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ABSTRACT 

An analysis is presented of a Fredholm integral equation of the second kind 

with a weakly singular kernel. The equation results from a mixed boundary value 

problem that describes a crack in an inhomogeneous elastic solid. The singularity 

in the kernel is dealt with by a numerical procedure known as product integration. 

The solution of the integral equation allows one to solve for the field quantities 

that are relevant to the boundary value problem. In terms of the field quantities, 

fracture parameters are calculated and the effect of material inhomogeneity upon 

crack stability is analyzed. 
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CHAPTER I 

INTRODUCTION 

The focus of this thesis is the analysis of a Fredholm integral equation of the 

second kind with a weakly singular kernel that arises in solving a mixed boundary 

value problem in continuum mechanics. The problem is solved numerically using 

a scheme called product integration. For the purpose of motivating subsequent 

calculations certain physical quantities of interest that are fundamental to solid 

mechanics are first introduced. The motion of a point at ( x1 , x 2 , x 3 ) at time t is 

given by the the displacement vector ii.(x1 , x2 , x3 , t) = [ui(x, t)]. The deformation 

of the body is described by the strains, C:ij, where 

1 
c:·· - -(u··+u··) lJ - 2 t,J ),t • (1.1) 

Here , i denotes differentiation with respect to the ith coordinate. The internal 

forces in a body that are transmitted across a surface are characterized by a 

stress tensor, S = [aij], 1 < i,j < 3, where the component aij represents a force 

acting in the ith direction on a surface element with a unit normal in the jth 

direction. In particular, the stress at a point x acting on an infinitesimal surface 

with normal n is given by S(x)n. A balance of linear momentum results in the 

equations of equilibrium. 

aij,j = 0, i = 1,2,3 (1.2) 

where the convention that summation over repeated indices is assumed. The 

constitutive properties of a material are described by Hooke's Law which gives 

the relationship between stresses and strains. For an isotropic elastic material 

this relationship is given by 

(1.3) 

1 
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In this equation there are two parameters that have been introduced, 11 and v . 

Poisson's ratio v is a material parameter that reflects the ratio of longitudinal 

contraction to longitudinal extension. The shear modulus 11 describes the rigidity 

of the material. In the problem considered here it will be assumed that v is 

constant but 11 is a function of a spatial coordinate. 

The specific problem that is addressed here corresponds to a crack in an 

infinite, isotropic, inhomogeneous solid in a state of plane strain. If x1 = x and 

x2 = y, the crack profile may be viewed in the xy plane as a cross section of the 

crack originally located at -1 < x < 1, y = 0. A view of the crack geometry is 

shown in Figure 1.1. 

X 

Figure 1.1: Opening Mode Crack 

There are three side conditions that describe the crack problem. There is no 

displacement of the crack surface outside the region -1 < x < 1. A pressure, 

p( x ), in the y direction, is applied to the crack surfaces. Symmetry of the problem 

requires that there are no shearing forces in the plane of the crack. 

From these observations, three side conditions are required to describe the crack, 

ayy(x, 0) = -p(x ), 

O"xy(x, 0) = 0, 

uy(x, 0) = 0, 

lxl < 1 

lxl < oo 

lxl > 1. 

(1.4) 

(1.5) 

(1.6) 
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In this investigation, the material inhomogeneity is modeled by 

The constant (3 is referred to as the inhomogeneity parameter and describes the 

rigidity of the material. If (3 < 0, the rigidity of the material decreases with 

distance from the crack; whereas, if (3 > 0, rigidity increases with distance. Of 

course, if (3 = 0, the material is homogeneous with modulus J-l = J-lo· 

It is assumed that p(x) is a symmetric function of x. With the given boundary 

conditions and the assumed form of J-L(Y ), the solution is symmetric about the x 

andy axes. Therefore, the problem may be considered in the region bounded by 

x > 0 and y > 0. In the next chapter it is shown that the solution of this crack 

problem may be reduced to solving an integral equation. 



CHAPTER II 

DEVELOPMENT OF THE FREDHOLM 

INTEGRAL EQUATION 

An integral equation will be derived that incorporates the equations of equi

librium and the boundary conditions for the crack problem, and in terms of its 

solutions, one may derive the physical quantities of interest such as the stresses, 

strains and displacements. Only an outline of this derivation is presented here 

as the details may be found in [1]. 

Let F( x, y) be the Airy stress function so that 

In terms ofF, the equations of equilibrium (1.2) become 

(2.1) 

(Note that if the material is homogeneous, i.e., f3 = 0, F is biharmonic.) 

We seek F in the form of the Fourier Cosine integral 

F(x, y) = ~ 100 

F"((, y) cos(x()d(. 

Substitution of F into (2.1) gives the ordinary differential equation for F* with 

the characteristic polynomial 

The roots of this quartic are given by 

4 



and their complex conjugates ~ + and ~-, where 

{ 
1 r 4e m= - 1+-+ 
2 (32 

and 

p = Jv/(1- v)l. 
m 

One may now represent F as 

where A+ is taken if f3 > 0, A- for f3 < 0. 

In terms of F*, the stresses take the form 

The displacements are given by 

8F* ]} +(v- 2) ay - f3vF* cos(x0d~ 

and 

~ [ 00 

{ 1 [(1- v) 8
2 
F* 2 *]} . 

