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ABSTRACT 

Error-correcting codes provide a technique for enhancing 

the accuracy of optical matrix-vector multipliers (OMVMs) 

performing the product y = Ax. The effect of signal

independent and signal-dependent noise on the performance 

of OMVMs employing random error- correction codes is 

studied through the use of computer simulations. Noise 

present in the A-matrix causes random errors, under certain 

assumptions, that can be corrected by the codes. Noise 

present in the x-vector causes non-random errors that are 

difficult to correct using random error-correcting codes. 

The effect of code type is also investigated. In addition, 

possible optical implementations for the decoding of the 

error codes is discussed. An optical implementation is 

desired since it will be able to take advantage of the 

parallelism and high speed of optical processors. 
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CHAPTER 1 

INTRODUCTION 

Matrix operations are important in many areas of 

research such as pattern recognition, control, and spectral 

analysis. 1 Often, matrix operations such as matrix-vector 

multiplication, matrix-matrix multiplication, Gram-Schmidt 

orthogonalization, solving systems of linear equations, and 

finding eigenvalues and eigenvectors of matrices, are 

necessary. 1 Matrix-vector and matrix-matrix multipli

cations are often fundamental to the other operations 

mentioned. For this reason, much research has been 

performed to develop accurate, high speed optical 

processors capable of performing matrix-vector and matrix

matrix multiplication. 1 Optical processors that can 

perform the various matrix operations are often called 

optical linear algebra processors (OLAPs) . A specific type 

of OLAP is the optical matrix-vector multiplier (OMVM) 

which is capable of computing a matrix-vector product. 

The main advantages of optical processors are their 

ability to perform complex calculations in parallel and at 

high speeds. They commonly suffer, however, from a low 

analog accuracy which currently hinders their widespread 

application. Various techniques have been developed to 

improve the accuracy of optical processors. Baranoski and 

Casasent (1989) contains a listing of various architectures 

and algorithms that have been proposed. This thesis 

presents the results of an analysis of one accuracy 

enhancement technique previously proposed for OMVMs that 

involves the use of error detection and correction codes. 3 

Error codes allow some of the errors that may occur during 

a matrix-vector multiplication to be detected and possibly 

corrected. These codes, developed earlier for data 
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transmission, data storage, and fault-tolerance in 

electronic processors, can thus be used to improve the 

accuracy of OMVMs. This thesis focuses on the use of error

correction codes. 

Some research has already been performed to apply error 

codes to specific optical processors. Liebowitz and 

Casasent 4 have applied binary error-correction codes to 

enhance the performance of optical associative memories. 

Marks and Atlas 5 have applied binary error-correction codes 

to enhance the performance of composite matched filters. 

The previous two papers dealt with the application of 

binary error codes to binary data. However, OMVMs can also 

operate on nonbinary data. Oh et al. 6 have proposed a 

generalization of the (7,4) Hamming code that can be used 

to provide error-correction for OMVMs using nonbinary data. 

Caulfield and Putnam (1985), Liebowitz and Casasent 

(1987), Marks and Atlas (1987), and Oh et al. (1988) 

discuss the application of block codes. This thesis 

presents the results of the application of block codes as 

well as the application of a different type of error code 

to OMVMs, specifically convolutional codes. 7 The effect 

convolutional codes and block codes have on the performance 

of an OMVM is investigated. In Chapter 2, a short intro

duction to each error-correcting code employed in this 

thesis is given. Several binary and nonbinary codes are 

presented. The encoding algorithm that transforms the 

input data into the coded data is described. Also, the 

decoding algorithm that performs the error-correction and 

recovers the data is presented. Chapter 3 describes the 

encoding procedure that allows the error codes to be used 

with OMVMs. The input data to the matrix-vector multiplier 

must be encoded such that the result of the multiplication 

is encoded so that the decoding algorithm can check for and 
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correct errors. The model of the noise used in the OMVM 

simulations is presented in Chapter 4. The noise model 

allows theoretical values for the performance of the OMVM 

to be calculated for some error codes. Various computer 

simulation results are presented in Chapter 5 in order to 

demonstrate the improvement in performance of OMVMs which 

can be achieved by using error-correction codes. Convolu

tional codes, along with several block codes, were 

simulated. The performance of OMVMs employing these codes 

with signal-independent and signal-dependent noise present 

in the input vector and matrix components is presented. 

The type and location of the noise is seen to have a 

significant impact on the performance of OMVMs employing 

error codes. Chapter 6 discusses some possible optical 

implementations of the decoders for the error codes. The 

decoding algorithms for the error codes can be implemented 

either electronically or optically. 6 An optical implemen

tation is desired since it will be able to take advantage 

of the parallelism and high speed of optical processors. 
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CHAPTER 2 

ERROR CODES 

Error codes were originally developed for use in data 

transmission and data storage. The data is encoded into a 

form that allows errors that occur during transmission or 

storage to be detected and possibly corrected. Two types 

of errors, random errors and burst errors, can occur. 

Random errors are characterized by the probability that any 

received symbol being in error is independent of any other 

symbol. Random error-correcting codes are designed to 

correct random errors. Burst errors occur when several 

consecutive received symbols are likely to be in error. 

This occurs, for instance, when damage occurs to a local 

area of a storage medium and the data is then read off. 

Burst error-correcting codes are designed to correct burst 

errors. 8 Only random error-correcting codes are considered 

in this thesis. 

A code can be described as either a systematic or 

nonsystematic code. In a systematic code, the data occurs 

unchanged in the coded form. Therefore, the data can be 

recovered from the coded form without using the decoding 

algorithm, if no errors are present. In a nonsystematic 

code, the data can only be recovered by using the decoding 

algorithm because the data does not explicitly occur in the 

coded form. 

The two major types of codes in use today are block 

codes and convolutional codes. In block codes, the data is 

divided into data blocks, or vectors, consisting of k data 

elements that are encoded to form a code block, or vector, 

of n elements where n>k. The encoding of each data vector 

is independent of the previous data vectors. A block code 

is often represented as an (n,k) block code. Two examples 
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of a block code are the (7,4) Hamming code and the (6,4) 

weighted checksum code. The (7,4) Hamming code is a 

systematic binary code while the (6,4) weighted checksum 

code is a systematic nonbinary code. Both codes provide a 

single error-correction capability. In convolutional 

codes, the data is divided into data blocks of size k that 

are encoded to form code blocks of size n where n>k. 

However, the code block is also a function of the m-1 

previous data blocks, with m defined as the constraint 

length of the convolutional code. Several examples of 

convolutional codes are presented in Section 2.2. 

The rate of a code is defined to be k/n. A convolu

tional code can be considered to be encoding a continuous 

stream of data where k often equals 1 or 2. Block codes 

can be considered to be encoding data that is naturally 

divided into blocks of size k where k is often much larger 

than one. The encoding operation for both block codes and 

convolutional codes can be represented as a matrix-vector 

multiplication. For a block code, a generator matrix can 

be specified such that when the data vector is pre

multiplied by the generator matrix, the code vector is 

produced. The generator matrix is of a fixed size. For a 

convolutional code, a generator matrix can be specified for 

the code so that when the entire data sequence, treated as 

a vector, is pre-multiplied by the generator matrix, the 

entire coded sequence results. The size of the generator 

matrix depends upon the size of the data sequence to be 

encoded. The following sections present the error codes 

utilized in this thesis. 

2.1 Hamming Codes 

Hamming codes were developed for use in data transmis

sion and storage. For Hamming codes, the number of 
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parity-check symbols is denoted by m=n-k, where m ~ 3. A 

Hamming code encodes k=2m-m-1 data symbols at a time, where 

the resulting code vector length is equal to n=2m-1. 

Hamming codes have a single error-correcting capability. 

Hamming codes also have the property of being perfect 

codes. A perfect code can correct any error pattern of t 

or fewer errors. The code can not correct any error 

pattern of more than t errors. For Hamming codes, t equals 

one. 

A specific Hamming code is the (7,4) Hamming code. 

This code is a binary code capable of correcting a single 

error. The (7,4) Hamming code encodes a binary data vector 

consisting of k=4 data elements into a code vector of n=7 

elements. For the data vector 

(y)T = (yl,y2,y3,y4), ( 2. 1) 

the code vector has the form 

(y')T = (cl,c2,yl,c3,y2,y3,y4) ( 2. 2) 

where the parity-check bits c 1, c 2, and c 3 are defined to be 

c1 (y1+Y2+y4) mod 2, 

c2 = (y1+y3+y4) mod 2, (2.3) 

c3 = (y2+y3+y4) mod 2. 

