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ABSTRACf 

A deep and detailed study of Kane's theory with comparisons to classical methods of 

analysis is presented. The work depicts the development of the equations of motion for 

both the holonomic and nonholonomic cases with complete 2-D and 3-D examples. The 

theory is then implemented for the case of systems of rigid bodies and two test examples 

(a planar mechanism and a spatial robot) are compared with solutions found by other 

authors. 

Due the importance of Object Oriented Programming, a brief description of the basic 

features of this paradigm is also presented. 
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I I I I 1 Multi body dynamics 

CHAPTER I 

INTRODUCTION 

1.1 Background 

Multi body dynamics is presently an important field of study in robotics, bioengineering 

and in the design of spacecraft, vehicles and machinery I Researchers' goals are to develop 

more powerful techniques to perform the numerical simulation of these dynamic systems in 

order to reduce the high costs of building and testing prototypes. Development of dynamic 

simulators is a priority goal in technological research. Earlier works in multibody 

dynamics using either Newton's or Lagrange's method encountered some of the following 

difficulties: handling constraint forces, tedious differentiations, complex geometrical 

description of the system and lengthy numerical solutions. Kane's equations, on the other 

hand, offer a handy alternative to deal with these problems. The derivations are simple, 

suitable for programming and the management of complex situations is straightforward. 

1.1.2 Obiect-Oriented Programming 

It has been said that the development of celestial mechanics is related to the invention of 

the telescope. Only after its invention was it possible to measure the position of the 

planets. Experimental data obtained in this way became available to be compared with the 

newborn theoretical results of Newton's work. Undoubtedly, like the telescope, the 

invention of the computer boosted and bred a whole set of numerical approaches in applied 

mathematics which otherwise would have remained only as theoretical possibilities. The 

invention of computer languages is now playing a vital part in the development and 

improvement of engineering. It is in this field that Object-Oriented Programming (OOP) 

has appeared as a new paradigm. OOP is an attractive alternative to the procedural 

structured languages (PASCAL, C, etc.). It can be predicted that an oncoming avalanche 

of research will be done using OOP languages. The main reasons are that OOP allows the 

user to manage very complex code with ease; its characteristics enforce reusability of all 

previous written code. OOP thereby represents an enormous savings of time in the long 

run. OOP can be seen as the next step in the evolution of programming techniques. 

1.2 Objectives 

The present work has three objectives. The first one is to present a deep, complete and 

detailed study of Kane's theory. Kane's equations of motion are famous not only because 

of their simplicity but also because only a few researchers really know how the method 
I 



works exactly. There is a lack of good textbook primers describing this remarkable theory. 

The second objective is to study the benefits of OOP languages. To accomplish this, three 

languages were studied: Smalltalk, C++ and THINK C. However, it is not an objective of 

this work to present a description of the OOP characteristics. Nevertheless, a brief 

description of the basic concepts is presented. 

Finally, the third goal is to prepare a code using Kane's theory implemented for the 

dynamics of multi body systems using an OOP language. The program was written using 

THINK C for the Apple Macintosh. This frrst version only handles rigid bodies in spatial 

motion. The code can handle a variety of forces, dampers and springs. Also, the user can 

specify holonomic and nonholonomic constraints. The topologies that the program can 

handle are chain, tree and closed loops. The user can select either a Runge-Kutta fourth

order integration scheme or an Euler second-order approximation. 

1.3 Or~anization of the work 

Chapter II begins by describing Lagrange's method. Lagrange's and Kane's methods 

are similar in their development. Both the unconstrained and constrained cases are studied. 

The constrained case is described by an almost unknown procedure to handle it without the 

use of the Lagrange's multipliers along with the traditional method. Again the rationale is 

to compare the nature of Kane's equations for the constrained case with a traditional 

approach. Chapter II continues with the core of Kane's theory. The reader will find how 

important is the "symbolic equation of motion" for both Lagrange's and Kane's methods. 

The section finishes by presenting an alternative approach presented in Huston's textbook 

[Huston 1990] to handle the constrained case. This alternative consists of using 

Lagrange's multipliers in Kane's method. The benefits are that a simpler numerical 

approach suitable for programming may be used. The equations for the case of the 

dynamics of multibody systems are also presented. This chapter ends with a comparison 

between the two classical methods, Lagrange's and Newton's, and Kane's method. 

Chapter III is dedicated to describing a 2-D example. The problem is solved with the 

three methods. Chapter IV presents a 3-D example. The solution with Kane's method is 

presented frrst and finally the solution for Lagrange's method is also presented. As it will 

be demonstrated, Lagrange's method offers a much more complicated alternative to 

managing the problem. This chapter finishes with an additional discussion of the benefits 

and disadvantages of Kane's alternative. The 3-D problem solved in this chapter is an 

almost general case of the multi body dynamics of rigid bodies. The expressions developed 

there are close to the final expressions used in the code. 
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The implementation of Kane's theory is the subject of Chapter V. All basic expressions 

needed to build a code for the dynamics of multi body systems are presented in this chapter. 

The numerical approach to handle the differential equations is also presented for the case 

when the Euler integration method is selected. Extensions for more accurate integration 

schemes can be easily devised. The chapter continues with a brief description of the 

concepts underlaying Object-Oriented Programming. Clear descriptions of the basic ideas 

are presented with short code examples. The chapter ends with a description of the main 

classes developed for the code. 

The final chapter is devoted to presenting two test examples. Actually there have been 

many test examples like the two- and three-dimensional pendulums; the idea of this chapter 

is to present examples solved by other researchers using different methods. The examples 

were taken from the "Multibody System Handbook" [Schiehlen 1990] where twenty codes 

are presented by their authors. Among these contributions can be found ADAMS and 

AUTOLEV. Each of these papers describe its corresponding code and presents data and 

numerical results for the test examples. The reliability of the results of the code generated 

in this work is done by comparison to the results of the code in these papers. 
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CHAPTER II 

KANE'S THEORY 

2. 1 Introduction 

Most of the time, a physical law is a set of differential equations which relate the values 

of physical quantities like mass, time, position, etc. The solution of such a set of 

equations, for particular values of the physical quantities, constitutes the solution of an 

engineering problem. On one hand the equations can be solved directly, which means 

trying to find a closed form solution or performing a numerical integration. On the other 

hand, the problem can be solved indirectly, which means that an equivalent mathematical 

problem is solved. This is the case, for example, when using a variational approach in the 

linear Finite Element Method. Instead of attacking the stress analysis problem, the 

Potential Energy functional is minimized. Both solutions correspond to the same physical 

problem. The mathematical transformations that an original problem can undergo are 

possible because the physical quantities involved may obey other physical laws or maybe 

because there are additional mathematical conditions, restrictions or constraints that 

accompany the original problem and can be used to transform it into simpler expressions. 

In dynamics, the original problem consists in solving Newton's law of motion. For 

this problem it is found that position, mass and time are the fundamental physical 

quantities. Furthermore, in non-relativistic dynamics it is found that there are no additional 

relationships which involve the mass and time. However, position is the position of the 

mass and the mass is distributed in the space with a definite geometry. Due to this 

geometric nature, there are geometric (kinematical) relationships that accompany the 

dynamics problem. Examples of kinematical relationships are the constraint equations 

(holonomic or nonholonomic equations). The fact that a ball rolls on a surface is a pure 

kinematical relationship. These equations are particular for each problem. Another 

important set of kinematical relationships forms the basis of the principle of virtual work. 

One of these relations states, for example, that the work done by the interaction force 

between the smooth surfaces of two bodies in contact, is zero. This and other statements 

are the basis of the principle of virtual work which can be used to simplify the dynamics 

problem. 
Lagrange was the first one who managed the principle of virtual work in connection 

with Newton's laws to obtain a .transformed equivalent problem. Lagrange's method 

requires the evaluation of the kinetic energy of the system and performing differentiations. 

Hamilton went further by recognizing the variational nature of Lagrange's results. 
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Lagrange provided a simpler way to handle complex problems compared with Newton's 

original approach. However, modern technology presents engineers with even more 

complex situations that are difficult to manage with Lagrange's method. A modern 

approach was developed by Kane. Kane also starts with the principle of virtual work in 

connection with the D'alembert principle. The key point is the way he selects the virtual 

displacements. His resulting method requires the evaluation of the velocity and acceleration 

vectors of all particles but goes straight to compact expressions suitable for numerical 
analysis. 

What follows is a depiction of how Lagrange's and Kane's method are obtained as 

transformations of the original Newton's method, and a comparison between the three 

methods is presented. 

2.2 La~ane;e's method 

2.2.1 The symbolic equation of motion 

Given a system of V particles where: 

mi =mass of particle i. 

Fi = (Xi, Y;, Z;) = total force on particle i. 

ri = (xi, Yi, Zi) =position of particle i. 

Newton's law of motion states that for every particle of the system the following relation 

holds: 

F. -m.r.= o. 
I I I (2.1) 

Obviously, any dot product of Equation 2.1 with any other vector will remain zero. 

However, there is a significant advantage in selecting an infinitesimal displacement 8 r; 

compatible with the displacements of the particle i. The advantage of selecting such a 

vector becomes obvious by performing the summation for all the particles of the system. 

The reason is that in this case, the contribution of all the interaction forces between particles 

cancel out. Therefore Fi in Equation 2.2 need not include the interaction forces. 

v 

~(F .. 8 r. -m.r.· 8 r.) = 0. £..J I I I I I 
(2.2) 

i=l 

Equation 2.2 is so important for the oncoming development that it has been called the 

"fundamental equation" or "Lagrange's form of D'alambert principle" [Rosenberg 1977]. 

Volterra [Volterra 1965] calls it t~e "Symbolic equation of motion" and this name will be 

used in this work. A first comment on this equation is that the vector 8 r; has the only 

restriction that it be infinitesimal so the work done by the interaction forces cancels out. 
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This equation is now also called the principle of virtual work. As shown below, 

Lagrange's method (after introducing a coordinate transformation and defining the kinetic 

energy) transforms the symbolic equation of motion into a simple and ready to use set of 

equations. We begin the derivation for the case when the coordinate transformation deals 

with generalized coordinates with no additional constraints. 

2.2.2 La~an~e's eQuations without constraints 

Given the following coordinate transformation: 

X; = x;( Q!JQ2, ... ,qn,t) 
Yi = y;( QbQ2, ... ,qn,t) 
z; = z;( QbQ2, ... ,qn,t). 

where i= 1 ,2, ... , V. Three sets of equations can be found from Equation 2.3: 

(2.3) 

(a) Taking the total differential of Equation 2.3 with respect to the q's and taking dt=O it is 

found that: 

~~ ax. " a .x ~~ a z. 
ox;= Laoqs, o~= Laoqs, oz;= Laoqs. 

s=l qs s=l qs s=l qs 
(2.4) 

As mentioned in the previous section, there are almost no restrictions in selecting or;. The 

only restriction is that it be small, in this way dt=O is a valid selection. This set of small 

displacements is defined as virtual displacements. 

(b) Differentiating 2.3 with respect to time it is found that: 

. Lll a xi . a xi . L" a Y. . a ~ . Lll a z; . + a zi 
X·= -q +- )l= -q +- z.= -q -' as a'' as a'' as a s=l qs t s=l qs t s=l qs t 

and differentiating these relations with respect to the q 's the following results is obtained: 

ax. ax. a>l·· a_x 
' - ' ' - ' ---, -----, 

ails a qs ails a qs 
a i. a z. __ , =--' 
ac,s aqs. 

(2.5) 

(c) From standard calculus we have that 

and hence 

-~-~ d (a x-J ax.. 
dt a qs -a qs. 

(2.6) 
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The transformation of the symbolic equation begins working with the ftrSt summation 

using only Equations 2.4. This yields 

v v 

2,F;·8r;= 2,(X;8x;+f;8)i+Z;8z;) 
i=l i=l 

and using Equation 2.4 the result is: 

and finally 

V II 

2,F;· 8r; = 2,Qs8 Q8 
(2.7) 

i=l s=l 

where the generalized force Qs has been defined as: 

(2.8) 

Before transforming the second summation in Equation 2.2 there is a need to introduce 

the kinetic energy, which is defined as: 

K 1 LV ( . 2 . 2 . 2) =- m x. +v. + z . . 
2 ' ' Jj ' 

i=l 

Three sets of equations can be derived from Equation 2.9: 

(a) Differentiating K with respect to X;, x and i; it is obtained: 

aK . aK . aK . 
-;-:- = m;X;, ~ = m;)i, -;-:- = m;Z;. 
0 x. 0 v. 0 z. 

' Jj ' 

(b) Differentiating Equation 2.10 with respect to time the result is: 

d (a K) .. d (a K) .. d (a K) .. 
d t a X; = m;X;, d t a X = m;)i, d t a i; = m; Z;. 

(c) From the elementary rule for the derivative of a product of functions it holds that 

d (a K) ax; d (a K ax;) a K d (ax;) 
dt ax; aqs = dt ax; aqs -ax; dt aqs 

which combined with Equation 2.5 and Equation 2.6 gives 
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d (a K) a xi _ d (a K a xi) a K ax; . 
d r a xi a q:l - d r a xi ails - a xi a q:l' 

similar expressions can be obtained for y; and z;. 

(2.12) 

The second summation of the symbolic equation of motion can now be transformed: 

(a) Knowing that 
v v 

~(m.f. · 8 r.) = ~(m.i.8 x. + m.V.8u + m.z.8 z.) 
.L.J ' ' ' .L.J ' ' ' •Ji Ji ' ' ' 
i=l i=l 

and using Equation 2.11, it is obtained that 

= t[.!!_(a K)8 x. +!!_(a K)8 y. +!!_(a K)8 z.J. 
i=l d r a xi ' d r a ~ ' d r a ij ' 

(b) Using Equation 2.4 the former expression becomes 

= i{i[!!_(a ~)a xi+ !!_(a~) a .x +!!_(a ~)!_!.i_JlK q,. 
s=l i=l dt axi aqs dt aY. aqs dt azi aqs J 

(c) Using Equation 2.12 this becomes: 

_ a K a xi _ a K a~ _ a K a ii ]}8 q . 
a xi a q:l a~ a q:l a ij a q:l s 

(d) Rearranging the last expression it is found that: 

-f (a K a xi a K a~ a K a ij )} ~ -.L.J --+--+-- uq. 
i=l a xi a q:l a~ a q~ a ij a q:l s 

(e) And the final expression is 

v " ( d (a K) a KJ L(m;f;· 8 r:)= L -d -a· -a q:l. 
i=l s=l t qs qs 

(2.13) 
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Combining Equations 2.13 and 2.7, the transformed symbolic equation of motion turns 

out to be: 

v •• 
11 

( d (a KJ a K} ~ (F; · 8 r;- m; r; · 8 r;) = L Q1 - - --:- +- q~ = 0. 
•=1 1=1 dr a q~ a q~ 

Finally, if the q's are independent then it must hold that 

: (~~J- ~K -Q,=O (s=1,2, ... ,n). 
t q$ q$ 

(2.14) 

Equations 2.14 are Lagrange's equations when there is no additional constraints. 

Figure 2.1 depicts a logical flow of this derivation. 

2.2.3 Lagrange's eguations with constraints 

In the coordinate transformation (Equation 2.3) some of the q's may not be 

independent. Also during the motion of the system, it is possible that some of the q's are 

not independent either. For these cases, the resulting equations of motion have to be 

solved along with an additional set of equations of the form: 

" L,Ar.rdq~ + B,dt = 0 (r = 1,2, ... m < n). (2.15) 
s=l 

Each particular equation in 2.15 is called a constraint equation. Constraints can be called 

holonomic or nonholonomic depending on if they are integrable or not. 

It is worthwhile to notice that while Newton's equations holds true for every time t 

during the motion, the symbolic equation also holds true for every timet during the motion 

and for any set of virtual displacements. This way, for a particular time, Lagrange had the 

freedom to select any virtual displacement he wanted. His selection, depicted by Equation 

2.4, was arbitrary and proved to work well. A key point of his selection is that while 

position (Xi, Ji,Zi) is a function of the q's and the time, Equations 2.4 state that the selected 

displacements are variations of the position taking the time fixed. Arbitrarily, he took 

dt=O. Accordingly, Equation 2.15 takes the form: 

II 

L,A,s8 qs = 0 (r = 1,2, ... ,m < n)· (2.16) 
.r=l 
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F.- mr= 0 
' ' 

Newton's laws of motion 

v 

~ ( F; ·· <S r; - mf; · <S r;) = 0 

coordinate 
transformation 

Kinetic energy 

no constraints 

Principle of virtual work 
Symbolic equation of motion 

Transformed symbolic equation 

aK 
+ qs=O a qs 

constraints 

II 

Figure.2.1: Lagrange's Equations logic flowchart 
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Equations 2.16 state that m Bq's are dependent while only the n-m Bq's are true 

independent. Now, the transformed symbolic equation of motion remains the same: 

t(Q _!!_(aK)+ dKkq =O 
.r=l .r dt a q .r a q .r r .r • 

(2.17) 

where it should be noticed that the coefficients of the Bq's are no longer zero because only 

n-m &j's are independent. 

There are two approaches to find the equations of motion from the system 2.16 and 

2.17. The first one, almost unknown, consists in solving Equation 2.16 for m oq's as 

functions of the others, for example: 
" 8q,= L,Dr.r8qs (r=1,2, ... ,m). (2.18) 

.r=m+l 

This case has been solved for the first m Bq's which become dependent on the later n-m 

Oq's which are true independent. Then, defining Cs as the coefficient of OQs it is found 

that Equation 2.17 takes the form: 

.r=l 

Splitting this summation and changing the dummy index in the first one it is obtained: 

m " 

L,c,8 q, + L,cs8 q, = 0. 
r=l s=m+l 

Using Equation 2.18 the former equation transforms to: 
m " " 

L,c, L,D,s8q,+ L,c,8q,=O 
r=l s=m+l s=m+l 

and rearranging it, it follows that: 

JJ~c,D,. + c.)o q, = o. 
But these oq's are true independent, so: 

m 

~CD +C =0 (s=m+l,m+2, ... ,n) . .l..J r r.r .r 
(2.19) 

r=l 

Equation 2.19 represents n-m equations of motion which have to be solved along with 

Equation 2.15 which represents m constraint equations giving a total of n equations for n 

unknowns. This approach is depicted in Rosenberg's textbook [Rosenberg 1977] and it is 

termed the "embedding of nonholonomic constraints." Nevertheless, it can be used with 

holonomic constraints as well. 
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Probably the reason why the former approach is not popular is due to the beauty of 

another procedure also created by Lagrange. Lagrange recognized that it is always possible 

to find m quantities Ar such that : 

-fA., A,. =c.= Q.- !!..(a~)+ a K 
r=l dt a q. a q. 

