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·:INTRODUCTION . 

. · . . [)' · The National Committee on Mathematical ReqUirements was organized in the, 

~ •. a.te.· s·um··-· · ,_.m __ e ___ r· · ___ -o-. f •. ·l··--9-.:· 1._-.·6· ... _-· _~-- ___ de·r_ th. e. a.·_u· . s __ P· .. ·l··_c· .e·s· _o_f-- -~h-.e. M ___ at._h.ema_. __ · ti_·c~l Asso_.-cia. tion.· of ___ A. m.e·n.·ca. for the purpose of giVIng national expressiOn to . the movement · for reform in the 
· teaching _ o~ mathematics;_ which had gained considerable headway in various parts 
of the cotintry, but ·which lacked the power that coordination . and United effort 
alone could. give. ·. _ _ _· _. _ · · · · .. · .. . _ · ·_ _ _ _ .· _ . _. _ · 

The ori~al 'nucleus of the .committee, appointed by Prof. E.' ic Hedrick, then 
president of the association, co~isted'of the following: A. R._ Ciathorne, University 
of Illinois; E. H. Moore, University.of,Chicago; D. E. Smith, Columbia University; 
H. W. _Tyler, Massachusetts Institl.tte' 'c)f Technology; _Oswald Veblen, Princeton 
University; and J. W; Yonng, Dartlq.outh College, chairi:r;tan. This com.rirlttee 

.: was instructed ' to add to' its . membership . so as to secure adequate representation of 
se~cinda:ry . school _ interests, and __ then to -ll1l;d~rtake a comprehensive' study of the 
w}iole' proble:r;n conce,rned' With the improvement of mathematical education and to 

' cover the field of secondary ~nd collegiate mathematics. . . . 
__ ·· .. .. !his group held its first ·meeting in ·septeml@", 1916, at Ca~bridge, Mtu!S. At 
. ' that. meeting it was . d~cided to .as~ each of the three . larg~ ass6ciations ,of s~condary 
~c~ool teachersoftnatheinatics ,(The Association of Teachers of Mathe:o:uttlcs in New 
England, . The AssOciation of Teachers of Mathematics in the Middle States ~rid 

_·Maryland, and ~he Central Association of Science .and Mathematics Teachers} to 
appoint an official representativeonthe committee. _ .• At this tim~ also a general plan 
for the work of the committee Twas outlined and agreed upon. . . .· . . . • 

• In response 'to 'the tequest abov~ referred to the follomng were appointed by . the 
reapective . a,ssociations~ 'Miss Vevia Blair, Hcml.ce Mann School, New York, _N. Y., 
reweseriting the Middle States and Maryland association,.; G. W. Evans, CharlefltoWn 
l!igh)chool, Boston, Mass., repr~senting the New England association;1 and J. ~· 
.FobE:Jrg, Crane Tedinical 'High ' s{;l;tool, Chicago, Ill., representll1g the' 'central 

. ~s?ciatioil~ . - . · _ '. . · :_:.· : . ~ ~ · · -' .·. ·. _.. . > - .. :. . : _-- -. . . . _ _· 

At later dates the following members .were appomted: ·A. C. Olney, commissioner 
{)f :se(!ondary' education~ Sacramento, Calif.; . Raleigh Schcirlfug. Th~ Lincolli School, 
New York City; P~ H. Uildenyood, Ball High School, Galveston,· Tex.; and Miss 

· Ewa·'A. Weeks, Cleveland High School; St. Louis, Mo. _. . . ·. . . . ·. · ~ 
From the veiy beginning of its deliberations the cOmmittee fE:Jlt that th~ work 

assigned to it could not be done effectively without adequate financial -s~pport. 
The . wide 'geographical '<liStrihutiou of its' membership made a full attendance at 

.. : meetings of th& ·comrruttee 'difficult if not impossible without :financial resources 
: euffibient to defray the traveling expenses of m~mbe~, the e~p~nses of clerical aSsist
ance, etC. Above ;:til, it was felt-that; morder t<)'give to the ultimate reco:o:u;nenda.
tions of the conn:hlttee the authority and' effectiveness which they should. have, it 
was necessary to arouse the interest a!ld secure . the active cooperation of teachers, 
administrators, and organizations throughout the country-that · the work of the 
conu¢ttee shoul4 ·repref:le~fa· cooperative effort on a truly national scale. 
. For over two years, owing 'in large part to the World War, attempts to secure ade
quate :fi;nancial support proved unsuccessful. Inevitably also the war interfered 
with the committee's work. Several members were ·engaged in war work 2 and 
the others were carrying extra burdens on accoun~ of such work carried . on by their 
colleagues. · 

~~ Mr. _Evans resigned hi the summer of 19191 owing to an extended trip abroad; his place was taken by 
W. F. Downey, English High School, Boston, Mass. 

:z Prof. Veblen resigned in 1917 on account of the pressure of hi_s war duties. His pla.ce was taken on 
the committee by Prof. C. N. Moore, University of Cincinnati. · 



VI INTRODUCTION. 

In the ·spring of 1919, howe~ti itiiid;;- ~rilll :~l~O, the committee was fortunate 
in securing generous appropriations from the General Education Board of New York 
City for the prosecution: of its work.1 

ThiB m.a4e it poBBihle greatly to e:.1etend the. 9QmmiFtee's ac_tivi1;i~· Th~ ;work 
r ·~~ yla~effOf.l ~~e. sc&le_ f~ ~e .P~e of :?:r~, .~tr;u!y na~~-~d~ ~

pussion .of.the ,p~l~ ~ng the comnu~e, ~nd J', W. YQWJg and J. A. ]'ol)erg 
were seiected to. devote thru ·whole .tilne. to the .. work 'oft,4e :qpp:u;nittee. · .•. Suitable 
offi~e ;~~Ge was B~G~ and adequa-te st~~ogiJJ.phie a¥. (!iencal 'h~Ip' waa' .empioyed~ 

The results of the coinmittee 's work and deliberations are presentec:l iA.the following 
l'eport . . A word as, to the methods employed may, however,_ be. of .inte~t . at this 
·po~t .•.. The .·.cpnu;nittee atte~pted . -~ estabU@ : wo:~;ldng oon:t~td WitJJ. ·all . ~rganizp· . 

·.tio. na qf: tea.c.hera_ ;an. d. ·_P .. ;;hers. · ·.tn~e. rested i:a its ... probl·e. ms.·-.· .~.n. d .. tQ. s.·e<;ure. th. eir .-~tive . 
assistance. Nearly 100 .such orga~atio~ ~ve ta,lren .Part in t~iB work . . A list o 

)hese prganiza.tion.S_ will be found in ~e somp1ete repOI't of the. cominitt~ .. Pr9 . . -
, sionai .reports on va.z?_oUB.phases o~. the p~o.blEnn were supmltted to these cooperat~:t;tg 
QI:ganizations .in a4vanc~ of puhll.(:aP.oP, ,aP,d pr:i,~iciBJils, . co~en~~ . &,Ild sU:gg~tions 

)or '~prove~~t .were invited ~~m. iridivid,~la ~]ld :~pecli\1 cOg~mti~ cqipmj;t~e,a. 
The reports previously published. for the conllnitte~ by tile. United States B~au of 
Educ~tion 3 and in The Mathematics Te~cl.ier 4. and deSignate<J. as t'prelh:ninacy'~ are 
the result. of this kind of cooperation. 'The' value of .such a_ssist~tnce caiJ, : ~dl.y be 
oyerestimated anq the comnU.~ Aesil'es to expr~ tQ ,~U IJ?-dividUa.Is, organizatio~, 

· aJ?-d educational jour~als: that have ~e,~ part its hearty ~I>l>-reci~tion :and . t~P,k.;s. 
The GO.m..nri ttee beljeves 1t ;is safe ·to s~y, in view- of the methods liaed . ~ll. forrii:u.

. lating them, thai th~ recommendations of this - :fi~a] - ref)ort have . the approvat .ofthe -

. great majority of progressive teachers t~ughout .the q~~I'Y.· . . . . . . . . . . ' . . .. 
No: ~ttempt has b~n m,ad~ hi this report to trace the. o@n a:r,ul _ llli!tQry · o~; -the 

various pro~ and ,movementsJor r~orm nor t.o .giv~ ·~edit either to individuals or 
, orgBAir~;at;ions .lprinltiati~g $em .. :A oonveniept,st31'ting point f~r t~ hiatocy pf the 

.. modem mov~m~D,~ fu this ~oillitij may b(dound in E. H. Moore 'a presidential ad.di'~s 
befo~e the American M:atheinaticat .Society in l902. s . nut the movement here is orily 
one manifestation of a movement that is wo:dd-wide and in which very many_i~w
viduals . and organizations have played a prominent part. Th~ student interest~d 
.in this phase of the s"Q.bject is refetted to the .ext~nsive · p~bllcatiozi.s of the .. Interna
.ticmaJ. Comi$Siop on:_tb.e Teachi.I;lg oi Ma.tllema't;i~~~ tQ the Bibliography of the Te~ch
ingofMathematics, 1900-1912, J:>yD,~ E. Sliritl;l, a~d.~ Q.j:t,~ldzj_Aer.(V. s.~;tif· of. E4u<i., 

!;!t ~~~N~~!Jf;;,~~i~lj.~~-~~~-~~·;1?·~ j~)n,~e ~pnij>lete 
The ,n&poJ;l~ co~~~ee . e~~#~ tp';.m~i~t{thi. ifil ,o#J.p~t :Wi~ 'a; ~erUW,. amount of 

cleri~. ~~~" d~lng th~ y~ 19~-k:-22 ~d perhaps for• io~~r i)el;i~~ . _·OJ ti,shoped t}l~t. 
in .this . ~a.yit may continue to serve. aa a cleari;ng ~q~ f~J: all. aC,tiv;ities looking~ 
t.be iDJ.prQve~~nt Qf the t~hmg of math~mati<:S w -tllli.J co~tzy, 'and tQ ~tIn 
bringing about th~ efiective adoptlo~ in : pradice. Qi ,$e ·reeOmniendations made in 
the following report, with sJJch modiQ.~a~ions.of th~. ~- .c~nti~ued f:liudy and ,expep-
meatation may show to be desirable. . . . ; , · . . , .. . , .· . , . : . , 

I Again in Nov., i921' tl).e ·General Edu(lation Board liuide appropiiatioii:f :tJ oov~ . tbe -e~e~e ·of 
publishing and disttibuting the complete report ~f tlle ·committee and to enab'kthe comlnittoo to carry 

_;,cm.,oertain P~ o.fits work durmgtha }'ilar 1922. . .. · : . . . . . . . . . 
· •. T~e Reorgan,Izatioll ot.t~e first Courses~ Secondary. Syhoql~thematics., U. s: Bureau of Educatiop, 
. Secondary School 'Circular, No; 5, February, 1'920. 11 pp. · J'Ui:lior High School Mathematics, U~ S. Bureau 
' «Edueatlon, Secondary~School Circular; No. 6,-Swy, 1920.- 16pp; The Funetion Coooept in·Seeon:daty 
School Mathematics, Secondary School Circular No.8, June, 1921. 10 pp. 

4 Terms and Symbols in Elementary Mathematics, The Mathematics Teacher 14: 107-llS M~ch 11!21 • 
. ~~ye ('.onrses illllathem&ti.cs Cor Secondary Schools, !l'he .MatheJ;Oatics Tescq.~r, 14: l.61-17o~ A pni; 1921 
College Entrance Requirements i~ Mathematics, T~el(a~cs T~46:f~l4: -~245, ~. 192l. . 

. · 
1 E. B •. l(oor~ On the Foundations of ¥a~t¥la, Bulletin .oJ ,the American MB.thematklal Society. 

'901. 9 (1902-3), p. 402; Science, 17; 401. ·· · · · ·· · · · · · · · · · · · · · 



'TBE RE'O:RGANIZlTION OF .MATHEMATICS IN ;SE(j
O»DAR Y EE>.UC.AilO }l. 

·Chapter J. 

A 1lRIEF ·OUTLINE OF THE B'EPORT. 

'The _;present chapter gives a brief general outline c>f :the con!tents of 
'this pamphlet 1or the purpose of orienting the reader and making it 
possible for ·rum to gain quickly an understanding ~of its scope and 
the· problems which it considers. 

The valid aims and pur,poses of instruction in mathematics are 
considered in Cha_pter II. .A "formUlation of such aims and 'a state· 
men:t of general principles governh\g the committee's ·workis necessary 
:as :a basis Jor 'the later specific recommendations. ·Here will be found 
·the reasons for including .mathematics in the course of study 'for all 
secondary school pupils. · 

·.'To the end .that a:1l pupils in the ;pe:dod of secondary educ-a-ticm 
sha:l1 gain early a ·broad view .of ·the whole field of elementary mathe
matic~, and, in particular, in order to insure coni.aot with this impor-

t t··. e .. 1em.e. ·.nt .. I··_·.r: sec. o. ndary education an 'the part o. f. the very larg. e 
· m:ber of pu,prls who, for one .reason or another, drop out of school 
I the end of the .riinth year:, the nationS:1 committee recommends 

/ phatically tha't the course of study in mathematics during the 
/ seventh, eighth, and :riinth years contain the fundamen ta1 ndtions 

of arithmetic, of algebr9J, of intuitive geometry, of numerical 'tt~igo
nometry and at "least an introduction to demonstrative geometry, 
and that 'this body of ma'teTial _ 'be required of all . secondary school 
pupil~. A detailed account of this ;material is given .in Chapter III. 
Careful study of 'the later year-s of our elementary schools, and com-
parison with Europeaa"'l schools, "have shown the vital need oJ reOl·gan
ization of mathematical instruction, especially in the seventh and 
eighth years. The very strong tendency now evident to consider 
elementary education as ceasing at the end of the sixth school year, 
and to consider .. the years from the seventh to the twelfth inclusive 
as comprising years of secondary education, gives impetus to the 
movem~nt for reform of the teaching of mathematics at this stage. 
·The necessity for devising courses c>f study for the new junior ·high 
school, comprising the years seven, eight, and nine, enables us to 

1 



2 MATHEMATICS IN SECONDARY EDUCATION. 

present a body of materials of instruction, and to propose _organiza
tions of this material that will be valid not only for junior hig4_ 
schools conducted as separate schools, but also for years seven ai).d 
.eight in; the· .tra:ditional eight-year elep:teJJ,tary school· ,a,nd: th~ :ij_rst 
year of the fotir.:..year high s~hooL ' · · · · · 

While Chapter III is devoted= to a consideration of the body of 
material of instruction in mathematics that is regarded as of suffi
cient importance to form part of the course of study for all secondary 
school pupils, Chapter IV is devoted to consideration of the types of 
material that properly enter into course~ of study for pupils who 
continue their study of mathematics beyond the minimum regarded 
as essential for all pupils. Here will be found recommendations con
cerning the -traditional s~~j,ect :matter of the te!lth, eleventh, and 

·.'twelfth, school years,_ and also certain ma~e;rial that her~tofore hl;l,s 
, been looked upon in this country as beloil.ging rather. to. college 
courses of study; as, for mstance, the elementary ideas and prgpesses 
of the calculus. . 
, Chapter Vis devoted to a study of the types of ~econdary school 

.instruction -in mathematics that may be looked upen as furirishing 
the best preparation for successful work in college. This study leads. 
to the conclusion that there is no conflict between the needs 4lf. those 
pupils who ultimately go to college a:rid those who <lo not. Certain 
yery definite recommendationsttre made as to changes that. appear 
desirable in the statement of college-entrance requirements and in 

. the type of college-entrance examination. 
Chapter VI contains lists of propositions and constructions in plane 

and in solid geometry. The propositions are classified in such. a 
. way as to separate from others of less importance those which are 

regarded as so fundamental that they should fo:fm the com.mon 
minimum of .any sta;n~ard course in the Sllbje.ct~~- This. chap.ter. has 
c~ose connection. with the .two chapters which immediately precede it. 

-. T~e statement previously mf;l,de in our·· preliminary reports and 
.. repeated in Chapter II, that the fup.ction concept should serve as a 

unifying element running throughout the _instruQtion in mathematics 
of the secondary school, has brought many requests for a more 
precise definition of the role of. the function concept in secondary 

. school mathematics. Chapter VII i.s intended to 1Ueet this demand. 
Recommendations as to the adoption and use of terms and sym

bols in elementary mathematics are contained in Chapter VIII. It 
is ~tended to present a ~.orm embodyiJ..lg agreement .~s to best current 
practice. It will tend to restrict the irresponsible mtrodu~tion of 
new ter,ms and symbols,. b;tl;t .. it does not close the . door ~.11tirely on 

:innovations that may f;rom time to .time prove. serviceable .an<l d·e-
-~ir.abl~. · · · · 



. OUTLINE ·O:F THE REPORT~ · 3 

The chapters of the complete report thus ·far referred to appear in 
full in this summary. The rem.aining.chapters of the complete report 
give :fpr . the . most. p~rt t)}e. ;resu}ts,. pf .spec~al investigatio!ls :prepared 
fo:r ::the · national ··com.rirltfue. - The_,' Qonteiits of these · chapters are 
indicated sufficiently at the end · of' the present sliinl;nary to enable 
the reader to decide whether · or · not he is interested in the studies 
mentioned, and whether ·:Or):lC?t).le · -desires the complete report. 

Copies of the complete report of the .national committee, which 
'will probably be re!tdY for distribution i~- the spring of 1922, may be 
. ·had, free . of ch8.rge, upon application .. ad~essed to the . chairman, 
Prot· J~ W. Yormg

1 
~anover, N~ H. · · · · ·· 



Cluqater II. 

All\1'$ .. OF' 'MATHEMATJCAL INSTitt;rCTION~E,NE~~t. 
. . _· PRINCIPLE~ • . 

1. 'INTROOUCTIO'N. 

A discuss-ian of m.a.thexnatical.edtrtca.tion, :and. of WB.fS ~means of 
enhancing its v.alue~ must be apprnached fir.st of .all on thehasis of, a 
precise. and comprehensive formulation ,of the vnJid Jtilns and puijposes 
of such education.1 Only on such a basis can we approach intelli
gently the problems relating to the selection and organization of 
material, the methods of teaching and the point of view which should 
govern the instruction, and the qualifications and training of the 
teachers who impart it. Such aims and purposes of the teaching of 
mathematics, moreover, must be sought in the nature of the subject, 

. the role it plays in the practical, intellectual, and spiritual life of the 
world, and in the interests and capacities of the students. 

Before proceeding with the .formulation of these aims, however, 
we may properly limit to some extent the field of our enquiry. We 
are concerned primarily with the period of secondary education
comprising, in the modern ju¢or and senior high schools, the period 
beginning with the seventh and ending with the twelfth school year, 
and concerning itself w~th pupils ranging in age normally from 12 to 
18 years. References to the ;mathematics of the grades below the 
seventh (n1ainly arithmetic) and beyond the senior high school will 
be only incidental. 

Furthermore, we are primarily concerned at this point with what 
may be described as "general" aims, that is to say aims which are 
valid for large sBctions of the school population and which ;may 
properly be thought of as contributing to a general education as 
distinguished from the specific needs of vocational, technical, or 
professional education. 

II. THE AIMS OF MATHEMATICAL INSTRUCTION. 

With these limitations in mind we may now approach the problem 
of formulating the ;more important aims that the teaching of mathe
matics should serve. It has been customary to distinguish three 

1 Reference may here be made to the formulation of the principal aims in education to be found in the 
Cari:linal Principles of Secondary Education, published by the U.S. Bureau of Education as Bulletin No. 
55, 1918. The main objectives of education are there stated to bel 1. Health; 2. Command of fundamental 
processes; 3. Worthy home membership; 4. Vocation; 5. Citizenship; 6. Worthy use ofleisure; 7. Ethical 
character. These objectives are held to apply to all education-elementary, secondary, and higher-and 
all subjects ofinstruction are to contribute to their achievem~nt. 

4 



AIMS OF MATHEMATICAL INS'l'R.UCTION. 5 

·classes of aims: (1} ~racti9'e1 or utiijtgian, (2) diseipljpary, (3) 
pult.urul; and such a classification is indeed~ a con.Jenient one. It 
:should be kept clearly in :mind, however, that the three classes 
lll:entioned are not mutually exclusive and that convenience of dis
cussion rather than logicltl necessity often assigns a given aim to. one 
or the other of the classes. Indeed any truly disciplinary aim is 
practical, and in a broad sense the same is true of cultural aims. 

Practiool aims.-By a practical or utilitarian aim, in the narrower 
sense, we ~ean then the nn,mediate or direct usefulness in life of a 
Jact, ;method or p,roeess in ;mathematics. 

1. The immediate and undisputed utility of the fundamental proc
esses of arithmetic in the. life of every individual demands our first 
attention~ The first instruction in these processes, it is true, falls · 
outside the period of instruction which we are considering. By the 
end of the sixth grade the child should be able to carry out the four 
fundamental operations with integers and with common and decimal 
fractions accurately and . with a fair degree of speed. This goal can 
be reached in all schools-as it is being reached in many-if the work 
is done under properly qualified• teachers and if drill is confined to 
the simpler cases which alone are of imp0rtance in the practical life 
of the great :majority. (See ;more specifically, Ch. III, pp. 7, 18.) · 
Accuracy and facility in numerical computation are of such vital 
importance, however, to every individual that effective di·ill in this 
subject should be continued throughout the secondary school period, 
not in general as a separate topic, but in connection with the numerical 
problems arising in other work. In this numerical work, besides 
accuracy and speed, .the following aims are of the greatest importance: 
/TiL) A progressive increase in the pupil's understanding of the nature 

If£?!, the fundamental operations and power to apply them in new 
~uations. The fundamental laws of algebra are a potent influence 

In this direction. (See 3, below.) 
(b) Exercise of common sense and judgn1ent in computing from 

approximate data, fanllliarity with the effect of small errors in 
measurements, the determination of the number of figures to he 
used in computing and to be retained in the result, and the like. 

(c) The development of self-reliance in the handling of nUlllerical 
problems, through the consistent use of checks on all nwnerical 
work. 

2. Of almost equal importance to every educated person is an 
understanding of the language of algebra and the ability to use this 
language intelligently and readily in the expression of such simple 
quantitative relations as occur in every-day life and in ~he normal 
reading of the educated person. 

Appreciation of the significance of formulas •and ability to work 
out simple problems by setting up and solving the necessary equations 
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inust nowadays be included among the minimum requirements 'of 
any program of universal education. 

3. The development of the ability to understand and to use such 
·elementary algebraic methods involves a study of the ·fundamental 
•laws of algebra and at least a certain minimum of drill in algebraic 
· technique, which, when properly taught, will furnish t.b.e foundation 
for an understanding of the significance of the processes of arith
metic already referred to. . The essence of algebra as distinguished 

· from arithmetic lies in the fact that algebra concerns itself with t~e 
operations upon numbers in general, while arithmetic confines itself 

·to operations on particular numbers. 
4. The ability to understand and interpret correctly graphical 

representations of various kinds, such as nowadays abound in popular 
discussions of current scientific, social,-industrial, and political prob
lems ·will also be recognized as one of the necessary aims in the edu:.. 
cation of every individual. This applies to the representation of 
statistical data, which is becoming increasingly important in the 

· consideration of our daily problems, as well as to the representation 
and understanding of various sorts of dependence of one variable 

· quantity upon another. 
5. Finally, among the practical aims to be served by the study of 

mathem~tics should be listed familiarity with the geometric forms 
common m nature, industry, and· life; the elementary properties 
and relations of these forms, including their mensuration; the develop
ment of space-perception; and the exercise of spatial imagination. 
This involves acquaintance with ·such fundamental ideas as con
gruence and similarity and with such fundamental facts as those 
concerning the sum of the angles of a triangle, the pythagorean 
proposition and the areas and volumes of · the common geometric 
·forms. 

Among directly practical aims should also be included the acquisi
tion of the ideas and concepts in terms of which the quantitative 
thinking of the world is done, and of ability to think clearly in terms 
of those concepts. It seems more convenient, however, to discuss 
this aim in COJl!lection with the disciplinary aims .. 

Disciplinary aims.~We would include here those aims which 
relate to mental training, as 'distinguished from the acquisition of 
certain specific skills discussed in the preceding section. Such 
training involves the _development of certain more or les's general 
characteristics and the formation of certain Inental habits ·which, 
besides being directly applicable in the setting in which they are 
developed or formed, are expected to operate also in more or less 
closely rel~ted fields-that is, to u transfer" to other situations. 

The subject of tlie transfer of training has for a number of years 
·been a very controversial one. Only recently has there been. any 
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. evidence.· of--agreement ··among . the body -·of . educational- psychologists. 
· We need not at this point go into detail as to the present status of 
· discipli;nary-values since this forms the-subject of a separate chapter 
·- in ~he· com'plete report (Chap. IX;· see also Chap. X). It is su:ffi-
.cient for o~r present purpose to call attention · to the fact that most 
psychologists have abandoned two -extreme positions as to transfer 
of traini:r~.g. The first- asse:rted that a pupil trained to reason well 
in geometry would thereby be trained to reason equally well in any 
other subject; the second denied ·the possibility of any . transfer, 

-and lienee the possibility of any general mental training. That the 
effects of training do transfer from • one :field of learning to another 
is now, however, recognized. -The amount of .transfer in any given 
case depends upon a number of conditions. If these conditions are 
favorable, there may be considerable transfer, but in any case the 

; amount of transfer is difficult to measure. Training in connection 
with-certain attitudes:, ideals, and ideas is almost universally admitted 
by psychologists to have general value. - It may, therefore, be said 
that, with proper restrictions, general mental discipline is a valid 
aim in education. 

The aims which we are discussing are so important in the restricted 
domain of quantitative and spatial (i. e., mathematical or partly 

-mathematical) thinking which every educated individual is called 
upon to perform that we do not need for the .sake of our ·argument 
to raise the question as to the extent of transfer to less mathematical 

· situations. 
In formUlating the disciplinary aims of the ·study of mathematics 

the following should be mentioned: . 
(1) The acquisition, in precise form, of those ideas or concepts in 

, terms of which the quantitative thinking of the world is done. 
Among these ideas and concepts may be mentioned ratio and measure
ment (lengths, areas, volumes, weights, velocities, and rates in gen
eral, etc), proportionality and similarity, positive and negative 
numbers, and the dependence of one quantity upon another. 