The modulo-2 operation is represented by mod 2. As an 

example of the encoding procedure, consider the data vector 

yT= ( 0 0 1 1). By using Eq. (2.3), the code vector is 

found to be (y')T= ( 1 0 0 0 0 1 1 ) The positions of c 1, 

c 2, and c 3 were chosen to allow easy location of a single 

error during the decoding process. The (7,4) Hamming code 

is a systematic code since the data elements Y1' Y2, y3, and 

y 4 are present unaltered in the code vector and can there

fore be recovered without using the decoding procedure, if 

no errors are present. 

The encoding procedure can also be represented as a 

matrix-vector multiplication. A generator matrix G can be 
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formed such that when y is pre-multiplied by G, the code 

vector y' results, or 

y' = Gy. ( 2 . 4) 

The generator matrix for the ( 71 4) Hamming code is 

1 1 0 1 
1 0 1 1 
1 0 0 0 

G 0 1 1 1 ( 2. 5) 

0 1 0 0 
0 0 1 0 
0 0 0 1 

The arithmetic operations are performed modulo-2 in the 

matrix-vector multiplication. 

If (r')T 

vector that has at most one element in error, then this 

vector can be decoded to check for and correct the single 

error. If two or more errors are present in r', the 

decoding procedure cannot correct the errors. In the 

decoding procedure, three syndrome bits are computed as 

follows 

( 2 • 6) 

S3 (r4+r5+r 6+r7 ) mod 2. 

The syndrome vector sT = (s 3 ,s2,s1 ) gives the location of 

the error in binary. For example, if the code vector is 

(y')T= ( 1 0 0 0 0 1 1 ) as given in the example above, let 

a single error occur in position three. The detected coded 

vector is (r')T= ( 1 0 1 0 0 1 1). Using Eq. (2.6), the 

syndrome vector is found to be sT= ( 0 1 1 ) . Considering 

( 0 1 1 ) as a binary number, the error is in position 

three. Since this is a binary code, the element in error 

is easily corrected. If all the syndromes are zero, then 

no error is detected. If two or more errors occurred then 

the element in the position indicated by the syndrome 
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vector may or may not be incorrect. For example, if the 

detected coded vector is ( 1 0 1 0 1 1 1 )T where an error 

has occurred in positions three and five, then the syndrome 

vector is ( 1 1 0 )T which indicates an error in position 

6. However, the bit in position 6 is actually correct. 

The calculation of the syndrome vector can also be 

viewed as a matrix-vector multiplication. A parity-check 

matrix H can be formed such that when H is multiplied by 

the detected vector r, the syndrome vector is produced, or 

For the (7,4) 

s = Hr . (2. 7) 

Hamming code, the parity-check 

[
0001111] 

H= 0110011 · 
1 0 1 0 1 0 1 

matrix is 

( 2. 8) 

The arithmetic operations are performed modulo-2 in the 

matrix-vector multiplication. A more detailed description 

of Hamming codes can be found in Lin and Costello (1983) 

and Petersom and Weldon (1972). 

2.2 Convolutional Codes 

The second major type of error-correcting codes are the 

convolutional codes. The encoder for a convolutional code 

can be viewed as taking a continuous stream of input data 

and producing a continuous stream of coded output. The 

data sequence is usually very long, possibly infinite. In 

a convolutional code, the data is encoded by convolving the 

data sequence with n fixed finite sequences. These n 

sequences are called the generator sequences of the code. 

The results of these convolutions are multiplexed and 

transmitted. 

For binary convolutional codes, each generator sequence 

is a binary sequence. The generator sequences are con

volved with a binary data sequence and the resulting 

sequences are multiplexed to produce the binary coded 

8 



output. For example, consider a convolutional code with 

generator sequences (1,0,1), (1,1,1), and (1,1,1) and a 

data sequence (0,0,1,1), where the first bit into the 

encoder is on the left. The results of convolving each 

generator sequence with the data sequence are 

(1, 0, 1) * (0, 0, 1, 1) = (0,0,1,1,1,1)' 

(1, 1, 1) * (0, 0, 1, 1) = (0,0,1,0,0,1), 

(1, 1, 1) * (0, 0, 1, 1) = (0,0,1,0,0,1). 

These results are multiplexed to produce the coded output 

(0,0,0,0,0,0,1,1,1,1,0,0,1,0,0,1,1,1) which is transmitted. 

This example is of a rate 1/3 nonsystematic convolu

tional code having a constraint length of m=3. 10 As each 

k=1 bits enter the encoder, n=3 bits are created. For 

example, when the first 1 of the data sequence enters the 

encoder, (1,1,1) is the output. The output also depends on 

the previous two inputs. Note that two Os are assumed to 

be appended to the data sequence so that the last bit can 

be encoded. These extra zero bits insure that all the data 

is encoded to make full use of the distance properties of 

the code and allow the maximum possible error-correction 

capability. In general, the number of zero bits added is 

one less than the constraint length of the code. These m-1 

extra zero bits act as a flush of the contents of the 

encoder since it possesses memory. This rate 1/3 nonsys

tematic convolutional code has a free distance of 8 which 

means it can correct at least 3 errors. This code is a 

nonsystematic code since the data cannot be recovered from 

the coded output without using the decoding procedure. 

Two types of distance are defined for convolutional 

codes. The Hamming distance between two sequences or 

vectors is defined to be the number of positions in which 

the two sequences or vectors differ. The minimum Hamming 

distance between encoded sequences of length nm is the dMrN 
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distance. This distance is important for the threshold 

decoding procedure for convolutional codes. The free 

distance dFREE is the minimum Hamming distance between 

arbitrarily long code sequences where one code sequence is 

obtained from a data sequence having initial bit 0 and the 

other code sequence is obtained from a data sequence having 

initial bit 1. 1° Free distance is an important parameter 

in the Viterbi decoding algorithm for convolutional codes 

discussed later. In general, dFREE ~ dMrN. 

The encoding procedure can also be represented as a 

matrix-vector multiplication. If the entire data sequence 

to be encoded is considered to be a vector, then a 

generator matrix G can be specified such that when the data 

sequence is multiplied by G, the coded sequence is 

produced. For the rate 1/3 nonsystematic code discussed 

earlier, the generator matrix is 

[1 1 1 0 1 1 1 1 1 0 00000000] 
GT 0 0 0 1 1 1 0 1 1 1 1 1 0 0 0 0 0 0 

0 0 0 0 0 0 1 1 1 0 1 1 1 1 1 0 0 0 
0 0 0 0 0 0 0 0 0 1 1 1 0 1 1 1 1 1 

When the data sequence (0,0,1,1)T is pre-multiplied by 

the desired code sequence is produced. The arithmetic 

operations are performed modulo-2 in the matrix-vector 

multiplication. 

( 2. 9) 

G, 

In general, the size of the generator matrix will 

depend on the size of the data sequence being encoded. 

Since the code has a rate of 1/3, twelve coded bits are 

produced for the 4 data bits. Since the constraint length 

of the code is m=3, m-1 or 2 extra zero bits must be 

appended to the data sequence as discussed earlier. These 

two extra bits give six more coded bits for a total of 

eighteen. For this reason the generator matrix in 

Eq. (2.7) is an 18 X 4 matrix. The 5th and 6th columns of 

G are neglected since they will always multiply the 
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appended zero bits and therefore do not affect the coded 

sequence result. 

An alternative method to view the output of a convolu

tional encoder is through the use of a trellis diagram. A 

trellis diagram indicates the output of an encoder for all 

possible input data sequences. The trellis for the rate 

1/3 nonsystematic code is shown in Figure 2.1. The encoder 

starts at state a of stage 1. The state of the encoder is 

determined by the m-1 previous k bit inputs to the encoder. 

