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ABSTRACT 

A novel method based on distributed analog computing is developed for 

solving the two-point boundary value problem (BVP) of a linear ordinary 

differential equation in real-time. Theorems and algorithms for mapping the BVP 

from time-domain to spatial-domain are developed. Building blocks implementing 

the mapping are designed. An analog network is constructed with many 

interconnected nodes operating concurrently in asynchronous fashion. The energy 

equilibrium state of the network provides a solution to the BVP problem. 
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CHAPTER I 

INTRODUCTION 

During the past few years, analog computing has been successfully applied in 

different scientific research and engineering areas, due mainly to the faster speed 

of analog computing and feasible analog VLSI implementation. Following 

Kirchhoff's law and Ohm's law, primitive arithmetic, such as addition and 

subtraction. can be performed by using analog voltage or analog current through 

very simple circuitry. Theoretically, the speed of interaction of analog current or 

voltage is close to the speed of light. With a properly designed, stable network, a 

very fast computational speed can be expected. 

Many problems in different applications can be formulated mathematically as 

linear ordinary differential equations with both given initial and final boundary 

conditions. A fast solution to these problems is often desirable (Li et al., 1991 ). 

For example, consider the application in robot path planning. A fast solution will 

allow the robot to choose the right path and quickly interact with a changing 

environment. To solve boundary value problems (BVP), the numerical "shooting" 

technique has been widely utilized (Cash, 1986; Childs et al., 1979 and Press et 

al., 1988). Generally speaking, numerical "shooting" is an iterative approach 

which starts by satisfying a given initial condition and marches towards the final 

condition by constantly adjusting its trajectory until both the initial and the final 

conditions are satisfied. This process is trial-and-error in nature and it is slow. 
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The purpose of this research is to develop a method of using distributed analog 

computing to solve BVP problems. The objective is to find a solution to BVP 

problems in real-time and eliminate a numerical iteration process. 

2 

This thesis is organized as follows: Chapter I contains a brief survey of the 

current techniques. The problems are identified and the objectives of the research 

are stated. In Chapter II, mathematical formulation of the problems is given and 

several theorems are developed. Based on the theorems in this chapter, the design 

methodology is then provided. In Chapter III, experimental results are given and 

the comparisons of analog computation with digital computation are provided. 

The error analysis is provided in Chapter IV. Finally, in Chapter V, a conclusion 

is furnished and the possible future research directions are discussed. 

1.1 Background 

Recently, neural network methods have been applied to solve optimization 

problems and some encouraging results have been obtained. Tank and Hopfield 

(1986) developed a neural network with graded-response neurons to solve linear 

programming problems. Kennedy and Chua (1987,1988) have constructed a 

canonical network for solving nonlinear programming problems and have 

established criteria for network stability. Analog computing, as applied to neural 

networks, robotics, motion control, and machine vision, etc., has received 

increasing attention. The research interests in this area originated from the 
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connectionist's computational model, where the ultimate goal is to build an 

intelligent machine possessing learning capability through parallel and distributed 

computing. Following this approach, Mead et al. have constructed a silicon retina 

(Mead and Mahowald, 1988; Mead, 1989a; Mead and Ismail, 1989b). They have 

built an analog resistive network that can compute optical flow (Hutchinson et al., 

1988). Taylor also constructed a silicon model for vertebrate retinal processing 

(1990). Lumsdaine et al. used a nonlinear analog network for image smoothing 

and segmentation (1990). The researchers here at Texas Tech University have 

developed an analog VLSI circuit which can simulate a function of the human 

visual peripheral process (Li and Chen, 1990a, 1990b ). 

There are a number of groups which are working on the development of 

special-purpose neural chips by using analog VLSI design methodology (Treleaven 

et al., 1989). A common goal of these studies is to develop real-time computing 

networks which demonstrate a higher computation performance. 

1.2 Distributed Analog Computing 

Distributed analog computing combines the features of both analog and 

distributed computing. The computation is achieved through the mathematical 

manipulation of analog quantities, such as through analog voltage or current. A 

computational task is distributed over the entire network with each processing 

element (PE) operating concurrently with other PEs. The concept of distributed 



analog computing goes back to 1960's (Wass and Garner, 1965). It has become 

one of the most important research fields due to rapid advancements in analog 

YLSI technology, which brings together very high circuitry density, low power 

consumption, and fast computational speed. To fully understand the use of the 

distributed analog computing scheme, we summarize some of its attractive 

features below. 
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1. Fast computational speed. Primitive arithmetic, such as addition, 

subtraction, can be achieved by using analog voltage and/or currents through 

the circuit. There is no need to discretize, or quantize operands, and delay 

through the many stages of the digital device can be easily avoided. Networks 

run asynchronously with very fast communication speed due to the fact-that 

the interactions, propagation of analog voltage or current are very fast and 

have no rigid timing restrictions. 

2. Inherently concurrent and parallel processing capability. Each processing 

element of a properly designed analog network interacts asynchronously and 

concurrently with other elements over the network in order to achieve an 

energy equilibrium state, which in effect performs parallel computing. 

3. Suitability for analog VLSI implementation. The hardware implementations 

of analog primitive arithmetic are significantly simpler than their digital 



counterparts. Development of a complete analog VLSI chip has become 

possible (Treleaven et al., 1989). 
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Disadvantages of analog computing include the limited range of computational 

accuracy and sensitivity to electrical noise. With further developments in analog 

computing, fault tolerant, or self-adaptable structures, may eliminate or reduce 

some of the disadvantages. In fact, Intel's recent 80170NX Electrically Trainable 

Analog ~eural Network (ETANN) has demonstrated the power of analog 

computing (Intel 1991 ). 

1.3 Objectives of This Study 

The objectives of this research are : 

1. To develop a mathematical model to map linear ordinary differential 

equations (in the form of two-point boundary value problems) from temporal 

domain to spatial domain, so that the computation of a class of linear 

ordinary differential equations for different instances of time can be done at 

different nodes of the network. 

2. To design basic building blocks that implement the model. 

3. To provide a general design procedure to allow a class of ODEs be solved. 

4. To study the computational accuracy of using analog network to solve BVP 

problems. Therefore, the error analysis is included in this research. 
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This research will focus on solving the two-point boundary value problems 

(BVPs) of a class of linear ordinary differential equations (ODEs) by using analog 

network. In addition, we will only focus on a class of linear ODEs in the form 

(1.1) 

where ao, a 1 , ... , an-l and k are constants. 



CHAPTER II 

METHODOLOGY 

There are three major problems involved in developing a suitable analog 

computing scheme. First, the differential equation should be converted to the form 

suitable for analog computing onto a spatial domain. Second, building blocks 

should be developed to implement spatial description in order to build a network 

representation of the equation. The network may consist of many interconnected 

nodes, which operate concurrently in asynchronous fashion. The goal is to 

distribute the computation over the nodes of the network so that a high order 

concurrent computing can be achieved. Finally, the network structure should be 

suitable for handling different boundary conditions. The mapping of a temporal 

domain to a spatial domain is discussed first. 

2.1 Temporal-to-Spatial Mapping 

Let [O,T] denote a time interval on which the solution to a linear ordinary 

differential equation (ODE) is to be found. Let x(t) denote the solution of the 

(ODE) at timet in [O,T]. The interval [O,T] can be divided into n equal steps with 

each of length h, such that n is equal to l t J , the greatest integer less than or 

equal to f. Then the solution to equation (1.1) can be expressed as a sequence of 

discrete points, { xili = 0, 1, 2, ... ,n -1 }, where Xi represents variable x(t) at time 

t=ih. Likewise xi+l' Xi-l represent x(t) at time (i+1)h, (i-1)h, respectively. 

7 
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To be able to build an analog network, primitive network components, R[,j, Ii, 

Vi. are defined as follows: 

Remark 1: A component R[,j of an analog network represents a resistor 

derived from rth order derivative at time i; it links node i to j. Ii represents 

current or current source flowing away from node i, and Vi represents voltage or 

voltage source cross node i, respectively. 

The purpose of the mapping is to assign the computation of {xi} over a 

resistive network, so that the stabilized voltage is equal to xi. We define this 

time-to-spatial mapping by letting Vi = xi, where Vi is voltage cross node i of the 

network, and Xi is the value of x( t) at the time zh. Hence, seeking the solution of 

equation (1.1) over [O,T] can be expressed as seeking the stabilized node voltage, 

V0 , l2: ... , Vn_ 1 , of n nodes of the network. Since a derivative of a function can be 

estimated numerically, we use the finite difference method to replace each 

derivative, ~::' where k = 1' 2, ... , n, by their oth order finite difference. 

Proposition 1 and Theorem 1 , and their corollaries are developed to achieve this 

goal. In order to perform the mapping, the following theorems are given. 