(s = 1,2, ... ,m) (2.20) 

where Cs is the first m coefficients of the Sq's in Equation 2.17. From Equation 2.16, it 

can be seen that the following expression is a null quantity: 

(2.21) 
r=l s=l 

Adding this expression to Equation 2.17 and rearranging the summation it is obtained that: 

(2.22) 

Watching the former equation carefully it can be noticed that according to Equation 2.20 

the coefficients of the first m Sq's are zero. Moreover, the rest of the Sq's are truly 

independent. It then follows that their coefficients must be zero, too, so it follows that for 

all Sq's: 

!!_(a K)- a K = Q +I A. A (s = 1,2, ... ,n) 
dt a q. a q s s r= 1 r rs 

(2.23) 

which represent n equations of motions that have to be solved along with Equation 2.15 

which represents m constraint equations giving a total of n + m equations for n + m 

unknowns. Equation 2.23 represents the Lagrange's multipliers method for the dynamics 

problem when there are constraints. 

It can be shown that these two approaches to handle the problem with constraints are 

equivalent. The first one is presented because Kane's method uses a similar approach 

when dealing with motion constraints. However, the algorithm implemented in this work 

uses an approach similar to Lagrange's multipliers method. 

2.3 Kane's method 

2.3.1 The startin~ point 

Using Kane's nomenclature, the symbolic equation of motion is: 
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where: 

" L(R; · 8 r; + R; · 8 r;) = 0 
i=l 

R; = Total force acting on particle i. 
R• .. 

.=-m.r. • • •• 

(2.24) 

It is already known that equation 2.24 holds true for any selected vector Or;. If in 

addition, the Or; proves to be small and compatible with the constraints of the system, then 

R; need not include the non-working forces. Because there are no restrictions in selecting 

the Or;'s, Kane makes his choice selecting a differential displacement dr;, which 

corresponds to the actual motion of each particle of the system. The symbolic equation 

now becomes: 

" ~(R.· dr. + R~ · dr.) = 0. L.J A A I I 

i=l 

Dividing this equation by a differential of time dt: 

and finally: 

" L(R;· vP; +a;. vP;) = o (2.25) 
i=l 

where 

p. dr; 1 · f · 1 · v · = - = ve oc1ty o part1c e l. 
dt 

Equation 2.25 is also called the principle of virtual power. A first comment on this 

equation is that R; need not include the non-working constraint forces because the actual 

motion of the particles is obviously compatible with the admissible displacements of the 

system. Kane presents a rational demonstration of this fact in his textbook starting from 

scratch [Kane 1985]. A second comment is that the same coordinate transformation, 

depicted by Equation 2.3, is maintained. As with Lagrange's method, the case when there 

are no motion constraints is presented frrst. 

' 
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2.3.2 Kane's eguations without constraints 

The core of Kane's theory is based on the following statement: Given a set of n 

independent coordinates q's then their time derivatives q' s are also independent. 

Moreover, a transformation of the type: 

" 
u, = LY,,q, + Z, (r = l, ... ,n) (2.26) 

.r=l 

defines a set of n independent u's. Y,s and Z, in Equation 2.26 are functions of the q's 

and time and the u's are called generalized speeds. 

Starting the proof of the first part of this statement, recall that the definition of an 

independent set of coordinates, q's, states that any functional relationship involving their 

dq's does not exist, like for example: 

B1 dq1 + B2dq2 + · · · + B,.dq,. = 0 

This means that the q's can vary without restrictions. Now, if the q's can vary without 

restrictions then the dq's are also independent. Finally, if the variations of the dq's are 

independent then, by dividing the dq's by dt it is found that the q' s are also independent. 

That Equation 2.26 defines an independent set of u's follows from the fact that 

assuming that they are not independent then there exists a functional relationship between 

them. But by using Equation 2.26 it is found that a functional relationship between the u's 
implies a functional relationship between the q' s, so our starting assumption that the u's are 

not independent is false. 

The next step in Kane's theory is to find an expression for the velocities. Using 

Equation 2.3 the velocity of a particle Pi is: 
p. (. • • ) v I= X;,~,Z; (2.27) 

where 
. L" a x; . a x; . L" a~ . a >: . L" a z; . a z; 

X·= -q +- v.= -q +- z.= -q +-. ' a " a 'J' a s a ' ' a " a s=l q, t s=l Q, t s=l Q, t 

Solving for the q' s in Equation 2.26: 
" q, = L Wsru, + V, (s = 1,2, ... ,n) (2.28) 

r=l 

and using this expression, for example, the x component of the velocity is: 

" ax. ( " ) ax. x; = L-a , L ~,u, + v, +-a , . 
s=l qs r=l t 

Rearranging the summations it is obtained for this component that: 
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·-~(~axjw} ~axjv ax; x.- L.J L.J- + L.J- +-
, r=l .r=l a q, "' , .r=l a q, .r at (2.29) 

and similar expressions are found for the y and z directions. The velocity of the particle i 

can now be expressed as: 

" v'i = ""'v'ju + v'i kJ r T I (2.30) 
r=l 

where: 

VP; = (~ a X; W ~ a~ W ~ a Z; W ) 
, L.J :l ,,, L.J :l ,,, L.J :l "' 

.r=l 0 q, .r=l 0 q, .r=l 0 q, 
(2.31) 

and 

P;- <L" a xjv a xi L" a .X v a Y. L" a zj v a Z;) v - - +- - +- - +-' :l s :l' :l s :l' :l s :l • 
.r=l 0 Q, 0 t s=l 0 Q, 0 t s=l 0 Q, 0 t 

(2.32) 

The next step is to use Equation 2.30 in the symbolic equation of motion (Equation 

2.25) to obtain: 

i(R; · (t v:i u, + v~iJ + R;. (t v:i u, + v~iJJ = 0. 
•=1 r=l r=l 

Rearranging this expression: 

(2.33) 

In Equation 2.33, it is first noticed that the second summation is identically zero due to 

Newton's second law and after defining 

v v 

F, = L Ri . v :i ' F,• = LR;. v:i (2.34) 
i=l i=l 

the symbolic equation of motion transforms to the following expression: 

II 

L(F, + F,•)u, = 0. (2.35) 
r=l 

Finally, notice that the u's in Equation 2.35 are independent so each coefficient must be 

zero. Accordingly: 

F, + F,• = 0 (r = 1,2, ... ,n). (2.36) 

These are Kane's equations of motion. It can be seen that Kane's equations are similar 

in nature to Lagrange's equations. Both of them are transformations of the symbolic 
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equation of motion. While Lagrange selects a virtual displacement taking the time fixed, 

Kane selects a real displacement. While Lagrange found that the introduction of the kinetic 

energy produces a simple expression, Kane found that he can also obtain a set of 

independent equations which are easy to construct. As in Lagrange's method, he avoids 

the overburden of taking the nonworking forces into account. 

Kane introduced the following nomenclature for the quantities involved in his method: 

F, =generalized active force 

F,• = generalized inertia force 

v~i =partial velocity r of particle P;. 

The reason for calling v~i the rth partial velocity is because this vector is actually the 

partial derivative of the velocity with respect toUr. 

2.3.3 Kane's equations with constraints 

As with Lagrange's method, there are two approaches that can be used in Kane's 

method when dealing with constraint equations of the form: 
" L A,sdqs + B,dt = 0 (r = 1,2, ... ,m < n). (2.37) 

s=l 

The first one is obtained by dividing Equation 2.37 by dt and using Equation 2.28 to 

obtain: 

(2.38) 

Rearranging Equation 2.38 the constraint equations can be expressed as: 

" LRrsus + S, = 0 (r = 1,2, ... m < n) (2.39) 
s=l 

where Rrs and Sr are obtained from Equation 2.38 and are functions of the q's, q' s and 

time. 
Equation 2.39 can now be solved form of the u's. Kane prefers to solve for the last m 

u's: 
p 

u, = LP,.sus + Q, (r = p + l, ... ,n) (2.40) 
s=l 

where: 

p = n-m. 
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The velocity of the particle P; (Equation 2.30) can be rewritten as: 

p " 

v'i ="" v'i u + ""v'i u + v'i L.Jrr L.Jrr t• (2.41) 
r=l r=p+l 

Combining Equations 2.40 and 2.41 the velocity becomes: 
p " p 

v'~ = ""v'~ u + "" v'i<"" P u + Q) + v'• L.Jr r L.J rL.Jns r t• 
ral r=p+l .r=l 

Changing the index of the summations: 
p " p 

v'i ="" v'i u + "" v'i<"" P u + Q) + v'i L.Jr r L.J sL..rrr 1 t• 
r=l s=p+l r=l 

Rearranging the summations: 
p II II 

v'i = L<v~j + L v:j~,)u, + ( L v:jQ~ + v~i). (2.42) 
r=l s=p+l s=p+l 

Defining: 
" v'i = v'i + ""v'i p r r L.Jssr (2.43) 

s=p+l 

" v'i = ""v'iQ + v'i t L. s s t (2.44) 
s=p+l 

the velocity can be expressed as: 

(2.45) 
r=l 

It should be noticed that the velocity is now a function of only p independent u's. 

The final step is to substitute the expression for the velocity into the symbolic equation 

of motion. The algebra follows. Equation 2.25 can be stated as: 

Rearranging: 

(2.46) 

Following a similar reasoning as for Equation 2.33, the second summation is identically 

zero. Defining: 
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v v 

ft = ""'R .. v'i , £..J ' , ' 
F_• = ""R~. -P; , £..J ' v, (2.47) 

i=l i=l 

as the nonholonomic generalized active force and the nonholonomic generalized inertia 

force in the same way, the symbolic equation of motion becomes: 

p 

L ( F,. + F,.·) u, = o. (2.48) 
r=l 

In Equation 2.48 all the u's are independent so Kane's equations of motion for the case 

with constraints are: 

F,. + i'; = 0 (r = 1,2, ... ,p). (2.49) 

Equation 2.49 has to be solved along with Equation 2.39 giving a total of p+m=n 

equations. A strong analogy can be noticed between this approach and the frrst approach to 

Lagrange's equations. 

There is an important relationship between Kane's nonholonomic and holonomic 

generalized forces. From 
v 

F- LR -P. = .·v. , ' , 
i=l 

and 
II 

v~i = v~i+ L v~i~, 
s=p+l 

it is obtained that 

F = ~R.·(v'i+ ~v';p) r £..J' r £..Jssr 
i=l s=p+l 

and 

and fmally that 
II 

F, = F, + LF:Psr• (2.50) 
s=p+l 

A similar development can be done for the nonholonomic generalized inertia force to obtain: 
II 

F,.. = F,* + L ~·PST. (2.51) 
s=p+l 
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Putting these expressions in Equation 2.49 the result is: 
II 

~ + ~· = F, + F: + L(F: + ~·rs, = o (2.52) 
s=p+l 

and noting that the F, + ft; are the coefficients of the u's in Equation 2.35 it is evident that 

Equation 2.52 is similar to Equation 2.19 where the Cs are the coefficients of the Oq's in 

Equation 2.17. Figure 2.2 depicts a logic flowchart of Kane's method. 

2.3.4 Second approach to Kane's equations with constraints 

Huston [Huston 1990] depicts how Kane's equations for the constrained case can be 

transformed in a similar format as found in the Lagrange multipliers method. He uses a 

physical approach to show his assessment. On the other hand, it is preferred to present a 

mathematical derivation starting with the above developed expressions. 

The starting point is Equation 2.39 which in matrix forms is: 

(2.53) 

this expression in partitioned form is: 

[[R ] [R ] 1{ {u.} pxt} + {S} - {0} 
1 mxp 2 mxm {U

2
}mxl mxl- mxl 

(2.54) 

where the column matrix U 1 stores the first p u's and U2 the last m u's. Solving for U2: 

(2.55) 

or 
(2.56) 

where P and Q are found by inspecting Equation 2.55. Compare Equation 2.56 with 

Equation 2.40. 

Now, defining 

D, = F, + F,* (r = 1,2, ... ,n) 
- - -. 

D, = F,+ F, (r = 1,2, ... ,p) 

and 
fi'. + F;.* Fi + Ft Fp+l + F;+t 

:01 = ' o. = ' 02 = 
~+~ ~+~ ~+~ 

Equation 2.48 transforms to: 

u~f>1 = o 
19 
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Figure 2.2: Kane's Equations logic flowchart 
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and Equation 2.52 transforms to: 

- T 
Ot = Ot + p 02· (2.58) 

Combining Equations 2.58 and 2.57 it holds that: 

(2.59) 

The next statement is based on the nature of the constraint equations 2.53 (or its 

equivalent Equation 2.39) and following the same reasoning as with the Lagrange 

multipliers method: Because the constraint equations are independent it is always possible 
to find a vector A. such that: 

0 2 + R~A. = 0. (2.60) 

Equations 2.60 and 2.20 are similar. 

The next step is to take the transpose to Equation 2.54, and postmultiply it with A.: 

(2.61) 

This is a null quantity which when added to Equation 2.59 transforms it to: 

u~o. + u~PTD2 + u~R~A. + u~R~A. + sTA. = o. (2.62) 

Now, substituting the expression for U2 (Equation 2.56) it is obtained that 

(2.63) 

Collecting the second and fourth terms, and substituting the expression for Q the former 

equations turns to be 

lJ~D1 + U~PT(D2 + R~A.) + U~R~A. + 

( -STR~-1)R~A. + STl. = 0 
(2.64) 

where the second term cancels out due to Equation 2.60 and the last two terms cancel each 

other. Hence, Equation 2.64 becomes: 

(2.65) 

from which: 

0 1 + R~l. = 0. (2.66) 

Combining Equations 2.66 and 2.60 the final result is: 
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(2.67) 

or 

(2.68) 

where D is a column matrix storing the Kane coefficients for the u's and R is the constraint 

matrix in Equation 2.53. 

Equation 2.68 in indicia! notation is: 
,. 

F, + F,* + LA..rR.r, = 0 (r = 1,2, ... ,n) (2.69) 
.r=l 

which is the desired end result. Huston [1990] presents the following format: 
F,. + F,.* + F,'= 0 (r = 1,2, ... ,n) (2.70) 

fQr Kane's equations of motion in the constrained case. In what follows Equation 2.69 

will also be called Kane's equations of motion. Observe that in this case there are n+m 

equations as for Lagrange's method. 

2.3.5 Kane's equations for multibody systems 

Assuming the constraint equations are known, Equation 2.69 can be written with the 

help of equation 2.34 in the following form: 

v ,. 

L(Ri · V~i + R; · V~i) + LA.sRs, = 0 (r = 1,2, ... ,n); (2.71) 
i=l s=l 

a further transformation can be done for the case of a system of rigid bodies. As explained 

in Kane's textbook [Kane 1985] Equation 2.71 becomes: 

N N m 

L{R;·V~i+T;·ID~i)+ L(R;·v~i+T;*·(J)~i)+ LA.sRs,=O (r=1,2, ... ,n) 
i=l i=l s=l 

where n is the number of degrees of freedom, N is the number of rigid bodies and 

v~i = rtJa partial velocity of center of mass of Body i 

CJl~i = r'" partial angular velocity of Body i 

R. = Resultant of forces acting on Body i 
' 

T. = Resultant of moments acting on Body i around center of mass. 
' 

(2.72) 

The partial angular velocities are obtained in the same way as the partial velocities are 

obtained. This is because the angular velocity of a rigid body can always be expressed in 

the following fonn: 
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II 

(I)B; = L (l)~i ur + (J)~i. (2.73) 
r=l 

Also it holds that 

where 
M; = mass of body i. 

a B; = acceleration of center of mass of body i. 

Cll
8

i = angular velocity of mass of body i. 

a 8
i =angular acceleration of mass of body i. 

I; = Inertia dyadic of body i. 

(2.74) 

(2.75) 

2.4 Comparisons of the three methods 

2.4.1 Number of eguations 

The comparison between the three methods is going to be done assuming that all the 

methods are to be used in the analysis of a multibody system with rigid bodies using a 

computer code. Following this criterion it is found that whether we deal with a holonomic 

system or not, Newton's method is the one which has the largest number of equations. 

For the case of a multibody system with 10 bodies (see Figure 2.3) with m nonholonomic 

constraint equations and where all the bodies are connected with ball-joint connections, it 

holds that: 

(a) Using absolute coordinates. 6 coordinates per body. 

(1) 10*6 equations of motion. 

(2) (1 0-1 )*3 holonomic constraint equations. 

(3) m nonholonomic constraint equations. 

Giving a total of 87+m equations for 60 coordinates, 27 reaction forces and 

m constraint forces. 

(b) Using generalized coordinates. 6+9*3 = 33 coordinates. 

(1) 10*6 equations of motion. 

(2) m nonholonomic constraint equations. 

Giving a total of 69+m equations for 33 coordinates, 27 forces and m 

constraint forces. 
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Bodies 2,3, ... , 10 need 6 coordinates each if absolute 
coordinates are used. They need 3 coordinates each 
if generalized coordinates are used. 

Body 1 needs 6 
coordinates 

z 

y 

Figure 2.3: A multibody system. 

For the same system using Lagrange's method the numbers are: 

(a) Using absolute coordinates. 6 coordinates per body. 

(1) 60 equations of motion. 

(2) (1 0-1 )*3 holonomic constraint equations. 

(3) m nonholonomic constraint equations. 

Giving a total of 87+m equations for 60 coordinates and 27 reaction forces 

and m constraint forces. 

(b) Using generalized coordinates. 6+9*3 = 33 coordinates. 

(1) 33 equations of motion. 

(2) m nonholonomic constraint equations. 

Giving a total of 33+m equations for 33 coordinates and m constraint 

forces. 
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Finally using Kane's methcxi the following remarkable results are obtained: 

(a) Using absolute coordinates. 6 coordinates per body. 

(1) 60-27-m equations of motion (Equation 2.49). 

(2) 27 holonomic constraint equations. 

(3) m nonholonomic constraint equations. 

Giving a total of 60-27-m+27+m = 60 equations for 60 coordinates. 

(b) Using generalized coordinates. We need 6+9*3 = 33 coordinates. 

(1) 33-m equations of motion (Equation 2.49). 

(2) m nonholonomic constraint equations. 

Giving a total of 33-m+m = 33 equations for 33 coordinates. 

Kane's method is the best choice regarding the total number of equations. 

2.4.2 Al~ebra and calculus manipulations 

The algebra and calculus manipulations refer to all the work that has to be done after the 

data has been obtained and before the numerical integration begins. Limiting the 

comparison of the three methods to the analysis of multibody systems, it is found that 

Newton's method involves the following calculations: 

(1) Compute the angular velocity of each body. 