(2) The development of ability to think clearly in terms of such 
ideas and concepts. This ability involves training in-

(a) Analysis of a complex · situation into simpler parts. This in
cludes the recognition of essential factors and the rejection of the 
irrelevant. 

(b) The recognition of logical relations between interdependent 
factors and the understanding and, if possible, the expression of such 

- relations in precise form. 
(c) Generalization; that is, the discovery, and formulation of a 

general law and an understanding of its properties and applications. 
{3) The acquisition of mental habits and attitudes which wili make 

the above training effective in the life of the individual. Among 
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·.sl!l!ch habitual reactions .are the ,following:. A see-king .for relations ;an.< 
their :pl'eoise expression,; an attitude of enquiry,; ·a ·desire :to under 
stand, to .get -to the bottom of a situation; concentration and per· 
-sistence; a love :£or precision, .accuracy, thoroughness., and clearness 
:and a :distaste for vagueness ~and incomple.teness.; .a -d.esire for :order~} 
and -logical organization as an .aid to unders-tanding ;and memory. 

(4) :Many, if not all, -of :these diseipl-inary aims a.r1e ineluded in th( 
broad sense ·of -the idea of relationshi;p or d.ependence--,m what thE 
math-ematician in his techNical vocabulary r.efe.rs to as a "function': 
of one .or more variables. 'Training in ''functional thinking,'' that is 
~thinking in terms of relationships~ is one -of the .most fnndamenta] 
disciplinary aims o.f. the teaching .. of n1athernatics. 

Cultural aims .-By cultural .-aims we mean those somewhat less 
ta.ngible but none the less !real and important intellectu.rul, .ethical, 
·esthetic -or spiritual :aims that are involved in the development of 
appreciation and insight and the formatiilll of ideals of perfection. 
As will be a-t once tl!pparent the ;realization .of some of these aims 
must await the later st.ages of instruction,, but some of them m·ay 
and should operate at the very beginning. 

More specifically we may .mention the developn1ent or acquisition 
of-

;. 

(1) App_ r_ eciation of ,beauty in .th ... e g~o-metr.ical.fo:r.. :ms of nature~ art, 
nd industry. _ 

(2) Iclea-ls .of p.erfection .. as to logical :structure; .pre.cision of state
' ment and of thought; logical reasoning (as exemplified in .the _geo

metric demonstration); diserimination between the .true and the 
false, etc. . 

(3) Appreeiation .of the power of n1athematics-of what Byron ex-
\ pressively called ·"the power· of thought, the mi!igic of the mind" 2-

and the role that mathematics and abst:cact thinking, in general, has 
played in -the development of ci:vi1ization.; in particular in science, in 
indus-try, and in philosophy. In this connection mention should be 
n1ade of the religious effe.c.t., in the broad sense, which the study of the 
permanence of laws. in mathematics· and -of the infinite tends to 
establish.3 

III. THE POINT ·OF VIEW ·GOVERNING INSTRUCTION. 

The practical aims enumerated above, in spite of their vital im
portance, may without danger be given a seconda.ry·position in seek
ing to formulate the general point of view which should .govern the 

2 D. E. Smith: Mathematics in l.he Training for Citizenship, Teachers College R·ecord, vol.lS, Ma,y, 1917, 
p.6. 

8 For an elaboration of tho ideas here 11resented in the barest outline, tho reader is refcned to the article 
by D. K Snuth already ment10ned and to bis presidential address' before the Mathematical Association of 
America, Wellealey,Mass., S!lpt. 7,1921. 
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teacher.; provided only that they receive due recognition in the selec
tion of material and that the necessary minimum of technical drill is 
insisted upon. 

Tne · primary p'Urposes of tke teaching of rnatlllematics should be to 
tlev.elop those powers of u:r~Jderstn.nding and of analyzing relat,ions of 
q_nantity and of space whick are necessary to an insight 1>nto and control 
over our environment and :t-o an appreciation oj ihe progress of cim:liza
tion in its various aspects, a nil tg develop those lw.b1:ts of thonght and of 
act?:on which will make these powers effective in the lije oj the individual. 

All topics, processes, and drill in technique which do not directly 
contribute to the development of the powers mentioned should be 
elirninated from the curriculum. It is recognized that in the earlier 
periods of instruction the strictly logical organization of subject 
matter 4 is of less importance than the acquisition, on the part 
of the pupil, of experience as to facts and methods of attack on 
significant problems, of the power tb see re:tations, and of trauli.ng 
in accurate thinking in terms of such relations. Care must be taken, 
h.owever, through the do:ril.inance of the course by certain general 
ide2.s that it does not becmne a collection of isolated and unrelated 
details. 

Continued emphasis throughout the 'course must be placed on the 
development of ability to grasp and to util.i2e ideas, processes, and 
principles in the solution of concrete problmns rather than on the 
acquisition of mere facility or skill in manipulation. The excessive 
•emphasis now commonly placed on manipulation is one of the main 
-obstacles to intelligent progress. On the side of algebra, the ability 
to understand its language and to use it intelligently, the ability to 
analyze a problem, to forn1ulate it Inathematica1ly, and to interpret 
the result must be dmninant ain1s. Drill in algebraic man.1:pulat'ion 
shmdd be lirn-ited to those processc8 and to the degree of cornz>le.r1:ty 
required for a thorough understan(Z?:ng of pn>nc1:plcs and for probable 
appl·icati.ons either in common life 01' in subseq1tent co?U'SP-8 wh?:ch a St(;b- · 
stantial proportion ofthe p'upils will talc e. It 1nust. be coneeiYed through
out as a rneans to an end, not as an end in itself. 'IVithin these 
lirr1its, skill in algebraic n1anipulation is important, and drill in this 
subject should be extended fa.r enough to enable students to Garry 

, out the essential processes accurately and expeditiously. 
On the side of geometry the fonnal demonstrative work should be 

preceded by a reasonable amount of informal work of nn intuitive~, 
experimental, and constructive eharaetcr. Such work is of grcnt 
value in itself; it is needed also to provide the necessary familiarity 
with geometric ideas, forms, and relations, on the basis of which 

4 '"i'llo logical from the standpoint of suhjeet mat.ter represents the goal, tho last tei·m of training, not 
the point of departure.'' Dewey, "How ·we Think," p. 62. 



10 MATHEMATICS IN SECONDARY ·EDUCATION. 

. alone · intelligent appreciation of formal demonstrative work is 
possible. . · ' · : . · · . . · . · ·. · . ·. · ·. · . 

The one great idea which is best ~dapted to unify the course is 
·that of the junctional relation. The concept of a variable and of · the 
dependence of one variable upon another is of fundamental importance 
-to everyone. It is true that the general and abstract form of these 
concepts can become significant to the pupil only as a result of very 
considerable mathematical experience and training. . There is nothing 
in either concept, howev-er, which prevents the presentation of specific . 
concrete examples and illustrations of dependence even in the early 
parts of the course. Means to this end will be found in connection 
with the tabulation of data and the study of the formula and of the 
graph and of their uses; 

The· primary and underlying principle of the . course should be the 
idea of relationship between variables, . including the ·methods of 
determining and expressing sttch relationship. The teacher should 
have this idea constantly in mind, and the pupil's advancement 
should be consciously directe4 along tE.e lines which will present 
first one and then another of the ideas upon which finally the forma- · 
tion of the general concept of functionality .depends. (For a more 
detailed discussion of these ideas see .Chap. ¥II.below.) 

The g-eneral ideas which appear more explicitly in the course and 
under the dominance of one or another of which all topics should ·be 
brought .are: (1) The formula, (2) graphic representation, (3) the 
equation, (4) measurement and computation, (5) congruence and 
similarity, (6) demonstration. These are considered in more detail 
in a later section of the report (Chaps. III and IV). 

IV. THE ORGANiZATION OF SUBJECT MATTER. 

u General" courses.-We, hay~ fJ;lr~a_dy called attention to the fact 
that, in the earlier periods of insttuctione~pecially, logical principles 

·of organization are of less importance than -psychological and-peda
gogical principles. In recent years there has . developed among 
many progressive teachers a very significant movement away from 
the older rigid division into "subjects" such as arithmetic, algebra~ 
and geometry, each of which shall be "completed" before another 
is begun, and toward a rational breaking down of the barriers separat- ... 
ing these subjects, in the interest of an organization of subject matter 
that will offer a psychologically and pedagogicaJly more effective 
approach to the study' of mathematics. 

There has thus developed the movement toward what are variously 
called "composite," "correlated," "unified," or "general" courses. 
The advocates of this new method of organization base their claims on 
the obvious and important interrelations between arithmetic, algebra, 
and geometry (mainly intuitive), whieh the student must· grasp 
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'befote ,he c~n gain any real insight into mathematical methods and 
which are inevitably obscured by a strict .. adherence to the concep

. tion of separate'' subjects." · The movement has gained considerable 
new impetus py the growth of the junior high-school idea, and there 

·· can be little question that the results already achieved by those who 
·are experimenting ' with the new methods ' of organization warrant the 
· abandonment of the extreme "water-tight compartment" methods 
ofprese:ntation~ . . ' . 

·The newer method of organization enables the pupil to g&in a 
· broad· view bf the whole field of elementary methematics early in his 
high-school course. In view of the very large number of pupils who 

·drop out of school at the end 'of the eighth · or the ninth school year 
or who for other reasons then cease their study of mathematiqs, 
this fact offers·a weighty advantage over the older type oforganiza

' tion u1ide:r which the pupil studied algebra alone during the ninth 
. school year, to the complete ·exclusion of all contact with geometry._ 

It should be. noted, however, that the specific reeommendations 
·as _to· content given in th¢ next two chapters do not necessarily imply 
the adoption of a different type· of organization of the materials of 
in.struction. A large'numher o'f high . schools will for some time -con
tinue to find it desirable to organize their courses of study in mathe
matics by subjects-algebra, plane geometry, etc. Such schools 
are urged to adopt the recommendations made with reference to the 
content of the separate subjects. These, in the main, constitute an 
'essential simplification as compared with present practice; The 
economy of time that W:ill result ~ln COUrses in ninth-year algebra,foT 
instance, will permit of the introduction of the newer type ·of mate
rial, including intuitive geometry and numerical trigonometry, and 

, thus the· way will be prepared for the gradual adoption in larger 
measure of the recommendations of this report. 

At the present' time ·it is not possible to designate any particulh.r 
order of topics or any organization of the materials of instruction 
as be~ng the best or as calculated most effectively to realize the aims 
and purposes here set forth. More extensive and careful experi
mental work must be done by teachers arid administrators before any 
such designation can be made that shall avoid undesirable extremes 
and that shall bear the stamp of general approval. ·. This experi
mental work will prove successful in proportion to the skill and insight 
exercised in adapting the aims and purposes of instruction to the 
interests and capacities of the pupils. One of the greatest weak
nesses of the traditional courses is the fact that both the interests and 
the capacities of pupils have received insufficient consideration and 
study. For a detailed account of courses in mathematics .at anum-

688670-21-2 
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OO.r of the :nwst successful experimental schools, the r~ader i,s -refe;J;!ed 
.. t9. chapter XII_ of the ~omplete report. 

· -Required, courses.~ The p..ational · corm;nittee believes th~t -.the 
Illaterial described in the next chapter · should . he required -. of. all 
pupils, and--that under favorabl~ conditions _this minimum o~ ; work 
can be coD1pleted by the end of the nin.th school year. In the-junior 
high school, comprising gr_ades seven, eight, and nin~, the course for 
these three years should he planned as a unit with the purpose of 
gi'l)~ng e.ach pupil the most valua,ble . m-athematical training he _'fs capable 
oj receiving in those years, with little refereMe to courses which h~ maY 

,()1' may_ not take in _ succeeding years. In particular, coll(}ge~entrance 
J:equirements should, during these: years; receive no ~pecific consi~ra.
tiori.. Fortunately there appear.s to be no conflict. of interest during 
tPis.-period between those p:qpils who ul~imately , go to college a,nd 
thasewhodo not; .ll. course plannedjn accordance with the principle 
just enunciated will form a desirable foundation for college prepara ... 

· tion. (See Ch. V .) -
Simil~ly, in case of the at present more _prevalent 8-4 s.chool 

organization, the mathematical materi8l • of .the. seventh and eighth 
grades should. be selected and organized as_ a unit with the same 
purpose; the same applies to the work of the first year (ninth grade) 
of the standard four-year high school, and to later years in which 

-mathematics may be a require~ . subject. 
In the case of some elective courses the principle needs to he 

modified sq as to meet whatever specific vocational or technical 
purposes the cours_es may have. (See Ch. IV.) · -

The movement toward correlation of the work in mathematics 
with other courses in the curriculum, notably those in science; is as 
yet in its infancy. Th~ results of sue~ efforts will be w·atahed with 
the keenest interest. , - · · · --

The junior high-school .movement.~ Reference has several · times been 
made to the junior high school. The. national committee adopted the 
following resolution on April 24, 1920: 

The national committee approves the junior high school form of organization, and 
urges its general adoption in the conviction that it will secure greater efficiency in the 
teaching of mathematics. 

The comrilittee on the reorganization of secondary education, 
appointed by theN ationalEducation Association, in its pamphlet on 
the ''Cardinal Principles of Secondary School E'ducation, " issued in 
1918 by the Bureau of ·Education, advocates an organization of the 
school system _whereby the first six years shall be devoted to elemen
tary education, and the following six years to secondary education 
to he divided into two periods which ;may be designated as junior 
and senior periods. 
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t r To :i those ' interested rin the stady: ,of._ the qnestitm.s · ralating-. to · the 
history: and -present-status _()f the junior _ high-school movement~ ·the 
following books are recommended: Principles of Secondary Educa
tion, by Inglis, Houghton MifHin & Co., 1918; The Junior High School, 
T.he · Fifteenth Yearbook :(Pt. ill) of the National -Society for the 
Study of Education, Publie School Publishing -Co.; 1:919; The Junior 
High ·School, -by Bennett, Wa.rwick & York, 1919; The Junior High .. 
School, by Briggs, Houghton Mitllin & Co., 1920; and The Junior 
High School, by Kops, Haroourt, Bra.oo &. H8we~ 1920. 

V. THE TRAINING OF.· TEACHERS. • 
. . . .. : . . . . 

While the greater part of this report OOD:Cerns itself with the eon tent 
of. courses in mathematics, th-eir .orga.nization and· the point of view 
which should govern the instruction, :and investigations relating 
thereto, the ntltional Gommittee m,ust emphasize strong~y its convie-
tion . that . even more fundamental is the problem of the teaehep-his 
qualifications and training, his· personality, skill, and enthusiasm. 

The greater part of·the failure of . mathema.~cs is due to poor teach
ing. Good teachers have in the past succeeded, and continue. to 
succeed, in achieving highly satisfactory results with the traditioll1ll 
material; poor teachers will not succeed even with the newer and 
better material. 

The United Sta-tes is far behind Europe in the scientific and pro- . 
fessiDnal training required of its secondary school teachers (see 
Ch. XIV of the comple,te .report). The equivalent of two or three 
years of graduate and professional training in addition to .a .general 
college eourse is th-e normal .·requirement for · seoondary school 
t.€achers in most European countries. .Moreover,_ the reoognized 
position of the. teacher in the community must be such as to attract 
inen and women of the highest ability into the profession. This 
means not only higher salaries but smaller classes and more leisure 
for continued study and professional advancement. It will doubtless 
require a considerable time before the public can be educated to 
realize the wisdom of taxing itself sufficiently to bring about the de
sired result. But if this ideal is continually advanced and supported 
by sound argument there is every reason to hope that in time the goal 
may be reached. 

In the meantime everything possible should he done oo improve the 
present situation. One of the most vicious and widespread practices 
consists in assigning a class in mathematics to a teacher who has had 
no special training in the subject and whose interests lie elsewhere, 
because in the construction of the tiii_le schedule he or she happens to 
have a vacant period .at the time. This is done on the principle, 
apparently, that "anybody can teach mathematics" by simply 
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·following a textbook and devoting 90 per cent of the time to· drill in 
.algebraic manipulation 9r to reciting the memorized demonstration 
·of a theorem· in geometry. · 

It will be apparent from the study of this report that 4 successful 
.teacher of mathematics must not only be highly trained in his subject 
and have a genuine enthusiam for it but must. have also peculiarat
tributes of personality and above all insight of a high · order into the 
psychology of the learning process as related to the high.er mental 
activities. Administrtltors should never lose s-ight of the fact that 
while mathematics if properly taught is one of the most important, 
interesting, and valuable subjects of the curriculum, it is also one of 
the most difficult toteach successfully. · 

Standards for teachers.-.: .. .Jt is necessary at the outset to make a 
fundamental distinction between standards in the sense of require;. 
ments fot appointment to teaching positions, and standards of sci~ 
entific attainment which shall determine the curricula of colleges an~ 
normal schools aiming to give candidates the best practicable prep:. 
aration. The former r~quirements should be high enough to inHure 
co:r;npetent teaching, but they must not be so high as to form a serious 
.obstacle to admission to the profession even for candidates who have 
-chosen it relatively late. The main factors determining the level of 
these requirements are the available facilities for preparation, the 
·needs of the-pupils, and the_ economic or salary conditic;ms. 

Relatively few young people deliberately choose before entering 
college the teaching of secondary 1nathematics as a life work. In the 
.more frequent or more typical case the college student who will ulti
mately become a teacher of secondary rna thema tics makes the choice 
gradually, perhaps unconsciously, late in the college course · or even 
after its completion, . perhaps after some trial of teaching in other 
fields. The possible supply of young people who have the real desire 
to become teachers of mathematics is so meager in comparison with 
the almost unlimited needs of the country that every effort should -be 
made to develop and maintain that desire and all possible encour
agement given those who manifest it. ·If, as will usually be the case, 
the desire is associated with the necessary mathematical capacity, it 
will not be wise to hamper the candidate by requiring too high at
tainments, though as a matter of course he will need guidance in 
continuing his preparation for a profession of exceptional difficulty 
and exceptional opportunity. 

Another factor which must tend to restrict requirements of high 
mathematicaL attainment is the importance to the candidate of 
breadth of preparation. In college he may be in doubt as to becom
ing a teacher of mathematics or physics or some other subject. It is 
unwise to hasten the choice. In many cases the secondary teacher 
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must be prepared in more th~n one field, and to the future teacher of 
mathematics preparation in physics and drawing, not to mention 
chemistry, engineering, etc., may be at least as valuable as purely 

'mathematical college electives beyond the calculus. ·· •. · 
In the second sense_:_of standards of scientific attainment to be 

held by the colleges and normal schools-these institutions should 
make every e:ffort--

1. To awaken interest in the subject and the teaching of it in as 
many young people of th~ right sort as possible. 

2. To give them the best possible opportunity for professional 
preparp.tion and improvement, both before and after the 
beginning of teaching. 

·How the matter of requirements for · appointment will actually 
work out in a ' given community will inevitably depend upon condi
tions of time anq place, varying widely in character and degree. In 
many communities it is already practicable and customary tq require 
not less than two years of college work in mathematics, including 
elementary calculus, with provision for additional electives. Such a 
requirement the committee would stronglyrecoml!lend, recognizing, 
however1 that in some localities it would be for the present too 

·restrictive of the supply. In some cases preparation in the peda
. gogy, philosophy; and history of mathematics could be reasonably 
demanded or at]east given weight; in other cases, any considerable 

·time spent upon them would be of doubtful value. In all cases 
requirements should be carefully adjusted to local conditions with a 
view to recognizing the value both of broad .and thorough training on 
the' part of those entering the ·profession and of continued preparation 
by summer work and the like. Particular pains. should be taken 

. that such preparation is made accessible and attractive in the colleges 
·and normal schools from which teachers are drawn. 

It is naturally important that entrance to the profession should 
·not be· much delayed by needlessly high or extended requirements, 
and the danger of creating a teacher who may be too much a specialist 
for school work and too little for college training must be guarded 
against. · There may naturally also be a wide difference between 
requirements in a strong school offering· many electives and a weaker 
one or a junior high school. Practically, it may be fair to expect 
that the stronger schools will maintain their standards not by arbi
trary or general requirements for entrance to the profession but often 

·by recruiting from other schools teachers who have both high attain
ments and successful teaching experience. 

Programs of courses for colleges ~nd normal schools preparing 
· teachers in secondary mathematics will be foundin Chapter XIV of 
the complete report, together with an account of existing conditions. 



Chapter. III. 

MATHEMATics FOR vEARs _SEVEN, EIGiiT' AND NINE •. . 
. ~ . . .. . . . . . . 

I. INTRODUCTION~ 

There is a well-marked tendency among school administrators 
to consider grades ,one to six, incktsive, as constituting the elementary 
school and to consider the . secondary school period as commencing . 
with the seventh grade and extending through the twelfth.1 Con
forming to this view, the contents of the courses of study in mathe
matics for grades seven, eight, . and . nine are . considered together. 
_ill, the succeeding chap-ter the content for grades Hl, 11, and 12 is 
.considered. · 

. The committee is .fully .aware of the widespread desire on the part 
of teachers throughout the country for a detailed syllabus by yea;rs 
.or half years which shall give the best order of topics with specific 
time Bllotments for each. This desire can not be met ,at . the present 
time for. the ..simple reason that no one knows what is the best order 
·of topics nor .. how much tizne should be devoted to. each in an ideal 
course. The committee feels that its recommendations should be so 
.fonnulfl,ted ~ to . gi~e .evf}ry.encourStgement . to further experimep.tflr 
.tion rather than ~0. restrict tP.e teach~r's freedom by a standard~ze~ 
syllabus. . . . . . . . 

However, certain suggestions as to desirable arrangements of the 
·material are offered in a later section (Sec. III) of this chapter, andin · 
Chapter XII (Mathematics in Experimental Schools) of the com
plete report there will be found detaileP, outlines giving the order .Of 
presentation and time allotments in, ~c~u,al . ope~~t~on insc}lools of 
various types. This m~terial should be helpful to teachers and 
administrators in planning courses to fit their individual needs and 
conditions. 

It is the opinion of the c<;>;mmittee t~t the material inclu.ded in 
this chapter should be required of all pupils . . It includes mathe
matical knowledge and training which is likely to be needed by 
every citizen. Differentiation due to special needs should be made 
after and not before the completion of such . a general minimum 
foundation. Such portions of the recommended content as have 

1 See Cardmal Principles of Secondary Education, p. 18. 
"We therefore recommend a reorganization of the school system whereby the first six years sha.J,l be 

. devoted to elementary education designed to meet the needs of pupils of approximately 6 to 12 years of age; 
and the second 6 years to secondary education designed to meet the needs of approximately 12 to 18 years . 
ol age. * * * The 6 years to. be devoted to secondary education may well be divided into two periods 
w~ch may be designated as the'junior and senior periods." . · 
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· not been eompleted·by the end of the ninth year should·oo r~uired 
·in the following: year. ·. . . 

The general principles ·which have · governed the · .selection. of 
the material presented· in. the next section and which.should govern 
the point of view of th-e · teaching have already ooen stated (Ch. II). 
At this point it seems desirableto recallspeCifically what was then 
said concerning principles governing the organization of materiai, 

· the importance to ·he attached to the development of insight and 
understanding and of ability to think clearly in terms of relation
ships ( dependenq.e) and the limitations Unposed on drill in algebraic 
manipulation. In addition we would can attention to the following: 

It .is .assumed that . at· the end . of the sixth school year the pupil 
will be able to perform with accuracy and with a fair degree of speed . 
the fundamental operations_- with integers and· with . common and 
decimal fractions .. The fractions here r~ferred to are . such simple 
ones in common use as are set forth in detail under A {c) in the 
fo~owing .section. It ~ay he pointed out that the standard of 
attainment here impliild is met in a large number of schools, ItS is 
shown by various tests now in use (see Ch. XIII of the complete 
report), and can easily be met generally if time is not wasted on the 
r~latively unimportant partsof the subject. 

In adapting instruction in mathematics to the mental traits of 
pupils :eare should be taken to ;maintain the mental growth too 
often stunted by secondary school materials and methods, and an 
effort sheuld be made to associate with inquisitiveness, the des4'e 
to- experiment, the wish to know "how and why," and the like, 
the satisfaction of these needs. . 

In theyears under consid-eration it is also especially important 
, to give the pupils as bro(td an outlook over the various fields Qf 
mathematics as is consistent with sound scholarship. These years 
especially are the ones . in which the pupil should have the oppor
tunity to find himself, to test his abilities and aptitudes, and to 
secure information and experience which will help him choose wisely 
his later courses and ultimately his life work. 

D. MATERIAL FOR GRADES SEV.EN, EIGHT, AND NINE. 

In the material outlined in the following pages no attempt is 
made to indicate the most desirable order of presentation. Stated 
by topics rather than years the mathematics of grades seven, eight, 
and nine may properly be expected to include the following: 

A. Arithmetic: 
(a) The·fundamental ope~tions of ar~thmeti~. . . . · . 
(b) Tables of weig-hts and measures m general practical use, mcludmg the most 

common metric umts (meter, centimeter, millimeter, kilometer, gramt kilogram, 
liter). TP.e meaning of such foreign monetary units as pound, franc, ana mark; 
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- (c) Such siinpl.e fractions as!·,!, l, t, ~- , -b l; others than these to have less attention. 
(d) Facility and accmacy in the four fundamental operations; time tests, taking 

care to avoid subordinating the teaching to the tests, o1·.to use the tests as measures 
of the teacher's efficiency . . (See Ch. XIII.) · , 

(e) Such siinple short cuts in multiplicatiqn and division as that of replacing multi-
plication by 25 by multiplyin~ by lOO'and dividing by 4. · · · ' 

(f) Percentage. Interch~ngmg common fractions and per cent~; finding any per 
cent of a number; finding what per ce:Q.t one number is of another; finding a number 
when a ce1·t9.in per cent of it is known; and such applications of percentage as come 
within the student's experience. 

