0, and {Jk}

∞
k=0 be the stochastic processes defining Σ and define

Fk = JkeAσk hk . Let us show the first condition D1. Define the σ-algebrasM1,M2, andM3

on Ω by
M1 =M(σk),

M2 =M(σk, . . . , σ0, Fk−1, . . . , F0),

M3 =M(σk, . . . , σ0, tk, . . . , t0, Jk−1, . . . , J0).

Then one can see that
M1 ⊂ M2 ⊂ M3. (4.25)

The first part of this inclusion is obvious. To show the second part it is sufficient to show
that the function F` is measurable on M3 for every ` = 0, . . . , k − 1. Let us fix an `.
Since both σ` and h` are measurable on M3 so is Aσ`h`. Since the matrix exponential
function on Rn×n is continuous, the mapping eAσ`h` : Ω→ Rn×n is measurable onM3. Thus
the measurability of J` actually proves that F` is measurable onM3, which completes the
proof ofM2 ⊂ M3. Now let j ∈ {1, . . . ,N} and a Borel set B ⊂ Rn×n be arbitrary and define
f = χ{σk+1= j,Fk∈B}. Since C1 shows E[ f | M3] = E[ f | M1], from Lemma 4.16 and (4.25)
we can see E[ f | M2] = E[ f | M1], which immediately proves D1.

The second condition D2 is obviously true by C2 because Fk is a measurable function
of σk, hk, and Jk. D3 follows from the positivity condition C3. Finally Assumption 4.9
holds by the conditions 2 and 3 of Assumption 4.4. �

The next corollary immediately follows from the definition (4.6) of the matrix Am(Σ),
Theorem 4.10, and Lemma 4.17.

Corollary 4.18. The following statements are equivalent.
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• SΣ is exponentially m-th mean stable.

• SΣ is stochastically m-th mean stable.

• Am(Σ) is Schur stable.

The next lemma helps us to relate the stability of Σ and SΣ and will be used repeatedly.

Lemma 4.19. There exist 0 < C1 < C2 < ∞ such that, for every sample path x of Σ and

k ≥ 0,

C1‖x(tk)‖ ≤ ‖x(t)‖, tk ≤ t < tk+1 (4.26)

and

‖x(t)‖ ≤ C2‖x(tk)‖, tk ≤ t ≤ tk+1. (4.27)

Proof. First let t ∈ [tk, tk+1) be arbitrary. Then there exist h ∈ [0,T ] and i ∈ {1, . . . ,N} such
that x(t) = eAihx(tk) and therefore x(tk) = e−Aihx(t). Hence

‖x(tk)‖ ≤ e‖Ai‖h‖x(t)‖

≤ emax1≤i≤N‖Ai‖T ‖x(t)‖

so that C1 := e−max1≤i≤N‖Ai‖T satisfies (4.26).
Then let t ∈ [tk, tk+1]. Then there exist h ∈ [0,T ], i ∈ {1, . . . ,N}, and J ∈ Rn×n such that

x(t) = JeAihx(tk). By Assumption 4.4,

‖x(t)‖ ≤ ‖J‖e‖Ai‖h‖x(tk)‖

≤ Remax1≤i≤N‖Ai‖T ‖x(tk)‖.

Thus the inequality (4.27) holds for C2 = Remax1≤i≤N‖Ai‖T . �

Let us prove the sufficiency part of Theorem 4.5.

Proof of the sufficiency part of Theorem 4.5. Assume thatAm(Σ) is Schur stable. Then, by
Corollary 4.18, SΣ is exponentially m-th mean stable. We shall show that Σ is exponentially
m-th mean stable. To this end, for t ≥ 0, define the random variable kt by

kt(ω) = max{k ∈ N : tk(ω) ≤ t}.

Notice that (4.5) shows t < tkt+1 ≤ T (kt + 1) and therefore

kt > T−1t − 1.
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t4t3t2t1

τ

O
t

Figure 4.3: Sample paths of Σ (dashed) and Σ(τ) (solid)

Let x0, σ0, and t ≥ 0 be arbitrary. Let x be the trajectory of Σ and define xd(k) = x(tk).
Since tkt ≤ t < tkt+1, the inequality (4.27) gives ‖x(t)‖ ≤ C2‖x(tkt)‖ = C2‖xd(kt)‖. Therefore

E[‖x(t)‖m] ≤ C2

∫
Ω

‖xd(kt)‖m dP

= C2

∑
`>T−1t−1

∫
{ω:kt=`}

‖xd(`)‖m dP

≤ C2

∑
`>T−1t−1

E[‖xd(`)‖m]

≤ C2

∑
`>T−1t−1

Ce−β`‖x0‖
m

≤
CC2eβ

1 − e−β
e−βT−1t‖x0‖

m.

Thus Σ is exponentially m-th mean stable. �

4.4.2 Proof of necessity

Then let us prove necessity for Theorem 4.5. For the proof we use a family of continuous-
time semi-Markov jump linear systems Σ(τ) (τ > 0) defined by

Σ(τ) :


dx
dt

= Aσk x(t), tk ≤ t < tk+1

x(tk+1) = J(τ)
k x(t−k+1), k ≥ 0

where
J(τ)

k := χ{hk≥τ}Jk

for each k. Roughly speaking, Σ(τ) makes its state jump to 0 whenever it observes a dwell
time hk less than τ (see Fig. 4.3).

The next proposition shows that the switched system SΣ(τ) inherits the stability of Σ.
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Proposition 4.20. Let τ > 0 be arbitrary. If Σ is stochastically m-th mean stable then SΣ(τ)

is also stochastically m-th mean stable.

Proof. Assume that Σ is stochastically m-th mean stable. Let us show that SΣ(τ) is stochas-
tically m-th mean stable. Let x be a sample path of Σ and define xd(k) = x(tk). First assume
that there exists k ≥ 0 such that hk < τ. Let k0 be the minimum of such k. Then xd(k) = 0
for every k > k0 by the definition of J(τ)

k . Therefore, by (4.27),

∞∑
k=0

‖xd(k)‖m = ‖x(tk0)‖
m +

k0−1∑
k=0

‖x(tk)‖m

≤ Cm
2 ‖x(tk0−1)‖m +

k0−1∑
k=0

‖x(tk)‖m

≤ (Cm
2 + 1)

k0−1∑
k=0

‖x(tk)‖m.

Since hk ≥ τ and therefore 1 ≤ τ−1
∫ tk+1

tk
dt for every k = 0, . . . , k0 − 1, using (4.26) we can

show that
k0−1∑
k=0

‖x(tk)‖m ≤ τ−1
k0−1∑
k=0

∫ tk+1

tk
‖x(tk)‖m dt

≤ τ−1C−m
1

k0−1∑
k=0

∫ tk+1

tk
‖x(t)‖m dt

≤ τ−1C−m
1

∫ ∞

0
‖x(t)‖m dt.

