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ABSTRACT 

The financial crisis of 2008 has highlighted the flaws of the rational 

assumptions made by macroeconomic models. Behavioral economics shows that 

human economic behavior consistently violates the economic rational assumptions. If 

the crisis was brought about through a Tragedy of the Commons of economically 

irrational behavior, then it is imperative to develop a method for monitoring this 

situation.  

Systems theory shows that behavior over time is representative of the 

underlying systems structure. Therefore, the system’s archetype of the Tragedy of the 

Commons generates a trend that could be monitored. This dissertation develops and 

validates the Self-Starting CUSUM control chart for Trends and a post-signal 

diagnosis Change Point Maximum Likelihood Estimator to determine the point in time 

when trend behavior shifts. 

The study conducts a human experiment to test the effectiveness of 

transparency and public communication as a solution to the Tragedy of the Commons. 

The statistical process tools developed show that the solution is very effective and 

immediately shifts the trend of consumer behavior. The study is successful in 

developing and demonstrating a method to control the Tragedy of the Commons, test 

possible alternative solutions, and uniting behavioral economics with macroeconomic 

trend monitoring. 
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CHAPTER I 

1. INTRODUCTION 

The global recession in 2008 was the worst economic recession since the Great 

Depression in 1929. The financial crisis had many externalities that caused a lot of 

suffering for many ordinary people across the world. An incident like this begs the 

question: How did this happen? Verick and Islam (2010) published a report that helps 

explain many of the failings in this complex economic system. One thing that is 

evident from this, and other similar reports, is that there were many reasons and many 

people to blame. This is contrary to the belief that most people behaved ethically, and 

only a few people did terrible things to cause the recession. For example, Bernard L. 

Madoff was able to execute the biggest Ponzi scheme in the history of Wall Street; 

being able to swindle $17.3 billion of investor's money ("Bernard L. Madoff," 2012). 

Clearly, this is an astonishing loss of investment, but it does not substantially compare 

to all of the banking failures that occurred in that era. The International Monetary 

Fund  estimates that the global banking losses from the financial crisis are estimated  

to be $2.28 trillion when all is finally tallied (Crutsinger, 2010). Other reports have are 

now estimating a a higher cost is excess of $10 trillion (Kelleher, Hall, & Bradley, 

2012; Johnson & Capuano, 2013; Luttrell, Atkinson, & Rosenblum, 2013). Mr. 

Madoff did not generate the bulk of these losses; instead, common behaviors of the 

majority generated the losses.  

Different experiments have tested for honesty by exposing different participant 

groups to different levels of opportunity for cheating (Ariely, 2012). The findings 

from these experiments show that given the opportunity to cheat a large number of 

people will do so; but only by a little bit. This means that as opportunity to cheat 

increases, the levels of cheating do not significantly increase. There appears to be 

some moral boundaries toward which individuals gravitate around, even though they 

have more opportunity to cheat. Dan Ariely recounts that over the course of his 

honesty experiments, experimenters lost a few hundred dollars to people who 

egregiously took advantage of the cheating opportunities presented to them. However, 



Texas Tech University, Leonidas Guadalupe, December 2014 

2 

they lost thousands of dollars to a much larger number of people whom slightly 

cheated (Ariely, 2012, p. 239). This is interesting because cheating involves taking 

risks. Therefore, it is possible to say that people tend to take small risks. Even when 

the opportunity to risk more increases, most people will continue to take small risks. 

This theory can potentially explain some of the actions that led to the 2008 global 

recession.  

The “Tragedy of the Commons” (TOC) is a prevalent systems archetype which 

details how resource depletion can occur through common behaviors of consumption 

(Senge, 1994; Anderson & Johnson, 1997). Guadalupe and Beruvides (2012b) wrote 

about the tragedy of commons and how it manifested within Washington Mutual prior 

to its failure in 2008. The majority of its loan officers were taking on higher risks, 

because of bonuses and promotions possibly reinforcing this behavior. There have 

been studies that show how different incentive and compensation schemes affect the 

judgment of loan officers (Cole, Kanz, & Klapper, 2012). The actual financial records 

of the risks were not detailed, but it is suspected that most loan officers did not 

recklessly take on egregious levels of risk, even though there is evidence to support 

such a claim (refer to Guadalupe & Beruvides, 2012b). Instead, it is most likely that 

most officers took only a slightly increased level of risk. 

It is known that risk is not inherently bad or good, but it is indifferent 

(Harrington, Boyson, & Corsi, 2011, p. 119). Therefore, the objective should not be to 

eliminate risk, but to monitor the slight escalation or de-escalation of risk taking 

behavior within a system. Statistical monitoring would help identify and eliminate 

causes of shifts in risk taking behavior, much like how it does in a traditional 

production environment. It is important to identify causes that increase systemic risk 

quickly because ad-hoc remedies are theorized to be the best treatments for economic 

shocks (Schwarcz, 2008, p. 245). Any preventative regulations are thought to be too 

costly for the internalization of costs, and difficult to create in a way that it would not 

constrain the growing economic system (Schwarcz, 2008, p. 243). This makes 

identifying the area and the time of the behavior shift critical for creating appropriate 

corrective actions, and it limits the negative effects of unintended consequences. In the 
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books Freakonomics (2005) and Superfreakonomics (2009),  authors Levitt and 

Dubner showed how economic policies and incentives can produce detrimental 

unintended consequences. The creation of policies with full knowledge of the causes 

behind shifts in dynamic behavior should aid in protecting the system against inflation 

of systemic risks. Statistical process monitoring has the potential capability provide 

the information necessary for policy creation.  

One possible solution to protecting an economic system against increasing 

systemic risk could come from Statistical Process Control (SPC). Statistical 

monitoring techniques could possibly identify assignable causes of behavior shifts and 

develop solutions that would prevent a severe accumulation of risk. The problem lies 

with the notion that behavior is always in flux. Behavioral theories state that 

reinforcements and punishments increase or decrease behavior. In addition, normal, 

expected, or even rational behaviors have shown that they are at times hardly the 

average behavior (Kahneman & Tversky, 1979; Ariely, 2008). This type of application 

requires an SPC tool that can accurately detect a shift in trend for dynamic behaviors 

without prior knowledge of system parameters. This dissertation will develop an SPC 

tool suitable for this type of analysis and demonstrate its application. 

1.1. History and Background 

The focus of this study will be on dynamic behavior systems that foster 

patterns of increasing or decreasing behavior. It is to be made clear that dynamic 

behavior systems are those which are also referred to as non-zero slope, linear profile, 

trended observation, or living systems. The nomenclature of detailing a system with an 

increasing or decreasing trend depends on the field of literature. It is important to 

establish operational definitions because this research combines knowledge from 

different scientific fields. The biggest contributing fields are the psychology, statistics, 

and economics. The combination of psychology and economics is said to produce the 

field of behavioral economics (Camerer, 1999). Econometrics is the combination of 

economics and statistics, while statistics and psychology produce quantitative 

psychological research. This research will use knowledge from these fields to generate 

a new field that will open the science of statistical monitoring of dynamic economic 
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behavior. To provide clarity into the nature of the present research Figure 1.1 

illustrates the niche area where this research lies.   

 

 

 
Figure 1.1 Map detailing the philosophical location of this research. 

 

Individuals exhibit dynamic behaviors in living systems. Living systems 

usually do not lend themselves to the assumptions of statistical quality control tools 

(Tercero-Gómez, 2011, p. 7). This is because they are actually open systems that 

interact with the stimulus from the environment (Von Bertalanffy, 1969, p. 122). 

Scientist study quasi-stationary sections of the lifecycle because this allows them to 

test for differences amongst treatments in experiments. This often overlooks the fact 

that the systems being studied are in imperceptible stages of growth, aging, or decay 

(Von Bertalanffy, 1969, p. 122). Therefore, the statistical control tool used to monitor 

a living system throughout its lifecycle must consider changes in the system's 

parameters. It is the aggregate effect of these slow changes over time that is the 

interest of this research. 
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System parameters represent the true nature of the relationship between system 

variables. In the case of regression, the population's mean is the value upon which all 

observations deviate. Sir Francis Galton developed the concept of regression analysis, 

after studying the heights of parents and children, and finding that height tended to 

regress back to the average of the group (Kutner, Nachtsheim, Neter, & Li, 2004, p. 

5). System parameters can make predictions about the characteristics of an individual 

by studying the characteristics of similar individuals form their parent group. In turn, 

the key to managing a system is in the ability to predict the system (Deming, 1994, p. 

101). This is why the adoption of Statistical Process Control (SPC) has become so 

widespread in the management environment. 

The methodology of SPC is based on the statistical tools created by Walter 

Shewhart (Tercero-Gómez, 2011). These tools are aimed at finding assignable causes 

of unexpected variation within a process (Shewhart, 1931). Shewhart, like many 

scientist during that era, adopted the notion that knowledge about the world was only 

probable. A paradigm fueled by the work of C.I. Lewis (1929), which contradicted the 

paradigm of absolute and perfect knowledge. Shewhart (1931) knew that because truth 

was only probable, that there would be some inherit “chance cause” for any 

phenomena observed. This probable knowledge would allow a manger to control 

systems. He defined a system as controlled when it could be predicted within probable 

limits through the use of previous history (Shewhart, 1931, p. 6). When the system 

would violate these prediction limits, it was most likely because of some assignable 

cause. For a manager to regain control of the system, they must identify, and 

subsequently eliminate, the assignable cause. An assignable cause is an unknown 

cause that does not belong in the system (Shewhart, 1931, p. 14). W. Edwards Deming 

and the Total Quality Management movement later propagated SPC. The success of 

SPC in re-establishing Japan as a competitive nation in the manufacturing industry led 

to high rates of SPC adoption by other nations and industries. Today, management 

methodologies like Lean and Six Sigma still use the SPC methodology in process 

evaluations. 
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Engineers use control charts for visualization of SPC. A control chart 

determines whether a variation is most likely a chance cause variation or an assignable 

cause variation. Points that fall within the prediction control limits assume variation 

due to chance causes, and signal that the process is in-control (IC). Those that fall out 

assume variation due to assignable causes, and signal that the process is out-of-control 

(OC). In essence, it focuses the work of an engineer on removing assignable causes, 

and prevents a waste of time and effort on the futile work of trying to eliminate chance 

variations. This theory marks the birth of SPC. Control chart application has two 

phases. Phase I is controlling and Phase II is monitoring (Montgomery, 2008, p. 168). 

Phase I is used for analyzing empirical data and establishing the control limits that will 

identify assignable cause variation. The assignable causes would then be eliminated 

because it is essential to getting the system in statistical control (Shewhart, 1931). This 

shifts the priority away from the performance of the chart in the aspect of Average 

Run Length (ARL), which is normally not a good measure of performance for Phase I. 

In Phase II, the priority shifts to monitoring of system performance with respect to the 

system parameters set in Phase I. Here is where the implicit assumptions of static 

parameters make SPC tools unsuitable for monitoring living systems. ARL is a better 

measure of performance for Phase II because, given that Phase I was successfully 

implemented, there should be more hesitation to act upon an IC system (Montgomery, 

2008, p. 169).   

When studying a living system, most observations are planned around a slow 

and seemingly indifferent stage of lifecycles (Von Bertalanffy, 1969, p. 122). This 

allows researchers to attribute variation from regression to experimental treatments 

applied to different members of a parent group. This implies that all of the individuals 

in that group belong to the same statistical population. As data accumulates, 

population parameters are developed and future entities diagnosed as a member of that 

population, with population parameters established by the prior observations of the 

population. The philosophical insights of C.I. Lewis, which were internalized into 

Deming's Theory of Profound Knowledge (as noted by Cunningham, 1994), tell us 

that while these statistical parameters may not be absolute truth about the population, 
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it is probable knowledge that provides predictive power over a system. Therefore, the 

more probable truth is the one that provides better predictions (Lewis, 1929).  This 

research will push for a better prediction methodology for living systems by dealing 

with systems with no prior knowledge.   

There are living systems for which there is no prior knowledge with respect to 

the true parameters. In these cases, estimators approximate true parameters. However, 

because the system is a product of the stimulus from the environment, the true 

parameters of a system are difficult to determine. Observations from the working 

system have to be collected to build the estimators. For example, Hawkins (1987, p. 

299) details a situation in which there is an interest in the assaying of chemicals 

laboratories for the identification of bias and precision prior to production. At the time 

of this paper (1987), the current method for dealing with quality control in these types 

of processes was to perform a preceding operation with frequent sampling that will 

produce base performance metrics for use during production (Hawkins, 1987, p. 300). 

The problems with this method are that (1) it is expensive and laborious to recreate 

process working conditions as a pre-processing, and (2) this method leaves the 

residual random variability from the pre-processing as a systemic bias in the 

estimators (the mean and standard deviation) that will be used in the working process 

(Hawkins, 1987, p. 300). This indicates that the data gathered from the pre-processing 

might not even be representative of the actual process, making the estimations of the 

system parameters inadequate. This is because by not considering the estimation error, 

the charts power and Type I error probability lose their theoretical properties and 

hinder performance of the chart. Therefore, these processes require a quality control 

system that is not based on the exact knowledge of the process mean (Hawkins, 1987, 

p. 299).  

In 1987, Hawkins developed an alternative method of calculating the 

estimators for a cumulative sum (CUSUM) chart. This method eliminates the need for 

preprocessing, and provides estimators based on realistic and relevant metrics obtained 

from the actual working process. In addition, the adaptive nature of this technique 

allows the CUSUM to improve performance over time (Hawkins, 1987, p. 300) as 
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new data accumulates. Hawkins’s Self Starting CUSUM (SSCUSUM) is essentially 

the application of a traditional CUSUM chart to a normalized statistic calculated from 

the observed data. The CUSUM chart is used for detecting small shifts from the mean 

(Hawkins, 1987, p. 299). Therefore, if the statistic undergoes shifts, the CUSUM chart 

will detect this change and signal for attention. The current CUSUM technology is 

only capable of detecting a shift in a stable mean and is not suitable for a growing 

system because it does not distinguish a shift in mean from growth or decay. 

Therefore, changing a basic parameter of the SSCUSUM to focus on future prediction, 

which incorporates both mean and growth into its model, will address the problem of 

accumulated risk. This way if there is a shift in the translation statistic then there is a 

shift away from the predicted path. 

1.2. Problem Statement 

Severe system breakdowns can occur due to common behaviors with respect to 

systemic risk. The recommended actions for breakdowns in economic systems are to 

have adequate reactive measures prepared (Schwarcz, 2008, p. 242). This leads to the 

conclusion that system managers must monitor behavior dynamics of an economic 

system. The application of SPC theories has the potential to control dynamic behavior 

systems that follow trends over time. The problem is that there are no known SPC 

tools for monitoring economic behavior trends over time, and for identifying the 

time of the behavioral shift. Most behaviors are dynamic and do not have a known 

universal mean or standard deviation. In addition, the escalating or de-escalating 

parameters of behaviors are unknown, and it is important to know whether unexpected 

escalation or de-escalation is occurring. Knowing this would allow managers of 

dynamic behavior systems to distinguish between assignable cause variation and 

chance cause variation. The existing methods, for statistically monitoring dynamic 

behavior systems have deficiencies. A new methodology needs to compensate for 

these deficiencies. There must be a creation and an evaluation of a new tool to address 

this problem of being unable to predict dynamic behavior systems. This tool must also 

show capability to be effective in real world analysis.  
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1.3. Research Questions 

This dissertation seeks to fulfill its purpose by answering the following research 

questions and their logical sub-questions. The questions are grouped into three 

sections.  

1.3.1. Research Question One  

Can a statistical process control tool monitor escalating or de-escalating 

economic behavior over time?  

1.3.1.1. Research Question One, Sub-Question 1 

Are there any existing statistical process control tools for monitoring trends? 