(g) Line, bar1 and circle graphs wherever they can be used to advantage. · 
(h) Arithmetic of the home: Household accounts, thrift, siinple bookkeeping, 

methods of sending money, parcel post. . 
Arithmetic of the ·community: Property and personal insurance, taxes. 
Arithmetic of banking: Savings accounts, checking accounts. · 
Arithmetic of investment: Real estate, elementary notjons of stocks and bonds, 

postal savings. 
(i) Statistics: Fundamental concepts, statistical tables and graphs; pictogiams; 

gmphs showing simple frequency distributions. 

It will be seen th~t the material listed above includes some material 
of earlier instruction. This does not mean that this material is to be 
made the direct object of study but that drill in it shall be giv:en in 
connection with t.he new work. It is felt that this shift in emphasis 
will make the arithmetic processes here involved much more effective 
and will also result in a great saving of time. 

The amount of time devoted to arithmetic as a distinct subject 
should be greatly reduced from what is at present customary. This 

. does not mean a lessening of emphasis on drill in arithmetic processes 
· for the ptu·pose of securing accuracy and speed. The need for · con
tinued arithmetic w,ork and numerical computation throughout' the 

· secondary school period· is recognized elsewhere in this report. 
(Ch. II.) 

The applications of arithmetic to business should be continued 
late enough in the course to bring to their study the pupil's greatest 
maturity, experience, and mathematica,l knowledge, and to insure 
real significance of this study in the business and industrial life which 
many of the pupils will enter upon at the close of the eighth or ninth 
school year. (See I below.) In this connection care should be 
taken that the business practices taught in the schools are in accord 
with t.he best actual usage. Arithmetic should not be complete-d 
before the pupil has acquired the power of using algebra as an aid. 

B. Intuitive geometry: 
(a) The direct measurement of distances and angles by means 

· of a linear scale and protractor. The approximate character of 
. measurement. An understanding of what is meant by the degree 
of precision as expressed by the number of "significant" figures. 

(b) Areas -uf the square, rectangle, parallelogram, triangle, and 
trapezoid; · circumference and area of a circle; surfaces and volumes 
of solids of corresponding importance; the construction of the corre
sponding formulas. 



~c) .' Practic~' in:hti:qlexical comput~tion with due' regard :to ,the nuni- · 
· her of figures used or retained. · 

·:(d) , Indirect· measurement · byimeans·'of-dtawings >to smtle. -.'·Uses of 
-- squar~ ruled pap~~~ .. 

-(e) Gemnet:ry-' of.- , appreci~tion.: -, Geometric forms in nature, ·archi-
tecture, manufacture, and industry. 

· (j) Sim pie geometric · . co:q.s.t.rtictions ; with ruler and· com passes, 
T.-scpJ;aie, and triangle,< such •as ,that ;of the perpe:r;tdicular .bisector, 
the bisector of an angle, and parallel lines. · 

(g) Familiarity.: .with~ such ~ fonPs as the · equilateral :triangle, the 
'30°-60° right triangle, · and the isosceles right triangle; symmetry; a 

. -kn.·owledge of- such facts~ ;as !those concerning the sum-of -t:ne angles-
of a triangle and the Pythagorean relation; simple cases of geometric 

:Io~i in. the pla:pe ·and in spac-e. ~ 
--'. t ' (h)~ Informal.introduction rto : th:eide~ of: similarity.~ 
;:; < The:. work in intuitive--geonietry sho'Qld<11iake·. the . p-i1pil ;familiar 
::Wi.th :,the elementary ideas concernirig geome.tric:~ fortlls· in the<;plane 
· and in space with respect to shape, size, and position. .M-u.ch oppor-

tunjty should: be provided for -exercisiiig space pereepti-on:·a:rld.imagi
·6 utti!on; : : Th-e =simple:r geoinet:Hc ideas and relations in:the plane may 
,::pr-Operly :be-extended---to :-thtee dimensidns . . The work should,: mo:rk

.: , '@ver~ be carefully-plarined 8o-asso bring-out : geo.metric : r:elations ~and 
'logical connectiol).S. -Befor~ the end of this intuitive -Work the .pu,pjl 

";should have :definitely begun· to, make · inferences and to, draw .. yalid 
-'conclusions front the · relations .discovered. · In other . word5;: this 
informal work in geometry should be so organi~ed as ,.t·o.- rilaike.it:.a 

--;.gradual approach to, and proVide~ -found:ation .:for; : ,th~.: subsequent 
'- work in,demonst:vative; geo:lnetry.'-' 
.: · :.. Q,>Algebra: · . . . . .. . 

1. The formula-its construction, meaning, and use (a) ·as a con- ' 
cise language; (b) as a shorthand rule for computation; (c) as a:gen- · 

:eral solution; .(d) as an expression -ofthe dependence of one variable 
· -, upon another._,_ -. .. , ... - . · 

· ~The pupil will alre~dy have met the formula in connection with 
: intuitive geometry. - . The · work should now include translation from 
~English into algebraic-language, and vic·e versa, and special care ahould 
be taken to make sure that the new language is understood ·and used 

·· intelligently. The nature of the dependence of :oDe-variable in a 
-' .formula upon another should be examined and· analyzed, with a View 
-:: to seeing Hhow • the formula works." (See -Oh. YIL) . 

-2 . . Graphs and graphic representations in general-their· construc-
_tio:ri a11d -interpretation jn (a) representing facts (statistical, etc.); 
(b) representing dependence; (c) solving problems. _ 

Aftei· the necessary technique -has been adequA;tely presen~d 
graphic representation shoUld not be-considered as a separate -topic 
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but should be used throughout, whenever ~elpful, as an illustrative 
and interpretative instrument. 

3. Positive and negative members-their meanhtg and use (a) as 
expressing both magnitude and one of two opposite directions or 
senses; {b) their graphic representation; (c) the fundamental opera
tions applied to them. 

4. The equation-'-its use in solving problems:. 
(a) Linear equations in one unknown-their solution and applica

tions. 
(b) Simple cases of quadratic equations when arising in connection 

with formulas and problems. 
(c) Equations in two unknowns, with numerous concrete illustra

tions. 
(d) Various simple applications of ratio and proportion in cases 

in which they are generally used in . problems of similarity and in 
other problems of ordinary lif.e. ·In view of the usefulness of the 
ideas and training involved, this subject may also properly include 
simple cases of variation. 

5. ·Algebraic technique: (a) The fundamental· operations. 
Their connection with the rules of arithmetic should be clearly 

brought· out and made to illuminate numerical processes. Drill in 
these operations should be limited strictly in accordance with the 
principle mentioned in Chapter II, page 9. · In particular, ''nests" 
of parentheses should be avoided, and multiplication and division 
should not involve much beyond monomial and"'binomial multipli
ers, divisors, and quotients. 

(b) Factoring: The only cases that need be considered are {i) oom
mon factors of the terms of a polynomial; (ii) the difference of two 
squares; (iii) trinomials of the second degree that can be easily fac
tored by trial. 

(c) Fractions. 
Here again the intimate connection with the corresponding proc

esses of arithmetic should be made clear and should serv.e to illumi
nate such processes. The four fundamental operations with fractions 
should be considered only in connection with simple cases and should 
be applied constantly throughout the course so as to gain the neces
sary accuracy and facility. 

(d) Exponents and radicals. The work done on exponents and 
radicals should be confined to the simplest material required for the 
treatment of formulas. The laws for positive integral exponents 
should be included. The consideration of radicals should be confined 

to transformations of the following types: {(ifb=a{&, {affi=i-Vab 

and -Vafb =Fa! .Jb, and to the n~merical evaluation of simple expres
sions involving the radical sign. A process for finding the square 
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root. of a number should :be included, :·but. not for. finding the square 
root of a polynomial. 

(e) Stress should be laid upon -the need for checking solutions. 
D. Numerical trig01iom.etry: 

' (a) Definition of sine, cosine/ and tangent . . · 
(b) Their elementary properties as function.S; 
(c) Their use in solving problems involving right triangles. 
(d) The use of tables of these functions (to three or four places). 
The introduction of the elementary notions of trigonometry into 

the earlier courses in · ·mathematics-,has · not been as . general in the 
United States as in foreign countries . . · (See Ch. XI of the complete 
rep<;>rt~) Am.ong the reasons for early introduction of this topic are 
thes~·: Its practical usefulness for many c~tizens; the insight it gives 
into the nature of mathematical methods, particularly those con
cerned With indirect measurement, and into the re.le that mathematics 
plays in the life of the world; the fact that it is not difficult and that 

' it ofiers wide opportunity for concrete and significant application, 
and the interest it arouses in the pupils. It should be based upon 
the work in intuitive geometry, with which it has intimate contacts 
(see B, d, h), and should be confined to the simplest material needed 
for ' the numerical treatment of the problems indicated. Relations 
between the trigonometric functions need not be considered'. 

E~ Demon4Strative geometry.-The demonstration of a limited num
ber of propositions, with no attempt· to limit the number of funda
mental assumptions, . the principal purpose being to show to the pupil 
what ''demonstration" means. 

Many of the geometric facts previously inferred intuitively may be 
used as the basis upon which the demonstrative work is built. This 
is not intended . to preclude the possibility of giving at a later time 
rigorous proofs of some· of the facts inferred intuitionally. It should 
be noted that from the strictly logical point of view the attempt to 
reduce to a minimum the list of axioms, postulates or assumptions is 
not at all · necessary, and from a pedagogical point of view such an 
attempt in an ·elementary course is very undesirable. It is necessary, 
however, that those propositions which are to be used as the basis of 
subsequent formal proofs be explicitly listed and their logical sig
nificance recognized. 

In regard to demonstrative geometry some teachers have objected 
to the introduction of such work below the tenth grade on the ground 
that with suc.h immature pupils as are found in the ninth grade · 
nothing worth while could be accomplished in the limited time 
·available. These teachers may be right with regard to conditions 
prevailing or likely to prevail in the majority of schools in the imme
diate future. The committe.e has therefore in a later section of this 
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·chapter (Sec. III) made alternative provision for the ormss10n of 
work in demonstrative geometry. 

On the other hand, it is proper to call attention to the fact that 
certain teachers have successfully introduced a limited amount of 
work in demonstrative geometry into the nip.th grade (see Ch~ XII 
of the complete report), and that it would seem desirable that others 
should make the experiment when conditions are favorable. Much 
of the opposition is probably due to a failure to realize the extent to 
which the work in intuitive geometry, if properly organized; will 
prepare the way for the more formal treatntent, and to a misconcep
tion of the purposes and extent of the workin demonstrative geom
etry that is proposed. In reaching a decision on this question teachers 
should keep in mind that it is one of their important duties and obli-

. gations, in the grades under consideration, . to show their pupils the 
nature, content, and possibilities of later courses in their subject and 

. to give to each pupil an opportunity to determine his aptitudes and 

. preferences therefor. The omission in the earlier courses of all work 
of a demonstrative nature in geometry would disregard one educa
tionally important aspect of mathematics. 

F. History and biography.-Teachers are advised to make them
selves reasonably acquainted with the leading events in the history 
of mathematics, and thus to know that mathematics has developed 
in answer to human needs, intellectual as well as technical. They 
should use this material incidentally throughout their courses for the 
purpose of adding to the interest of the pupils by means of informal 
talks on the growth of mathematics and on the lives of the g!eat 

~ makers of the science. · 
G. Optional topics.-Certain schools have been able to cover satis

factorily the work suggested in sections A-:-F before the end of. the 
ninth grade. (See Ch. XII, on Experimental Schools.) The com-

. mit tee looks with favor on the efforts, in such schools, to introduce 
earlier than is now customary certain topics and processes which are 
closely related to modern needs, such as . the meaning and use of 
fractional and negative exponents, the use of the slide rule, the use 
of logarithms and of other simple tables, and simple work in arith-

. metic and geometric progressions, with modern appplications to such 
financial topics as interest and annuities and to such scientific topics 

· as falling bodies and laws of growth. 
H. Topics to be omitted or postponed.-In addition to the large 

amount of drill in algebraic technique already referred to, the follow
. ing topics should, in accordance with our basic principles, be excluded 
from the work of grades seven, eight, and nine; some of them will 

. properly be included in later courses (see Ch. IV) : 
. Highes~ common .f~ctor a~d lowest <:ommon multiple, except the simplest cases 
mvolved m the addition of srmple fractions. · · 
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. T.h~ theorems on .proportion. telating to alternation , inversion, composition, and 
diVlSIOn. 

I:iteral equations, except such ~ appe~r in common formulas, including the deri
vation of formulas and of geometnc relations, or to slfow how needless computation 
may be avoided. 

Radicals, except as indicated in a previous section. 
Square root of polynomials. 
Cube root. 
Theory of exponents. 
Simultaneous .equations in more than two unknowns. 
The binomial theorem. 
Imaginary and complex numbers. 
Radical equations except such as arise in dealing with elementary formulas. 

I. Problems.-As already indicated, much of the emphasis now 
generally placed on the . formal exercise should be shifted to the 

·"concrete'' or ''verbal" problem. The selection ofproblem material 
is, ·therefore, of the highest importance. 

· The demand for "prac-tical" problems should be fully met in so 
far as the maturity and previous experience of the pupil will permit. 
But above all, the problems must be "real" to the pupil, must .connect 
with his ordinary · thought, and must be within · the world of his 
experience and interest. · 

The. educational utility of problems is not to be measured by their commercial or 
scientific value, but by their degree of reality for the pupils. They mu.Bt exemplify 
those-leading ideas which it is desired to impart, and they must do so through media 
which are real to those under instruction. The reality is found in the students, the 
utility in their acquisition of principlefi. 2 

There ·should be, moreover, a conscious effort through the selection 
. of problems to correlate the work in mathematics with the other 
· courses of the curriculum, especially in connection with courses in 
science. The introduction of courses in ''general science'' increases 
the opportunities in this direction. · 
. J. Numerical computation, use of tables, etc.-The solution of prob
lems should offer opportunity throughout the grades under consider
ation for considerable arithmetical and computational work. In this 
connection attention should be called to the importance of exer
cising common sense and judgment in the use of approximate data, 
keeping in ;mind the fact that all data secured from measurement are 
approximate. A pupil should be led to see the absurdity of giving 
the area of a circle to a thousandth of a square inch when the radius 
has been measured only to the nearest inch. He should understand 
the conception of "the number of significant figures" and should not 
retain more figures in his result than are warranted by the aecuracy 
of his data. The ideals of accuracy and of self-reliance and the neces
sity of checking all numerical results should be emphasized. An 
insight into the nature of tables, including some elementary notions 
as to interpolation, is highly desirable. · The use of tables of various 

'Carson: Mathematical Education, pp. 42-45. 
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kinds (such as squares ,and square roots:, interest and ., trigonometric 
function.s) to facilitate computation and to develop the idea of 
depeUdence :Should be -enoow·aged. · 

III. SUGGESTED ARRANGEMENTS OF MATERIAL. 

In approaching the problem. of arranging or organizing this material 
it is necessary to consider the -different situations that may have to 
be met. . 

1. The junior kigl11 school.-In view of the fact that under this 
form of school organization pupils may be expected to, remaj.t;t in 
school until the end of the junior high-schoolperiod instead of leaving 
in large numbers .at the end of the eighth school ye.ar, the mathe-
matics of the three years of the junior high school should be planned 
as a unit, and sh<mld include the material recommended in the 
preceding section. There remains the question as to the order 
in which the v:arious topics should be presented and the &mount of 
time to be devoted to each. The committee has already stated its 
reasons for not attempting to answer this question (see Sec. I). 
The following plans for the distribution of time are, however, s:ug-
gested in the hope thaJ they may be helpful, hut no one .of . them is 
recommended as superior to the others, and only the large divisions 
of :material are mentioned. 

PLAN .A.. 

Firat year; Applicationa<>f .. ~rithme~c, particula.rly in such Jines as relate to the 
home, to thrift, :and to 'the ·va6.ous school subjects; intuitive geometry. · 

Second year: Algebra; applied arithmetic, particularly in such linea as relate to 
the commercial, indUBtrial and social needs. . 

Third year: Algebra, trigonometry, demonstrative· geometry. ' 
By this plan the demonstrative geometry ia introduced in the third year, and arith

metic is practically c~mpleted in the second year. 

· PL\_N B .• 

First year: AppliOO.&rithmetic.{as in plan. .A); in.tuitive~om.Qtry., 
Second year: Algebra, intui~ive geometryJ trigonometry. 
Third year: Applied arithmetic, algebra, trigonometry, demonstrative geometry. 
By thiB plan trigonometry is talren up in .two years, and the arithmetic is transferred 

from the second year to the third year. 

PLAN C. 

First year: Applied ari~hm~t~c (as in plan A):, intuitive goometry, algebra. 
Second year: Algebra, mtmtiVe geometry. · · 
Third year: Tri.gonOIOOtry, qein<>nstrative geometry, applied arithnietk. 
By this plan algebra ia confined chiefly to the first two years~ 

PLAN D. 

Firat year: Applie~ ;arithmetic (as in plan A), intuitive geometry. 
Second year : IntmtlVe g~ometry, algebra. 
Third _year: Algebra, trigonometry, applied arithmetic. 
By th1s plan demonstrative geometry is omitted entirely. 

PLAN E. 

· Ji'irst Y:ear: I~tuitive geometry, simple formulas, elementary principles '<>f statistics, 
a.nth.met1c (as In plan A). ·. 
Se~ond year: Intuitive geometry, algebra, arithmetic. 
Thud year: Geometry, numerical trigonometry, arithmetic. 
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2. Schools o'f'ganizeil ()n the 8-4 pl~n.-!t can not be too strongly 
~mphasized that, in the case of the older and at prese11.t more prev
alent plan of the 8-4 sehool organization, the work in mathen1aties 
of the seventh, eighth, and ninth grades should also be organized 
to in:clude the n1ateriai here sugges·ted. 

The prev·ailing practi-ce <Jf devoting the seventh and eighth grades 
almost exdusively to the study of arithmetic is generally recognized 
as a wasteful marking of tilne. It is n1ainly, in these years that 
American children faU behind their European brothers an.d sistei·s. 
No essentially new arithmetical principles are taught in these years, 
and the attempt to apply the previously lean~ed principles to new . 
situations in the more advaneed business and econon1ic aspects of 
aritlunetic is domned to failure on. aecount of the fact that the 
·situations in. question are not and can. not be made real and signifi
~ant t.o pupils ·of this age. · W-e need only refei· to "rhat hsJs already 
been 'said in this chapter on the subjoot Df problems. 

The sam-e principles shou~d govern the selection and a1Tangement 
Df r11aterial in mathematics for the seventh and eighth grades of a 
grade school 9"s govern the 'Selection for the con~esponding grades of 
a junior high school, wi 'th. this .exooption: Under the 8-4 form of ,organ
izati·on Inany pupils will leave s'Chool at th-e end uf the eighth year. 
This fact must receive due ~onsideration. The w·ork of the seventh 
and ·eighth years should be 'SO planned as to give the pupils in these 
grades the most valuable mathematical information and training that 
they are capable of receiving in those years, with little reference to 
courses that they may take in later years. As to possibilities for 
arrangement, reference may be made to the plans given above for 
the first two years of the junior high school. When the work in 
1n.athe1natics of the seventh and eighth grades has been thus reor
ganized, the work of the first year of a standard four-year high school 
should complete the progra1n suggested. 

Finally, there must be considered the situation in those four-year 
high schools in which the pupils have not had the benefit of the reor
ganized instruction recommended for grades seven and eight.. It 
n1ay be hoped that this situation will be only temporary, although it 
must be recognized, thaJt owing to a variety of possible reasons (lack 
of adequately prepared teachers in grades seven and eight, laek of 
suitable text books, a(hninistrative inertia, and the like), the new 
plans will not be i1nmediately adopted and that therefore, for some 
years, many high schools will have to faee the situation implied: . 

In planning the work of the ninth grade under these conchtwns 
teachers and administrative officers should again be guided by tho 
principle of giving the pupils the Inost valuable 1nathematical infor
mation and training which they are capable of receiving in this year 
with little referenee to future cO\•ses which the pupil may or may 
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not take. It is to be assumed that the work of this year is to be 
required of all pupils. Since for many this will constitute the last of 
their mathematical instruction, it should be so planned as to give 
them the widest outlook consistent with sound scholarship. 

Under these conditions it would seem desirable that the work of 
the ninth grade should contain both algebra and g~ometry. It is, 
therefore, recommended that about two-thirds of the time be devoted 
to the most useful parts of algebra, including the work on numerical 
trigonometry, and that about one-third of the time be devoted to 
geometry, including the necessary informal introduction and, if 
feasible, the first part of demonstrative geometry. 
It should be clear that owing to the greater maturity of the pupils 

much less time need be devoted in the ninth grade to certain topics 
of intuitive geometry (such as· direct measurement, for example) than 
is desirable when dealing withchildrenin earlier grades. Even under 
the conditions presupposed pupils will be acquainted with most :of the 
fundamental geometric forms and with the mensuration of the -most 
important plane and solid figures. The work in geometry in the ninth 
grade can then properly be made to center about indirect mea~ure
ment and the idea of similarity (leading to the processes of numerical 
trigonometry), and such geometric relations as the sum of the angles 
of a triangle, the-Pythagorean proposition, congruence of triangles, 
parallel and perpendicular lines, quadrilaterals and the more impor
tant simple constructions. 



Chapter- IV. 

MATHEMATICS FOR YEARS TEN, ELEVEN,AND TWELVE. 

I. INTRODUCTION. 

The committee has in the preceding chapter expressed its judg
ment that the material there recommended for the seventh, eighth, 
and ninth years should he required of all pupils. In the tenth, 
eleventh, and twelfth years, however, the extent to which elections 
of subjects is permitted will depend on so many factors of a general 
character that it seems unnecessary and inexpedient for the present 
committee to urge a positive requirement beyond the minimum one 
already referred to. The subject must, like others, stand or fall on 

'its intrinsic merit or on -the estimate of such merit by the authorities 
responsible at a given time and place. The committee believes nev
~rtheless that every standard high school should not merely offer 
courses in mathematics for the tenth, eleventh, and twelfth years, 
but should encourage a large proportion at its pupils to take -' them. 
Apart from · the intrinsic interest and great educational value of the 
study of mathematics, it will in general be necessary for those pr~ 
paring to enter' college or to engage in the numerous occupations 
involving the use of mathematics to extend their work beyond the 
minimum requirement. 

The present chapter is intended to suggest for students in general 
courses the most valuable mathematical training that will appro
priately follow the courses outlined in the previous chapter. Under 
present conditions most of this work will normally fall in the last 
three years of the high school; that is, in general, in the tenth, elev
enth, and twelfth years. 

The selection of material is based on the general principles formu
lated in Chapter II. At this point attention need be directed only 
to the following: 

1. In. the years under consideration it is proper that some attention 
be paid to the students' vocational or other Jater educational needs. 
· 2. The material for these years should include as far as possible 
those mathemaitical ideas and processes that have the most impor
tant applications in the mode.rn world. As a result, certain material 
will naturally be included that at present is not ordinarily given in 
secondary-school courses; as, for instance, the material concerning 
the calculus. On the other hand, certain other material that is now • 
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-included in· college entrance requirements will be .excluded·. The 
. results of . an investigation made by the n.ational committee in con
nection with a study of these requirements indicates th~t modifica
tions to meet these changes will be de&~ble from the standpoint of 
both college and secondary school (see Ch. V). · 

3~ . 'D:Uririg the -y.earsO:riow tinder consideration an increasing :amount _ 
of attention should be paid tothe logi~al organization of the material, 
with the purpose of developing _h~bits of logical memory, apprecia
tion of logical structure, and ability to organize material effectively . 
.. _.It can no.t be too strongly em,phasized that. the.broadening. of con-
1;ent of high:-school courses in mathematics suggested in the pres~~ 
and in . previous chapte~ will mat~ria]ly increase the usefulness . of 
these courses to those w:Q.o . p\ll:S.U~ ~he~~ It is of prime importance 
that ooucation.1ll ad,ministrators ·andothers charged with the advising 
of studeuts should .take 9areful a~unt of this fact in estimating the 
relative importanc~ of mathematical courses and their alternatives~ 
The number of i,mportant appli~~tio:11s of }llathematics in -tl;te activi: 
ties of the world is tp-day ye~y large and is increasing at .a very rapi4 
rate. This aspect of the p:rogress of ·civilization has been -noted by 
all 6bserveci whp .have combined, a knowledge of mathematics wit4 

. an alert interest in. the :Q.ewer developments in .other fields. . It was 
revealed ~n very illumina-ting f~hion duripg .the . recent war by t}le 
:irulistent dem&J;td _for . persons with varying degrees of mathematic.a~ 
· training for many war activ.ities of the. first moment .. If the s~m~ 
effort were made ·in time of. peace to secure the highest level ot · effi~ 
ciency available for the specific tasks of modern life, the demand for 
those trained ·in mathematics . would be no less insistent; for it is. in 
no wise true that the applications of mathematics. in modern warfare 
are relatively m.orejmpor:tant or ;m.ore:numerou.s than its ap.plications 
in those fields of human endeavor. which .are 9f a constructive nature • 

. There is·an.other importf'D,t p~P1t to be kept in mind in considering 
the relative · value to the average student of ~athematic~ and 
various alternative courses. If the student who omits the mathe
-matical courses has need of them lat~r, it is almost. invariably more 
difficult1 and it is freque~tlyimpossible·, for him to obtain the train~ 
ing in which he is deficient. In the case of a considerable number of 
.alternativ-e subjects a proper SJ;Il.OUJ1t of reading. m.spare hours at a 
more mature age will orQ.in~ily furnish him · the approximate equiv
alent to that which he would have obtained in the w~y of infor
mation .in a high~chool course in. the san1e subject. It is not, how.
ever, possible to make up d~fieiencies in ma.th(Watical training in 
so simple a fashion. It requires systematic work under a compe
tent teacher to master properly the technique of the subject, ~4 

• any break ·in ·the · · oontinuity~ of -the work is. a handicap for whiqh 
increased maturity rarely compensates. Moreover, when the · ·indi-



: · yiduaJ. .. discovers · his: need for further· mathematical_ training it is 
-usually difficult forhiin to. take the time from his other activities 
~o.r systematic -work in . elementary mathematics. 