(4.28)

Therefore
∞∑

k=0

‖xd(k)‖m ≤ (Cm
2 + 1)τ−1C−m

1

∫ ∞

0
‖x(t)‖m dt. (4.29)

Next consider the case when hk ≥ τ for every k. In a similar way as (4.28) we can show
that

∞∑
k=0

‖xd(k)‖m ≤ τ−1
∞∑

k=0

∫ tk+1

tk
‖xd(k)‖m dt

≤ τ−1C−m
1

∞∑
k=0

∫ tk+1

tk
‖x(t)‖m dt

= τ−1C−m
1

∫ ∞

0
‖x(t)‖m dt.
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This inequality and (4.29) imply that there exists C > 0 such that, for every sample path
x of Σ, it holds that

∞∑
k=0

‖xd(k)‖m ≤ C
∫ ∞

0
‖x(t)‖m dt.

Since Σ is stochastically m-th mean stable, taking expectations in this inequality and using
Fubini’s theorem shows that SΣ(τ) is stochastically m-th mean stable. �

The next proposition shows the continuity of the matrixAm(Σ(τ)) at τ = 0.

Proposition 4.21. It holds that

lim
τ→0
Am(Σ(τ)) = Am(Σ). (4.30)

Proof. By (4.4) the function χ{hk(ω)≥τ} on Ω increasingly converges to the constant 1 point-
wise as τ → 0 with probability 1. Hence, since each Ai is Metzler, the random variable
(J(τ)

k eAσk hk)[m] = χ{hk(ω)≥τ}(JkeAσk hk)[m] increasingly converges to (JkeAσk hk)[m] as τ → 0 point-
wise with probability 1. Then the conditional monotone convergence theorem (see, e.g.,
[16]) immediately shows (4.30). �

Before showing the proof of the necessity part we need to introduce another semi-
Markov jump system given by

Σα :


dxα
dt

= (Aσk + αI)xα(t), tk ≤ t < tk+1

xα(tk+1) = Jkxα(t−k+1), k ≥ 0

for α ∈ R. Notice that Σ0 equals Σ. About this system Σα we will need the next proposition.

Proposition 4.22. If Σ is exponentially m-th mean stable then there exists α > 0 such that

Σα is also exponentially m-th mean stable.

Proof. Assume that there exist C > 0 and β > 0 such that (4.2) holds. Let x0 and σ0

be arbitrary. Notice that, if x(ω, ·) and xα(ω, ·) denote the sample paths of Σ and Σα for a
fixed ω ∈ Ω with the common initial data x0 and σ0, respectively, then we have xα(ω, t) =

eαtx(ω, t) because Σ and Σα share the same underlying stochastic processes {σk}
∞
k=0, {tk}

∞
k=0,

and {Jk}
∞
k=0. Therefore we have E[‖xα(t)‖m] = emαtE[‖x(t)‖m] ≤ Ce(mα−β)t‖x0‖

m for every
t ≥ 0. Hence Σα is exponentially m-th mean stable if 0 < α < β/m. This completes the
proof. �

We will also use the next proposition.
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Proposition 4.23. ρ(Am(Σ)) < ρ(Am(Σα)) for every α > 0.

Proof. Let i, j ∈ {1, . . . ,N} and r, s ∈ {1, . . . , nm} be arbitrary. Assume that

[[Am(Σ)]i j]rs =

∫
Ω

[(JkeA jhk)[m]]rs dP ji > 0

where P ji denotes the conditional probability distribution given by P ji(·) = P(· | σk =

i, σk+1 = j). By Corollary 1.10 it is sufficient to show that, for these i, j, r, and s, we have
[[Am(Σα)]i j]rs > [[Am(Σ)]i j]rs. Define Ωτ := {ω ∈ Ω : hk ≥ τ}. Since the family of the
measurable sets {Ωτ}τ>0 covers Ω minus a null set by (4.4), there exists τ > 0 such that∫

Ωτ
[(JkeA jhk)[m]]rs dP ji > 0. Therefore

[[Am(Σα)]i j]rs − [[Am(Σ)]i j]rs =

∫
Ω

[(JkeA jhk)[m]]rs(emαhk − 1) dP ji

≥

∫
Ωτ

[(JkeA jhk)[m]]rs(emαhk − 1) dP ji

≥ (emατ − 1)
∫

Ωτ

[(JkeA jhk)[m]]rs dP ji.

> 0,

as desired. �

Now we are at the position to prove the necessity part of Theorem 4.5. Notice that the
two mappings Σ 7→ Σ(τ) and Σ 7→ Σα obviously commute so that we can without confusion
denote (Σ(τ))α = (Σα)(τ) by Σ

(τ)
α .

Proof of the necessity part of Theorem 4.5. Assume that Σ is exponentially m-th mean sta-
ble. Then, by Proposition 4.22, the system Σα is exponentially m-th mean stable for some
α > 0 as well. Since Σα is clearly stochastically m-th mean stable, by Proposition 4.20
the discrete-time system SΣ

(τ)
α is stochastically m-th mean stable for every τ > 0. Then

Corollary 4.18 shows ρ(Am(Σ(τ)
α )) < 1. Hence, by Proposition 4.23 and Proposition 4.21,

ρ(Am(Σ)) < ρ(Am(Σα))

= lim
τ→0

ρ(Am(Σ(τ)
α ))

≤ 1

because the spectral radius is a continuous function of a matrix. �

Finally let us remark that, by proving Theorem 4.5, we have actually shown the next
corollary.
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Corollary 4.24. Σ is exponentially m-th mean stable if and only if SΣ is exponentially m-th

mean stable.

4.5 Conclusion

In this chapter we gave the characterization of the mean stability of semi-Markov jump lin-
ear positive systems. The characterization is given in terms of the spectral radius of a matrix
and hence easy to use. We derived the characterization by introducing the discretization of
original continuous-time dynamics that preserves stability.
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5. Switched Riccati Differential Equations

5.1 Introduction

In the previous two chapters we studied the stability of a (semi-)Markov jump linear switch-
ing system. Precisely speaking, we have given conditions under which the norm of the state
variable of the system converges to 0 in average. Then, since taking the norm of a vector
discards the information of its direction, one can naturally ask the next question: How will
the direction of the state vector evolve?

For a linear time-invariant system

dx
dt

= Ax, x(0) = x0 ∈ R
2

on R2, the above question can be stated as follows: How does the slope of the straight
line spanned by the vector eAtx0 evolve? Riccati found [11] that the slope w(t) follows the
quadratic differential equation

dw
dt

= a21 + (a22 − a11)w − a12w2,

which is now called a Riccati differential equation. In general a Riccati differential equation
is given by the matrix differential equation

dW
dt

= A21 + A22W −WA11 −WA12W

where A11, A12, A21, and A22 are constant matrices of appropriate dimensions. It is known
that this matrix-valued Riccati differential equation describes the generalized slope of the
subspace obtained by multiplying the exponential matrix eAt to a certain initial subspace
(see Section 5.2 for detail). For a historic account of Riccati differential equations see
[11] and the references therein. The paper [42] gives a recent survey of Riccati differential
equations.