Ux(x,O)=y.c.;1flo 2f-l(Y) e 8y2 +v~F sm(x0d~. 

5 

(2.2) 

(2.3) 

Once C1 and C2 are found, F* may be computed and the stresses and strains 

may be calculated by means of (2.2) and (2.3). 

The vanishing of the shearing stress in (1.5) gives 
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while conditions (1.4) and (1.6) yield 

0 < X < 1, (2.4) 

and 

(2.5) 

· cos(xe)d~ = 0, x > 1. 

If g( t) is defined as 

then C1 (e) satisfies (2.4) and (2.5) provided g(t) satisfies the integral equation 

g( t) _ 
2

( 1 -v) t p(x) dx-(3( 2 -v) f
1

K 1(s,t)sg(s)ds 
1r J.-Lo Jo Jt 2 - x2 1r 1 - v Jo 

(2.6) 

( 
1- v) {I 

- ---;:;- Jo K 2(s,t)sg(s)ds, O<t<l. 

In (2.6), 

(2.7) 

with 

'H(~, (3) = h(~, (3) _ J.-Lo~ _ f3J.-Lo(2- v) 
1-v 2(1-v) 

and 

2J.1o~4 1 
h(~, (3) = l/31 [(1- v)l-\l 2m- sgn(f3)ve] · 
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The kernel /(1 is defined as 

,. 
j;2 dO t < S 

0 
Vs2-t2 sin2 8' 

JC1(s,t) (2.8) 

= { ~K(t/s), t < s 

tK( sjt), t > s 

where K is the complete elliptic integral of the first kind. Although /(2 must be 

computed numerically, it is continuous in the variables s and t and is computed 

by straightforward methods. In particular, the values of the Bessel functions 

are obtained by utilizing the available code in [3). The integration to compute 

JC2 was carried out by Simpson's method with the code also from [3). On the 

other hand, /(1 has a logarithmic singularity when s = t, and for this reason its 

numerical solution requires special consideration. 

Because the crack length is assumed to be very small, it will be assumed that 

the applied pressure, p( x ), is a constant, say p0 • In this case (2.6) becomes 

g( t) ( 1 - v) {3 (2- v) 11 Po -- -- -- JC1(s, t)sg(s)ds 
J-lo 1r 1 - v o 

(2.9) 

(
1- v) {1 - ----;;;;- lo JC2(s,t)sg(s)ds, O<t<l. 

In [1) the first two Picard iterates of the integral equation were computed. 

However, for the purpose of calculating fracture criteria that are pertinent to the 

crack problem, one needs a more exact solution. This is achieved in the next 

chapter by implementing a numerical procedure for solving (2.9) that provides 

an effective method for dealing with the logarithmic singularity in the kernel JC1. 



CHAPTER III 

PRODUCT INTEGRATION 

The integral equation (2.9) is solved by using product integration. Roughly 

stated, this method provides a means for isolating the logarithmic singularity 

which may then be integrated explicitly using integration by parts. The essential 

features of this method will be presented as it is applied to the particular problem 

addressed here. (The reader may consult [4] for a more detailed discussion of 

this method.) 

Recall from (2.8) that 

If I\ ( m) is represented as 

t < s 

{ 

;K(t/s), 

tK(s/t), t > s. 

K ( m) = f !f dB ' 
lo v'1 - m sin2 

(} 

it may be shown (see [2]) that K(m) may be approximated as 

a0 = 1.38629436112 a3 = .03742563713 

a 1 = .09666344259 a4 = .01451196212 

a2 = .03590092383, 

8 

(3.1) 



bo = .5 b3 = .03328355346 

bl = .12498593597 b4 = .00441787012 

b2 = .06880248576. 

From (3.1) it follows that 

and thus, 

Hence 

y ( ) _ 1 . K( ) _ P1 ( mi) - P2( mi) ln m1 
"-'I s, t - m - . 

max(s, t) max(s, t) 

In terms of these substitutions, the integral equation (2.9) becomes 

g(s) _ (3 (2- v) {I [P1(mi)- P2(mt)lnm1] tg(t)dt 
1r 1- v lo max(s, t) 

(
1-v) {I + Po lo K2(s, t)tg(t)dt (

1- v) Po--, 
P,o 

A further calculation gives 

Observe that 

. { s t} 
1-mm t'~ 

Hence, it follows that 

{ 

1-.! 
t ' 

1-1 
s' 

t > s is- ti 
- max(s, t) · 

t < s 

9 

(3.2) 

O<s<l. 

ln m 1 = ln { 1 +min (f, ~)} + ln is- ti-ln {max(s, t)}. (3.3) 
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It is also seen that 

t 

{ 

1 t < s 

= 
8

' = min ( 1, l) . 
1, t > s 

(3.4) 
max(s, t) 

By substituting (3.3) and (3.4) into (3.2), one may derive a new integral 

equation with the logarithmic singularity explicitly displayed as 

g( s)- [ M(s, t) In Is- tlg(t)dt + [ N(s, t)g(t)dt = po C l'o v) , (3.5) 

where 

and 

N(s,t) 

f3 (2- v) . ( t) M(s, t) =- -- mzn 1,- P2(mt) 
1r 1-v s 

/3(2-v) . ( t) . (s t) - -- mzn 1,- [P1(mt)- P2(mi) ln{1 + mzn -,- } 
1r 1-v s t s 

1-v 
+P2(mt) ln{max(s, t)}] + --t!C2(s, t). 