1.3.1.1.1. Research Question One, Sub-Question 1, Follow-up 1  

If so, what are their strengths and weaknesses? 

1.3.1.2. Research Question One, Sub-Question 2 

Does a modification to the Hawkins’s Self-Starting CUSUM control chart 

allow it to monitor trended observations?  

1.3.1.2.1. Research Question One, Sub-Question 2, Follow up 1  

Can the Self-Starting CUSUM detect small shifts in linear trends over time? 

1.3.1.3. Research Question One, Sub-Question 3 

How does the Self-Starting CUSUM for trended observations perform in 

comparison to other linear profile monitoring tools?  

1.3.2. Research Question Two  

Will the addition of a maximum likelihood change-point estimator to the Self-

Starting CUSUM for Trended Observations identify the time in which a shift 

in escalating or de-escalating behavior occurred? 

1.3.2.1. Research Question Two, Sub-Question 1  

How accurate is the change-point estimator in identifying the correct moment 

of the shift? 

1.3.3 Research Question Three  

Is the Self-Starting CUSUM for Trends and its change-point estimator capable 

of monitoring a real life system? 
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1.3.3.1. Research Question Three, Sub-Question 1  

Can an experimental Tragedy of the Commons game generate a linear profile 

of economic behavior over time? 

1.3.3.1.1. Research Question Three, Sub-Question 1, Follow up 1  

Is there a way to induce a shift in the economic behavior exhibited in the 

experimental game? 

1.3.3.2. Research Question Three, Sub-Question 2 

Do the statistical tools developed detect the behavior shift and correctly 

identify its intervention into the game?  

1.4. General Hypotheses 

The hypotheses for this dissertation put forth claims based upon theoretical 

understandings of statistics, economics, and human psychology. Each hypothesis 

corresponds to one of the research papers, and provides a response for each of 

questions posed for each paper. 

Hypothesis 1: Escalating or de-escalating economic behavior can be monitored 

with the Self-Starting CUSUM for trended observations. There are other linear profile 

monitoring tools in existence, but the Self-Starting CUSUM for trended observations 

has better average run length performance than those charts. It can also detect smaller 

shifts and requires less in control samples beginning observations.  

Hypothesis 2: The maximum likelihood change-point estimator is capable of 

identifying the change-point in a trend determined to be out of control by the Self-

Starting CUSUM for trended observations. In addition, it produces a smaller bias and 

standard error than the traditional CUSUM change-point estimator.  

Hypothesis 3: An experimental game is capable of replicating a real world 

system that produces escalating economic behavior. Additionally, the parameters of 

this game can be adjusted to produce a behavior shift. The Self-Starting CUSUM for 

trended observations will be able to monitor the data generated form the game and 

signal an out of control trend shortly after game parameters are changed. 

Subsequently, the maximum likelihood change-point estimator will identify the 



Texas Tech University, Leonidas Guadalupe, December 2014 

11 

change-point accurately. The success of this control strategy will signify an 

appropriate tool for monitoring human economic systems.  

1.5. Research Format 

This dissertation is in a three-paper format. Chapter 2 will present a 

comprehensive review of the science related to the topic. Chapter 3 addresses 

Question 1 and Hypothesis 1 of this research, by introducing a new control chart and 

show its performance on detecting changes in behavior trends. Chapter 4 addresses 

Question 2 and Hypothesis 2 of this research, by combining change-point analysis 

techniques with the new control chart in order to estimate change-points in behavior 

trends. Chapter 5 addresses Question 3 and Hypothesis 3 of this research, by showing 

the application of the new tools in a live human economic system. The dissertation 

will end with the overall conclusions and recommendations presented in Chapter 6. 

1.6. Research Purpose 

The overall purpose of this research is to find a tool that prevents severe 

systemic failures caused by the tragedy of the commons. This device will not solve all 

dynamic behavior problems. However, it will potentially help find assignable causes 

to remove from the economic system. It is also the purpose of this research to show 

improvements in the analysis of economics due to the use of a probabilistic paradigm 

of behavior, rather than one of absolute rationality.   

1.7. Research Objective 

This research has multiple theoretical and practical objectives. The first 

theoretical objective is to prove that it is mathematically sound to incorporate the 

simple linear regression models into the SSCUSUM formulation. The intent is to 

develop a SSCUSUM control chart for a dynamic behavior that follows the model 

𝑦𝑖 = 𝑏0 + 𝑏1𝑡𝑖 + 휀1𝑖 for behavior observations 𝑦1, ⋯ , 𝑦𝑛. The constants 𝑏0 and 𝑏1 

represent running estimators, and 휀1𝑖 represents error distributed normally and 

centered at zero, with variance 𝑠1𝑖
2 . The independent variable in this model is time, 

represented by 𝑡𝑖. A comparison of average run length performance will validate the 

model upon its completion. 
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Let us have a series of observations 𝑦1, ⋯ , 𝑦𝜏−1 , 𝑦𝜏, ⋯ , 𝑦𝑛 where the first 

observations 𝑦1, ⋯ , 𝑦𝜏−1 behave according to the model 𝑦𝑖 = 𝑏0 + 𝑏1𝑡𝑖 + 휀1𝑖 where 

the rate of change in 𝑦 with respect to time 𝑡 is given by  
𝑑𝑦

𝑑𝑡
= 𝑏1, and the last 

observations 𝑦𝜏, ⋯ , 𝑦𝑛 behave according to model 𝑦𝑖 = 𝑏0 + 𝑏2𝑡𝑖 + 휀2𝑖 where the rate 

of change in 𝑦 with respect to 𝑡 is given by  
𝑑𝑦

𝑑𝑡
= 𝑏2. The constant 𝑏0 represents the 

estimated mean of the probability distribution for the response variable 𝑦 when time is 

zero; and 𝑏1 and  𝑏2 represent the estimated change in the mean of the probability 

distribution of  𝑦, per unit increase of time, before and after a change point 

respectively (Kutner et al., 2004, p. 11). The errors 휀1𝑖 and 휀2𝑖 are normal random 

variables which are centered at mean zero, and have a variance of 𝑠1𝑖
2  and 𝑠2𝑖

2  

respectively (Tercero-Gómez, 2011, p. 11). If 𝑏1 does not equal 𝑏2, the second 

theoretical objective is to develop an estimator for the unknown change point 𝜏.  

The practical objective is to use this newly developed tool to identify 

assignable causes in real world dynamic behavior systems. It is also the intent to 

demonstrate how proper applications of the tool can help to diffuse the tragedy of 

commons in systems. This research will limit its exploration of statistical monitoring 

system to those of SPC and the CUSUM. The CUSUM is a tool used for determining 

small sustained shifts from the process mean (Montgomery, 2013), which make it an 

ideal tool for the intent of this research. This investigation does not develop additional 

SSCUSUM extensions that work with the Exponentially Weighted Moving Average 

(EWMA) and other similar charts. Extensions of other charts serve only for 

comparison and knowledge of the field.  

1.8. Delimitations 

The developments in this research will not prevent all critical systemic failures. 

This line of research will have a limited scope on the behavior patterns observed and 

on the tools selected for analysis. It will also be subject to assumptions in the 

methodology and behavior observed. 
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1.8.1. Limitations 

The most complex dynamic behavior explored in this research will be a single 

shift in the derivative of the estimate model function. This will be a good starting point 

for this line of research to commence. This leaves more complicated trends and 

behaviors for future lines of research. With this understanding, this study only 

evaluates short term or limited influence scenarios. It cannot take into account the 

complexity of multiple stimulants adjusting the acceleration of behavior over time. 

This does not limit the level of order in the models because it is possible for 

transformations of data derive a first order function. For example, the new tool can 

analyze the exponential learning curve because the logarithm of the function 

transforms it into a first order function that meets the original format of the model in 

this study.      

1.8.2. Assumptions 

The biggest assumption that is made in this research is that the dynamic 

behavior system is in reasonable control at start up (Montgomery, 2013). The meaning 

of IC is that the system and its variation is predictable within limits (Shewhart, 1931, 

p. 6). This is a safe assumption for the development and testing of the tool because 

simulations can control parameters of variation. This assumption becomes more 

problematic in real world dynamic behavior systems because of the uncertainty of the 

behavior influencing forces within the system. To reduce distortion the application of 

the tool will be done on start up or stable system conditions. 

Another inherit assumption in this research is that behavior will increase or 

decrease. In real world systems, this occurs through the addition or subtraction of 

more actors, the increasing or decreasing behavior of a constant number of actors, or 

any combination of the aforementioned. This study will only focus on systems with 

constant actors and dynamic behavior. In addition, the movement of the dynamic 

behavior is dependent on time.  

The assumption that the response variable 𝑦𝑖 generates independently normally 

distributed responses means that the observed behavior is measurable on a continuous 

scale. In addition, the behavior observed is not dependent on a previous observation. 
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The estimated prediction will have a regression with normal error and a constant 

variance.  

1.9. Relevance of this study 

This study will develop a new tool for SPC, but its most important contribution 

will be toward behavioral economics. Behavioral economics combines psychology 

with economics in order to better predict real life decision making (Camerer, 1999). 

While the field has a wide variety of research in microeconomics, it has an observable 

gap in addressing macroeconomics (Guadalupe & Beruvides, 2012a). This research 

will begin to build an analytical platform for both fields to converge. The research 

aspirations are that macroeconomist will be able to detect a microeconomic assignable 

cause, and microeconomist will be able to build better predictive models of the 

macroeconomic impact cause by microeconomic interventions. The motivation behind 

this research is to alleviate the tragedy of the commons, which is essentially a 

resource-sharing problem. This system archetype is most prominently studied in 

environmental arena but is has also been seen in the financial and technology 

industries (Guadalupe & Beruvides, 2012b). The increasing world population and the 

limited terrestrial resources will eventually become more of an issue and this tool can 

potentially help to begin the search for possible remedies for these problems.  

1.10. Research Outputs and Outcomes 

The development of the new statistical tool will be the bulk of the output from 

this study. A verification of the performance testing acts as a reference to the reader. 

Like any other tool, it is impossible to foresee every possible application, but a rough 

outline of useful scenarios in which this tool can be of service is also delivered. One of 

the critical outputs will be the proper methodology of how to use the tool. This will 

serve as an instruction manual for practitioners interested in analyzing dynamic 

behavior systems. Recommendations for corrective actions for dynamic behavior 

shifts observed are proposed. Prior to adopting any remedies, a thorough evaluation of 

any possible unintended consequences is requisite. Additional outputs will include a 

MATLAB procedure for duplicating the simulations, and a pseudo-code for 

replication in other software.      
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CHAPTER II 

2. LITERATURE REVIEW 

The recent global recession has led to many investigations into macroeconomic 

deficiencies brought on by the behaviors of individuals. The world economic system is 

more integrated than it has ever been before, and localized actions have significant 

global repercussions. In particular, individual risk taking behavior appears to 

contribute to the increase in systemic risk. Systemic risk has been defined as the 

probability that an economic shock triggers a chain of failures in markets, industry, or 

financial institutions, which increases the cost of capital or decreases its availability 

(Schwarcz, 2008, p. 204). In mathematical simulation studies, systemic risk has been 

noted as the probability of an entire system failing (Beale et al., 2011, p. 1). 

Investigations into the events leading to the depression of the financial system in 2008, 

has led to the conclusions that systemic risk of the financial system had been 

increasing due to the lack of regulation and inappropriate incentives (Schwarcz, 2008). 

These findings have prompted government bodies to act upon the system to address 

such issues. However, even the most well intentioned regulation could fail to prevent 

an economic shock, because all of the possible increases in systemic risk cannot be 

identified prior to their happening (Schwarcz, 2008, p. 216). Even if they are known 

they could still fail to deter systemic risk because system actors are not always rational 

and therefore attribute a margin of unpredictability. It is unknown whether these 

corrective actions will decrease the vulnerability to systemic risk because there is no 

known quantitative tool to manage (predict) the system.  

In an effort to begin development of such a tool, this chapter investigates 

pertinent theories to build a platform of knowledge on the subject of the accumulation 

of risk and economic behavior. First, a discussion on Behavioral Economics will show 

how rationality assumptions in economic modeling can lead to prediction errors. 

Second, an introduction to the system archetype called Tragedy of the Commons 

(TOC), and an explanation of it as an expansion of the microecomic focus of 

behavioral economics to multiple actors. Third, the topic of the “Tipping Point” 



Texas Tech University, Leonidas Guadalupe, December 2014 

16 

displays the dynamics of the TOC. The fourth subsection will present the cumulative 

sum (CUSUM) methodology and demonstrate its value for detecting shifting points. 

Finally, a review of similar tools and features will help future research in this area 

develop a customized tool that will detect assignable cases of shifts in systemic risk.  

2.1. Behavioral Economics 

There are many definitions for Behavioral Economics (BE), but perhaps the 

simplest way to describe it is the combination of economics and psychology to 

improve economic decision making (Camerer, 1999; Guadalupe & Beruvides, 2012a). 

It can also be described more specifically as “the science of how resources are 

allocated by individuals and by collective institutions like firms and markets” 

(Camerer, 1999, p. 10575). BE seeks to improve economic models by basing them on 

the findings of empirical research and not on theoretical behavior (Altman, 2012). In 

essence, it seeks to make economic models more realistic. BE does not expect people 

to behave a certain way; it only expects to have their decision making rationale to be 

influenced by their environment (Altman, 2012). 

This hybrid of psychology and economics is not a new phenomenon. Prior to 

World War II it was not uncommon to have economics being thought of in 

conjunction with politics, sociology, psychology and philosophy (Boettke et al., 2006, 

p. F306). Many historical figures in economics were actually philosophers, including 

Adam Smith, who is often considered to be a founder of classical economics (Ashraf, 

Camerer, & Loewenstein, 2005). In 1776, Adam Smith published The Wealth of 

Nations and birthed the baseline assumption on which modern economics was 

developed. His maxim states that all economic behavior should be motivated by self-

interest (Ashraf et al., 2005). However, Smith also published The Theory of Moral 

Sentiments, a book that ponders the nature of man and society in a similar way to BE. 

For example, Smith tackles the issue of intertemporal choice by describing a struggle 

between the “myopic passions” and the “impartial spectator” (Ashraf et al., 2005, p. 

133). The passions represent the hedonic and instantly gratifying desire of man, while 

the impartial spectator describes the rational side of man. Current models of human 

psyche now mirror this observation by Smith. For example, Shefrin and Thaler portray 
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this dynamic with the “doer” and the “planner” (Ashraf et al., 2005). This complicates 

the predictability of human behavior because now two sets of economic preferences 

need consideration.  

It is a common conclusion that emotions are the trigger for irrational economic 

decision-making. Evidence has been gathered to support the idea that people have 

significantly different preferences when making decisions in “hot” states of being, 

than when they are in “cold” states of being (Ariely, 2008). However, most behavioral 

economics research has been conducted by questioning college students in a 

laboratory or classroom setting (Liabson & Zeckhauser, 1998). This makes the critique 

that the emotions are responsible for irrational decision-making mute. The source 

appears to be deeper than just the physical operational characteristics of the human 

body, and appears imbedded in its elemental design. Daniel Kahneman, famous 

behavioral economist and noble prize winner, presents the theory of thinking called 

System 1 and System 2 (2011).  

According to Kahneman, thinking requires effort by the brain which is 

regulated through two systems (2011). System 1 is representative of fast thinking, 

while System 2 represents slow and deliberate thinking. In an attempt to understand 

the mechanics behind human thinking, a generally accepted model for Human 

Information Processing (HIP) is depicted in Figure 2.1 (Wickens & Hollands, 2000, p. 

11). This model serves to visualize the process of decision-making. A human must 

receive information form the environment, perceive the information, use long-term 

and working memory to think about appending decision, decide to execute the 

decision, and receive any resulting feedback produced by that action. Then the process 

must begin again. Notice that most of these processes require attention.   