Although an almost complete study of the convergence property of such a flow of sub-
spaces is given in [98] and it answers the question we posed above for non-switched sys-
tems, we cannot use the results directly to study a flow induced by switched linear systems.
One of the main reasons is that the results in [98] concern only the asymptotic behavior
of the subspaces, while in our switching case we are rather interested in their transient
behavior by the presence of switchings.
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A similar story applies to the study of so called finite-time escape phenomena of Riccati
differential equations. Being a quadratic equation, a Riccati differential equation can have
a solution that diverges in finite time. Even though there are several studies [45, 77, 95] on
the phenomena it is not clear what will be happening in the switching case.

We try to answer the above questions in this chapter. First we will study the escape
time of switched Riccati differential equations induced by Markov jump linear systems. It
will be shown that the expected value of their escape time satisfies integral equations. An
approximate computation of their solution is also studied. Then we study the asymptotic
behavior of the flow of subspaces generated by switched linear systems. We will show
that such a flow of subspaces, which is a random walk on Grassmann manifolds, weakly
converges to a certain probability distribution exponentially fast, which can be interpreted
as the stability of direction of the state vector.

This chapter is organized as follows. In Section 5.2 we give a brief review of Riccati
differential equations and their relationship to Grassmann manifolds. Then in Section 5.3
we study the expected value of the escape time of switched Riccati differential equations.
Section 5.4 studies the convergence of the random walk induced by linear switched systems
on projective spaces.

A few words on notation are in order. Let A ∈ Rm×n. For a subspace V ⊂ Rm define
a subspace A(V) ⊂ Rn by A(V) := {Ax : x ∈ V}. The column space of A is denoted
by Sp A. Let Gl(n,R) denote the multiplicative group of invertible n × n real matrices. Its
subgroup consisting of those having determinant 1 is denoted by Sl(n,R). For x > 0 let
log+(x) := max(log x, 0).

5.2 Riccati differential equations and Grassmann mani-
folds

This section reviews Riccati differential equations and Grassmann manifolds. Let A ∈ Rn×n

be arbitrary and let m < n. Partition A as

A =

A11 A12

A21 A22


where the dimensions of A11, A12, A21, and A22 are m × m, m × (n − m), (n − m) × m, and
(n−m)× (n−m), respectively. The Riccati differential equation associated with A is given
by

dW
dt

= A21 + A22W −WA11 −WA12W. (5.1)
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Let W(·; W0) denote the solution of this Riccati differential equation with the initial
state W(0) = W0. The first time t > 0 (possibly infinity) when W(t; W0) does not exist is
called the escape time of the Riccati differential equation (5.1).

It is well known that Riccati differential equations have a close relationship to Grass-
mann manifolds. In the rest of this section we quote some facts from [98]. Grassmann
manifold Gm(Rn) consists of the set of all m-dimensional subspaces of Rn. When m = 1
they are called real projective space, denoted by P(Rn). For a nonzero v ∈ Rn let v̄ de-
note the subspace spanned by v, which belongs to P(Rn). The general linear group Gl(Rn)
acts on Gm(Rn) since any invertible matrix maps an m-dimensional subspace to another
m-dimensional subspace.

One of the canonical charts [98] of Grassmann manifolds connects Riccati differential
equations and Grassmann manifolds as follows. Define a mapping ψ : R(n−m)×m → Gm(Rn)
by

ψ(K) = Sp

Im

K


and let Gm

0 (Rn) ⊂ Gm(Rn) be the set of m-dimensional subspaces in Rn that are complemen-

tary to the subspace Sp

 0
In−m

. Then ψ embeds R(n−m)×m in Gm(Rn) as the open and dense

subset Gm
0 (Rn). In fact the pair (Gm

0 (Rn), ψ−1) is one of the standard charts for the manifold
Gm(Rn). Thus Gm(Rn) can be viewed as a compactification of R(n−m)×m. Now one can find
(see, e.g., [31]) that

ψ(W(t; W0)) = eAt(ψ(W0)) (5.2)

whenever W(t; W0) exists. This means that the Riccati differential equation (5.1) is the local
expression of the differential equation on Gm(Rn) corresponding to the flow

S (t; S 0) := eAt(S 0) (5.3)

with respect to the chart (Gm
0 (Rn), ψ−1). By the extended Riccati differential equation, we

mean the differential equation on Gm(Rn) whose flow is given by (5.3). Therefore, abusing
notation we write the solution of the Riccati differential equation (5.1) as

eAt[W0] := W(t; W0).

The relationship (5.2) shows that the Riccati differential equation (5.1) escapes pre-
cisely when eAt(ψ(W0)) leaves the subset Gm

0 (Rn). From this argument one can see that the
solution of (5.1) is given by W(t; W0) = V(t)U(t)−1 where U(t) ∈ Rm×m and V(t) ∈ R(n−m)×m
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are given by the partition U(t)
V(t)

 = eAt

 Im

W0

 (5.4)

provided that U(t)−1 exists. Therefore the equation (5.1) escapes precisely at the minimum
t > 0 at which the matrix U(t) becomes singular.

Example 5.1. Let ω > 0 and consider the Riccati differential equation

dw
dt

= ω(1 + w2) (5.5)

with the initial condition w(0) = 0. This Riccati differential equation has the solution w(t) =

tan(ωt) so that its escape time equals t = π/(2ω).
The extended Riccati differential equation corresponding to (5.5) can be found as fol-

lows. To the domain R of the equation (5.5) there corresponds the Grassmann mani-
fold G1(R2), which is the projective space P(R2). The canonical chart ψ maps each t ∈ R

to a straight line passing through the origin and having the slope t. In particular the initial
state w(0) = 0 is mapped to the x-axis. With this canonical chart, a flow on P(R2) escapes
exactly when the flow coincides with the y-axis.

Since the Riccati differential equation (5.5) is induced by the matrix

A =

0 −ω

ω 0

 ,
the corresponding extended Riccati differential equation is the flow

eAt(ψ(0)) =

cos(ωt)
sin(ωt)


which represents a line rotating counterclockwise with the angular speed ω. It is easy to
see that, starting from the x-axis, the flow escapes at the time π/(2ω), as we saw above.

5.3 Mean escape time

As a linear time-invariant system induces a Riccati differential equation, a switched linear
system naturally induces a switched Riccati differential equation. We consider a Markov
jump linear system with two subsystems defined on Rn. Recall that such a system admits
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the expression (see (3.9))
dx
dt

= (δ1A + δ2B)x

where the stochastic processes δi (i = 1, . . . ,N) are defined by (3.6). We assume that the
probability transition matrix of the underlying Markov process is given by

Q =

−λ λ

λ −λ

 . (5.6)

Since δ1 + δ2 = 1 with probability 1, if we let z := δ1 then we obtain

dx
dt

= (zA + (1 − z)B)x.