(2) Compute the angular acceleration of each body. 

(3) Compute the velocity of the center of mass of each body. 

(4) Compute the acceleration of the center of mass of each bcxiy. 

The assemble of the equations of motion follows immediately. Recalling that there is a set 

of constraint equations that require minimal effort to assemble, the numerical integration 

can begin right after step 4. 

The work that has to be done in Lagrange's method is as follows: 

(1) Compute the angular velocity of each body. 

(2) Compute the velocity of the center of mass of each body. 

(3) Compute the kinetic energy of each body. 

(4) Differentiate the kinetic energy of each body. 

The assemble of the equations of motion follows immediately. Comparing this work with 

the work in Newton's method, it can be seen that there is no need to calculate the angular 

acceleration nor the acceleration vectors. However, these vectors are evaluated indirectly 

because differentiating the kinetic energy deals with differentiating the square of the 

velocity. 

25 



Kane's method is the one with largest amount of work before the numerical integration 

begins. In addition to the calculations indicated for Newton's method the following 

calculations have to be done: 

(1) Compute partial velocities of each body. 

(2) Find the generalized forces. 

However, this additional work is not cumbersome. The partial velocities are found by 

inspection and the generalized forces involve simple dot products. Moreover, as depicted 

by Kane [Kane 1985] the calculations of accelerations and equations of motion can be 

simplified if a good selection for the generalized speeds is made. 

2.4.3 Numerical solutions 

Both Newton's and Lagrange's methods result in a sparse and large matrix differential 

equation. Furthermore, the equations need to be arranged in such a way to produce the 

equations of motion, the constraint equations and the nonholonomic constraint equations in 

different blocks before starting the numerical integration. 

Kane's method has the advantage that the resulting set of equations is of the form 

x .. u.=f· 
'J J ' 

(2.76) 

which is a ready to use format suitable for almost any type of numerical integration method. 

In Equation 2.76 Xij and .fi are functions of the u's and q's. This is not the case with 

Newton's and Lagrange's methods where it is necessary to deal with the forces and 

coordinates at the same time. 
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CHAPTER III 

A COMPARATIVE 2-D EXAMPLE 

3. 1 Introduction 

The following full example is done in order to compare the three methods: Newton's, 

Lagrange's and Kane's. Figure 3.1 shows the multibody system to be analyzed. As 

shown in the figure, Body 1 is connected to the ground (reference inertial frameR) by 

means of a hinge and an elastic torsional spring of constant K1 and it is also connected to 

Body 2 by means of another hinge and another elastic spring of constant K 2· The position 

of this body relative to the fixed frame is defined by the angle q1• The following data is 

also given: 

the position of point Ot relative to fixed frame is 
Ot = Pt Do.~+ P2"o1 , 

the position of center of mass of Body 1 relative to point 0 1 is 
rt = ~n~.z + ~nt,. 

Body 1 has a mass Mt and an inertia fzt around the z axis through the center of mass. The 

forces acting on it are a constant force Q1 acting downward through the center of mass and 

the torques of the springs whose magnitudes are, respectively, K IQI and K2q2. No 

gravitational forces are present. 

Body 2 has a mass M2 and an inertia lz2 around the z axis through the center of mass. 

As shown above, it is connected to Body 1 by a hinge and an elastic torsional spring of 

constant K2. Body 2 is also connected to Body 3 by means of an elastic linear spring of 

constant K 3. The position of this body relative to Body 1 is defined by the angle Q2· 

There is no gravitational force acting on this body and the magnitude of the spring torque 

and the linear spring are K2Q2 and K3(Q3-f), respectively. The constant/and the following 

data are given data: 

the position of point 02 relative to Body 1 is 
02 = l't nh + ~n2, , 

the position of center of mass of Body 2 relative to point 02 is 
r2 = btn2.x + b2n2, . 

Body 3 has a mass M3 and an inertia lz3 around the z axis through the center of mass. 

Body 3 slides along the axis x of Body 2 and it is connected by an elastic spring of 

constant K3 which exerts a force· of magnitude K3(Q3-/). No gravitational force acts on 

Body 3. 
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Inertial frame 
R~--------~ 

Figure 3.1: Mechanism to be analyzed 
.______ ___ ~--~ 

The position of Body 3 is defined by the distance Q3. Additional information known 

about the body is: 

the position of point 03 relative to Body 2 which is 

03 = Q3°2.z ' 

and the position of center of mass of Body 3 relative to point 03 which is 

r3 = c1 o2.~ + c2 o2, • 

3.1.1 Nomenclature 

(a) In order to deal with simpler expressions the following nomenclature has been 

adopted. Any vector like r2 in this problem is written in the following form: 
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Defining the following column matrices 

0 = {"o.~}, 1 = {"t:c}' 2 = {"2:c} 
no, nt, n2, 

Moreover, defining the transformation matrices: 

_ [cos Q;. -sin Q;.] 
S;.- . (i = 1,2) 

SlnQ;. COSQ;. 

(3.1) 

(3.2) 

which relate the units vectors of the frame attached to Body i relative to Body i-1, it can be 

demonstrated that 
0 = S11, 1 = S22 (3.3) 

and a vector like rt can be written as 
r1 = (~ ~)1 = (~ ~)S22. 

A 

(b) The unit vector k is perpendicular to the plane of motion and is common to all the 

reference frames. Finally, it can easily be shown that the following results hold. 

(b.l) Scalar product of any two vectors. Given 
x = (x1 x2)1 

y = (Ji Y2)1 

z = ( z1 z2)0 = ( z1 z2)S11, 

it follows that 

x · y = (x1 x,{~) = (J! ~CJ 

x · z = (x1 x2)S~GJ = ( Z1 z,~{ ::). 
(b.2) Vector product. Given 

A 

w=wk, 

it can be shown that 
w x x = wk x (x1 x2)1 = w(-x2 x.)k 

and 
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(3.5) 
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(c) Finally, the derivative of a transformation matrix is 

:t {(~ a,)S.} =(a, -~)S.Q,. (3.8) 

3.2 Solution with Newton's method 

For a rigid body in two-dimensional motion, Newton's equations reduce to the 

following expressions: 

(a) Equilibrium of forces acting on the body: 
F = Ma. (3.9) 

(b) Equilibrium of moments acting on the body: 
.... 

M=l,qk. (3.10) 

In these expressions F is the total force acting on the body, M is the total mass, a is the 

acceleration of the center of mass, M is the total moment acting on the body around the 

center of mass, lz is the inertia around the z axis through the center of mass and q is the 

angle around the z axis. 

3.2.1 Equations for Body 1 

(a) Kinematics of Body 1. 

(a.1) The angular velocity and angular acceleration of Body 1 relative to the 

reference frameR are: 
1 • k.... 1 •• k .... 

m = q. , a = q1 . 

(a.2) Velocity and acceleration of point 0 1 relative to fixed frameR are: 
RV01 = (0 0)1, R 3°1 = (0 0)1. 

(a.3) Position, velocity and acceleration of center of mass relative to Ot.are: 
li =(a. ~)1, r1 = (o o)1, r1 = (o o)1 . 

(a.4) Velocity of center of mass relative to reference frameR: 

RVr1=R v0
' + r1 + (J)

1 
X r1 = Q1 k X ( lZt ~)1 = Q1( -~ a.)1. 

(a.5) Acceleration of center of mass relative to reference frame R: 

Rar' = oao, + G + (al X fi) + (2CJl1 X rl) + (CJll X (CJl1 X rl)) 

Rar' =q1 k X (a. ~)1 + Q1k X (q1k X (a. ~)1) 

Rar'=iit(-~ a.)1-qt2(lZt ~)1. 

(b) Kinetics of Body 1. See Fig~re 3.2. 

(b.l) Forces acting on Body 1: 
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(3.12) 

(3.13) 

(3.14) 

(3.15) 



F1 =(F. F2)0 =(F. F;)S11 

F2 = (F; F4)1 

G1 = (0 -Q1)0 = (0 -Q1)S11. 

(b.2) Equilibrium of forces on Body 1. In vector notation it holds that: 
Ft +F2+Gl = MtRar' 

and 

(F. F2)st1 + (F3 F4)1 + (0 -Q~)Stl = Mt{ iit( -~ ~)1- q~(~ ~)1} 

where it is found that the scalar equations are 

F.cosq1 + f;sinq1 + F;- Q1 sinq1 = M1{-ii1~- q~~} 

-F. sin q1 + F2 cosq1 + F4 - Q1 cosq1 = M1{ Q1a,- q~ ~}. 

(b.3) Moments acting on Body 1. 

-r, x F, =-(a, a,) I x (r; F;)S,t = -(r; F,)st:,} 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(02 - r1) x F2 =(~-a, ~- ~)1 X (F; F4)1 = (F; F4)(-(~- ~))k (3.21) 
h,-~ 

L____ __ _ Figure 3.2: Free body diagram for Body 1 -----' 
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(b.4) Equilibrium of moments on Body 1. In vector notation 

-r1 x F1 + (02 - r1) x F2 + T1 = ii/,i< 
and 

-( F; F,)st: )k + ( F, F.{-~_-:)}< + (K2q2 - K1q1)k = iitf,.k 

where it is found that the scalar equation is 

-F;(-a2 cosq1 - ~sinq1)- f;(-~sinq1 + ~cosq1 ) 

-F3(~- ~) + F4(h.- ~) + (K2q2- Klql) = i:i/zt 

3.2.2 EQuations for Body 2 

(a) Kinematics of Body 2. 

(3.22) 

(3.23) 

(3.24) 

(a.l) Angular velocity and angular acceleration of Body 2 relative to fixed frameR. 
ID2 = ( q1 + q2)k, a 2 = ( q1 + q2)k. (3.25) 

(a.2) Velocity of point 0 2 relative to fixed frameR. 
02 =(h. ~)1, 02 = (0 0)1, 62 = (0 0)1 

RV
01

=R V
01 + 0 2 + CJl

1 
X 0 2 = Q1 k X (h. ~)1 = Q1( -~ lz..)1. 

(a.3) Acceleration of point~ relative to fixed frameR. 

R&01=R&01 + 6 2 + a 1 
X 0 2 + 2ro1 

X 0 2 + CJl
1 

X (ro1 
X 0 2) 

RaOz = a1 X 02 + (1)1 X ( (1)1 X 02) 

Ra
01 =q1kx(lz.. ~)1+q1 kx(q1 kx(Jz.. ~)1) 

RaOz=q1(-~ h.)1-q~(h. ~)1. 

(a.4) Position, velocity and acceleration of center of mass relative to 02. 

r2 = (b1 b2)2, r2 = (o 0)2, r2 = (o 0)2 . 

(a.5) Velocity of center of mass relative to reference frameR. 
R Vrl=R VOz + f2 + (1)2 X r2 

Rvrz = q1(-~ Jz..)1 + (q1 + q2)k X (b1 b2)2 

Rvrz = q1( -~ Jz..)S22 + (q1 + q2)( -b2 b1)2. 

(a.6) Acceleration of center of mass relative to reference frameR. 
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Rarl=Ra02 + f2 + a2 X r2 + 2(1)2 X r2 + (1)2 X ( (1)2 X r2) 

Rarl=Raol + a2 x r2 + (1)2 x ( (1)2 x r2) 

Rar2 =q1(-~ ~)1-q~(~ ~)l+(q1 +q2)kx(b1 b2)2+ 

(qt + Q2)k X ( (ql + Q2)k X (b1 b2)2) 

Rar2 = ii1( -~ ~)S22- q~( ~ ~)S22 + ( iit + ii2)( -b2 bt)2 

-( ilt + q2)
2

( bl b2)2. 

(b) Kinetics of Body 2. See Figure 3.3. 

(b.l) Forces acting on Body 2. 

-F2 = -(F; F4)1 = -(F; ~)S22 
F3 = (o r;)2 

G2 = (K3(q3- f) 0)2. 

(b.2) Equilibrium of forces on Body 2. In vector notation: 
- F2 + F3 + G 2 = M 2 R a rl 

and 
-(F; ~)S22 + (0 F;)2 + (K3(q3- f) 0)2 = 

M 2{ iit( -~ ~)s22- q~( ~ ~)S22 + ( iit + ii2)( -b2 bt)2 

-( ql + 42)
2
( bl b2)2} 

Figure 3.3: Free body diagram for Body 2 
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where it is found that the scalar equations are 
-f;cosq2- F4sinq2 + K3(q3 - f)= M2{q1(-~cosq2 + ~sinq2) 

-q~( fZt cosq2 +~sin q2)- ( q1 + q2)b2- ( q1 + q2)
2 b1} 

and 

f;sinq2- ~cosq2 + F; = M2{ q1(~sinq2 + fZt cosq2) 

-q~( -~Zt sin q2 +~cos q2) + ( ii1 + ii2)b1 - (tit + i/2)
2 
b2}. 

(b.3) Moments acting on Body 2. 

-r2 X - F2 = -( b1 b2)2 X -( f; ~)1 = ( b1 b2)2 X ( f; ~)S22 

= (F; F.)s{ -b:} 
(03 - r2) x F3 = (q3 - b1 -b2)2 x (0 F;)2 

= (o Fs)( bz )k 
q3- bl 

(03 - r2) x G2 = (q3- b1 -b2)2 x (K3(q3- f) 0)2 

= ( K3( Q3 - f) 0 )( b2 )k 
q3-bl 

.... 

T2 = -K2q2k. 

(b.4) Equilibrium of moments on Body 2. In vector notation: 

(3.34) 

(3.35) 

(3.36) 

-r2 x -F2 + (03 - r2) x F3 + (03 - r2) x G2 + H1 + T2 = (q1 + q2)/,2k (3.37) 

and 

(
-b2)" ( b2 )" ( (F; ~)S2 k + (0 F;) _ b k + K 3(q3 - f) 
bl q3 1 

+~k- K2q2k = (iit + ii2)/,2k 

where it is found that the scalar equation is 
F;( -b2 cos q2- b1 sin q2) + F4( -b2 sin q2 + b1 cos q2) 

+F;(q3- bl) + K3(q3- f)b2 + F;,- K2q2 = (iit + ii2)J,z· 

3.2.3 Eguations for Body 3 

(a) Kinematics of Body 3. 

(a.l) Angular velocity and angular acceleration of Body 3. 
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ID
3 
= ( ilt + il2)k, a 3 = ( iit + ii2)k. 

(a.2) Velocity of point 0) relative to fixed frameR. 

03=(q3 0)2, 03=(43 0)2, 03=(ii3 0)2 
RV03=RV02 + Q + (1)2 X O 

3 3 

RV03 = ti1(-~ ~)1 + (q3 0)2 +(tit+ ti2)k X (q3 0)2 

RV0'=i~t(-~ ~)S22+(q3 0)2+(qt+q2)(0 q3)2. 

(a.3) Acceleration of point O:J relative to fiXed frameR. 

R&
0

'=R&
02 + Q + a2 X 0 + 2Cil2 X Q + CJl2 X (m2 X 0 ) 3 3 3 3 

Ra
0

' = q1(-~ ~)1- q~(~ ~)1 + (ii3 0)2 + 

(ql + Q2)k X (q3 0)2 + 2(q1 + Q2)k X (q3 0)2 + 

( Ql + ci2)k X ( ( ci1 + ci2)k X ( Q3 0 )2) 

Ra0'=q1(-~ /;)822-ci~(~ ~)822+(q3 0)2+ 

(lit+ ii2)( 0 q3)2 + 2( 41 + 42)( 0 43)2- ( 41 + 42)
2
( q3 0 )2. 

(a.4) Position, velocity and acceleration of center of mass relative to 0). 

(3.40) 

(3.41) 

(3.42) 

r3=(ct c2)2, •\=(0 0)2, r3=(0 0)2. (3.43) 

(a.5) Velocity of center of mass relative to reference frameR. 
R Vr,=R Vo, + r3 + (1)3 X r3 

Rvr, = ci1(-~ 1;)822 + (ci3 0)2 + (ci1 + ci2)(0 q3)2 + 

(cit+ q2)k x (c1 c2)2 

RVr3 = ci1( -~ ~)822 + (ci3 0)2 + (ci1 + ci2)(0 Q3)2 + 

(cit + ci2)( -c2 ct)2 

Rvr, = ci1(-~ ~)S22 + (ci3 0)2 +(cit+ ci2)(-c2 Q3 + ct)2. 

(a.6) Acceleration of center of mass relative to reference frameR. 
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R 3'1=R a0
' + r3 + a 3 

X r3 + 2ID3 X r3 + (1)3 X ( (1)3 X r3) 

Ra''=Rao, + a3 x r3 + (1)3 x ( (1)3 x r3) 

Rar, = q1(-h,. ~)S22- ti~(~ ~)S22 + (q3 0)2 + 

( iit + ii2)( 0 q3)2 + 2( tit + ti2)( 0 ti3)2 

-(tit+ ti2)
2
(q3 0)2 + (iit + ii2)k x (ct c2)2 + 

(tit+ ti2)k x ((tit+ ti2)k x (c1 C2)2) 

Rar, = q1(-h,. ~)S22- ti~(~ ~)S22 + (ii3 0)2 + 

( iit + ii2)( -c2 Q3 + ct)2 + 2( tit + ti2)( 0 ti3)2 

-(tit + ti2)
2
( Q3 + c. c2)2. 

(b) Kinetics of Body 3. See Figure 3.4. 

(b.l) Forces acting on Body 3. 
-F3 = -(0 F;)2 

-G2 = -(K3{q3 - f) 0)2. 

(b.2) Equilibrium of forces on Body 3. In vector notation: 

and 

F G _ M R r1 
- 3- 2- 3 a 

-(0 F;)2-(K3(q3-f) 0)2=M3{ii.(-~ ~)822-ti~(~ ~)822 

+( Q3 0 )2 + ( ii. + ii2)( -c2 Q3 + ct)2 + 2( tit + ci2)( 0 43)2 

-(tit + ti2)
2
( Q3 + c. c2)2} 

where it is found that the scalar equations are 

and 

-K3(q3- f)= M3{q1 (-~cosq2 + ~ sinq2)- ti~(~ cosq2 + ~sinq2) 

+q3- ( iit + ii2)c2- ( ti. + ci2)
2

( Q3 + ct)} 

-F; = M3{iit(~sinq2 + ~ cosq2)- tit2( -~sinq2 + ~cosq2) 

+( iit + ii2)( Q3 + ct) + 2( tit+ ti2)ti3- (tit+ ti2)
2 
c2 }. 
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Figure 3.4: Free body diagram for Body 3 

(b.3) Moments acting on Body 3. 