II. RECOMMENDATIONS FOR E;LECTIVE COURSES~ 

The following topics are re~ommended for inclusion in . the m&the
·matical electives open to pupils who have satisfa.Ctorily completed 
the work outlined in the preceding · chapter, comprising arithmetic, 
the elementary notions of algebra, intuitive ·geometry, numerical 
trigonometry, and a brief introduction -. to demonstrative· geometry. 

1. Plane demonstrative geometry.~The principal purposes of the 
instruction in this subject are: 'l'o exercise further the spatialimagi
nation of the student, to make him familiar wi~h the great basal 
propositions and their applications, to develop understanding arid 
·appreciation of a deducti-ve proof and the· ability to U!i)e this ,method 
of reasoning where it is applicable and to form habits of precise and 
succinct statement, of the logica1 organization of ide~, and · of logical 
·memory~ . Enough time should be spent on this subject to accom-
plish .. these purposes. · 
- The .following is a suggested list. of ·· topics under which the work 
in.·· demonstrative geometry may be &rganized: 1 (a) Congruent 
triangles, perpendicular bisectors, bisectors of angles; (b) arcs, 
angles, and chords in: circles.; (c) · parallel lines and related angles, 
parallelograms; (a) .the sum of the angles for· triangle and polygon; 
(e:) secants and -. tangents to circles with related angles, regular 
polygons; .(f) similar triangles, similar figures; · {g) areas; n~erical 
_computation of lengths and areas; based·.upon geometric .theorems 
already established . 
. ·Under these topics constructions, loci, areas, and other exercises 

are to . \>e included. 
It is recommended that the formal theory of limits and of incom

mensurable cases be omitted, but that the ideas of limit and of 
incommensurable magnitudes receive informal treatment. . 

It is believed that a more frequent use · of the idea of motion in 
:the demonstration· of theorems is .desirable, both from the point of 
view of gaining greater insight and of saving time.2 

If the great basal theorems are selected and effectively organized 
into a logical system, a considerable reduction (from 30 to 40 per 
cent) can be made in the number of theorems given either in the 
Harvard list or in the report of the Committee of Fifteen. . Such a 
reduction is exhibited in the lists p~epared by the ·committee and 

t It is not intended that the order be~ given should il:ilPlY anything as to the order of presentation. (Bee 
aJsoCh. VI.) . · . • . . 

I Reference may here be made to the treatment given in recent French texts such as tho.'!e br Bourlet 
9:nd M&ar. 



-printed later~ in" :th~~f report: {OhJVt)~ ·<Tnithis ~otine~-tio~_ - .-i~' nl}~yLb~ 
·suggested ·that ·more·; att~nti<?n . than is· now .-ctisto~ary 4Iuiy;profi.tably 
be given to those methods ::·of :treatment ·which n::ut:ke . consistent lise 
of the ide~. qf. ~()tio!l (~lr~a<Jy.r~fer,r~d t?) ' · .c9;q.tmui.ty (the tangent 
as thelimit of a ·'sebant~ 'etc:), sym.rrfetry~ and 'the' def)endence of one 
geometric imagnitude· upon ~ another. ~ - . ' . 
. . ff -~he -student has. had· a ·satisfactory course inointuitive geometry 
and ;soine work in demonstration; before the · tenth grade; he may find 
ikp.ossible t,o: cover .. a minimum course in demonstrative · geometry; 

. giving . the- great. basal theorems . and constructions, together with 
,exercises, in the 90-periods ·constituting a half year'-s work. · 
. ~ 2~ · Algebrq.-(a) · , Si1nple .:functions of .one variable: .-Numerous 

.illustrations and problems · ihvolving; ::linear, · quadratic;. and other 
simple; ifunc:tions including ·. formulas from science and oomnion ;life. 
More difficult problems:in, variation tha1.1 those· included in the earlier . ./ .. ' 

course. 
: (b) Equation~ .in one-.. unknown: 'Various 'methods ··.f6r solving .. a 
quadratic equation (such as factoring,: completing :the square, use of 
formula) should be given. In connection with the treatment of-. tge 
quadratic a · very .brief discussion · of comple~ numbers should ·be, in
cluded. ·,._Simple. :cases of . .the graphic solution of equations of degree 
,]Iigher':than 'the second should :be discussed aiJ.d t applied~ 
. : .'(c) .. Equations in two- ~or. three: unkl;towns: The< algebraic' solution 
,of1inear equati:Qn in: two or three unknowns. and the graphic. solu~ 
tion of linear· equations in two unknowns. should be given. · .The 
graphi_c and algebraic solution of. .a linear .and a qmid.ratic equation 
and · of two quadratics . tha.t contain no :first ~ degree term'' and no ' xy 
term should be included. 

,. (d) ·· Exponents, . :radicals and logarithnis:'<:/Dhe ·;d;e:finitio:ris of nega
tive, zero· and fractional · exponents should be given,: and it . sl!ould . be 
made clear that ' these. definitions~ · must~ be' adopted if we wish such 
exponents· to conform to the .laws ,for positive· integraJ: ,exponents~ 
Reduction · of radical . . expressions to ·. those · involving •fractional ex.:. 
portents, should be given as well · as :the inverse transformation; · The 
rules for performing the fundamentaJ .- ~operations ·on . expressions 
involving radicals, and such transformations as -

nJ-·· l ·-. -. nJ- . - a . a(~b-.JC) 
".ya(b _= 0n...jab~-,\ . _"-va,nb =a'!.j~, . . .Jb.+ J.c .= • : ~ --;~ ,_ . 

shOUld be 'inchided. In--cldse connection with the worE: on ·exponentS 
and radicals there should be given as much of i the theory of ·log:. 
arithnis. as .ia ~i:inrolved in their :~pplicatjort to . compqt~tio:Q. and sUffi
_cient pra~tice :~ their use in colllputation to impart. a fa.ir degree. of 
facility. · · · · · · · · · 
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(e) Arithmetic and geometric progressions: The formulas for the 
nth term and the sum of n terms should be derived and applied to 
significant problems. 

(j) Binomial theorem: A · proof for positive integral exponents 
should be given; it may also be stated that the formula applies to 
'the ca;se of negative and fractional exponents under suitable restric
tions, and the problems niay include the. use of the formula in these 

·cases as :well as in the case of positive integral exponents. 
3. Solid geometry.-The aim of the work in solid geometry should 

be to exercise further the spatial imagillation of the student and to 
give him both a knowledge of the fundamental spatial relationships 
·,and thepower towork with them . . It is felt that the work in plane 
geometry gives enough training in logical demonstration . to warrant 
a shifting of emphasis in the work on solid geometry away from this 
aspect of the subject and in the direction of developing greater 
facility in visualizing spatial relations and figures, in representing 
such figures on paper, and in solving problems in mensuration. 

For many of the practical applications of mathematics it is of 
fundamental importance to have accurate space perceptions. Hence 
it would seem wise to have at least some of the work in solid geometry 
come as early as possible in the mathematical courses, preferably 
not later than the beginning of the eleventh school year. Some 
schools will find it possible and desirable to. introduce the more ele
mentary notions of solid geometry in connection with related ideas 
of plane geometry. 

The work in solid geometry should include numerous exercises in 
computation based on the formulas established. This will serve to 

· cori·elate the work with arithmetic ·and algebra and· to furnish prac
·tice in computation. 

The following provisional outline of subject matter is submitted: 
a. Propositions relating to lines and planes, and to dihedral and 

trihedral angles. 
b. Mensuration of the prism, pyramid, and frustum; the (right 

circular) cylinder, cone and frustum, based on an informal 
treatment of limits; the sphere, and the spherical triangle. 

c. Spherical geometry. 
d. Similar solids. 
Such theorems as are necessary as a basis for the topics here out

lined should be studied in immediate connection with them. 
Desirable simplification and generalization may be introduced 

into the treatment of mensuration theorems by employing such 
theorems as Cavalieri's and Simpson's, and the Prismoid Formula; 
but rigorous proofs or deriva-tions of these need not be included. 
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... .. ~ .:,.i' -:-. :~J ;~- ~- - ( ]_. ·._:: ~ --:: .. ·'.: ~ :· --·~. ~- ~: . __ ,_· .. 

i '- .:a~y,op.;~ i:~~'f-: l~~· ()t~~~ -·~~A~~~~i~~ -· t9pics · in4J.p~~~d.. ~boye, it 
~~ ,-~r~f~f~P\~. : tQ .. ~PWt .; t~~ _m.et)?.~~s , of,,, t~~ . el~:QleiJ.~~.rY; ;~a.leulus· 
{See section 6, below). . . . _ .. '·.~ -: ~ - .. - - :: ' : .. 

. :~kti!t;~~~i~~ft~~~f~=~~~~i1¥;:'l~;~t:~ .the 
: 'fh_e. Jwt,. pf .. Pl'OP9::?ltlOnS : m ' .~oli4 •. georn.~~ry giVeD: ' m Chapter VI 

sh9W.d · h·~· co~si~e~ed in , eonneeti~~ ;)vi~h ~he gener~l principle_s s~ate~ 
at 'the beg~g. of this . s~qtiop.; : ·,:S.Yr i,-~quirffi.g. fprma~ : p~oofs.Jo ~ 
,wqr,~_ ·. Im,Ute<l . e.~~p.t .. thftil .. h.~s ·l>een. · cu,.~rto1n~fY, ~.iine: ·'Y.ill, Q~ ._gained 
:tO ~ ~tta~ the. aiiris in.dicated ;.and :'to ·~tend -th~ rafige otg~q:q:u~tj-ict¥ 
'}W9r@;a,t~on of : the PJ.lPil~ '. Q~r~ ·pl.Ust be . exer~~se;g'. t~ ~~e 'SUre . th~t 
)~e. pupil' iS .thoroughly .fal¢llar ~ith: t~e · facts, . with the .• u.-ss()~i~t~ 
.# .r,qllnol()gy, with ~1 tp~ · ~e~~&ary- for~~as, an~ , ~llaf 4e.'s~Ui:esj4e 
. ;a.ec~ss~fY . p~act,ice. m, :;Woi,JriAg, Fi~li ai!d ~ ·appljrii_ig .. ~4~ : ~orW.at~~# 
~~~qW!ed to· ~~p~r~te prphiem~. · ,. · · . ·. • · · · ; : · . ·, ... .. ~. ·-
. · .-, 4. Trigorwmetry~~The work in : elein.entary trigono1netry peg~ 
in the earlier. yea,rs. should he compl~ted J)y inch1dll1g the JogarithJnlc 
solution of right. ,and oblique . tria~gles, ,;ragian ~e·a~ur~, _ grap~ of 
trigopom_etric. f~c~ions1 . ~h~ derjvati<;>n of th.~\" fqn,d,~~ent~l ~~l;ati~X9tJ 
b~~tw.e~~ :the' functions . ~tnd their use 41 ,prpving id~ntitjes a~d . 'jll 

- ~lv:wg e,~sy tijgono:Qletric' e,q\l~tions.. . T4e u~e of'tJ:t~ , tl'a,nsit 'in co:n.
)iectioi{ 'with \th~ .. sj,mp~~:r ,op·~~-~~9~ o~.: ~>lU.)J;~yiJJ.g_ ~nq of :the ,sextan't 
_fOJ; · -~9~e· ..:Qi: -~~~ ~~.S.~p~er , - a~tt9~9ffii?Jil ._ .' ob~erv~tion~,. · Sllyh as. tlw~e 
~ inv()lvedin . - :fip.WJig '_loc~l tiw..e,js"of v~hie; bl}t when no transit o,r 
-sextant is available, 's'imple ' apparatus for measuring anglesroU:gJ¥y 
may and should be improvised. Drawings to scale s:q_ould.fo.rm. an 

' essen~ial . part of . the . numerical work . in .trigonometry. -~ · 'fP.e use of 
the slide rule in . comptitations requirj.llg only th~·~e-place : accuracy 
and 'in chedring 'other computations is 'also recorn.me~9.~<i· . .-' 

. 5 .. :Ekrn~~~f'Y: ~~a.t¥t~.~(?:Q.~~q~-~i,9_:r;t ; . o; . tli~ · ,. · ·e~r~_~ei w-ork ·to 
.iiwiu4e; the . ~eanmg· · an<f.'~s~ :~f f\ijld~en~~l 'conc¢pts and simple 
frequency · ·distributions ·with . ·graphic repres(mtat~(m.s . o.f. various 
)P,nds a,nd measures of central tendenpy (aver:age; mode, .. and median). 
; · -6 . . lt_lementary· ,calculus.~ The work sl10Ul~ 'inclpie: · · 
· (a) The gen_eral notion of a denvatiye 'as a iiillit indispensable for 
the accvrate expression of such ·fundamental _quantities_··as velocity 
of a moving body or slope of a curve. ' · . . 

,_ (b) Applications of derivatives to easy problems in rates. arid in 
maxima and miniriui. . . . . ' . . 

. (c) Sim{>ie ' cases o(inverse p~oblems; e. g., finding distance frorri 
.Y~locity, etc. · · · · . · 

.. . (d) Approximate methods of. summation ' Ieadwg up' to . integra· 
tio:r1; a.s a. p()werful method of summation. ' .. - ' · 
· .. (e} : Application~ · to · simple~. cases: of mo.tion, ~~ea, volu:riJ.e, · and 
pressure. 
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Work in the calculus should be largely graphic and may be closely 
related to that in physics; the necessary technique should be reduced 
to a minimum by basing it wholly or mainly on algebraic polynomials. 
No formal study of analytic geometry need he presupposed beyond 
the plotting of si1nple graphs. 

It is important to bear in mind that, while the elementary calculus 
is sufficiently easy, interesting, and valuable to justify its introduc
tion, special pains should be taken to guard against any lack of 
thoroughness in the fundamentals of algebra and gemnetry. No 
possible gain could compensate for a real sacrifice of such thorough
ness. 

It should also be borne in mind that the suggestion of including 
elementary calculus is not intended for all schools nor for all teachers 
or all pupils in any school. It. is :not intended to connect in any 
direct way with college entrance requirements. The future college 
student will have a1nple opportunity for calculus later. The capa
ble boy or girl who is not to have the college work ought not on 
that account to be prevented fron1 learning something of the use of 
this powerful tool. The applieations of elmnentary calculus to 
si1nple concrete problmns are far 1nore abundant and 1nore interesting 
than those of algebra. The necessary technique is extremely simple. 
'fhe subject is commonly taught in secondary schools in England, 
France, and Germany, and appropriate English texts are available.3 

7. History and biography.-Historical and biographical material 
should be used throughout to make the work more interesting and 
signi:fican t. 

8. Additional eledives.-Additionai elec.tives such as mathematics of 
investment, shop mathematics, S.'Urveying and navigation, descriptive 
or projective geometry will appropriately be offl?red by schools which 
have special needs or conditions, but it seen1s unwise for the national 
committee to attempt to define them pending the results of further 
experience on the part of these sehools. 

ill. PLANS FOR ARRANGEMENT OF THE MATERIAL . . 
In the majority of high schools at the present ti1ne the topics 

suggested can probably be given 1nost advantageously as separate 
units of a three-year program. However, the national committee 
is of the opinion that methods of organization are being experi
mentally perfected whereby teachers will be enabled to present much 
of this material more effectively in combined courses unified by 
one or more. of such central ideas, functionality and graphic 
l'epresentation. 

a Quotations and typical problems from one of these texts will be. found in a supplementary note appended 
to this chapter. 



- - As to··the arrangemen-t '.of'the mate:dal the -comm.itteegives below 
four plans which may be - s~ggestive and helpful to teacherS in ~:ITang;.;. -
Dig their courses: No on'e of : them is, . however; recommended aa 
superior to the ·other8·. : - · - -= · -

PLAN A. 

- Tenth year: ,pJane demonstrative geometry, algebra. :> 
Eleventh year: Sta~ti~, ~gonometry..1 solid geometry. 
Twelfth year: rhe calculus, other elective. 

PLAN B. 

Tenth year: _ flane demonapoative geometry_, s?lid geometry. 
Eleventh year: Algebra, trigonometry, statistics. . 
Twelfth year: The calculus, other elective. 

PLAN C. 

TentP. year: Plane ~e)lloustratiye ge6ine#y, ~~<moinetry. 
Eleventh year: • Solid geometry, algebra,- statistics. -
Twelfth year:-'-';he calc~us, oth~r ele~tjve. 

PLAN D. 

Tenth year: Algebra, statistics, trigonometry. · 
Eleventh year: Plane .and solid geometry. ·, -
Twelfth'year: The calcuhl.s, other elective~ · · 

Addition~! information on w~ys of organizing _ ~his ·materi,al \viii 
00--i-oond·--iii Chapter XII on Mathematics in · Experiment~l ~¢hool~~ 

SUPPLEMENTARY NoTE oN TB::E GALCuLi:rs .As A. HlGH..:ScHooL SuBJ]l)cT. 

in comiectioxi with the . recomlllendatfona concerning the calculus, such questio~ 
as the following m!).y:ariSe-: Why should a;college subject like this be added .to a high
school program? How can it be -expected that high-school teachers will hav_e. tlw 
necessary training and attainments for teaching it? Will not the attempt to teacb. 
such a subject result in loss of thoroughness in earlier work? Will anything be 
gained beyond a mere smattering of the theory? -. Will the boy or girl ever use the 
information or training secured? The s~bsequent remarks are intended to answer 
such objections as these and to develop mor~·fully the point of view 'Of the co:rnn:P.ttee 
in recomlllendi.J:lg_the lnclusio~ of eleinep.tary work jn the calc1Ml1B-in t:b:e W~h-_sehool 

program. . . . . . . . . . , , _ . . _ . , 
. By the calculus we mean for the present purp~se a study of . rates of c_hange. __ In 
nature all things change. How much do they change in a given time?·. How 'fast 
do they change? Do they increase or decreape? When does a changipg quantity 
become largest or smallest? How can rates of changing quantities be compared? 

These are some of the questio~ which lead us tostudythe elementary calculus. 
Without its-essential principles these questions can not be answered with definiteness._ 

The following are a few of the specific replies that i:nightbe given in answer to the 
questions listed at the beginning of this note: The difficulties of the college calculus 
lie mainly outside the bou,ndaries of the ,proposed work. The elem~n.ts of the subject 
present less difficulty than many topics D.QW offered in ~dvanced algebra. It is not 
imp lie~ that ip the near future many secondary-s<;:hool teachers will have any occasion 
to teach the elementary calculus. It is .the culminating subject in a series which 
only relatively strong schools will complete and · only then for a selected group of 
students. In such schools there should always be ·teachers competent to teach the 
elementary calculus here intended. No superficial study of · calculus should be 
regarded as justifying any substantial sacrifice of thoroughness. In the j~dgment of 
the committee the introduction of ele.men~ c~culus necessarily incl_udes su:fliCient 
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algebra and geometry to compensate for whatever diversion of time from these subjecfa 
would be implied. . 

The calculus of the algebraic polynominal is so simple that a boy or girl who iJ1 
capable of grasping the idea of limj..t, of slope, and of velocity, may in a brief time 
gain an outlook upon the field of · inechamcs ·and other exact .sciences, and acquire 
a fair degree of facjJity in, w;ing op,e of;the most ppwer£ul tools.,of mathematics, together 
with. the capacity for sol~ng ·a itumber·of interesting problelhs . . ~forever, the funda
mental ideas involved, quite aside from their technical applications, will provide 
valuable training in understanding and analyzing quantitative relations-and such 
training. is of value to everyone; ' · 

. - ;'~he_ followinR typit!a.l extracts P:~man Eng~h ~xt inten4ed for use in secondary 
schools Ii:l~y be. quoted: . · . . . . · . 

' · .. ''I~ h~s,been said that the calcuh1s ,is that branch of mathematicswhich scho~lbo~ 
understand.-and senior wranglers fml to comprehend. *· * * So long as the·graphic 
treatment arid practical applications of the calculus are kept in view, the subject i.e 

-: an·eJ!:tremely easy and attr$1-ctive one. · Boys can be taught the subject early in their 
: ID,af~ematical career, apd ther~ is no . part pf ~heir math~~atical training that. they 
~njoy better o~ whic:b. opens up to ,thenl wider .fields of useful exploration. * * * 
The ;pheitomena must first' be known practic~.lly and then , ~tudied philosophically. 

; To reverse· the order of these processes is -impossible." . . . . 
· The; text in question,, after an interesting historical sketch, deals with such problell18 

as the following: 
, . A train. js .going at the rate ot4() nples an hour. Represent this g:raphically .. 
' At what rate. is the l.;mgth of the daylight in<;reasing or decreasing. on December 
:n; March:26, etc·.? ' (Ftbni tabular data:) ' ' . . 
·' A ·Ciut'going at therate of 5 'ririles per hourpasses a milestone, and 14 minutes after

. wards 'a\bicycle, going in th~ same direction at 12 miles an hour, passes the same 

. J;nilest<nie. Find when and where the_ bicycle 'Will overtake the cart. 
A man has 4 miles of fencing wire and wishes to fence in a rectangular piece· of 

prairie landthrough which a straight riyer flows, the bank of the stream being utilizeti 
~ one side 6f the. inClosrire. How c~n he do this so as to inclose as much land ~ 

·possible? 
A . circular tin canister closed · at both ends has a surface area o~ · 100 square cent'i

:~Aeters .. :lrinq.the gr~atest volum~ ~t can contain. 
~ Post-office regul~tiqns prescribe that the combined length and girth of a parcel 

must not exceed 6 feet~· Find the maximum volume of a parcel whose shape is a 
priam With the ends -~quare. . · · ; : 
:: · A pillley;is ·fixed 15 feet above the ground, over which passes a rope 30 feet long 
· With one end att~ched to a weight which can hang freely, and the other end is held 
by:a man .at a height Of 3)eet fro:m the gro11~d. The man walks. ho#zontally away 
from beneath. the pulley at the r~te of 3 feet per second. Find the ra~ at which the 

. weight rises 'vhen it is lQ feet above the ground. . . . . . . . • 
Th'e pressure. on the surface of a lake due to the atmosphere is known to be 14 pounds 

per square inch. The pressure in the liquid x inches below the su..-rface is known to 
'be given· by the •law dp/dx=-0.036.· Find the pressure in the liquid at a depth of 10 
feet. . 
.. · The.arch of a bridge is pa~abolic in form.· It is 5 feet wide at the ba.Se and .5 fe~t 
high: Find. the volume of water that passes through per-second in a flood whe:n the 
water is rushing at· the rate oflO feet per second. . · 

A force of 20 tons· compresses the spring buffer of a railway stop through 1 inch, and 
.. the force i.s always proportional to the compression produced. Find the w_ork done 
·.by a train which compre~es a pair, of such stops thraugh 6 in~b,es: · · . · 

. Th~se may ·illustrate the aims and pol.nt of view of the proposed work. It will be 
noted that not all of them involve calculus, but those that do not lead up to:it. · 



Chapter V. 

COLLEGE ENTRANCE REQUIREMENTS.· 

The ,present chapter is concerned with a study of topics and train
ing in elementary mathematics that will have most value as prepara- . 
tion for college work, and with . recommendations of definitions of 
college-entrance requirements in elementary algebra and plane 
geometryL 

General considerations.-The primary purpose of college-entrance 
requirements is to test the candidate's ability to benefit . by college 
instruction. This ability depends, so far as our present inquiry is 
concerned, upon (1) general intelligence, intellectual maturity and 
mental power; (2) specific knowledge and training required as prepa
ration for the various courses of the college curriculum. 

Mathematical ability appears to be a sufficient but not a necessary 
condition for general intelligence.1 For this, ~s well as for . other 
reasons, i~ would appear that college-entrance requirement8 in mathe
'lnaties should be formulated primarily on the basis of the speeiiil knowl
edge and training required for the successful study of courses which the 
student will take in college. · 

The separation of prospective college students from the othersin 
the early years of the secondary school is neither feasible nor desirable. 
It is therefore obvious that secondary-school courses in mathematics 
can not be planned with specific reference to college-entrance require
ments. · Fortunately there appears to be · no · reaJ conflict of interest 
between those students who ultimately go to college and those who 
do not, so far as mathematics . is concerned. It will be made clear 
in what follows that a course in this subjeet, covering fro~ two to 
two and one-half years in· a standard four-year high school, and so 
planned as to give the most valuable .mathematical training which 
the student is capable of receiving, will provide adequate preparation 
for college work. · · 

Topics to be included in high-school courses.-In the selection of 
material .of instruction for high-school ·courses in mathematics, its 
value as preparation for college oourses in mathematics need not be 
specifically considered. Not all college students study mathematics; 
it is therefore reasona.ble to expect college departments in this sub-

1 A recent iB:vestigatioo made by the department of psychoiogy at Dart~outh C~llege Showed th3t all 
students of high rank in ritathematios bad a hi~ rating on general intelligence; the converse was not tme, 
however. . · 
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ject to adjust themselves to the previous preparation of their stu
dents. . Nearly all college students do, however, study one or more 
of the physical sciences (astronomy, physics, chemistry) and one or 
more of the social sciences (history, economics, political science, soci
ofogy). Entrance requirements _mus,t therefore insure adequate 

. mathematical preparation in these subjects. Moreover_, it may be 
assumed that adequate preparation for these two groups of subjects 
will be su:ffi.ci"Emt for all other subjects for which the secondary schools 
may be expected to furnish the ma-thematical prerequisites. 
· The national committee recently conducted an investigation · for 
the purpose of securing information. as to the content of high-school 
courses of instruction most desirable from "the point of view of prepa-

.ration for college work. A number of college teachers, prominent in 
:their respective fields, were asked to assign to each of the topics in the 
follqwing table an estimate of its value as preparation for the ele
mEmtary courses in their respective subjects. · Table I gives a sum

. mary of the replies, arranged .in two groups-~' Physical sciences," 
inCluding astronomy, physics, and chemistry; and" Social sciences," 
including history, economics, sociology, and political science. 

The high value attached to the following topics is significant: 
Simple formulas-their mea:rllng and use; the linear and quadratic 
functions and variation; numerical trigonometry; the use of loga
rithms and other topics relating to "numerical computation; statis
tics. These all stand well above such standard requirements as 
arithmetic and geometric progression, binomial theorem, theory of 
exponents, simultaneous equations involving one or two quadratic 
equations, and literal equations. . 

These results would seem to indicate that a modification of present 
college-entrance requirements in mathematics is desirable from the 
point of view of college teachers in departments other than mathe
in'atics. It is interesting to note · how closely the modifications 
suggested by this inqui~ycorrespond to the modifications in secondary
school mathematics foreshadowed by the study of needs of the high
school pupil irrespective of his possible future college attendance. 
The recommendations made in Chapter II that functional relation
ship be made the "underlying principle of the course," that the 
meaning and use of simple formulas -be emphasized, that more atten
tion be given to numerical computation (especially to the methods 
relating to approximate data), and that work on numerical trigo
nometry and statistics be included, have received widespread ap
proval throughout the country. That they should be in such c~ose 
accord · with the desires of college teachers in the fields of physwal 
and social sciences as to entrance requirements is striking. We find 
here the justification for the belieLexpressed earlier ·in this report 
that there is no real conflict between the needs of students who 
.ultimately go to college and those who do not. 



.; TA-BLE l.:-7. "fj:t~·,of ;tqpi~ ,a$ pr~paratJqnjor .ele'fl¥ntary coll~ge cdurse~. · 

·(In the headilig$ of the: table, E-=essentifii; -C~f conSide~able value,- s ,;,. of some value, O~of little or .no. 
value, N=number· of repJ.!es r~ved. The figures in the first four columns of each group are p~cent-

. ages ofthe number of replies rece1 ved.] · · · · · · · · · · 

Physi~ll:l sciences. Social s¢ences. 
, , , ; 

K c. s. o; ' N. E. c. s. 0. N~ 
. . -- - .- f-'------ - --

N ega.~~ve numb~rs-:-theh:;meanin.g a.nd use, , •. _ ~ ....•.•.•.. . 79 5 10 5 39 ~5 17 ,22 17: 18 
~g!D.ary numbers-:theu m~anmg and use .. --.- --·--·····. 23 21 25 31 39 13 13 37 37 16 
Srmple formulas-theu mea: and use ... -_ .... _ .. " ...... , 93 5 .. 2 ··a· 41 47 26 . 21 .5. 19 
Graphic representation ~of statis "cal data ................•... 57 25 15 40 57 24 14 5 . 21 

· Graphs imathematicaland empjricalJ: . • ·. . 
3i .54 ~ sa Ii:u~thod ofr~f;re8enting ependence . ........... 62 16 22 ""6" 15 15 15 .13 As a method of so ving problems . . : ....•. __ . _ . ....... 45 · 20 28 .;.25 18 18 46 18 .11 

'I'he ear function, y,;.,mx+b ....... ,. ____ ... ~. - . . __ ..... _ .. . 78 14 8 ""3" 
37 29 29 14 29 . 14 

Th~ quadratic function; y=~2+bx+c ... . .. ~- '·' ...• _ .... ' ·· .... 59 21 17 ;34 8 s; 33 5Q· 12 
]j:quations: Problems leadjng to-

.33 Linear. equations in one. unknown •..... , .. ;, .....•. ' ~ ·' ·· ' 98 2 ·-s- 4]: 40 7 20 15 
Quadratic equations fu one unknown . .. . ~: .. : ... ~ ... . .. 78 15 2 40 31 8 s 54 13 
Simultai;J.eous lii;J.ear equationsi,n 2l,lllknowns .•.. -- - - __ -.- _ 71 ·· 24 3 ;3 38 33 8 "it 58 ·. 12 
Sirilultaneous linear equations in more than2 unknowns. 43 29 . 23 6 35 8 8 67. 12 

. One quadratic an~Lqne J,inear :Elqqation in 2 unknqwns : . 40 24 27 9 ' 33 9 9 82 11 
Two quadratic equations in 2 unknowns ..... . _ ._ .~ ._._. 31 19 28 22 32 9 ""9" 91 11 

• Eauations of higher :dEigr® than the se(lond .. ________ ... 10 32 32 26 31 ....... .. 
~ io· 

91· 11 
Litera ~uations (other than formulas) ....... _._ .• _._, ..... 43 18 32 7 28 

"3f 
40 50 10 

.~:~~t~~n-~~~~~o!_t~~~-;-_ : ·:·:·::: :: : :: : :::::::::::::: : :: : ::::::: 
84 8 3 5 39 26 32 : 5. 19 
50 13 20 17 ;30 17 33 25 25 i2 

Numerical computation; 
With approximate data-rational use of sigriificant 

40 : s:O~~t meiiiod.S:::: ~:::::::::: ~::: :~:::::: : :::::::::: 61 36 , "24" 3 39 ' 27 20 13 12 
27 38 10 37 29 35 23 12 17 

~:: g~~~We~it~~ io-iiciiiiaie com:Piliaiion.:::::::: ::::: 62 29 7 . 2 42 12 29 29 29 17 
24 45 26 5 38 . 18 29 41 12 17 

~li~¥:-:~:l:illil·i~ ~ : ~:i :~:i;I l~~ii~~l:~~-~-
24 39 .26 12. 38 .11 ·· 39 28 22 18 
36 31 25 8 36 ' "7" 21 21 57 14 

.34 26 21 ,18 38 13. 20 60 15 
16 32 38 13 '37 23 . 29 12 35 17 
19 27 .40 .14 37 23 25 18 35 . 17 
35 32 18 13 37 13 20 27 ' 40 15 

Probability.-.-- .•. ~ ··" .•.• ' .• , ,,~ . • ~ •.••. _. ; •...•...•.•.•. _ . .. _ 9 32 41 19 32 20 35 .35 ~0 20 
Statistics: · · · · · 

·Meaning and. us~ of ~lementa~ concepts . ... .. ___ . __ • ___ 23 28 31 17 29 55 36 5 5 22 
·Frequency distnbutions and equency curves .. . . _ . _ ... 15 19 35 32 26 47 33 10 . 10 21 . Correlation _ , . _ .. __ . _ . ;,; ____ • _. _ •..... _ . _ . __ .. _. ____ •• , ___ 11 18 39 32 28 33 47 14 5 21 

Numerical trigonometry: 
Use of sine, cosine, and tangent in the solution of simple 

problems involving right triangles. ___ .. -----·---~---· 68 21 3 8 38 ..... .. "2i" 25 75 12 
· Demonstrative geometry._ ._ ..• _._._ .•• _._ • ... __ • ___ ._._. __ . 68 : 15 12 6 . 34 ··g- 43 36 14 
· Plane trigonometry (usual course) __ .•. _____ . ..... _._ . • ___ ._ 57 27 11 5 37 23 31 38 13 
Ana~c geometfl:; · ·. . . . ·. : . . , -

· · Uridamep. ta conceptions 'and methods iii: the plan:e. _ ~ _. ' 32 45 19 ·a 31 15 38 46 13 

... ,~~~~;ri~:::::r:::::::J:: !:::::::::: 34 37 20 9 35 9 9 is 64 11 
29 43 20 9 35 18 9 73 11 
18 41 26 15 34 9 18 73 11 Polar coordinateS . __ • __ :~ . _____ .. • : __ . . .. . : ______ _ . __ 18 26 41 15 . 34 ··g- .... 18 82 11 

. Empirical cUrves and fittilig ·curves to observations. 12 38· 38 1~ 34 ....... 25 67 12 
'.· 
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. TABLE 2.--'--'Topic8 'in1 or-der ·~! 'l)alue'~ preparation for elementary college '~ourses. 
(The figures in the eolumn headed "E " .are taken from Table 1: t. akin._.·.. g in·.·_eacli. cas_ e. th_e bi~er of th_: . · t 
- u. E " .ratings there giyen. ~he pol~'Q. hel,\ded '' E+C'' ·gives i~ each case the $w:i:L of the two . r;a\mw~ 
for "E" and "C." An_ as~ens~ mdicates that the topic ln question is now included in the definitions~~ 

. _· the college entran~ exanunation board,2]. · · · · 

E. E+C. 
,. 

*Linmtr equations in oiie .unknown................ . · . . . . . . . • · 