This switched equation naturally induces the following switched Riccati differential equa-
tion on R(n−m)×m:

dW
dt

= z(A21 + A22W −WA11 −WA12W)+

(1 − z)(B21 + B22W −WB11 −WB12W)
(5.7)

where the matrices A and B are partitioned accordingly.
We use the following notations. For W0 ∈ R

(n−m)×m let TA(W0) (TB(W0)) be the expected
value of the escape time of the switched equation (5.7) when W(0) = W0 and z(0) = 1
(z(0) = 0, respectively). Also let tA(W0) and tB(W0) be the escape time of the non-switched
Riccati differential equations (5.1) and

dW
dt

= B21 + B22W −WB11 −WB12W

with the initial state W(0) = W0.
To ensure the existence of the mean escape times we place the following assumption

throughout this section.

Assumption 5.2. The functions tA and tB are bounded, i.e., there exists a constant t0 > 0
such that

tS (W) ≤ t0 (5.8)

for every S = A, B and W ∈ R(n−m)×m.

5.3.1 Characterization by integral equations

Define the probability density function f (t) := λe−λt (t ≥ 0) and then the probability dis-
tribution function F(t) :=

∫ t

0
f (τ) dτ, which gives the probability that the switched Riccati
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differential equation (5.7) experiences a switching in a time interval of length t. An exami-
nation of the switched equation readily yields the next proposition.

Proposition 5.3. It holds that

TA(W0) =

∫ tA(W0)

0
[τ + TB(eAτ[W0])] f (τ) dτ + (1 − F(tA(W0))) tA(W0),

TB(W0) =

∫ tB(W0)

0
[τ + TA(eBτ[W0])] f (τ) dτ + (1 − F(tB(W0))) tB(W0).

(5.9)

Proof. By the symmetry of the switched Riccati differential equation (5.7) it is sufficient
to prove only the first equation. Thus we can assume z(0) = 1, i.e., the switched equation
starts from the Riccati differential equation (5.1).

If a switching does not occur after t = 0 then the solution eventually escapes at t =

tA(W0) by definition. On the other hand suppose that the first switching occurs at t = τ,
which must be obviously less than tA(W0). At this time the state of the switched equation
equals eAτ[W0] so that, by definition, the switched equation will escape after TB(eAτ[W0])
time units in mean. This proves (5.9). �

To investigate the existence of the solution of the integral equation (5.9) we rewrite it
with operator equations. Let L∞(R(n−m)×m) denote the space of R-valued Lebesgue mea-
surable functions on R(n−m)×m with the norm ‖ f ‖∞ := supW∈R(n−m)×m | f (W)|. Define gA, gB ∈

L∞(R(n−m)×m) by

gS (W) :=
∫ tS (W)

0
τ f (τ) dτ + tS (W) (1 − F(tS (W))) , S = A, B.

Also define the operators MA and MB on L∞(R(n−m)×m) by

(MS T )(W) :=
∫ tS (W)

0
f (τ)T (eS τ[W]) dτ, S = A, B. (5.10)

Then the integral equations (5.9) immediately show that

TA = gA + MATB,

TB = gB + MATA

(5.11)

or, in a compact form,

(I − M)

TA

TB

 =

gA

gB

 (5.12)
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where I is the identity operator and

M :=

 0 MA

MB 0

 .
Using the above expression the next theorem shows the uniqueness of the solution of the
integral equations (5.9).

Theorem 5.4. The integral equation (5.9) has unique solutions TA and TB in L∞(R(n−m)×m).
Moreover the solution is given by the power seriesTA

TB

 =

∞∑
k=0

Mk

gA

gB

 . (5.13)

Proof. Let us first recall the following basic fact from functional analysis (see, e.g., [93]).
Let A be a continuous linear operator defined on a Banach space X. If ‖A‖ < 1, where the
norm ‖A‖ is defined by

‖A‖ := sup
x,0

‖Ax‖
‖x‖

,

then I − A is invertible and its inverse is given by the converging power series
∑∞

k=0 Ak.
From this fact and the equation (5.12), in order to prove the theorem, it is sufficient to show
that M is a continuous linear operator on L∞(R(n−m)×m)2 and ‖M‖ < 1. The linearity of M is
trivial. Let T,T ′ ∈ L∞(R(n−m)×m) be arbitrary. Then∥∥∥∥∥∥∥M

T

T ′


∥∥∥∥∥∥∥
∞

= sup
W∈R(n−m)×m

∥∥∥∥∥∥∥M

T

T ′

 (W)

∥∥∥∥∥∥∥
∞

= sup
W∈R(n−m)×m

∥∥∥∥∥∥∥
(MAT ′)(W)
(MBT )(W)


∥∥∥∥∥∥∥
∞

. (5.14)

For every W ∈ R(n−m)×m we have, by the assumption (5.8),

|(MAT ′)(W)| =

∣∣∣∣∣∣
∫ tA(W)

0
f (τ)T ′(eAτ[W]) dτ

∣∣∣∣∣∣
≤

∫ tA(W)

0
f (τ)|T ′(eAτ[W])| dτ

≤ sup
W∈R(n−m)×m

|T ′(W)|
∫ t0

0
f (τ) dτ

= ‖T ′‖∞F(t0). (5.15)
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In the same way we can show |(MBT )(W)| ≤ ‖T‖∞F(t0). Therefore, by (5.14) and (5.15)
we have ∥∥∥∥∥∥∥M

T

T ′


∥∥∥∥∥∥∥
∞

≤ F(t0)

∥∥∥∥∥∥∥
‖T ′‖
‖T‖


∥∥∥∥∥∥∥
∞

= F(t0)

∥∥∥∥∥∥∥
T

T ′


∥∥∥∥∥∥∥
∞

, (5.16)

which shows that M is a continuous linear operator on L∞(R(n−m)×m)2. Also the second
claim follows from (5.16) since F(t0) < 1. This completes the proof. �

Example 5.5. Let ω and γ > 0 be constants and consider the switched equation

dw
dt

= z
(
ω(1 + w2)

)
+ (1 − z)

(
−γ(1 + w2)

)
This switched equation consists of the two Riccati differential equations (5.5) and

dw
dt

= −γ(1 + w2). (5.17)

As observed in Example 5.1, those Riccati differential equations are the local expressions
for the rotations in G1(R2) with the constant angular speedsω and −γ. Hereafter we identify
an element in G1(R2) with its angle θ measured from the positive x-axis. Then it is easy
to see that tA(θ) =

(π/2)−θ
ω

and tB(θ) =
θ+(π/2)

γ
. In particular, the assumption (5.8) is satisfied

with t0 = max(π/ω, π/γ).
Figure 5.1 shows the expected value TA of the escape time as a function of the initial

angle θ0 ∈ [−π/2, π/2] when we fix γ = λ = 1 and move ω as ω = 1, 10, and 100. This
graph is obtained by terminating the power series (5.13) at the 21st term. We can observe
that the escape time decreases asω increases. This is because, the more the angular speedω
is, the faster the line will rotate to pass the critical line of y-axis.