J-lo 

In the second integral the kernel N(s, t) is continuous and is calculated using 

Simpson's method. The first integral contains the logarithmic singularity which 

is dealt with using product integration. As the first step of this method one 

approximates M(s, t)g(t) as the linear interpolant 

With this representation, the first integral may be written as 

where 

and 
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Integration by parts allows for the exact integration of the logarithmic singularity 

when s = t. In particular, <P and </J2 now become 

<PJ,i+l,j 

and 

<PL1,i,i-I 

~(ti+I - ti) (log(ti+I - ti)- ~) 

~(ti+I - ti) (log(ti+I - ti)- ~) 

~ [(ti+I- ti)2- (ti+I- tj)2]log lti- til 
2 ti+l - ti 

~(ti- ti-d (log(ti- ti-d-~) 

~(ti- ti-d (log(ti- ti-I)- ~) 

1 [(ti- ti-1?- (tj- ti-1?] 1 I I - og tj- ti 
2 ti -ti-l 

1 1 
--(t·- t· I)- -(t·- t· I) 2 J z- 4 ' z- ' 

for j ::/: i, i + 1 

for j ::/: i, i - 1. 

The nodes taken for the discretization of M(s, t) correspond to the nodes taken 

for N(s, t). If [aji] is the matrix corresponding to the discretization of the kernel 

M(s, t), i.e. aji = M(sj, ti), and [bji] is the analogous matrix corresponding to 

the discretization of the kernel N(s, t), then (3.5) takes the form 

(3.6) 
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If g = g[si)f=1 , one may write the equation as 

(
1- v) g(l- [aii] + [bii]) =Po Po · 

In this thesis, LU decomposition and back substitution were used to solve 

the linear system for g. The convergence of the method is indicated in Figure 

3.1 where h(t) = I!:Q.g(t) has been computed for (3 = 1.0 and v = .25 with 20, 50 
Po 

and 60 nodes. The numerical solution appears to be quite accurate after only 

20 nodes. Though convergence of the procedure is not analyzed here, the results 

indicate that the exact value of g(t) is achieved with increasing n. 

1.0 

0.9 
6 n = 20 

0.8 0 n =50 

0 n = 60 
0.7 

0.6 

~ 

..J 0.5 
..c. 

0.1 

0.3 

0.2 

0.1 

0.0 
0.0 0.1 0.2 0.3 0.1 0.5 0.6 0.7 0.8 0.9 \.0 

t 

Figure 3.1: Convergence of Product Integration 

In the subsequent computations, 50 nodes were chosen for the calculation of 

the integral equation. Various levels of rigidity are considered with -1 < f3 < 1. 
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The code for the calculation of g(t) is included in Appendix A. The outputs for 

various /3 are given in Table 3.1 and the graph of h(t) = l!:J!g(t) for {3 = - 1, -.5, .5 
Po 

and 1 is in Figure 3.2. 

6 /3= -1.0 
i.O 

0 /3= -.5 

0 /3= .5 
3.5 

0 /3= 1.0 

3.0 

2.5 

~ 

.,.J 2.0 ~ 

L 

1.5 

1.0 

0.5 

0.0 
0.0 0.1 0.2 0.3 O.i 0.5 0.6 0.7 0.8 0.9 1.0 

l 

Figure 3.2: Graph of h( t) 

In the case that {3 = 0, the exact solution of the integral equation is given by 

l-v 
g(t) = --po. 

f.lo 

If v = .25, then one observes from Table 3.1 that the exact values of l!:J!g( t) are 
Po 

in close agreement with the tabulated values for f3 = ±.01 This suggests that 
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Table 3.1: Values of h(t) 

(3 = -1.0 (3 = -.5 (3 = -.1 (3 = -.01 
t h( t) h(t) h(t) h( t) 

0.10 3.469261498 1.415879407 0.843366683 0. 758715944 
0.20 3.449490023 1.411373413 0.842787712 0. 758663128 
0.30 3.407811686 1.402093868 0.841611404 0. 758556058 
0.40 3.346328826 1. 388400689 0.839872457 0. 758397670 
0.50 3.264514336 1.370088240 0.837534375 0. 758184407 

0.60 3.160812841 1.346693672 0.834523966 0. 7 5 7909266 
0.70 3.032334317 1.3174044 73 0.830716569 0. 757560388 

0.80 2.873645171 1.280728585 0.825886228 0. 757116318 

0.90 2.672093295 1. 233299598 0.819532994 0. 756529768 

1.00 2.360181572 1.15 7882501 0.809170727 0. 755566973 

(3 = .01 (3 = .1 (3 = .5 (3 = 1.0 

t h(t) h(t) h(t) h( t) 

0.10 0.741413101 0.669586557 0.442203880 0.286737243 

0.20 0.741464861 0.670059645 0.443814241 0.288793351 

0.30 0.741569745 0.671016595 0.44 7061180 0.292963394 

0.40 0. 7 41724925 0.672433550 0.451892409 0.299223248 

0.50 0.741933937 0.674345012 0.458462299 0.307842017 

0.60 0. 7 42203717 0.676817 483 0.467052264 0.319293727 

0.70 0. 7 42546000 0.679962982 0.4 78131024 0.334359146 

0.80 0. 742982001 0.683983624 0.492536938 0.354443005 

0.90 0. 7 43558450 0.689323118 0.512093076 0.382580073 

1.00 0. 7 44506040 0.698159651 0.545558456 0.433114885 
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when j3 is not too large, the product integration method converges to the exact 

solution. 