For the rate 1/3 nonsystematic code with m=3, the number of 

states is 2k(m-l) or 4. The four states are denoted by 

a=(O,O), b=(0,1), c=(1,0), and d=(1,1). The states 

correspond to the two previous input bits, where the oldest 

bit is on the left. The next input bit to the encoder 

determines which branch is taken to the next state in the 

trellis. If the input bit is a zero, then the solid branch 

is taken while the dotted branch is taken if the input bit 

is a one. Note that only two branches leave a node since 

only two inputs are possible. The output generated for 

each input bit is given to the left of the branch in the 

trellis. Note that after the third stage, the trellis 

reaches a steady-state structure. The trellis can be 

extended to the right as far as necessary, by following 

this structure, to encode the entire data sequence. 

By tracing through the trellis, the code sequence for 

any input data sequence can be easily found. For example, 

if the input is 0 0 1 1 then the output sequence is 

found to be ( 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 1 1 ), 

remembering that the two zero bits are appended to the 

right end of the data sequence. Starting at the left of 

the data sequence, the first input bit is a 0 so the state 

transition is from state a in stage 1 to state a in stage 

2. The second input bit is a 0 so the state transition is 
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( 1, 0) 

d 
( 1, 1) 011 

.......... .. ............... :=~ 
011 011 011 

STAGE 1 2 3 4 5 6 

Figure 2.1 Trellis diagram for the rate 1/3 nonsystematic 
convolutional code with m=3. 
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from state a of stage 2 to state a of stage 3. The third 

input bit is a 1 so the state transition is from state a of 

stage 3 to state b of stage 4. The remaining input bits 

follow a similar pattern. The two appended zeros cause the 

final two state transitions. This path through the trellis 

is indicated by the thick lines, solid and dotted, in 

Figure 2.1. The trellis diagram is important in decoding 

convolutional codes using the Viterbi algorithm discussed 

later. 

A rate 1/3 systematic convolutional code of constraint 

length m=3 is determined by the generator sequences 

(1,0,0), (1,1,0), and (1,1,1) . 10 This code is a systematic 

code since the generator sequence (1,0,0) reproduces 

thedata sequence. This code has a free distance of 6 and 

can thus correct at least 2 errors. For encoding a four 

bit data sequence the generator matrix is 

[1 1 1 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0] GT = 0 0 0 1 1 1 0 1 1 0 0 1 0 0 0 0 0 0 (2 .10) 
0 0 0 0 0 0 1 1 1 0 1 1 0 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 1 1 1 0 1 1 0 0 1 

The trellis diagram for this code is shown in Figure 2. 2. 

The path through the trellis for the data sequence 

(1 0 1 1) is indicated by the thick lines, solid and 

dotted, in Figure 2.2. 

A rate 1/2 nonsystematic convolutional code of con

straint length m=3 is determined by the generator sequences 

(1,0,1) and (1,1,1) . 10 This code has a free distance of 5 

and can thus correct at least 2 errors. For encoding a 

four bit data sequence, the generator matrix is 

[ 1 1 
0 1 1 1 0 0 0 0 0 OJ 

GT = 0 0 1 1 0 1 1 1 0 0 0 0 (2 .11) 
0 0 0 0 1 1 0 1 1 1 0 0 
0 0 0 0 0 0 1 1 0 1 1 1 

The trellis diagram for this code is shown in Figure 2.3. 

The path through the trellis for the data sequence 
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( 0, 1) 

c 
( 1, 0) 

100 
d 

( 1, 1) 
101 101 

STAGE 1 2 3 4 5 6 7 

Figure 2.2 Trellis diagram for the rate 1/3 systematic 
convolutional code with m=3. 
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a 00 00 00 00 

~--~---.. ,,,,::, .. 
····················, .. 

·:::.. 
···· ... 

11 

b 
( 0' 1) 

c 
( 1' 0) 

10 

d 

( 1' 1) 
01 01 01 

STAGE 1 2 3 4 5 6 

Figure 2.3 Trellis diagram for the rate 1/2 nonsystematic 
convolutional code with m=3. 
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(1 1 0 1) is indicated by the thick lines, solid and 

dotted, in Figure 2.3. 

Several methods have been developed for decoding con

volutional codes. One method is known as threshold 

decoding. Threshold decoding is similar to block decoding 

used for block codes. Two other methods are sequential 

decoding and Viterbi decoding. Sequential decoding and 

Viterbi decoding involve finding a data sequence that when 

encoded most closely matches the received coded sequence. 

Threshold decoding and sequential decoding were not used in 

the computer simulations performed since they are not 

optimum decoding algorithms, and therefore will not be 

discussed here. A detailed description of these methods 

can be found in Lin and Costello (1983) and Wiggert (1988). 

The Viterbi decoding algorithm is a maximum likelihood 

decoding algorithm for convolutional codes and is in this 

sense optimum. The Viterbi algorithm was used to decode 

the convolutional codes in the computer simulations to be 

presented in Chapter 5. An example will be used to explain 

the Viterbi algorithm. The rate 1/3, m=3 nonsystematic 

convolutional code presented earlier will be used for this 

example. The trellis diagram for this code is shown again 

in Figure 2.4 with a few modifications that indicate how 

the Viterbi algorithm works. Assume that the data sequence 

is ( 0 0 1 1 ) which results in the coded sequence ( 0 0 0 

0 0 0 1 1 1 1 0 0 1 0 0 1 1 1 as shown earlier. The 

coded sequence is transmitted and let the detected sequence 

be ( 0 1 0 1 0 0 1 1 1 1 1 0 1 0 0 1 1 1 ) where three 

errors have occurred. 

The Viterbi algorithm compares the received sequence 

with the possible transmitted coded sequences and selects 

the sequence that is closest, in terms of the Hamming 

distance, to the received sequence. The data sequence that 
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a 000 ( 1) 

b 
( 0, 1) 

c 
( 1, 0) 

d 
( 1, 1) 

STAGE 1 2 

000 (2 ) 000 (5, 5) 000 ( 9, 3) 

····· ... ( 6, 6) 
··==::: .....• 

000 ....... 

.;::=··········;::===· 

................ .. ............ 
(2) 011 (5, 3) 011 (3, 5) 011 (6, 6) 011 (7, 7) 

3 4 5 6 7 

Figure 2.4 Trellis diagram for the Viterbi decoding 
algorithm example. 
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corresponds to the selected sequence is easily found and is 

declared to be the transmitted data. The received sequence 

is divided into groups of three bits. Starting at state a 

of stage 1, the first group of three received bits is 

compared to the possible transmitted bits by using the 

trellis diagram. The first three received bits ( 0 1 0 

are at a distance of 1 from ( 0 0 0 ) and at a distance of 

2 from 1 1 1 ) . These two distances are indicated in 

parentheses at the corresponding states of stage 2 in the 

trellis shown in Figure 2.4. These two distances cor

respond to the two paths leaving state a of stage 1. 

At stage 2 these two paths are extended by one branch 

to generate four new paths. The second group of three 

received bits ( 1 0 0 ) is compared to the next possible 

transmitted bits. These distances are added to the 

previous distances for each of the four possible paths. 

The cumulative distance is indicated in parentheses by the 

states at stage 3 of the trellis. For example, the path 

a~ a~ a is a cumulative distance of 2 from the received 

sequence. These four paths are extended by one more branch 

to generate 8 possible paths. The third group of three 

received bits ( 1 1 1 ) is compared to the next possible 

transmitted bits. Note that now each state in stage 4 of 

the trellis has two branches entering it. Therefore, there 

are two paths that can be taken to reach each state. The 

first number in parenthesis at each state is the distance 

of the path containing the upper branch from the received 

sequence. The second number is the distance of the path 

containing the lower branch from the received sequence. At 

this point in the Viterbi algorithm, only the path having 

the smallest cumulative Hamming distance at each state is 

extended, since the resulting paths will always have a 

cumulative Hamming distance less than the Hamming distance 
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for the corresponding resulting paths of the other 

non-extended path. Therefore, only four surviving paths 

are extended. This process is continued for the remaining 

received bits. 

After all the received bits have been processed, the 

resulting cumulative Hamming distances at stage 7 result. 

The Viterbi algorithm chooses the surviving path having the 

smallest overall cumulative Hamming distance as the 

transmitted sequence. In this example, the path a ~ a ~ b 

~ d ~ c ~ a is chosen. This path is seen to be the cor

rect path. The data sequence can be found by noting 

whether an upper or lower branch was taken leaving each 

state at each stage. The resulting data sequence for this 

example is found to be ( 0 0 1 1 0 0 ) , where the last two 

bits are discarded giving ( 0 0 1 1 ) which is the correct 

result. A similar procedure is used to decode the other 

two convolutional codes described earlier. A more detailed 

discussion of convolutional codes can be found in Lin and 

Costello (1983), Peterson and Weldon (1972), and Wiggert 

(1988). 