Then let us fix ω = γ = 1 and move λ. Recall that the constant λ appears in the
transition probability matrix as in (5.6) and thus determines the switching rate. Figure 5.2
shows the expected value TA of the escape time when λ = 0.01, 1, and 10. It is remarkable
that, when λ = 0.01, the corresponding graph is close to the escape time tA of the Riccati
differential equation (5.5). This is because, when the rate λ is small, a switching from the
first equation (5.5) to the second equation (5.17) rarely occurs, which implies that the effect
of the presence of switching is small.
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Figure 5.1: Expected value TA of the escape time when γ = λ = 1. Solid: ω = 1, Dashed:
ω = 10, Dotted: ω = 100.

−1.5 0 1.5
0

5

Figure 5.2: Expected value TA of the escape time when ω = γ = 1. Solid: λ = 1, Dashed:
λ = 10, Dotted: λ = 0.01.

Remark 5.6. We cannot always use the power series expression (5.13) due to the difficulty
in computing tA and tB, the escape time of deterministic Riccati differential equations. For
example consider the Riccati differential equation onR1×2 determined by the matrix A given
by

A = T−1


0 1 0
−1 0 0
0 0 1

 T, T =


1 0 1
0 1 0
0 0 1
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with the initial state

W0 =

11
 .

We can show that the corresponding extended Riccati differential equation is the flow

eAt (ψ(W0)) =


2 cos t + sin t − et

cos t − 2 sin t

et


in P(R3). Therefore, under the canonical chart ψ, the corresponding Riccati differential
equation escapes when 2 cos t + sin t − et = 0. However it is not easy to calculate the zeros
of this type of equation effectively.

5.3.2 Approximate computation

Though Theorem 5.4 gives an expression of the mean escape time of switched Riccati
differential equations, it requires the escape time of deterministic Riccati differential equa-
tions for every initial state, which is sometimes difficult as noted in Remark 5.6. In this
subsection we show that, under a certain regularity condition, it is possible to discretize the
integral equation (5.9) to obtain a matrix equation whose solution gives an approximation
of the mean escape time. One of the advantages of this method is that it needs the escape
time of deterministic Riccati differential equations only at finitely many initial states, which
can be computed using the method that we will propose in the next section.

Throughout this subsection we will identify a matrix W in Rm×n with its image ψ(W) ∈
Gm

0 (Rn) by the canonical chart. Let ρ be the standard metric of Gm(Rn) [98]. We place the
next additional assumption.

Assumption 5.7. TA and TB are uniformly continuous as functions from the metric
space Gm

0 (Rn) to R.

The next lemma is easy but crucial in the argument of this section. Recall that, given a
metric space X and ε > 0, we say that a subset S ⊂ X is an ε-net of X if X ⊂

⋃
x∈S Bε(x),

where Bε(x) denotes the open ball with radius ε centered at x.

Lemma 5.8. Gm
0 (Rn) admits a finite ε-net for every ε > 0.

Proof. Since a Grassmann manifold is compact, it is totally bounded. Therefore its subset
Gm

0 (Rn) is also totally bounded and hence admits a finite ε-net. �
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The next proposition enables us to approximate the operators MA and MB given in
(5.10) by matrices of finite sizes. For a function f : Gm

0 (Rn) → R and a finite subsetW =

{W1, . . . ,W`} ⊂ Gm
0 (Rn) we write

f (W) :=


f (W1)
...

f (W`)

 ∈ R`.
Proposition 5.9. For every ε > 0 there exist a finite setW = {W1, . . . ,W`} ⊂ Gm

0 (Rn) and

matrices NA,NB ∈ R
`×` such that

‖(MATB)(W) − NA(TB(W))‖∞ < ε, (5.18)

‖(MBTA)(W) − NB(TA(W))‖∞ < ε.

Moreover ‖NA‖∞, ‖NB‖∞ ≤ 1 − F(t0).

Proof. By symmetry it is sufficient to prove only (5.18). Let ε > 0 be arbitrary. By
Assumption 5.7 there exists δ > 0 such that if ρ(W,W ′) < δ then |TA(W) − TA(W ′)| < ε/2.
Then take a finite δ-netW = {W1, . . . ,W`} of Gm

0 (Rn). Let q be a mapping on Gm
0 (Rn) that

assigns to any W ∈ Gm
0 (Rn) one of Wi within the distance of δ from W.

Let h > 0 be arbitrary and define φ1 : Gm
0 (Rn)→ R by

φ1(W) :=
∞∑

k=0

TB(eAnh[W])ξA,n(W),

ξA,n(W) :=
∫ (n+1)h

nh
f (τ)χ[0,tA(W))(τ) dτ.

Then, for every i,

|(MATB)(Wi) − φ(Wi)|

≤

∞∑
k=0

∫ (n+1)h

nh

∣∣∣TB(eAτ[Wi]) − TB(eAnh[Wi])
∣∣∣ f (τ)χ[0,tA(P))(τ) dτ

≤ sup
|t−τ|≤h

∣∣∣TB(eAτ[Wi]) − TB(eAτ[Wi])
∣∣∣ ∫ tA(P)

0
f (τ) dτ

≤ sup
|t−τ|≤h

∣∣∣TB(eAτ[Wi]) − TB(eAτ[Wi])
∣∣∣ .
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Thus we can take a sufficiently small h > 0 such that, for every i = 1, . . . , `,

|(MATB)(Wi) − φ(Wi)| < ε/2. (5.19)

Also we define φ2 : Gm
0 (Rn)→ R by

φ2(W) :=
∞∑

k=0

Ta(eBnh[W])ξB,n(W),

ξB,n(W) :=
∫ (n+1)h

nh
f (τ)χ[0,tB(W))(τ) dτ.

In a similar way as above we can find a sufficiently small h2 > 0 such that |(MBTA)(Wi) − φ2(Wi)| <
ε/2 for every i = 1, . . . , `. We let h = min(h1, h2).

Now define φ′1 : Gm
0 (Rn)→ R by

φ′1(W) :=
∞∑

k=0

TB

(
q(eAnh[W])

)
ξA,n(W).

Since ρ(W, q(W)) < δ for every W ∈ Gm
0 (Rn), by the uniform continuity of TB, for all

i = 1, . . . , ` it holds that
∣∣∣φ(Wi) − φ′1(Wi)

∣∣∣ < ε/2. This inequality together with (5.19)
implies

‖(MATB)(W) − φ′1(W)‖∞ < ε.

Now since the image of q is always one of W1, . . . , W`, for a fixed i the quantity φ′1(Wi)
is a linear combination of TB(W1), . . . , TB(W`) with its coefficients being a partial sum of
{ξA,n(Wi)}n≥0. Therefore there exists a constant matrix NA such that φ′1(W) = NA(TB(W)).
This completes the proof of the first equation (5.18). Similarly we can find another matrix
NB that satisfies the second equation.