It is also of interest to compare the approximate solution obtained in [1] 

by the method of Picard iteration with the solution computed here by product 

integration. In particular, the first two Picard iterates give the approximation 

_ (1- v) j3p0(2- v) ii vgs2 

g(t)- -- Po-
2 2

ds, 
1-lo 1r J-lo o t - s 

accurate to 0 ({1'2 ). The values of g(t) computed from this approximation are 

compared with the product integration method in Figure 3.3. 

-

!:::. Picard: !3= .01 

1.0 

0.8 

v 
0.6 

_, 
~ 

..c 

0.4 

0.2 

0.0 0.1 0.2 0.3 0.4 0.5 
t. 

0 

0 
0 

0.6 

Product Integration: !3= 
Picard: !3= 
Product Integration: !3= 

0.7 

Figure 3.3: Comparison of Picard Iteration and Product Integration 

.01 

.1 

.1 
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Having found the values for g(t), one may proceed to find the stresses and 

displacements in the material around the crack as defined in equations(2.2) and 

(2.3). In terms of these field quantities the relevant fracture parameters for the 

crack problem may then be computed. 



CHAPTER IV 

PHYSICAL QUANTITIES OF INTEREST 

In this chapter two physical quantities are calculated that are used to predict 

the onset of crack propagation. The propagation of a crack will occur if the 

energy released upon crack exension is sufficient to provide the energy necessary 

for crack growth. The rate of the energy released during crack growth is called the 

energy release rate (ERR) and is denoted by G. Before the crack can propagate, 

G must exceed some critical value that is determined experimentally. Though G 

is a quantity that is defined in terms of a global energy balance, it may be related 

to the asymptotic form of the stress ayy(x, 0) at the crack tip. In particular, for 

the type of inhomogeneity considered here it may be shown (see [5]) that 

where 

K(/3) = lim J2(x- 1)ayy(x, 0) 
x--.1+ 

with J{ referred to as the stress intensity factor (SIF). 

From (2.2) it follows that 

G"yy __!!!!_ { g(1)x + g(O)- x {1 g'(t) dt} 
1 - v Jx2 - 1 lo Jx 2 - t2 

Thus 

K(/3) = ~g(1) 
1-ll 

17 
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and (2.9) yields 

K(f3) 2/7r rt p(x) dx- f3J-Lo( 2 - v) rl JCl(s, 1)sg(s)ds 
Jo ,,11- x2 1r(1- v) Jo 

( 4.1) 

Thus the asymptotic form of the singular stress ayy(x, 0) at x = 1 may be related 

to a physically meaningful energy quantity G. 

An alternate method for computing G involves the crack opening displace

ment. The crack opening displacement (COD) is the displacement of the crack 

surface at some distinguished point behind the crack tip, say 8 = uy(xs, 0), 

0 < Xs < 1. For certain materials the COD may be expressed in terms of the 

SIF as 

(4.2) 

where O'ys is the yield stress for the material. The exact form of the relationship 

between the COD and the SIF is not known for inhomogeneous material. Never

theless, this relationship suggests that the crack profile should be related to the 

energy release rate (ERR). This possibility is examined by computing the crack 

displacements and the SIF for this problem. 

4.1 The Crack Displacement 

The crack surface displacement is described by uy(x, 0) and from (2.3), may 

be expressed as 

11 tg(t) 
uy(x, 0) = J dt, 

x t 2 - x2 
O<x<l. (4.3) 

To calculate ( 4.3), one must account for the singularity when t = x. A slightly 

different version of the product integration is used to do this. 



The basic procedure is the same, but the <P(x)'s and ¢J2(x)'s now become 

and 

Calculation of these integrals yield 

c/JJ,i+1,i 

c/JJ,i+1,i+1 

c/JJ,i+1,j 

and 

¢Jf_1,i,i-1 

-~ lxi+I -xi I~ -lxi- xi I~ 
3 Xi+1 -Xi 

4 1 
-(x·- x· 1)2 3 t t-

2 1 

-(x·- x· 1)2 3 t t-

3 3 
2jxi- Xjj2 -lxi_1 - Xjj2 

3 Xi - Xi-1 

for j f= i, i + 1 

for j -::/= i - 1, i 
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Using the code in Appendix B, one may determine the crack profile for various 

types of material. In this thesis, the displacements have been determined for 

f3 = -1, .01, .01, 1 and are in Table 4.1 along with the graph of the four profiles 

in Figure 4.1. 
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i.O 
!::. f3= -1.0 

0 f3= -.01 

3.5 0 f3= .01 

f3= 1.0 

3.0 

_, 
c 
Q) 2.5 
E 
Q) 
u 
0 

_J 

a. 2.0 (I) 
_J 
--o 
.l: 
u 

1.5 0 
L 
u 

1.0 

0.0 0.1 0.2 0.3 O.i 0.5 0.6 0.7 0.8 0.9 1.0 
X 

Figure 4.1: Crack Profile of Displacement uy(x, 0) 