2.3 Weighted Checksum Code 

The weighted checksum code (WCC) was developed for use 

on highly concurrent computing structures, using electronic 

processors, to detect the presence of faults or errors in 

the system.ll The wee is also capable of correcting 

errors. The wee is a nonbinary error-correcting code. The 

wee can be used to provide error-correction for various 

matrix operations such as matrix-vector or matrix-matrix 

multiplication, and LU decomposition. A brief summary of 

the single error-correcting form of the wee is now presen

ted for use in a matrix-vector multiplication. 
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The encoding operation for the single error-correcting 

wee consists of adding two elements to an existing data 

vector. Each data vector y can be converted to a code 

vector 

(y')T = (YltY2t···tYM,cl,c2) ( 2 . 12) 

where each Yi 1 i=1, ... ,M is an original data element of y 

and c1 and c2 are parity-check symbols defined to be 
M 

c1 = L Yi 
i=l 

M 

c2 = L 2i-1Yi. 
i=l 

(2.13) 

(2.14) 

Ordinary arithmetic is used to compute c1 and c 2 . For 

example, if the data vector is yT =( 4 6 3 1 ) I then the 

code vector is easily found to be (y')T =( 4 6 3 1 14 36 ) . 
The wee is a systematic code since the data elements can be 

recovered directly from the code vector without using the 

decoding procedure, if no errors are present. The encoding 

procedure can also be represented as a matrix-vector 

multiplication. The generator matrix for the single error

correcting wee is 

G 

For the case of M=4, 

1 

0 

0 

1 

0 

0 

0 

0 

0 0 0 1 

the generator matrix 

1 0 0 0 
0 1 0 0 

G = 0 0 1 0 
0 0 0 1 
1 1 1 1 
1 2 4 8 

20 
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is 
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If (r') T = (rl, r2, ... , rM, rM+l' rM+2) is a detected coded 

vector that has at most a single element in error, then 

this vector can be decoded to check for and correct the 

single error. Two syndromes are computed as follows 

(2.17) 

(2 .18) 

The following procedure is used to correct for a single 

error. If s 1 = s 2 = 0, then no error is detected. If 

s1 :F. 0 and s 2 = 0 then rM+l is in error. If s 1 = 0 and 

s2 :F. 0 then rM+2 is in error. The correct values of rM+l and 

rM+2 can be computed from Eqs. (2.13) and (2.14) if neces-

sary. If s 1 :F. 0 and s 2 :F. 0, then an error has occurred in 

a data element. The location of the error can be found by 

computing s 2/s1 = 2j-1 which implies that rj is in error. 

The correct value can be found from Yj = rj - s 1 . As an 

example, consider the data vector yT = ( 4 6 3 1 and the 

resulting code vector (y')T = ( 4 6 3 1 14 36 ) as given 

earlier. Let the detected coded vector be (r')T = ( 4 6 3 

2 14 36 ) where a single error has occurred in position 4. 

The syndromes are computed to be s 1 = 1 and s 2 = 8. The 

ratio s 2/s1 = 8 = 23 which indicates that an error occurred 

in position 4. The correct value is y 4 = r4 - s1 = 2-1 1. 

The calculation of the syndromes can also be viewed as a 

matrix-vector multiplication. The parity-check matrix is 

2~-l -o
1 ~1 ] 

1 1 
(2.19) 

2 4 

A more detailed description of the wee can be found in Jou 

and Abraham (1986) . 
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2.4 Extended Reed-Solomon Code 

Reed-Solomon codes are a special class of nonbinary 

linear block codes. In fact, Reed-Solomon codes are a 

special subclass of Bose, Chaudhuri, and Hocquenghem (BCH) 

codes. 8 • 9 An extended Reed-Solomon code has been proposed 

for use in enhancing the processing of financial documents 

using bar codes. 12 This code is a single error-correcting 

code. The code symbols come from the prime finite Galois 

field GF(p). The code vector is of length n = p+1. The 

arithmetic performed on the code symbols is given by GF(p). 

For example, if p=S then the code symbols are the integers 

0,1,2,3, and 4 and the arithmetic is performed modulo-5. 

The encoding operation for the extended Reed-Solomon 

code consists of adding two parity-check elements to an 

existing data vector. Each data vector y is converted to a 

code vector 

(2.20) 

where each Yir i = 1, ... ,M = p-1 is an original data 

element of y and the parity-check digits c 1 and c 2 are 

defined to be 
M 

L Yi ' 
i=l 

M 

c2 = L iyi , 
i=l 

(2.21) 

(2 .22) 

where the arithmetic is performed in GF(p). For example, 

with p=S, if the data vector is yT = ( 0 4 1 0 ), then the 

code vector is easily found to be (y')T = ( 0 4 1 0 0 1 ) . 

This code is also a systematic code. 

The encoding procedure can also be represented as a 

matrix-vector multiplication. The generator matrix is 
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1 0 0 0 
0 1 0 0 

G 
0 0 0 1 

(2.23) 

1 1 1 1 
1 2 3 p-1 

For the case of M=4, the generator matrix is 

1 0 0 0 
0 1 0 0 

G 0 0 1 0 (2 .24) 
0 0 0 1 
1 1 1 1 
1 2 3 4 

The arithmetic operations are performed in GF(p) in the 

matrix-vector multiplication. 

A code vector can be easily decoded to correct any 

single error and to recover the original data vector. Let 

the detected coded vector be given by (r')T = (r1,r2, ... ,rM, 

rM+l' rM+2), where at most a single element is in error. 

Two syndromes are computed as follows: 

S1 = (t ri) - rM+l , (2 .25) 
l=l 

The arithmetic is performed in GF(p). The following 

procedure is used to correct for a single error. If 

s 1 = s 2 = 0, then no error is detected. If s1 ::F 0 and s2 = 0 

then rM+l is in error. If s 1 = 0 and s2 ::F 0 then rM+2 is in 

error. The correct values of rM+l and rM+2 can be computed 

from Eqs. (2.21) and (2.22) if necessary. If s 1 ::F 0 and 

s 2 ::F 0 then an error has occurred in a data element. If a 

single error of value v occurred in some data element at 

position i 0 , then the syndromes would be s 1 = v and s 2 = 
i

0
v. The location of the error can be determined by 

23 



multiplying s 2 by the inverse of s 1 in GF (p) , or i 0 = s2s1-1 

= (iov) (v-1) . The incorrect data element can be easily 

corrected by Yio = rio - s 1 to give the correct value. As 

an example, consider yT = ( 0 4 1 0) and the resulting code 

vector (y')T = ( 0 4 1 0 0 1 ) discussed earlier. Let the 

detected coded vector be (r')T = ( 0 4 3 0 0 1 ) where a 

single error has occurred in position i 0 = 3. The 

syndromes are computed to be s 1 = 2 and s 2 = 1. The 

inverse of s 1 is s 1-1 = 3. Therefore, i 0 = s 2 s 1-1 3 which 

is the correct location. The correct value for y 3 is Y3 = 
r 3 - s 1 = 3-2 = 1. The calculations of the syndromes can 

also be viewed as a matrix-vector multiplication. The 

parity-check matrix is 

H = [ ~ 1 
2 

1 
3 

1 -1 
p-1 0 

(2.27) 

A more detailed discussion of this code can be found in 

Redinbo and Hemmann (1986). The next chapter shows how the 

above error codes can be used to provide an error

correction capability for OMVMs. 
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CHAPTER 3 

ERROR CODE ENCODING FOR OPTICAL 

MATRIX-VECTOR MULTIPLIERS 

In general, an OMVM is designed to implement the matrix

vector multiplication 

y = Ax (3.1) 

where A is an M X N matrix and x is an N X 1 vector. The 

matrix-vector multiplication can be either a residue 

multiplication, for example a binary multiplication, or 

ordinary arithmetic. The elements in A and x are assumed 

to be positive integers. For error-correcting codes to be 

used to enhance accuracy, this equation must be encoded so 

that the result of the multiplication is a code vector or 

code sequence in some appropriate error-correcting code. 