The combination of the HIP model and Kahneman’s theories does not yet 

exists, so it is difficult to place where System 1 and System 2 are actually located in 

the HIP model. However, it appears as if the relationship between System 1 and 

System 2 is somehow dominant in the central processing area, where thinking and 

decision making occurs. This is supported by Kahneman’s belief that they are 

responsible for conscious decision making (Kahneman, 2011).  Understanding of these 
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independent theories requires caution. For example, System 1 and System 2 are not 

equivalent to working memory or long-term memory. They are only modes of 

behavior exhibited by the human decision-making. 

 

 

 

Figure 2.1 Wickens and Hollands's HIP model (2000, p. 11) 

 

Consider the scenario: "Steve is very shy and withdrawn, invariably helpful, 

but with little interest in people, or in the world of reality. A meek and tidy soul, he 

has a need for order and structure, and a passion for detail” (Tversky & Kahneman, 

1974). Which professional was Steve likely to be (salesperson, farmer, librarian, or 

physician)? For effect, the reader is encouraged to pause and answer this question as 

well. Most people believe that Steve is more likely to be a librarian, even though it is a 

the profession with the least likelihood of occurrence because there are less librarians 

in the world than there are salesman, farmers, or physicians (Liabson & Zeckhauser, 

1998, p. 9). This is an example of the representativeness bias. Considering Figure 2.1, 

it is reasonable to think that this thought process accessed both working memory and 
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long-term memory. The representative bias describes how humans think of matching 

or similar characteristics and judge their likelihood based on their similarity (Liabson 

& Zeckhauser, 1998, p. 9). The involvement of similarity is even more of an indicator 

that long-term memory was accessed because humans had to search their past for 

experiences and knowledge to identify similar concepts to the ones posed. The reader 

might have had this experience as well. The representativeness bias is one of many 

biases discovered to dominate System 1 thinking. System 1 operates automatically 

with little or no effort and without a sense of voluntary control (Kahneman, 2011). 

While System 1 appears to be a brute system, many of these heuristics are helpful in 

keeping people alive. Herbert Simon was the developer and proponent of satisficing. 

He mathematically deduced that a being was able to survive without optimizing 

(Simon, 1956). Decisions only need to be good enough to produce good results and 

the best results are not always worth the time and effort to analyze. Biases and 

heuristics help people satisfice. Most daily decisions are made by System 1 

(Kahneman, 2011).  

Humans are not totally “myopic passions”. Humans are the most rational 

beings on planet earth, despite some shortcomings. A big credit for this rationality 

goes to System 2 because it is responsible for allocating attention to the activities that 

demand mental effort. Figure 2.1 shows that attention is required for most steps in the 

cognition process. This includes making complex computations and concentration 

(Kahneman, 2011). Complex or unexpected situations trigger System 2. In essence, 

the abilities of System 2 are why Adam Smith believed that there was an “impartial 

spectator.” Constantly engaging System 2 appears as the solution to avoiding errors of 

heuristic and biases. This is however not possible because it takes a tremendous 

amount of energy and attention to operate in the state of System 2, and this causes 

mental fatigue. However, its existence is the reason why economics has developed.     

The origin of Economics began with observations of the marketplace made by 

Adam Smith. He realized that by specializing in a craft, a person would be able to 

attain an array of goods to fulfill all of their needs simply by trading their surplus 

crafts in exchange for other items (Ashraf et al., 2005, p. 136). In its true essence, 
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economics is the management of surplus goods and services. Through this reasoning, 

it is logical that the economics would involve rational thought. A surplus indicates that 

needs have been met therefore the individual is less likely to be under emotional stress 

and more likely to act as the impartial spectator. In addition, a surplus is the 

production of more products then are needed or planned for, and are therefore an 

unexpected outcome that is likely to trigger System 2 thinking. These characteristics 

of a surplus probably intertwine economics and rationality. 

An economic model is a simplified representation of the economic world 

which explains how the economic world works, to aid in making predictions about the 

future state of the economic world (Altman, 2012, p. 20).  Economic models simplify 

model parameters by making assumptions. The traditional economic assumptions are: 

(1) consistency of preference, (2) isolation of decision makers, (3) irrelevance of 

preference construction, (4) homogeneity in preference, (5) utility maximization, (6) 

omniscience, (7) unbounded skill, (8) infallible willpower, and (9) actions indicate 

preference (Altman, 2012, pp. 20-40). An ideal economic decision maker that portrays 

all of these characteristics is called, "homo-economicus" (Altman, 2012). Behavioral 

economics has mostly focused on disproving these assumption, and has for the most 

part succeeded (Camerer & Loewenstein, 2004).  

One of the most important developments in BE is Prospect Theory. This theory 

essentially disproved that individuals use expected utility theory to analyze 

prospective investments. In 1979, Kahneman and Tversky conducted many 

questionnaire experiments in which they gave participants two options. For example, 

choosing between Option A which will result in a 25% chance of gaining $6,000 or 

Option B which results in a 25% chance of gaining $4,000 and a 25% chance of 

gaining $2,000 (Kahneman & Tversky, 1979). Expected utility theory multiplies the 

likelihood of an event times the value of the event. Equations (2.1) and (2.2) show the 

expected utility for each option respectively. The expected utilities of these options are 

equivalent, yet the results were not. Most people (82%) chose Option B (Kahneman & 

Tversky, 1979). 
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𝑉(𝐴) = $6,000(. 25) + $0(. 75) = $1500 (2.1) 

  

𝑉(𝐵) = $4,000(. 25) + $2,000(. 25) + $0(.5) = $1500 (2.2) 

 

 

This finding indicated that people where risk averse. People wanted the higher 

probability of a gain despite that the maximum gain was 33% lower. This is an 

example of risk aversion. Similar questions also led them to find that people are risk 

seeking when they are making decisions with respect to losses. For example, reversing 

the polarity of Option A and B to reflect negative values would cause people to choose 

Option A over B. Now People are willing to increase their maximum loss to reduce 

their probability of a loss. Through multiple questionnaires, the researchers estimated 

that this effect was on a scale of two to one. In general, they believe that people will 

feel that a loss has the same magnitude of a gain twice in its displacement from zero 

but with a negative. In other words, the gain of a dollar and the loss of a dollar are not 

the same in magnitude. With these findings, Kahneman and Tversky were able to 

modify Expected Utility Theory by adding additional components to the original 

model. 

 

𝑉(𝑥, 𝑝; 𝑦, 𝑞) = 𝜋(𝑝)𝑣(𝑥) + 𝜋(𝑞)𝑣(𝑦) (2.3) 

 

 

Equation 2.3 is the prospect of making a decision that could lead to outcome 𝑥 with 

probability 𝑝, or outcome 𝑦 with probability 𝑞. The value of the outcome, 𝑣(𝑥), will 

depend on the reference point in which the decision maker is situated (Kahneman & 

Tversky, 1979). For example, a person who only owns $1,000 will value an outcome 

of $100 more than a person who owns $1,000,000. The decision weight, 𝜋(𝑝), takes 

into account not only the perceived probability, but the perceived desirability of the 

prospect (Kahneman & Tversky, 1979).  For example, the perception of the 

probability of an improbable event occurring is higher than statistically estimated, 

when the event is capable of delivering an immense negative impact. This helps 

explain why many people purchase different types of insurance against natural 

disasters (Michel-Kerjan & Slovic, 2010). 
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The assumptions made in conventional economic models allowed accurate 

mathematical predictions of economic outcomes. However, even when economist 

made mathematical breakthroughs they still expressed concerns for the psychological 

assumptions made in their modeling. Richard Thaler makes the observation that many 

economists, who contributed essential mathematics to contemporary economics, were 

also cognizant of the human aspects impacting economics (Thaler, 1997, p. 441). For 

example, Irving Fisher, a pioneer of neoclassical economics, and the developer of 

intertemporal choice (in 1930), also demonstrated insight into how psychology 

influenced intertemporal choice through what he called "personal factors" (as cited in 

Thaler, 1997, p. 439). In the current field of Economics, the considerations by Smith, 

Bentham, Pareto, Edgeworth, Keynes, Pigou and other historical figures, for the 

behavioral factors impacting economics often gets overlooked.  

Mathematical economic models have been able to predict market behavior 

with fair accuracy. However, increases in systemic risks still occur even though 

rational actors know the negative values of an economic system failure. So far, this 

research has focused on the performance of individuals when making an economic 

decision. Predicting whether System 1 or System 2 is in control is not practical right 

now. Although there is an area of economics called Neuroeconomics, which focuses 

on those types of developments. This is in line with the field of BE. Guadalupe and 

Beruvides (2012a) performed a literature review on BE and found that while there was 

growth in research publications, there was a recent lack in grounded theory research, 

and an absent focus on macroeconomics and management science. The next 

subsection will address the TOC archetype in order to extrapolate the work of 

behavioral economics. If behavioral economics informs that individual economic 

decision makers are capable of making errors in economic judgment, then there is a 

danger of increasing systemic risk through the aggregate effect of multiple individuals 

behaving irrationally.  

2.2. Tragedy of the Commons 

The Tragedy of the Commons (TOC) is a systems archetype;  a generic 

structure found to occur in many organizations (Senge, 1994). It describes a 
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problematic situation in the domain of resource sharing (Guadalupe & Beruvides, 

2012b). The TOC was first noticed in the 1832 by mathematician William Foster 

Lloyd (as cited in Hardin, 1968, p. 1244). Lloyd describes a common pasture shared 

by the herdsmen in the surrounding area. A herdsman can graze his cattle on the 

common pasture in order to feed them and get them in good shape for sale or milk 

production. There is a clear benefit to using the commons for grazing the cattle. 

However, because there is a benefit to using the common pasture, every ‘rational’ 

herdsman presented with this decision will do the same. This causes the land to be 

totally consumed, and in the end leaves the herdsmen without a common pasture to 

graze the cattle (Lloyd, 1980). Figure 2.2 is a depiction of the causal loop diagram of 

the archetype (Note: S represents same effect; O represents opposite effect; R 

represents a reinforcing loop; and B represents a balancing loop). 

 

 

 

Figure 2.2 Causal loop diagram of Lloyd’s TOC (as in Guadalupe & Beruvides, 

2012b).  
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To further illustrate the concept, entertain the idea that a cow can produce 

10,000 quarts of milk if it grazed alone on the pasture (Schelling, 1978, p. 112). 

Assuming that adding more cattle to the commons linearly degrades the production of 

milk by each individual cattle, the total production will increase until it reaches an 

optimum peak, and then decrease to zero. Figure 2.3 is a graphical interpretation of 

this scenario. In the scenario proposed by five hundred cows would maximize the 

production of milk for the entire community. However, even when the system is at 

500 cows, it is still prosperous for an individual herdsman to increase their use of the 

commons. This is because even though increasing the heard will decrease combined 

productivity, the individual loss to the herdsman would be a fraction of what he would 

gain by adding another cow, unless there is only one herdsman around the commons. 

This happens because the herdsmen community shares the cost of consumption. 

Figure 2.3 also shows that there are three phases in a TOC problem: the good 

economy (cows < 500), the optimum aggregate (cows = 500), and the extinguishing 

economy (cows >500), (Schelling, 1978, p. 114).    

 

 

 

Figure 2.3 Graphical explanation of TOC (based on Schelling, 1978, p. 112) 
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In 1968, Garret Hardin popularized the TOC with an article published in 

Science Magazine. The article illustrated how the TOC was common place amongst 

society and warns against the continuation of this reckless behavior (as cited in 

Guadalupe & Beruvides, 2012b). His belief comes from analyzing the theories of two 

philosophers of economics. First, he addresses Jeremy Bentham’s notion of  “the 

greatest good for the greatest number” (as cited in Hardin, 1968, p. 1243). Hardin 

believes it is impossible because (1) it is simultaneously maximization of multiple 

variables is mathematically impossible, and (2) because logical reasoning concludes, 

some individuals would not be able to get the maximum resources available in shared 

resource system. Then Hardin addresses Adam Smith’s commentary on the “invisible 

hand”, a notion that implies that individuals acting in self-interest will better society 

through an unbeknownst coordination. He believes that the existence of the TOC 

should give one pause about whether Adam Smith’s commentary is correct or not 

(Hardin, 1968). In the end, Hardin believed it was prudent to assume that Adam Smith 

and Bentham were incorrect and that humans should put in place governing bodies to 

manage the use of the commons. This article fueled the growth of environmentalism 

toward the end of the 20
th

 century and now most research of the TOC is in the 

environmental arena.      

Guadalupe and Beruvides (2012b) noticed that the TOC was usually discussed 

in environmental conservation but because it was a systems archetype, was likely to be 

found in other industries. They studied the TOC and built a methodology for 

identifying the TOC in the different environments of engineering management. In 

particular, they applied their methodology to the areas of bank finances and 

telecommunications. Their guidelines for identifying a TOC are the following: (1) A 

shared limited resource between two or more users. (2) Every user has the identical 

options of using, or not using the resource. (3) Each user behaves independent of the 

other players. (4) The choice to use by a player only reinforces the use of that player. 

(5) There is a negative consequence for depleting the resource. (6) There is a delay 

between the gained benefit and the negative consequence (Guadalupe & Beruvides, 

2012b). Both case studies analyzed displayed the tactic of changing the reinforcing 



Texas Tech University, Leonidas Guadalupe, December 2014 

26 

loops of each individual into a balancing loop through some form of intervention. 

Their study recommended restructuring TOC systems to allow the individual users to 

find a way to cooperate with each other.  

The biggest problem with systemic risk in an economic system truly lies with 

the cooperation aspect. In an analysis of systemic risk with respect to the financial 

industry, it was highlighted that a firm does not have the incentive of limiting its risk 

taking for the benefit of reducing the systemic risk for other firms (Schwarcz, 2008, p. 

206). This is even more evident when examining the case of Washington Mutual in the 

study performed by Guadalupe and Beruvides (2012b). Washington mutual loan 

officers were encouraged to increase their risk taking because they felt that if they did 

not assume these risk competitive firms would. To gain this perceived competitive 

advantage, they structured the incentives and punishments for loan officers to 

reinforce risk taking. An additional point on this dilemma, because the impact of a 

global economic shock is so large that it affects other business not involved in finance, 

there are negative externalities. Negative externalities are consequences paid by 

parties not involved in the local system. For example, the global recession in 2008 

froze a lot of credit lines, which hurt small manufacturers, and start-up companies that 

rely on a line of credit to manage their finances. Therefore, because there are external 

costs to increasing systemic risk, the financial industry would have to internalize all of 

those costs if they were to establish a method of cooperation (Schwarcz, 2008, p. 206). 

In essence, they would have to sacrifice and pay the prevention costs of systemic for 

all internal and external stakeholders. 

It would dawn on one to think of the counterargument that in TOC cases the 

system decision makers (herdsmen or financial firms) would realize that even though 

the costs of internalizing the externalities are great, the cost of not controlling systemic 

risk is far greater. While this is probable, system participants in this archetype 

generally do not make the ‘rational’ decision. Contrary to homo-economicus, people 

in a TOC are not omniscient and they fail in utility maximization estimations. In other 

words, they cannot fully predict the actual costs of an economic shock, the actual cost 

allocation of a shock, nor can they estimate its probability. It has been well 
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documented that humans are not good estimators of probability and fail to perform 

Bayesian updating (Kahneman, 2011). Even so, if these cost components were known 

the lack of will power to refrain from gaining additional profit, and the human 

psychology of discounting future rare events will still lead them to continue 

consuming the resource (Schwarcz, 2008, p. 206). This is evident by the fact that 

insurance against natural disasters is rare unless there has been a recent occurrence of 

a natural disaster (Michel-Kerjan & Slovic, 2010). While the issue may imply that 

acting more like homo-economicus would solve the problem the prisoner’s dilemma 

debunks such thinking.  