It is observed that there is a greater crack surface displacement for a material 

of rigidity f3 < 0 than for a material of rigidity f3 > 0. This is due to the 

'softer' material that is associated with f3 < 0. The profiles as f3 approaches 0 

are converging to that of a homogeneous material. 
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Table 4.1: Crack Displacement Values 

,d = -1.0 /3 = -.01 /3 = .01 /3 = 1.0 

X uy(x, 0) uy(x, 0) uy(x, 0) uy(x, 0) 

0.10 3.287411784 0. 785957438 0. 769671905 0.332993559 

0.20 3.281613215 0. 787701893 0. 771448831 0.335172001 

0.30 3.214094365 0. 778207249 0. 762296342 0.334236809 

0.40 3.090277369 0. 758306952 0. 743022102 0.330406414 

0.50 2.910233727 0.727451776 0. 713078017 0.323297723 

0.60 2.670973824 0.684074964 0.670913727 0.311990610 

0.70 2.365400723 0.625110619 0.613499527 0.294698051 

0.80 1.977559695 0.544292704 0.53464 7161 0.267727418 

0.90 1.462685484 0.425332672 0.418279343 0.221386327 

1.00 0.0 0.0 0.0 0.0 

4.2 The Stress Intensity Factor 

The stress intensity factor may be calculated using equation ( 4.1 ). Because 

the only singularity occurs when s = 1, a semi-open trapezoid method was used 

to calculate the integral. A linear approximation of the stress intensity factor 

was derived in [1) as 

[ 
/3(2- v)l 

1{(/3) ~Po 1- 1r(1 _ v) . 

Table 4.2 lists the solution of K(/3)/Po for -1 < /3 < 1. Note that in this 

nondimensional form a value of 1 corresponds to the SIF in a homogeneous 

material with modulus Jlo· A comparison between the solution of K and the 

linear approximation appears in Figure 4.2. 
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3.4 

3.2 0 calculated K(/3) 
3.0 0 approximation of K(/3) 
2.8 

2.6 

2.4 

::r) 2.2 
~ 
.J 
Ill 2.0 c 
Q) 
~ 1.8 c 
. J 

1.6 

1.4 

-1. 0 -0.6 - 0.6 -0.4 - 0.2 0.0 0.2 0.1 0.6 0.6 1.0 

/3 
Figure 4.2: Normalized Stress Intensity Factor 

Table 4.2: Values of Normalized Stress Intensity Factor 

/3 K(/3)/Po /3 K(/3)/po 
-1.00 3.014 750281 0.01 0.993136530 

-0.90 2.509921821 0.10 0.935254021 

-0.80 2.152279554 0.20 0.878371352 

-0.70 1.884931348 0.30 0.828300329 

-0.60 1.676910388 0.40 0. 784158635 

-0.50 1.509934399 0.50 0. 745177554 

-0.40 1.372539415 0.60 0. 710678400 

-0 .30 1.257207644 0.70 0.680063307 

-0.20 1.158848221 0.80 0.652809901 

-0.10 1.073938207 0.90 0.628465772 

-0.01 1. 006955029 1.00 0.606641749 
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Because G is directly related to I<, it is seen that the ERR increases as f3 
decreases. Thus, if the rigidity of a material decreases with distance from the 

crack plane, one expects reduced crack stability. On the other hand, if f3 > 0 

and the material is more rigid than a homogeneous material with modulus {to, 

then the crack is less likely to propagate. 

These results also suggest that the previous relationship between the COD 

and the SIF given in ( 4.2) is valid. In particular, an increased crack opening was 

observed for f3 < 0 with a decreased displacement for the more rigid material, 

p > 0. Thus, independent of which parameter is utilized in developing a fracture 

criterion, both the crack opening displacement and the stress intensity factor 

predict greater crack instability in material which exhibits a decreasing rigidity 

with distance measured from the crack plane. 

It is often observed that material parameters of a body are reduced near a 

crack due to the presence of damage that is associated with the fracture process. 

The results of this thesis suggest that failure to account for this damage could 

lead to overestimations of the safety of a cracked structure. 
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APPENDIX A 

PRODUCT INTEGRATION CODE FOR 

THE INTEGRAL EQUATION 
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program product 

c *** DECLARE VALUES FOR DOUBLE PRECISION *** 

c 

c 

c 

real*8 mker(51,51),nker(51,51),k2(51,51),g(51),beta 

integer n 

n = 50 

beta = 1.d0 

call sing(n,beta,mker) 

call kern2(n,beta,k2) 

call nonsing(n,beta,k2,nker) 

call calg(n,mker,nker,g) 

call final(n,g) 

stop 

end 

c--------------------------------------------------------
subroutine sing(n,beta,mk) 

c *** RETURNS MATRIX mk FOR KERNEL M(s,t) *** 

c--------------------------------------------------------
real*8 mk(51,51),phi1,phi2,s,t,h,beta,mu,nu,kerm 

real*8 s1,t1,s2,pi,m1,p2,c 

pi = 3.141592654d0 

mu = 1.d0 

nu = .25d0 

c = (beta*(2.d0-nu))/(pi*(1.d0-nu)) 

h = 1.d0/n 

do 15 i=1,n 

s = i*h 

do 10 j=1,n 

t = j*h 
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sl 

tl 

s2 

ml 

p2 

= 
= 
= 
= 
= 

s/t 

t/s 

DMIN1(s1,t1) 