-r, x -F, = -(c, c2)2 x -(0 F,)2 = (o F,t:.2
} 

-r, X -G2 = -(c, c2)2 X-( K,(q,- f) 0)2 = (K,(q,- f) otc~2} 
... 

-H1 = -F;,k. 

(b.4) Equilibrium of moments on Body 3. In vector notation: 

-r3 X -F3- r3 X -G2- HI= (iit + ii2)/zJk 

and 

where it is found that the scalar equation is 

Fsct- Kl Q3- f)c2- F6 = ( iit + ii2)/z3. 

3.3 Solution with Lagrange's method 

3.3.1 Kinetic and Potential energies 

The Kinetic energy for this problem has the following expression 

1 1 1 1 K=-MRvr1 .Rvr1 +-/ (J)l·(J)t+-M Rvr1 .Rvr1 +-/ (1)2·(1)2 

2 
1 

2 
zl 

2 
2 2 z2 

1 . 1 
+-M R vr' .R vr' +-I (1)3. (1)3 2 3 2 z3 
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(3.52) 

(3.53) 
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which after replacing the expression for velocities (Equations 3.14, 3.29, 3.44) and 

angular velocities (Equations 3.11, 3.25, 3.40) and simplifying, transforms to: 

K - 1 I . 2 1 (1 )( . 2 . 2) - 2 zlql + 2 z2 + /,3 Ql + Q2 + 

~ M,q;(a{+ an+ 

~ M.{ q;( 11.
2 +hi)+ 21M q, + q.)( -h. h.)s{ -:·) 

+( tlt + q2)
2
( bt2 + bi)} + 

~ M +;( 11.
2 
+ hi)+ 2M,( -h. h.)s.( ~) + 

2ql ( tl1 + t12)( -~ ~)s2( -c
2 

) + i!i- 2q3( tl1 + i!2)c2 + 
q3+c1 

3.3.2 La~an~e's eQuations 

(3.56) 

(3.57) 

(a) Performing the differentiations of the Kinetic and Potential energies the first 

equation becomes 

iil(/,1 + /,2 + /,3) + ii2(/,1 + /,2) + M1ii1( ~2 + ai) 

+ M {M 11.
2 + hi) + ( 2q, + ii.)( -h. h.)s{ -:·) 

+( 2q, + q.)q.( 11. ~t.)s{ -:·) + ( q, + ii2)( b~ + bi)} 

+ M ,{ q, ( 11.2 + hi) + q,(-h. h.)s{ ~) 
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+( 2q, + ii2)(-~ Jt.)s{ q~:2c.) + 2( q, + ci2)4,( h. ~)S2( ~) 

+(2tit + ti2)q2( l't ~)s2( -c
2 

) - ij3c2 + ( ii1 + ii2)(ci + ( q3 + ct)
2
) (3.58) 

q3+c1 

+2(1/, +Q2)Q,(q,+c,)} = -K,q, +(0 -Q,)st:J 
(b) The second equation becomes 

(iil + ii2)(1,2 + /,3) 

+ M 2{ ij, ( -~ Jt.)St:
2
) + ( ij, + ii2)( f1.2 + bi)-4:( h. ~)s{ -~)} 

+M,{ ii,(-~ Jt.)S{ q~2J- ij,c2 + (ii, + ii2)(ci + (q3 + c,)
2
) 

+2( ilt + il2)q3( q3 + cl)- q~( l't ~)s2( -c2 )} = -K2q2. q3+c1 

(c) Finally, the third equation is 

+M,{ Q,(-~ ~t.)s{ ~) + q,- (ii, + ii2)c2 

-q;(h. ~)s{~ )- (q, + cii(q, + c,)} = -K,(q,- !) . 

3.4 Solution with Kane's method 

(3.59) 

(3.60) 

Kane's equations of motion (Equation 2.72) for this problem take the following form : 
N N 

L(R; · v~i + T; · ro~i) + L(R; · v~i + T;• · ro~i) = 0 (r = 1,2, .. ,n) (3.61) 
i=l i=l 

where n is the number of degrees of freedom and N is the number of rigid bodies. Also 

recall that: 
v~i = r'" partial velocity of center of mass of Body i 

ro~i = r'" partial angular velocity of Body i 

R; = Resultant of forces acting on Body i 

T; = Resultant of moments acting on Body i around center of mass 

where the angular velocity of Body i is: 
" (J)B; = ~ (J)B; U + (J)B; £.J , , t • 

r=l 
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Moreover: 

where 

R~=-M.a~i 
' ' ' 

M; = mass of body i. 

a B; = acceleration of center of mass of body i. 

m8
i = angular velocity of mass of body i. 

a 8
i = angular acceleration of mass of body i. 

I; = Inertia dyadic of body i. 

For the two-dimensional problem the expression for -r;• reduces to 

T.· = -q··./ k 
' ' z 

where the terms are the same as for Newton's notation: 
Q; = angular acceleration of Body i 

/z =moment of inertia around the z axis. 

(3.64) 

(3.65) 

(3.66) 

(3.67) 

Observing Equation 3.61 it can be seen that each equation of motion is actually the 

summation of the contribution of each body to the corresponding equation. This way 

Equation 3.61 can be rewritten as 
N 

Lc:i=O (r=1,2, .. ,n) 
i=l 

where 

The term c:i is the contribution of Body i to the rh equation of motion. 

3.4.1 Contributions of Body 1 

(a) The forces and moments acting on this body are: 
R1 = (0 -Q1)S11 

,.. 

Tt = (K 2q2- Ktql)k 

R; = -M1R ar• = -M1 {ii1(-~ ~)1- q~(~ ~)1} 

T; = -q/zl< 

(3.68) 

(3.69) 

(3. 70) 

where it can be seen in that there is no need to take into account the nonworking constraint 

forces in the calculation. 

(b) Partial velocities and partial angular velocities. From Equations 3.11 and 3.14 it is 

found that 

40 



ms• = qlk 
VBI = Ql(-~ llt)l. 

Then, using the following generalized speeds: 
u. = q. (i = 1,2,3) 
' ' ' 

it holds that: 

m81 = ~k 

VBI = ~( -~ llt)l 

and it follows from Equations 2.30 and 3.63 that 
v~ = ( -~ llt)l 

v:• = v:• = (0 0) 

m~·= k 
m:~ = m:~ = (0 0). 

(3.71) 

(3.72) 

(3.73) 

(3.74) 

(c) Contribution to the equations of motion. Performing the scalar products indicated 

in Equation 3.69 for r=1, 2, 3 it is obtained that 

C,s, = (0 -Q,)sf: )+ K2q2 - K,q,- M,{ ii1(~2 +am -iilo~ (3.75) 

CBJ_ CBJ- 0 
2 - 3 - . 

Body 1 does not contribute to the second nor the third equations. This is because its partial 

velocities and angular velocities corresponding to u2 and U3 are zero. 

3.4.2 Contributions of Body 2 

(a) The forces and moments acting on this body are: 

R2 = ( K3( q3 - f) 0 )2 

T2 = (q3 - b1 -b2)2 x (K3(q3 - f) 0)2- K2q2k 

= (K3(q3- f)b2- K2q2)k 
(3.76) 

R; = -M/ar2 

T; = -(iit + ii2)!,2k. 

(b) Partial velocities and partial angular velocities. From Equations 3.25 and 3.29, it is 

found that 
Q)Bz = (ql + Q2)k 

v 82 = q1( -~ ~)S22 + ( Q1 + ti2)( -b2 b1)2 
(3.77) 
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and using Equation 3.72: 
(1)82 = ~k + ~k 

V
82 = 14{(-~ ~)S22 + (-b2 bJ2} + ~(-b2 ~)2, 

(3.78) 

then it follows from the definition of the partial velocities and partial angular velocities 

(Equations 2.30 and 3.63) that 

v~ = ( -~ ~)S22 + ( -b2 b1)2 

v~ = ( -b2 b1)2 

v:2 = (0 0) (3.79) 

(J)~ = k 
(1)~2 = k 
(1):

2 = (0 0). 

(c) Contribution to equations of motion. Performing the scalar products indicated in 

Equation 3.69 for r=l, 2, 3 it is obtained that: 

c," = (K,(q,- f) o)s~(-:)+(K,(q,- f) ot:2
) 

+K3(q3- f)b2- K2q2 

-M2{cM~2 +~)-iM-~ ~)st:2)-q~(~ ~f:2) 

+(ii, + ii2)(-b2 b,)s~( -; )+ (ii, + ii2)(h,2 + bi) 

-( q, + Q2)
2( q b2)s~( -:)} - ( q, + ii2) 1,2, 

c:• = (K,(q,- f) o)( -:2 )+ K,(q,- f)b2- K2q2- (Q, + ii2)/,2 

-M2{q,(-~ ~)st:2 )-q~(~ ~)S{ -:2)+(ii, + ii2)(b~+bi)}. 
and 

c:2 = o. 
Body 2 does not contribute to the ~hird equation of motion. 

3.4.3 Contributions of Body 3 

(a) The forces and moments acting on this body are: 
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R3 = -(K3(q3 - /) 0)2 

T3 = -(c1 c2)2 x-(K3(q3 - f) 0)2 = -c2K3(q3 - /)k (3.83) 

R; = -M3Rar, 

T; = -( Ql + q2)/z3k. 
(b) Partial velocities and partial angular velocities. From Equations 3.40 and 3.44, it is 

found that 

(I)B, = ( Ql + Q2)k 

VB,= ql(-~ ~)822 + (q3 0)2 + (ql + q2)(-c2 Q3 + ct)2 

and using Equation 3.72: 
(I)B, = ~ k + ~ k 
vB, = ~{ ( -~ ~)S22 + ( -c2 q3 + c1)2} + ~( -c2 q3 + c1)2 + U:J(l 0)2, 

then it follows that 

v~, = ( -~ ~)S22 + ( -c2 q3 + c1)2 

v~, = ( -c2 q3 + cl)2 
v:, = (1 0) 

(l)~l = k 
(l)~l = k 
ro:, = (0 0). 

(3.84) 

(3.85) 

(3.86) 

(c) Contribution to equations of motion. Performing the scalar products indicated in 

Equation 3.69 for r= 1, 2, 3 it is obtained that 
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and 

c,•· = -(K3(%- t) o)s~(-:J-(K3(q3 - t) o{q
3
; 2J 

-KlqJ- f)c2- (iit + ii2)I,3 

-M3{ii~(~2 +hi)-iil(-~ ~)s2( -c2 )-tg{~ ~)( -c2 
) 

Q3+c1 Q3 +c1 

.. (1) ( -c ) +q3( -~ ~)S2 o - ii3c2 + ( ii1 + ii2)( -~ ~)S2 2 
q3+c1 

+( ii, + ii.)( ci + ( c, + q3)2) + 2( Q, + Q.),M-hz "')s{ ~) 

+ 2( q, + 4.)4l c, + q3)-( q, + q.) •( -hz "')s{ c, : q3) }· 

c:l = -( K3(q3- f) 0 )( -+c2 ) - KJ(qJ- /)c2- (iit + ii2)/,3 
qJ ct 

-M+i,( -hz "')s.C~2J- q:("' ~~z( q~2J- ij3c2 

+( iit + ii2)qJ( ci + ( ct + qJ)
2
) + 2( 4t + 42)43( c. + q3) }, 

c:• = -( K 3( q3 -I) 0 )( ~) 

-Ml{ ii,(-hz "')s{~)- qi("' hz)S{ ~) + iil 

-( iit + ii2)c2- ( 4. + 42)
2
( c. + q3)}. 

3.4.4 Assembly of equations 

(3.87) 

(3.88) 

(3.89) 

Equations 3.61 which are equivalent to equations 3.68 can now be constructed. Taking 

r= 1 the ftrst equation of motion is 
ClBI + ClBz + ClBJ = 0. (3.90) 

The ftrst Kane equation of motion can be obtained using Equations 3.75, 3.80 and 3.87 

which after simplifications and rearranging becomes exactly the same as the frrst Lagrange 

equation: 
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iit(/,t + /,2 + /,3) + ii2(/,t + /,2) + Mtiit( ~2 + czi) + M2{ ii1( 11..
2 + /t;) 

+( 2q, + ii2)(-11, h,)s{ -:
2
) + ( 2q, + ti2)ti2( h, h,)s{ -b:) + ( q, + ii2)( b,2 + bi)} 

+M+i,(h,2 
+hi)+ iM-h, h,)s{~) +(2ii, + ii2)(-11, h,)s{ q

3 
:

2c,) 

+2(Q, + ti2)tMh, h,)s{~ )+ (2Q, + ti2)ti2(h, h,)S{ q~:2c,)- ii3C2 + 
(3.91) 

( ii, + ii2)( ci + ( q3 + c, )'}+ 2( Q, + Q2)Q3( q3 + c,)} = - K,q, + ( 0 -Q,)st:} 
This remarkable result permits us to see the relationship between Kane's and 

Lagrange's equations. Both come from the same source: the symbolic equation of motion. 

The other two equations of motion are also exactly the same as Lagrange's equations 

and they are not presented here. A first comment on these results is that Kane's equations 

can be assembled with a similar algorithm as used in classical structural analysis. Each 

body contributes some expressions to the system of equations. A second comment is that 

the components of the partial velocities and partial angular velocities can be seen as the 

factors by which one multiplies Newton's equations in order to cancel out the constraint 

forces. As an example, by forming the scalar product of the equation of forces and first 

partial velocity of bodies 1, 2 and 3, and forming the scalar product of the equation of 

moment and the first partial angular velocity of bodies 1, 2 and 3, Kane's first equation is 

obtained by summing these six results. 
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CHAPTER IV 

A COMPARATIVE 3-D EXAMPLE 

4.1 Introduction 

A 3-D example is now presented to compare Lagrange's and Kane's methods. Figure 

4.1 shows the two-body system to be analyzed. The analysis with Kane's method is 

performed using the procedure described by Huston [Huston 1990]. The resulting 

equations are compared with Lagrange's equations. 

412 Solution with Kane's method 

Recalling Equation 3.61, the Kane's equations for the unconstrained problem are: 
N · N 

2',(R; I v~i + Ti I (l)~i) + I,(R; I v~i + Tt I (l)~i) = 0 (r = 1,2, .. ,n). (4.1) 
i=l i=l 

For the case when there is a set of constraint equations of the type 
" 

2',Bnus = g,. (r = 1,2,~·~,m) (4.2) 
s=l 

Kane's equations are 
N N m 

2',(Ri·V~i+Ti~ro~i)+ 2',(R;.v~i+Tt·ro~i)+ 2',A.sBs,.=O (r=l,2, ... ,n) (4.3) 
i=l i=l s=l 

or 
N m 

I,c~i + 2',A.sBs,. = 0 (r = 1,2, .. ~,n) (4.4) 
i=l s=l 

where 
(4.5) 

is defined as the contribution of Body ito the rth equation of motion. 

4.2.1 Contributions of Body 1 

(a) Degrees of freedom of Body 1: For this body the degrees of freedom: Qt, Q2, Q3 

which are the coordinates of the position of the center of mass, p81
, of the body relative to 

the fixed reference frame are selected. This way p81 is: 
(4.6) 

and the Euler angles are Q4, Qs, Q6 (dextral rotations around x,y and z, respectively), which 

locate the frame fixed in Body 1 {defined by the unit vectors Dtx, Dty and Dtz) relative to 

the fixed reference frame. The transformation matrix relating ~he unit vectors is: 
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"az 

Figure 4.1: A two-body system 

CsC6 -CsS6 

( c4s6 + s4 s5c6) ( c4 c6 - s4s5s6) 

(s4s6 - c4s5c6) ( c4s5s6 + s4 c6) 

which can also be written as 
0=811 

where 
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0o~ 0 t~ 

0 = n0Y , 1 = n1Y (4.9) 

0 oz nlz 

and . 
S· = Sinq. 
' ' 

c.= cosq .. 
' ' 

(4.10) 

(b) Kinematics of Body 1. After defining the coordinates, it is possible to find 

expressions for the velocity and acceleration of the center of mass and angular velocity and 

angular acceleration of the body. 

(b.1) Velocity of center of mass. From Equation 4.6 the velocity of the center of mass 
. 
IS 

(4.11) 

and defining 
ui = qi (i = 1,2,3) (4.12) 

the velocity of the center of mass becomes 

v8•=(~ ~ U:3)0=~n0~+~n0y+U:3Doz. (4.13) 

Equations 4.12 and 4.13 deserve an explanation. The reason the generalized speeds are 

chosen in the way shown in Equation 4.12 is because the oncoming expressions dependent 

on this selection will be simple. The benefits of a selection depend only on the resulting 

equations that are obtained. From Equation 4.13, it is possible to find by inspection all the 

partial velocities of the velocity of the center of mass. It should be noticed that the only 

nonzero partial velocities will be the corresponding to i= 1, 2 and 3. This is because 

Equation 4.13 could also be written as: 

V
81 = ~"o~ + ~noy + U:l"oz + u40+ ... +~20 

where 0 stands for the null vector. For example, according to the definition of partial 

velocities (Equation 2.30) the vector which multiplies us in Equation 4.13 is the 5th partial 

velocity. This vector is null. 

(b.2) Acceleration of the center of mass. Differentiating Equation 4.13, the 

acceleration of the center of mass results: 
3 81 = (~ ~ ~)0 = z4 Do~+ U200y +~Doz. (4.14) 

(b.3) Angular velocity. Using Equation 4.7, the angular velocity of this body relative 

to the fixed frame can be expressed as: 
ID

81 = (q4csc6 + 4sc6 ilsc6- Q4CsS6 · Q4Ss + 46)1 (4.15) 

and defining 
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u4 = q4csc6 + Cisc6 

Us= ilsc6- Q4CsS6 

u6 = Q4Ss + q6 

the angular velocity becomes 
mB' = ( u4 Us u6)1. 

(4.16) 

(4.17) 

A discussion similar to the one presented for Equations 4.12 and 4.13 can now be devised 

to explain the selection shown in Equation 4.16 and the consequences of Equation 4.17. 

(b.4) Angular acceleration. Differentiating expression 4.17 the angular acceleration is 
a

8
' = (u4 Us u6)l. (4.18) 

(b.5) Partial velocities and partial angular velocities of Body 1. 