2.3. Prisoner's Dilemma 

The Prisoner's Dilemma is a game that shows how parties behaving rationally 

and in their best interest can result in a suboptimal solution. The game involves two 

thieves detained as suspects to a crime they both committed. They are in separate 

interrogation rooms, and each has the option to either stay quiet or tell on the other. 

Each of them is told that if they stay quite they will get three years in prison for 

violating parole; but if they tell on the other thief then they will get a two year 

reduction in prison time while the other thief will get 7 years in prison (modified from 

Harrington, 2009). Figure 2.4 maps the situation consequences in normal form.  

 

 

 

Figure 2.4: Prisoners dilemma in normal form 
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Both prisoners cannot both succeed in getting only 1 year of prison time. To 

Hardin’s point, the greatest good for the greatest number cannot occur (Hardin, 1968). 

According to Adam Smith, each prisoner should act in self-interest. This would mean 

that each prisoner should tell, because a prisoner does not know if the other prisoner 

will tell. If Prisoner 1 tells and Prisoner 2 stays quite, then Prisoner 1 is happy and gets 

only 1 year. Even If Prisoner 2 tells, Prisoner 1 is better off telling because the deal for 

cooperation was a two year deduction. This analytical methodology is how you find 

the Nash Equilibrium of both prisoners telling on each other.   

There are four characteristics of this game (Schelling, 1978, p. 216). (1) Each 

player has an unconditional preference, meaning the preference of the opposing player 

does not affect the preference of the player. (2) Likewise, the player’s choice has no 

effect on the preferences of the opposing player. (3) The preferred choice for a player 

is the opposite of the preferred choice for the opposing player. (4) Finally, both would 

be better off choosing the opposite choice from their preference. The relationship 

between the prisoners bears resemblance to that between the herdsmen in the TOC.       

The Prisoner's dilemma can expand to a version where there are multiple 

players. The Multiplayer Prisoner's Dilemma (MPD) is described through the 

expansion of the original four characteristics (Schelling, 1978, p. 218). (1) Every 

player has the same choices and the same payoffs. (2) Everyone in the game prefers 

the same choice, and his or her preference is unaltered by another player’s choice. (3) 

Regardless of a player’s own choice, they are better off the more other players choose 

opposite of their preference. (4) If there are enough players (𝑘) which choose opposite 

of the preferred choice then they can create a situation in which choosing the opposite 

of the preferred choice can generate a higher payoff than if everyone had gone with 

the preferred choice. Schelling describes 𝑘 as the minimum size that a coalition of 

players must be if they are seeking to gain by abstaining from the preferred choice. In 

addition, players that do not make the preferred (𝑛 − 𝑘) choice are called ‘free-

riders’(Schelling, 1978, p. 218). It is important to remember that the preferred choice 

will always generate a better payoff for the individual given that other players are 

choosing the opposite.  
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Congruently, forming a coalition of players that choose to take lower systemic 

risk in the financial industry would create benefit if the coalition was large enough, but 

it would never surpass the benefit of not choosing to reduce systemic risk. Therefore, 

there has to be a way to measure the system to identify when too many people are 

behaving like free riders. If too many herdsmen make the rational choice of grazing 

their cattle, there will come a time when they reach their maximum production of 

250,000 quarts of milk and eventually tip over that threshold into an extinguishing 

economy.      

“Ruin is the destination toward which all men rush, each pursuing his own 

best interest in a society that believes in the freedom of the commons” (Hardin, 

1968, p. 1244). 

2.4. The Tipping Point 

The tipping point is a phenomenon that was recently popularized by Malcolm 

Gladwell’s book The Tipping Point (2000). It refers to a moment in time when a social 

behavior can dramatically change the nature of the social environment almost 

instantaneously (Gladwell, 2000, pp. 7-9). Gladwell likens this concept to the spread 

of an epidemic. In the beginning, only a few hosts exhibit this odd behavior, but then 

these few 'infect' others with this behavior. Suddenly the behavior has now become the 

popular behavior by the social group. The fact that the tipping point can explain the 

social adoption of non-normal behavior makes this an important concept for system 

longevity. If the system is to prevent systemic risk through small irrationalities caused 

by the majority of the population then it is critical to establish preventative measures 

against the tipping point and the decisions that lead to it. 

The origin of the tipping point concept can be traced back to the late 1950s and 

Morton Grodzins's studies on 'white flight' (Economist, 2009). White flight refers to 

an observed phenomenon in which a massive emigration of Caucasian families from a 

particular neighborhood occurs. Grodzins's belief was that as non-Caucasian families 

moved into a Caucasian neighborhood, the racist extremists would immediately move 

out. This would open up room for more non-Caucasians to move in. Eventually the 

ratio of Caucasian to non-Caucasian will slowly reach a level that is not tolerable to 
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the Caucasian majority; and this prompts a massive exodus of Caucasians form this 

neighborhood. Grodzins estimated the limit for some Eastern U.S. cities to be 

approximately 20% African American integration (Schelling, 1971, p. 181). The point 

where white flight occurs was coined the tipping point. Grodzins found it rare for the 

system to tip back once a tip has occurred (Schelling, 1971, p. 181). 

The modeling which mathematically explained the tipping point in segregation 

was eventually done by Noble Laureate Economist, Thomas Schelling (Easterly, 

2009). Schelling prefaces his model by outlining that there are many different ways 

that humans can become segregated (Schelling, 1971, pp. 143-145). Segregation can 

happen through individual motivation, for example racism; but can also happen 

because of economic circumstances, such as salary levels. Because many different 

mechanisms develop segregation, humans are not always aware of the occurrence of 

segregation. Schelling prefaces his model by defining the scope of the behavior 

examined to be within discriminatory individual behavior. "By 'discriminatory' I mean 

reflecting an awareness, conscious or unconscious, of sex or age or religion or color or 

whatever the basis of segregation is, an awareness that influences decisions on where 

to live, whom to sit by, what occupation to join or to avoid, whom to play with or 

whom to talk to (Schelling, 1971, p. 144).” Schelling believes that discrimination 

requires an individual possess some level of awareness with respect to influencing 

forces on their behavior. 

The need for segregation awareness does not necessarily mean an equivalent 

awareness of the system. Schelling emphasizes the lack of system awareness by 

individuals in the system, by highlighting that economic phenomena, such as 

depressions, monetary inflation, and market crashes, are prone to occur even though 

they are undesired by the public (Schelling, 1971, p. 145). He alludes to an 

isomorphism in biology by stating that smaller organism impact the ecosystem with 

their behavior, and this eventually segregates higher order species without the smaller 

organisms possessing the knowledge or intent of doing so (Schelling, 1971, p. 145). 

For example, if the prey of a certain bird species migrates, the bird species would also 

undergo a shift either to migrate with the prey or to find other sources of food. 



Texas Tech University, Leonidas Guadalupe, December 2014 

31 

Similarly, people do not normally make decisions with the impact on the overall 

system statistical parameters in mind. Schelling explains that when a couple gets 

married they are not making that decision for the purposes of increasing the 

randomization or the frequency distribution of the genetic pool (1971, p. 146).  

Even if they wished to affect the parameters of the global system, they could 

all not achieve this locally due to some possibility constraints. The first are 

mathematical or logical constraints (Schelling, 1978, p. 141). Some ratios are just not 

achievable. For example, two different entity types cannot hold a majority 

simultaneously. This is similar to Hardin’s rebuttal of Betham. The second is that of 

physical space (Schelling, 1978, p. 142). There may be a desire to have the community 

integrated to a certain ratio, but only some entities will have those physical spaces that 

have the same local ratio as the global ratio. For example, if a person desired an 

equally mixed race neighborhood (50-50 assuming two races), because of space 

limitations there is a probability that they will be surrounded by a majority of another 

race, though the entire neighborhood might be integrated with a 50-50 ratio. In 

statistical terms, the sample of a neighborhood might not be representative of the 

entire neighbor hoods parameters. This puts the individual in which the local desire is 

not satisfied, even though the global one is.  

To analyze these situations Schelling built mathematical segregation models 

because he thought it was important to show how the systemic consequences of 

individual behavior is not the same as that of the aggregate of the behaviors 

(Schelling, 1978, p. 182). He built his models by identifying a macrophenomena and 

finding the micromotives that led to it. With respect to the example of white flight, 

Tipping was determined to occur when "a recognizable new minority enters a 

neighborhood in sufficient numbers to cause the earlier residents to begin evacuating 

(Schelling, 1978, p. 181)". Tipping is an outcome of gradual change in the system.  

Suppose there is a neighborhood only occupied by white people who all have 

different levels of tolerance for another race. This neighborhood is in equilibrium. 

Then some unprecedented event happens and a person of a different race moves into 

the neighborhood. There can be two outcomes form this. Either the system remains in 
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equilibrium, or this happening statistically changes the neighborhood demographics 

and encourages other minorities to move in. The second scenario is what will lead to 

the tipping point. This change is either a freak event or the beginning of an 

acceleration or deceleration.  

Revisiting Figure 2.5 shows that there is a tipping point at 250,000 quarts of 

milk. If additional cows graze on the commons, the system will tip into an 

extinguishing system. Equation 2.4 is the mathematical expression of this curve, 

where 𝑌 represents the number of quarts produced by the commons, and 𝑋 is the 

number of cows on the commons. According to rational self-interest, this equation will 

reach equilibrium once 𝑋 reaches 999 cows. This is because one more cow 𝑌 would 

reduce production to zero, and there would be no production of quarts for profit. The 

assumptions of economics define equilibrium differently than physics. In physics, 

points of equilibrium are points where the derivative function is zero.  

 

𝑌 = −𝑋2 + 1000𝑋 (2.4) 

 

 

Equation 2.4 is the integral of the change in quarts with respect to the number 

of cows. This derivative expressed in Equation 2.5 was estimated using the linear 

relationship of between cows and production proposed by Schelling (1978, p. 112). 

Notice that when 𝑋 = 500 the change in quarts with respect to cows (𝑑𝑦/𝑑𝑥) is zero, 

and this is when the system is at its optimum aggregate, or the tipping point. Even 

though increasing the number of cows past 500 creates a negative change in 

production with respect to the number of cows, the number of quarts produced 𝑌 is 

still positive.  

 
𝑑𝑦

𝑑𝑥
= −2𝑋 + 1000 (2.5) 

 

 

If there was only one herdsman on these commons then this set of equations 

would operate more like physics and the herdsman would reach rational equilibrium at 

500 cows. However, when there is more than one herdsman the story changes. 
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Suppose there are two herdsmen, with 250 cows each. This puts them at the maximum 

production for the commons. Herdsman 2 can increase his production from 125,000 

quarts to 125,249 simply by adding one more cow. Herdsman 1 has a mirror situation. 

A quick simulation shows that Herdsman 2 can actually continue to earn a profit by 

continuing to build his herd until it has reached 375 cows. Table 2.1 displays the 

results of such a simulation.   

 

Table 2.1 Results of the classic TOC simulation when Herdsman 1 keeps 250 cows. 

 

 

 

Table 2.2 Results of the classic TOC simulation when Herdsman 2 keeps 375 cows. 

 

P1 Cows P2 Cows P2 Market % Total Quarts P2 Quarts P1 Quarts

250          250          50.0% 250,000          125,000          125,000          

250          251          50.1% 249,999          125,249          124,750          

250          252          50.2% 249,996          125,496          124,500          

250          373          59.9% 234,871          140,621          94,250            

250          374          59.9% 234,624          140,624          94,000            

250          375          60.0% 234,375          140,625          93,750            

250          376          60.1% 234,124          140,624          93,500            

250          377          60.1% 233,871          140,621          93,250            

250          748          74.9% 1,996              1,496              500                 

250          749          75.0% 999                 749                 250                 

250          750          75.0% -                  -                  -                  

Pattern Continues

Pattern Continues

P1 Cows P2 Cows P2 Market % Total Quarts P2 Quarts P1 Quarts

250          375          60.0% 234,375          140,625          93,750          

251          375          59.9% 234,124          140,250          93,874          

252          375          59.8% 233,871          139,875          93,996          

310          375          54.7% 215,775          118,125          97,650          

311          375          54.7% 215,404          117,750          97,654          

312          375          54.6% 215,031          117,375          97,656          

313          375          54.5% 214,656          117,000          97,656          

314          375          54.4% 214,279          116,625          97,654          

623          375          37.6% 1,996              750                 1,246            

624          375          37.5% 999                 375                 624               

625          375          37.5% -                  -                  -                

Pattern Continues

Pattern Continues
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Table 2.1 shows that the profits of Herdsman 1 are decreasing, while those of 

Herdsman 2 are increasing. Suppose one Herdsman 2 has already built a stable of 350 

cows, Table 2.2 depicts that Herdsman 2 still has the incentive to increase his herd. 

The process of escalation is now evident. Once at full capacity (1,000 cows), the 

Herdsmen will seek to reduce the number of cows and de-escalate the process. This is 

true according to economic theory; however, Hardin warns that due to the realities of 

nature, this process might be irreversible. Once the cows have consumed the commons 

it will at least take some considerable amount of time for the resource to recover. This 

situation bears a striking to resemblance to a boom and bust economy. 

The discussion on human decision-making within a system shows that the 

behaviors of individuals are measurable. Observation and analysis of the actions taken 

by economic actor sin a system reveal their preferences and allow for the prediction of 

systemic consequences. If herdsmen have an incentive to behave irrationally and 

myopic it will become evident by the number of cows they decide to graze. It would 

then appear that the solution to addressing a TOC is to predict economic behavior. The 

best prediction tools come from the area of statistical control. The statistical tools 

essentially compare quantitative characteristics of new products against those of a 

standard product, desired by the market. This allows engineering managers to predict 

that the desirability of the newly fabricated products. Therefore, if it is possible to 

measure and monitor economic behavior, then it is at least probable that statistical 

tools can predict economic behavior. 

2.5. Statistical Process Control 

The science of statistical process control (SPC) was actually started by Walter 

Shewhart (1931). It was based upon a philosophical movement spearheaded by C. I. 

Lewis (1929). During this time period scientist were struggling to reconcile the reality 

of knowledge (Cunningham, 1994, p. 8).  It is important to know that three centuries 

prior to this era, René Descartes had unified the knowing subject and the physical 

world for the first time by acknowledging “I think therefore I am” (as cited in 

Cunningham, 1994, p. 8). This began skepticism, and scientist performed research in 

search of absolute truth. Now with newly discovered theories like the theory of 
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relativity and the uncertainty principle, knowledge was no longer a concrete fixture. 

This brought about the question of whether true knowledge was possible 

(Cunningham, 1994, p. 8). The philosophy of Lewis consolidated these sentiments in 

the theory of a probable universe (Lewis, 1929). Instead of stating something as 

absolute truth, scientist stated that something was most likely true; and this was good 

enough to prove that knowledge was possible.  

Shewhart (1931) was knowledgeable of this probable universe philosophy, and 

developed tools for it. He believed that in order to control a system, one had to have 

the ability to predict it. Because he realized there was no absolute knowledge he put 

limits on his expectations. He defined control over a system as the ability to predict its 

future performance through the use of historical statistical data, but only within 

reasonable limits (Shewhart, 1931, p. 6). The limits were imposed because in a 

probable world the system will naturally vary somewhat. These natural variations 

were called chance cause variations and they are the result of an unknown cause of a 

phenomenon (Shewhart, 1931, p. 7). Therefore, observations within the limits will 

vary because of natural variation. However, if a datum is outside of the limits then this 

variation is suspicious. These variations due to unknown causes that do not belong in 

the constant system are called assignable cause variations or special cause variations 

(Shewhart, 1931, p. 14; Deming, 1994). It could very well be natural variation, but it is 

worth investigation. This is truly the intent of SPC; to focus the attention of the 

manager on fixing the system so that it operates within limits again. This led to the 

traditional Shewhart control charts, the �̅� chart, and the 𝑅 chart.  