1.d0-s2**2 

.5d0+.12498593597dO*m1+.06880248576dO*m1**2 

+ + .03328355346dO*m1**3+.00441787012dO*m1**4 

kerm = c*(DMIN1(t1,1.dO))*p2 

if (j.eq.n) then 

phil = .OdO 

else if (i.eq.j) then 

phil = .5dO*h*(DLOG(h)-1.5dO) 

else if (i.eq.j+l) then 

phil = .5d0*h*(DLDG(h)-.5d0) 

else 

phil = .5dO*((h**2-((t+h)-s)**2)/h)* 

+ DLOG(ABS(t-s))+.5dO*(((t+h)-s)**2/h)* 

+ DLOG(ABS((t+h)-s)) 

+ -.5dO*((t+h)-s)-.25dO*h 

end if 

if (j.eq.l) then 

phi2 = O.dO 

else if (i.eq.j-1) then 

phi2 = .5dO*h*(DLDG(h)-.5dO) 

else if (i.eq.j) then 

phi2 = .5dO*h*(DLDG(h)-1.5dO) 

else 

phi2 = .5dO*((h**2-(s-(t-h))**2)/h)* 

+ DLOG(ABS(s-t))+.5dO*((s-(t-h))**2/h)* 

+ DLOG(ABS(s-(t-h))) 

+ -.5dO*(s-(t-h))-.25dO*h 

end if 

mk(i,j) = kerm*(phi1+phi2) 

10 continue 
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c 

c 

c 

15 continue 

return 

end 

c--------------------------------------------------------
subroutine kern2(n,beta,k2) 

c *** RETURNS KERNEL K2 AS MATRIX *** 

c--------------------------------------------------------

c 

c 

c 

real*8 beta,k2(51,51),pa,s,t,val1 

pa = l.dO/n 

do 20 i=l,n 

s=i*pa 

do 10 j=l,n 

t=j*pa 

call qsimp(s,t,beta,vall) 

k2(i,j) = vall 

10 continue 

20 continue 

return 

end 

c--------------------------------------------------------
subroutine qsimp(s,t,beta,val) 

c *** RETURNS val, THE VALUE OF THE INTEGRAL *** 

c--------------------------------------------------------
real*8 s,t,val,eps,ost,os,st,beta 

parameter (eps=1.e-6,jmax=20) 

ost = -1.e30 

OS = -1. e30 
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c 

c 

c 

do 11 j=1,jmax 

call trapzd(s,t,beta,st,j) 

val = (4.d0*st-ost)/3.d0 

if (ABS(val-os).lt.eps*ABS(os)) return 

os = val 

ost = st 

11 continue 

pause 'too many steps in qsimp' 

end 

c--------------------------------------------------------
subroutine trapzd(s,t,beta,st,l) 

c *** RETURNS st, THE VALUE OF THE INTEGRAL *** 

c--------------------------------------------------------
real*8 a,b,s,t,st,del,sum,x,r1,r2,r3,beta 

a = .5d0 

b = 100.0d0 

if (1. eq .1) then 

call bigh(a,s,t,beta,r1) 

call bigh(b,s,t,beta,r2) 

st = 0.5dO*(b-a)*(r1+r2) 

it = 1 

else 

tnm = it 

del = (b-a)/tnm 

x = a+0.5dO*del 

sum = O.OdO 

do 15 j=1,it 

call bigh(x,s,t,beta,r3) 

sum = sum+r3 

x = x+del 
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c 

c 

c 

15 continue 

st = 0.5dO*(st+(b-a)*surn/tnrn) 

it = 2*it 

end if 

return 

end 

c--------------------------------------------------------
subroutine bigh(c,s,t,beta,va) 

c *** RETURNS THE FUNCTION FOR K2 TO TRAPZD *** 

c--------------------------------------------------------
real*8 rnu,nu,beta,t1,t2,c,s,t,rn,p,larnbda,sb, 

+ lh,bh,cs,ct,js,jt,va 

c *** bh is H(c,b) *** 

nu = 0.25d0 

rnu = 1. dO 

c *** LOOP TO GENERATE H FOR DIFFERENT c's *** 

t1=4.dO*(c**2)/(beta**2) 

t2=nu/(1.d0-nu) 

rn=DSQRT(0.5d0*(1.dO+t1+DSQRT((1.dO+t1)**2 

+ + 4.d0*t2*t1))) 

p=(c*DSQRT(t2))/rn 

if(beta.ge.O.dO) then 

larnbda=((beta*(1.d0-rn)/2.d0)**2) + (p**2) 

sb=1.d0 

else 

larnbda=((beta*(1.d0+rn)/2.d0)**2) + (p**2) 

sb=-1.d0 

end if 

lh=(2.dO*rnu*(c**4))/(ABS(beta)*((1.dO-nu)* 

+ larnbda*rn-sb*nu*(c**2))) 
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c *** 

c 

c 

c 

bh=lh-((mu*c)/(1.d0-nu))-(beta*mu*(2.d0-nu))/ 

+ (2.d0*((1.d0-nu)**2)) 