Proposition 1. Let xi denote the nth order finite difference of xi, i.e. 

n-1 n-1 

xi = :z:i+ 1 ~:ri , then finite difference xi can be expressed as a sum of its lower 

order terms by using forward difference, 
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(2.1) 

. n-k-1 n-k-1 

Whe e CJ _ k! d n-k _ a:itk-J±l -a:i±k-i k-1 2 
r k - j!(k-j)!' an xi+k-i - h ' - ' ' •.. ' n. 

Proof: Using mathematical induction, the proof can be derived in two parts. 

Part I) Consider that n=k, 

( 1 ) For k=L equation (2.1) degenerates to 

(2.2) 

and the theorem follows trivially. 

( 2) Now assume that for k=r, equation (2.1) is true, i.e., 

(2.3) 

Now, to prove for k=r+1, equation (2.1) is true, we apply the forward difference, 

(2.4) 

and by substituting (2.3) into (2.4), we obtain 

(2.5) 

or, 
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r+l _ 1 { o [ o o ] [r( r - 1) o o 
zi - hr+l xi+r+1 - rzi+r + Xi+r + 2! Xi+r-1 + rxi+r-lJ + ... + 

(
-

1
)"[r(r- 1) ... (r- 8 + 1) r(r- 1) ... (r- 8 + 2) ~ 

8! + (8 _ 1)! Jxt+r+l-s 

+ ... + ( -1)"+1 x?}. (2.6) 

Regrouping x?+r+l-i' j=O, 1, ... , r+1, with some mathematical manipulation we 

have 

(2.7) 

which confirms equation (2.1) for n=k. 

Part II) Now, consider that n=j:k. 

For k=1, rewriting equation (2.1), we get 

n - 1 [~( 1)ici n-1 l xi - h LJ - 1xi+1-i · 
i=O 

(2.8) 

The equation can be written as, 

(2.9) 

which is the definition of forward difference. Hence, equation (2.1) holds good for 

k=l. 

Now for k=n-t, assume that equation (2.1) is true, where 1<t~n-1. We prove 

that the equation is also true for k=n-t+l. From equation (2.1), xf can be 

expressed as 

1 n-t 1 
n ""'( )iCi [ ( t-1 t-1 )] xi = hn-t ~ -1 n-t h x(i+1)+n-t-i - xi+n-t-i 

J=O 

(2.10) 
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Note that, L,']~ci C~-t = L,'J~ci+ 1 C~-t since c;:+1 = 0, therefore by changing the 

upper limit of the summation from n-t to n-t+1, 

1 n-t+l 1 
n - ~ ( )i ci [ ( t-1 t-1 )] xi - hn-t ~ -1 n-t h xi+l+n-t-j - xi+n-t-j . 

J=O 

(2.11) 

Next, by multiplying out the inner difference term, we obtain 

1 n-t+l . . n-t+1 . 
x7 = hn-t+1 [ L ( -1)3 C~-tx!+i+n-t-j + L ( -1)i+ 1 C~-tx~+~-t-jl· 

j=O j=O 
(2.12) 

Using r=j+1, 

1 n-t+l . . n-t+1 
x? = hn-t+l [ I: ( -1 )3 c~-tx~+i+n-t-j + I: ( -1 r c~=! x~+~-t-r+1J. 

j=O r=1 
(2.13) 

Note also that ""'n-t+1 cr-1 = ""'n-t+l cr-1 since Cn--1 t = 0, so the lower bound of LJr=1 n-t LJr=O n-t 

the second summation term can be changed from 1 to 0, resulting in 

1 n-t+l . . n-t+1 
x? = hn-t+I [ L ( -1)3 C~-tx~+~-t+ 1 -i + L ( -1tC~=!x!+~-t-r+ 1 ]. 

j=O r=O 

(2.14) 

Changing the index r of the second summation term to j, 

. (2.15) 

using the identity c~-t+1 = c~-t + c~=!' equation (2.15) can be written as 

(2.16) 

or, 
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(2.17) 

where k=n-t+l. Therefore, equation (2.1) is also true for k=n-t+l. \7 

By letting k=n in this proposition, we obtain the following corollary to 

represent nth order derivatives of x by the sum of its oth order finite differences. 

Corollary 1. Using the forward difference of the finite difference method, r;;;: 

can be estimated by 

1 ~ .. 0 
hn L.J( -1)'C~xi+n-j 

j=O 

(2.18) 

In this corollary, we have combined two well known results from numerical 

methods that the nth order derivatives can be estimated by the nth order finite 

differences, and that the nth order finite differences can be represented as the sum 

of oth order finite differences. 

The following theorem will be used to perform time-to-spatial mapping. 

Theorem 1. A differential equation given in the form of equation (1.1) can be 

represented as 

(2.19) 

1 n-1 1 ( )j-llcj-11 ( -1)n-• cn-11 r -where bi,n = hn, bi, 11 = "L-;= 11 a;"'jJ -1 j + hn n , tor s-0,1, ... n-1, and ajS 

are the coefficients in equation (1.1), j=0,1, ... , n-1. 
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Proof: Substituting (2.1) for the kth derivative of x in (1.1), for 

k=n,n-1, ... ,2,1, we obtain 

(2.20) 

~ow we write each summation as the sum of individual terms and regroup the 

coefficient of each Zi+,. Using the notation bi, 6 for the coefficient, we obtain 

b. - .l.. db· - '"'n-l . ..l.(-1)i-,C~-~ + (-lt-• en-s £ -0 1 -1 Th1"s 
t,n - hn ~ an '•' - L.Jj=& a3 hJ J hn n ' or S- ' , ... n . 

completes the proof. \7 

Corollary 2. For any nth order derivative of x, the coefficients in equation 

(2.19) can be simplified with bi,, = (-~r-· c;:-s, for s=0,1, ... ,n-1, and furthermore 

(2.21) 

Proof: 

Since aj is equal to zero for j=0,1, ... , n-1: from Theorem 1, 

(2.22) 

and therefore, 

:f= bi,, = :n [( -Itc: + ... + ( -lt-'c:-~ + ... + ( -1)°C~] , 
&=0 

(2.23) 

which can easily be proved to be equal to zero for both odd and even values of n. 
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Case I) If n is even, using the binomial expansion, 

"n b· _ .l..[Cn _ cn-1 + cn-2 + c1 co) 
L...-a=O '•' - hn n n n •· · - n + n 

= 0. 

Case II) If n is odd, 

n 1 
2: bi,a = hn [-c: + c:-1- c:-2 + ... - C~ + C~] 
a=O 

(2.24) 

tbi,a = ~n[(-c: + C~) + (c:-1
- C~) + ... 

a=O 

+((- 1 )r~lc!~l + (- 1 )r~l-1c!~l-1)J, (2.25) 

which trivially is equal to zero. This concludes the proof. \7 

We can rearrange xi and express equation (2.19) in terms of sum of difference, 

Corollary 3. The nth order derivatives of x can be expressed as 

(2.26) 

Proof: 

We provide the derivation for even and odd n separately. 
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C I) If . th n rnl M b C - 1t-• en-• C -l)n-• c• ase n IS even, en 2= l2 . oreover, i, 11 = hn n = hn n , 

since c;:-• = C~. From Corollary 2, equation (2.19) can be expressed as 

Since 2::j=0 ( -1 )iC~ = 0, therefore, 

C~ - en cn-1 c~+1 c~-1 c1 co n -- n+ n - .... + n + n + ... + n- n 

(2.27) 

(2.28) 

Substituting equation (2.28) into equation (2.27), change notation i + ~ to m, and 

regrouping Xm with each Xi+j, j=n, n-1, ... , 0, we obtain 

~n [C;:(xi+n- Xm)- c;:-1(xi+n-1- Xm) + ... - c!+1 (xi+~+1- Xm) 

+ ... - C~(xi+1- Xm) + C~(xi- Xm)], 

which can be written as equation (2.26). The corollary follows for even n. 

(2.29) 

Case II) If n is odd, then ~ < 1~1 < ~ + 1, once again we rewrite equation 

(2.19) as 

1 [en cn-1 + + ( 1)n-r~lcr~l + hn n Xi+n- n Xi+n-1 ... - n Xi+ r~l ... 

(2.30) 

Using binomial expansion, 



(-It- ri 1 c~Il = -[c~ _ c~-1 + ... + ( _ 1 )r~l+1c~Il+1 + 

( -I)ril- 1 c~Il- 1 + ... + c~- c~]. 

Using m=i-~-f~~' 

Equation (2.32) can be written as equation (2.26). Hence, when n is odd, 

Corollary 3 is also true. 
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(2.31) 

(2.32) 

From part (I) and (II), no matter whether n is even or odd, Corollary 3 always 

is true. \7 

Up to now, we have successfully converted the ODE to the sum of oth order 

finite difference term xi. Next step is to develop building blocks. 

2.2 Designing Building Blocks 

In Section 2.1, we provide the methods for mapping from time-domain to 

spatial-domain. Therefore, a theorem based on the spatial-domain and Kirchhoff's 

current law needs to be developed. Following the theorem, one can design a 

building block to construct an analog network. 