From Equations 4.13 and 4.17 it is found that: 
8 1 8 1 8 1 

vt = no.x' v2 = noy' V3 = "oz 

8 8 8 0 V '-v'- -v'-4 - s - .•. - 12-

o,_ o,_ o,_ 
Cll4 - nl.x' ffis - nly' Cll6 - ntz 

8 1 _ 8 1 _ 8 1 _ 8
1 

_ _ B, _ 0 
(J)l - (J)2 - (1)3 - (J)7 - ••• - (1)12 - • 

(4.19) 

An interesting commentary about Equations 4.13 and 4.17 is that the generalized speeds 

could also be defined in a straightforward method as in Kane's textbook [Kane 1985]: 
U; = V 81 

• n0; (i = 1,2,3) 

u; = m8
' · n1; (i = 4, 5, 6) 

where 

(c) Kinetics of Body 1. The total force acting on the body at the center of mass and the 

total torque around the center of mass are defined as: 

R1 = ('i.x 'iy 'iz)o 
T1 = (r~.x t1y t~z)l 

(4.20a) 

where it must be noted that the components of the force R 1 are expressed with the unit 

vectors in the fixed reference frame while the torque around the center of mass T 1 is 

expressed with unit vectors fixed in the moving body. As shown in Kane's theory, there is 

no need to include the forces and torques due to the constraint forces in the above 

expressions. The inertia force is easily obtained from Equation 4.14 and the inertia torque 

around the center of mass has been calculated assuming the axes are principal axes for 

which the inertia scalars are Ntx, Nty and Ntz· The expressions are: 
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R; = -M1a
8

' = -M1(~ ~ ~)0 

T1 = -[ it4N1:c- UsU6(N1,- Ntz) ]nll: 

-[ 'UsN1.,- u6uiNiz- Ntx) ]n1., 

-[ u6Nh- U4Us(N1Jl:- NI,) ]ntz. 

(4.20b) 

(d) Contribution to the equations of motion. Performing the scalar products indicated 

in Equation 4.5 for r= 1, 2, 3 ... , 6: 
CB, M. 

1 = 'i:Jl:- 1~ 

CB,_ M. 
2 -lj,- 1~ 

CBJ_ M. 
3 -lj,- 1~ 

c:l = th- [ u4Nix- Usu6(N1y- Nlz)] 

c:' = t11 - ( u5N1,- u6uiN~z- N1x)] 

c:' = ttz- [ it6Nlz- u4us( Ntx- N1,)]. 

(4.21) 

Body 1 does not contribute to equations r= 7, 8, ... , 12. This is because its partial velocities 

and partial angular velocities do not have terms involving the generalized speeds 

corresponding to Body 2. Following a similar reasoning it is found that Body 1 is the only 

one which contributes to equations r=1, 2, 3, ... , 6. 

4.2.2 Contributions of Body 2 

(a) Degrees of freedom of Body 2. In a similar way q7, qg, q9 are the coordinates of 

the position of the center of mass p81 of this body relative to the fixed reference frame. 

Vector p82 is: 
(4.22) 

The dextral rotations are qw, Q11, Q12 and the unit vectors are n2x, n2y and n2z . The 

matrix relating the unit vectors is: 

Dox ell C12 

no., ( CwS12 + siOst1 C12) 

Do, (sws12- CwStl C12) 

which can also be written as 
O=S22 

where 

-c11S12 

( ciOct2- S10Su S12) 

( Cw Su S12 + Sw C12) 
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-siOcu n2-, (4.23) 

C10C11 n2z 

(4.24) 



(4.25) 

(b) Kinematics of Body 2. The needed expressions are as follows. 

(b.l) Velocity of center of mass. From Equation 4.22 the velocity of the center of 

mass is: 

V8'=(q7 tls ti9)0=q1nox+qsnoy+q9no, 

and after defining 
U; = Q; (i = 7,8,9) 

the velocity of the center of mass is: 
VB2 = (u, Ug ~)0 = u,nox + Ugnoy +~no,. 

Refer to the discussion around Equations 4.12 and 4.13. 

(4.26) 

(4.27) 

(4.28) 

(b.2) Acceleration of the center of mass. Differentiating Equation 4.28, the 

acceleration of the center of mass is: 
a~= (U, Ug ~)0 = U,n0 Jt + u8n0Y + ~n0,. (4.29) 

(b.3) Angular velocity. Using Equation 4.23 the angular velocity of this body relative 

to the fixed frame can be expressed as: 

and defining 

m82 = ( titocll C12 + tl11 S12 tl11 C12- titocll S12 titosll + tl12)2 

~o = qiOcllc12 + tl11S12 

~1 = tluC12- tltoCllS12 

~2 = tlwSu + tl12 

then the angular velocity is 
82 ( 

(J) = ~0 ~1 

Refer to the discussion around Equations 4.16 and 4.17. 

(4.30) 

(4.31) 

(4.32) 

(b.4) Angular acceleration. Differentiating expression 4.32 the angular acceleration is: 

« 82 = (~o ~1 ~2)2 = Utonh + ~1 n2y + ~2n2Z• (4.33) 

(b.5) Partial velocities and partial angular velocities of Body 2. 

From Equations 4.28 and 4.32: 
V ol - n vol - n v9o2 = "o· 

7 - 0Jt' 8 - Oy' • 

V Bl - - V 02 - V Ba, - - V 82 - 0 1 - ... - 6 - 10 - ... - 12 -

(J)o2 - n roo2 - n roo2 - n 
10 - h' 11 - 2y' 12 - 2z 

(J) B2 - - (J)B2 - Q 1 - ••• - 9 - • 
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(c) Kinetics of Body 2. The external forces and moments acting on this body are 

defined in a way similar to Body 1. The forces to consider are: 

R2 = ('2.~ r2y r2z)O 

T2 = (t2.x t2y t2z)2 

R; = -M2a
82 = -M2(U., Ua ~)0 

T; = -( it10N2.~- Lltt Llt2(N2y- N2,) ]n2.x 

- ( U,1N2y- ~2~o(N2,- N2.x) ]n2y 

- [ U,2N2,- ~o~1(N2.x- N2y) ]n2,. 

(4.35) 

(d) Contribution to the equations of motion. Performing the scalar products indicated 

in Equation 4.5 for r=7, 8, 9 ... , 12: 
CB2_ M . 

1 - r2.x- 2U, 

CB2_ M . 
s - r2y- 2Us 

CB2_ M . 
9 - r2z- 2~ 

Ct~2 = t2.x- ( utoN 2x- Llt t U,.2(N 2y- N 2z)] 

Ct~2 = t2y- ( ~ tN2y- Llt2Llto(N2z- N2.~)] 

Ct~2 = t2,- ( ~2N2,- Lltolltt(N2x- N2 1 )]. 

(4.36) 

Body 2 does not contribute to equations r= 1, 2, ... , 6. This is because its partial velocities 

and partial angular velocities do not have terms involving the generalized speeds 

corresponding to Body 1. Following a similar reasoning it is found that Body 2 is the only 

one which contributes to equations r=7, 8, 9, ... , 12. 

4.2.3 Constraint eguations 

There is still the need to evaluate the right-hand member in equation 4.4. The constraint 

equations corresponding to the hinge is: 

(ql q2 q3)0+(~.x ~y ~z)l 

-(q1 Qs Q9)0-(~.~ ~Y ~z)2=(0 0 0) 
(4.37) 

where htx, hty and htz locate the position of the hinge with respect to the center of mass of 

Body 1 expressed in unit vectors fixed in Body 1. Similarly h2x, h2y and h2z locate the 

position of the hinge relative to the center of mass of Body 2 expressed in unit vectors fixed 

in Body 2. Equation 4.37 establishes that the position of the hinge is the same whether it is 

located through Body 1 or it is located through Body 2. Differentiating this equation with 
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respect to time: 

(4.38) 

Using the expressions for the angular velocities, the definition of the generalized speeds 

and performing the vector products Equation 4.38 transforms to: 

-UsD~z + u6nl, 

(~ u,. U:3)0+(~.~ ~1 ~~) u4nlz-u6 D~;1 
-u4 n11 + u5 nt.z 

-~~n2, + ~2n2, 
-(u., Us u9)0-(~.~ ~1 ~~) ~on2,-~2D2x =0 

(4.39) 

-ul0n2, + ~~ n2x 

which when rearranged is 

~Do.~+ U,.Do1 +~no,+ u4( ~ynlz- ~zn1,) +Us( -~.~nlz + ~znh) 

+u6(~xnly- ~ynlx) 

-U.,Dox- UsDo1 - ~no, -llto( ~yn2z- ~zn2,) -lltl( -~.~02, + ~zn2x) 
(4.40) 

-~2(~x0 21 - ~,n2x) = 0. 

Finally, noting that the unit vectors in the reference frame are 
1 0 0 

"ox = 0 ' no, = 1 ' no, = 0 (4.41) 

0 0 1 

and that the expressions for the unit vectors fixed in the bodies can be found from 

Equations 4.7 and 4.23, it is found that Equation 4.40 becomes: 
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0 0 1 

"t 0 
0 

+ ~ 1 + U:J 0 + u4 

0 1 

izrzS112- izr,St\ 
+u6 ~J:Sk- ~,s~~ 

~%s~2- ~~r,s~~ 

-1 0 

+u, 0 +Us -1 +~ 
0 0 

-~J:s122 + 11,.,s:1 

+~2 -~zSi2 + h,.,Si1 -
-h,.%s;2 + h,.,s;1 

where 

0 

0 

-1 

0 

0 

0 

S;~ = entry ij of Sk. 

Equation 4.42 in matrix form is: 

~,s113- ~~r,s:2 
lzr,S~- 1lr,S~2 
izr,S~3- 1lr,S~2 

-~J:sl13 + ~~r,s}\ 
+Us -~%s~ + ~zr,s~~ 

-~J:s~3 + ~zr,s~~ 

-~,s123 + ~~s~~ ~%sl;-~,s~ 
+"to -~,si3 + ~,s; +"tt ~%Si3- ~,Sit 

-~,s;3 + ~,s;2 ~%s;3- ~,s;l 

1 0 0 ~1 a12 ~3 -1 0 0 bll b12 b13 ~ 0 
0 1 0 ~1 a22 a23 0 -1 0 b21 b22 b23 - 0 
0 0 1 ~1 a32 a33 0 0 -1 b3l b32 b33 "t2 0 

In this expression the terms aij and bij can easily be found from Equation 4.42. 

4.2.4 Assembly of eguations 

(4.42) 

(4.43) 

(4.44) 

Proceeding now with the assembly of Equation 4.4 with the help of Equations 4.21, 

4.36 and 4.44, the system of equations for this problem takes the following form: 

Ali= f + BT A. (4.45) 

Along with this system it is necessary to manage the constraint Equations 4.44 which in 

matrix form take the form: 
Bu =g. (4.46) 

In general matrices A, f, B and g are function of the q's, u's and time. 
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and 

For this case matrices A and f are found to be: 
Mt 

A= 

f= 

'iy 

'iz 

tlx + Usu6( Nly- Nl,) 

tty+ u6u4( N~z- Nix) 

t~z + u4us(Nix- Nly) 

rh 

r2y 

r2z 

t2x +~I ~2( N2y- N2z) 

t2y + U,2~o(N2,- N2x) 

t2z + U,o~I(N2x- N2y) 

respectively. Matrices Band g can be found from Equation 4.44. The vector A. is 

AI 
A.= A.2 

A.J 

(4.47) 

(4.48) 

(4.49) 

which for this type of constraint equation has the values of the hinge constraint force 

components. 
In the implementation of a numerical solution for the system of equations 4.45 and 4.46 

the kinematic relationships between the u's and the derivatives of the q's need to be 
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assembled. Inverting equations 4.12 and 4.16 the result is: 
ql =~ 
q2 = u,. 
. 
q3=~ 

Q4 = (c6 I Cs)U4- (s6 I Cs)Us 

ils = (s6)u4 + (c6)Us 

Q6 = -(c6s5)u4 + (s6 I c5)u5 + u6 

(4.50) 

and similar expressions are found for the derivatives of the q's in the second Body. 

Grouping all the u's and the derivatives of the q's of the system the expression is: 
q=Cu (4.51) 

where 

and for example C 1 is 
1 0 0 

0 1 0 

0 0 1 
Cl= 

C6 I c5 -s6 I c5 0 · 

s6 c6 0 

-c6s5 s6 I c5 1 

Equation 4.51 is the kinematical relationship needed for the numerical solution. Equation 

4.50 has the problem that for some values of the q's there is no solution. To avoid this 

problem the Euler parameters were selected instead of the Euler angles for the main code in 

this work. 

4.3 Solution with Lagran~e's method 

Lagrange's equations of motion for the constrained problem are: 

!!_(aK)- aK =Q.+ fA. B. 
dt a Q; a Q; ' r=l r n 

where the constraint equations are: 
" LB,;dQ;- g,dt = 0 (r = 1,2, ... ,m). 

i=l 

Defining the generalized momenta as: 
aK 

P;=-a. 
Q; 
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the equations of motion become: 
. aK "' 
p,=a+Q,+ LA-,B,;, 

Q; r=l 

(4.55) 

in this expression the matrix Bri is defined in Equation 4.53 and the generalized force Q; 

was defined as: 

~( axj a~ az.) Q= L- Xi-+lj-+Zi-L 
i=l a q, a q, a q, 

(4.56) 

where all the terms were defined in section 2.2.2. For the case of rigid bodies, expression 

4.56 is: 

(4.57) 

where N is the number of rigid bodies and 

p
8

j =position of center of mass of body j. 

R i = total force acting on body j. (4.58) 

Tj = total moment around center of mass of body j. 

4.3.1 Kinetic ener~y 

The kinetic energy for this problem is: 

K = _! M vo,. vo, + _! M vo2. vo2 +!roo,. I . (J)o, + _!(J)o2. I . (.1)82 
21 2 2 2 1 2 2 ; 

(4.59) 

the inertia matrices are 

N~x 0 0 N2z 0 0 

11 = 0 Nt, 0 ' 12 = 0 N2, 0 (4.60) 

0 0 Ntz 0 0 N2z 

and the velocity and angular velocity vectors were defined in the former section. 

The kinetic energy after replacing the corresponding values becomes: 
1 . 2 • 2 • 2) 1 M ( . 2 . 2 . 2) K =-Mt(qt + q2 + Q3 +- 2 Q7 + Qs + Q9 
2 2 

1 ( . . )2 N ( . . )2 N ( · . )2] + 
2 

Nh(q4csc6 + QsS6 + ty QsC6- Q4CsS6 + 1z Q4Ss + q6 (4.61) 

1 ( . . )2 N ( . . )2 + N ( . + . )2] + 
2 

N2z(qtocn C12 + q11s12 + 21 Qu C12- QtoCu 512 2z Qtosn q12 • 

Differentiating the kinetic energy in applying Equation 4.54 it is obtained that: 
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P1 = M/11 

P2= M/h 

P3 = M/13 
_ (N 2 2 N 2 2 N 2) . P4- hcs c6 + 1,cs s6 + ~zSs Q4 

+((Nh- NI,)csc6s6)qs + (N~zss)Q6 

Ps =((Nix- NI,)csc6s6)q4 + (Nhs; + NI,c;)qs 

P6 = (N~zSs)Q4 + (Nh)q6 

P1= M2il1 

Pa = M2qs 

P9 = M2q9 

(N 2 2 N 2 2 N 2) . P10 = 2.xC11 C12 + 2ycll S12 + 2zS11 qlO 

+((Nh- N2y)cu c12s12)qll + (N2,s •• )ql2 

Pu = ((Nh- N2y)cu c12s12)qtO + (Nhs~2 + N2,c~2)ilu 

P12 = (N2,s •• )q10 + (N2,)q12 

and performing the differentiation of the kinetic energy with respect to the q's: 

(}K 
-- = N 2.x ( Q10 C11 C12 + il11 s12)( -qlO Cu S12 + Q 11 cl2) 
(}ql2 

+N2,(il11 C12.:.... ql0cllsl2)( -qu S12- ql0cl2cu). 
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4.3.2 Generalized forces 

The force and moment vectors acting on Body 1 and Body 2, respectively, are: 
Rl = 'i.~Do.~ + 'iyDoy + 'i,Do, 

Tt = thnl.l + tlynly + thnt, 

R2 = rhno.~ + r2ynoy + r2,no, 

T2 = t2.~n2.~ + t21n2, + t2,n2, . 

Then, performing the differentiation and dot products indicated in Equation 4.56: 
Ql = 'i.z 

Q2 = 'i, 

Q3 = 'ia 

Q4 = tl.ICSC6- tlyCSC6 + ttzSs 

Qs = tt.~c6 + tt,c6 

!4=th 

Q1 = r2.~ 

Qs = r21 

(4 = r2z 

Q1o = t2.~cu C12- t2,cll ct2 + t2,stt 

Qtt = thct2 + t21c12 

QI2 = t2z• 

4.3.3 Constraint eguations 

(4.64) 

(4.65) 

The constraint equation for this problem is the same as Equations 4.37 which when 

differentiated become Equation 4.38. Putting the expressions for the angular velocity of 

the bodies as functions of the q's and their derivatives, the constraint Equation 4.38 

transforms to: 
1 0 0 

qi 0 + ih 1 + q3 0 

0 0 1 

c5c6(h,
1
S1

1
3- h,,S1

1
2)- c5s6( -h,.~S113 + h,,S1\) + S5(h, 11 S1

1
2 - h,,S1\) 

+q4 c 5c 6(h,
1
Sb- h,,S~2)- c 5s6( -h,xS~3 + h,,S~ 1 ) + S5(h,.~Sk- h, 1S~1 ) 

c5 c6(h, 1 S~3 - h,,S~2)- c5s6( -h,.~S~3 + h,,S~ 1 ) + S5 (h,.~S~2 - h,,S~1 ) 
S6(h,,St13- h,,St12) + c6(-h,.:cSt13 + h,zSt\)) h,.~St12- h,1s:t 

+q5 s6(h,,Sb- h,,S~2) + c6( -h,;cS~3 + h,,S~t)) + q6 h,:cSt12- h,,s;t 

s6(h, 1 S~3 - h,,S~2) + c6( -h,:cS~3 + h,,S~ 1 )) h,:cS1
1
2 - h,1S1\ 
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1 0 0 

-ih 0 - Qg 1 - q9 0 

0 0 1 

ell el2(h,.yS1
2
J- h,.,s;;)- ell s12< -~J:Sl2J + ~~S~~) + su(~zS122- h,.ySt~) 

-qlO ell et2(h,_YS~- ~,S;)- ellst2( -~zSiJ +~,Sit)+ S11(h,_"S;- ~YSit) 
ell e12(h,_YS;3- h,_,S;2)- e11S12( -h,_zS;J + h,_,S;t) + Su(h,_"S;2- h,_yS;l) 

st2(~yst23- ~,St';) + el2<-~xst; + ~~S121)) 
-qu sl2(h,.ys;- h,.,Si2> + et2(-h,."Si3 + ~,Sil)) 

s12(h,.ys;3- h,.,s;2) + e12( -~J:s;3 + ~,s;l)) 

h,.xSt'i- h,.yS1~ 0 

-tit2 ~J:s;_- 11,.ys;1 - o 
h,."Si2- h,.ySi1 0 

where 

si~ =entry ij of sk. 
In matrix form Equation 4.66 becomes: 

1 0 0 all ~2 a13 -1 0 0 bll b12 b13 ql 0 
0 1 0 ~1 a22 ~3 0 -1 0 b2l b22 b23 - 0 
0 0 1 ~1 aJ2 ~3 0 0 -1 b31 b32 b33 q12 0 

or 
Bq=g 

where the entries aij and bij are found from Equation 4.66. 