RETURNS THE BESSEL VALUE *** 
cs = C*S 

ct = c*t 

call bessjO(cs,js) 

call bessjO(ct,jt) 

va = bh*js*jt 

return 

end 

c--------------------------------------------------------
subroutine bessjO(x,bess) 

c *** RETURNS THE BESSEL FUNCTION Jo(X) FOR ANY REAL X *** 

c--------------------------------------------------------
real*8 y,p1,p2,p3,p4,p5,q1,q2,q3,q4,q5,r1,r2,r3,r4, 

+ r5,r6,s1,s2,s3,s4,s5,s6,ax,xx,bess,z,x 

+ 

+ 

+ 

+ 

+ 

data 

data 

data 

data 

p1,p2,p3,p4,p5/1.d0,-1.098628627d-2,.2734510407d-4, 

-.2073370639d-5,.2093887211d-6/ 

q1,q2,q3,q4,q5/-.1562499995d-1,.1430488765d-3, 

-.6911147651d-5,.7621095161d-6,-.934945152d-7/ 

r1,r2,r3,r4,r5,r6/57568490574.d0,-13362590354.d0, 

651619640.7d0,-11214424.18d0,77392.33017d0, 

-184.9052456d0/ 

s1,s2,s3,s4,s5,s6/57568490411.d0,1029532985.d0, 

9494680.718d0,59272.64853d0,267.8532712d0,1.d0/ 

if (ABS(x).lt.8.) then 

y=x**2 

bess = (r1+y*(r2+y*(r3+y*(r4+y*(r5+y*r6))))) 

+ /(s1+y*(s2+y*(s3+y*(s4+y*(s5+y*s6))))) 

else 
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+ 

+ 

c 

c 

c 

ax = ABS(x) 

z = 8.d0/ax 

y = Z**2 

xx = ax-.785398164d0 

bess = DSQRT(.636619772d0/ax)*(DCOS(xx)* 

(p1+y*(p2+y*(p3+y*(p4+y*p5))))-z*DSIN(xx)* 

(q1+y*(q2+y*(q3+y*(q4+y*q5))))) 

end if 

return 

end 

c--------------------------------------------------------
subroutine nonsing(n,beta,k2,nk) 

c *** RETURNS MATRIX nk FOR KERNEL N(s,t) *** 

c--------------------------------------------------------
real*8 k2(51,51),nk(51,51),beta,mu,nu,pi,nke,p1,p2, 

real*8 m1,s,t,pa,w,s1,t1,s2,c1,c2 

pi = 3.141592654d0 

mu = 1.d0 

nu = .25d0 

pa = 1.d0/n 

c1 = (beta*(2.d0-nu))/(pi*(1.d0-nu)) 

c2 = (1.d0-nu)/mu 

do 20 i=1,n 

s=i*pa 

do 10 j=1,n 

t=j*pa 

s1 = s/t 

t1 = t/s 

s2 = DMIN1(s1,t1) 

m1 = 1.d0-s2**2 
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c 

c 

p1 = 1.38629436112d0+.09666344259dO*rn1 

+ +.03590092383dO*rn1**2+.03742563713dO*rn1**3 

+ +.01451196212d0*rn1**4 

p2 = .5d0+.12498593597dO*rn1+.06880248576dO*rn1**2 

+ +.03328355346dO*rn1**3+.00441787012dO*rn1**4 

nke = c1*(DMIN1(t1,1.dO))*(p1-p2*DLOG(1.dO+s2)+ 

+ p2*DLOG(DMAX1(s,t)))+c2*t*k2(i,j) 

if (MOD(j,2).eq.O) then 

"W = 4.d0/3.d0 

else 

"W = 2.d0/3.d0 

end if 

if (j.eq.l.or.j.eq.n) w = 1.d0/3.d0 

nk(i,j) = w*pa*nke 

10 continue 

20 continue 

return 

end 

c--------------------------------------------------------
subroutine calg(n,rnk,nk,g) 

c *** RETURNS VECTOR g *** 

c--------------------------------------------------------
real*8 nk(51,51),rnk(51,51),g(51),a(51,51),f(51) 

real*8 y(51,51)surn,rnu,nu,pO,fval 

integer d,indx(51),np 

np = 51 

pO = 1.d0 

rnu = 1. dO 

nu = .25d0 

fval = p0*(1.d0-nu)/rnu 

do 10 i=l,n 
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f(i) = fval 

10 continue 

c *** set up identity matrix *** 

do 15 i=1,n 

do 13 j=1,n 

y(i,j) = O.dO 

13 continue 

y(i,i) = 1.d0 

15 continue 

do 20 i=l,n 

do 17 j=1,n 

a(i,j) = y(i,j)-mk(i,j)+nk(i,j) 

17 continue 

20 continue 

c *** invert the matrix A *** 

call ludcmp(a,n,np,indx,d) 

do 30 j=1,n 

c 

c 

call lubksb(a,n,np,indx,y(1,j)) 

30 continue 

do 40 i=1,n 

sum = O.dO 

do 35 j=1,n 

sum = sum+y(i,j)*f(j) 