It was not until decades later that W.E. Deming birthed the philosophy of 

continuous improvement by extending the science of SPC. Continuous improvement 

focuses on reducing the variation of the process, even though the production was 

already within the control limits. By reducing the variation, you improve the 

probability of not getting a point outside of the limits, which in turn improves 

predictability. Hence, Deming’s belief that ‘management is prediction’(Deming, 

1994).   
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SPC has two different phases in the application of control charts. Phase I is 

applied to determine the in-control (IC) variation of the system (Woodall, Spitzner, 

Montgomery, & Gupta, 2004). This is done by taking retrospective sample data and 

applying the traditional Shewhart control charts to determine if the process can be said 

to be IC (Montgomery, 2013, p. 206). Once variation is within limits, then Phase II 

can commence. If there is assignable cause variation, the assignable cause must be 

identified and removed followed by a re-application of Phase I. Usually a process that 

is beginning SPC is considered out of control (OC) until Phase I has proven it to be IC 

(Montgomery, 2013, p. 206). Phase II is also known as process monitoring (Woodall 

et al., 2004). Phase II begins with the assumption that the process is IC, and uses 

control charts to monitor current data to ensure that the process remains under 

statistical process control (Montgomery, 2013, pp. 206-207). There is also a  

recommendation to use different control charts to monitor different parameters 

separately, if and only if the parameters monitored in Phase II are independent 

(Woodall et al., 2004, p. 312).  

There are two types of errors for quality control charts. The first is a Type I 

error, also known as false alarms (Montgomery, 2013, p. 205). Type I errors occur 

when an IC point is identified as OC. If this happens in a manufacturing line scenario, 

a good quality product appears as a bad quality product, and will probably be scrapped 

or reworked. False alarms are classified as the producer’s risk (Montgomery, 2013, p. 

118). If a bad quality product appears as a good quality product, this is the consumer’s 

risk, also called Type II error. In addition, the power of a chart is one minus the 

probability of committing a type two error. The power is the probability of correctly 

identifying a bad quality product (Montgomery, 2013, p. 118).  

The most typical performance measure of a control chart is the Average Run 

Length (ARL) (Yashchin, 1993, p. 207; Montgomery, 2013). The number of 

observations before an OC signal is called a run length (Yashchin, 1993, p. 42). The 

ARL sums all of the run lengths for each observed trial and then divides that sum by 

the number of trials observed. The ARL is not an important metric in SPC Phase I 

because there is a greater focus on the probability that an assignable cause will be 
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detected, and not much focus on identifying false alarms (Montgomery, 2013, p. 207). 

However, the ARL is a valid and frequently used way to evaluate control charts in 

Phase II (Woodall et al., 2004). The ARL also provides insight into the power of the 

chart. If there is an introduction of OC data into the process, a short ARL after the 

introduction of the OC data reflects high power, because identification of the 

assignable cause happens quickly. The Shewhart control charts have shown to have 

relatively poor ARL performance for process monitoring because they are not 

sensitive to smaller process shifts (Montgomery, 2013, p. 207). Because Phase I 

eliminates the assignable causes that usually produce these large shifts, there are 

generally smaller process shifts in Phase II. There are adjustments for the Shewhart 

charts to improve their sensitivity to smaller shifts, but they increase the rate of false 

alarms. The recommendations are to use other methods for smaller process shifts, such 

as the CUSUM and EWMA charts.    

2.6. CUSUM 

The traditional Shewhart control chart lacks sensitivity for detecting small 

process shifts of size less than 1.5σ (Montgomery, 2013, p. 414). This is because the 

traditional control charts only use data form the most recent observation, and they fail 

to incorporate the information given by an entire sequence of points (Montgomery, 

2013, p. 414). Adjustments can be made to the Shewhart chart by incorporating 

warning limits and other devices to make it more sensitive to small changes, but 

ultimately this increases the probability of Type I Error. This creates an excess of false 

alarms and is reflected by the reduction of the average run length of IC data 

(Montgomery, 2013, p. 414). The cumulative sum (CUSUM) control chart, first 

developed by Page in 1954 (Montgomery, 2013, p. 416), is an alternative tool that is 

designed for detecting these small shifts in process mean. This makes the CUSUM a 

critical tool for a system in Phase II of SPC. 

The traditional CUSUM assumes that the observations are random which 

means that one observation does not have influence on another observation; they are 

independent and identically distributed series of normal random variables. It also 

assumes that they are taken from a normal distribution centered on a known mean (𝜇) 
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and standard deviation (𝜎). Therefore, if the process is IC, it produces data that 

follows 𝑁(𝜇, 𝜎). This means that the difference between the observed values and the 

expected values will be around zero. In fact, when the CUSUM value (𝐶𝑖) begins to be 

anything other than a random walk with a mean of zero, it is an indication that the 

process mean has shifted (Montgomery, 2008, p. 402).  

The CUSUM works by aggregating the deviations of the observations from the 

expected target, the established process mean. Equation 2.6, the formula used for 

calculating the CUSUM, shows how the difference between the observed (�̅�𝑗) and the 

expected (𝜇0) is aggregated over the series of collected data (Montgomery, 2008, p. 

402).  

 

𝐶𝑖 = ∑(�̅�𝑗 − 𝜇0)

𝑖

𝑗=1

 (2.6) 

      

 

It is to be expounded upon that the observation statistic (�̅�𝑗) represents the 

average of the rational subgroup. A rational subgroup is a sample of points obtained in 

such a way that every observation within that sample shares the same behavior. This 

reduces the chance of an outlier signaling an OC datum. It was often used by Shewhart 

to estimate the variation due to common causes and to improve the performance of the 

chart (Montgomery, 2008, p. 414). It reduces the impact of outliers (if sampled) and 

makes the chart more sensitive to special cause variation. The CUSUM works only 

with rational subgroups of size 1. However, this problem is solved by working with 

the average of subgroups as seen in Equation 2.6 (Montgomery, 2008, p. 414). In 

many processes, the rational subgroup is one due to physical and practical constraints. 

Although, when performing a CUSUM on process variability (monitoring standard 

deviation), it would be practical to use a rational subgroup greater than one 

(Montgomery, 2008, p. 414). 

Like the Shewhart chart, the CUSUM chart signals an alert once its value has 

crossed a control limit. There are two known methods for developing control limits for 
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a CUSUM chart. The first is the tabular (or algorithmic) method; and the second is the 

V-mask method. The V-mask method is not preferable because it has added 

complexity and ambiguity in some processes and its parameters (Montgomery, 2008, 

p. 416). In addition, it is less practical than the tabular method. For this reason, the 

research focus will feature the tabular CUSUM 

The tabular CUSUM uses the metric 𝐶+ to assess its performance with respect 

to the upper limit, and 𝐶− to assess its performance with respect to the lower limit. 

When𝐶𝑖
+ becomes too high, or when 𝐶𝑖

− gets too low, the chart alerts the user of a 

shift in process mean. Equations 2.7 and Equation 2.8 illuminate on the calculations of 

the control limits (Montgomery, 2008, p. 404). 

 

𝐶𝑖
+  = 𝑚𝑎𝑥[0, 𝑥𝑖 − (𝜇0 + 𝐾) + 𝐶𝑖−1

+ ] (2.7) 

 

𝐶𝑖
−  = 𝑚𝑎𝑥[0, (𝜇0 − 𝐾) − 𝑥𝑖 + 𝐶𝑖−1

− ] (2.8) 

 

 

When starting the CUSUM, 𝐶0
+and 𝐶0

− are set to zero. The variable 𝐾 is called 

the allowance per observation, also referred to as the slack or reference value 

(Hawkins, 1987, p. 302; Montgomery, 2008, p. 404). It is a numerical control that is 

usually set halfway between the IC process mean and a process mean that is 

considered OC, or is of interest to the system, as can be seen in Equation 2.9 

(Montgomery, 2008, p. 404). 

 

𝐾 = 𝑘𝜎 =
𝛿

2
𝜎 =

|𝜇1 − 𝜇0|

2
 (2.9) 

 

 

Equation 2.4 also shows that the absolute difference between the OC process 

mean (𝜇1) and the IC process mean (𝜇0) is a multiple of the known process standard 

deviation. This multiple is represented by 𝛿 in Equation 2.9 and can also be referred to 

as the shift size (Montgomery, 2008, p. 408). It is now more evident that Equations 2.7 

and 2.8 are the aggregations of excess deviations from the process mean and its 

allowance. 
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The last variable in the tabular CUSUM procedure is 𝐻, also known as the 

decision interval (Montgomery, 2008, p. 404). This decision interval sets the control 

limit that decides whether 𝐶𝑖
+ is too high, or that 𝐶𝑖

− is too low. It is also set according 

to the tolerance of standard deviations. Equation 2.10 expresses this relationship. 

There have been many studies to determine the how to choose the parameters 𝐻 and 𝐾 

that will result in the best ARL performance. A reasonable setting for 𝐻 is five times 

the known process standard deviation, which would dictate ℎ = 5 (Montgomery, 

2008, pp. 404,408).  

 

𝐻 = ℎ𝜎 (2.10) 

 

 

An out-of-control signal triggered by the tabular CUSUM indicates that it is 

possible that the process mean shifted. Hence, it is time to proceed to the identification 

of the initial moment of this shift. To be clear, a shift is a change in the process, a 

departure from the control state that begins at some point and persists over a period of 

time (Hawkins, 1987, p. 300).  Fortunately, the tabular CUSUM provides a practical 

method of finding the assignable cause. The assignable cause for the shift in process 

mean can be estimated to take place around the point where either  𝐶𝑖
+ or 𝐶𝑖

− began the 

climb to exceed 𝐻. For example, if 𝐶20
+ = 0 was followed by incremental values of 𝐶𝑖

+ 

until 𝐶30
+ > 𝐻, then the investigation for an assignable cause should begin at the time 

where 𝑖 = 20 (Montgomery, 2008, p. 406).  

Another pertinent question might be about the new process mean. If a trend 

develops within a system, it will pull the process mean toward the trend. This new 

process mean can be estimated with Equation 2.11 (Montgomery, 2008, p. 406).  

 

�̂� = {
𝜇0 + 𝐾 +

𝐶𝑖
+

𝑁+
,    𝑖𝑓 𝐶𝑖

+ > 𝐻

𝜇0 − 𝐾 −
𝐶𝑖

−

𝑁−
,    𝑖𝑓 𝐶𝑖

− < 𝐻

 (2.11) 
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The formula is simply the original process mean (𝜇0), with consideration for its 

allowance (𝐾), being adjusted by the average deviation. The statistic  
𝐶𝑖

+

𝑁+ is the average 

deviation because 𝑁 is the integer record of the climb across 𝐻. If one were to 

calculate 𝑁 for the positive climb example given in the previous paragraph, it would 

be 10. Note that observations prior to 𝑁 > 1 (in either direction) are ignored for this 

analysis.  

While convenient, this traceability feature of the tabular CUSUM also has its 

drawbacks. For example, zone rules and other sensitizing rules will not be applicable 

to the tabular CUSUM because the statistics 𝐶𝑖
+ and 𝐶𝑖

− are not independent of each 

other (Montgomery, 2008, p. 407). This is how they accumulate value as they 

approach 𝐻.   

There is a way to make the CUSUM more sensitive at the startup of a 

monitoring process. This is a head start or a fast initial response. The head start assigns 

some value to  𝐶0
+ and 𝐶0

− so that initial deviations from the expected parameters 

would trigger an alert faster. In essence, the first measures would have less of a climb 

to cross the limit. This would be useful in cases where the system manager suspects 

that the system will not start up at the expected control parameters, and this would be 

detrimental to general operations. If the system does start up IC, and the head start is 

applied, Equation 2.11 will quickly become zero and the process will continue like a 

regular CUSUM. However, it is to be noted that this technique will produce a lower 

ARL when the system starts up IC (Montgomery, 2008, p. 411).   

The CUSUM technique is also very versatile in that it can monitor different 

variables. It is capable of monitoring Poisson and Binomial variables if there is a need 

to monitor a system with nonconforming data (Montgomery, 2013, p. 416). They have 

shown to be able to effectively monitor “ranges and standard deviations of rational 

subgroups, fractions non-conforming, and defects (Montgomery, 2013, p. 428).” This 

allows the use of the CUSUM in a wide variety of fields. One interesting example, is 

the use of the CUSUM in the medical field to assess the learning process in telerobotic 

surgery by using the binomial probabilities of life and death (Grunkemeier, Wu, & 
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Furnary, 2003; Novick et al., 2003). A CUSUM variation of particular interest to 

behavioral economics and systemic risk is the Self Starting CUSUM (SSCUSUM). 

2.7. Self-Starting CUSUM 

The Self-Starting CUSUM (SSCUSUM) uses live data to update its estimators 

of the population parameters. Essentially, it does not have to know the parameter prior 

to the beginning of monitoring. This is a very critical feature for analyzing systemic 

risk. Behavioral economics has shown that people do not always act as economic 

theory would expect them to act (Kahneman & Tversky, 1979). This makes applying 

traditional SPC Phase I a bit of a challenge because if an expectation is built prior to 

monitoring a system of dynamic behavior, it is likely that there it will suffer from a lot 

of short ARLs and Type I errors due to the common irrationality of human behavior. 

The ability of the SSCUSUM allows the system monitoring without the need for the 

Phase I process. In 1987, Hawkins devised the Self-Starting CUSUM. He noticed that 

the use of the CUSUM chart relied on the assumption that the process mean and 

standard deviation were known (Hawkins, 1987, p. 299). The example given refers to 

assessing a chemical laboratory for bias and precision performance. It is difficult to 

know the operational process mean without having a history of the laboratory's 

performance.  

At that period in time, it was customary to set up pre-production operation to 

assess the system before it became an active part of production (Hawkins, 1987, p. 

300). While this process would be a solution to establishing process parameters, there 

was still a question as to whether this pre-production operation was representative of 

real time operations. In addition, there will be a systemic bias in the estimators 

because establishing the parameters from this pre-production operation will leave 

residual random variability in the mean and standard deviation that are derived 

(Hawkins, 1987, p. 300). This systemic bias will lead system managers to expect the 

system to perform at the process mean established during pre-production, as opposed 

to the actual production process mean. Therefore, they could be vulnerable to 

overcorrection and under reactions in their management approach. For these reasons, 
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and the added costs of performing a pre-production operation, the self-starting 

CUSUM is a better tool for scenarios where the process mean and standard deviation 

are unknown. 

The SSCUSUM assumes that the process is IC prior to starting. This is why it 

can skip the Phase I process. Because of this assumption the SSCUSUM also begins 

with the assumption that the observation are independent, identically distributed, and 

from a normal distribution (Hawkins, 1987, p. 300). Although the SSCUSUM 

assumes that the process is IC, it does not have to know the parameters. This is 

because if the process begins IC, then it is likely that the first couple of observations 

will be representative of the IC conditions; if and only if there have been no changes 

to the system after IC was determined. Because the process mean and process standard 

deviation are unknown, the CUSUM uses the running mean as its estimate of the 

parameter 𝜇. The equation (Hawkins, 1987, p. 300; Montgomery, 2013, p. 431) for the 

running mean of observation 𝑖  is seen in Equation 2.12.  