4.3.4 Assembly of equations 

Assembling Equations 4.55, 4.54 and 4.68 the system has the following form: 
p=f+BTl. 

(4.66) 

(4.67) 

(4.68) 

p = Cq (4.69) 

Bq=g 

where B and g are found from Equation 4.68. Vector pis simply: 

P1 
p= (4.70) 

P12 

The vector f is found from Equations 4.63 and 4.65 has the following form 
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'i, 

'iz 
thc5c6- t11c5c6 + l~zSs 

thc6 + 1t,c6- Nh(q4csc6 + ilss6)q4ssc6 + NI,(qsc6- Q4Css6)q4sss6 + 

N~z(q4ss + q6)q4cs 
tiz + Nh(q4csc6 + ilss6)(-q4css6 + ilsc6) + 

r = NI,(QsC6- q4cSs6)( -qss6- q4c6Cs) 
r2.z 

r2, 

r2, 

t2.xcu C12- t2,ctt C12 + t2,su 
t2zc12 + 12,c12- Nh(qtOcll C12 + qllst2)qJOsu C12 + N2,(qu C12- qtOcusi2)qiOsusi2 + <4· 71 ) 

and Cis: 

where 

N2z(q10s11 + cit2)ql0cll 
t2, + N2%(qtOcu C12 + ciust2)( -qJOcu S12 + ilu C12) + 

N2/ciu ci2- q10c11 st2)( -qust2- ql0ct2cu) 

N 22 N 22 N 2 t%Cs c6 + t1Cs s6 + tzss 

(Nt%- Nt,)CsC6S6 

NtzSs 

(Nt%- NI,)csc6s6 

N1 %s; + N11c; 

0 

and c2 has a similar fonnat. 

4.4 Discussion 

(4.72) 

(4.73) 

It can be demonstrated that the Lagrange equations obtained above are linear 

combinations of the Kane equations of motion. It is worth noting that Kane's equations are 

surprisingly more simple. 
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CHAPTER V 

IMPLEI\1ENTATION OFTiffi TIIEORY 

5.1 Introduction 

This chapter is devoted to the overall approach of how to handle the problem. This 

includes a description of the main expressions found in the program and the numerical 

solution. The code was written using the Object-Oriented Programming features of 

THINK C for the Macintosh. OOP proved to be both a fast and an excellent tool to 

develop and manage complex code. The basic principles underlying Object-Oriented 

Programming and a description of the main classes created for this work are presented at 

the end of the chapter. 

5.2 Summary of expressions and equations used in the problem 

Kane's equations of motion for the constrained case can be written as: 
N N m 

L(R,·v~;+T,·Cil~;)+ L(R;.v~i+T,··ro~)+ LA.sRsr=O (r=1,2, ... ,n) 
i=l i=l s=l 

where the constraint equations are of the form: 
" L Brsus = g, (r = 1, 2, ... ,m). 

s=l 

(5.1) 

(5.2) 

As shown in section 4.2 for the case where the coordinates are independent from body to 

body, Kane's equations of motion can be written as: 
N m 

Lc~j + LA.sBsr = 0 (r = 1,2, ... ,n) (5.3) 
i=l s=l 

where 
(5.4) 

is the contribution of Body ito the rth equation of motion. What follows is a depiction of 

the resulting expressions found in the program. 

5.2.1 Coordinates 

(a) Each body contributes 7 coordinates. The first 3 coordinates define the position of 

the center of mass of the body. The next 4 coordinates are the Euler parameters which 

define the coordinate transformation matrix for the body relative to the fixed frame. Even 

though there are 7 coordinates, there are only 6 degrees of freedom and only 6 generalized 

speeds per body because the Euler parameters are not independent. 

(b) The position of the center of mass for body i is defined by 'q1, 'q2, 'q3 in the 
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following way: 
8 (' p i = 'q1 (5.5) 

where DQx, noy and Doz are the unit vectors fixed in the reference frame and 0 is defined as: 

Do.z 
(5.6) 

From equation 5.5 the velocity of the center of mass is: 

VB;= eQ1 iif2 iq3)0=iq1 Do.z +;Q200y +;Q3Do,. (5.7) 

(c) The orientation of the body is specified by the four Euler parameters iett ie2, ie3 and 

i£4. which define the coordinate transformation matrix in the following way: 
;e2_ie2_i~2+i~2 

1 2 ~3 ~4 

sj = 2(je/e2+je3je4) 

2(;e ;e _;e ;e) 
I 3 2 4 

and it holds that: 

where 

2(; E
1 
;e

2
-; e

3
;e

4
) 

_ie2+ie2_ie2+ie2 
1 2 3 4 

2(;e ;e +;e ;e ) 
2 3 I 4 

O=S.i 
I 

n. 
u: 

(5.8) 

(5.9) 

(5.10) 

The column matrix i stores the unit vectors fixed in the body i. The Euler parameters at the 

initial time can easily be calculated as depicted by Huston [Huston 1990]. 

From equation 5.8 and the well known relationships for the kinematics of a rigid body, 

it is found that the angular velocity of the body is: 
(1)8i = 2(;e4je1+je3je2-;e2je3-jel;e4)nu + 

2(-j e3je.+je4je2+j elje3-j e2je4)n;y + 

2(; e2je.-j el je2+j e4je3-j e3je4)n;, 

(5.11) 
• 

Observe that it is a matter of convenience that the angular velocity is expressed with the 

unit vectors fixed with the body. This selection makes the final expressions simpler. 

The first column matrix defined in the program is the array q which stores all the 

coordinates and it has the following form: 
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•q. 

•q2 
•q3 

q= •e 
1 

(5.12) 

Ne 3 
Ne 

4 

and its dimension is 1*N. 

5.2.2 Generalized speeds 

An important observation about the selected coordinates is that they are independent 

from body to body. This means that the first 7 coordinates of the system describe the 

kinematics of the first body only. The next 7 coordinates describe the kinematics of the 

second body only and so on. This important fact can be used to define the generalized 

speeds in such a way that they are also independent from body to body. The first three 

generalized speeds are defined as follows: 

From equation 5.7 the velocity of the center of mass of the body i is: 
v B; = ( u6,-s u6i-4 u6,-3)0. 

The next three generalized speeds are selected in the following way: 
2( j i . i i . i i . j i . ) 

u6i-2 = e4 e.+ £3 e2- E2 e3- e. e4 

u6i = 2('e2;£1-'e1;£2+je4'e3-;e3;£4) . 

Then, Equation 5.11 is transformed to this simple expression: 
roB; = ( u6i-2 u6i-l u6;)i. 

5.2.3 Partial velocities and partial angular velocities 

(5.13) 

(5.14) 

(5.15) 

(5.16) 

From equations 5.14 and 5.16 and the definition of partial velocities and partial angular 

velocities, the only nonzero terms are: 
B; - 0 VB; - n VB; - 0 

V 6i-S - Ox' 6i-4 - Oy' 6i-3- Oz 
(5.17) 

As it can be observed the generalized speeds are independent from body to body. More 
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over, from equation 5.4 it can be seen that only the body i contributes to forming equations 

of motion for r=6i-5, ... , 6i. This is because that body is the only one which has nonzero 

partial velocities and partial angular velocities corresponding to the generalized speeds 

U6i-s, •.• , u6i· The column matrix u is defined as: 

~ 

~ (5.18) u= . . . 
u6N 

5.2.4 Forces and torgues actin~ on the bodies 

The total force acting on body i and the total torque around its center of mass are: 

R; = (ri.z 'iy r;,)o 

T; = (til t;y tiz )i . 
(5.19) 

Some basic expressions for these vectors are as follows: 

(a) Global constant components F of a single force acting at the local position h in 

body i. See Figure 5.1. For this case, the vectors are: 

R; = ( F:c FY F,)O (5.20) 

and 
T.=hxF 
' 

(5.21) 

where h is expressed in local coordinates while F is expressed in global coordinates. 

Rotating F to local coordinates, the expression for the torque turns to be: 

Ti = ( fi',h,- ft,hy ft,h:c- F:chz F:chy- fi',h:c)i (5.22) 

where 
... 

F:c F:c 
... 

=S! F, FY . (5.23) 
' ... 

F, F, 

(b) Linear elastic spring (K constant, s undeformed length) attached at global position 

p in the reference frame and at a position h in the local frame of body i. See Figure 5.2. 

For this case the vector a joining the point of attachment in the reference frame and the 

point of attachment in body i is: 
B· h a=p '+ -p. 

' 

then 
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Body i 

nOz 

nOy 

Figure 5.1: Global constant components force. 

Body i 

h = (h;l h, ~)" 

p = (P ;I p J pI) 0 

Figure 5.2: Spring attached to body i and reference frame. 

66 



Finally, transforming h to global components it is obtained that 

a= ( ;q• + hx- Px ;q2 + h,- P, iq3 + h,- P,)o 
where 

A 

hx; hx; 
A 

h =S. h 
J ' J • 

A 

h, h, 

The force in the spring is given by: 
a 

F = -(jaj-s) lal K. 

Then the force and the torque acting on the body are: 
R.=F 

' 
T.=hxF 
' 

(5.26) 

(5.27) 

(5.28) 

(5.29) 

and the same procedure shown for the case of a constant force in global coordinates can be 

applied. 

5.2.5 Eguations of motion 

(a) The expressions for the acceleration and angular acceleration 

differentiating equations 5.14 and 5.16. The expressions are: 
8 (. . )0 a I= u6i-s u6i-4 u6i-3 

B· ( • • • )" a I = u6i-2 u6i-t u6i 1 • 

From these expressions the inertia force and the inertia moment are: 

R; = -M;(u6i-s u6i-4 u6i-3)o 

T.· = -[u6. 2N. - u6. 1u6.(N. - N. )]n. 
I 1- IX 1- I IJ IZ IX 

- [u6 . 1N. - u6 .u6 . 2(N. - N. )]n. 
t- IJ I t- IZ IX IJ 

- [u
6
.N. - u6 . 2u6 . 1(N. - N. )]n. 
I IZ t- t- IX ty IZ 

are obtained after 

(5.30) 

(5.31) 

where M; is the mass of the body and Nix' Niy and Niz are the principal inertia values 

around the center of mass. 

(b) Assuming the B matrix and g vector from the already formed constraint equations 

it is found after applying Equation 5.3 that the equations of motion corresponding to the 

generalized speeds of body i are: 
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'" 
MJt6i-S = r;z + LAs Bs(6i-S) 

s=l 

'" 
M.u6 . 4 = r. +""'A B . 

' •- •Y LJ s s(6•-4) 
s=l 

'" 
M;it6i-3 = riz + LAs Bs(6i-3) 

s=l 

'" 
N ;zU6i-2 = t;z + u6i-l U6;( Niy - N;,) + LAs Bs(6i-2) 

s=l 

'" 
N;yu6i-l = t;y + u6iu6i-2(N;z- N;x) + LA,B,(6i-t) 

s=l 

'" 
Nuu6i = t,, + u6i-2u6,-l(N;z- N,.,) + LA,B,<6i). 

s=l 

Assembling all these equations, Kane's equations of motion in matrix form are: 
Au=f+BTA. 

where the matrix A is: 

A= 

where N is the total number of bodies and 
M. 

' ., M . 
' 

A.= 
' N. 

I]( 

M. 
' 

Vector f is: 

where 
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(5.33) 

(5.34) 

(5.35) 

(5.36) 



f.= 
I 

r u: 

'i, 

'" t. + u6 . 1u6 .(N. - N.) . 
U: 1- I IJ IZ 

t;, + u6i u6i-2( N;, - N a) 

t;, + u6i-2u6i-1(N a-N;.,) 

(5.37) 

Matrix A and vector f are easily calculated and can be assembled by summing up the 

contribution for each body independently. 

5.2.6 Kinematical equations 

The next step is to build the expressions relating the u's and derivatives of the q's. To 

accomplish this there is a need to invert the equations 5.13 and 5.15. These equations must 

be complemented with the following relationship relating the Euler parameters: 

which differentiated becomes: 
ie/el+ie2ie2+ie3ie3+ie4ie4 = o. 

Equation 5.39 together with equations 5.13 and 5.15 give: 

Then it follows that 

i • 
Q3 = u6i-J 

iet = 0.5(ie4u6i-2_ie3u6i-l+ie2u6) 

ie2 = 0.5ee3u6i-2+ie4u6i-l_ielu6) 

ie3 = 0. 5( _i e2 u6i-2+ie1 u6i-l +ie4 u6) 

i . 0 5( i i i ) e4 = · - et u6i-2- e2u6i-J- eJu6i · 

q=Cu 

where C has the following format: 
cl 

C= 

where 
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(5.38) 

(5.39) 

(5.40) 

(5.41) 

(5.42) 



1 

1 

1 

C.= 
' 

.5;e4 -.5;e
3 

.5;e2 (5.43) 
.5;e3 .5;e4 -.5;el 

-.5; e2 .5; el .5;e4 
-.5iel -.5;e2 -.5;e3 

Equation 5.43 illustrates how the choice of the Euler parameters can avoid numerical 

instabilities. As shown in matrix C there are no singularities as encountered when using 

Euler angles, Rodrigues parameters or direction cosines. Again, the calculations involved 

in equation 5.43 can be done independently from body to body. 

5.2.7 Constraint equations 

It can be shown that the B matrix which defines the constraint equations is of the form: 
Bll 812 

B= (5.44) 

where the first subscript refers to the subset of equations; in this example there are 4 

subsets, and the second subset refers to the body which is involved with the constraints. 

Each submatrix Bij has a number of rows which depends on the type of constraint and 6 

columns which correspond to the 6 generalized speeds of the corresponding body. For 

example in the case of a hinge (ball joint) each submatrix has 3 rows and 6 columns. 

Section 4.2.3 depicts with complete detail how to obtain each of the submatrices for the 

case of a ball joint for a two body system. For that case B has the simple form: 
B = (8 11 8 12]. (5.45) 

The expressions for each submatrix can be found from equation 4.44. It can happen that a 

constraint set relates a body with the reference frame as is the case for a ball joint fixed in 

the reference frame. For that case there is only one submatrix involved per type of 

constraint. Expressions for the derivatives of 8 and g are easily calculated. 

Handling the problem with Kane's method proves to be a simple task. The resulting 

expressions are simple and the nu_merical work can be optimized. A final comment on the 

matrix 8 is that in can handle both holonomic and nonholonomic constraints with no 

additional effort. 
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5.3 Overall approach to the solution of the problem 

From the theory presented in the former chapters and the expressions found in the 

above section, Kane's equations of motion for a holonomic or nonholonomic system are: 
Au= r + BTA (5.46) 

and the constraint equations are of the form 
Bu=g. (5.47) 

These two equations are complemented by the kinematic relationships relating the u's and 

the time derivatives of the q's which are of the form: 
q =Cu. (5.48) 

The first main step, when designing a solution algorithm using Kane's theory, consists 

in rearranging the former expressions in a standard frrst-order system of differential 

equations suitable to be solved by a standard solver. From equation 5.46 it is found that: 
u =A -tf + A-1BTA (5.49) 

Differentiating equation 5.47, it is found that: 
Bu=g-Bu 

and substituting equation 5.49 into equation 5.50 the result is: 
BA -lr + BA -tsTl. = g- Bu 

which after rearranging becomes 

Dl.=H 

where D and H are defined as follows: 
D=BA-1BT 

H = g- Bu- BA -lr. 

(5.50) 

(5.51) 

(5.52) 

(5.53) 
(5.54) 

Finally, solving for A from equation 5.52 and substituting the result into equation 5.49 it is 

found that: 
(5.55) 

Defining 

Z={~} (5.56) 

the time derivative of Z is 

Z- - - /(Z,t) 
. _ {ti} _ {A-1

f +A -tBT D-
1
H} _ 

q Cu 
(5.57) 

where use has been made of equ.ations 5.55 and 5.48. The initial condition for Z are the 

initial values of q and u. Equation 5.57 is a first order system of differential equations and 

can be integrated numerically to find Z for any other time. Even though equation 5.57 
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shows the inverse of matrix D, this inverse is actually not calculated. Instead, l. is used in 
place of o-1H. 

There are three reasons for selecting this numerical approach. The frrst one is because 

after selecting the type of coordinates and choosing the generalized speeds, the resulting A 

matrix is diagonal and constant . The second is that the solution involves the solution of a 

system of m linear simultaneous equations (m=number of constraint equations) as depicted 

by equation 5.52. Moreover, the B and D matrices are easily found. Usual approaches 

involve the solution of a system of n linear simultaneous equations (n=number of 

generalized coordinates) where in addition the matrix entries involve many computations. 

Finally, the last reason is because the values for the constraint forces are obtained without 

additional effort. The entries of the vector l. are the constraint forces and the constraint 

torque provided the corresponding coefficients of matrix B correspond to a constraint in the 

velocities and angular velocities, respectively. 

The solution algorithm implemented in this work is then a consequence of the nature of 

equation 5.57. For the case when the time step is constant, Euler's algorithm would be: 

( 1) Read the data necessary to build matrices A, 8 and B and vectors f and g. Read 

initial values of q and u, initial time, final time and time step. 

(2) Form matrix A. Set the current time to the initial time. 

(3) Form matrices Band B and vectors f and g for the current time. Form matrix D 

(Equation 5.50) and vector H (Equation 5.51) and solve for vector l. (Equation 5.52). l. 
has the current values of the constraint forces. 

(4) Form matrix C and vectors A-1f and A-18Tl.. Solve forti and q (Equation 

5.57). 

(5) Set the current time to the previous one plus the time step. Set the new q and u 

according to Euler's method to: 
qnew = qold + q (time step) 

unew = uold + ti (time step). 

(6) If the current time is less than final time then go to step (3); else stop. 

5.4 Object-Oriented Pro&rnmming (00Pl 

There are four main characteristics that make the difference between procedural 

languages and OOP languages. These are: polymorphism, encapsulation, class hierarchy 

and inheritance. Two decades ago, when the first structured languages were born there 

was a kind of skepticisms from FORTRAN users. It was difficult for them to see a real 

difference between structured languages and FORTRAN; that was because FORTRAN 
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does have a rudimentary structure. In a similar fashion, as shown below, it may be noted 

that PASCAL and C already posses some OOP characteristics in a rudimentary level. 