The generator matrix G for the error code can be used to 

encode the matrix-vector multiplication as follows: 

y' = Gy = GAx = A'x. ( 3. 2) 

The vector y' is the code vector or code sequence for y. 

The matrix A' is the encoded version of A. 

The error-correcting code used must be compatible with 

the matrix-vector multiplication. For example, if the 

matrix-vector multiplication is binary then a binary error

correcting code should be used. An example of this will be 

given later. Also the code must be compatible with the 

size of the vector to be encoded. For example, the (7,4) 

Hamming code can not encode a 5 X 1 vector. The (7,4) 

Hamming code can, however, encode a vector smaller than 4 X 

1 by appending a sufficient number of zeroes. This last 

consideration does not apply to convolutional codes since 

these codes can encode any size vector by simply adjusting 

the size of the generator matrix. 
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The OMVM now computes the new product 

y' = A'x. (3.3) 

The vector y' can be decoded to check for and correct 

errors and to recover y. If the error code is a systematic 

code, y can be recovered directly from y' without using 

the decoding procedure, if no errors are present. This 

allows the results to be seen quickly before the error

correction procedure is used. 

The matrix A' is an M' X N matrix while A is an M X N 

matrix where M' > M. M' is the number of rows in the 

generator matrix. The extra rows generate the parity-check 

digits necessary to provide the error-correction 

capability. In general, for increasing error-correction 

ability, A' increases in size. The exact size of A' 

depends upon the type of code used and the error-correcting 

ability. As an example, letting A be a 4 X 4 binary 

matrix and using the (7,4) Hamming code results in A' being 

a 7 X 4 matrix. 

Two parameters of convolutional codes can be adjusted 

to achieve a greater free distance. Holding the rate fixed 

and using a code with a greater constraint length increases 

the free distance. Holding the constraint length fixed and 

using a code with a lower rate also increases the free 

distance. 

Generally, if a convolutional code of a certain free 

distance is desired, several codes of different combina

tions of rate and constraint length will have the desired 

free distance. However, these codes will have different 

size generator matrices resulting in different size A' 

matrices. For example, if a binary convolutional code 

having a free distance of 10 is desired, several convolu

tional codes can be found having this free distance. 

Tables of convolutional codes have been created that list 
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the free distance for various rates and constraint 

lengths. 8 • 10 A binary rate 1/2 code of constraint length 7 

has a free distance of 10. The resulting generator matrix 

is a 20 X 4 matrix assuming a 4 X 1 binary y vector. The 

resulting A' matrix will be 20 X 4, if A is 4 X 4. A 

binary rate 1/3 code of constraint length 4 has a free 

distance of 10. The resulting generator matrix is a 21 X 4 

matrix and the A' matrix will be 21 X 4. A binary rate 1/4 

code of constraint length 3 has a free distance of 10. The 

resulting generator matrix is a 24 X 4 matrix and the A' 

matrix will be 24 X 4. These results indicate that using a 

higher rate code with a larger constraint length may result 

in a smaller A' matrix. 

Figure 3.1 shows a block diagram of an OMVM that employs 

an error-correcting code to improve its accuracy. The 

encoder multiplies A by the generator matrix G to give 

A'=GA. The OMVM computes the product A'x=y'. The decoder 

checks for errors and recovers y. The decoding can be 

performed electronically using existing electronic decoders 

for the error codes. Also, the decoding can be performed 

optically. 6 Optical decoders are preferred to maintain the 

high speed and parallelism of optical processors. 

As examples, the encoding of two matrix-vector multi-

plications are presented. The first example is for the 

(7,4) Hamming code. All arithmetic is performed modulo- 2. 

Let the uncoded binary matrix-vector multiplication be 

given by 

[n ~ ~H~J = [n (3.4) 

This equation is multiplied by the generator matrix for the 

(7,4) Hamming code in Eq. (2.5). Equation (3.4) is 

transformed into the coded matrix-vector multiplication 
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Figure 3.1. Block diagram of an optical matrix-vector multi
plier (OMVM) employing an error-correction code. 
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0 0 1 0 1 
1 1 0 1 0 
1 0 1 0 0 

A'x 1 0 1 0 

UJ 
0 = y' ( 3. 5) 

1 1 0 1 0 
0 0 1 0 1 
0 1 0 1 1 

As can be easily verified, y' is the code vector for y. 

The uncoded multiplication is a 4 X 4 matrix times a 4 X 1 

vector. The coded multiplication is a 7 X 4 matrix times a 

4 X 1 vector. Adding the single error-correction 

capability has increased the size of the matrix-vector 

multiplication. The decoding of y' is performed as 

explained earlier in Section 2.1. 

The second example is for the weighted checksum code. 

All arithmetic is performed in the usual manner. Let the 

uncoded matrix-vector multiplication be 

(3. 6) 

This equation is multiplied by the generator matrix for the 

code with M=4 which is given in Eq. (2.16). The coded 

matrix-vector multiplication is 

0 1 
1 0 
0 0 
1 2 
2 3 
10 17 

1 
2 
1 
0 
4 

9 

2 
1 
1 
0 
4 
8 

4 
6 
3 
1 

14 
36 

(3.7) 

Note the large numbers that occur in the bottom two rows of 

A' andy'. One drawback of this code is its requirement 

of more resolvable levels to represent A' than are required 

to represent A. 6 The uncoded multiplication is a 4 X 4 

matrix times a 4 X 1 vector while the coded multiplication 

is a 6 X 4 matrix times a 4 X 1 vector. The decoding of y' 

is performed as explained in Section 2.3. The use of error 
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codes allows errors in the output, due to noise in the 

processor, to be corrected. A model of the noise present 

in the processor is presented in the next chapter. 

30 



CHAPTER 4 

NOISE MODEL 

To determine the improvement in performance of an OMVM 

employing an error-correcting code, a model of the noise 

present in the processor is developed. For the following 

discussions, A and y will represent either A or A' and y 

or y', respectively, depending on the matrix-vector product 

being considered, either uncoded or coded. Two cases are 

considered in the noise model. The first case considers 

the presence of noise only in A. The second case considers 

the presence of noise only in x. In both cases, signal

independent and signal-dependent noise are considered. 

4.1 Noise in A-matrix 

A simple signal-dependent noise model is used to model 

the noise present in A. Each entry aij in A is replaced by 

a noisy entry given by 

( 4. 1) 

where i=1,2, ... ,M and j=1,2, ... ,N. The number M represents 

the number of rows in either matrix A or A' depending upon 

which one is being considered while N is the dimensionality 

of the x-vector. Each nij and mij is a zero mean gaussian 

random variable with the same standard deviation crA. All 

nij and mij are assumed to be jointly statistically 

independent. 

When the substitutions for each aij are performed and 

the matrix-vector product computed, the mean and variance 

of each element of the noisy y vector can be easily deter

mined. The noisy compon&nt Yi of y is given by 
N N N 

Yi = L aijXj + L aijXjnij + L xjmij ( 4. 2) 
j=l j=l j=l 
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The mean of Eq. (4.2) is given by 

N 

llY1 = L aijXj 
j=l 

( 4. 3) 

where i=1,2, ... ,M. The variance of y1 can be found by 

noting that Yi is a sum of weighted independent gaussian 

random variables of variance aA2 • Using the formula 

N 

Ld~ VAR(Xj) 
j=l 

( 4. 4) 

where dj is a constant and Xj is a gaussian random variable 

independent of the other Xj's, the variance of Eq. (4.2) is 

given by 

N 

CJ~1 = L (afjx~ + x1}cr~ ( 4. 5) 
j=l 

where i=1,2, ... ,M. The mean is the desired value to be 

detected. For signal-independent noise, the n 1 j'S in Eq. 

(4.1) are zero. For this type of noise, the mean is still 

given by Eq. (4.3) while the variance is now given by 
N 

cr~i = L (x~~ ( 4 • 6) 

j=l 

where i=1,2, ... ,M. Note that the noise in y is signal

dependent even though the noise in A is signal-independent. 

This signal dependence is caused by the multiplication 

operation. Also, the variance in Eqs. (4.5) and (4.6) 

depends on the entries in x and A. 

For the case of noise in A, the probability of correct 

detection can be easily computed for some error codes. The 

probability of correct detection is defined to be the 

probability that the vector y is detected correctly ( all 

components are detected correctly) after the decoding 

algorithm has been applied, if necessary. Each element of 

the noisy y is seen to be a gaussian random variable, 
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since it is obtained from a linear combination of gaussian 

random variables. To be detected correctly, each noisy y 

vector element must be within ±.5 of its mean value given 

by Eq. (4.3) assuming integer-valued A and x entries. 