 

�̅�𝑖 =
∑ 𝑥𝑖

𝑖
1

𝑖
= �̅�𝑖−1 +

(𝑥𝑖 − �̅�𝑖−1)

𝑖
 (2.12) 

 

 

Because Equation 2.12 builds an estimate of the parameter  𝜇, the calculation 

for the sum of squared deviations is now possible. The equation to perform this 

calculation is in Equation 2.13. (Hawkins, 1987, p. 300; Montgomery, 2013, p. 431)  

 

𝑤𝑖 = ∑(𝑥𝑖 − �̅�𝑖)2

𝑖

1

= 𝑤𝑖−1 +
(𝑖 − 1)(𝑥𝑖 − �̅�𝑖−1)2

𝑖
 (2.13) 

 

 

Further, this also provides the ability to calculate the Mean Squared Error 

(MSE) which will serve as an estimate of the population variance parameter. This is 

realized with Equation 2.14 (Hawkins, 1987, p. 300; Montgomery, 2013, p. 431). 

 

𝑠𝑖
2 =

𝑤𝑖

(𝑛 − 1)
 (2.14) 
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With these derived estimates, it is now possible to infer on the extremity of the 

observation by identifying its probability according to its probability distribution. To 

do this the deviation needs comparison against a standardized measure. This 

standardized measure is the standard deviation, which is the square root of Equation 

2.14. Because the sample standard deviation is used instead of the true parameter, this 

is called studentizing (Kutner et al., 2004, p. 44). A Student’s 𝑡 test can now be used 

to compare the new observation 𝑥𝑖 with the previous data (𝑥1, … , 𝑥𝑖−1) (Hawkins, 

1987, p. 300). The resulting statistic, seen in Equation 2.15, follows the 𝑡 distribution 

with (𝑖 − 2) degrees of freedom (Hawkins, 1987, p. 301). This statistic allows us to 

monitor the situation but it is less convenient than a normal distribution because the 

control limits would have to be constantly calculated as the degrees of freedoms 

increase. The use of the normal distribution resolves this issue. However, there are 

mathematical complications in transforming this statistic into a normal statistic. 

 

𝑇𝑖 = √
𝑖 − 1

𝑖
×

(𝑥𝑖 − �̅�𝑖−1)

𝑠𝑖−1
= 𝑎𝑖 ×

(𝑥𝑖 − �̅�𝑖−1)

𝑠𝑖−1
 (2.15) 

 

 

Ordinarily, finding two statistics of two different distributions is possible 

through the process of finding the equivalent cumulative probability. However, this is 

not possible in this scenario because the integral of the standard normal distribution 

cannot be evaluated in closed form (Montgomery, 2013, p. 87). Instead, Equation 2.16 

(created through computational methods) transforms 𝑇𝑖 into a statistic that follows the 

standard normal distribution  𝑁(0,1). Wallace (1959) and Peizer and Pratt (1968) 

created and validated this recommended approximation equation (as cited in Hawkins, 

1987).  

 

𝑈𝑖 = 𝑠𝑖𝑔𝑛(𝑇𝑖) (
8𝑣 + 1

8𝑣 + 3
) √[𝑣 × 𝑙𝑛 (1 +

𝑇𝑖
2

𝑣
)]     𝑤ℎ𝑒𝑟𝑒 𝑣 = 𝑖 − 2 (2.16) 
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There is an alternate way of deriving 𝑈𝑖 which is relies on deriving similar 

quantiles of the distributions based on their cumulative probabilities. Therefore, the 

tail area of any continuous random variable converted to a normal ordinate results in a 

standard normal random variable (Montgomery, 2008, p. 418). This method will 

require more computing power because of the estimating and comparing of quantiles. 

Using this method allows transformation of 𝑡-distributed variables into normal random 

variables through way of their cumulative probabilities. In the case of the Self Starting 

CUSUM the inverse normal cumulative distribution of 𝑇𝑖 is equivalent to 𝑈𝑖. The 

SSCUSUM uses 𝑈 as a statistic to monitor the mean, and 𝑉 as a statistic to control the 

process variance (Hawkins, 1987, p. 301). After the transformation of data, the tabular 

CUSUM procedure derives statistics exactly as was previously discussed in the prior 

section of this research. Hawkins recommends sourcing ℎ from The design and use of 

V-mask control schemes by Lucas (1976) or the British Standard 5703 (Hawkins, 

1987, p. 302). 

The SSCUSUM is a tool that has the ability to monitor a process without 

relying on a Phase I evaluation to determine the process parameters. This tool 

addresses many potential issues in measure dynamic behavior. However, as has been 

seen with the review of the TOC, behaviors can escalate. The CUSUM requires fixed 

known parameters so it will not be capable of handling this situation of dynamic 

behavior. While the SSCUSUM does have an adjusting estimation on mean and 

variance, the only movement it would tolerate is one of decreasing variability due to 

every new observation contributing less and less weight to the running mean. The 

nature of growth or decay in behavior needs study to find a suitable tool for 

monitoring of economic behavior.  

2.8. Linear Profiles 

The term profile refers to a relationship between a response variable and one or 

more independent variables (Saghaei, Mehrjoo, & Amiri, 2009, p. 1252; Montgomery, 

2013, p. 491). Therefore, linear profiles refer to relationships that are linear in nature. 

This science behind monitoring linear relationships could provide benchmarks for a 
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monitoring dynamic behavior. According to Montgomery, Profile monitoring is a new 

development focused on vigilance of a situation similar to linear regression (2013, p. 

491).     

The concept of linear regression came about more than two centuries ago. It 

was developed and refined by researches Sir Francis Galton, Dickson, and Pearson 

(Goldstein, 2012, p. 148). Linear regression is a statistical technique used to describe a 

statistical relationship between variables (Kutner et al., 2004, p. 5). Further, regression 

analysis is used for the purposes of describing, controlling, and predicting the 

relationship (Kutner et al., 2004, p. 8). It is important to note that linear regression 

does not imply causality between the independent variables and the response variables 

(Kutner et al., 2004, p. 8). This is merely observational data (Neter, Wasserman, & 

Kutner, 1989, p. 35). Causality between variables can be inferred once regression is 

combined with experimental data, which is created through the random assignment of 

independent variables to each experimental unit (Kutner et al., 2004, p. 13). Each 

experimental unit will produce a response, which will be used determine the 

parameters of the regression model. Equation 2.17 is a formal regression model. 

 

�̂�𝑖 = 𝛽0 + 𝛽1𝑋𝑖 + 휀𝑖 (2.17) 

 

 

Equation 2.17 shows that �̂�𝑖 is the estimated response variable for the 

corresponding level of the independent variable. It also shows that 𝛽0 is a model 

parameter, which estimates the response when the independent variable is zero. When 

the 𝛽0 changes value in linear profile, it is a step-change (Guadalupe, Beruvides, 

Tercero-Gómez, & Cordero-Franco, 2013a). The model parameter 𝛽1 estimates the 

corresponding change in response with respect to the independent variable. When the 

𝛽1 changes value in linear profile, it is a slope-change (Guadalupe et al., 2013a). The 

variable 휀𝑖 accounts for the estimated error, and 𝑖 is the sequential number of the 

observed response. There are two methods to estimate the model parameters: the 

method of least squares and the method of maximum likelihood. Both methods have a 

computational and analytical approach.  
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2.8.1. Least Squared Estimation 

The method of least square estimation (LSE) is used to find the coefficients 𝑏0 

and 𝑏1 (estimates of parameters 𝛽0 and 𝛽1) which minimizes the sum of the least 

distances between the observed an expected values squared, also referred to as 𝑄 

(Kutner et al., 2004, p. 16). The computational approach calculates the sum of squares 

for different possible correlations lines, and identifies the line that produces the least 

sum of squares. Equation 2.18 calculates the sum of squares. 

 

𝑄 = ∑(𝑌𝑖 − 𝛽0 − 𝛽1𝑋𝑖)
2

𝑛

𝑖=1

 (2.18) 

 

 

The analytical approach takes the partial derivatives of the sum of squares 

equation with respect to 𝛽0 and 𝛽1, setting them equal to zero, and solving the two 

partial derivative equations simultaneously. The resulting formulas, Equation 2.19 and 

Equation 2.20 can use the empirical data to calculate the parameters of the regression 

model that will produce the minimum sum of squares (Kutner et al., 2004, p. 17).  

 

𝑏1 =
∑(𝑋𝑖 − �̅�)(𝑌𝑖 − �̅�)

∑(𝑋𝑖 − �̅�)2
 (2.19) 

 

 

𝑏0 =  �̅� − 𝑏1�̅� (2.20) 

 

2.8.2. Maximum Likelihood Estimation 

The method of maximum likelihood estimation (MLE) can be employed when 

the functional form of the probability distribution of the error term is specified (Kutner 

et al., 2004, p. 27). Therefore this method can estimate the corresponding function 

parameters 𝛽0 , 𝛽1 and 𝜎2. The computational method chooses estimated values of the 

parameters thought to be consistent with the sample data. Then it calculates the 

probability distribution's density for each response variable, and then multiplies them 

to get the likelihood value. It essentially answers the question as to what the likelihood 

would be given that these values are from a certain distribution. The parameter values 
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that yield the highest likelihood value are the estimates that are most consistent with 

the empirical data. The distribution that provides the highest likelihood is the best fit. 

The analytical method of applying MLE multiplies that distribution's 

probability density function times it-self 𝑛 times, and then takes the partial derivative 

with respect to each of the parameters, sets them to zero, and solves simultaneously. It 

is to be noted that when using MLE the variance is a biased estimator, and the sample 

variance MSE should be used in its place (Kutner et al., 2004, p. 31). Both MLE and 

LSE allow the completion of the regression model, which can then make predictions 

about future observations.    

2.8.3. Predictions 

Once the most representative functional relationship is established, predictions 

about the system can occur. The prediction should be considered a new observation 

independent of the previous data (Kutner et al., 2004, p. 56). Equation 2.21 attains a 

prediction and establishes prediction limits when there is knowledge about the 

parameters of mean and standard deviation. This equation also assumes normal error 

regression, which is the reason for using the 𝑧 distribution to estimate its limits. 

 

𝐸[𝑌ℎ] ± 𝑧(1 −
𝛼

2
)𝜎 (2.21) 

 

 

When the parameters are unknown, the estimation requires the collection of 

empirical data. In addition, the estimated mean and standard deviation are not valid for 

Equation 2.21, because there is insecurity about where the centering of the distribution 

is located. This is not a problem when the parameters 𝛽0 and 𝛽1 are known because 

they will guide the estimate, due to the fact that 𝐸[𝑌] is a linear combination of known 

parameters. A studentized statistic is required when the parameters are unknown. 

Equation 2.22 calculates this studentized statistic, which results in a statistic that is 𝑡-

distributed with (𝑛 − 2) degrees of freedom. 
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𝑌ℎ(𝑛𝑒𝑤) − �̂�ℎ

𝑠[𝑝𝑟𝑒𝑑]
 (2.22) 

 

 

It is important to note, that because the Equation 2.22 uses the prediction given 

by the regression model, the prediction of the new observation depends on a 

simultaneous evaluation of all of the model parameters. The numerator is the 

difference between the actual new observation and the expected value of the 

observation. Equation 2.23 expands on the denominator, which is the standard 

deviation. 

 

𝑠[𝑝𝑟𝑒𝑑] = 𝑀𝑆𝐸 [1 +
1

𝑛
+

(𝑋ℎ − �̅�)2

∑(𝑋𝑖 − �̅�)2
] (2.23) 

 

 

It appears as if the incorporation of the prediction formula into an SPC tool 

would actually be an opportunity to evaluate linear profiles. It would actually be one 

of the most literal application of Deming’s idiom “management is prediction” 

(Deming, 1994). Still, a survey of the SPC Phase II tools available should be able to 

shed light on the issues behind profile monitoring. 

2.9. Phase II tools 

The CUSUM and the SSCUSUM undergo thorough discussion in previous 

sections of this chapter. It would now be appropriate to identify other tools that could 

play a critical role in the development of a tool that would be able to detect changes in 

the dynamic behavior patterns. Appendix A contains the results of an exploratory 

study aimed at mapping SPC tools by critical characteristics. The study identified 

three different tolls capable of monitoring linear profiles. The tools found are a control 

chart based on Likelihood Ratio Test (LRT), an EWMA control chart applied to the 

LRT chart, and the Self-Starting Exponentially Weighted Moving Average 

(SSEWMA) based on recursive residuals (Guadalupe, Beruvides, Tercero-Gómez, & 

Cordero-Franco, 2013b). The LRT EWMA is a superior tool to the LRT chart (Zou, 

Zhang, & Wang, 2006).  
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2.9.1. LRT EWMA 

The LRT EWMA is the application of an EWMA chart to the statistic of the 

LRT chart. This chart was actually a byproduct of the creation of the LRT chart. The 

idea for the LRT chart was to combine four different ideas into one tool (Zou et al., 

2006). It was a combination of linear profile monitoring (Kim, Mahmoud, & Woodall, 

2003), a self-starting approach (Hawkins, 1987), a change-point monitoring method 

(Mahmoud, Parker, Woodall, & Hawkins, 2007), and  the consolidation of monitoring 

multiple parameters (Hawkins & Zamba, 2005). This chart is capable of monitoring 

the slope, intercept, and error terms in a linear regression model, simultaneously. It is 

capable of detecting random inconsistent shifts as well as sustained shifts. However, 

its mechanics fail at detecting small shifts. 

The likelihood ratio test evaluates the capacity of two different models to 

represent the observed data. Most often, it helps determine whether a reduced model is 

capable of having the same explanatory power as a full model (Ramsey & Schafer, 

2002, p. 592). The LRT chart uses this same procedure to compare models of IC and 

OC. The authors derive the maximum value of the log-likelihood function for data 

collected under IC conditions and select this as their null model. Then they derive the 

maximum value of the log-likelihood function of a shift occurring within the 

observations taken (observations after IC was established) and select it as their 

alternative model. The result of this comparison is the statistic 𝑙𝑟(𝑘1𝑛, 𝑘𝑛). Then, this 

statistic studentized in order to gain a standardized statistic. The LRT chart essentially 

monitors the standardized statistic 𝑠𝑙𝑟𝑚𝑎𝑥,𝑚,𝑘 found in Equation 2.24. This statistic is 

the standardized maximum log-likelihood ratio of two models found within all of the 

observations. If 𝑠𝑙𝑟𝑚𝑎𝑥,𝑚,𝑘 crosses a certain set limit, then an OC signal occurs. 

 

𝑠𝑙𝑟𝑚𝑎𝑥,𝑚,𝑘 = 𝑚𝑎𝑥𝑚≤𝑘1<𝑘𝑠𝑙𝑟(𝑘1𝑛, 𝑘𝑛) (2.24) 

 

 

The method for the LRT chart has weaknesses. The biggest concern is that it is 

not capable of detecting small shifts. The reason for this is that small departures are 

not likely to make the alternative model much different from the null model. 
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Therefore, the LRT is unlikely to detect small shifts. To compensate for this defect the 

authors applied an EWMA chart (an alternative similar to the CUSUM) to the LRT 

chart and birthed the LRT EWMA (Zou et al., 2006, p. 1096). The LRT EWMA 

performed better at detecting small shifts when compared to the original LRT chart. 

However, it did not perform as well in detecting large shifts. Overall the LRT EWMA 

was recommended over the LRT (Zou et al., 2006, p. 1100).  

There was another critical comparison between the LRT EWMA and the 

EWMA3. The EWMA3 procedure requires three separate EWMA charts for the 

separate tracking of the slope, intercept, and error of a linear profile (Kim et al. 2003, 

as cited in Zou et al., 2006). An important note is that the EWMA3 requires knowledge 

of the parameters. The results show that the LRT EWMA performs better at detecting 

small shifts in the intercept but not as well as the EWMA3 at detecting moderate shifts 

in the intercept. Both charts performed similarly in detecting moderate shifts in the 

slope, but the EWMA LRT clearly performed better in detecting smaller shifts in the 

slope. The LRT EWMA generally has a better ARL performance in detecting shifts in 

the standard deviation, but the EWMA3 has better ARL performance when detecting 

very small shifts in the standard deviation. In the end, the researchers determined that 

the LRT EWMA chart performs on par with the EWMA3 chart without having to 

know the parameters prior to monitoring (Zou et al., 2006, p. 1101).  