To prove the second claim, we just need to notice that the sum of the i-th row of the
matrix NA is equal to

∑∞
k=0 ξA,n(Wi) =

∫ tA(Wi)

0
f (τ) dτ, which is less than or equal to 1− F(t0)

by (5.8). �

Now we can prove the main result of this section.

Theorem 5.10. Let ε > 0 be arbitrary. Then there exists a finite setW = {W1, . . . ,W`} ⊂

Gm
0 (Rn) and an invertible matrix Ψ such that∥∥∥∥∥∥∥

TA(W)
TB(W)

 − Ψ−1

gA(W)
gB(W)


∥∥∥∥∥∥∥
∞

< ε.
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Proof. Apply Proposition 5.9 with the constant F(t0)ε to obtain a finite set W =

{W1, . . . ,W`} and matrices NA and NB. Define

Ψ :=

 I −NA

−NB I

 = I −

 O NA

NB O


In a similar way as the proof of Theorem 5.4, by Proposition 5.9 we can see that Ψ is
invertible and satisfy ‖Ψ−1‖∞ ≤ 1/F(t0). Now, using (5.11) we can show that

Ψ

TA(W)
TB(W)

 − gA(W)
gB(W)

 =

(MATB)(W) − NATB(W)
(MBTA)(W) − NBTA(W)

 .
Therefore TA(W)

TB(W)

 − Ψ−1

gA(W)
gB(W)

 = Ψ−1

(MATB)(W) − NA(TB(W))
(MBTA)(W) − NB(TA(W))


and hence, by Proposition 5.9,∥∥∥∥∥∥∥

TA(W)
TB(W)

 − Ψ−1

gA(W)
gB(W)


∥∥∥∥∥∥∥
∞

< ‖Ψ−1‖∞(F(t0)ε)

≤ ε,

as desired. �

5.3.3 Escape time of Riccati differential equations

This subsection proposes a method to approximately compute the escape time of a non-
switched Riccati differential equation corresponding to a given initial state under Assump-
tion 5.2. Thus the proposed method enables us to use Theorem 5.10, which approximately
computes the mean escape time of the switched Riccati differential equation (5.7).

Suppose that a Riccati differential equation (5.1) and its initial state W0 are given. We
define the function ∆ : [0, tA(W0))→ (0,∞) by

∆(t) = φ


‖A‖∥∥∥∥[Im O

]
A
∥∥∥∥
∥∥∥∥∥∥∥
 Im

W(t; W0)


∥∥∥∥∥∥∥


1
‖A‖

(5.20)
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where φ(·) is the principal branch of the so called Lambert W-function [25], i.e., the inverse
of the mapping [0,∞) → [0,∞) : x 7→ xex. The function ∆ is continuous because both W

and φ are continuous. Moreover, since φ(x) = 0 if and only if x = 0, the function ∆ never
vanishes.

With the above defined function ∆, the next theorem gives us a sequence that converges
to the escape time.

Theorem 5.11. Define {tk}
∞
k=0 by t0 = 0 and

tk+1 = tk + ∆(tk), k = 0, 1, . . . . (5.21)

Then we have

lim
k→∞

tk = tA(W0).

Let us begin with the next technical lemma.

Lemma 5.12. Let M and A be nonzero square matrices with the same dimension. If t , 0
then

‖M(eAt − I)‖ < ‖MA‖|t|e‖A‖|t|.

Proof. The definition of exponential matrices gives M(eAt − I) = MAt
∑∞

k=1
Ak−1tk−1

k! . There-
fore, if t , 0,

‖M(eAt − I)‖ ≤ ‖MA‖|t|
∞∑

k=0

‖A‖k|t|k

(k + 1)!

< ‖MA‖|t|
∞∑

k=0

‖A‖k|t|k

k!

= ‖MA‖|t|e‖A‖|t|. �

Using this lemma we can prove the next proposition. A similar result for a time-varying
setting can be found in [60].

Proposition 5.13. If t ∈ [0, tA(W0)) then [t, t + ∆(t)] ⊂ [0, tA(W0)).

Proof. Without loss of generality we can assume t = 0 because otherwise we can reduce
the problem to the case t = 0 by considering the Riccati differential equation (5.1) with the
initial state W(t; W0).

Let t = 0. We need to show that the matrix U(s) defined by (5.4) is invertible if
0 ≤ s ≤ ∆(0). Since U(0) = I is clearly invertible we can assume 0 < s ≤ ∆(0). Thus it is
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sufficient to show that ‖U(s) − I‖ < 1 for 0 < s < ∆(0). Since

U(s) =
[
Im O

]
eAs

 Im

W0

 ,
by (5.4), an easy computation shows that

U(s) − In =
[
Im O

]
(eAs − In)

 Im

W0

 .
Therefore, by Lemma 5.12, if 0 < s ≤ ∆(0) then

‖U(s) − In‖ <
∥∥∥∥[Im O

]
A
∥∥∥∥ |s|e‖A‖|s|

∥∥∥∥∥∥∥
 Im

W0


∥∥∥∥∥∥∥

≤

∥∥∥∥[Im O
]

A
∥∥∥∥ ∆(0)‖A‖∆(0)

∥∥∥∥∥∥∥
 Im

W0


∥∥∥∥∥∥∥

= 1,

where in the last equation we used the definition (5.20) of ∆ and the Lambert W function.
�

Now we can prove Theorem 5.11.

Proof of Theorem 5.11. By Lemma 5.13, the real sequence {tk}
∞
k=0 defined by (5.21) is

bounded from above by tA(W0) < ∞. Also {tk}
∞
k=0 is increasing by its definition. There-

fore the sequence has a limit, say, t̃ ∈ R. Lemma 5.13 immediately shows t̃ ≤ tA(W0).
Assume t̃ < tA(W0) to derive a contradiction. Since the sequence {tk}

∞
k=0 is convergent,

the sequence {∆(tk)}∞k=0 must converge to 0. By the continuity of ∆ on [0, tA(W0)) we
have ∆(t̃) = 0, but this contradicts the fact that ∆ never vanishes on [0, tA(W0)). Hence
t̃ = tA(W0). �

Let us see examples.

Example 5.14. Consider the scalar Riccati differential equation

dw
dt

= w2 + 2w (5.22)

with the initial state w(0) = 1. This Riccati differential equation is associated with the
matrix

A =

−1 −1
0 1

 .
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Figure 5.3: Escape time of Riccati differential equation (5.22)

Since U(t) = (3e−t − et)/2, we can check that the differential equation escapes precisely at
t = (log 3)/2 = 0.549306. The sequence {tk}

∞
n=1 in Theorem 5.11 gives t10 = 0.549290 and

t20 = 0.549306. Figure 5.3 shows the graphs of tk and log(∆(tk)).

Example 5.15. Consider the R2-valued Riccati differential equation

dW
dt

=

 0
−1

 +

2 −1
3 −3

 W + W −W
[
2 −1

]
W (5.23)

with the initial condition

W0 =

−0.5
−0.5

 .
Figure 5.4 shows the graph of tk and log(∆(tk)). Notice that in this case it is not easy to find
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Figure 5.4: Escape time of Riccati differential equation (5.23)

the zeros of the function U(t) due to its not simple form.