Theorem 2. For any given linear ODE in the form of equation (1.1), building 

blocks of an analog network can be defined by using Kirchhoff's current law to 
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link each node i over a vicinity [i,j] of the network, with synaptic weights 

Ri,; = ci+rfl ~: )liJ-Hi, where 1 ::; r < n and j = i - l~l, ... , i + l~J for j =:f i. 
O.r r -1 

For r=O, j=O, R?,; = ;o is the synaptic weight that links node ito the ground. 

For r=2, from the above theorem j=i-1, i+1, therefore R~._ 1 R~.+ 1 are synaptic 
' t,~ ' ~., 

strengths linking node i, i-1, i+1 as illustrated in Figure 1. Also, I= k, where k is 

from equation (1.1). 

Proof: From Corollary 3, equation (2.26) can be written as 

(2.33) 

by changing the index of the coefficients in equation (2.33) with increment i- l~l· 

Let Vi =Xi, Ri,; = i+r;l-~r LiJ .. , for r=1,2, ... n; j=i- l~l , ... , i+ l~J and j =:f i. 
O.rCr (-1) -J+• 

If r=O, let Rf.0 = ;o, and I= k, respectively. Then equation (1.1) can be written as 

(2.34) 

The left-hand side of equation (2.34) represents the sum of all currents both 

entering and exiting the node i. It is equal to the current source I on the 

right-hand side of the equation. According to Kirchhoff's current law, this 

equation satisfies the node current relation. Hence, one has proved Theorem 3. \7 

From Theorem 3, an analog network can be constructed by properly 

assembling each building block. 



v 
i-1 

v 

• 

( a ) 

( b ) 

• 
v 

• 
v v 

i ·I i+ I 

( c ) 

Figure 1: The synaptic weights are used to 
link node i. Note that the number 

' of synaptic weights depends on the rth 

order derivatives of x(t). In (a) r=O; 
(b) r=l; (c) r=2. 
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2.3 Design Approach 

Based on the theorems in the above sections, we describe the general design 

approach to convert the (BVPs) problem of equation (1.1) to equation (2.19), and 

then map this equation from temporal-domain to spatial-domain for analog circuit 

simulation. The formal procedure is developed. It can be described by the 

following steps: 

Step 1. Change equation (1.1) to the new form of equation (2.19) by using 

Theorem 1; then reconstruct the equation by letting V;=xj, where j=0,2, ... , l~J, 

so according to Theorem 2, one has 

li+L~J- li Vi+L~J-1- Vi Vi-r~l- Vi V:+Ln;-1 J- Vi 
-~;....__-+ + ... + + n 1 + 

Rii+ .I!.J Rii+L.I!.J-1 Rii-r.I!.l R. -:-+Ln-1J 
' L 2 ' 2 t 2 t,t. -2-

l':+Lll=l J-1- Vi V:-rll=ll -Vi Vi-1 -Vi Vi 
n~l + n~l + ··· + 1 + -0- =I, 

R.. Ln-1 J 1 R.. rn-1l Ri i-1 Ri 0 t,t+ -2- - 1,1- -2- ' ' 

(2.35) 

where i = l~l + 1, ... , l~J - l~J + 1. 

Step 2. Decide resistor R":. and current source I by Theorem 2, 
1,] 

hr 
R~. = --~~rT~l~-----, 

1,] cj+ 2 -i( 1)LZ:J-j+i 
ar r - 2 

(2.36) 

and 

I= k. (2.37) 

The current source I will flow away node Vi . In equation (2.36), Ri.,j is the resistor 

arranged between the ith node and the Ph node, where r=1, ... , n; j=i- l~l, ... , 

i+ l~J, j # i. If r=O, then R?,o = :
0

• 



Step 3. Construct a building block for the analog network. The general 

building block is illustrated in Figure 2. 

20 

Step 4. Use voltage-controlled voltage sources to connect the building block. 

The connection of each building block is a key for each node of the network to 

communicate and to interact each other. Node voltage of each block has to be 

allowed to freely propagate to the nodes of the other blocks in order to achieve an 

energy equilibrium state. However, the path and the direction as well as the value 

of each current on the building block are restricted by the decentralized 

computation task. No new current path should be introduced nor should the value 

of the current be altered. This suggests that the connection between each block 

should not draw any current and should not inject any current either, but at the 

same time the voltage information has to get through. Considering these 

requirement, voltage-controlled voltage sources are used to link each building 

block. 

Step 5. Impose voltage sources at terminal nodes of the network for the 

boundary conditions. 

The network is now ready to be constructed from the basic building blocks. A 

close observation of the building blocks will reveal that (1) negative resistors may 

be needed; (2) the node voltage relation of the basic building blocks must be 

maintained all the time, even after the connection of each building block; 
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It' . r~1 •·•- a 

• • •• 
\·i-Jfl t.:_ fi 1 +I 

Figure 2: A general building block. Note that the node of 
this building block has resistors, Ri.; = Hr;1-~,. L!J .. , 

'" a.,.C,. (-1) -J+• 
connecting to its neighbors. The total number of resistors, 
r, is related to the order of the original derivatives. 



(3) the two-point boundary conditions should be imposed on the network 

without affecting (1) and (2). 
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Conceptually a negative resistor can be viewed as a power supply which 

provides a current and voltage relation such that the current goes in the opposite 

direction to the voltage drop. It is mathematically clearly defined and physically 

realizable. All the negative resistors in this design are implemented by using the 

configuration of a negative impedance converter (NIC) with properly chosen 

resistors as shown in Figure 3. 

Step 6. Perform SPICE simulation to verify the design. 



I 

'V'v . 
v 

i · I 

R' 
i ,i ·I 

(a) 

R 
I 

+ 
• 

v 
i 

V · 
i · I 

V. 
I• I 

~--------------------~v 

I 

( b ) 

Figure 3: (a) A negative resistor .Ri,i-l, as used to link 
node i-1 to i; (b) a negative impedance converter, as used 
to implement the negative resistor Ri,i-l, where R3 = 
-.Ri,i-1' R1 = R2, and Vout = - "Vi-1 +Vi. 

i 
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CHAPTER III 

EXPERIMENTAL RESULTS 

Using the finite difference approach, equation (1.1) can now be converted to a 

finite difference equation (2.19). Therefore, the focus is now placed on seeking the 

stabilized node voltage which gives a solution to the ODE by using analog 

network. 

3.1 Building an Analog Network 

In this section, an example is provided to demonstrate how to construct analog 

networks to solve linear ordinary differential equations such as equation (1.1 ). 

Example 3.1 : Solve d~~~t) =0 over a finite interval [0,23] with step length 

h=l. The initial conditions are x(O)=a and x(1)=b; the final conditions are 

x(22)=d and x(23)=e. 

Solution: 

According to Corollary 3, crd~~t) =0 can be expressed as 

Equation (3.1) can be rearranged in the form of 

(3.2) 

Following the design approach in Chapter II, one has to do the following steps in 

order to solve the problem. 

24 
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Step 1. Reconstruct equation (3.2) by letting ~ = Xi· 

(3.3) 

Step 2. Decide the resistor Ri,j, and the current source I with 

r=4, j=i-2, i-1, i+1, i+2, therefore, 

and 

I=O. 

Step 3. Construct a building block for the analog network using the result 

from step 1 and 2. The building block is illustrated in Figure 4. 

Step 4. Use voltage-controlled voltage sources to connect the building block. 

Step 5. Impose voltage sources at terminal nodes of the network for the 

boundary conditions. V0 , V1 are assigned for initial conditions, and Vn_ 2 , Vn-l are 

for the final conditions. The analog network with the two-point boundary 

conditions is given in Figure 5. 

Step 6. Perform SPICE simulation to verify the design. 

The simulations were conducted on SUN SPARC station I running SunOS 

4.0.3 operating system. XSPICE which is the version of SPICE III under 

X-window environment has been utilized for the simulation. The analog 

computing results are listed in Table 1. 



v 
i- 2 

R4 _ 4 
.. 2- h ···-

R4 _ 4 
.. -h 
1,1+2 

v 
i - 1 v 

i v 
4 4 

R.. =-h/4 
···- 1 

4 
=-h/4 

Figure 4: A basic building block is constructed to 
implement equation (3.3). Note that a current 
source I = k and k = 0 is added to the node i 
in order to balance the current relation. 

i+l 
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2.. 
Jnili~l Duund:at)" 

Conditions 
a'( I) 

a'( I) 

vcv vcvs~ r .. (n-4) 

a'{n·S) 

a'{n·S) a'(n·4) 

a'(3) a '(4) 

a(S) 

a'(n·3) 

Finial Boundary Conditions 

Figure 5: The structure of the overall analog network for 
implementing equation (3.3). Note that the two-point boundary 
condition&, initial boundary condition and final boundary 
condition are imposed on the network as voltage sources, 
Vo, Vi, and Vn_ 2 , Vn-l respectively. 
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Table 1: An analog network is used to solve cf4d~itl =0 over a finite interval 
[0,23] with step length h=l, and an initial conditions x(O)=a, x(l)=b, 
as well as a final condition x(22)=d, x(23)=e. The experimental 
results- are also plot ted in Figure 8. (a). 

a=O b=1 d=1 e=O I I I a=10 b=2 d=17 e=9 I I I 

t 
x(t) x(t) 

0 0.00000 10.00000 
1 1.00000 2.00000 
2 1.90909 -3.a3oo4 
3 2.72727 -7.6967a 
4 3.45454 -9.ao6a9 
5 4.09091 -10.36702 
6 4.63636. -9.583as 
7 5.09091 -7.66403 
a 5.45454 -4.a 1423 
9 5.72727 -1.2 4111 

10 5.90909 2.a4a67 
1 1 6.00000 7.24a45 
12 6.00000 11.75155 
13 5.90909 16.15133 
14 5.72727 20.24111 

15 5.45454 23.81423 
16 5.09091 26.66404 
17 4.63636 28.Sa3as 
18 4.09091 29.36702 

19 3.45454 26.~06~9 

20 2.72727 26.69677 
21 1.90909 22.83004 
22 1.00000 17.00000 

23 0.00000 9.00000 

* SPICE Simulation. 
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In an analog network simulation, there are often thousands of nodes, with each 

node having many components. It is not very practical to hand code thousands of 

statements of the SPICE program to simulate such network. 