2.9.2. SSEWMA 

The SSEWMA based on recursive residuals is actually composed of two 

EWMA charts. The EWMAIS monitors the sample mean and the EWMAσ monitors 

the sample variance. The sample being monitored is actually the Q-statistics 

developed by Quesenberry in 1991 (as cited in Zou, Zhou, Wang, & Tsung, 2007). 

These are the same as the 𝑈 statistic presented earlier in the SSCUSUM discussion. 

The difference with this strategy is that recursive residuals create a studentized 

statistic that results in a t-distribution (Zou et al., 2007, p. 366). 

This research paper also compared its chart with the EWMA3 chart. The 

SSEWMA generally performed better when the shifts were small and there were many 
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IC historical observations. This is expected form the self-starting procedure, because 

the parameters are updating themselves continuously. If there are many IC historical 

samples, a small deviation from a new statistic is easier to detect. However, the 

EWMA3 chart was better at detecting step shifts in the linear profile (Zou et al., 2007). 

2.9.3. Comparison of Tools Available 

Both the SSEWMA and the LRT EWMA appear flawed because the EWMA3 

outperforms them in certain areas. Both of them seem to require large IC historical 

sample in order to perform well at detecting small shifts. Table 2.3 and Table 2.4 were 

composited from the two different studies. Table 2.3 shows that for smaller step shifts 

[𝛿 = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7], the LRT EWMA is much better than the 

SSEWMA. However, for large step shifts [𝛿 = 0.8, 0.9, 1.0] the SSEWMA performs 

better than both the LRT EWMA and the EWMA3.  

 

Table 2.3 Combination of ARL comparisons for 𝐵1 to 𝐵1 + 𝛿𝜎 in linear regression 

models with IC ARL = 200 (Zou et al., 2006, p. 1101; Zou et al., 2007, p. 372). 

 

 

 

Both Studies explored different types of shifts and the common results are in 

Table 2.4. This table shows the effect of two variables in ARL performance of 

detecting shifts intercept, slope, and deviation. The two variables are the magnitude of 

the shift 𝛿𝜎 and the number of IC observations before the introduction of a shift 𝜏 into 

the system. The variable 𝜏 does not affect the EWMA3 because it has knowledge of 

the parameters prior to monitoring and does not update them.  

 

CHARTS 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

LRT EWMA 37.2 13.1 7.4 5.0 3.8 3.0 2.5 2.1 1.9 1.6

SSEWMA N/A 111.5 33.3 10.8 5.6 3.6 2.7 2.0 1.6 1.4

EWMA3 48.9 13.1 6.6 4.4 3.3 2.7 2.3 2.1 1.9 1.7

δ
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Table 2.4 Combination of ARL performances of LRT EWMA and SSEWMA with 

different values of τ (IC observations before shift), and EWMA3 with true parameters 

(Zou et al., 2006, p. 1101; Zou et al., 2007, p. 372). 

 

The general pattern appears to be, when there are many IC observations prior 

to a shift, the SSEWMA based on recursive residuals works well. In particular, it 

works well for larger shifts. Contrary, for smaller shifts the LRT EWMA works better. 

It also works better at detecting slope and standard deviation shifts when 𝜏 is smaller 

LRT EWMA SSEWMA LRT EWMA SSEWMA LRT EWMA SSEWMA EWMA3

0.2 103.2 125.4 69.8 94.8 48.7 59.9 59.1

0.4 22.4 30 17.7 18.2 15.9 14.6 16.2

0.6 9.8 8.7 9.2 7.7 8.7 7.1 7.9

0.8 6.2 5.1 6 4.9 5.9 4.7 5.1

1.0 4.4 3.7 4.4 3.6 4.4 3.5 3.8

1.2 3.5 3 3.5 2.9 3.5 2.8 3.1

1.4 2.9 2.5 2.9 2.5 2.9 2.4 2.6

1.6 2.5 2.2 2.5 2.2 2.4 2.1 2.3

1.8 2.1 2 2.1 2 2.1 1.9 2.1

2.0 1.9 1.8 1.9 1.8 1.9 1.8 1.9

0.025 150.9 166.9 126.5 152.3 87.4 117.3 101.6

0.050 60.1 95.4 39.2 62.6 29 38.7 36.5

0.075 21.2 37.3 17.3 22 15.3 16.6 17

0.100 11.6 14.5 10.6 10.7 9.9 9.6 10.3

0.125 8 7.9 7.5 7.1 7.3 6.7 7.2

0.150 6 5.6 5.8 5.3 5.7 5.1 5.5

0.175 4.8 4.5 4.7 4.3 4.6 4.1 4.5

0.200 4.1 3.7 3.9 3.6 3.9 3.5 3.8

0.225 3.4 3.2 3.4 3.1 3.4 3 3.3

0.250 3 2.8 3 2.8 3 2.7 2.9

1.2 71.3 73.3 43.8 49 30.3 33 33.5

1.4 13.7 18.5 11.7 12.1 10.6 10.3 12.7

1.6 6.9 7.1 6.4 6.1 6.1 5.6 7.2

1.8 4.6 4.4 4.4 4 4.3 3.8 5.1

2.0 3.5 3.3 3.4 3 3.3 2.9 3.9

2.2 2.8 2.6 2.7 2.5 2.7 2.4 3.2

2.4 2.4 2.2 2.3 2.1 2.3 2.1 2.8

2.6 2.1 1.9 2 1.9 2 1.8 2.5

2.8 1.9 1.7 1.8 1.7 1.8 1.7 2.3

3.0 1.7 1.6 1.7 1.6 1.7 1.5 2.1

50 100 300

τ

𝐵0 + 𝛿𝜎

𝐵1 + 𝛿𝜎

𝛿𝜎
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given the same size of shift. This is explicit in a slope shift of 0.1, and in standard 

deviation shifts of 1.4 and 1.6. 

2.10. Summary 

This chapter began by reviewing the mechanics of human decision making in 

an effort to show that human decision-making is inconsistent. This is contrary to 

traditional economic theory, which assumes that human decision-making is consistent 

and rational. Then, the TOC systems archetype highlighted a real world problem that 

re-occurs in the world. Some insights into its workings identified areas of opportunity 

for statistical tools to address.  

This chapter included a thorough explanation on SPC and its origin. In 

particular, the in depth descriptions of the CUSUM and SSCUSUM show their 

potential applicability in addressing the TOC. The explorations of linear regressions 

and statistical predictions provide foundational knowledge for future theory 

development. Findings form an exploratory analysis identified the LRT EWMA and 

the SSEWMA based on recursive residuals as benchmarks for tool creation.    

This summary concludes with the verification that Demings ‘theory of 

profound knowledge’ (Deming, 1994) was exhibited in this chapter. The theories of 

economic systems detailed provide knowledge of knowledge. The descriptions of 

statistical procedures demonstrate knowledge of variation. Research on behavioral 

economics exhibits knowledge of psychology. Finally, the methodical integration of 

all of these different research areas shows knowledge of systems. With this profound 

knowledge, a forging of a good solution to preventing systemic breakdowns, caused 

by dynamic behaviors shifts, begins.
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CHAPTER III 

 

 

Monitoring Trended Observations with a Self-Starting CUSUM and a Maximum 

Likelihood Estimation of the Change Point 

 

This is the first part of a two part dissertation. The purpose of this paper is to 

develop and test an instrument capable of monitoring observations of trended 

behavior. It addresses a barrier to research in behavioral economics, because living 

systems have the tendency to escalate or de-escalate behaviors. The tool developed 

modifies the self-starting CUSUM procedure for trend monitoring. A maximum 

likelihood change point estimator is also developed for post signal diagnosis. The 

combined use of the tools detect a shift in trend and locate the moment at which the 

trend shifted. Simulation tests performed detail the average run length, and change 

point estimation, of the tools under different shift conditions. The results and 

subsequent demonstrations show the validity and applicability of the proposed 

methods.  

  

This work aims at publishing in The Journal of Quality Technology. 
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3.1. Abstract 

Traditional Statistical Process Control (SPC) tools focus on monitoring a 

constant mean. In situations of trend, the expected value moves with a covariable. It is 

quite common to find situations where slow gradual changes occur, including tool 

wear, operator performance, and sales growth. This paper proposes a new self-starting 

cumulative sum chart for trends (SSCUSUMT). In addition, the paper develops a 

maximum likelihood change-point estimator for post-signal diagnosis in the 

procedure. Simulation results show that the SSCUSUMT delivers a better performance 

on Type I error than the traditional Phase I approach; and that the proposed change-

point estimator performs better than the CUSUMS natural change-point estimator. In 

addition, it improves its power to detect shifts in slope as the number of observations 

increase. Practical examples demonstrating the value and applicability of these tools 

are presented in detail to serve as a guide for quality control practitioners.   

 

Keywords: CUSUM; self-starting; trends; profile monitoring; change-point 
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3.2. Introduction 

Traditional Statistical Process Control (SPC) tools monitor processes that have 

a stationary target, and deviations from that target are either natural variation or 

special cause variation, see (Shewhart, 1931). However, research has not been as 

extensive for control charts for trended observations. A trend is defined by 

(Montgomery, 2013, p. 253) as continuous movement in one direction. Monitoring a 

moving expected value is important for monitoring processes that could be subject to 

slow and gradual changes over time. Topic areas like climate change, population 

control, and sales growth are some examples of these trends. Trend analysis is not 

only limited to a time covariable, because trends can also be present between two 

random covariables. Monitoring for trends can also serve for monitoring processes 

where trends are not evident. Slow and gradual change in machining operations like 

tool wear, and operator fatigue are common for processes expected to deliver a 

constant mean. For all of these cases, it is hard to identify whether the observed trend 

is due to the random variation in the trend (common cause variation), or a special 

cause variation.  

Trend parameters are often unknown because these slow and gradual changes 

are often not expected. There are two approaches that can be taken to estimate these 

parameters. The traditional SPC approach is to perform a Phase I sampling and 

estimate the parameters of the process to create a control chart. Then in Phase II the 

process is monitored with said control chart. The alternate approach would be to use a 

self-starting control chart. An appropriate tool for monitoring trended observations 

would be capable of detecting small shifts in a linear trend, without knowledge of the 

true parameters, and identify the origin of a change in trend.  

This paper reviews some of the literature on monitoring trended observations, 

self-starting approaches, and change point (CP) estimation that will serve as the 

knowledge base for the design of a control chart for trended observations. Then, the 

paper builds the self-starting cumulative sum chart for trends (SSCUSUMT) to 

address the need of monitoring trended observations, and presents a model for post-

signal diagnosis that will identify the CP. Subsequently, simulation results provide 
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estimates of the control chart average run length (ARL) properties, and the estimation 

error of the CP estimator. Advantages and disadvantages of the tools become evident 

through a comparison with more traditional SPC methods. Practical examples of the 

tool demonstrate its application to common quality processes.  

3.2.1. Control Charts for Trend 

The earliest control chart found tailored for monitoring trended observations is 

the regression control chart, see (Mandel, 1969). This chart estimates the regression 

parameters and uses a traditional zero slope �̅�-chart to monitor the residuals. The 

intended purpose of this chart was to monitor increasing or decreasing trends of a 

system. The chart uses a Phase I approach to estimate the regression parameters and 

then performs a Phase II monitoring with the static estimated parameters. Although the 

author recommends an update to the chart parameters when changes to the system 

occur (p. 6), in practice it is difficult to determine when a parameter update is 

warranted.  

A regression control chart (RCC) combines regression analysis and control 

charts to control situations in which a process output is affected by a covariate, as 

explained by (Shu, Tsui, & Tsung, 2008) and (Shu, Tsung, & Tsui, 2004). The 

approach is to chart the process and control the output after the covariate has affected 

it. This gives it an advantage in sensitivity to changes. In addition, it is important to 

monitor profiles using univariate functions, because Hotelling showed that monitoring 

multiple variables separately can produce misleading results, see (Amiri, Zou, & 

Doroudyan, 2013). This is why Hotelling created the 𝑇2 control chart. Further proof 

shows that classical control techniques also tend to generate a lot of false alarms when 

there are many parameters monitored simultaneously, see (Yashchin, 1993, p. 42). 

Monitoring a single statistic will also help with the simplicity of execution. It is 

important for practice that the final output of the tool is easy to understand (Woodall et 

al., 2004, p. 318). 

Traditional SPC control charts like and �̅� chart are essentially memoryless with 

respect to prior observations. Time weighted control charts are SPC tools that consider 
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information provided by a sequence of observations. The moving average (MA), the 

cumulative sum (CUSUM), and the exponentially weighted moving average (EWMA) 

control charts are time weighted control charts, see (Montgomery, 2013, p. 442). The 

CUSUM control chart, originally developed by Page in 1954, is an SPC tool capable 

of monitoring small and consistent deviations from the expected value, see 

(Montgomery, 2013). Its use is still recommended today because of its ease of 

application and understanding, as stated in (Woodall et al., 2004, p. 318). However, it 

has some limitations in its range of applicable situations. The CUSUM is only suitable 

to monitor processes where there is a known fixed expected value, and there is a 

known normal error variation. However, the use of charts like the CUSUM have been 

recommended because they are easier to understand, see  (Woodall et al., 2004, p. 

318). 

The study of trends will always lead to time series modeling. Time series are 

observations observed serially over time. (Alwan & Roberts, 1988) discuss the natural 

combination of regression analysis and time series modeling to control trended 

behavior. Similar to (Mandel, 1969), they suggest monitoring the residuals of a fitted 

trend based on estimated regression parameters. However, the difference in their 

approach is that they use ARIMA models (the EWMA in particular) to monitor the 

residuals. One of the negatives of a time series approach is that it requires more 

statistical skills than the traditional control charts (p. 94), while regression 

decomposition is easier to implement. Control limits based on moving averages 

indicate a process that is not random, but do not provide information on the cause of 

the variation. Often an additional chart is added to monitor the variance.  

In an effort to monitor productivity over time, (Perazzoli & Beruvides, 2001) 

developed the Trended Time Lapsed Control Chart (TTL CC). The chart works by 

first plotting the trend data and estimating a regression line. Then the regression line 

and its data point are rotated until the regression line takes zero slope position (p. 4). 

The Shewhart control limits are established for the zero slope data. Finally, the limits 

the regression line and all of the data is rotated back to the original regressions 

position. New observations can now be monitored with the TTL CC.  
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A trend is also a linear profile because a linear profile is a relationship between 

a response variable and one or more independent variables, as defined by (Woodall et 

al., 2004),  (Saghaei et al., 2009, p. 1252), and (Montgomery, 2013, p. 419). One of 

the differences between RCC and linear profile monitoring is that the RCC monitors 

the shifts in the Y-intercept while linear profile monitoring monitors all of the 

regression parameters (intercept slope and process variation). Another is that the Phase 

I data is not usually a single set of bivariate data points, as stated in (Kim et al., 2003, 

p. 3). In addition, linear profile monitoring applications consider a fixed 𝑥-variable. 

Previous examples of linear profile monitoring include machine calibration problems, 

aspartame solvency characteristics, monitoring semiconductor manufacturing, and 

monitoring processes in the automotive industry; see (Kang & Albin, 2000), and 

(Mahmoud, 2004).  

(Kang & Albin, 2000) are often credited with the seminal paper in linear 

profile monitoring. They explain that controlling this situation involves building 

expectations form knowledge on the intercept, slope, and standard deviation of the 

profile, and then comparing the actual observations to the expectations. The authors 

proposed two different approaches for monitoring linear profiles. The first approach is 

to use a multivariate T
2
 Hotelling chart with the profile parameters serving as the 

control variables (p. 419). The second approach is to monitor the residuals from the 

profile parameters with a EWMA chart, and the range of the residuals with an R chart 

(EWMA-R method). The R chart serves to supplement the EWMA chart for the 

detection of shifts in variance (p. 421). Both of these charts perform a phase one 

evaluation, with Least Squared Estimates (LSE), to validate the assumption of known 

parameters. The combination of the EWMA chart and the R chart delivers a smaller 

ARL, but lacks the advantage of monitoring with only one chart (p. 424).  