~~~~~JEY~iilillil.::·:·;·I~L.t;~;~~:~~ln~-:~~-.ni:~~ 
Numerical ~rigono!lletr;v-;-th~ u.se of the sine, cosine, and t"angeut· in" the. soiution "or siropie. * problems u?-volvmg nght tnangles . ..• •.. •. •• ........ .. . .. ; ... ~ ... . : .. ; .. ; .. ~ .· ..... · .... : . ~. 
Demonstrat~ve geometry ...... ~ .....•.. ~ ..•.•.•.••.....•.... , .. . 

Use oflogarithms in computation ... ~ ..... :~ .....••.... : .. ,'; :; ; • ·' '· · · · · · ·· · · · · · · · · · · · · ·•· · 
•Graphs as a method of representing dependence .......... : .. :· ... ::::::::::::::::::::::::::: 
ComputatiOJ!- with app~o~a;e data-rational use of significant figures. ; .... :;; : .......... .'. 

~t*m~;~~:r:~~5gi1~i~~:~~~~~:: ~ :::::::::.:::::::::::::::::::,::::::::::::::::::::: 
Sta1:i5~cs-meaDlllg and use of elementary concepts.~ ..... :.·.: ....... ~ ... :.,.~ ........ · ..... ; 
_Va.nation~ ....... _ . ... ... ...... : .... . ... , ..... _ ..... . _ ...•............ . ......................... 
Statistics-frequency distributions and curves ....................... · ....... ~ .... : .. .. , ..... . 

-:rr~~~~~~w~~~f-~~?~~~~:: :::: :~:: :·::: :::::2:::::::::::::::::::::::::: :·::::::::: · ·::::: 
:~!multaneous linel!-r.eq uations in mo~e than~ unknowns ......................... ~ .. :: .... . 

rmultaneous equatiOns, one quadratic, one lmear .............. . ................. · ........ . 

·=~tgi!~l :;~~~~~~ ·.:::::::::::::::::::::::::::::::::::::::::: ~::::::::::::::::: :·::::::;:: 

98 100 
93 98 
84 92 
79 8-i 
78: P.3 
78 92 
71 95 

~~ 1: 89 
83 

62 91 
62 78 

'61 97 
59 80 
57 84 

. 57 82 
55 91 
50 .63 
47 80 
4.5 65 ' 
43 61 
43 72 
40 64 
36 67 
35 67 

~~?ri~~~!K%~~~:
8

!:~~~~-~~:: ~::: :::::::::::::::::::::::::.::::::::: ~::::::::: ::::: 34: 71 
34 60 
33 80 

Analytic geometry-fundamental conceptions ....................... : . : . . , .. , •..........•... 