(Due to the cyclic nature of residue codes, the y 

components will be detected correctly in additional 

intervals for residue codes. These terms will be neglected 

since they do not significantly affect the probability of 

correct detection for the standard deviations considered.) 

This corresponds to having uniform quantization levels at 

the detectors. The probability of this occurring for each 

Yi is given by 

By making the change of variables 

x-JlYi 
t = 

Eq. (4.7) reduces to 

' 

Pi = - 1- EXP[ -t 2 /2] f 
.5/(JYi 

V2x -.5/aYi 

dt . 

This expression can be simplified by use of the erf(x) 

function to give 

Pi = 2erf (. 5/0'y) 

where i=1,2, ... ,M and 

erf (x) = .bfx EXP[ -t 2 /2] dt. 
'21t 0 

( 4. 7) 

( 4. 8) 

( 4. 9) 

(4.10) 

(4.11) 

The value of O'y1 used in Eq. (4 .10) is determined by the 

type of noise, either signal-dependent (Eq. (4.5)) or 

signal-independent (Eq. (4.6)). 
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Since the gaussian random variables in Eq. (4.1) are 

statistically independent, the probability of each y 

vector element being detected correctly is independent of 

the other elements. With this information, the probability 

of correct detection Pc can be calculated. When no error

correcting code is used, the probability that all elements 

are detected correctly is given by the product of the 

probabilities that each element is detected correctly, or 

M 

Pc = I1 Pi· (4.12) 
i=1 

For the case of signal-independent noise, a simple formula 

can be written for Pc by noting that the standard devia

tions in Eq. (4.6) are equal for all i. Therefore, the 

Pi's are all equal and the common value is denoted by p. 

The probability of correct detection is given by 

(4.13) 

For a perfect single error-correcting code, the 

probability of correct detection Pc is the probability that 

at most one element is in error. For the case of signal

dependent noise, the Pi's are no longer equal. The 

probability of correct detection is given by 

M 

Pc=ITPi + q1P2· ··PM+ P1q2p3. · ·PM+···+P1·. ·PM-1~ (4.14) 
i=1 

where qi = 1-pi and M is the number of y' vector elements 

for the coded matrix-vector multiplication. For the case 

of signal-independent noise, the Pi's are equal with the 

common value denoted by p. The probability of correct 

detection is given by 

Pc = pM + MpM-1(1-p) (4.15) 

where M is the number of y' vector elements for the coded 

matrix-vector multiplication. The probability of correct 

detection depends upon the entries in A and x since the 
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variance depends upon these entries. A similar procedure 

computes Pc for perfect multiple error-correcting codes. 

For codes that are not perfect, the exact value of Pc 

is difficult to theoretically compute. For example, the 

rate 1/3 nonsystematic convolutional code discussed earlier 

has a free distance of 8 and can thus correct at least 3 

errors. However, it can also correct some patterns of 4 

errors. To compute Pc exactly would necessitate looking at 

all 218 possible received code sequences and finding the 

ones that decode to the correct data sequence. A lower 

bound on Pc could be found by using the equation for Pc for 

a perfect triple error-correcting code. 

4.2 Noise in x-vector 

A simple signal-dependent noise model is used to model 

the noise present in x. Each entry Xj in x was replaced by 

a noisy entry given by 

(4.16) 

where j=1,2, ... ,N. Each nj and mj is a zero mean gaussian 

random variable with the same standard deviation Ox. All 

nj and mj are assumed to be jointly statistically 

independent. 

As in the case of noise in A, the mean and variance of 

each element of the noisy y can be determined. When the 

substitutions for each Xj are made and the matrix-vector 

product computed, the component Yi of y is given by 
N N N 

Yi = L aijXj + L aijxjnj + L aijmj (4.17) 
j=l j=l j=l 

where i=1,2, ... ,M. The number M represents the number of 

elements in y or y' depending upon which one is being 

considered. The mean of Eq. (4.17) is given by Eq. (4.3) 

and the variance is given by 
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N 

CJ~i = L (afjx~ + afj)o-~ (4 .18) 
j=l 

where i=1,2 ... ,M. Again, the mean is the desired value to 

be detected. For signal-independent noise, the nj'S in Eq. 

(4.16) are zero. For this type of noise, the mean is still 

given by Eq. (4.3) while the variance is now given by 

N 

CJ~ 1 = L a f j CJ~ ( 4 . 1 9 ) 
j=l 

where i=1,2, ... ,M. Again, the noise in y is signal

dependent even though the noise in x is signal-independent. 

Unlike the case of noise in A, when noise is present in 

x, the probability of correct detection can not be easily 

computed. The probability that each element of y is 

detected correctly is no longer independent of the other 

elements. The same noise terms in x are used to multiply 

each row of A which results in the output errors being 

dependent. As a simple example, consider the matrix-vector 

multiplication shown in Eq. (3.5). The second and fifth 

rows of A' are identical. When these two rows are 

multiplied by a noisy x, if an error occurs in one 

multiplication then an error will also occur in the other 

multiplication. This dependence makes it difficult to 

compute theoretically the probability of correct detection 

and, therefore, computer simulations are required to 

evaluate the performance of the techniques. The results of 

these simulations are presented in the next chapter. 
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CHAPTER 5 

COMPUTER SIMULATIONS 

Various computer simulations were performed to determine 

how the use of error-correcting codes affect the 

performance of OMVMs in the presence of noise. For the 

following discussions, A and y will represent either A or 

A' andy or y', respectively, depending on the matrix

vector multiplication being considered, either uncoded or 

coded. Two main cases were considered in the simulations. 

The first case considered the presence of noise only in A. 

The second case considered the presence of noise only in x. 

For each case, the effects of signal-independent and signal

dependent noise were considered in separate simulations. 

The encoding and decoding procedures for the error

correcting codes were assumed to be noiseless and, 

therefore, error free. 

For each error code, a fixed matrix-vector multiplica

tion was selected to be computed by the OMVM. The elements 

of the matrix and vector were positive integers or zero. 

First, the performance of an OMVM, not using the error

correcting code, computing the matrix-vector multiplication 

was simulated. Noise of a fixed standard deviation was 

added to the A-matrix elements in one simulation and to the 

x-vector elements in another simulation, as described in 

Chapter 4, depending upon which case was being considered. 

The noise was assumed to be gaussian, with the gaussian 

random numbers being computer generated. 13 The multi

plication was then performed and the resulting noisy 

product vector elements were rounded to the nearest 

integer. This corresponds to having uniform quantization 

levels at the detector. The resulting vector was then 

compared to the known correct vector. If the two vectors 
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were identical, then the multiplication occurred without 

error, otherwise an error occurred. This process was 

repeated 300 times for each standard deviation of the 

noise. The probability of correct detection, which is the 

number of correct results divided by the total number of 

trials, was computed for each standard deviation of the 

noise. The probability of correct detection was then 

plotted versus the standard deviation of the noise, either 

crA or Ox. The values of crA or Ox were varied during the 

simulations. Ten different standard deviations of noise 

were used for each simulation of noise in A and noise in 

x. Next, the matrix-vector multiplication was encoded 

using the generator matrix of the error-correcting code as 

described in Chapter 3. The above process was repeated for 

the coded matrix-vector multiplication except that after 

the noisy product vector was computed and quantized, the 

decoding procedure for the error-correcting code was used 

to check for and correct errors in the product vector. The 

corrected vector was then compared to the known correct 

vector as before. The probability of correct detection was 

computed and plotted versus the standard deviation of the 

noise, either crA or ax, for comparison with the case where 

no error-correcting code was used. 

5.1 Noise in A-matrix 

The results of the simulations for noise present only 

in A are presented first. Six different error-correcting 

codes were used in the simulations. The (7,4} Hamming code 

and three binary convolutional codes were simulated on a 

binary OMVM. Next, the weighted checksum code was 

simulated on a non-residue OMVM. Finally, the extended 

Reed-Solomon code was simulated on a modulo-5 OMVM. 
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5.1.1 Binary Error-Correction Codes 

Several multiple error-correcting binary codes were 

simulated. The binary matrix-vector multiplication given 

in Eq. (3.4) was used. First, the single error-correcting 

(7,4) Hamming code was simulated and the results compared 

to the theoretical predictions derived in Chapter 4. For 

signal-independent noise, the results of the simulations 

with and without using the error code are shown in 

Figure 5.1. The probability of correct detection is 

plotted versus the standard deviation of the noise aA. The 

95% confidence intervals are indicated on each simulation 

curve. The theoretical and simulation curves agree very 

well. The (7,4) Hamming code improved the performance of 

the OMVM. 