35 continue 

g(i) = sum 

40 continue 

return 

end 

c--------------------------------------------------------
subroutine ludcmp(a,n,np,indx,d) 

c *** DECOMPOSES THE MATRIX a ONCE *** 
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c--------------------------------------------------------
parameter (nmax=100,tiny=1.0E-20) 

real*8 a(np,np),vv(nmax),sum,aamax,dum 

integer d,indx(n),np,imax 

d = 1 

do 12 i=1,n 

aamax = O.dO 

do 11 j=1 ,n 

if (ABS(a(i,j)).gt.aamax) aamax=ABS(a(i,j)) 

11 continue 

if (aamax.eq.O.) pause 'singular matrix' 

vv(i) = 1.d0/aamax 

12 continue 

13 

do 19 j=1 ,n 

if (j.gt.1) then 

do 14 i=1,j-1 

sum = a(i, j) 

if (i.gt.1) then 

do 13 k=1,i-1 

sum = sum-a(i,k)*a(k,j) 

continue 

a(i,j) = sum 

end if 

14 continue 

end if 

aamax = O.dO 

do 16 i=j,n 

sum = a(i,j) 

if (j.gt.1) then 

do 15 k=1 ,j-1 

sum = sum-a(i,k)*a(k,j) 

15 continue 

a(i,j) = sum 
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c 

c 

end if 

dum = vv(i)*ABS(sum) 

if (dum.ge.aamax) then 

imax = i 

aamax = dum 

end if 

16 continue 

if (j.ne.imax) then 

do 17 k=1,n 

dum = a(imax,k) 

a(imax,k) = a(j,k) 

a(j,k) =dum 

17 continue 

d = -d 

vv(imax) = vv(j) 

end if 

indx(j) = imax 

if (j.ne.n) then 

if (a(j,j).eq.O.) a(j,j) =tiny 

dum= 1.d0/a(j,j) 

do 18 i=j+1,n 

a(i,j) = a(i,j)*dum 

18 continue 

end if 

19 continue 

if (a(n,n).eq.O.) a(n,n) =tiny 

return 

end 

c--------------------------------------------------------
subroutine lubksb(a,n,np,indx,b) 

c *** BY COLUMN, FINDS THE INVERSE OF A *** 
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c--------------------------------------------------------

c 

c 

real*8 a(np,np),sum,b(n) 

integer indx(n) 

ii = 0 

do 12 i=1,n 

11 = indx(i) 

sum = b(ll) 

b(ll) = b(i) 

if (ll.ne.O.) then 

do 11 j=ii,i-1 

sum = sum-a(i,j)*b(j) 

11 continue 

else if (sum.ne.O.) then 

ii = i 

end if 

b(i) = sum 

12 continue 

do 14 i=n,1,-1 

sum = b(i) 

if (i.lt .n) then 

do 13 j=i+1,n 

sum = sum-a(i,j)*b(j) 

13 continue 

end if 

b(i) = sum/a(i,i) 

14 continue 

return 

end 

c--------------------------------------------------------
subroutine final(n,g) 

c *** WRITES VECTOR g TO FILE *** 
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c--------------------------------------------------------
real*8 g(51),s,pa 

pa = 1.d0/n 

open(unit=11,file='g1.dat',status='new') 

do 10 i=1,n 

s=i*pa 

write(11,*) s,g(i) 

10 continue 

close(unit=11,status='keep') 

return 

end 
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APPENDIX B 

PRODUCT INTEGRATION CODE FOR 

DISPLACEMENT CALCULATION 
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program uyxO 

parameter(n=SO) 

real*8 g(n),x,t,uy(n),h,surn,ternp,kern,val1,val2 
h = 1.d0/n 

open (unit=10,file='g1.dat',status='old') 
do 10 i=1,n 

read(10,*) ternp,g(i) 
10 continue 

close (unit=10,status='keep') 
do 30 i=1,n-1 

X = i*h 

sum = O.dO 

do 20 j=i,n 

t = j*h 

kern = (t/DSQRT(t+x))*g(j) 

if (j.eq.n) then 

phi1 = .OdO 

else if (i.eq.j) then 

phi1 = 4.d0*DSQRT(h)/3.d0 

else if (i.eq.j+1) then 

phi1 = 2.dO*DSQRT(h)/3.dO 

else 

val1 = (ABS(t+h-x))**3 

val2 = (ABS(t-x))**3 

phi1 = (2*ABS(t+h-x)/h)*(DSQRT(ABS(t+h-x)) 

+ -DSQRT(ABS(t-x)))-(2/(3*h))*(DSQRT(val1) 

+ -DSQRT(val2)) 

end if 

if (j.eq.1) then 

phi2 = O.dO 

else if (i.eq.j-1) then 

phi2 = 2.dO*DSQRT(h)/3.dO 
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else if (i.eq.j) then 

phi2 = 4.dO*DSQRT(h)/3.dO 

else 

vall = (ABS(t-x))**3 

val2 = (ABS(t-h-x))**3 

phi2 = (2/(3*h))*(DSQRT(val1)-DSQRT(val2)) 

+ -(2*ABS(x-t+h)/h)*(DSQRT(ABS(t-x)) 

+ -DSQRT(ABS(t-h-x))) 

end if 

sum = sum+kern*(phi1+phi2) 

20 continue 

uy(i) = sum 

30 continue 

uy(n) = O.dO 

open(unit=15,file='u1.dat',status='new') 

do 40 i=1,n 

X = i*h 

write(15,*) x,uy(i) 

40 continue 

close(unit=15,status='keep') 

end 
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