5.4 Random walk on projective spaces

As we reviewd in Section 5.2, a linear time-invariant system dx/dt = Ax defined on Rn

induces the extended Riccati differential equation S (t) = eAtS 0 where S 0 ∈ Gm(Rn) is an
initial subspace. Therefore a switched linear system

dx
dt

= Aix
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consisting of N subsystems dx/dt = Aix (i = 1, . . . ,N) naturally induces the switched
version of extended Riccati differential equation given by

S (t) = (eAikτkeAik−1 hk−1 · · · eAi0 h0)(S 0)

where {hk}
∞
k=0 is the sequence of the dwell time on each mode ik and τk = t− hk−1 − · · · − h0.

Then the subspaces S k := S (tk) at switching instants are given by

S k = (eAik−1 hk−1 · · · eAi0 h0)(S 0), (5.24)

The asymptotic behavior of this random walk on Grassmann manifolds is studied in this
section. The most remarkable difference of (5.24) from switched Riccati differential equa-
tions studied in the last section is the absence of finite escape phenomena, as reviewed in
Section 5.2. Thus we can safely discuss the asymptotic behavior of (5.24).

The property of the random walk (5.24) is essentially determined by the random prod-

uct eAik hk · · · eAi0 h0 . The study of the random products of matrices was initiated by Fursten-
berg and Kesten in their seminal paper [44] and since then a rich amount of theoretical
results have been obtained. Some of the results can be found in the survey article [43].
Among them the problem of understanding the action of the random product of matrices
on projective spaces has received much attention [46,70,104]. To make use of those results
we confine ourselves to random walks defined on the projective space P(Rn) = Gn(R), i.e.,
we assume that the subspaces S k are all one-dimensional straight lines.

5.4.1 Main result

Introduce in Ω := {1, 2, . . . ,N} × [0,∞) the product σ-algebra P({1, 2, . . . ,N}) × B where
P(·) denotes the power set and B is the smallest σ-algebra containing the open intervals
in [0,∞). We assume that each pair (ik, tk) ∈ Ω follows a probability measure µ indepen-
dently. We place the following assumption.

Assumption 5.16.

1. There does not exist any finite family of proper and distinct linear subspaces S 1,
. . . , S ` of Rn such that, for every i,

Ai(S 1 ∪ · · · ∪ S `) ⊂ S 1 ∪ · · · ∪ S `. (5.25)

2. There exists an i such that Ai has the unique eigenvalue having the largest real part
among the eigenvalues of Ai.
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3. There exist an M > 0 and a β > 0 such that the probability density function p(i, t) of
µ satisfies

p(i, t) ≤ Me−βt. (5.26)

for every i = 1, . . . , N and t ≥ 0.

The next theorem is the main result of this section, which shows that the distribution
of our random walk exponentially converges to a unique invariant measure. To state the
result, for α > 0 we define C(α) to be the set of continuous real-valued bounded functions,
φ, on P(Rn) such that supū,v̄ |φ(ū) − φ(v̄)|/δ(ū, v̄)α < ∞, where δ is a metric in P(Rn) defined
by δ(ū, v̄)2 := 1 −

(
u
‖u‖ ,

v
‖v‖

)2
. Then it can be checked that C(α) becomes a normed space

with the norm
‖φ‖α := sup

ū∈P(Rn)
|φ(ū)| + sup

ū,v̄

|φ(ū) − φ(v̄)|
δ(ū, v̄)α

.

Theorem 5.17. There exists a unique µ-invariant distribution ν on P(Rn) for the random

walk (5.24). Moreover there exist constants α0 > 0, c > 0, and 0 < ρ < 1 such that for

0 < α ≤ α0, the operators P and Q defined on C(α) by

(Pφ)(ū) :=
∫

Sl(n,R)
φ(Mū) dµ(M),

(Qφ)(ū) :=
∫

P(Rn)
φ(v̄) dν(v̄)

(5.27)

are bounded and satisfy

‖Pk − Q‖α ≤ cρk (5.28)

for every k ≥ 1.

5.4.2 Proof

First let us observe that our random walk is generated by the matrices in the special linear
group Sl(n,R) as follows. Let A′i := Ai − n−1(tr Ai)In. Since the multiplication by a nonzero
constant acting on P(Rn) is the identity, the actions of the matrices eAit and eA′i t are the same
as eA′i tū = eAite−n−1(tr Ai)tū = eAitū. Therefore, because tr A′i = 0, without loss of generality
we can assume that tr Ai = 0 for every k. In particular, for every (i, t) ∈ Ω we have

eAit ∈ Sl(n,R)

because det(eAit) = etr(Ait) = e(tr Ai)t = e0 = 1.
About the special linear group Sl(n,R) we employ the following notions.
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Definition 5.18. LetM be a subset of Sl(n,R).

• M is said to be strongly irreducible if there does not exist any finite family of proper
linear subspaces S 1, . . . , S ` of Rn such that M(S 1∪· · ·∪S `) = S 1∪· · ·∪S ` for every
M ∈ M.

• M is said to be contracting if there exists a sequence {Mk}
∞
k=1 ⊂ S such that Mk/‖Mk‖

converges to a rank-one matrix as k → ∞.

The next proposition shows that our random walk possess the above defined properties
and will be used to prove Theorem 5.17.

Proposition 5.19. The smallest closed semigroup generated by the support of µ is strongly

irreducible and contracting.

Proof. Let G be the smallest closed semigroup. First let us show that G is strongly irre-
ducible. Suppose that G is not strongly irreducible. Then there exists a family of proper
subspaces S 1, . . . , S m of Rn such that, for every (k, t) ∈ Ω,

eAit(S 1 ∪ · · · ∪ S m) = S 1 ∪ · · · ∪ S m.

Considering the derivative at t = 0 we can show (5.25), which is a contradiction. Hence the
semigroup is strongly irreducible.

Then let us show that G is contracting. Let k be the integer in the second condition 2)
of Assumption 5.16. It is sufficient to show that the sequence {eAin/‖eAin‖}n≥0 converges
to a rank one matrix. Let r be the eigenvalue having the maximal real part among the
eigenvalues of Ai. Then there exists matrices T and J such that T is invertible, A = T JT−1,
and J is of the form

J =

r 0
0 K

 .
where K is a (n − 1) × (n − 1) matrix whose eigenvalues have real parts less than r.
Then it is easy to see that eAit/ert = T (eJt/ert)T−1 converges to the rank one matrix M :=
T diag(1, 0, . . . , 0)T−1 as t → ∞. Therefore, by the continuity of the norm,

eAik

‖eAik‖
=

eAik/erk

‖eAik/erk‖
→

M
‖M‖

as k → ∞. This completes the proof. �

For the proof of Theorem 5.17 we will also need the following definition.
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Definition 5.20. Let µ be a measure on Sl(n,R). We say that µ has a finite exponen-

tial moment if there exists τ > 0 such that
∫

Sl(n,R)
eτ`(M) dµ(M) is finite where `(M) :=

max(log+
‖M‖, log+

‖M−1‖).