Therefore, a driver for the simulation is developed to automatically generate 

SPICE programs. The driver is written in C and it is only a fraction of the size of 

the SPICE program. The structure of each building block, the initial and final 

boundary conditions, as well as the initial circuit conditions are all incorporated 

into the program. The modification of the network configuration including the 

re-assignment of boundary conditions can be achieved easily with little change to 

the driver program. Given in Appendix B.2 is the program developed for this 

purpose. 

3.2 Measuring Computational Speed 

In order to measure the speed-up, the 8ettle time of the analog network needs 

to be determined first. Although the design of the network is based on resistive 

building blocks, stray capacitors are likely introduced during the fabrication 

process. To make a realistic simulation, 1 pf capacitors are added to each node of 

the network as illustrated in Figure 6. The simulations are then performed with 

two-point boundary condition8 imposed as voltage sources. The time required to 

obtain stabilized node voltage can then be measured. 



laitial Bo1111dary 
Conditions 

a'(l) 

vcv vcvs~ ··(···) r &'(n-4) 

I pf 

7' .. >T 
I f I pf 

a'(4) a(S) 

vcvs~ 
x'(n-3) rx'(n·l) 

Finial Boundary Condiaions 

Figure 6: A measurement of the settle time of an analog 
network. The capacitance of each node of the network is 
taken into consideration. The capacitance effect is 
simulated as a lpf node capacitor connecting the node to 
the ground. 
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This &ettle time of the network is then used as the computation time to 

compare with that of numerical computational results. Given in Figure 7 are the 

measurements of the settle time. In addition, Table 2 is used to tabulate the settle 

times for a different number of nodes. According to Table 2, the settle time is in 

the nanosecond range and increases as n gets bigger. This matches our 

expectation. 

3.3 Comparisons 

Comparisons to conventional numerical computation are made to measure the 

computational accuracy of analog computing results. In accordance with 

Appendix A, the numerical computational results of Example 3.1 are included in 

Table 3 for comparison with analog computing results provided in Table 1. In 

addition, the method of solving the problems of Example 3.1 can be applied to 

solve the trajectory formation under two-point boundary conditions (Li et al., 

1991). Figure 8.(a) represents the motion trajectories from SPICE simulation 

results given in Table 1. For the purpose of reference, the motion trajectories from 

numerical computing results are also offered in Figure 8.(b ). It is quite easy to 

observe that both computing methods generate very similar trajectories. As can 

be showed later in this study, both results are matched very well. 



(a) 

(b) 

(c) 

-e .... -Col 
c.c 
.5 c 
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c.c 
s -
~ 

30~--------------------------~ 

20 
n=24 
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n=4099 

0~------.r--~---r--------------~ 
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60 80 

Figure 7: The settle times of the analog network 
with 24, 50, and 4099 nodes, respectively. Note 
that the settle time is in the nanosecond range. 
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Table 2: The settle times of the analog network with 24, 
50, and 4099 nodes, respectively. I\ ote that the settle 
time is in the nanosecond range and increases as n increases. 

Number of Nodes Settle Time 
n t (ns) 

24 3.6637 

50 4.9137 

4099 62.6472 
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Table 3: Conventional numerical solution to dd;~t) =0 over a finite 
interval [0,23] with step length h=l, and the initial condition x(O)=a, 
x{l )=b, as well as the final condition x(22)=d, x{23)=e. The experimental 
results· are also plotted in Figure 8.(b ). 

a=O b= 1 d= 1 e=O a=10 b=2 d=17 e=9 I I I 
I I I 

t 
x(t) x(t) 

0 0.00000 10.00000 
1 1.00000 2.00000 
2 1.90909 -3.a3004 
3 2.72727 -7.6967a 
4 3.45455 -9.ao6a9 
5 4.09091 -10.36702 
6 4.63636 -9.5a3a5 
7 5.09091 -7.66403 
6 5.45455 -4.61423 
9 5.72727 -1.2 4111 

10 5.90909 2.~4~67 
1 1 6.00000 7.24a4s 
12 6.00000 11.75155 
13 5.90909 16.15133 
14 5.72727 20.24111 
15 5.45455 23.a1423 
16 5.09091 26.66403 
17 4.63636 2a.5a3~5 
1a 4.09091 29.36703 
19 3.45455 2~.~06~9 
20 2.72727 26.6967~ 
2 1 1.90909 22.a3oo4 
22 1.00000 17.00000 
23 0.00000 9.00000 

* Numerical Computation. Also note that this table gives the 
same result as Table 1. The detail is explained in Chapter IV· 
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Analog Computing 
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(b) 

Figure 8: The motion trajectories under different 
two-point boundary conditions (a) from SPICE 
simulation results given in Table 1; (b) from 
numerical computing results given in Table 3. 
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Therefore, considering the computational speed and the computational 

accuracy of SPICE simulation results, the analog computing for solving two-point 

BYP problems in trajectory formation becomes very attractive (Li et al., 1991). 

In this section. differential equations having higher and lower order derivatives 

are provided as examples. The purpose of Example 3.2 is to emphasize the 

feasibility of using distributed analog computing to solve a class of linear (ODEs). 

Given in Appendix B.3 is the C program used to generate the SPICE program for 

simulating Example 3.2. Moreover, one of the generated SPICE programs is 

provided in Appendix B.4. 

S d2 :z:(t) d:z:(t) • h 1 h h ... 1 d't' Example 3.2: olve dt 2 - 4 dt = 4 w1t step engt , 1mt1a con 1 wn 

x(0)=2, and final condition x(0.25)=5. 

Solution: 

In accordance with Appendix A, the numerical solution of this example can be 

expressed as 

8e- 21 13e4
t 

x(t) = + - t. 
4e- 4 4e- 4 

Now, by using finite difference and Corollary 3, d
2

d~~t) - 4 d:Jtt) = 4 can be 

approximated as 

x(t +h)- x(t) x(t- h)- x(t) x(t- h)- x(t) _ 
4 h2 + h2 + 1: - . 

4 

According to Theorem 2, equation (3.5) can be expressed as 

(3.4) 

(3.5) 
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(3.6) 

The computation results of numerical computing and analog computing both are 

included in Table 4 and plotted in Figure 9. From Table 4, the computation errors 

increase as h increases. For better understanding of the phenomenon, Figure 10 

can be used to compare the relative percent error with different step length h, 

where the relative percent error is calculated according to the following formula 

V.· - x(t) 
I 

1

x(t) lxlOO(%). (3.7) 

Experiments show that the accuracy of the computation depends on the values of 

step length h. In the next chapter, we will give detailed analysis regarding the 

computational accuracy. 



Table 4: The solution to ,pd~~t) - 4 ~~t) = 4 with different step 
length h, irutial condition x(0)=2 and final condition x(0.25)=5. 
Included are analog computing results and numerical solutions. 
The experimental results are also plotted in Figure 9. 