~i:~!~r~l~~~!ga~~~!~!~~!:~:_:~ :::::::::: :·: ::::::::::::::::::::::::::::::::::::::::::: 
,Use of tables in comp't'ttatiOn (other thanlogarithmsL ...............................••..... 

~~~~~:_::·~·.:~~~~-~-·l[-~nH\H[[\_[_:.H-H:·\:~\:·:\·~:l\[·~ 
Empirical curves and fitting_ curves to observations ... ~ ... ; ............... ~.: : . ....... · ..... . 
Equations of higher degree than the second .......... : ............. , ...... , ...... : .......••. 

32 77 
31 50 
29 72 
29 65 
24 . 69 
24 63 
24 44 
23 52 
23 48 
20 55 
18 sg 
lS · 44 
12 liO 
10 42 

•2 The list includes all the requirements of the college entrance exammation board except those relating 
to a~ebraic technique. The topic of "Negative numbers" has also been given an asterisk, as it is clearly 
implied, though not explicitly mentioned, in the C. E. E. B. definitions. · ' 

The attitude of the colleges;~Mathematical instruction. in this coun
try is ,at present in .a period of transition. While a considerable num
ber of our most progressive schools .have for -several years give~ 
courses embodying most of the recommendations contained in Chap
ters , II, I~I, and IV of the . present report, the large majority of 
s.chools are still. continuing the older types of courses or are only j~st 
J.>eginning . to introduce modWcations. The movement towa;rd reor
_ganization is strong, however, throughout ~he country, not only in 
the standard four-year high schools but also in the newer junior 
high schools. . : . . . 

During thisperiod of transition it should be the.policy of the col
leges, while exerting a desirable steadying influence, to help the 
movement toward a sanereorganization. In particular they should 
take care not to place o.bstacles in the way of changes which are 



cle~rly. in, tb~ ~te.r~t . Ql.mor.e .~ff~ctJye college prepara.tio~:, . as \\Tell 
~s of .better ge11,e~~~ educatip:r;t. ~ . . . . . , .. ·. .. .· . . . 
: . ·(}Qll~e-e:p;t:rttp.ce ~equ.il}'IIl~11ts . wijl ·~ontiJJ.ue ~. ,· ·exert a. · . P.o~erl:ul 
.infhiEmce . on secondary-school teaching . . Unless they reflect .the 
spirit . o~ sou:nd progressive tendencies, they will constitute a · serious 
obstacle . 

. In the present chapter revised definitions of college-entrance re ... 
·quirements in plane geometry an~ ele:rp.en,tary algebra are presented. 
So far as plane geollletcy is concerned, ·the. problem of definition is 
.comparatively ·simple~ . ·.The proposed . ·definition of the requirement 
.in plane geometry . does :not differ from ·the ·· one now in effect un,4er 
the . college entrance exam~ation board. A list of propositions .. and 
~onstruc.tio:t;L~ h~~. however .been prepared,, ·' and is gi:v~en · in .the next 
~hapter :fQJ: .. the guidance. of lieachers . and .~xamiiiers. 

In· elementary alge:Qra a certairl amount of flexibility .is obviou8ly 
·necessary both on account of the quantit~tive differences arnong col
'leges an;d of the spepial conditions ~ttending a period 9f transition. 
The fonner differences ftre recQgniz.ed by the proposal of a :n;t.inor and 
a major requirem:ent in eleiil.en.tary algebra. The· secon:q of these -
includes the :first and is intenciec;l to correspo~d with tha '. two:..unit 
J,"ating of . th.e C. E. E. B. . 

In connection. with this1 m~tter .<>f. ~t~,. ~he . ~ofu.mittee. wishes par
ticularly to . disclaim .. ~PY eiD.ph.a~is upon a special num.ber ()fye~rsor 
hours. Th~: unit . ter.millology is. doubtles.s too . well established. to be 
entirely ignored in formulating college-entrance requirem~nts, but 
the standard. definition of unit 3 has ne:ver b~en precise, and will now 
become much less so with the inclusion of the newe:t; six~yea~ pro
gram. A time allotment of 4 or 5 hours per week in the seventh year 
·can certainly.not have the same weight as . th~ -s.ameJl.Umber<ofhours ' 
hi the · twelfth year, a.nd the . disp~Iity . will ya,ry. With diffe1:en t . sul>~ 
jects. What is really important ~s th.e a·mount of s_ubject 1natter . and . 
lhe quality of work dor~,e in#. · .The "unitH can not be anything '·but 
a ·crude approXimation ' to thi$. The distribution of· time in th~ 
school prog1:am should not be determined· by any arbitrary llnit 
scale. · 
~s a further means of ·securing reasonable fle,xibility, the commit

tee recommends that 'for a limited time~ay five years-the option 
be offered between exammations based on the old and on the new 
definitions, so far as differences :betweeii them may m~ke :thiS 
desirable. · _ 

In view of the changes taking pla~eat the present time in ma.the-
.matical COUrses in secondary S<?hools, a~~ the f!lct that colleg~entranc~ 

. , • r,l'~ follo~·definitton, formulated by the National Committee. on Standards of Colleges and Secondary 
Schools, has been given the approval of the C. E. E. B. "A unit represents a year'utudy in any subject 
·m'a see6nd&ry school, constituting approximately a quarter of a full year's work. A four-year-secondary 
school curriculum should· be regarded as representing not more than 16 units of work." 



· COLLEGE ENTRANCE REQtJIREM'ENTS. 

~~uire~~~ts .~hould so: soon~ PQssible refl~~ -~~il'~bl&;ch~g~ ,and 
~s~~ , in.. th~ir aQ.qpt~on, . tl}e .n~tiQn~ :·~oDliD.it~ . !r~enlls ... that 
either the American Mathemattcal Society or the M~~;he)nafd:caJAsso.

,~a~n of A.m~rica (or bo~h) ,maintain a pern:u~onent committee oit 
college-entrance requiretne,n~ ; 4l • math.e.matiQ8, ·such a coiD.:qrittOO to 
W<;lrkjn ~los~ cQOper~f?io~ ;with ,(}~her agE>~{fies which are now or may 
in the future be concerned· in a responsible way with the relations 
.bet:w:een ._()()lieges and se~ondary ,schoo,ls. · · 

DEFl~ITI91'{ OF ~O.L~EG:t; E~'fR~NCE REQID~EMEN'l'S. 

ELEMENTARY ALGEBRA. · 

' Minl)r Tequirement.~The meaningr use, arid evaluatiOn _(including 
the necess·ary . transformations) . of simple formulas involving ideas 
With which the student is >familiar ~a :the derivation of such fornililas 
-from rules · expres8ed ill: words . . _ . . 

The dependence of one variable upou another. Numerou8 .illus~ 
·tra~ris and · problems involving J . the linear function y :::f mx +b. 
Illustrations and problems involving. the quadratic Junction y=kz2. 
·: • The graph and graphic representations in general; their construc
tion and interpretation, including 'the representation of statistical 
:data'· and the use of the graph to. exhibit dependence . 
• '. Positive and .negative nuinbers; their meaning and use. 

Livear equations in one :unknown quantity; their use in solving 
problems. ~ · · , 

·Sets .-of linear .equations_ involving two unknQwn quantities;. their 
'USe in solving probleins. ! 

·. Ratio; as a case .of. . simple fractions; proportion without the 
theorems on alternation, etc.; and simple •ca.ses of variation. 

, The ·essentials of algebraic .technique. This should include
,' :·(a) Thefourfundamentaloperations. 

(b) Factoring of th0 ·following types: . Conimon factors of the terniB 
of: a. polynomial;• the difference of two squares; trinomi~ of the 
'second degree (including the square of a binomial) that can be easily 
factored by trial. . · ·; . · · · · 

(c) ·Fractions, · including · complex fractions-of a siinple type. 
,, (d) Exponents and radicals. The laws for positive integral ex~ 
ponents; the meaning a.nd use of fractional exponents, but not ~ 

.-formal theory . .. The ·consideration of radicals may be ~owmed .to 
· the simplification of expressions of the form · ~lilb and -Jiif6 and to 
the ·evaluation of simple expressions involving the radical sign. A 
process-for -extracting the square root of a number should be included 
-but not the ·process for extracting the square root ofa polynomial. 



NUm.ericat'trlgonometry. The use of the sine, cosine, and tangent 
in solving !right triangles. · Th~ use ~f three or ·fou:t; place tables of 
natural functions. · · · · 

· Major·, requirement:_;_ln addition _to the minor requirement ~s 
specified: 'above, the following should be included: ·- . 

Illustrations and problems involving the quadratic function y === 

ar+bx+c. 
Quadratic equations in one · unknown; their use in solving proh

Iems. 
Exponents ·and radicals. Zero and negative exponents, and more 

extended treatment of fr1},ctional exponents. Rationalizing denom- . 
inators. Solution of simple ·types of radical equations. 

The ·use of ·logarithritic tablesiri computation without the formal 
-theory. 

Elemen-tary statistics;including a Irn.owledge of the fundamental 
concepts and simple frequency distributions, with graphic repre
sentations ·of various kinds. 

The binomial theorem for positive integral exponents le~s than 8; 
with such applications as compound interest . 
. The formula for the nth term, and the sum of n terms, of arithmetic 

and geometric progressions, with applications. 
Simultaneous linear equations in three unknown quantities and 

simple cases of · simultaneous equations involving one or :two quad-. 
ratic equations; their use in solving problems. 

Drill in algebraic manipulation should be limited, particularly ill 
the minor requirement, by the purpose of securing a thorough under
standing of important principles and facility in carrying out those 
processes which are fundamental and of frequent occurrence either 
in common life or in the subsequent courses that a substantial pr(}.
portion of the pupils ·will study. Skill in manipulation must be 
conceived ofthroughout as a means to an .end, not as an end in itself. 
Within these limits, skill and accuracy in algebraic technique are of 
prime· importance, and drill in this subject should · be· extended far 
enough to enable students to carry out the fundamentally essential 
process~s accurately and ·with reasonable speed. 

The consideration of literal equations, when they serve a-significant 
purpose, such as the transformation of formulas, the derivation of a 
general solution (as of the quadratic equation), or the proof of a 
theorem, is important. As a means for drill in algebraic technique 
they should be used sparingly. · , 

The solution of problems should offer opportunity throughout _th~ . 
course for considerable arithmetical and computational work . . The · 
conception of algebra as an extension of arithmetic should be made 
significant both in numerical applications and in elucidating algebraic 
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p~iriciples. ·; ,Empnalsis sho-qld · :b~ placed tJpon the use 'of CQlllllion· 
~ense · and judgmen~ in computing ftom; approXimate ~ata, esp~ciaJly 
With· regard ·to the: number of ·figures .r~tained, and on the necessity 
ftir checking the result~. ·The use· of tables to facilitate .c~mputation 
(such as tables-· of squares· and square roots, of interest, :and of trigo-· 

· nometric func~ions) should be encour~ged . . , 

. PLANE GEOMETRY. 

The usual theorems and, constrv:ctions of good. textbooks, including 
the general properties of plane. rectilinear figures; the circle and the 
measurement of angles; similar polygons; areas; regular polygons and 
the measurement of the circle. · The solution of nUIJl.erous original 
~xercises, includinglocus problems. Applications to the m~nsuration 
of lines and plane surfaces. . . .. . .. ·.· · . 

The scope 9f therequir~d wor~ in',plane geometry:is .indicated _by 
the List· of F1mdamental Propositions and Constr:Uctionf:i, whlqh 'is. 
given in the next chapter. This list indicates in · Section I .the type 
of proposition which, in, the opinion' of the committee, may be assumed 
without proof or give:p. iirlormal treatment. Section II con.tains52 
propositions and 19 constructions wwdJ. are regarded as. so funda-. 
mental that they should constitute 'the common lll.ill.imum of all 
etaridard courses in plane geometry. Section III gives .·a list of sub
sidiary theorems which suggests the type of additional propositions 
that should be included in · such courses. · .. · . . 

Oollege-entrance examinaiions.-College-entrance examinations e~ert 
i;n many schools, and espe~ially throughout the eastern section of the 
{{oun try~ an influ~nce on secondary school teachirig \vhich is very far
reachfug. . It is, . therefo~e,. well' within the province of the national 
c<)mmittee to ,iP.quire whether 'the prevailing type of examination ·in 
mathematics serves the best interests of mathematical education and 
<;>fcollege pr~paration.' . . '.· . . . . 

The reason for the almo~t ~ontrolling influence of entranqe exami
nations in the schools · r~ferred to is re~;tdily recognized. Schools 
sending students to such ·colleges for lll,ffll as Harvard, Yale, and 
Princeton, to the larger colleges for women, or to any institution 
wher~ examinations form th~ onlyor prevailing mode of admission, 
ifieyitably direct their·instruction .toward the eJ.ltrance examination. 
This remains true even if only a small percentage of the class intenq$ 
to take these examinations, 'the point being that the success of a 
teacher is often measured by the success of his or her students in. these 
examinations~ 
. In the judgment of the committee, the prevailing type ofentrance 

examination in algebra is primarily a test of the candidate's skill in 
68867°-21-4 
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forma.Lnuw.ip.ulation, and not~ anr ade.quate .. test. o£ his.. understanding 
o.n· of his. ability to appl~ the. principles of the suhjt}ct ., MtO~epver, it. 
is quite .. genellally felt tka.t. the. ditliculty· and ~a.mple:xi4Jy oi the. f0rJ!tial. 
manipulative questioftS'" which. have. appmred oa.recen.b papers.sel't by 
colleges. and. b]' such. agencies. as. the. C0lleg~ . Entrance: EXaminati.o.n 
Board, has often been ex<tes.si:we,... As a~ . :r:e~s;;ult> teachers. pi:epa:ring ~
pupils for these examinations have inevitably been led to devote an 
excessive amount of time~ to' drirl\1 in algebraic technique, without 
insuring an adequate understanding of the principles involved. Far 
:f.rom providing tne desired facility, tills practice has tended' to impair 
it. For '''practical skill:, modes of effective- technique, can be intelli
gentfy, nonmechamcally use-d on:ly when intellig-ence has played' a 
part. in their acquisition;"' (Dewey, How We Tli.ink,. p .. 5~t} 

Moreover, it must be noted that authors and publishers of text
books are under strong pressure to make their content and distri
bution of emphasis conform to the prevailing type or entrance 
examination. Teachers in turn are toa often unable to rise above the 
textbook. .An improvement in the. examinations. in tllis respect 
will cause· a corresponding,itnprovetn·errt iri textbooks and in teaching. 

On the other hand', the makers of entrance examinations in algebra 
cannot be held sofely· responsible for the condition describe& Theirs 
is a most difficult. problem.. Not only can they:· repl!y that as Yong as 
algebra is- taught as itis-, .. examinations: must be htrgefy on technique ,4' 
but they caB also cluim with c0nsid'erable-force tha.t technical facility 
is the only phase of algebra that c·an be fairl'y tested· by an exam
ination; that a candid'ate can rarely do himself' j:ustice amid. unfamil
iar surrounding~ and subject to a time· limit·. on questions involving 
real thinking in applying· principles to concrete situations; and· that 
we niust face here a rHallhnitation on the power of an examination 
to test attainment. Many; atrd pel'fiaps- most, te·achers wiU agree 
with tb:is cfaim. Past experience is- on their side; no generally 
accepted and effective "power test" in mathematics has as yet been 
devised and:, if devised, . it mig-ht not be· suitable for use under condi
tions prevailing during' an entrance examination. 

But if it is true that· the power of an examination is thus inevitably 
limited, tne wisdom and fairness of using it as tlie sole means of 
admission to coUege' is· surely open to -grav~ d:oubt. Tliat. many 
unqualified· cand'ldates are admitted~ under· this system is no-t· open ta 
question. Is it. not probable that many qualified· candidates are at 
the same time excluded· ~ If the entranee examination is· a fair test 
of manipulative skill only, should' not the· colleges use additional 
means for learning something about the candidate's other abill.ties 
and qualifications:? 

c The vicious circle is now complete. Algebra is taught mechamcally because of the cbar3<ltc¥' of the 
entrance examination; the examination, in order to be fair, must conform to the character of the teaching. 



Some' teaelre~ OOlieve -that. &B effectiT&-· 11 power teat" in ·mathe
mti ties-is· possibl6~ Efforts to; devise• such ~:t test; shoUld: reooive·every 
encouragement. · 

· In the- meantinie1,. certain ·d-esirable modi&atrons .of the pre~ailing 
type· of entrance exa.ininatiou &re possible. The college entranea ex.;. 
amination board recently appointed a . committee to consider this 
question and a conference 5 on this subject was held by representa
tiv:es of the college entrance examination board, members of' the 
na.tiona;l co.mmittee, and othel'B. The following recommendations ·are 
taken from the report of the committee just referred to: 

Fully one-third of the questions · should· be based on topics of such fundamental 
~mpQI'ta.~ce that they will .hava ~en~ ·thoroughly taught, -carefully reviewed~ .. and 
deeply 1mpr~ed . by effective ._drill. • _ • •. They aliould b~ _ ef such a degree of. 
difficulty that any pupil Of regular attendance, faithfUl application, and· even moderate 
ability ,may be expected to answer t.hain ;~tisfootorily. - ' - . -'- . 
Ther~ _ ahould~b~.bot9. sim_pletLn~ <lli,:licult q:uestiona testing the candida:te'ea~ility 

to apply the pnnc1ples of the· subJect. The early . ones of the easy question~; should 
J.>e·.really ~for the .eandidate of. good avera~ · ability who can do a little thinking 
under the streea of an examination; but even these questions should have genuine 
scientific content. · · · 

There should· be··a aubatantial question which· 'Wilt put the beet-candidates on their 
mettle, but which is not beyond the reach of a fair proportion of the really· good can
didates. This question should teat the normal workings of a 'Well-trained mind. It 
should be capable of being thought out in the limited time of the examination. It 
should be a teat of the candidate's grasp and insight-not a catch question or a 
question of unfamiliar character making extraordinary demands on the critical 
powers of the candidate, or one the solution of which depends on an inspiration. 
Above all, this question should lie near to the heart of the subject as all well-prepared 
candidates understand the subject. 

As a rule, a question should consist of a single part and be framed to test one thing
not pieced together out of several unrelated and perhaps unequally important parts. 

Each question should be a substantial teat on the topic or topics which it repr& 
senta. It is, however, in the nature of the case impoasible that all questions ·be of 
equal value. · 

Care should be used that the examination be not toolong. * * * The examiner 
should be content to ask questions on the important topics, eo chosen that their 
answers will be fair to the candidate and instructive to the readers; and beyond this 
merely to sample the candidate's knowledge on the minor topics. 

The national committee suggests the following additional prin
ciples: The examination as a whole should, as far a practicable, 
reflect the principle that algebraic technique is a means to an end, 
and not an end in itself. 

Questions that require of the candidate skill in algebraic manipu
lation beyond the needs of . actual application should be used very 
sparingly. 

An effort should be made to devise questions which will fairly 
test the candidate's understanding of principles and .his ability to 
apply them, while involving a minimum of manipulative complexity. 

6 At this conference the following vote was unanimously passed: "Voted, that the result'l of examina
tions (otthe college entrance examination board), be reported by letters A, B, C, D, E and ~hat the 
definition of the groups represented by tllese letters should be determined in each ;year by the distribution 
of ability fn a standard group of papers representing widely both public and private schools." 
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The examinations in geometry should be definitely constructed to 
test the candidate's ability to draw valid conclusions rather than his 
ability to memorize an argument. 

A chapter on ·mathematical terms and symbols is included in this 
report. 6 It is hoped that examining bodies will be guided by the 
recommendations there made relative tp the use of terms and symbols 
in elementary mathematics~ 

The college entrance examination board, early in 1921, appointed 
a commission to recommend such revisions as might seem necessary 
in the definitions of the requirements in the various subject~ of 
elementary mathematics. The recommendations contained in the 
present chapter have been laid before this commission. It is hoped 
that the com111ission's report·, wh{3n it is finally made effective. by 
action of the college entrance examination board and the various 
colleges concerned, will give impetus to· the reorganization of' the 
teaching of elementary mathematics along the lines recommended 
in the report of the national committee. 

6 See Ch. VIII. 



Chapter VI. 

,LISTS OF PROPOSITIONS IN PLANE AND SOLlD GEOMETRY. 

General basis of the selection of material.~The subcoillmi.ttee ap
pointed to prepare a list of basal propositions m4de a careful study 
of a number of widely used textbooks on geometry. The bases of 
selection of the propositions were two: (1) The extent to which the 
propositions and corollaries were used in subsequent . proofs·. of im~ 
portant propositions and exercises; (2) the value of the propositions 
jn completing important pieces of theory. Although the list of 
theorems and problems is substantially the same hi nearly all . text
books in general use in this . country, the wording, the sequence, and 
the methods of. proof vary to such an extent as to render difficult a 
definite statement: as to the number of times a proposition is us.ed in 
the several books exaplined . . A tentative table showed, however, 
less variation than: might have been a11ticipated. 

Classification of propositions.-The classification .of propositions 
is not the same in plane geometry as in solid geometry. This is 
partly due to the fact that it is generally felt that the student should 
limit his construction work to figures in a plane and in which the com
passes and straigh~ edge are sufficien~. . The propositions have been 
.divided as follows: · 

Plane geometry: I. Assumptions and theoremsforoinformal ~reat
ment; II. Fundamental theorems and constructions: A. Theorems, 
B. Constructions ;III. Subsidiary theorems. . 

Solid geometry: I. Fundamental theorems; II. Fundame~tal prop
ositions ·in mensuration; III. Subsidiary theorems; IV. Subsidiary 
propositions· in mensuration. 

PLANE GEOMETRY. 

I. Assumptions a'lUJJ theorems for informal treatment.-This list 
contains propositions which may_ be assumed without proof (postu
lates), and theorems which it is permissible to treat informally. 
Some of these propositions will appear as definitions in certain 
methods of treatment. -Moreover, teachers should feel free to require 
formal proofs in certain cases, if they desire t~ do s~. The preci~e 
wording given is not essential, nor is the order 1n which the pr?posi
tions are here listed. The list should be taken as representative of 

47 
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the typ.e of propositions which may be assumed, or treated informally, 
rather than as exhaustive. 

1. Through two distinct points it is possible to _dr. aw one straight line, and only one. 
2. A line segment may be produeed ro an.y d.esUed length. 
3. The shortest path between two points is tne line segment joining them. 
4. One and only one perpendicular can be drawn through a given point to a given 

straight line. . · . · . · 
5. The shortest distance from a point to a line is the perpendicular distance from 

the point to the line. 
6. From a given center and with a given radius one and only one circle can be de-

scribed in a plane. 
1. A straight line intersects a circle in at moat two points. 
8. Any figure may be moved from one place to another without changing its shape 

or size. . 
9~ All right angles a.re equal. • · · . , 
10. If the sum of two s.dja£ent angles equals a straight angle, their exterior sides 

form a straight line. · -
· ll. Equal angles have equal complements and equa.Lsupplements. 

12.Verticalanglesareequal. . . . . · . , 
13. Two lines perpendicular to the same line are parallel. . 
14:. Through a given point not on. a. given straight line, one straight line, and only 

one, can be drawn pa.rallel to the given line. 
15. Two lines parallel to the same line are parallel to each other. . 
16. The area of a rectangle is equal to its 'baae times its altitude~ · · 

II. Fundamental theorems am ·constrrx,ctions.-It is recommended 
that theorems and constructions {other th~n originals)- tu be proved 
on college entrance examinations be chosen from the following list. 
Originals and other exe~cises should be ·e1tpabfu of solution by direet 
reference to one or more of these propositions and constructions. It 
should be· obvious that ariy eouisein geom~trythatis capable of giving 
adequate training must include considerable additional material. The 
order here given is not intended to signify anything as to the order of 
presentation. It shol?-ld be clearly understood that certain of the 
statements contain two or more theorems, and that the precise word.:. 
ing ·is not essential. The committee · favors entire freed·om in state
ment and sequence. 

. : . : 

1. Two. triangles are congruent if 1 (a) ·two sid-es and the included angle of one are 
equal, respectively,. to two aides a-nd the included a.ngJ.e.ofthe other;, (b} two angles 
and a side of one are equal1 respeCtively, to two~les 1!-~d the corr~ponding side 
of the other; (c) the three SJ.des of one are equal, respeCtively, to the three sides of 
the other. 

2. Two right triangles are COMment if the hypotenuse and one other side of one 
are equal, respectively, to the hypotenuse and another side of the other. 

3. If two sides of a triangle are equal, the angles opposite these sides are equal; and 
conversely .3 · · · . . 

.4. The .locus of a poi~t (in a . ~lane) ~q~idistant from.two ~ven poin;ta~ the perpen:-
dicular bisector of the line segm~n t J o1mng them. . · · · · 

1 Teachers should feel free to. separate this tl:leorem into three distinct t]}eorems and to use o~t: phras.e
ology for any such proposition. For example, in 1, "Two triangles are equal if" * * * "a triangle is 
determined by • -* *,''etc~ Stinilarly in 2, thestatement might read: '""l.'w{) right triangles-are oon. 
gnient U, basi~ the right angles, &Dy two par~s (not bot~ angles) in th!)~neare equal to oorr~ponding parts 
of the other." 

• It should be understood that the converse of a tb~m need not be treated in connection, with the 
theorem itself, it bei.Dg sometimes betur to:treatit later. ;Ftutharmore a co11.verse !JlBY occasionally be 
accepted as true in an elementary course, if the necessity for proof is made clear. The proof ma.y 'then 
bo given later. 
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5. The locus of a point eqtiidiat&nt from two given intersecting lines is the pair of 
lines bisecting the angles formed by these lines. . . . . 

6. When a transversal cute-two parallel lines, the alternate interior angles ar& equal· 
and conversely. ' 

7. The sum of the angles-. of a triangle is two right angles. 
8. A parallelogram is ~ vided i.nto congrnent tria~les by either diagonal. 
9 .. Any {<;OOvex) quadrilateral Is a parallelogram (a) if the opposite sides are equal; 

(b) if two s1des are equal and parallel. 
10. If a series of parallel lines cut off equa.l segments on one transversal thev cut 

off equal segments on any traiUJVeraal. , ~ 
11. (a) The area of a parallelogram is eqU&l to the base times the altitude. 

l
b) The area of a triangle is equal to one-half the base times the altitude. 
c) The area of a trapezoid is equal to half the sum of its baeee times its altitude. 
if> The area of a regular polygon is equal to half the product of its apothem and 

penmeter; 
12. (a) If a straight line is drawn through two sides of a triangle parallel to the third 

side, it divides these sidesproportioD8illy. 
(b) If a line divides two sides of a triangle proportionaUy, it·i& parallel to the third 

side. (Proofs for commensurable. cases only.) · 
(c) The segments cut off on two transversals by a series of parallels are proportional. 
13. Two triangles are similar if (a) they have two angles of one equal, respectively, 

to two angles of the other; (b) they have an angle of one equal to an angle of the other 
a.nd the-including sides are proportional; (c) their sides are respectively proportional. 

14. If two chords intersect in a circle, the product of the segments of one is equal 
to the product of the segments of the other. _ · . · 

15. The perimeters of two similar polygons have the same ratio as a.ny two corre-
s.ponding sides.. · . · 

16. Polygons are similar, if they can be decomposed into triangles which are simi-
lar and similarly placed; and conversely. . . 

17. The bisector of an (interior or exterior) angle of a triangle divides the opposite 
side (produced if Ii.eceBBary) into segments proportional to .the adjacent sides. 

18. The areas of two similar triangles (or polygona) are to each other as the equares 
of any two corresponding sides. · · · . 

19 • . In any right triangle the perpendicular from the vertex of the right angle on 
the hypotenuse _divides the triangle · into two tria.ngles each si.mi.lar to the given 
triangle. ·. · -

20. In a right triangle the square on the hypotenuse is equal to the. sum of- the 
squares on the other .two sides. 

21. In the same circle-, or in equal circles,. if two &JlCB are equal, their central angles 
are equal; and conversely. . . . 

22. In any circle angles · at the center are proportional to their .intercepted arcs. 
(Proof for-commensw.able case only.} · · · 

23. In the same circle or in equal circles, if two chords are equal their corresponding 
arcs are equal;. and conversely; 

. 24. : (a) A diameter perpendicular to a chord bisects the chord and the a.rcs of. the 
chord. (b) A diameter which bisects ~·chord (that is not a diameter) is perpendicula.r 
to.it. 

25. The tangent to a circle at a given point is perpendicular to the ra.diua at that 
point; and conve~ly. · . · . 

26. In the same circle or in equal circles, equal chords are ·equally distant from 
the center; and conversely. . · 

27. An . angle inacribed in a circle is equal to half the central angle having. the 
same arc. . . . · · 

28. Angles inscribed in the same segment are equal. 
29. If a . circle is divided into equal arcs, the chorda of these arcs fonn a regtllar 

inscribed polygon and tangents at the points of division form a regular circumscribed 
polygon. . · . 
'. ao. The circumfere:nce of a circle is ~qual to 2'11"T. (Informal proof only.) 
.. 31.3 The area of a circle is equal to 'lfr.. (Informal proof only.) 

The treatment of the mensuration of the circle should be based upon related theo
!CinB concerning regular polygons, but it shoul~ be informal as to th~ limiting proceaaes 
Involved. The aim should be an understandmg of the · concepts mvolved, so far as 
the capacity of the pupil permits. 

'a The total number. of theorems given in thls list when separated, as will probably b& {opnd advantageous 
In teaching. this number ineluding the converses indicated, is 52. 
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. .·B. CONSTRUCTIONS. · 

1. Bisect a line segm.ent and draw the perpendicular;bise~1;or. · 
2. Bisect an angle. · . 
3. Construct a perpendicular to .a giyen line through a given point! , 
4. Construct an angle equal to a given angle. . . . . . · . . . . . . 