The next proposition lists some facts about the measure induced by the products of
random matrices.

Proposition 5.21 ([46, 70, 104]). Let µ be a probability measure on Sl(n,R). Suppose that

µ has a finite exponential moment and that the closed smallest semigroup containing the

support of µ is strongly irreducible and contracting. Then the following statements are true.

1. There exists a unique µ-invariant measure ν on P(Rn) [46, 104].

2. There exist constants α0 > 0, c > 0, and 0 < ρ < 1 such that for 0 < α ≤ α0, the

operators P and Q on C(α) defined by (5.27) are bounded and satisfy (5.28) for every

k ≥ 1 [70, 104].

Now we prove Theorem 5.17.

Proof of Theorem 5.17. By Propositions 5.19 and 5.21, now it is sufficient to show that the
distribution µ has a finite exponential moment. Notice that `(eAit) ≤ ‖Ai‖t ≤ maxi‖Ai‖t.
Take τ > 0 such that τ(maxi‖Ai‖) < β where β is the constant satisfying (5.26). Then

∫
Sl(n,R)

eτ`(M)dµ =

N∑
i=1

∫ ∞

0
eτ`(e

Ait)Me−βt dt

≤

N∑
i=1

∫ ∞

0
eτ(maxi‖Ai‖)te−βt dt

< ∞.

Therefore µ has a finite exponential moment and this completes the proof. �

In the rest of this section we discuss how to check the conditions in Assumption 5.16.
The second condition is easy to check. Though checking the first condition 1 is not trivial,
when n = 2 we can give an easy to check sufficient condition, which will cover many cases.

Proposition 5.22. Suppose n = 2. Suppose that all the matrices Ai, i = 1, . . . ,N are

semi-simple and invertible. If the matrices Ai do not share a common eigenvector then the

condition 1 of Assumption 5.16 is satisfied.

The proof of this proposition needs the next lemma.
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Lemma 5.23. Let A ∈ Rn×n be a semi-simple matrix and let k be an arbitrary positive

integer. Then the set of eigenvectors of A and Ak are the same.

Proof. Since A is semi-simple, A has precisely n distinct eigenvectors. Let E = {v1, . . . , vn}

be the set of eigenvectors of A corresponding to the set of eigenvalues {λ1, . . . , λn}. Because
Akvi = λk

i vi, vi is an eigenvector of Ak for every k. Therefore the set E is contained in the
set of eigenvectors of Ak. In fact those two sets are equal because an n × n matrix cannot
have more than n eigenvectors. �

Proof of Proposition 5.22. Suppose that the condition 1 of Assumption 5.16 is false; i.e.,
there exists a family of proper and distinct subspaces S 1, . . . , S ` of R2 such that (5.25)
holds for every i. We need to show that the matrices Ai share a common eigenvector. Let
us fix i. Since n = 2, all the proper subspaces S 1, . . . , S ` must be one-dimensional, and
hence are spanned by nonzero distinct vectors v1, . . . , v` ∈ R2, respectively. Also since Ai

is invertible, the inclusion in (5.25) must be an equality. Therefore we have

Ai(〈v1〉 ∪ · · · ∪ 〈v`〉) = 〈v1〉 ∪ · · · ∪ 〈v`〉.

This means that Ai acts transitively on the set {〈v1〉, . . . , 〈v`〉}. Hence there exists k such
that Ak

i 〈v1〉 = 〈v1〉, which implies that v1 is an eigenvector of Ak
i . By Lemma 5.23, v1 is an

eigenvector of Ai. Since k was arbitrary, v1 is a common eigenvector of the matrices A1,
. . . , AN . �

5.5 Conclusion

In this chapter we first studied the mean escape time of switched Riccati differential equa-
tions induced by Markov jump linear systems. We showed that the mean escape time is
given by the solution of integral equations under the assumption that each Riccati differen-
tial equations that consists the switched equation always escapes in a finite time. Also we
have given a procedure to approximately compute the solution of the integral equations.
Then we studied random walks on projective spaces induced by switched linear systems.
The convergence of the probability distribution of the random walks was established.
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6. Conclusion

In this thesis we investigated the mean stability of continuous- and discrete-time linear
switched systems with various stochastic structures and gave their characterizations in
terms of the eigenvalues of a matrix. We also studied the average behavior of switched
Riccati differential equations. Their mean escape time and asymptotic behavior on projec-
tive spaces were also studied.

In Chapter 2 we studied the mean stability of discrete-time switched linear systems with
independently and identically distributed parameters. We first gave the characterization
of their mean stability with the spectral radius of a matrix. Then we proved a converse
Lyapunov theorem, which shows the equivalence of mean stability and the existence of
a homogeneous Lyapunov function. Finally we clarified the limiting behavior of the pth
mean stability as the exponent p goes to infinity. In deriving the above results the Lp-norm
joint spectral radius of probability distributions played the central role.

In Chapter 3 we studied the mean stability and L1-optimal state-feedback control of
Markov jump linear positive systems. A characterization of mean stability in terms of the
eigenvalues of a matrix was first given. Then we showed that the L1-gain of a Markov jump
linear positive system can be computed by solving a linear program. Finally it was proved
that the L1-optimal feedback gain is also given by solving a linear program.

In Chapter 4 we investigated the mean stability of semi-Markov jump linear positive
systems, a generalization of Markov jump linear positive systems. We characterized their
mean stability using the spectral radius of a matrix. The characterization was proved by
introducing a stability-preserving discretization of a continuous-time semi-Markov jump
system.

In Chapter 5 we studied switched Riccati differential equations. We first showed that
the expected value of the escape time of a switched Riccati differential equation induced by
a Markov jump linear system is given as the solution of integral equations. We have also
given a method to approximately compute the solution of the integral equations. Then we
studied a random walk on projective spaces associated with switched Riccati differential
equations. The convergence of the probability distribution of the random walk to a certain
invariant measure is established.

Open problems

We conclude this thesis by indicating some open problems.

• Some of the results in Chapter 2 depend on the existence of proper cones left invariant
by the support of the distribution defining switched systems. However, except the
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special case when the support is contained in positive orthants, it is difficult to check
the existence of such a cone [90]. Would it be possible to state similar (possibly
weaker) results without the existence of invariant cones?

• Based on the characterization of mean square stability, various types of optimal con-
trol theory have been developed for Markov jump linear systems [30]. On the other
hand, for linear positive systems, Briat [18] gives the robust optimal control theory
based on L1-gains. How can the results in Chapter 3 be used to study the optimal
control of Markov jump linear positive systems?

• The crucial assumption placed in Chapter 5 was the boundedness of the escape time
of deterministic Riccati differential equations consisting of switched Riccati differ-
ential equations. How can we check that assumption effectively?
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