Analog Computing 
Numerical Compu:tin~: 

t 
h=0.05 h=O.O 1 h=O.O 1 

0.00 2.000000 2.000000 2.000000 
0.01 2.060039 2.067190 
0.02 2.139199 2.137531 
0.03 2.213606 2.211151 
0.04 2.291309 2.2e,o 1l'>3 
0.05 2.386734 2.372604 2.368767 
0.06 2.457630 2.453047 
0.07 2.546374 2.541176 
0.08 2.639068 2.633309 
o.o9 2.735069 2.729610 
0.10 2.l'>600 15 2.036943 2.030249 
0.11 2.942460 2.935~04 
0.12 ,3.052597 ,3.0452 5l'> 
0.13 .3.167540 3.160003 
0.14 .3.207400 .3.279o4o 
0.15 .3.4.39712 .3.412610 .3.404975 
0.16 .3.543162 .3-53562 6 
0.17 3.679327 .3.672016 
0.1& ,3.&2 1.339 .3.& 14300 
0.19 .3.969432 .3.962963 
0.20 4.144300 4.123&4& . 4.11001& 
0.21 4.2&4&41 4.279ooe 
0.22 4.452673 4.440610 
0.23 4.627619 4.624700. 
0.24 4.&0996.3 4.&0&402 
0.25 5.000000 5.000000 5.000000 

. 4t 
• Mathematical Formula: x(t)=(&e-21)/(4e-4) + 1.3e/(4e-4) -t. 
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Figure 9: The curves from the experimental 
results given in Table 4 with step length 
h=O.Ol; (a) by using analog computing; 
(b) by using numerical computing. 
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CHAPTER IV 

ERROR ANALYSIS 

The distributed analog computing scheme developed here mathematically is 

based upon finite differences. Solving two-point boundary value problems can be 

achieved by replacing each of the derivatives in the given differential equation by 

an appropriate difference-quotient approximation (Burden et al., 1981). The 

difference quotient is chosen so that a certain computational accuracy is 

maintained and the order of truncation error can be well predicated. 

Assuming x(t)E Cr+2[t- h, t + h], by using Taylor expansion, ~:~,where r=1,2, 

... ,n, can be expressed as the following exact equivalence relation 

dx(t) x(t +h)- x(t) x(t- h)- x(t) h2 d3 x(TJi) 
----;It = 2h + -2h - 6 dt3 ' 

( 4.1) 

where t-h< TJi <t+h, and 

(4.2) 

where t-h< ei <t+h, as well as 

dax(t) _ x(t +h)- x(t) x(t- h)- x(t) x(t- 2h)- x(t) _ h2 d5x((i) (
4

.
3

) 
dt3 - 4h3 + 4h

3 + -4h3 10 dt 5 ' 
3 

where t-h< (i <t+h. On the other hand, by finite difference and Corollary 3, 

dT:z:(t) b • t d 
dtr , r=1,2, ... ,n can e apprmama e as 

dx(t) 
dt 

x(t)- x(t- h) 
h 

d2x(t) x(t +h)- x(t) x(t- h)- x(t) 
dt 2 = h2 + h2 ' 

41 

( 4.4) 

(4.5) 
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d3x(t) _ x(t +h)- x(t) x(t- h)- x(t) x(t- 2h)- x(t) (
4

.
6

) 
dt3 - h3 + h3 + -h3 

3 

Therefore, comparisons of these equations provide a way of analyzing 

computational accuracy. 

Example 4.1: Solve d~~t) + d~~t) = 4 with x(O)=l and x(n)=l, where (1) n=4; 

(2)n=0.4; (3)n=0.04. 

In accordance with Appendix A, the numerical solution can be expressed as 

(4.7) 

where A1 and ).2 are the characteristic values. In this example, ).1 = 0, ).2 = -1. 

Method A: By using Taylor expansion, d~~~t) + d~~t) = 4 can be approximated 

as 

x(t +h)- x(t) x(t- h)- x(t) x(t +h)- x(t) x(t- h)- x(t) 
h2 + h2 + 2h + -2h 

= 4 h
2

(2d
3 x(TJi) d

4 x(ei)). 
+ 12 dt3 + dt4 

(4.8) 

According to Theorem 2, equation ( 4.8) can be expressed as 

V:+1 - Vi Yi-1 - Vi Vi+1 - Vi Yi-1 - Vi = 4 + o(h2). 
h2 + h2 + 2h + -2h ' (4.9) 

where o(h2)-.0 as h-.0, and the building block given in Figure ll.(a). 

Method B: By using finite difference and Corollary 3, d
2

d~~t) + d~~t) = 4 can be 

approximated as 



-2h 

-h 

(a) 

v 
i 

( b) 

2h 

Figure 11: (a) The building block for implementing 
equation ( 4.9) by using Method A; (b) the building 
block for implementing equation (4.11) by using 
Method B. 
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:z:(t +h)- :z:(t) :z:(t- h)- x(t) x(t- h)- x(t) 
h2 + h2 + -h = 4. ( 4.10) 

According to Theorem 2, equation ( 4.10) can be expressed as 

1·+1-V: l. 1-F V: 1-V: 
1 h2 1 + 1- h2 ' + 1--h 1 = 4. (4.11) 

The building block is given in Figure 11.(b ). The SPICE simulation results are 

also provided in Tables 5, 6, and 7. According to Tables 5, 6, and 7, Figure 12 is 

used to compare the relative percent error generated by using Method A and 

Method B. respectively. From Figure 12, Method A has a lower percent error 

comparing with Method B for solving Example 4.1. 

Example 4.2: Solve d
3

d~~t) + 2d2

d~~t) + d~~t) = 2 with (a) x(0)=1, x(0.1)=0.6, 

and x(0.4)=2.0; (b) x(0)=1, x(0.01)=0.6, and x(0.04)=2.0. 

M h d A B . T 1 . d3:x:(t) 2d2:x:(t) d:x:(t) 2 b et o : y usmg ay or expanswn, dt 3 + dt2 + dt = can e 

approximated as 

:z:(t +h)- x(t) x(t- h)- x(t) x(t- 2h)- x(t) x(t +h)- x(t) 
4h3 + .it!..: + -4h3 + h2 + 

3 2 
x(t- h)- x(t) x(t +h)- x(t) x(t- h)- x(t) 

£ + 2h + -2h 
2 

= h
2 

( d
3
x( ryi) d

4
x( ei) ~ d5

:z:( (i) ). (4.12) 2 + 6 dt3 + dt4 + 5 dt 5 

According to Theorem 2, equation ( 4.12) can be expressed as 



Table 5: Using analog computing to solve d2~~t) + ~~e) = 4 with step 
length h=l, initial condition x(O)=l, and final condition x(4)=1. The 
experimental results a.re also plotted in Figure 12.(a). 

• •• 
t x(t) v. v. 

1 1 

0 1.0000 1.0000 1.0000 

1 -5.3026 -5.8000 -1 1.0000 

2 -5.0928 -5.4000 

3 -2.4871 -2.6000 

4 1.0000 1.0000 

• Using Method A. 

•• Using Method B. 

-7.0000 

-3.0000 

1.0000 

lv:- x(t)l v~·- x(t) 

x(t) ro x(t) 

o.oro 0.0% 

9.4?o 1 07.47o 

6.07o 37.4% 

4.5% 20.6% 

o.oro 0.0% 
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Table 6: Using analog computing to solve cl'~~t) + cfz,N' = 4 with step 
length h=O.l, initial condition x(O)=l, and final condition x(0.4)=1. 
The experimental results are also plotted in Figure 12.(b ). 

• 
t x(t) v. 

1 

0.0 1.0000 1.0000 

0.1 0.9382 0.9381 

0.2 0.9203 0.9202 

0.3 0.9421 0.9421 

0.4 1.0000 1.0000 

• Using Method A. 

•• Using Method B. 

v;- x(t) 
•• 

•• vi- x(t) 
v. % 

1 x(t) x(t) 

1.0000 0.00% 0.00% 

0.9347 0.01% 0.37% 

0.9160 0.01% 0.47% 

0.9392 0.00% 0.00% 

1.0000 0.00% 0.00% 
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Table 7: Using analog computing to solve cr:,~t} + 4~~t) = 4 with step 
length h=O.Ol, initial condition x(O)=l, and final condition x(0.04)=1. 

• 
t x(t) v. 

1 

0.00 1.0000 1.0000 

0.01 0.9994 0.9994 

0.02 0.9992 0~9992 

0.03 0.9994 0.9994 

0.04 1.0000 1.0000 

• Using Method A. 

•• Using Method B. 

v;- x(t) -·· 
•• vi-x(t) 

v. ?o 
1 x(t) x(t) 

1.0000 O.O?o 0.0% 

0.9994 0.0% 0.0% 

0.9992 0.0% 0.0% 

0.9994 0.0% 0.0% 

1.0000 O.O?o o.oro 
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Figure 12: A comparison of the relative percent 

Time (I) 

Time (I) 

Node I 

error with different analog computing methods. 
Curve 1 is generated by using Method A and Curve 2 
is generated by using Method B. Illustrated in (a) 
is h=l.O; (b) h=O.l. Also, plotted in (c) is the 
percent error generated by using Method B 
with h=1, 0.1 and 0.01, respectively. 
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( 4.13) 

where o(h2)-+0 as h--+0, and the computation results given in Table 8 and Table 9. 

Method B: Bv using finite difference and Corollary 3 d3 :~:(t) + 2d2 :~:(t) +d:~:(t) = 2 
• ' dt3 dt2 dt 

can be approximated as 

x(t +h)- x(t) x(t- h)- x(t) x(t- 2)- x(t) x(t +h)- x(t) 
h3 + h3 + -h3 + h2 

3 

+ x(t- ;,
2

- x(t) + x(t- ~h- x(t) = 2. (4.14) 

According to Theorem 2, equation ( 4.14) can be expressed as 

The computation results are also included in Table 8 and Table 9. According to 

Tables 8 and 9, Figure 13 is used to compare the relative percent error generated 

by using Method A and Method B, respectively. From Figure 13, Method B has a 

lower percent error comparing with Method A for solving Example 4.2. 