5. Through a given point draw a straight line p~J,rallel ; to . a given-.straightJin~ . . i' 
6. Construct a triangle, given (a) the three sides; ,(b} two -sides and .~e included 

angle; (c) two angles and the included side. 
7. Divide a line segment into parts proportional to given segments. · 
8. Given an arc of a circle, find its center. 
9. Circumscribe a circle about a triangle. 
10. Inscribe a circle in a triangle. 
11. Construct a tangent to a circle through .a given point. . 
12. Construct the fourth proportional to three given line segments. : 
13. Construct the mean proportional between two given lipe segments. 
14. Construct a triangle (polygon) similar to a given triangle (polygon) . 

. 15. Construct a triangle . equal to a · given . polygon. 
16. Inscribe a square in a circle. 
17. Inscribe a regular hexagon in a circle. 

III.; Subsidiary list of propositions.-I;he following list of propo
sitions is intended to suggest some of the additional material referred 
to in the introductory paragrap:Q. of Section II. lt _is ,not int~:Qd.,~d, 
however, to be exhaustive; indeed, the committee feels that teachers 
s.hou}d _ pe allowed co11sider~ble freedom in . the .. f?election . q{ s.uch 
additional material, theorems, corollaries, originals, exercises, ·etc.; 
in the hope th~t opportunity will thus b~ . afforded for c9~structive 
work · in the development of courses in geometry. 

1; When two lines are cut by a transversal,: if the corresponding angles are equal, 
:or ·if .the interior angles on the same -aide of the transversal are supplementary, the 
lines are parallel. . : 
· 2~ - When a transversal cuts two parallel lines, the corresponding angles are .equal, 
and the interior angles on the same side of the transversal are supplementa:ry. · · 

3. A line perpendicular to one of two parallels is perpendicular to the oth~r also~ 
4. If two angles have their sides respectively parallel o~ respectively perpen9jcular 

to each other, they are either equal or supplementary. · · . · · 
5. Any exterior angle of a triangle is equal to -the sum of. the two opposite interior 

-angles. , · ' ; · . _ · 
6. The sum of the angles of a convex polygon of n sidetds 2 (n-2) right angles. , 
7 ;• In any paralle~ogram (a).the op:P,osite sides are equal; (b) the opposite angles 

are equal; (c) the diagonals bisect eaeh;other. , · - · .· . . 
. 8. An;y (conv~x) quadrpateral is ~ p~allelogram, if (a) the OJ>posite a11g~es are 
equal; (b}·the diagonals biSect each other. , · · · · · · · ... 

9. The medians of a triangle intersect in a p'oint which is two:..thirds of the distance 
from the vertex to the mid-point of the opposite side. 

10. The altitudes of a triangle meet in a poi;nt. . · · · · · 
11. The ~rpendicular bisectors of th~ sides of a tt:iangle !lleet in -a point~ . 
12. The bisectors of the angles of a triangle meet m a pomt. . .· · 
13. The tangents to a circle frOm · an external -point are equal. . . . . · 
14.4 (a) If two sides of a triangle are· unequal, the greater side has ·the greater 

angle opposite it, and conversely. · ·. . '· · • · · . .: · 
(b) If two sides of one triangle are equal respectiv:ely to two sides of another triangle, 

but the included angle of the first is greater than the included angle of the second, 
then the third .. side of the :first is greater than the third side of the second, and con-

vew1ti two chords are unequal, the greater is. at the }eBB distan~e from the center, 
and conversely. 

• Such inequality theorems as these are of importance in developing the notion of dependence or func
tionality in geometry. . The fact that they are placed ·in the "Subsidiary list of propositions'' should not 
Imply that they are considered or less educational value than those in List II. They are placed here because 
they are not "fundamental" in the same sense that the theorems of List II ar.e fundamental. 
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(d) The greater of two :rllinor kcs has: ·the ~eater chord and conversely 
_ 15. _An angle ~~cribeq in ·l:l,B~J¢circle_is :a nght angle. 

1 
• r . 

16. Parallel 1m .. es_ .. ta.il .... -gen. t to. -or cutting.·a· circle intercept eq .. ual arcs on the · ci~_ cle . 
. 17. An anglefo~e<i by a tangent anda chord of a circle is measirred by half the 
mtercepted arc. · ·. : . . · · · · 
. . 18 .. An,angle fonp.ed by two intersec_ting ~p.or~ is m~asured by half the sum of the 
mtercepted arcs. . . . · · • ' , 

19. An !Lngle form~d by ~o ~ecants or by two· t;ip.genta ·to. a circle is measured by 
half the difference between the mtercepted arcs. · · · · . 
. 20. If from a poiD;t without circle a secant and a tang~nt are dra.wn, the tangent 
IS the mean proportional ~etween the whole s~cant· and, Ita exte~ segment. · 

21. Parallel~grams or tnangles of equal bases and altitude~ are equal. 
22. The penmeters of two regular polygons of the same number of sides are to 

each other as their radii and · also as their apothems. 

soi;rj) GEOMETRY. 

· · In the. ·-following list.· the pre~ise wordip'g an~t ·the sequ~nce are 
not considered: ' 

I~ FUNDAMENTAL THEOREMS. 

- 1. If two plan~s meet; they intar8ect in a straight line. · · . .. 
2 .. If~ l~ne is perp~ndicular to .. each of two interse<:tingJin~s at their point of inter-

sectiOn It lB perpe:Q.diCular to the pl~ne of the two 1mes. · • · · · · · · · 
3. Every perpendicular to a given 'line at a given .point lies in a plane perpen-

dicular to the given line at the g~ven point . . · _ . 
4. Through a · given point (internal or external) there can pass one and only one 

perpendicular to a plane. 
5. Two lines perpendicular to the same plane are parallel. . . 
6. If two lines are parallel, every plane containing one of the lines and only on:e is 

parallel to the other. ·_ • . . - - · . · · · .. 
7. Two planes perpendicular to the same line are parallel. 

· · · 8. · Iftwoparallel-planesarecutbyathiidplane, thelinesofintersectionareparallel. 
9. If two angles not in the same plane have their sides respectively parallel in• the 

same sense, they are equal and their planes ·are parallel. · 
10. If two planes are perpendicular to _each other, a line drawn in one :Of them 

perpendicular· to their intersection· is perpendicular ·u.- the other. · · · · 
11. If aline is perpendicular to a given plane, every plane which contains tl:risline 

is 'perpendicular to the given ~-plane. · , · · · · ~. · ·:;: ' ) · <' · . · . 
1 12. If two intersecting planes are each perpendicular to a third plane, their inter:. 

section is also perpendicuHtr to that plane~ · · 
· 13. The -sections of ·a prism made by parallel planes cutting all the lateral edge& 

_are congruent polygons. . 
· -· · '14. -An oblique· prism is equal to a right prism whose base is equal to a right section 
of the oblique prism and whose altitude is equal to a lateral e<lge of the oblique prism. 

·15. ·The, opposite faces of a parallelopiped are congruent. ·. · 
.1~. ,The plane pass~d tJu:ough two dia,gon~lly opp_osi~ edges of a. parallelopiped 

diVIdes the parallelop1ped mto two equal triangular pnsms; · · 
17. If a pyramid or a cone is cut py a ·plane ;pa:rallel to the _base: . · 

- (a) The lateral edges and the altitude are diVIded proportionally; . · 
(b) The section is a figure similar to the base; . . . · 
(c) The area of the section is to the · ar~ of the base as th~ square of the distance 

:from the -vertex is to the square of the altitude of -the p)'l'a.IIl!d or. cone. 
18. Two triangular pyramids having equal b.as.es and equa~ altitudes are eq~al. 
19. All points on a cU.c~e of a ~ph~re are ~qmd~~nt .fl:oJD either pole of the cucle. 
20. On any sphere a J?omt which lS at a quadrants distance fr_?m each C?f two other 

pointa not the extremities of a diameter is a pole of the great cucle passmg through 
these two pointB. · . . . · . . . . . 

21. If a plane is · perpendicular to a. radius at its extreDl1ty on a sphere, 1t l8 tangent 
to the sphere. · 

22. A sphere can be inscribed in or circumscribed about any_tetrahedron. . 
23. If one spherical triangle is the polar of another, then reciprocally the second JB 

the polar triangle of the first. · . . . 
24. In two polar triangles each angle of either 18 the supplement of the oppomte 

side of the other. 
25. Two i:Jymmetric spherical triangles are equal. 
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II. FUNDAMENTAL PROPOSITIONS IN MENSURATION. 

213. &fhe lateral area of a prism or a circular cylinder is equal to the product of a 
lateral edge or element, respectively, by the perimeter of a right section. 

27. The volume of a prism (including any parallelopiped) or of a circular cylinder 
is equal to the product of its base by its altitude. 

28. The lateral area of a regular pyramid or a right circular cone is equal to half the 
product of its slant height by the perimeter of its base. 

29. The volume of a pyramid or a cone is equal to one-third the product of its base 
by its altitude. 

30. The area of a sphere. 
31. The area of a spherical polygon. 
32. The volume of a sphere. 

III. SUBSIDIARY THEOREMS. 

33. If from an external point a perpendicular and obliques are drawn to a plane, 
{a) the perpendicular is shorter than any oblique; (b) obliques meeting the plane at 
equal distances from the foot of the perpendicular are equal; (c) of two obliques 
meeting the plane at unequal distances from the foot of the perpendicular, the more 
remote is the longer. 

34. If two lines are cut by three parallel planes, their corresponding segments are 
proportional. 

35. Between two lines not in the same plane there is one common perpendicular, 
and only one. 

36. The bases of a cylinder are congruent. 
37. If a plane intersects a sphere, the line of intersection is a circle. 
38. The volume of two tetrahedrons that have a trihedral angle of one equal to a 

trihedral angle of the other are to each other as the products of the three edges of these 
trihedral angles. 

39. In any polyhedron the number of edges increased by two is equal to the number 
of vertices increased by the number of faces. 

40. Two similar polyhedrons can be separated into the same number of tetrahedrons 
similar each to each and similarly placed. 

41. The volumes of two similar tetrahedrons are to each other as the cubes of any 
two corresponding edges. 

42. The volumes of two similar polyhedrons are to each other as the cubes of any two 
corresponding edges. 

43. If three face angles of one trihedral angle are equal, respectively, to the three 
face angles of another the trihedral angles are either congruent or symmetric. 

44. Two spherical triangles on the same sphere are either congruent or symmetric 
if (a) two sides and the included angle of one are equal to the corresponding parts 
of the other; (b) two angles and the included side of one are equal to the corresponding 
parts of the other; (c) they are mutually equilateral; (d) they are mutually equi
angular. 

45. The sum ofany two face angles of a trihedral angle is greater than the third 
face angle. 

4G. The sum of the face angles of any convex polyhedral angle is less than four 
right angles. 

47. Each side of a spherical triangle is less than the sum of the other two sides. 
48. The sum of the sides of a spherical polygon is less than 360°. 
49. The sum of the angles of a spherical triangle is greater than 180° and 1888 than 

540° . 
50. There can not be more than five regular polyhedrons. 
51. The locus of points equidistant (a) from two given points; (b) from two given 

planes which intersect. 

IV. SUBSIDIARY PROPOSITIONS IN MENSURATION. 

52 . The volume of a frustum of (a) a pyramid or (b) a cone . 
53. The lateral area of a frustum of (a) pyramid or (b) a cone of revolution. 
54. The volume of a prismoid (without formal proof). 



Chapter VII. 

THE FUNCTION CONCEPT IN' SECONDARY-SCHOOL 
MATHEMATICS.1 

In· Chapter II, and ineidenially in later ehapters, considerable 
emphasis. has been, placed on. the. function concept or, better, on the 
idea of relationship between. variable qtl8lltities as one of the general 
ideas that should dominate instruction in elementary mathematics. 
Since ·this recommenda-tion js peculiarly open to misunderstanding 
on the part of· teachers, it seems desirable to devote a separate chapter 
to a rather detailed disC"U;Sf.:lion of what the recommendation means 
and implies. 

It will be· seen in what follows that there is no disposition to 
advocate the teaching of any sort· of function ·. tkeory. .A prime 
danger &f misconception that should b& removed•at the. very-outset 
is that teachers, may think it is. the notation and the definitions 
of such· a theory that· are to be. taught. Nothing could be further 
from the intention of the. committee. Indeedr it seems entirely safe 
to say that proba.bly the word ''~'function" had best not be used at 
all in the early courses:. 

What is desired is that the idea of relationship or dependence 
between variable quantities be:: imparted to the pupil by the examina;. 
.tion of ~nmerous concrete· instances of such relationship. He must 
be shown the workings of relationships iR a large number of eases 
before the abstract: idea of relationship will have· any meaning for 
h~ Furthermore, the pupil should be led ·to form the habit of 
thinking about the connections that· exist between related quantities, 
not merely because. such ·a . habit. ·~orms the best foundation for a 
r~l appreciation of the theory that may follow later, but chiefly 
because this habit will enable him to think more clearly about the 
quantities with which he will have to deal in real life, whether or not 
he takes any further work in mathematics. 

Indeed, the reason for insisting so strongly upon attentio~ to the 
idea.: of •relationships between .quantities· is that Sillch rela.tionships 
do occur in real life in connection with practically all of the quantities 
:with which we are called upon to deal .in• practice. Whereas there 

' can be little doubt about the small value to• the student who does 

1 The first draft of thi~ chapter was prepared for the national committee by E . .R. Hedrick, of the U D;i
Versity of Missollfi. It was.discussed at tbe meeting of the committee; Supt. '2-4,.1020; revised by tlie 
authQ[, and again discu~ Dec. 29._301 Hl20, ~is,uow issqecl as part of the. oo~oo!sreport. 

53 



-54 MATHEMATICS IN SECONDARY EDUCATIO:;N"_. 

not go on to higher studies of some of the manipulative processes 
·criticized by the national committee, there can he no doubt at all 
pf the value to all persons o~ ~nl. HWr~~s,e in their ability to see and 
to foresee the manner in which related.'·'·qu~ntities affect each other. 

To .attain· Jvha~ ·h,as~ J:>ee!l : suggeste.dL-· t~e: te~q~e1J>Sl;l.Q.~Q; ~l!ave in 
mind constantly not any d~fiiijti<m; ,- to ;h~ recited by the pupil, not 
any automatic response to a given cue, not any memory exercise 
at all7 but rather a determination not to pass any instance in which 
one quantity is-related to another, orin which; one quantity is deter
~mined by. one or more others, without calling .attenti'on to -the:f.a-ct, 
.and trying to have -the-studenp ~'see ~how · ikworks~'' :. Thes.e instances 
.occur . in ' litera~ly · thousands of . cases in both algebra : aild . ·geometry~ 
Jt is the purpose of this_,chapter . to 01); tllile iri. some detail . a :few_; typical 
·instances· of -this character. 

RELATIONSHiPS . I~{ ALGEBRA. 

The instance·._ of the function idea which-usually- occurs .to _:one ·first 
in . algebra is in ' connection " with ·. the :study - graphs~ .While this~ is 
.natural enough, .:and while it. ~ is ·true· that :the gra;ph is· flindamenpally 

- ,functional in .character, the supposition that ~t - furnishes i the ·first 
·opportunity ' for observing functional relations between quantities 

. -betrays: a misconception .that ought tcnbe 'corrected. -
-~· .- 1.-: Use: :ofl 'letter&,fo1!:; number.s~T7riTh6-"~very-.. ,:firs~ : illustr.atiohs ~·:giv:en 
in algebra to show the use of letters in the. place ,of numbers . are 
essentially functional in ; character. Thus, such relations" as TP=tprt 
-and A=1rr, .aswell ·as others that ~reJrequently u~ed:,~ are: s.tat.ements 
:of. general ·relationships. These should: he used> to -~ccustom ; the 
student not only to the use of letters in-the pl~ce of num.bers and to 
·the;solntion of,simple numerioaLprolbleme, but also, to.;tbe idea, .for 
:Cxam\ple, :)that .·:changesLin r :a:ffeetithe :_•.¥8ilue.of ;A:'-~·.u Such ,questions 
as .the;< following should ·he considered: If :r ; js 'doubled,, what will 

- happen to A!· If 'P-is doubled; ~what ·will ·happen to 1? · Apprecia,-;. 
· tion·~ of ' the , meaning -of such relationships <·:will ' tend ... to cl~y .. the 
·entire: subject-under consideration. ;. Wfthout~:such :an appreciation 
it may he -doubted whether the studerit·,_has ' any; real grasp of -the 
matter. 
, 2~ Equations.,-Ev:ery::simple p~oblem · leading -to·:an. :equation in 
:the first part ·of algebra -would be -b~tter understood for just: such :a 
discussiQn: as that IJ;ientioned above . .. Thus; if t.wo . .dozen eggs: ar_e 
:weighed in .a basket which ·weighs 2 pounds,,- :and if: the to.tabweight 

· :is found to be .5 pounds, what is the average .weight ·of.. ani egg~ .- Ifz 
·is ·the weight in ounces of ope egg, the total weight_ with t_he 2-pound 
, basket would he 24x + 32. ounces. If th~ . student Wi11 first -try the 
effect of an average weight of l ounce, of ll ounces, 2 oun~es) 2! 
ounces, the meaning of the problem will stand out clearly. In 
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~very ·such . problem . prelimin-ary.' trial~ really ~amount . to ' a disbussibn 
· of the properties of a linear function. . · · 
.. :;· ·3." Forin:ulas of pure sciehce!,and 'oj pactical ·ajfairs ;- i.l'fhe study'· .. of 

formulas as sud:~:, _ ~~id~ -;~rom, their '-~tfuierical ev~uation;_; Js becoming 
of ~ore an4 ~ore- nnportaryce·.. :~h~ ·actual uses of· ·algebra are .. not 
'to ne" f~urid" 'solely nor·even ·prinCipally-'fu. the 'solution ·of:numerical 
·problems :tor ·numerical : : an'Swers~· . ; :rn such ~fotmuhis ··as '-those "for 
falling~- }>odi~s,- :.levet~; : ·etc.;/ : the : i iil.a~el- in -whiclil·chang·es' in : one 
,-q'uit:Jitity- cause _ (or · correspond 'to} : ~eli'anges~ m ' tuio-ther-·:are of pr.inie 

.· importance, :~~n.d :.their·· discttssion.·.:n·eed cabse· no~ difficulty: wha:tever. 
TJ.:te- ·forrriul~~ un~er :dise11ss~on •hei'e include · those formulas of pure 
science: and of·Practical-·affairs which ate ·being ·introdueea more ·and 
more into our te:Xts · on ~ algebra'• <Whenever such ·aLformula 'is :en .. 
c·ountered the "teacher should :be sur~·i ihat· the students :ha'Ve some 
compreh'erision:·. of ~~he effects __ : of c_~8Jig~s in ·· one· of the quantities 
tipon the o'tfier· qu,antity'or quantities in the formula. 

- . , ~s ~· s:pecific instance of such ·scientific fe>rmulafF'donsid~r, for 
ex~~ple, · ;theforce F, in 'pouiids; With which a weight 'W;·in pounds, 
'pplls. out~ard on:oft; . stling(een trif.ugal force) if . the weight:"1s' revolved 
rapidly at· .a' speed . v; l jji fee:t ---per second, at: the :enrd: of a' string· of 

· . ... . · -. : . . · .. .. . ·-· ., · .. . · . · ·.: . .. ·.- ..... .. . . . - ... - ·.· •' · ,.:·· Wv ·~ .:;,_ · ~-
le~g-thr fe~t. . r.I::tri~Jory~ is ,given ~;y . ~~-e :f<>rm,u1.~:t. lf'0 .. 32 .r / , ~en 

:~uclf a;· 'formula jg u§ed' the teacher should-not' be contented with"the 
;mere 'in8ertion of -nlinierical values foJi ' lf; ,'li, andrto oJ>tain.an'umeri'-
cal value for F. · · 
·;: The, advantage: obt'ailied; from~ · the.: study of'::such a formUla-: dies 

· :quite· 'as much uf- th~ recognition of>th~Lbeha'rior l()f the ;fore~·~when 
-one~ of the other(quantities .varies. · Thus.·the student should•be Sible 
to answer intelligently such questions as the following: If the ·weight 
is : assumed to . be twice . as ' heavy; what is •. the effect upon the ',force~ 
~f the speed is taken twice as great/ Wha-t is4he effect upon the force·¥ 
'If the radius' becomes ; ~twiee -as large, . what is . the effeet • upon . the 
f-orce~ If the _speed is doubled, what change in the :weight would 
result •in the :s~ame force:-~ Will an··increase in the -speed cause an 

· ·increase or a d~drease ~ in .the ~ force ~· . ·. Will ·an. · increase' in the radius 
r cause-· an increase 'or~ a ;decrease ut •the fotee-r - . 

As another instance {of a more advanced · characteP).· consider· the 
·formula- for -the amount : of a sum;of -money P; at compound m:terest 
at r per cent, at the end' of '17/years. : ·This amount may be denoted 
·by .A~~ · Then ;we shall have An~P (1 +r)n. - Will doubling P 

_ result in. .doubling : An~ Will doubling n result in doubling An¥ 
'Since ·the· compound interest that r'has , accumUlated is·· equ~ to .the 
difference ·between · P and An, Will the doubling of r double the 
interest; ~ · Co~pare :the correct ·answers· to these ~uestio~ -with · ··t~e 
~answers to ; the similar; questions in ·the .case-of. ·sunple-mterestr.-m 
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which the formula reads A,..= P + Prn- and . in which. the accumulated 
interest is simply Prn. 

The difference between such. a study of the. effect. produced upon 
one quantity by changes in another and the mere substitution of 
numerical valu~s will be apparent from these examples. 

4. Formulas of pure algebra;-Formulas of pure algebra, such as 
that for· (x+h)2, will he better understood and appreciated if accom
panied by a discussion of the manner in whi~h . ch.ang_es . in h. cause 
changes. in the total result. This can be. accomplished by discussing 
such concrete realities as the error made in computing the area of 
a square field or of a square room when an error · has been made in 
measuring the side of the square. If X is the true length of . the side, 
and if the student assumes various, possible values for . the error h 
made in measuring x, he will have a situation that involves some 
comprehension of the functional workings of the formula mentioned. 
The same formula relates to such problems as the change from one 
entry to the next entry in a table of squares. 

A similar situation, and a very important one, . occurs with the pure 
algebraic formula for (x +a)(y+ a). This f{)l'mula may be said to 
govern the question of the keeping of significant figures in finding the 
product xy. For if a and b represent the uncertainty in x and y, 
respectively, the uncertainty in the product is given by this formula. 
The student has much to, learn OJ.\ this score, for the retention of 
meaningless figures in a product: is one of the commonest mistakes 
of both student and teacher in computational work. ' 

Such formulas occur throughout algebra, and each of them will 
he illuminated by su-ch a discussion. The. formulas for arithmetic 
and geometric progression, for example, should he studied from a 
functional standpoint~ 

5. Tables.-The uses of the functional idea in oonnec.tion with 
numerical .computation have already been mentioned in connection 
with the formula for a product. Work whic.h appears on the surface 
to be wholly numerical may be-of a distinctly fUllctional character. 
Thus any table, e. g~~ a table of squares, corresponds to or is con
structed from a functional relation, e. g., for a table of squares, 
the relation y = x 2 • The· differences in. such a ta.ble are the differences 
caused by changes in the values of the independent variable. Thus, 
the differences in a . table of squares are precisely the differences 
between x 2 and (x+hP for various values of x .. 

6. Graphs.-The functional character of graphical representations 
was mentioned at the beginning of this section. Every graph is 
obviously a representation of a functional relationship between two 
or more quantities. What is needed is only to draw attention to 
this fact and to study each graph from this standpoint . . In addi
tion to this, however, it is desirable to point out that functional 
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relations may be studied directly by means. of graphs without the 
intervention of any algebraic formullt. Thus such a graph as a popu
lation curve, or a curve representing wind pressure, obviously repre
sents a relationship between two quantities, but there is no known 
formula in either ease. The idea that the three concepts tables 

' ' graphs, algebraic formula&r are all representations of the same kind 
of connection between quantities, and that we may start in sOLle 
instances with any of the three, is a most valuable addition to the 
student's mental equipment, and to his control over the quantities 
with which he will deal in his daily life. 

RELATIONSHIPS IN GEOMETRY. 

Thus far the instances mentioned have been largely algebraic, 
though certain mensuration formulas of geometry have been men
tioned. While the mensuration formulas may occur to one first as 
an illustration of functional concepts in geometry, they are by no 
means the earliest relatio:nships that occur in that study. 

1. Oongruence.-Among the earliest theorems are those on the con
gruence of triangles. In any such theorem, the parts necessary to 
establish congruence evidently determine completely the size of each 
other part. Thus, two sides and the included angle of a triangle 
evidently determine the length of the third side. If the student 
dearly grasps this fact, the meaning qf this case of congruence will 
be more vivid to him, and he will be prepared for its important 
applications in surveying and in trigonometry. Even if he never 
studies those subjects, he will nevertheless be able to use his under
standing of the situation in any practical cases in which the angle 
between two fixed rods or beams is to be fixed or is to be determined, 
in a practical situation such as house building. Other congruence 
theorems throughout geometry may well be treated in a similar 
manner. 

2. Inequalities.-In the theorems regarding inequalities, the func
tional quality is even more pronounced. Thus, if two triangles have 
two sides of one equal respectively to two sides of the other, but if 
the included angle between these sides in the one triangle is greater 
than the corresponding angle in the other, then the third sides of the 
triangles are unequal in the same sense. This theorem shows that 
as one angle grows, the side opposite it grows, if the other sides 
remain unchanged. A full realization of the fact here mentioned 
would involve a real grasp of the functional relation between the angle 
and the side opposite it. Thus, if the angle is doubled, will the side 
opposite it be doubled~ Such questions arise in connection with H.ll 
theorems on inequalities. . . . . 

3. VaTiations in jig1u·es.-A great assistance to the 1magmatwn 1s 
gained in certain figures by imagining variations of the figure through 



all inter:rlletlia-te ;stages :fr.b;~n.:- ;one ~ ca,.se; :.to ; another. :mh:u.s;: the: :·angle~ 
betw.;ep38. ;twrl4ine!';.tnat :cUJi : 8,[ cir.el~_ds ·measmed_,~J!>y ·8,fprbper~.C()JJlbina'1' ; 
tron~ :of \tfie{twd(arcs :cut: :finit of-~pe. i circlerfby .t:he ,two Jines:.:d:~s ·, the ~ 
v.ertexi of, ~the .angl-e :;polssesi fronr ·~e~.eerrt..er· . .~..oiJ <th~r circle :tio ·;the;.· cir~
~Unrlerenee·~ and', ·theneer torfthe ,:ali tsi.®i o$rt1ie · ci:rel-e, ·the.r rule ichanges;~ 
but ,these-changes mayib& ,born~·in!lnind, and:. the· entire~seh:eme· may.'..: 
be. gi"aspedv by im.agining.:a ' continuousi.change; from : the·· .. onei position 
to i .the &ther,,JolloWing all --:the time the : changes in ,thednte:rceptedi 
ares~ 1 • -·T4e ;angle.= between a secantrand a tangent is:·measured :.iil:;a :. 
manner that can best be grasped· by; ~nother :slich~ continttQus;;ID.otion;:· 

. watching the changes i:r;t.' t:b.e me~suring arcs . ~~- , the motion occurs. 
Such observations 'are · essentially fuilcti6nal ·.ih ·character, for they 

· ~onsist ,jn. careful obser~a,tions of -~he ;~~lationships. : betweenr~the ;:ailgle 
to <be xneasuretl~ :and ' the arcs ·that measure 'it.':' 
. •; 4: .. .-Motion.~ The,'preceding • discussion of variable ~ :figures/l'eads, na t,.y 
urally to a dis6Iss~on .of· ~ctlial motion. '. As :figures ~ mo.ve; . e-ithe.:t ilt:: 
whole or in ~ part, the . relationships _;he~ween i tb.e qua.ntities_.:involv:ed·· 
may change •. . :To ,note these, changes·js: .. to ~tJtdyrthe. :iunCltip.n:M r~la
tionship.s between the parts of; the .figll1:"es,. . Witho:nt ~the funcifio.nfil: 
idea, .geometr;y. would be . wholly: ~tq.t.ic• the study.; :~f,ji~ed:.~:figlu:es, 
should· not be the.s·ole-purpose of.a :cours_e in: g~Qn.iEttry~JorJihe .ps_e~ :of 
geoln.etry ,ate not .wholly.:on: st.aticdiglir~s,~-, r InJ:leed,; d:lir fli!L.machinery ;; 
the~ geom.etr~e figilreS?·foraed ·ar~ ;in ··continual mo.tion, :;and· .t:h~ s:h8!p.es:; 
of-,the .>fighres iohried , by · -~e ;_moVing •. :parts chang.e. ~ .The s~l1dy, qf1 

Jnotion- and of mov~g - :forms, .the dyna'f!l,ic _ aspect~ oLgeomfftry,: 
. should be ;given .at-least some consideration . . -•. Whe:J?.ever t~;-i~done,-· 
t~~ Junctional. •relations. :betwe.en: ~he . pJtr:ts .-becom~: .. of. pri:fu~ ·· :Unp.Q:r~. 
tan~e. : _. Thus , a .- linkage. of •the:form of :Jk·. p8t:raUel9gram .can ; b.e : :made: 
more;:q~rly ·re~t~gu):ar i·by; malring th~ diagon~.moi.ie ne.arl~: equal,· 
and' the linkage·becamesl afre·ctal}gle ~~the,,d-iagon..Ua:i.~:r:a .m_~~He :eAia~tly: 
equal. This prii:iciple is used in practice -'in making a rectangular 
frsJriework preciseiy . tr~:e• : 
;)'I 5.; Pi(!parti'o'IW.lityi theorems .--:All.:theor~ms~whleh ,8iSs.ertthat1cer;tain
quantities:~De'in:propor:tion'to cer~in others; ar.eJ)h:viously functional 
in · character.~ ' .. Thus eveiL the :siniplest_: thoore.rlls-. bn: ;r,ectangles :a.Ssent 
that· -the >area of a · rectang~e isHlirectly -'}lropor.~ional ~0 its heigbt,jf 
the 'base is fixed. ··. When'more serious·'.theorelris' .8ire. ·r:e~ched, . sl)..ch, as 
the · theorems .-.on similar :triangles;·1the functional . id-eas inyolv.ed-jare. 
worthy of: considerable. attention. ~ . That this ,is e:tnip.ently, true. :will 
be~ realized ·. by ~ all . to whotn trigonometry i~. familiar; .. f.or .-,the trig()-. 
nometric functions are nothing but the ratios of; the. sides;, of ~ right 
triqles. But even in the:di~ld . - of ;eleroentOtty igeom.etry a ... clear · 
understanding of the relation between the .ar.eas ;(and volumes) · ~ of · 
similar fig.es and the corresponding linear.- dhiiensions is . of<primo 
ix:nporta.nce~. ·.: · · 
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RELATIONSIDPS IN TRIGONOMETRY. 

The existence of . functional relationships in trigonometry is evi
denced by the common use of the words "'trigonometric functions" 
to describe the trigonometric ratios. Thus the sine of an angle is a 
definite ratio, whose value depends upon and is determined by the · 
size of the angle to which it refers. The student should be made con
scious of this relationship and he should be asked such questions as 
the following: Does the sine of an angle increase or decrease as ·the 
angle ·changes from ·zero to . 90° ~ If . the angle is doubled, does the 
sine of the angle double ~ If not, is the · sine of double the angle more 
or less than twice the sme of the original angle, ~ How does the value 
of the sine behave as the angle increases from 90 to 180° ~ From 180 
to 270° ~ From 270 to 360° ~ Similar questions may be asked for 
the cosine and for the tangent of an angle. 

Such questions may be reillforced by the use of figures that illus
trate the points in question. Thus an angle twice a given angle 
should be drawn, and its sine should be estimated _from the figlll'e. 
A central angle and an inscribed angle on ·the same arc may be 
drawn in any circle. If they have one side in common, the relations 
between their sines will be more apparent: Finally the relationships 
that exist may be· made vivid by actual comparison of the numerica.I 
values found from the trigonometric tables .. 

Not only in these first functional definitions, however, but in a 
variety of geometric figures throughout trigonometry do functional 
-relations appear. Thus the law of cosines states a definite relation