Next, several binary multiple error-correcting codes 

were simulated again using Eq. (3.4). The resulting curves 

are shown in Figure 5.2. The first two curves are the same 

ones shown in Figure 5.1 and are shown here for comparison. 

The three new curves correspond to binary convolutional 

codes. The first convolutional code is the rate 1/2 

nonsystematic code capable of correcting at least two 

errors presented in Chapter 2. The second convolutional 

code is the rate 1/3 systematic code capable of correcting 

at least two errors presented in Chapter 2. The third 

convolutional code is a rate 1/3 nonsystematic code capable 

of correcting at least 3 errors presented in Chapter 2. 

The rate 1/2 nonsystematic code and the rate 1/3 systematic 

code provide almost the same improvement in performance. 

Both codes have approximately the same free distance, 

differing by 1, and are therefore capable of correcting 

almost the same number of errors. The rate 1/3 non

systematic code provides the most improvement. As seen in 

the graphs, as the error-correcting ability increases the 
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performance of the OMVM improves. This improved 

performance of the OMVM is obtained at the cost of 

performing a larger matrix-vector multiplication. 

Theoretical curves for the convolutional curves are not 

given since these codes are not perfect codes and, 

therefore, the exact probability of correct detection is 

difficult to compute. 

For signal-dependent noise, the results of the 

simulations are shown in Figures 5.3 and 5.4. Figure 5.3 

shows the theoretical and simulation curves for the (7,4) 

Hamming code and for no error-correcting code. The 95% 

confidence intervals are indicated on each simulation 

curve. The (7,4) Hamming code was able to improve the 

performance. Also, the theoretical and simulated curves 

agree very well. 

Figure 5.4 shows the simulation results for the 

convolutional codes. The rate 1/3 nonsystematic code 

provided the most improvement. The rate 1/3 systematic and 

rate 1/2 nonsystematic codes provided more improvement than 

the (7,4) Hamming code. Signal-dependent noise in general 

lowers the performance of the OMVM as compared to signal

independent noise. This result is reasonable, since 

signal-dependent noise effectively adds more noise to A. 

These results show that random binary error-correcting 

codes can improve the performance of a binary OMVM. As the 

error-correction ability increases, the performance 

improves. Noise in A generates errors in the output that 

are statistically independent and random error-correcting 

codes perform well against these types of errors. As 

codes with higher error-correcting ability are used, more 

of these random errors are corrected, with a resulting 

improvement in performance. 
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5.1.2 Weighted Checksum Code 

The effect of the single error-correcting form of the 

weighted checksum code (WCC) on the performance of an OMVM 

was simulated using the matrix-vector multiplication shown 

in Eq. (3.6). The results of the simulations for signal

independent noise are shown in Figure 5.5. The simulated 

performance of the OMVM with and without using the code is 

plotted along with the theoretical curves. The 95% 

confidence intervals are indicated on each simulation 

curve. As indicated in the graphs, the WCC improves the 

performance of the OMVM. Also, the probability values 

predicted by the theory agree with the simulated values. 

The results of the simulations of the wee for signal

dependent noise are shown in Figure 5.6. The 95% 

confidence intervals are indicated on each simulation 

curve. With signal-dependent noise present in A, the wee 
causes the OMVM to perform worse than when the wee is not 

used. The cause of this effect can be easily seen from the 

coded form of the A matrix shown in Eq. (3.7). The large 

numbers that occur in the bottom two rows of A' due to the 

encoding algorithm amplify the noise more than the other 

entries in the matrix. This causes errors to occur in the 

output, before the decoding is performed, at smaller noise 

standard deviations than for the uncoded case. The code 

must correct these errors that it has introduced. When the 

noise standard deviation reaches the level at which errors 

begin occurring in the uncoded matrix-vector product, the 

wee will usually have to correct two or more errors. One 

or two errors will be caused by the bottom two rows of A' 

with the others occurring in the top four rows. However, 

the wee used in the simulations is a single error

correcting code and therefore the performance is worse. 

The encoding algorithm for the wee is designed such that 
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these large entries will always occur in the bottom two 

rows of A'. Therefore, in the presence of signal-dependent 

noise in A, this code will, in general, decrease 

performance. 

5.1.3 Extended Reed-Solomon Code 

The last code simulated was the extended Reed-Solomon 

code. This code was applied to an OMVM computing the 

matrix-vector product 

[n nH~J ~ [H (S.l) 

Here the arithmetic is performed modulo-5. For the first 

simulation, signal-independent noise was added to A. The 

simulated performance of the OMVM with and without the 

error code, along with the theoretical curves, are shown in 

Figure 5.7. The 95% confidence intervals are indicated on 

each simulation curve. The extended Reed-Solomon code 

improved the performance of the OMVM and the probability 

values predicted by the theory agree with the simulated 

values. 

For the second simulation, signal-dependent noise was 

added to A. Figure 5.8 shows the results of these simula

tions along with the theoretical predictions. The 95% 

confidence intervals are indicated on each simulation 

curve. When using the extended Reed-Solomon code, the OMVM 

performed better than when not using the code but not by a 

significant amount. Also, signal-dependent noise dropped 

the overall performance of the OMVM as compared to signal

independent noise. 
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5.2 Noise in x-vector 

The results of the simulations for noise present only 

in x are presented next. The same error codes used in the 

simulations presented in Section 5.1 are also used here. 

5.2.1 Binary Error-Correction Codes 

Several multiple error-correcting codes were simulated 

for the case of noise in x. The matrix-vector multi

plication given in Eq. (3.4) was used again. The 

simulation results for signal-independent noise for the 

various codes are shown in Figure 5.9. The 95% confidence 

intervals are indicated on several of the simulation 

curves. The (7,4) Hamming code and the rate 1/3 systematic 

convolutional code provided only a slight improvement in 

performance over the no error-correcting code case. The 

rate 1/3 nonsystematic convolutional code provided more 

improvement in performance, while the rate 1/2 nonsys

tematic convolutional code provided the most improvement in 

performance. The rate 1/3 nonsystematic convolutional code 

has a free distance of 8, while the rate 1/2 nonsystematic 

convolutional code has a free distance of 5. Even though 

the rate 1/3 nonsystematic code has a better error

correcting capability, its performance was less than that 

of the rate 1/2 nonsystematic code. The (7,4) Hamming code 

and the rate 1/3 systematic convolutional code resulted in 

the same performance even though the (7,4) Hamming code is 

a single error-correcting code and the rate 1/3 systematic 

code can correct at least 2 errors. These results indicate 

that the error-correcting ability of the code is not a good 

indicator of its performance for the case of noise in x. 

For signal-dependent noise, the results of the 

simulations are shown in Figure 5.10. The 95% confidence 

intervals are indicated on several of the simulation 
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curves. The results are similar to the case of 

signal-independent noise. The (7,4} Hamming code and the 

rate 1/3 systematic convolutional code provided virtually 

no improvement in performance. The rate 1/3 nonsystematic 

convolutional code provided some improvement in perfor

mance. The rate 1/2 nonsystematic convolutional code 

provided the most improvement of the codes simulated. 

Also, signal-dependent noise dropped the overall perfor

mance of the OMVM as compared to signal-independent noise. 

These results show that binary random error-correcting 

codes can improve the performance of a binary OMVM with 

noise in x. However, the amount of improvement cannot be 

predicted from the error-correcting capability of the code. 

Noise in x generates errors in the output that are 

dependent. Random error-correcting codes do not perform as 

well against these types of errors. Burst error-correcting 

codes may be more effective in this case. Also, a code 

capable of correcting both random and burst errors 8 might 

be effective. 

5.2.2 Weighted Checksum Code 

The single error-correcting form of the weighted 

checksum code (WCC} was also simulated for the case of 

noise in x. The matrix-vector multiplication shown in Eq. 