5.4. 1 Classes. objects. messa~es 

The following is a plain C declaration: 

double h; 

this declaration is actually an order to the compiler so it knows the user wants to handle the 

variable h with all the characteristics a real number has. double can not be seen only as a 

set of characteristics given to the variable h but also as a set of operations and subroutine 

calls that can be performed with the variable h. Using the OOP jargon double can be 

seen as a class and h as an object. The declaration of h can be seen as an order sent to 

the compiler telling it that that his an object of the double class. After declaring h to be 

an object of the double class the user is allowed to work with h accordingly to the rules 

of its class. Actually, all the C types can be seen as predefined classes. 

The following is a plain C statement: 

h = h + c; (5.58) 

It is possible that this statement and any other statement involving the object h could be 

transformed into a subroutine call of the form: 

function_ name( object, parameters _list); 

Statement 5.58 above would look like this, for example : 

Add( h, c); 

Moreover, it is possible to create a "new C compiler" for which the following syntax: 

(5.59) 

(5.60) 

object: function_name( parameters_list ); (5.61) 

is equivalent to the function call syntax shown in statement 5.59. According to this new 

compiler, statement 5.60 could be written as: 

h: Add { c ) ; (5.62) 

Is there a benefit for having this kind of new syntax? Yes, the benefit is readability. 

Statement 5.60 is not perfectly clear because it does not tell which object is augmented. 

On the other hand, it is clear in statement 5.62 which is the object to be changed. This 

new syntax would be not helpful when working with small programs, say 3000 lines of 

code, it would be helpful when working with big programs. And turning back again to the 

OOP jargon, the function Add in statement 5.62 is a message sent to the object h. Notice 

that any subroutine call or operation involving h can be transformed into a message sent to 

it. 
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5.4.2 Rudimentary classes in C. classes in THINK C 

While C has a predefined set of classes, a true OOP language provides the syntax to 

create user defined classes. Nevertheless, ANSI C permits the creation of rudimentary 

classes through the use of structures. For example, Listing l.a (Figure 5.3) shows a piece 

of code which defines a rudimentary class using plain ANSI C. Listing l.b (Figure 5.3) 

shows how this class can be used. In a similar way it is possible to create additional 

rudimentary classes in order to manage arrays, strings, matrices, etc. This approach 

generates a set of problems one of which is the following: Let's assume there is a 

rudimentary class named Array for which the user wants to have a function which prints 

the content of the Array. The user is forced to select a name different than Print, 

provided he also wants to manage the Vector class. The new function could be called 

Print Array for example. This problem does not exist for the OOP paradigm. As 

shown below, it is possible to use the same name for different subroutines using OOP. 

Listings 2.a (Figure 5.4) presents a simple Vector class definition using THINK C. It 

can be seen that THINK C uses the keyword s t ru c t and it also asks to declare the 

functions that are to be used with the class inside the st ruct brackets. The keyword 

indirect stands for specifying a root class, a characteristic explained later. The 

declared functions are the names of the messages an object of the class is going to receive. 

The declared functions are also called methods. Observe that the methods do not need to 

declare the object which receives the message. Listing 2.b (Figure 5.4) presents a simple 

definition of the methods declared in the Listing 2.a. The only new feature is the double 

semicolons which are necessary in order to tell the compiler which class the method 

belongs to. Also notice that the variable x, y and z need not be declared because they are 

the fields of the object receiving the message. A rna in ( ) function using this class is 

shown in Listing 2.c (Figure 5.4). 

There are some characteristics to underline. The first one is that the syntax to send a 

message to an object is similar to the syntax used in statements 5.61 and 5.62. This way, 

when the compiler finds the sentence: 

Vl->Set_all( 0. 10.14.); 

it actually is loading an equivalent C function call like: 

Set a 11 ( & Vl, 0 . 1 0 . 1 4 . ) ; 

Moreover inside the method Set all any reference to a field of the structure definition is 
' -

by convention a call to a field of the object receiving the message. This explains why it is 

legal to use the fields x,y ,and z inside the method Set_ All. If the message is sent to 

the object Vl, then x will be the variable Vl->x and so on. 
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1*****************************************1 
I* Listing l.a *I 
I* A rudimentary Vector class in ANSI C */ 
1*****************************************1 

struct Vector { 
double x,y,z; 
} ; 

void Set_all( struct Vector *V,double u,double v,double w) { 
V->x - u; 
V->y - v; 
V->z - w; 
} ; 

void Add( struct Vector *Vl, struct Vector *V2) { 
Vl->x += V2->x; 
Vl->y += V2->y; 
Vl->z += V2->z; 
} ; 

void Print( struct Vector *Vl) { 
printf("%20.8e%20.8e%20.8e\n",Vl->x,Vl->y,Vl->z); 
} ; 

I***************************************/ 
I* Listing l.b */ 
I* Using the rudimentary Vector class */ 
I***************************************/ 

main() { 
struct Vector Vl,V2; 
Set all( &Vl,0.,0.,4.); 
Set-all( &V2,1.,1.,0.); 
Print (&Vl); 
Print(&V2); 
Add (&Vl, &V2); 
Print(&Vl); 
} 

Figure 5.3: Listing l.a and Listing l.b. 
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1***************************************1 
I* Listing 2.a *I 
I* Declaring Vector class in THINK C *I 
1***************************************1 
struct Vector:indirect { 

double x,y,z; 
void Set all(double u, double v, double w); 
void Add(Vector *V2); 
void Print(void); 
} ; 

1***************************************1 
I* Listing 2.b *I 
I* Methods for Vector class *I 
1***************************************1 
void Vector::Set_all(double u, double v, double w) { 

x - u; 
y - v; 
z = w; } ; 

void Vector::Add(struct Vector 
X += V2->x; 
y += V2->y; 
z += V2->z; } ; 

void Vector: :Print(void) { 
printf("%20.8e\n",x); 
printf("%20.8e\n 11 ,y); 
l;r int f ( 11 %2 0. Be \n 11

, z) ; 

*V2) { 

1***************************************1 
I* Listing 2.c */ 
I* Using Vector class */ 
1***************************************/ 
main() { 

Vector *V1, *V2; 

V1=(Vector*) new(Vector); 
V2=(Vector*) new(Vector); 

V1->Set all( 0.,0.,4.); 
V2->Set all( 1.,1.,0.); 
V1->Print (); 
V2->Print (); 
V1->Add(V2); 
V1->Print (); 
} 

Figure 5.4: Listing 2.a, Listing 2.b and Listing 2.c. 
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5.4.3 Polymorphism 

A second characteristic about the class definition in 1HINK C is that it is possible to 

have the same name for a method in different class definitions. For example an Array class 

can be defined as depicted in Listing 3.a (Figure 5.5). If a program makes use of both the 

Vector and Array classes it is perfectly legal to write: 

Vector *Vl; 
Array *A; 

Vl->Print (); 
A->Print(); 

The two Print messages shown above do not confuse the compiler because it does know 

which Print () method is to be loaded when sending the Print () message to Vl and, 

which Print ( ) method is to be loaded when sending the Print ( ) message to A. The 

compiler makes the translation based on the class of the object. Now it should be evident 

why it is necessary to create the double semicolons syntax in the method definitions. The 

fact that it is possible to have the same name for different function calls is called 

polymorphism. ANSI C does have a rudimentary polymorphism. Notice that if a variable 

i is declared int while a variable cis declared double then the two statements: 

i = i*S; 
c = c*7.; 

are equivalent to sending a "multiply" message as shown: 

i:multiply by(S); 
c:multiply_by(7.); 

Then, the fact that it is legal to use the same operator"*" with different types, can be seen 

as a simple polymorphism. Polymorphism is a great value feature of the OOP paradigm. It 

is not just a "saving half an hour of my time" when writing a program. It may be seen that 

using polymorphism, class inheritance and virtual binding can reduce the management, 

development, testing and updating times enormously. The virtual binding characteristic is 

not explained in this work, see Lippman [Lippman 1989]. 

5.4.4 Encapsulation 

Another problem inherent to the nature of a rudimentary class is that the user has access 

to the data field of the structure. Most of the OOP languages provide keywords to protect 

the data fields from being used by the user of the class. A C++ compiler will generate an 

error message if the user tries to access a data field. Data is protected; the only way to 

modify it is trough the methods. Unfortunately, THINK C does not provide a way to 

77 



encapsulate the data fields. Encapsulation is a level of security which forces the user of 

the class to manage the available methods provided with the class definition in order to 

manage the data for a particular object. This characteristic also forces the creator of the 

class to write methods in order to initialize and modify the data fields of a class. 

/***************************************/ 
/* Listing 3.a */ 
/* Another class */ 
/***************************************/ 

struct Array:indirect { 
int size; 
double *A; 
void Allocate(int n); 
void Set(int i, double a); 
void Print(void);}; 

void Array::Print(void) { 
int i; 
for(i=O;i<size;i++) printf("%20.8e\n",A[i]);}; 

Figure 5.5: Listing 3.a. 

5.4.5 Class inheritance 

The class mechanism, and its related features: polymorphism and encapsulation, 

provides the tools to write better code. However, still the programmer could be faced with 

rewriting large amounts of code when creating a set of related classes. For example, a 

string class may be defined as shown in Listing 4.a (Figure 5.6). 

/***************************************/ 
/* Listing 4.a */ 
/* string class */ 
/***************************************/ 

struct string : indirect { 
char *s; 
int len; 

in it ( string* 
string* 
int 
string* 
void 

with ( 
( 

con cat 
get len 
print 
destroy. 

( 
( 

char* ) ; 
string* ) 
void ); 
void ); 
void ) ; } ; 

Figure 5.6: Listing 4.a. 
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This class could be a useful alternative to efficiently manage arrays of characters. 

However, the need for managing a string buffer arises when working with text files. A 

string buffer would have all the characteristics a string object has. In addition, objects 

of a st r ingbu ffer class will need to have a buffer pointer and a message like 

get word () for example. One bad solution is to define the code for a stringbuffer 

class as shown in Listing 4.b (Figure 5.7). 

Listing 4.b presents a bad solution because it implies a lot of code almost identical to 

the code written for the string class. Another bad solution is declaring a string object 

as a data field of the stringbuffer as shown in Listing 4.c (Figure 5.7). 

Observe in Listing 4.c that the init (char*) method created for the string class has 

been reused. However, still there is too much repeated code and the alternative is prone to 

errors. The OOP paradigm provides the inheritance mechanism to avoid such problems. 

The THINK C syntax to create a stringbuffer child class is as shown in Listing 4.d 

(Figure 5.8). 

In Listing 4.d, stringbuffer is declared as a successor of the string class. The 

stringbuffer class inherits all the data fields and methods the string class has. It is 

perfectly legal to use the methods for the s t ring class with objects of the 

stringbuffer class. 

There are many additional considerations related to OOP languages. Besides the initial 

investment in building the first classes of the system, the benefits of the OOP characteristics 

reduce the time spent in writing the code. 

A final example of code is presented in Listing 5.a (Figure 5.9) in order to underline the 

features of the OOP philosophy. It presents a piece of a typical plain C code to manage a 

Finite element stress analysis. In this program nq, nf, nz and nW2 are the number of 

different types of finite elements the program can handle. For example the nq could stand 

for the quadratic 8 nodes isoparametric elements, the nf could stand for the triangular 

elements and so on. This code corresponds to the assembly of equations of the system. 

Now, if a new type of element is added to the program, it would be necessary to define a 

new variable to handle the number of elements of that type, a new subroutine call (and a 

new name for that subroutine) and finally, an additional new piece of code right below the 

last line shown in order to handle the function call for this new type of element. But this 

would not be the only modification, there are many similar blocks of code in the program 

which handle the data reading, results printing, calculations, etc. Listing 5.b (Figure 5.9) 

presents the same piece of code now written in C++. 
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/***************************************/ 
I* Listing 4.b */ 
/* A bad stringbuffer class */ 
/***************************************/ 

struct stringbuffer : indirect { 
char *s; 
int len; 
int bufp; 

stringbuffer* in it ( char* ) ; 
stringbuffer* con cat with ( stringbuffer* -int get len ( void ) ; 
stringbuffer* print ( void ) ; 
void destroy ( void ) ; 

int getch ( void ) ; 
int ungetch ( void ) ; 
int get word ( char* ) ; 
} ; 

/***************************************/ 
/* Listing 4.c */ 
/* Another bad stringbuffer class */ 
/***************************************/ 

struct stringbuffer : indirect { 
string *s; 
int bufp; 

stringbuffer* in it ( char* ) ; 
stringbuffer* con cat with( stringbuffer* -
int get len ( void ) ; 
stringbuffer* print ( void ) ; 
void destroy ( void ) ; 

int getch ( void ) ; 
int ungetch ( void ) ; 
int get word ( char* ) ; 
} ; 

stringbuffer* stringbuffer: :init( char* p ) { 
s->init( p ); 
bufp=O; 
return this; 
} 

Figure 5.7: Listing 4.b and Listing 4.c. 
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1***************************************1 
I* Listing 4.d */ 
I* stringbuffer class */ 
/***************************************/ 

struct stringbuffer : string { 
int bufp; 
stringbuffer* 
int 
int 
int 
} ; 

init ( 
getch ( 
ungetch ( 
getword ( 

char* 
void 
void 
char* 

) ; 
) ; 
) ; 
) ; 

Figure 5.8: Listing 4.d. 

/***************************************I 
/* Listing S.a */ 
I* A piece of a FEM code in plain C *I 
/***************************************I 

for( i=O; i<nq; i++) { 
Assamble_nq_element(i,K, ... ); 

} ; 
for( i=O; i<nf; i++ ) { 

Assamble_nf_element(i,K, ... ); 
} ; 

for ( i=O; i<nZ; i++ ) { 
Assamble_nz_element(i,K, ... ); 

} ; 
for ( i=O; i <nW2; i ++ ) { 

Assamble nW2_element(i,K, ... ); 
} ; 

/***************************************/ 
/* Listing S.b *I 
/* A piece of a FEM code in C++ . *I 
/***************************************1 

. . . 
for ( i=O; i<n; i++ ) { 

element[i]->Assemble(K, ... ) ; 
} ; 

. . . 
Figure 5.9: Listing 5.a and Listing 5.b. 

81 



It can be found that element [ ] is an array of objects where casts have been done to make 

each one of its entries an object of a descending class. This means that it is necessary just 

to define a class tree where any type of new element can be added as descendents of the 

root class. Thus, there is no need to create new variables in the main program and there is 

no need to modify a single line in it when a new type of element is added. Of course there 

is need to define the data fields for this new type of element and write its corresponding 

Assemble{) method. As stated in chapter I, it is not the objective of this work to present 

a complete description of the OOP paradigm, the reader is encouraged to review the 

literature. What follows is a brief description of the main classes of the code developed for 

this work. 

5.5 Main Classes of the Pro~am 

Nowadays, the "class definition" is the main subject of study in computer science. The 

class definition is the counterpart of the top-down or the down-top design in structured 

programming. The power of a class depends on its design. One approach consists in 

identifying objects and their behavior [Gibson 1990]. In a multibody system, a body 

object glows as a first choice. A body has its mass, its inertia matrix, its initial position, 

etc. which would be its data fields. A body would respond to messages like: "read your 

data," "assemble your contribution to the equations of motion," "which is the current 

position of your center of mass?," etc. Following this identification process (identifying 

objects and their behavior) 6 main classes were created for this work: Vector, Body, 

Actuator, Constraint, System and Solver classes. These classes are briefly described 

below. Figure 5.10 shows a condensed class definition for this problem. 

5.5.1 Vector class 

The first basic class of objects created to handle the problem is the Vector class. 

Almost all the rest of the classes created in this work make use of objects of this class. The 

class definition stands for handling all usual vector operations. A handy method permits 

the user to have a vector have its data fields (its components) as part of an array. This way 

the user can manage the array as a column matrix or can manage a subset of the array as a 

vector. 

5.5.2 Body class 
The Body object is a set of data storing all the properties a real rigid body has: a name, 

mass, inertia properties, position of center of mass, velocity of the center of mass and 

angular velocity. Also a body has storage for the coordinates transformation matrix, the 
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derivatives of this matrix, two vectors storing the magnitude of the current applied force 

and torque around the center of mass. A body responds to messages like "assemble your 

rotation matrix," "which are your center of mass coordinates?," "assemble your 

contribution to the system of equations," etc. 

Object I 
I 

Vector Body Actuator 
1

l Constraint II System I Solver 

Unary II Binary I Unary ll Binary I 

~ CLForce H Spring 1-- Ball -1 Ball 

....-.! CGForce --i Damper ---1 Pin ~ Pin 

1....-- HForce !....- Gravitation 1 
~ Slider ~ Slider 

Figure 5.10: Class definition. 

5.5.3 Actuator class 
This class stands for handling the actions of external forces, springs, dampers, force 

fields, etc. Further extensions can be done with minor effort. An actuator can be unary or 

binary. A unary actuator acts on only one body like for example a concentrated force or 

moment. A binary actuator acts upon two bodies like for example a spring. Actuators 

respond to messages like "find the value of the force or moment you apply on the body or 

bodies," etc. 
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5.5.4 Constraint class 

A constraint is an object which contributes with a set of constraint equations. A 

constraint could be a ball joint, a pin joint, a rolling surface, etc. Constraints are also 

unaries or binaries depending if they involve one or two bodies for finding the constraint 

equations. Usual data is a pointer to the constrained bodies. Constraints can be holonomic 

or nonholonomic and respond to messages like "evaluate the terms of the constraints 

equations you define." 

5.5.5 System class 

A System object is a set of bodies, constraints, actuators, a current time, an initial time, 

a final time and a set of arrays to store the data corresponding to the matrices needed for the 

numerical integration. A main program will normally declare only one object of this class. 

The data fields for a System object include an array of objects of the Body class, the 

Constraint class and Actuator class. A System object would respond to messages like 

"initialize the data for this problem," "assemble system of equations," "solve for the 

accelerations," "print results," etc. 

5.5.6 Solver class 

A system could also respond to messages like "perform a time step doing a Runge

Kutta integration" but it was decided to let that responsibility to another class: Solver. The 

Solver class is actually a "step solver." It steps the system to a new time. It starts with the 

configuration for the initial timet and after receiving the message step ( dt) it sets the 

configuration of the system for the timet +dt. Only one object of this class is needed to 

be declared in the main program and its responsibility is to send the appropriate messages 

to the System object. The data field for this object is a pointer to the system being 

managed, a character array to store the type of method it is going to use, a time variable and 

auxiliary arrays to manage the numerical solution. The solver can respond to messages like 

"use a fourth Runge-Kutta method," "use a Euler method," "change your time step," etc. 