ship between the three sides of a triangle and any one of the angles. 
How will the angle · be affected by increase or decrease of the side op
'posite it, if the other two sides remain fixed~ · How will the angle be 
affected by an increase or a decrease of one of the adjacent sides, if 
the other two sides remain fixed~ Are these statements still true if 
the angle in question is obtuse~ 

As another example, the height of a tree, or the height of a building, 
may be determined by measuring the two angles of elevation from 
two points on the level plain in a straight line with its base. A for
mulafor the height (h) in terms of these two angles (A, B) and the 
distance (d) between the points of observation, may be easily written 
down (h=d sin A sin Bjsin (A-B)). The:o. the effect upon the 
height of changes in one of these angles may_ be discussed. 

In a similar marmer, every formula that is given or derived in a 
course on. trigonometry may be discussed with profit from the func
tional standpoint. 

CONCLUSION. 

In conclusion, mention should be made of the great role which the 
idea of functions plays in the life of the world about us. Even when 
no calculation is to be carried out, the problems of real life frequently . 
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involve the ability to think correctly about the nature of the relation
ships which exist between related quantities. Specific mention has 
been made already of this type of problem in connection with interest 
on money. In everyday affairs, such as the filling out of formulas 
for fertilizers or for feeds, or for spraying mixtures on the farm, the 
similar filling out of recipes for eooking (on different seales from that 
of the book of reeipes), or the proper balaneing of the ration in the 
preparation of food, many persons are at a loss on aeeount of their 
lack of training in thinking about the relations between quantities. 
Another sueh instanee of very common oeeurrenee in real life is in 
insuranee. Very few men or women attempt intelligently to under
stand the meaning and the fairness of premiums on life insurance and 
on other forms of insuranceJ chiefly because they ean not readily 
grasp the relations of interest and of chanee that are involved. 
These relations are not partieularly eon1plicated and they do not in
volve any great amount of ealeulation for the comprehension of the 
meaning and of the fairness of the rates. Meehanics, farmers, mer
chants, housewives, .as well as scientists, and engineers have to do 
constantly with quantities of things, and the quantities with whieh 
they deal are related to other quanti ties in ways that require elear 
thinking for maximum effiei~ncy. 

One element that should not be negleeted is the oceurrence of such 
problems in public questions which must be decided by the votes of 
the whole people. The tariff, rates of postage and express, freight 
rates, regulation of insurance rates, income taxes, inheritance taxes, 
and many other public questions involve relationships between quan
tities-for example, between the rate of income taxation and the 
amount of the income-that require habits of functional thinking for 
intelligent decisions. The training in such habits of thinking is 
therefore a vital element toward the creation of good citizenship. 

It is believed that transfer of training does operate between such 
topics as those suggested in the body of this paper and those just 
mentioned, because of the existence of such identical or common 
elements, whereas the transfer of the training given by courses in 
mathematics that do not emphasize functional relationships might be 
questionable. 

'Vhile this account of the functional character of certain topics in 
geometry and in algebra makes no daim to being exhaustive, the 
topics mentioned will suggest others of like character to the thought
ful teacher. It is hoped that suffieient variety has been mentioned 
to de1nonstrate the existence of functional ideas throughout elenlen
tary algebra and geometry. The conunittee feels that if this is 
recognized, algebra and geometry can be given new n1eaning to n1any 
children, and that all students will be better able to control the actual 
relations which they meet in their own lives. 



Chapter VITI. 

TERMS AND SYMBOLS IN ELEMENTARY MATHEMATICS.1 

A. Limitations imposed by the committee upon its work.-The com
mittee feels that in dealing with this subject it should explicitly 
recognize certain general limitations., as follows: 

1. No attempt should be made to impose the phraseology crf any 
definition, although the committee should state clearly its general 
views as to the meaning of disputed te~s. 

2. No effort should be made to change any well-defined current 
usage unless there is a strong. reason for doing so, which reason is 
supported by the best authority, and1 other things being substantially 
equal, the terms used should be international. This principle excludes 
the use of ali individual efforts at coining new terms except under 
circumstances of great urgency~ The individual opinions of the 
members, as indeed of any teacher or body of teachers, should have 
little weight in comparison with general usage if this usage is definite .. 
If an idea has to be expressed so often in elementary mathematics 
that it becomes necessary to invent a single term or symbol for the 
purpose, this invention is necessarily the work of an individual; but 
it is highly desirable, even in this case, that it should receive the 
sanction of wide use before it is adopted in' any system <>f examina
tions. 

3. On account of -the large number of terJllS and symbols now in 
use, the recommendations to be made will necessarily· be typical 
rath~r than exhaustive. 

I. GEOMETRY. 

B. U~jined terms.-'-The committee recommends that no attempt 
be made to define, with any approach to precision, terms whose 
definitions are not needed as parts of a proof. 

Especially is it recommended that no attempt be made to define 
. precisely such terms as space, · magnitude, point, straight line, surface, 

plane, direction, distance, and solid, although the significance of such 
. terms should be mad.e clear by informal explanations and discussions. 

C. Definite usage recommended.-It is the opinion of the committee 
that the following general usage is desirable: 

1. Circle should be considered as the curve; but where no ambi
guity arises, the word ." circle" may be used to refer either to 'the 
curve or to the part of the plane inclosed by it. 
~---

1 The first draft of this chapter was prepared by a subcommittee consisting of David Eugene Smith 
(chairman), W. w., Hart, H. E. Hawkes, E. R. Hedrick, and H. E. Slaught. It was revised by t~national 
committee at its meeting December 29 and 30, 192Q. 

61 



62 MATHEMATICS ·JN SECONDARY EDUCATION. 

2. Polygon (including triangle, square, parallelogram, . and the like) 
should be considered, by analogy to a ~ircle, as a closed broken line; 
but where no ambiguity arises, the word polygon may be used to 
refer either 'to the broken line or to the part . of the-plane inclosed ·by 
it. Similarly, segment of a circle sh9uld be defined as the figure 
formed by a chord and either of its arcs. 

3. Area of a circle should be defined as the area (numerical measure) 
of the portion of the·· plane · inclosed by . the circle. Area of & polygon 
should be treated in the same way. 

4. Solids. The usage above recoinmended with respect to plane 
figures is also recommended with respect to <s·olids'. For example, 
sphere should be regarded as a surface, its volume should be defined 
iri a manner similar to the area of a circle; and the double use of the 
word should be allowed where no ambiguity arises. A similar usage 
should obtain with i:'~spect to such terms · as polyhedron, cone, and 
cylinder. 

5. ·Circumference should ·be considered as the length (numerical 
measure) of the circle (line). Similarly, perimeter should be defined 
as -the length of the broken line whicli forms a polygon; · that is~ as the· 
sum of the leng-ths ofthe sides. 
· . 6. Obtuse angle should· be defined as an angle greater than· a right 

angle and less than a straight · angle, and. should ' therefore not · be 
defined merely as an 'arigle greater than a· right angle. ··_ 

7. The term right t'ri-angle · should he preferred to "right-angled 
triangle," this usage being now .so standardized in this country-that 
it may properly be continued in spite of the fact that it is not inter
nationaL Similarly for acute · triangle, obtuse triangle, ·· and · oblique 
triangle. · · 

8. Such English plurals a~ forr(l/~las and · polyhedrons ·should· be 
used in place of the La tin aiid --Greek : plurals. Such unnecessary 
Latin abbreviations as Q. E~ D. arid. Q. E. F. should be dropped. -

9~ The definitions · of axiom and postulate vary so much tha-t . the 
committee does not undertake to distinguish between them. . 

D. Terms made general.-Itis the recommendation of the commit
tee that . the modern . tendency of having · terms made as ·general as 
possible should be followed. For example: 

1. Isosceles ·triangle • should -· be •-defined as a triangle having two · 
equal sides. There should be no limitation to two arid ·only two 
equal sides. -

2. Rectangle- should be considered as including a square as · a special 
case. 

3. Parallelogram should be considered as including a rectangle, 
and hence a square, as a special case. 

4. Segment should be used to designate the part of a :.traight _line 
included between two of its points as well as the figure formed by an 
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· arcof a cirCle and its chord; this -being the usage generally recognized 
by' mo~rn writers. . . ' . . . ' . ; ; 

E. Terms to be abandoned.~It is the opinion of the committee that 
the follow~ng terms are not ~of enough consequen:ce • in elementary 
'mathematics at the' present· tune to make their recognition desirable 
'in examinations, and that they serve chiefly to increase the technical 
vocabulary to the point of being burdensome and unnecessary: 

1. Antecedent and consequent. 
; ' . 2. Third proportional and fourth: proportional. 

3. Equivalent. An unnecessary substitute· for · the more precise 
·expressions ''equal in area"- and ' ·'equalin· volume," or (where no 
confusion is likely- to • aris~) for the single word ''equal." 

· 4~ ·Trapezium. · · · ' c 

5. Bcholium, lemma, oblong, scalene tridngle; ·sect; perigon, rhomboid 
(the ·term -~oblique parallelogram)' 'being ~ sufficient), and '_reflex angle 
(in elementary geometry), · 
··· :6. Terms like .flat angle, whole angle, ' and ·conjugate_ angle are not of 
enough value in an elementary course to make it desirable to ree-· 

. ommend -them. 
· · 7. Subtend, a word which has no longer any etymological meaning 

;to ·most students and teachers of geometry. · While its use will 
naturally continue for ' some time to -come, · teachers' may safely in
cline to such forms as the following : "In the same circle equal arcs 
:have equal chords." · · ·_ · · · · 

· 8.' Homologous, the less technical term "_corresponding" being 
preferable.-

9. Guided by principle A2 and its interpretation, the committee 
advises against the use of such terms as the following: Angle-bi
sector, angle-sum, consecutive interior angles, supplementary consec
-utive exterior angles, quader (for rectangular solid), sect, explement, 
tra-nsverse ·angles. · · 

10. It is unfortunate -that it ·still seems to be necessary to use·-such 
a term as parallelepiped, but we seem· to have no satisfactory substi
tute. For rectangular parallelepiped, however, the use of rectarv
gular solid is recominended. If the terms were more generally used 
in elementary geometcy it would be desirable to · consider carefully 
whether better ones could not be found for the purposes than · iso-
perimetric, apothem, icosahedron, and dodecahedron. . 

F. Symbols in elementary geometry.-lt should be recognized that 
a symbol ·like ..L is merely a piece · of shorthand designed to . afford 
an easy grasp of a written or printed statement. Many teachers 
and a few . writers make an extreme use of symbols, coining new 
ones to meet their own views as to usefu1ness, and ·this practice is 
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naturally . open to _ objection.~ There -are; -however1 certain, symbols 
that are international and certain others of which the meaning -~ 
at -once · apparent and _ - ~hich :aJ,:e .:s~ciently ._ ,usef¢ _ a~4_ generally_ 
enough recognized to be reconi.mended. _ 

For example, the smbolsfor. triangle~ .L}., ~d circle, 0, are_inter
na.tion&tl, although used more extensively in .the United States th.ap. 
in other co~tries. Their use, with their customary plurals, is roo- . 
ommended. 

The symbol J., generally read as representing the single word 
''perpendicular_'' but sometimes as standing for the _phrase ''is _ per
pendicular to," is fairly international and the J:ne&ning is app~en~. 
Its use is theref{)r.e recommended. On account of such a phrase as 
"the l. .A.B," the first of the above readings is likely_ to b.~ the more 
-widely used, hut in either C1l,Se there is J;lQ cl;lance for co~si~. 

The symbol IJ -for ''parallel'' or ''is .parallel to'' is fairly interD;a-
tional and is recommended.. -, 

The symbol ~- for "similar" Of ujs simila,r to" is h1ternational 
and is recommended. -

The symbols ~ and - for "congruent" or ."is ;,C()J,\gtuent to" 
both :have a considerable usein this country. The -committee feels 
that the former, which is. fairly international, is to be preferred 
because it is the. more distincijye. and .$uggestive~ 

'fhe s~l L_J;Qr ' ~ angle" is, b~~e of its .simplicity, coming 
to be generally -preferred to any other and is therefore recommendEM!. 

Since . the .following. terms are not used frequently enough _ to 
render special symbols of any particular value, the world has -L\.pt 
developed any that have general acceptance, and th~e seems to. be 
no n~ssity for making the a~tem.pt: Square, rectangle, parallelo-
gram,, tr~e~Q,, . _quadrilater~, . s~¥ricircle.. . _ _ . -

The :~ymbol JB _ for ~ .':~c ' AB '.' -ean not -be _called. international. 
While the value of the symbol -- in place of the Short word are. is 
doubtful; . the committee sees no objection to . its use. _-, 
· The symbol . ·. for "therefore H has a va.lu~ that is gener$lly recog
nized; but the symbol ·.·for "since'' is .used so seldom. that it should 
:be aband-oned. . - · 

With respect to the lettering o-f figures, the committee calls atten
tion for purposes of general informaition .tQ a convenient meth'Od, 
found in certain European and in some .American textbooks, of _ 
lettering triangles: Capitals represent the vertices, correspPnding 
small letters :represent · opposite sides, corresponding· sJll8.ll Greek 
letters represent angles, and· the ' primed ' letters represent the. corre
sponding parts·of a congruent or similar triangle. This .permits of 

1 This is n~t .intended to dJscourage the use.of algebraic methods in the solution of ~uchgeom~tric p~~b
lems as lend tuemselves readily to algebraic treatment. 
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· speaking of .a (alpha) ·instead of "angle A, " and of "small a " instead 

of BO. The plan is. by no means international with respect to the 
Greek 'lett~. , The. committee :is prepared, 4owever, to recommend 
it with the optional use of the ·Grook forms. 

In · general, it is recommended that .a single letter be used to des
ignate any geometric ttl.8ignitude, whenever there is no danger of 
ambiguity. ·The use of numbers alon-e to designate magnitudes 
should be avoided by the use of such forms Au A,, ..• . 

With respect to the symbolism for limits, the committee calls 
·attention to .the fact that · the symbol == .is .a local one, and that the 
symool -+ (for H tends to") is both internatioiial and expressive and 
has constantly grown in favor in recent years. · Although. the subject 
of limits is not generally .treated seien.tifieally in the ·secondary school, 
the idea is mentioned in geometry and .a sym.bol ·may -occasionally 

-be needed. · · · . · 
While the teacher should he allowed freedom in the matter, the 

committee· feels that it is desirable to discourage the use of such 
purely local symbols as the following: _ -

4::: for H equal in . degrees," 
ass for "two sides and an angle adjaeent ta one of them;'' and 
sas for f' two ·sides and· the included angle."' 
G. · Terms n-at .standardiud.~At ·the present time there is not-suifi

·cient agreement upon which · to base recommendations as to the u8e 
of ·the term ray and as to the value of terms like coplanar, coUinear, 
and concurrent -in elementary · work. ·Many terms,-similar· to these, 
will gradually become standardized or else will naturally drop out 
~~ . 

n. ALGEBRA AND ARITHMETiC. 

H~ Ter~ in algebra~---:!. With respect to equatio~ the committee 
calls attention to the fact that the classificatio~ _ acoording to degree 

-is eomparatively repent and that t~ p~ob-ably accounts foJ: the fact 
that the terminology is so unsettled. . The Anglo-American custom 
of. designating . ah equ.a#on of the ·first ,d.egree as a .8imple equation has 
never been satisfactory, because the -term h.as no real significance. 
The most nearly . international ~enns are equation of the first degree 
(or "first degree equation") _and linear equation. The latter is ·so 
brief and suggestive that it should be gene~ally adopted. · · 

2. The term quadratic equation (for which the longer ~erm '~cond 
degree equation" is an unnecessary synonym, a~ though occasionally 
a convenient one) is well es.tablished. The tern,tS p~re quadratic .and 
aifected .quadrat_icsignify nothing to the pupil except as he.learns t~ 

. meaning from a-book, and the committee recommends that they be 
dropped~ , .· 'J'erms _more ne-arly in gen~ral ll$e are complete quadr.atic 
and incomplete quadratic. The committee feels, however, that the 
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~distm~tion ' thus . "denoted . is . no:t !>.Of much 1itnport8!fice /.>and:< helievsg 
·that it · can.:··w.en b-e' dispensed' With, ih;,elem:en tBity: ,insttu.cti6:ti. 
; · 3HAs :· to otheri spooial te:rm:sg the' i <eb:mmittee<recommehds /~aba;ri.
doning, so far as possible~~ rthe ;us~' l)ft<c;tfie'l .fc:rllow!ing ~ : ~ggregationdbr 

··groupblg;' ~Dinculttm ~ for bar;-i;evolietibnl for dind:mg ,roo.ts;r :as, a, ge:m.eral 
'itopic; ' ~irivolution Jor ,;finding· · powe:r-8;~ -·· extract : for : find :. (~ ·root};. t ab.~o
lute term ;for :co~tant term~;- -mvltiply an .. equation; clear of fractior.vs' 
cancel and transpo_se, . at least ' until the significance ·of the ' terms; :is 

;~ntirely elear; .• al~fJ:uot· part; (except· in . commercial work) .: ' 
:_11 ~ ~4>The committee also ·advises th~ use of :either system ofi~quations 
~-Or • set of equations instead·· of · '~simultaneous equatiorts/' in · · such, · ~n 
expression··a!) · ~ ·"solve the following set· of equations,~' .. fu :view• ·of~4He 
fact that ·at: present no ' welf ,established · definite'"'l,:Q.ean.ing att8ehes 

·.t(rthe term '·'simultaneous/~ 
5. The term simplify should not be .used in cases where-J there~ds 

possibility of: ·· misunderstanding~ ·, · For p'ttrposes .. ·of •computation;, for . 
exaniple"{ the<fo~ . .J8: inay be simpler .. than : . ~the, .:form . 2-v'2, '- 1 and 
ip. some cases it ·may b~better .to ,·express_ 4f · as, , ~o_.:75,, ·inS~dh9.f 
i$. In such cases, it is better to give .J:nor:e :; e~plj.cit;· ms~uctions 
than,to l,ISe the misleading term "simplify." . . . 

· 6 •. The committee regrets . the general uncertainty in • the ,. u~e. of 
the ,wo.rd surd,. but it sees :no :r;easonable chance .at. prese;r).t , ~freplAeing 
-it : by f a :~more , :definite, :term: • . ·,. It ; recognizes·. the . ,diflieulty · :g~ne:J,'ruly 
met ·: b.y , young · pupilS fin · distinguishing .between ::coejjic~nt . ~d , ~J}P
nent; but .itfeels tthatdt· is< unde.sirable ·to attempt· oto chang~: , t~JmlS 
.which have: come tO .have a standardized -meaning and w~~h;~e 
reasonably simple. These considerations will probably lead ~:t_Q . the 
retention of such ter1p.s as rationp.lize, extr(lneo?+S root, characteristic, 
and mantissg, _although in the case, of _the last .two t~rms ','_in~gral 
part u,~ 'and':. i''fractiOn~· p'a,ftU). (Ol~ :a; lqgtirittmt).' ·WOWd;' Seem td be 

. deSirable substitutes~ · .• : 
·· 7~· · 'While ·recogriiZirig ·th~ piot.ive that has pro:rti.ptea· a:few ·t_eacheis 

to,. Sp~aK Of '" po'sitive' x·j' '-instea,d Of -,., p}U~ ' X{'·' and· i Hnega~iV~' · ~:'' 
··mste~q of "minus y,"' ilie>co1JUX1ittee feels ·tharattempts to:.' ch~rige 
general usage shoul~ not be made whe:il 'based ·upon,.' trivialgrou(H:l:s 
and when not sanctioned by mathematicians generatly; _ 

I. Symbols in algebra.~The · symb~]s in elem~ntary algehra ··are 
.now so well standardized as torequire but few.collllnentsm·a;:feport 
; of thiS kind. · The · committee feels that it is desirable,; however~ to 
; call attention to the:followirig d,etails: 

1.· Owing to the frequent'·use of the letter x, it is preferable to use 
'the center· dot (a -raised period) for multiplication in the few::c,ases 
iJl which any symbol is necessary. For example, in ca :case; like 
1·2·3· ~ · (z~l) ·x, the center dot'is preferable to ~the · symbol ·'X; btit 
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in cases like 2a(x ~a) no symbol is ·necessary. The committee 
recognizes that the period (as in a.b) is more ·nearly international 
than the center dot ·(as in -a· b); but inasmuch as the period will 
continue to be used in this country as a decimal point, it is likely 
to cause confusion, to elementary pupils at least, to attempt to use 
it as a symbol for multiplication. 

2. With respect to division, the symbol+ is purely Anglo-American, 
' the symbol : serving in most .countries for division as well as ratio. 
Since neither symbol plays any part in business life, it seems proper 
to consider only the need_s of algebra, -and to -make . more use -of the 
fractional form and (where the meaning is clear) of the symbol/, 
and to drop the symbol + in writing algebraic expressions. 

3. _With respect to the· distinction between the use of + and -
as symbols of operation and as symbols of direction, the co~ttee 
sees no reason for attempting to use smaller signs for the latter pur
pose, such an attempt never having received international recog-

, nition, and . the need of two sets of symb9ls not being sufficient to 
· warrant violating international usage and, burdening the pupil with 
this additional symbolism. - . 

4. With respect to the distinction between _the symbols= and = 

as representing respectively identity and equality, the committee 
. calls attention to thefact_ that, while the distinction is generally 
recognized, the consistent use of the symbols is rarely seen in practice. 
The committee recommends that the symbol = be not employed in 
examinations for the purpose of indicating identity. The teacher, 
however, should u~e both symbols if desired. 

5. With respect to the root sign, r, the committee recognizes 
-that convenience of writing assures its continued· use ·in many ca,ses 
instead of the fractional exponent . . It is recommended, however, 
that in algebraic work involving complicated- cases· the fractional 
exponent be preferred. Attention is also called to the fact that the 
convention is quite generally accepted that the symbol .Ja (a rep
resenting a positive number) means only the positive square root 
and that the symbol ;fa means only the principal nth root, ~ and 
similarly ;for ~' . a1ln. The reason for this convention is apparent 
when we come to consider the value of .J4+ {9 + .J16.+ -/25. 
This conv~ntion being agreed to, itis improper to write x= -[4, as 

· the complete sohltion of x2 -4=0, but the result should appear as 
x = ± .:{.1. Similarly, it is. not in accord with the convention to 
write -.J4 = ±2, the conventional form being ± .J4 = ±2; and for 
the same reason it is impossible to have .J( _,.1) 2 = -1, since the sym
bol refers only to a positive root. · These distinctions are not matters 

· to be settled by the individual opinion of a teacher or a local group of 
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teachers; they are purely mattf}rs of convention as to notation, and 
the committee. simply se·ts forth, for the benefit of the teachers1 this 
statement as to what the .convention seems. to he arn.ong the leading 
writers of th.e world at the present time. 

When imaginaries are used1 the . symbol i should be employed 
instead of ..J- 1 except possibly in the first presentation of the sub
ject. 

7. As to the factorial symbols 5! .and. j~, to represent 5 · 4 · 3 · 2 · l, the 
tendency is very general to · abandon the second one, probably on 
account of the difficulty of printing it, · and the committee so recom
mends. This question is no-t, however, of much importance in the 
general courses in the high :school. · . 

8. With respect to symbols for an unknown quantity there has 
been a noteworthy change within a few y-ears. While the Cartesian 
use of x and y will doubtless oontinue for two general unknowns, 
the recognition that the formula is, in the broad use of the term,~ 
eentral feature of algebra h'8S led. to the extended use of the initial 
letter. This is simply illustrated in the direction to solve for r the 
equation A.= 1rr2• This custom is now international ·a.nd shoUld be 
fully recognized in the schools. · 

9. 'The committee advises abandoning the double colon(: :) in 
proportion, and the symbol oc in variation, both of these symbols being 
now practically obsolete. 

J. Terms -and symvols in arithmetic.-!. While it is rarely wise to 
attempt to abandon suddenly the use of words that are well estab
lished in our language, the committee feels called upon to · express 
regret that we still require v-ery young pupils, often in the primary 
grades, to use such terms as subtrahend, nildend, ·minuend and multi
plicand. Teachers themselves rarely : und~tand the real signifi
cance of thes~ words, nor do they recognize that they are com
·paratively modern additions to what used to be a mu~h simpler 
vocahularly m arithmetic. ·The oommittee recommends that. sueh 
terms be used, if at all, only after the sixth grade. 

2. Owing to the uncertainty attached to such expressions as 
'r to three d-ecimal places,'' ''to thousandths,'' 'r correct to three 
decimal places," "correct to the nearest thousandth," the following 
usage is recommended: When used to specify .accuracy in .computa
tion, the four expressions should be regarded as identical. The 
expression "to three decimal places" or "to thousandths" may be 
used in giving directions as to the extent of a computation. It then 
refers to a result carried only to thousandths, without considering 
the figure of ten-thousandths; but it should be avoided as far as 
possible because it is open to misunderstanding. As to the term, 
'"significant figure," it should be noted that 0 is always significant 



except; when - ~edi 'b~fin~~;- :& · dec~l frit~titm ·to . indicate . th-e -absence 
of integers or, in general, when used merely to locate the dee~al 
point . . For exa.mple, ".tlre ~ , zel'OB ; un.dersoote<f·.in t}le following are 
':.sigriifimnt," while: the others: am1not·: o~s;:: 9~50, : 162~ 30,200~ · FliD
th~i.!-rt.h0mumber 2396, -· if' ex:(;l"essed :~ttect:th-tliee~a.Iltfigures, : 
woUld:.be written '2400Jf _; lt ·shoida 'b~ noted: th&it the context or the 

.. way ~ •which a :num.l>er· has been''obtained iS Sometimes the deter- . 
ini'n1ng_factor1t8 to· the signifieanee 'ofai ;9/ ' --~ :. ~' - ' -: 

· ' ' 8~ :·The :pt1pil m.:' atithm:etiirnee~ ' tot · soo · ·ru~-1vm-k in the form in 
which he will use it in practicsllife· ol;lts~de~· the< schoolroom. His 
'vis~alizat~(>n ; of. the process .should' ·the_refore no-t' melu~e such symbols 
as: +:; · ·..:..:: ~ 1 x ~ + , Which · are ·helpM ,.on!y:m::writmg' out ;the ariai~·· of 
aj>-roolem'or· in' the prln ted statErm~nt of ~he operation to be perfOr.tned~ 

-~emitise' 'of-l these ·fae·ts - ~he co:Oririi~te~ -~commend~ thaforily s~ht 
\ls(fp~-~~ade of'these syrilb~ls: m'·the written :-worlt of tlie pupil, e~cept 
·in:: the-arialysi~ of· ·pro.bl~~. ··:It , rec~es;··. ho\Vev~r, · th~ • value 'Of 
such~ ;·sjmliols . ih prin t~d . directions itlid m . these: aiuilyges. 

, • \ 1 • 

•. ' 

-~· 1G~~~l\L· ~SF.:~V4TI()NS -~~ ~Q~~~'J;IO;N'S •. 

K. General obs·e~m~:.L.:Th~ ;eomrhltWe 1 'desires: aiSo;to record its . 
belief in two or three general observations. 

1. It is very desirable to bring mathematical writing mto closer 
touch with good usage in English writing in generaL That we have 
failed in this particular has been the subject of frequent _comment by 
teachers of mathematics as well as by· teachers of English. This is 
all the more unfortunate because mathematics may ·be and should be 
a genuine help toward the acquisition of good habits in the speaking 
and writing-of English. Under present conditions, with a style that 
is often 'stilted arid in which undue compression is evident, we do not 
offer to the student the good models of English writing · of which 
mathem~tics is capable, nor indeed do we always offer good models 
of thought . processes. It is to be feared that many teachers encour
.age the use of a kind of vulgar mathematical slang when they allow 
such words as ''tan" and "cos," for tangent and cosine, and habitu· 
ally call their subject by the title "math." · 

2. In the same general spirit the c~mmittee wishes to observe that 
teachers of mathematics and writers of textbooks seem often to have 

·gone to an extreme fu. searching for technical terms and for new sym
bols. The committee expresses the hope that mathematics may 
retain, as far as possible, a literary flavor. It seems perfectly feasible 
that a printed discussion should strike the pupil as an expression of 

· re~onable ideas in .. terms of reasonable EngliSh forms. The fewer 
technical terms . we . introduce, the less is the subject likely to give 

a The underscoring of significant zeros is here used merely to make clear the committee's meaning. 
The device is not recommended for general adoption. 
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· the .. impre8sion .. of :being diflicult · :a,ndi: a : mere•·jugg1ing' 'of·· wordsr·:and 
isymbolsj . . .. 
· :3 .. ·While ·r'ecognizfug the claims of :ettphohy, .t:qe:·fact that a ·iword 

-like '' hlstorl6 ~~ '~has . ·a: ~diffe:rent 'meani:ag Jrom: ~f historiC&l ': '"- :~arid ··that 
nf . ·· · ··. ·· II . · if " · . t.~ ·t· ., • · ·d · ,_ d. 

1
Co ~s.ton :me.y pcca.s10:m.a .· y: anse . .. . ;.: .ant~Etlp;; · ;lS. use ,-p,sc ~n.:;a,_- Je~ 

.tive: with • _a,;di1fe.re:Q;ti ;pron'UD.~iatjO.ndr.om the: noun, .the <co:rn.tp;ittee 
· .~dvj~es tJ:r~~ : ·s~cll . _ fprp:ts~ . Q.~ : geometric be . pr«3f~rr:ed to. g;eo.ID:~triGal·. 

Tliis is already done in such .. te~s, as . analytic , geo;m.~try :BA<l -e).l;ip,ict 
Jun.~tions,, : ~d, it ~~~~ :propel; to ~xte,nq _the,.Gusto:rn t()ID<(lu,q~ ·ar#h-
,.'IM,tic, g~o~tri~, gr.aphie, and t4~ .like~ . : . 

"'·~ . Ge~r;f!l r;~co.rr;Ll!Uf!4ati()ns.-r:Jn view ~ - 0.~-.-. tlle> P,e~i.r.appjty : .Q( ; - ~ 
·;s,jmplific~tioniof: term.s :l,l~ed in ~le:rn~ntaryinstruction, and of _esta:blish,; 
jyg.iiit~rn~ti9pa~ :u~.~~: $!<;>, f~r- ~~- i~ -~~a89:p.a,"qle, . th~ . cornmiP.t.e~:l:f~v()~~ 
_:r;n~IJ.9s .~}l.at.J ~};l;e. S¥Pi~ct-: .of thi$ :repqr~ b.e . consid~r.ed by ; a·i ;<?o:wHH-~t~~ 
~to~-b~. , apRoiyt~d. \>y - ~e~~ion)Y of the ne:xt: InternationaLQongJ;~13~ ·J?f 
Matll:~matic}aD;§, such,commi.ttee _to contain..;represep.ta_tives qf. at, '!P~P 
·the recog~ed ,.in.-p,~rnt;tti9palla11.gu~ge~ aqiUi,~t~d. t() : the, ,meeting~1u .. ! 

2. The comniittee suggests that examin.ing bodies, contributors to 
matherriatfcal jour:h'aJs,· and authors ·of' teiftDOOKS ; eJ1\(l~'ttvor·Ite . .follOW 
,~e ,g~:r;t~Fal : prW,cip~e~ fonnl;ll~ted in this report. 
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