From Tables 5, 6, 7, 8 and 9, we have observed that (1) when h decreases, the 

truncation errors decrease. This is because the truncation error term o( h 2) 

depends on h2 • Also, other experiments have shown that if the characteristic 

values of the differential equation are all equal to zero, then the solutions using 

Method A or Method B, are independent of h. One such case is Example 3.1. 

This is because the truncation error term o(h2) is equal to zero. 



Table 8: l.ising analog computing to solve cl
3

rl~!t) + 2d:~~t) + ~~t)=2 with 
step length h=O.l, initial condition x(O)=l and x(O.l )=0.6, and 
final condition x(0.4)=2. The experimental results are also 
plotted in Figure 13.(a). 

v~- x(t) -·· 
• •• vi- x(t) 

t x(t) .v. l 7o v. x(t) 1 1 x(t) 

0.0 1.0000 1.0000 1.0000 O.O?o O.O?o 

0.1 0.6000 0.6000 0.6000 O.O?o o.oro 

0.2 0.6898 0.7922 0.6601. 14.8?o 4.3% 

0.3 1.1817 1.3100 1.1 399 10.6% 3.5% 

0.4 2.0000 2.0000 2.0000 0.0% 0.0% 

• Using Method A. 

•• Using Method B. 
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Table 9: Using analog computing to solve cf3z~t) + 2d2 z~t) + ciz(t) =2 with 
• dt dt dt 

step length h=O.Ol, 1nitial condition x(O)=l and x(0.01)=0.6, 
and final condition x(0.04)=2. The experimental results are 

· also plotted in Figure 13.(b ). 

• •• \v;- x(t) % \v;·- x(t) % 
t x(t) ·V. v. 

l l x(t) x(t) 

0.00 1.0000 

0.01 0.6000 

0.02 0.6391 

0.03 1.1086 

0.04 2.0000 

• Using Method A. 

•• Using Method B. 

1.0000 

0.6000 

0.6554 

1.1324 

2.0000 

1.0000 0.0% 0.0% 

0.6000 0.0% 0.0% 

0.6360 2.5% 0.5% 

1.1035 2.1 ro 0.5% 

2.0000 0.0% 0.0% 
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Figure 13: A comparison of the relative percent 
error with different analog computing methods. 
Curve 1 is generated by using Method A and Curve 2 
is generated by using Method B. illustrated in (a) 
is h=O.l; (b) h=O.Ol. Also, plotted in (c) is the 
percent error generated by using Method B with h=0.1 
and 0.01, respectively. 
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For example, the truncation error term of c:t4d~lt) =k comes from h2 multiplied by 

the sixth order derivative of x( t ). Obviously, dfid:~t) = t6 (Co+ C 1t + C2t 2 + C3 t3
) is 

equal to zero. As a result, Table 3 gives the same result as Table 1. (2) From 

Tables 5, 6, 7, 8 and 9, we can conclude that for some differential equations, the 

analog computing based on Method A is not always better than Method B. 

Therefore, Method B based on the finite difference formula developed in Chapter 

II is feasible for converting the differential equation to a finite difference equation. 

(3) Given a linear ordinary differential equation, if its characteristic values are 

obviously not equal to zero, a small step length h is preferred. It is experimentally 

observed that if h is less than or equal to 0.01 the relative percent error is less 

than 1%. 



CHAPTER V 

CONCLUSIONS 

In this study, a method of using distributed analog computing is developed for 

solving a class of linear ordinary differential equations with two-point boundary 

conditions. Several theorems are developed for mapping the BVP from 

time-domain to spatial-domain. Based on the mapping, design procedure and 

building blocks are developed. An analog network is then constructed with many 

interconnected nodes operating concurrently in asynchronous fashion. It gives a 

very fast computational speed through either analog voltage or current over the 

entire network. Comparisons to conventional numerical computation show that 

the suggested method retains the accuracy of computation. Meanwhile, the error 

analysis has shown the feasibility of the analog computing with properly chosen 

step length h. 

Based on this study, further research can be explored in the direction of 

designing fault-tolerance analog networks. Other topics such as using analog 

computing to solve non-linear ordinary differential equations or partial differential 

equations are also worthy of investigation. 

54 



REFERENCES 

1. Bertsekas, D.P. and J.N. Tsitsiklis. 1989. Parallel and Di&tributed 
Computation, numerical method&, Prentice-Hall, Inc. 

2. Burden, R. L., J.D. Faires and A. C. Reynolds. 1981. Numerical Analy.sis, 
The Alpine Press. 

3. Cash, J.R. 1986. "On the Numerical Integration of Nonlinear two-point 
boundary value Problems Using Iterated Deferred Corrections, Part 1: 
Survey and Comparison of Some One-step Formulae." Comp. Math. Appl. 
1 £a, pp. 1029-1048. 

4. Childs, B. et al. 1979. Boundary Value Problem in Ordinary Differential 
Equations, Springer-Verlag, Berlin, New York. 

5. Chua, L.O. and G.-N. Lin. 1984. "Nonlinear programming without 
computation." IEEE Trans. Circuits Sy8t., vol. CAS-31: 182-188. 

6. Chua, L.O. and G.-N. Lin. 1985. "Errata to 'Nonlinear Programming 
without computation'." IEEE Tran8. Circuit& Syst., vol. CAS-32: 736. 

7. Ford, L.R. 1955. Differential Equations, McGraw-Hill, Inc. 

8. Golub, G.H and Van Loan, C.F. 1987. Matriz Computation, The John 
Hopkins U niv. Press. 

9. Goser, K., U. Hilleringmann, U. Rueckert and K. Schumacher. 1989. "VLSI 
Technologies for artificial neural networks." IEEE Micro, pp. 28-44. 

10. Hillis, W.D. 1985. The Connection Machine, The MIT Press. 

11. Hopfield, J.J. 1982. "Neural network and physical systems with emergent 
collective computational abilities." Proc. Natl. Acad. Sci. U.S.A., vol. 79, 
(Apr.): 2554-2558. 

12. Hopfield, J.J. 1984. "Neurons with graded response have collective 
computational properties like those of two-state neurons." Proc. Natl. Acad. 
Sci., vol. 81: 3088-3092. 

55 



13. Hopfield, J.J. and D.W. Tank. 1986. "Computing with Neural Circuits: a 
model." Science, vol. 233: 625-633. 

56 

14. Hutchinson, J ., C. Koch, J. Luo, and C.A. Mead. 1988. "Computing motion 
using analog and binary resistive networks." IEEE Computer, pp. 52-63. 

15. Intel. 1991. 80170NX Electrically Trainable Analog Neural Network, 
Technical Reference Order Number, 290408-002. 

16. Jenness, R.R. 1965. Analog computation and .simulation: Laboratory 
approach, Allyn and Bacon, Inc., Boston. 

17. Kennedy~ M.P. and L.O. Chua. 1987. "Unifying the Tank and Hopfield linear 
programming network and the canonical nonlinear programming circuit of 
Chua and Lin." IEEE Tran.s. Circuit.s and Sy.st., vol. CAS-34: 210-214. 

18. Kennedy, M.P. and L.O. Chua. 1988. "Neural Networks for Nonlinear 
Programming." IEEE Tran.s. Circuit.s and Sy.st., vol. 35, no. 5: 554-562. 

19. Li, H. 1990. "Analog computing method for solving two-point boundary 
value problem." Proceeding of IEEE 1990 International Sympo.sium on 
Circuit.s and Sy.stem, Vol.1: 460-464. 

20. Li, H. and C.-H. Chen. 1990a. "Silicon implementation of a function of visual 
peripheral processes." lEE Electronic.s Letter.s, Vol. 26, No. 24, 22nd, Nov. 
1990. 

21. Li, H. and C.-H. Chen. 1990b. "An Analog 2D Network for Simulating a 
Visual Peripheral Process." (1991 Work.shop on Neural Network- Academic, 
Indu.strial, NASA, Defen.se); Auburn Univ., AL., Proceeding, pp. 805-811. 

22. Li, H., C.-H. Chen, and G. Lakhani. 1991. "Solving Two-Point BVP 
Problems in Trajectory Formation." Proceeding.s of International Joint 
Conference on Neural Network.s, Vol. I, pp. 165-170. 

23. Lippmann, R.P. 1987. "An introduction to computing with neural nets." 
IEEE ASSP Magazine, pp. 53-71. 

24. Lumsdaine, A., J. Wyatt, and I. Elfael. 1990. " Nonlinear Analog Networks 
for Image Smoothing and Segmentation." the Proceeding.s of 1990 IEEE Intl. 
Sympo.sium on Circuit.s and Sy.stem.s, Vol. 2: 987-991. 