This class definition permits the type of solution and the time step to change at any time 

during the solution. This allows for easy future adaptive time step solutions. 
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CHAPTER VI 

EXAMPLES AND CONCLUSIONS 

6. 1 Introduction 

Two test examples were prepared taking the data from the Multibody Analysis 

Handbook [Schiehlen 1990]. The first one is a 7-body planar mechanism while the second 

one is a 3-body spatial robot. The results for these test examples match the results shown 

in the handbook with relative errors of the order of 0. 1%. 

6.2 A 7 -body Planar Mechanism 

This mechanism is illustrated in Figure 6. 1 and the data is presented both in Figure 6.2 

and Table 6.1. The mechanism is driven by a torque located in the origin. Listing 6.1 

(Figure 6.3) presents part of the results file showing the problem's input data and the time 

history response of some of the coordinates of the system. These results can be checked in 

the reference mentioned above, pp. 99-102, where differences of the order of 1 per 

thousand can be observed. 

6.3 A 3-body Spatial Robot 

This robot is illustrated in Figure 6.4 and the data is presented in Table 6.2. The robot 

is driven by user defined forces. Listing 6.2 (Figure 6.5) presents the problem's input data 

and part of the time history results for some of the coordinates. Again it can be checked 

that the numbers agree with differences of the order of 1 per thousand. 
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TABLE 6.1. Data for the 7 -body Planar Mechanism. 

(a) Coordinates. 

Point X -coordinate Y -Coordinate 
A 

B 

c 

(b) Spring data. 

Spring coefficient 

unstreched length 

(c) Driving torque. 

-.06934 

-.03635 

.01400 

K=4530N/m 

1 = .07785 m 

-.00227 

.03273 

.07200 

Magnitude M= .033 Nm (in positive Z direction) 

Point of application in origin of reference frame. 

(d) Initial confi ti gura on. 

AI!.&_Ie Value (rad)_ Veloci~rad/sec} 

1! -.0620 0.0 

y .4552 0.0 

s .4873 0.0 

£ 1.2305 0.0 

- 0.0 0.0 .... 

(e) Geometric parameters see tgure ( p· 6 2) . . 
~eter value (m) parameter value (m) 

d .028 sb .01043 

dl .0115 sc .018 

e .02 ~ .02 

ea .01421 zt .04 

zf .02 ta .02308 

fa .01421 tb .00916 

IT .007 u .04 

ra .00092 ua .01228 

ss .035 ub .00449 

sa .01874 
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TABLE 6.1. Continued. 

(f) Inertia parameters. 

BOO_y Mass (Kg) Inertia around z axes 

1 .04325 2.194e-06 

2 .00365 4.410e-07 

3 .02373 5.255e-06 

4 .00706 5.667e-07 

5 .07050 1.169e-05 

6 .00706 5.667e-07 

7 0.05498 1.912e-05 
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Figure 6.1: 7-body Planar Mechanism. 
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. . . 

Figure 6.2: Local frames and geometrical data. 
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******************************************************* 
* Listing 6.1 * 
* Multibody Analysis using Kane's Equations. M.A.K.E. * 
******************************************************* 

* Comments * 

Test.2. 
7.body.Mechanism. 
MultiBodyHandbook.example 

* Control data * 

number of bodies 7 
number of actuators 2 
number of constraints: 10 

* Body data * 

Body 1 
name 
Mass 
Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

Body 2 
name 
Mass 

ny 
nz 

Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

Body 3 
name 
Mass 

ny 
nz 

Principal inertia 
Initial conditions 
Position 
Velocity-
Angular velocity 
Unit vectors nx 

ny 
nz 

K1 
4.325000e-02 
1.000000e+OO 

9.182300e-04 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
9.980786e-01 
6.195994e-02 
O.OOOOOOe+OO 

K2 
3.650000e-03 
l.OOOOOOe+OO 

-4.491400e-03 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
9.980786e-01 
6.195994e-02 
O.OOOOOOe+OO 

K3 
2.373000e-02 
1.000000e+OO 

-1.874320e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
8.981731e-01 

-4.396420e-01 
o·. OOOOOOe+OO 

l.OOOOOOe+OO 

-5.700300e-05 
O.OOOOOOe+OO 
O.OOOOOOe+OO 

-6.195994e-02 
9.980786e-01 
O.OOOOOOe+OO 

l.OOOOOOe+OO 

2.788200e-04 
O.OOOOOOe+OO 
O.OOOOOOe+OO 

-6.195994e-02 
9.980786e-01 
O.OOOOOOe+OO 

1.000000e+OO 

2.048370e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
4.396420e-01 
8.981731e-01 
O.OOOOOOe+OO 

Figure 6.3: Listing 6.1. 
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2.194000e-06 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 

4.410000e-07 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
1.000000e+OO 

5.255000e-06 

O.OOOOOOe+OO 
O.OOOOOOe+OO 

• 0. OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
1.000000e+OO 



Body 4 
name 
Mass 
Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

Body 5 
name 
Mass 

ny 
nz 

Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

Body 6 
name 
Mass 

ny 
nz 

Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

Body 7 
name 
Mass 

ny 
nz 

Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

* Actuator data * 

Actuator 1 
Type 

ny 
nz 

connected to body 
force components 

K4 
7.060000e-03 
l.OOOOOOe+OO 

-3.021600e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
7.584222e-Ol 

-6.517636e-Ol 
O.OOOOOOe+OO 

KS 
7.050000e-02 
l.OOOOOOe+OO 

-5.323560e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
8.836000e-01 

-4.682425e-Ol 
O.OOOOOOe+OO 

K6 
7.060000e-03 
l.OOOOOOe+OO 

-2.854460e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
5.335602e-01 

-8.45762le-01 
O.OOOOOOe+OO 

K7 
5.498000e-02 
l.OOOOOOe+OO 

-5.926280e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
3.337676e-01 

-9.426554e-01 
O.OOOOOOe+OO 

CLMoment 
Kl 
O.OOOOOOe+OO 

l.OOOOOOe+OO 

1.206200e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
6.517636e-01 
7.584222e-Ol 
O.OOOOOOe+OO 

l.OOOOOOe+OO 

1.663080e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
4.682425e-01 
8.836000e-01 
O.OOOOOOe+OO 

l.OOOOOOe+OO 

-1.072390e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
8.45762le-01 
5.335602e-01 
O.OOOOOOe+OO 

l.OOOOOOe+OO 

-1.060120e-02 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
9.426554e-01 
3.337676e-01 
O.OOOOOOe+OO 

O.OOOOOOe+OO 

Figure 6.3: Continued. 

91 

5.667000e-07 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 

1.169000e-05 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 

5.667000e-07 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 

1.912000e-05 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 

3.300000e-02 



Actuator 2 
Type 
Body_1 
Body_2 
pos_l 
pos_2 
Spring constant K 
zero force length 

* Constraint data * 

Constraint 1 
Type 
Body 
Local position 1 

Constraint 2 
Type 
Body 
Local position 1 

Constraint 3 
Type 
Body 
Local position 1 

Constraint 4 
Type 
Body 
Local position 1 

Constraint 5 
Type 
Body_1 
Body_2 
Local position 1 
Local position 2 

Constraint 6 
Type 
Body_1 
Body_2 
Local position 1 
Local position 2 

Constraint 7 
Type 
Body 1 
Body_2 
Local position 1 
Local position 2 

Linear spring 
ground 
K3 
1.400000e-02 
9.570000e-03 
4.530000e+03 
7.785000e-02 

Fixed.BallJoint 
K7 
4.490000e-03 

FixedBallJoint 
KS 

-2.308000e-02 

FixedBallJoint 
K3 

-1.043000e-02 

FixedBallJoint 
K1 

-9.200000e-04 

BallJoint 
K1 
K2 
6.080000e-03 
1.150000e-02 

BallJoint 
K7 
K6 
4.490000e-03 

-5.790000e-03 

BallJoint 
KS 
K4 
1.692000e-02 
0 .. OOOOOOe+OO 

7.200000e-02 
7.400000e-04 

1.228000e-02 

-9.160000e-03 

1.874000e-02 

O.OOOOOOe+OO 

O.OOOOOOe+OO 
O.OOOOOOe+OO 

-2.772000e-02 
O.OOOOOOe+OO 

-9.160000e-03 
5.790000e-03 

Figure 6.3: Continued. 
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Constraint 8 
Type 
Body_1 
Body_2 
Local position 
Local position 

Constraint 9 
Type 
Body_1 
Body_2 
Local position 
Local position 

Constraint 10 
Type 
Body_1 
Body_2 
Local position 
Local position 

* Solution method * 

Type of solution 
time step 

1 
2 

1 
2 

1 
2 

. . 

BallJoint 
K3 
K4 

-1.043000e-02 
O.OOOOOOe+OO 

BallJoint 
K4 
KG 
O.OOOOOOe+OO 
1.421000e-02 

BallJoint 
KG 
K2 
1.421000e-02 

-1.G50000e-02 

Runge_Kutta_4 
1.000000e-04 

-1.G2GOOOe-02 O.OOOOOOe+OO 
-1.421000e-02 O.OOOOOOe+OO 

-1.421000e-02 O.OOOOOOe+OO 
O.OOOOOOe+OO O.OOOOOOe+OO 

O.OOOOOOe+OO O.OOOOOOe+OO 
O.OOOOOOe+OO O.OOOOOOe+OO 

**************************************************************** 
* Results * 
**************************************************************** 

time 
0.0000 
0.0050 
0.0100 
0.0150 

beta 
G.22118Ge+OO 
2.1079G9e-01 
2.1598G7e+OO 
S.G5515Se+OO 

gamma 
4.552001e-01 
4.490342e-01 
1.584348e-01 
4.258111e-01 

delta 
4.873007e-01 
4.88G795e-01 
5.250782e-01 
4.936113e-01 

Figure 6.3: Continued. 
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Figure 6.4: 3-body Spatial Robot. 
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TABLE 6.2. Data for the 3-body Spatial Robot. 

(a) Geometrical parameters. 

C = .05 m 

L =.50 m 

(b) In . erna parameters. 

Baly Mass 

1 250. 

2 I 50. 

3 100. 

(c) Initial configuration. 

Ix 

90. 

13. 

4. 

Coordinate 

ZI 

GAl 

Y2 

BE2 

AL3 

(d) Driving forces. 

Tme interval 

0< t <.5 

.5< t <1.5 

1.5< t < 2.0 

Inertia (KJt m m) 

Iv 

10. 

0.75 

1. 

value velocity 

2.25 m 0.0 

-.5236 rad 0.0 

.75 m 0.0 

0.0 0.0 

0.0 0.0 

Driving force/torque (N, Nm) 

FIZ = 6348 

F2Y = 36 t + 986 

LIZ= 673 t- 508 

L3X = 63.5 

FIZ = 4905 

F2Y = -2. 

LIZ= 148 exp( -5.5 ( t-0.5)) + 8 

L3X = 49.05 

FlZ = 3462 

F2Y = -1019 

LIZ= 240. 

L3X = 34.6 
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******************************************************* 
* Listing 6.2 * 
* Multibody Analysis using Kane's Equations. M.A.K.E. * 
******************************************************* 

* Comments * 

Robot.First.main.test.From.Multibody.Dynamics.Handbook. 

* Control data * 

number of bodies 3 
number of actuators 7 
number of constraints: 3 

* Body data * 

Body 1 
name 
Mass 
Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

Body 2 
name 
Mass 

ny 
nz 

Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

Body 3 
name 
Mass 

ny 
nz 

Principal inertia 
Initial conditions 
Position 
Velocity 
Angular velocity 
Unit vectors nx 

ny 
nz 

Body_1 
2.500000e+02 
9.000000e+01 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
8.660254e-01 
S.OOOOOOe-01 
O.OOOOOOe+OO 

Body_2 
1.500000e+02 
1.300000e+01 

3.750000e-01 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
8.660254e-01 
S.OOOOOOe-01 
O.OOOOOOe+OO 

Body_3 
1.000000e+02 
4.000000e+OO 

6.500000e-01 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
8.660254e-01 
S.OOOOOOe-01 
O.OOOOOOe+OO 

1.000000e+01 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 

-S.OOOOOOe-01 
8.660254e-01 
O.OOOOOOe+OO 

7.500000e-01 

6.495191e-01 
O.OOOOOOe+OO 
O.OOOOOOe+OO 

-S.OOOOOOe-01 
8.660254e-01 
O.OOOOOOe+OO 

1.000000e+OO 

1.125833e+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 

-s.ooooooe-01 
8.660254e-01 
O.OOOOOOe+OO 

Figure 6.5: Listing 6.2. 

96 

9.000000e+Ol 

2.250000e+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
1.000000e+OO 

1.300000e+Ol 
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O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 

4.300000e+OO 

2.250000e+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 



* Actuator data * 
Actuator 1 

Type 
connected to body 
in position 
Component code 

Actuator 2 
Type 
Component code 

Actuator 3 
Type 
connected to body 
in position 
Component code 

Actuator 4 
Type 
Component code 

Actuator 5 
Type 
connected to body 
in position 
force components 

Actuator 6 
Type 
connected to body 
in position 
force components 

Actuator 7 
Type 
connected to body 
in position 
force components 

* Constraint data * 
Constraint 1 

Type 
Body_l 
Local position 1 
Slider vector 1 

Constraint 2 
Type 
Body_l 
Body 2 
Local position 1 
Slider vector 1 
Local position 2 
Slider vector 2 

VLOForce 
Body_! 
O.OOOOOOe+OO 

10 

VLMoment 
13 

VLOForce 
Body_2 
O.OOOOOOe+OO 

16 

VLMoment 
19 

O.OOOOOOe+OO 
11 

14 

O.OOOOOOe+OO 
17 

20 

Force_con_glo_CM 
Body_! 

O.OOOOOOe+OO 
12 

15 

O.OOOOOOe+OO 
18 

21 

O.OOOOOOe+OO O.OOOOOOe+OO O.OOOOOOe+OO 
O.OOOOOOe+OO O.OOOOOOe+OO -2.452500e+03 

Force_con_glo_CM 
Body_2 
O.OOOOOOe+OO O.OOOOOOe+OO O.OOOOOOe+OO 
O.OOOOOOe+OO O.OOOOOOe+OO -1.471500e+03 

Force_con_glo_CM 
Body_3 
O.OOOOOOe+OO O.OOOOOOe+OO O.OOOOOOe+OO 
O.OOOOOOe+OO O.OOOOOOe+OO -9.810000e+02 

FixedPinSlider 
Body_l 
O.OOOOOOe+OO 
O.OOOOOOe+OO 

PinSlider 
Body_l 
Body_2 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O·. OOOOOOe+OO 
O.OOOOOOe+OO 

O.OOOOOOe+OO 
O.OOOOOOe+OO 

O.OOOOOOe+OO 
1.000000e+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 

Figure 6.5: Continued. 

97 

-1.000000e+Ol 
1.000000e+OO 

0. OOOOOOe+.OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 



Constraint 3 
Type 
Body 1 
Body 2 
Local position 1 
Pin vector 1 
Local position 2 
Pin vector 2 

* Solution method * 

Type of solution 
time step 

Pin 
Body_2 
Body_3 
O.OOOOOOe+OO 
l.OOOOOOe+OO 
O.OOOOOOe+OO 
l.OOOOOOe+OO 

Euler Heun 
l.OOOOOOe-03 

5.000000e-Ol 
O.OOOOOOe+OO 

-5.000000e-02 
O.OOOOOOe+OO 

O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 
O.OOOOOOe+OO 

**************************************************************** 
* Results * 
**************************************************************** 

time 
0.0000 
0.2500 
0.5000 
0.7500 
1.0000 
1.2500 
1.5000 
1.7500 
2.0000 

GAl 
-5.235988e-Ol 
-5.597794e-Ol 
-6.269979e-Ol 
-6.729807e-Ol 
-6.994844e-Ol 
-7.16950le-Ol 
-7.293284e-Ol 
-7.387116e-Ol 
-7.468163e-Ol 

Zl 
2.250000e+OO 
2.340186e+OO 
2.610743e+OO 
2.971126e+OO 
3.331508e+OO 
3.691890e+OO 
4.052272e+OO 
4.322113e+OO 
4.411592e+OO 

BE2 
O.OOOOOOe+OO 

-3.834335e-06 
-3.544857e-05 
-2.474199e-05 

7.130645e-05 
2.256497e-04 
4.251345e-04 
6.597368e-04 
9.113983e-04 

Figure 6.5: Continued. 

6.4 Conclusions 

Y2 
7.500000e-Ol 
8.740958e-01 
1.250889e+OO 
1.757176e+OO 
2.265365e+OO 
2.774204e+OO 
3.28319le+OO 
3.664446e+OO 
3.791238e+OO 

Kane's dynamics proves to be a straightforward methodology to handle the dynamics 

of multi body systems. Its biggest advantage is that the resulting code is simple. In general 

the method accommodates very complicated constraint equations and load forces with ease. 

With respect to the method implemented in this work, the following features were 

determined: 

(1) Although the number of absolute coordinates is greater than the number of 

generalized ones, the method involves the solution of a system of m simultaneous 

equations where m is the number of constraint equations. In many cases this approach is 

better. For example a chain of 10 bodies joined by ball joints will require 6+9*3=33 

generalized coordinates and the solution of 33 simultaneous equations. The present 

approach requires 10*6=60 absolute coordinates but only 9*3=27 simultaneous equations 

need to be solved. In addition, the coefficient matrix is easily obtained in this method and 

the calculation of the coordinates and velocities requires few additional operations. 
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(2) The constraint forces are automatically calculated in every time step. There is 

no need to write additional code to handle additional equations to find them. 

(3) The program handles nonholonomic and holonomic constraints with the same 

procedure. There is no need to implement different algorithms to handle both problems. 

(4) The code can handle position constraints, velocity constraints and acceleration 

constraints. 

Other future extensions that are ready to be included are: 

(5) Constraints with friction forces. 

(6) Variable constraints. This is the case when constraints became active or inactive 

depending on the configuration of the system. 

(7) Impulsive forces to handle explosions for exampie. 

(8) Collisions. The number of operations needed to handle the problem of 

collisions is considerably smaller. 

A minor drawback about the use of absolute coordinates with a step integration method 

such as the Runge-Kutta method is that the values of both coordinates and generalized 

speeds must be corrected in order to fit the constraints equations after doing the step. On 

one hand, this is a simple procedure for the case of open tree structures while on the other 

hand, it requires a minimization technique when dealing with closed loops. 
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