(3.6} was used. Figure 5.11 shows the simulation results 

for signal-independent noise. The 95% confidence intervals 

are indicated on each simulation curve. As the graphs 

indicate, the wee caused the processor to perform worse 

when using the code as compared to when not using the code. 

The cause of this drop in performance is again due to the 

large numbers that resulted in A' from encoding A. Figure 

5.12 shows the simulation results for signal-dependent 

noise. The 95% confidence intervals are indicated on each 
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simulation curve. Again, the performance of the processor 

drops when using the WCC. Thus, the WCC is probably not an 

appropriate code to be used with OMVMs. 

5.2.3 Extended Reed-Solomon Code 

The extended Reed-Solomon code was also simulated for 

the case of noise in x. The matrix-vector multiplication 

shown in Eq. (5.1) was used for the simulations. The 

simulation results for signal-independent noise are shown 

in Figure 5.13. The 95% confidence intervals are indicated 

on each simulation curve. The extended Reed-Solomon code 

was able to only slightly improve the performance of the 

processor. 

Figure 5.14 shows the simulation results for signal

dependent noise. The 95% confidence intervals are 

indicated on each simulation curve. In this case, the code 

caused the processor to perform slightly worse than when 

the error code was not used. This result can be understood 

by considering the encoded form of the matrix-vector 

multiplication, 

0 1 0 2 
2 0 1 3 
1 2 0 1 
0 1 0 1 
3 4 1 2 
2 1 2 0 

[ ~] = 

0 
4 
1 
0 
0 
1 

(5. 2) 

The large entries that occur in the bottom two rows have an 

effect similar to the case of the wee. Since the entries 

are not significantly larger than the other entries, the 

drop in performance is not as great. The entries in this 

particular matrix-vector multiplication are limited to the 

integers 0,1,2,3, and 4 since the operations were assumed 

to be performed modulo-5. If larger entries were used in 

the uncoded A-matrix than were used in Eq. (5.1), the 

57 



z 1.0 
0 
H 
E-i 
u 
~ 
E-i 
~ 0.8 0 

E-i 
u 
!il 
~ 
~ 
0 0.6 u 
~ 
0 

>I 
E-i 
H 0.4 
....:I 
H 

~ 
~ 
0 
IX: 0.2 0.. 

• NO ECC 
c EXTENDED RS CODE 

0.0 
0.0 0.1 0.2 0.3 

STANDARD DEVIATION OF NOISE 

Figure 5.13. Simulation results for the extended Reed
Solomon (RS) code with signal-independent noise in x. 

58 



5 1 . 0 -a---a. 
H 
E-1 
0 
rLI 
E-1 
ril 
Cl 0.8 
E-1 
0 
ril 
~ 
~ 
0 
0 0.6 
~ 
0 

~ 
E-1 
H 
....:I 
H 
r:o 
r::x: 
r:o 
0 
~ 
~ 

0.4 

0.2 
---e--· NO ECC 

c EXTENDED RS CODE 

0.0;-------~~-------r--------~------~--------~------~ 

0.0 0.1 0.2 

STANDARD DEVIATION OF NOISE 

Figure 5.14. Simulation results for the extended Reed
Solomon (RS} code with signal-dependent noise in x. 

59 

0.3 



entries in the two additional rows would not be larger than 

the other entries, as in 

4 3 2 2 3 
2 0 1 4 

[ ~] = 

4 
4 3 1 4 1 (5. 3) 
2 0 3 2 3 
2 1 2 2 1 
3 2 4 0 1 

The A-matrix is the first four rows in Eq. ( 5. 3) • When the 

signal-dependent noise simulation was performed using 

this new matrix-vector multiplication, the extended Reed

Solomon code was able to improve the performance. The 

simulation results are shown in Figure 5.15. These results 

show that the particular matrix-vector multiplication being 

performed can effect the performance that can be obtained 

by using an error code. 
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CHAPTER 6 

OPTICAL IMPLEMENTATIONS OF ERROR 

CODE DECODERS 

One option for performing the decoding for the error 

codes involves converting the optical signals for the 

detected coded vector to electrical signals and using 

existing electronic decoders for the error codes to perform 

the decoding. 6 Electronic decoders for error codes, both 

block and convolutional codes, are already well-developed. 8 

Most electronic decoders accept the coded vector or 

sequence in serial while most OMVMs generate the vector in 

parallel. Electronic decoders that accept the data in 

parallel should not be difficult to develop. One drawback 

of the use of electronics is its slow speed compared to 

optics. Also, it is desirable to avoid the conversion of 

optical signals to electrical signals. These are some of 

the reasons why an optical implementation of the decoders 

is desired. An optical implementation is able, in 

principle, to take advantage of the inherent parallelism, 

high speed, and interconnection capability of optics. 

Some research has already been done on how to implement 

the decoder for an error code optically. 4 • 6 For block 

codes, a second OMVM can be used to compute the syndrome 

vector s by computing the product of the received vector 

and the parity-check matrix H of the error code. 4 As 

explained in Chapter 2, the syndrome vector indicates the 

presence and location of errors in r' as long as the error

correcting ability of the code has not been exceeded. The 

syndrome vector specifies an error pattern vector e that 

indicates which positions in r' are in error. For example, 

in the (7,4) Hamming code if the syndrome vector is (1 1 0) 

then the error pattern vector is eT = (0 0 0 0 0 1 0) where 
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the error is shown to be in position 6. By subtracting e 

from r', the error can be corrected. Reference 4 discusses 

using an optical associative memory to find the 

corresponding e for each possible s. 

Another possible implementation for the decoder is as 

an optical look-up truth-table. The coded vector that 

results from the matrix-vector multiplication is used as 

the input to a content-addressable memory with the output 

being the decoded and corrected data vector. Guest and 

Gaylord (1980) describes possible implementations of an 

optical look-up truth-table for a binary data system. The 

system stores a table for each output bit. The contents of 

each table are all possible input patterns that cause the 

corresponding output bit to be a one. During operation, 

the input pattern is compared to each entry in the table. 

If a match occurs then the output is a one, while if no 

match occurs then the output is a zero. 

More research needs to be performed in the area of 

finding optical implementations for the decoders for the 

error codes. The decoders should be simple to construct 

and no more complex than the OMVMs. Also, the decoder 

should not degrade the performance of the system to a point 

where the use of error codes provides little or no benefit. 
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CHAPTER 7 

CONCLUSION 

Error-correcting codes are capable of improving the 

performance of optical matrix-vector multipliers. How well 

the codes will improve performance depends on the type of 

noise, either signal-independent or signal-dependent, and 

the location of the noise. When noise is present only in 

A, the errors in the product vector y are independent, 

under the assumptions made in Chapter 4. Random error

correcting codes, such as the ones presented in this paper, 

are capable of correcting some of these errors and 

therefore increasing the performance of the OMVM. As codes 

with higher error-correcting abilities are used, system 

performance improves. In this case,the theoretical 

performance of the OMVM using the code can be easily 

computed for perfect codes. 

When the noise is present in x, the errors in the 

output are no longer independent. It has been shown that 

random error-correcting codes are not as effective against 

these types of errors but can still improve the performance 

of an OMVM. The simulation results indicate that the error

correcting ability of the code is not a good indicator of 

its performance with noise in x. Also, a theoretical 

prediction of the performance of the OMVM when using the 

code is difficult to obtain. For both cases the particular 

matrix-vector product being performed will also effect how 

well the error code can improve the performance of the 

OMVM. Since the noise in the output depends upon the 

entries in x and A as shown in Chapter 4, the performance 

will depend upon the particular matrix-vector 

multiplication being computed. Another possible simulation 

could have studied adding noise to y. The resulting errors 
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in the output would be independent and, therefore, results 

similar to the case of noise in A would be obtained. The 

weighted checksum code caused the performance to drop due 

to its non-residue encoding scheme and, therefore, this 

code is not suitable for use with OMVMs. The results 

presented here show that the use of error codes can 

increase the accuracy of OMVMs. The results, however, do 

not indicate by how much the accuracy can be increased. To 

determine the increase in accuracy, the dynamic range of 

the devices used in the OMVM need to be considered. 

The decoding of the error codes can be performed 

optically. Two previously proposed ideas were described. 

A new implementation using look-up tables was presented. 

More research needs to be performed in this area to find 

simple and efficient optical implementations for the 

decoders. 
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