25. Marshall, J.A. 1990. "Self-Organizing Neural Networks for Perception of 
Visual Motion." Neural Network, vol. 3: 45-74. 

26. Mead, C.A. and M.A. Mahowald 1988. "A silicon model of early visual 
processing." Neural Network, vol. 1, no. 1: 91-97. 

27. Mead, C.A. 1989. Analog VLSI and Neural Sy.stem.s, Addison-Wesley 
Publishing Co., Reading, Mass. 

28. Mead, C.A. and M. Ismail. 1989. Analog VLSI implementation of neural 
.sy.stem.s, Kluwer Academic Publishers, Boston. 

29. Press, \V.H., B.P. Flannery, S.A. Tenkolsky, and W.H. Vetterling. 1988. 
Numerical Recipe.s in C, The Art of Scientific Computing, Cambridge I"niv. 
Press. 

30. Rodriguez-Vazquez, A, R. Dominguez-Castro, A. Rueda, and J .1. Huertas. 
1990. "Nonlinear Switched-Capacitor 'Neural' Networks for Optimization 
Problems." IEEE Tran.s. Circuit.s and Sy.st., vol. 37, no. 3 (March). 

31. Sage, J.P. and R.S. Withers. 1988. "Analog Nonvolatile Memory for Neural 
~ etwork Implementations." A rtijicial Neural N etwork.s - Electronic 
Implementation.s edited by Morgan, IEEE Computer Society~ pp. 11-22. 

57 

32. Tank, D.W. and J.J. Hopfield. 1986. "Simple 'neural' optimization networks: 
An A/D converter, signal decision circuit, and a linear programming circuit." 
IEEE Tran.s. Circuit.s Sy.st., vol. CAS-33: 533-541. 

33. Taylor, J.G. 1990. "A silicon model of vertebrate retinal processing." Neural 
Network, vol. 3: 171-178. 

34. Treleaven, P, M. Pacheco, and M. Vellasco. 1989. "VLSI architectures for 
neural networks." IEEE Micro, pp. 8-27. 

35. Wass, C.A.A. and K.C. Garner. 1965. Introduction to Electronic Analogue 
Computer.s, Pergamon Press, Ltd., N.Y. 



APPENDIX A 

MATHEMATICAL FORMULAS 

A conventional analytic method to derive the formula for the solution of 

equation (1.1) is introduced (Ford, 1955). 

To obtain a general solution of a linear ordinary differential equation as 

(A.1) 

h n_d":z:(t) d d k Th £ 11 h w ere x - dtn , an ao, a1, ... , an-l an are constant. e o owing t ree steps 

are adopted: 

Step 1. Solve the general solution of the reduced equation (A.2). 

(A.2) 

From equation (A.2), an auxiliary equation (or characteristic equation) can be 

constructed as 

(A.3) 

which has n roots as m 1 , m 2 , ••• , mn. Each one gives a solution like emkt. The 

following four situations are generated: 

(1) Suppose mi,m1, etc, are distinct real roots, then the following terms are 

contained in the general solution of equation (A.2). 

(A.4) 
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(2) Suppose equation (A.2) hash repeated real root.s m~es, then the following terms 

are contained in the general solution of equation (A.2). 

(A.5) 

(3) Suppose equation (A.2) has a couple of complex root.s a± {3, then the 

following terms are contained in the general solution of equation (A.2). 

(A.6) 

( 4) Suppose equation (A.2) has r pairs of repeated complex root.s a± {3, then the 

following terms are contained in the general solution of equation (A.2). 

(A.7) 

Step 2. Find a particular .solution of equation (1.2). 

Suppose x(t)=Cn+lt + Cn+2 is a particular solution, then by substituting x(t) 

into equation (A.l) and by comparing the coefficients, the value of Cn+l and Cn+2 

can be decided. 

Step 3. Finally, the sum of the general solution of the reduced equation (A.2) 

and the particular solution is the general solution of equation (A.l). 

Example 1. Solve ~::=O given x(O)=O, x(l)=d, x(n-2)=d and x(n-1)=0. 

Solution: 

The auxiliary equation is 

(A.8) 



Equation (A.8) has 4 repeated real roots; that is, 0, 0, 0 and 0. According to 

equation (A.5), the general 8olution of equation (A.8) can be expressed as 

By substituting the boundary conditions into equation (A.9), the following 

equations are generated. 

0 =Co; 

k =Co+ C1 (n-2) + C2(n-2)2 + C3(n-2)3; 

0 =Co+ C1 (n-1) + C2(n-1)2 + C3(n-1)3. 

From the above equations, 

Co= 0; 

c - !!.=.ld· 
1 - n-2 ' 

C -d 
2 = ~; 

C3 = 0. 

Finally, x( t) can be expressed as 

n- 1 -d 2 z(t)= dt+ t. 
n-2 n-2 
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(A.10) 



APPENDIX B 

COMPUTER PROGRAMS 

The SPICE program is used to simulate circuits. When a circuit contains many 

similar subcircuits and the number of circuit elements is large, then a high-level 

language such as C can be used to generate a SPICE program. In Appendix B.l, 

program 'Neg16.cir' is offered to demonstrate the simulation for implementing the 

analog computing mentioned in Chapter III. Program 'Genneg4.c' given in 

Appendix B.2 is used to create the SPICE program for implementing Example 

3.1. In addition, in Appendix B.3, program 'Genord21.c' is used to generate the 

SPICE program shown in Appendix B.4 for implementing Example 3.2. 

neg16.cir 
Ching-Ho Chen 
1/12/91 

B.l Neg16.cir 

*Program 
*Author 
*Date 
*Purpose Solve d~4x/dt~4=24 with x(0)=-1,x(1)=-2,x(5)=54,x(6)=293. 

*---
* The Boundary conditions 

*---
V1 1 0 -1 
V2 2 0 -2 
V7 6 0 54 
V8 7 0 293 
*=================================== 
.SUBCKT OPAMP 10 20 30 
RIN 10 20 100K 
EGAIN 1 0 (10,20) 100G 
ROPEN 1 2 1K 
COPEN 2 0 15U 
EOUT 3 0 (2,0) 1 
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ROUT 3 30 50ohm 
.ENDS 

*=================================== 
*Define the building block 
*----
.SUBCKT LEVEL 1007 1008 1009 1010 1011 1012 1013 1014 1015 
*Resistors connected to inverting node 
R1 1008 1012 1K 
R2 1012 1013 1K 
*Resistors connected to non_inverting node 
R3 1013 1009 0.25 
*---
R4 1010 1014 1K 
R5 1014 1015 1K 
R6 1015 1009 0.25 
*---
R7 1007 1009 1 
R8 1009 1011 1 
11 1009 0 24 
.ENDS 
*====================================== 
* Voltage control voltage sources 
*---
.SUBCKT vcvs 1001 1002 1003 1004 1005 
E1 1005 0 1001 0 1 
E2 1006 0 1002 0 1 
E3 1003 0 1007 0 1 
E4 1004 0 1008 0 1 
.ENDS 
*--------------- Level 1 -----------
Xstage1 3 40 50 OPAMP 
Xstage2 3 60 70 OPAMP 
Xstage3 1 2 3 4 5 40 50 60 70 LEVEL 
*--------------- Level 2 -----------
Xstage4 2 3 4 5 22 23 24 25 VCVS 
Xstage5 24 80 90 OPAMP 
Xstage6 24 100 101 OPAMP 

1006 1007 1008 

Xstage7 22 23 24 25 26 80 90 100 101 LEVEL 
*--------------- Level 3 -----------
Xstage8 23 24 25 26 33 34 35 6 VCVS 
Xstage9 35 102 103 OPAMP 
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Xstage10 35 104 105 OPAMP 
Xstage11 33 34 35 6 7 102 103 104 105 LEVEL 
.PLOT DC V(1) V(2) V(3) V(4) V(5) V(6) V(7) 
.END 

B.2 Genneg4.c 

I* program 
author 
date 
purpose 

genneg4.c 
Ching-Ho Chen 
1111191 
To generate a SPICE program to solve d~4xldt~4=k 
with x(O)=a,x(1)=b,x(n-2)=d,x(n-1)=e. *I 

#include<stdio.h> 
FILE *file; 
int i,j,k,m,n,t,r; 
float res,v1,v2,v3,v4; I* res:resistor; v1,v2:initial cond.;*l*l 
float i1; I* i1: external current; v3,v4:finial cond. *I 
main() 
{ 

file=fopen("order4.cir","w"); I* store the generated SPICE *I 
scanf(%d %f %f",&:n,&:i1,&:res); 
scanf(%f %f %f %f",&:v1,&:v2,&:v3,&:v4); 
fprintf(file,"* order4.cir\n"); 
fprintf(file,"* program order4.cir\n"); 
fprintf(file,"* author Ching-Ho Chen\n"); 
fprintf(file,"* date 1111191\n"); 
fprintf(file,"* purpose Solve d~4xldt~4=k with x(O)=a,x(1)=b,"); 
fprintf(file," x(n-2)=d,x(n-1)=e\n"); 
fprintf(file,"*\n"); 
fprintf(file,"V1 1 0 %f\n",v1); 
fprintf(file,"V2 2 0 %f\n",v2); 
fprintf(file,"V%d %d 0 %f\n",n-1,n-1,v3); 
fprintf(file,"V%d %d 0 %f\n",n,n,v4); 
fprintf(file,"*\n"); 
fprintf(file,".SUBCKT OPAMP 10 20 30\n"); 
fprintf(file,"RIN 10 20 100G\n"); 
fprintf(file,"EGAIN 1 0 10 20 100G\n"); 
fprintf(file,"ROPEN 1 2 1G\n"); 
fprintf(file,"COPEN 2 0 15U\n"); 
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fprintf(file,"EOUT 3 0 2 0 1\n"); 
fprintf(file,"ROUT 3 30 50ohrn\n''); 
fprintf(file,".ENDS\n"); 
fprintf(file,"*\n"); 
fprintf(file,".SUBCKT LEVEL 1007 1008 1009 1010 1011 1012"); 
fprintf(file," 1013 1014 1015\n"); 
fprintf(file,"R1 1008 1012 1K\n"); 
fprintf(file,"R2 1012 1013 1K\n"); 
fprintf(file,"R3 1013 1009 %f\n",res); 
fprintf(file,"R4 1010 1014 1K\n"); 
fprintf(file,"R5 1014 1015 1K\n"); 
fprintf(file,"R6 1015 1009 %f\n",res); 
fprintf(file,"R7 1007 1009 1\n"); 
fprintf(file,"R8 1009 1011 1\n"); 
fprintf(file,"I1 1009 0 %f\n",i1); 
fprintf(file,".ENDS\n"); 
fprintf(file,"*\n"); 
fprintf(file,".SUBCKT VCVS 1001 1002 1003 1004 1005"); 
fprintf(file," 1006 1007 1008\n"); 
fprintf(file,"E1 1005 0 1001 0 1\n"); 
fprintf(file,"E2 1006 0 1002 0 1\n"); 
fprintf(file,"E3 1003 0 1007 0 1\n"); 
fprintf(file,"E4 1004 0 1008 0 1\n"); 
fprintf(file,".ENDS\n"); 
fprintf(file,"*\n"); 
rn=300;r=2005; 
fprintf(file,"Xstage1 3 2001 2002 OPAMP\n"); 
fprintf(file,"Xstage2 3 2003 2004 OPAMP\n"); 
fprintf(file,"Xstage3 1 2 3 4 5 2001 2002 2003 2004 LEVEL\n"); 
fprintf(file,"Xstage4 2 3 4 5 300 3001 3002 3003 VCVS\n"); 
for(i=2;i<=(n-6);i++) 
{ 
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fprintf(file,"Xstage%d %d %d %d OPAMP\n",4*i-3,rn+2,r+4*i-3,r+4*i-2); 
fprintf(file,"Xstage%d %d %d %d OPAMP\n",4*i-2,rn+2,r+4*i-1,r+4*i); 
fprintf(file,"Xstage%d %d %d %d %d %d %d %d %d %d LEVEL\n", 

} 

4*i-1,rn,rn+1,rn+2,rn+3,i+4,r+4*i-3,r+4*i-2,r+4*i-1,r+4*i); 
fprintf(file,"Xstage%d %d %d %d %d %d %d %d %d VCVS\n",4*i, 
rn+1,rn+2,rn+3,i+4,rn+4,rn+5,rn+6,rn+7); 

rn=rn+4; 

i=n-5; 
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fprintf(file,"Xstage%d %d %d %d OPAMP\n",4*i-3,m+2,r+4*i-3,r+4*i-2); 
fprintf(file,"Xstage%d %d %d %d OPAMP\n",4*i-2,m+2,r+4*i-1,r+4*i); 
fprintf(file,"Xstage%d %d %d %d %d %d %d %d %d %d LEVEL\n", 

} 

4*i-1,m,m+1,m+2,n-1,n,r+4*i-2,r+4*i,r+4*i); 
r=nl5;t=n-r*5; 
fprintf(file,".op\n"); 
for(i=l;i<=r;i++) 
{ 

fprintf(file,".PLOT DC "); 
for(j=1;j<=5;j++) 
fprintf(file,"V(%d)",(i-1)*5+j); 

fprintf(file," \n"); 
} 

fprintf (file, 11
• PLOT DC "); 

for(i=l;i<=t;i++) 
fprintf(file,"V(%d)",5*r+i); 

fprintf(file," \n"); 
fprintf(file,".END\n"); I* the terminal of a SPICE program *I 
I* end of the C program 'Genspice.c' *I 

B.3 Genord2l.c 

I* program 
author 
date 
purpose 

genord21.c 
Ching-Ho Chen 
313191 
To generate a SPICE program to solve dA2xldtA2 
-4dxldt=4 with x(O)=a;x(n-1)=b*l 

#include<stdio.h> 
FILE *file; 
int i,j,n,r; 
float h,v1,v2,i1; 
main() 
{ 

file=fopen("ord21.cir","w"); 
scanf("%d %f %f",&:n,&:i1,&:h); 
scanf("%f %f",&:v1,&:v2); 
fprintf(file,"* ord21.cir\n"); 
fprintf(file,"* program : ord21.cir\n"); 



fprintf(file,"* author 
fprintf(file,"* date 
fprintf(file,"* purpose 

,x(n-1)=e\n"); 
fprintf(file,"*\n"); 

Ching-Ho Chen\n"); 
3/3/91\n"); 
Solve d-2x/dt-2-4dx/dt=4 with x(O)=a 

fprintf(file,"V1 1 0 %f\n",v1); 
fprintf(file,"V%d %d 0 %f\n",n,n,v2); 
fprintf(file,"*\n"); 
fprintf (file,". SUBCKT LEVEL 1008 1009 1010\n''); 
fprintf(file, "R4 1008 1009 %f\n'' ,h*h); 
fprintf(file,"R5 1009 1010 %f\n",h*h); 
fprintf(file,"R6 1008 1009 %£\n",h/4.0); 
fprintf(file,"I1 1009 0 %f\n",i1); 
fprintf(file,".ENDS\n"); 
fprintf(file,"*\n"); 
fprintf(file,".SUBCKT VCVS 1001 1002 1005 1006\n"); 
fprintf(file,"E1 1005 0 1001 0 1\n"); 
fprintf(file,"E2 1002 0 1006 0 1\n"); 
fprintf(file,".ENDS\n"); 
fprintf(file,"*\n"); 
fprintf(file,"Xstage1 1 2 3 LEVEL\n"); 
fprintf(file,"Xstage2 2 3 200 300 VCVS\n"); 
for(i=3;i<=(n-2);i++) 
{ 

} 

fprintf(file,"Xstage%d %d %d %d LEVEL\n",2*i-3,100*(2*i-4), 
100*(2*i-3),i+1); 

fprintf(file,"Xstage%d %d %d %d %d VCVS\n",2*i-2,100*(2*i-3), 
i+1,100*(2*i-2),100*(2*i-1)); 

i=n-1; 
fprintf(file,"Xstage%d %d %d %d LEVEL\n",2*i-3,100*(2*i-4), 

100*(2*i-3),i+1); 
r=n/5;t=n-r*5; 
fprintf(file,".op\n"); 
for(i=l;i<=r;i++) 
{ 

} 

fprintf(file,".PLOT DC "); 
for(j=l;j<=5;j++) 
fprintf(file,"V(%d) ",(i-1)*5+j); 

fprintf(file," \n"); 
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fprintf(file,".PLOT DC"); 
for(i=1;i<=t;i++) 

fprintf(file,"V(%d) ",5*r+i); 
fprintf(file," \n"); 
fprintf (file,". END\n 11

); 

} 

* ord21.cir 
* program 
* author 
* date 

ord21. cir 
Ching-Ho Chen 
3/3/91 

B.4 Ord21.cir 

* purpose solve d-2x/dt-2-4dx/dt=4 with x(O)=a,x(n-1)=e 

* 
Vi 1 0 2.0 
V6 6 0 5.0 

* 
.SUBCKT LEVEL 1008 1009 
R4 1008 1009 0.0025 
R5 1009 1010 0.0025 
R6 1008 1009 0.0125 
I1 1009 0 4.0 
.ENDS 

* 

1010 

.SUBCKT VCVS 1001 1002 1005 1006 
E1 1005 0 1001 0 1 
E2 1002 0 1006 0 1 
.ENDS 

* 
Xstage1 1 2 3 LEVEL 
Xstage2 2 3 200 300 vcvs 
Xstage3 200 300 4 LEVEL 
Xstage4 300 4 400 500 vcvs 
Xstage5 400 500 5 LEVEL 
Xstage6 500 5 600 700 vcvs 
Xstage7 600 700 6 LEVEL 
.op 
.PLOT DC V(1) V(2) V(3) V(4) V(5) 

.PLOT DC V(6) 
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