Building on Kang and Albin’s work, (Kim et al., 2003) develop a new 

technique for monitoring linear profiles. The approach involves the use of three 

EWMA charts (EWMA3); one to monitor the intercept, one for the slope, and one for 

the variance. It was possible to monitor the intercept and slope separately because of a 

transformation of the fixed x-variables, and the linear equation, that made �̅� = 0.This 
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adjustment in turn made the calculation of covariance between the intercept and slope 

zero. The EWMA3 method proved to detect shifts better than the tools proposed by 

(Kang & Albin, 2000). The EWMA3 method has served as a benchmark for linear 

profile monitoring; even for self-starting linear profile monitoring charts 

All of the tools presented thus far, share the concept of estimating parameters. 

In Phase I of Statistical Process Control (SPC) a sample of data is collected and 

cleaned of any disturbing outliers. Regression parameters estimates are created with 

this Phase I data. Estimating the parameters produces an uncertainty about 

overestimating and underestimating. This is troubling because the unknown estimation 

errors from the Phase I data will affect the control chart monitoring in Phase II. This 

subject was investigated particularly for regression control charts by (Shu et al., 2004). 

The study found that when the parameters are estimated for an RCC, the IC ARL of 

the chart is shortened due to more false alarms. The study recommends using 

obtaining larger Phase I sample sizes (about 300 observations for the Shewhart 

Regression control chart and 600 for the EWMA regression control chart). Collecting 

such large sample sizes is often not practical, and therefore the authors recommend the 

use of a self-starting approach like that of (Hawkins, 1987). An additional reason to 

use self-starting charts is that for living systems the dependent variables are not 

usually available at the same time as the independent variables, see (Woodall et al., 

2004, p. 317). This causes a problem with prediction with respect to the reaction of the 

dependent variable. For example, for a prediction model based on behavior surveyed 

on a national census. By the time the data for next census becomes available the 

behavior could have already undergone drastic shifts. 

3.2.2. Self-Starting Charts 

The first self-starting chart found in the SPC literature uses the Self Starting 

Cumulative Sum (SSCUSUM) technique, see (Hawkins, 1987). The SSCUSUM uses 

a studentized statistic of the running estimators to deliver a statistic that follows a t-

distribution. Then this t-distributed statistic translates into a standard normal statistic 

that the traditional CUSUM technique monitors because the parameters for the 

standard normal statistic are known 𝑁(0,1). This translation was originally performed 
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through a derived formula, but  can also be done through a quantile transformation 

technique, see (Hawkins, 1987) and (Quesenberry, 1991) respectively. The 

SSCUSUM is recommended for processes that have unknown parameters, and for 

processes that have high cost and/or take a lot of time to collect a fair amount of 

samples, as in (Sullivan & Jones, 2002b, p. 25). The performance assessment of a 

laboratory is a classic example, see (Hawkins, 1987). The self-starting technique also 

helps alleviate the problem of the residual random variability that contributes to 

overestimating and underestimating parameters. There are other approaches to the 

problem of not having a good control chart for systems in which the process 

parameters are unknown, but (Capizzi & Masarotto, 2012) suggested self-starting 

charts as a good solution.   

The self-starting control charts used for monitoring linear profiles have shown 

deficiencies. An exploratory review of the field by (Guadalupe et al., 2013b) found 

three self-starting linear profile monitoring tools: the Likelihood Ratio Test (LRT), the 

LRT Exponentially Weighted Moving Average (LRT EWMA), and the self-starting 

EWMA based on recursive residuals (further referred to as SSEWMA). The LRT 

performs well in detecting larger shifts but the creators ultimately find that the LRT 

EWMA is a better tool overall, see (Zou et al., 2006, p. 1100). This leaves two suitable 

tools for linear profile monitoring of processes with unknown parameters.  

The SSEWMA procedure based on recursive residuals monitors two statistics. 

One monitors the standard deviation, and the other combines slope and intercept 

monitoring. This creates a sensitive tool with respects to small shifts in a linear profile. 

However, this tool does not generally perform well against the benchmark EWMA3, 

see (Zou et al., 2007). However, unlike the EWMA3, it does not require knowledge of 

the parameters prior to monitoring. Although the LRT EWMA performs on par with 

the EWMA3, it struggles to detect larger shifts. Because the LRT EWMA combines 

the monitoring of slope, intercept, and standard deviation, the method needs a 

decomposition adjustment to improve traceability of the shift to the proper model 

parameter (Zou et al., 2006). The comparison of the two charts, see (Zou et al., 2006, 

p. 1101) and (Zou et al., 2007, p. 372) show that the SSEWMA is a better tool when 
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the expected shifts are larger. The LRT EWMA is better when the expected shifts are 

smaller. One notable finding is that they both require a large number of IC samples 

prior to a shift, to deliver good ARL performance. This is a problem because self-

starting charts appear to be solutions to situations in which a plethora of samples is 

difficult to obtain. Finding a solution to this problem could introduce new areas of 

opportunity to apply linear profile monitoring. Another important point is that both of 

these tools were designed to deliver an IC ARL of roughly 200 observations. This 

means that if the system does not experience a shift, the charts will on average signal 

an OC around the 200
th

 observation. It would also be desirable to create a tool that 

delays OC false alarms past the 200
th

 observation. 

Self-starting charts produce good average run length (ARL) when the process 

is in-control (IC), and they do a good job of detecting an early shift in the process, see 

(Capizzi & Masarotto, 2012). However, when small and sustained shifts occur early 

on, these types of control charts are not able to detect the change. Because these charts 

have continuously updated parameters, if there are shifts that initially fail to trigger the 

control limits, they then change the fundamental expectations for the process. If the 

expectations are changed then control statistic will not detect a difference, which will 

leave the small process shift undetected. The problem described appears in different 

linear profile monitoring self-starting control charts. 

3.2.3. Change Point Estimation 

A shift in a controlled process produces many costs. There are obvious costs 

associated with process improvement, such as defect removal, remedy creation, and 

solution implementation. However, inconspicuous costs like the search for an 

assignable cause, and the incorrect identification of assignable cause, have a potential 

to be greater costs for an organization. It is for this reason that (Shewhart, 1931) and 

(Deming, 1994) believed that action should only be taken when a system was found to 

be out of control. Otherwise, it would introduce special cause variation into a system 

that possibly only had natural common cause variation. The search for the focus of 

action is the change-point problem,  as described by (Tercero-Gómez, 2011) and 

(Tercero-Gómez, Cordero-Franco, Pérez-Blanco, & Hernández-Luna, 2014). The 
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change point (CP) problem is the dilemma of not knowing when the change in the 

system parameters occurs. SPC Control charts, like the EWMA3 or SSEWMA, do not 

have the ability to identify the moment in which the system changed. They only have 

the ability to detect that the system has gone out of control. 

There are two ways that the CP problem has been addressed with respect to 

SPC monitoring. One way is to build control charts that use CP algorithms in their 

formulation. For example, (Zou et al., 2006) developed a linear profile SPC tool that is 

based on CP formulation. The other approach is to perform CP estimation after the 

process has been determined to be OC. The combined use of SPC charts and CP 

estimators is called post signal diagnosis. Most of the research in post signal diagnosis 

has centered around the use of a Maximum Likelihood Estimator (MLE) after OC 

detection, see (Amiri & Allahyari, 2012, p. 683).  

The scientific field of CP analysis is partitioned into three fields: Classical 

statistics, Non-parametric statistics, and Bayesian statistics, as outlined by (Tercero-

Gómez, 2011, p. 17). The MLE and Likelihood Ratio (LR) tests have been major 

focus areas for statisticians in the classical field. This focus began in 1970, when 

Hinkley developed the first MLE and LR for detecting shifts in the mean of normally 

distributed observations, as cited in (Tercero-Gómez, 2011). Since then, the field has 

built on his work and produced many different MLEs for both known and unknown 

parameters. For a review of these developments see (Tercero-Gómez, 2011, pp. 14-

25). Specifically, MLEs have been combined with the cumulative sum (CUSUM) 

control chart and self-starting CUSUM (SSCUSUM) control chart, see (Khoo, 2004) 

and (Tercero-Gómez et al., 2014). This paper also expands on this work by combining 

a CP MLE with the self-starting control chart for trend. 

The addition of the CP MLE would allow for the identification of the moment 

in which a living system accelerated or decelerated its growth or decay. The 

knowledge gained from identifying these points would enhance the management of 

future similar systems. The paper will also address an observed gap in post signal 

diagnosis, which shows that only single step shifts have been studied in post signal 

diagnosis for profile monitoring, see (Amiri & Allahyari, 2012).    
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There is a lot of promise in the development of SPC monitoring for living 

systems, see (Shore, 2013). Researchers have mentioned that profile monitoring could 

serve public health by monitoring infection rates, see (Woodall, 2007).  A similar area 

of opportunity that this tool can address is behavioral trends, in particular those of 

economic behavior. This is because behavior adaptation has been likened to the spread 

of diseases, as in (Gladwell, 2000). In fact, tools have already been developed for use 

in conjunction with behavioral economic theories, see (Guadalupe et al., 2013a). 

Because living systems are open systems, there are more opportunities for external 

intervention and this reduces the likelihood that they will produce a high number of IC 

observations. In addition, the complexity of open systems could render the use of a 

few independent variables inadequate. A regression approach that monitors the trend 

with respect to time could do a better job identifying abnormal growth or decay.  

3.3. Building the Model 

The tool explained and tested in this paper is the SSCUSUM for Trended 

Observations (SSCUSUMT), see origins in (Guadalupe et al., 2013a). This tool works 

by using the studentized error of a prediction of a new observation, made by a running 

regression model, to create a t-distributed statistic. Then the t-distributed statistic is 

used in the same manner as the SSCUSUM. Because the intent of the original model 

was for application toward living systems, it monitors time series data to control for 

trend. 

The assumption of independent time series observations is one that must be 

carefully considered when this procedure is applied. It is not uncommon for trended 

observations to be autocorrelated, see (Ramirez-Galindo, 2012, p. 25) Autocorrelation 

occurs when one observation is influenced by another, see (NNSMP, 2011, p. 4). 

Some examples, given by (Montgomery, (2005) as cited in Amiri & Allahyari, 2012, 

p. 677), include chemical processes and production processes which have consecutive 

measurements of a time order result in autocorrelated data. The nature of the 

consecutive measures could probably even contribute to the autocorrelation, stated in 

(Williams et al., 2007 as cited in Noorossana, Vaghefi, & Dorri, 2011, p. 426). The 

SSCUSUMT is not suitable for autocorrelated observations. In fact, it relies on a 
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lemma from Basu, similar to other studies, see (Zou et al., 2007, p. 366), to prove that 

the transformation used in this proposal still generates independent data. 

Assume a random sample of observations over time is (𝑡𝑖, 𝑦𝑖). The IC process 

behaves according to a functional relationship where the response variable depends on 

time 𝑖. Equation (1) represents this univariate relationship where 휀𝑖/𝜎 is an 

independent identically distributed (i.i.d) standard normal random variable.  

𝑦𝑖 = 𝛼0 + 𝛽0𝑡𝑖 + 휀𝑖, 1 ≤ 𝑖 ≤ 𝐼 (1) 

 

When the parameters for intercept, slope, and variance (𝛼, 𝛽, 𝑎𝑛𝑑 𝜎2 

respectively) are unknown, unbiased estimators approximate them. These estimators 

have been commonly used in previous research, see (Kang & Albin, 2000), (Kim et 

al., 2003), (Zou et al., 2006), (Zou et al., 2007). The running adaptations for the 

intercept is in Equation (2). 

𝑎𝑖 = �̅�𝑖 − 𝑏𝑖𝑡�̅� (2) 

 

where 

 �̅�𝑖 =
∑ 𝑦𝑘

𝑖
𝑘=1

𝑖
, 𝑎𝑛𝑑      𝑡�̅� =

∑ 𝑡𝑘
𝑖
𝑘=1

𝑖
  

 

The running estimator for the slope is in Equation (3),  

𝑏𝑖 =
𝑆𝑡𝑦

𝑖

𝑆𝑡𝑡
𝑖

 (3) 

 

where 

𝑆𝑡𝑡
𝑖 = ∑ (𝑡𝑘 − 𝑡�̅�)

2
𝑖

𝑘=1
, 𝑎𝑛𝑑      𝑆𝑡𝑦

𝑖 = ∑ (𝑡𝑘 − 𝑡�̅�)𝑦𝑘

𝑖

𝑘=1
  

 

The running estimator for the variance is in Equation (4),  
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𝑀𝑆𝐸𝑖 =
1

𝑖 − 2
∑(𝑦𝑘 − 𝑏𝑖𝑡𝑘 − 𝛼𝑖)

2

𝑖

𝑘=1

 (4) 

 

This self-starting approach will update the parameters as new observations are 

occurring. This essentially means that 𝑡�̅� is a running average, and will update after 

every new observation 𝑦𝑖. Consequently, the variance (𝑆𝑡𝑡
𝑖 ) and the covariance (𝑆𝑡𝑦

𝑖 ) 

are also updated continuously. Simultaneously, the updated parameters composed 

predict the next response with Equation (5).   

�̂�𝑖 = 𝑎𝑖−1 + 𝑏𝑖−1𝑡𝑖 (5) 

 

The proposed model uses the LSE parameters to minimize the error of a 

regression line across all observed values of the independent variable. Because this 

procedure creates a continuous line, the proposed technique is not restricted to discrete 

time series ordered data, and is applicable in monitoring general linear profiles. The 

continuous line can also be used to extrapolate expected values further in time than the 

next direct observation. This improves on the flexibility of the tool because it can still 

perform monitoring with censored or missing data over time. Also, this model only 

describes a procedure considering simple linear profile, but could be extended to 

consider more explanatory variables in the future. 

After the parameters and predicted observation have been established, 

Equation (6) will then use the prediction to yield a t-distributed statistic 𝑇𝑖 with 𝑖 − 2 

degrees of freedom, see (Kutner et al., 2004, p. 58). Note that once a new 𝑡𝑖 is 

observed, Equation 3.5 creates a new predicted �̂�𝑖.   

𝑇𝑖 =
(𝑦𝑖 − �̂�𝑖)

𝑠𝑖
 (6) 

 

The standard deviation used for this studentized statistic is calculated using 

Equation (7) below, as in (Kutner et al., 2004, pp. 25,59).  
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𝑠𝑖 = √𝑀𝑆𝐸𝑖−1 (1 +
1

𝑖 − 1
+

(𝑡𝑖 − 𝑡�̅�−1)2

∑ (𝑡𝑘 − 𝑡�̅�−1)2𝑖−1
𝑘=1

) (7) 

 

The normal SSCUSUM procedure can now be used to monitor statistic 𝑇𝑖. This 

would entail performing the quantile transformation using a cumulative t-distribution 

function with i − 2 degrees of freedom, see (Montgomery, 2013, p. 432). The method 

used for this model is to find the statistic 𝑈𝑖 with Equation (8), because this statistic 

approximately follows the standard normal distribution, see (Hawkins, 1987). 

𝑈𝑖 = 𝑠𝑖𝑔𝑛(𝑇𝑖) (
8𝑣 + 1

8𝑣 + 3
) √[𝑣 × 𝑙𝑛 (1 +

𝑇𝑖
2

𝑣
)] (8) 

 

where 

 𝑣 = 𝑖 − 2  

 

The tabular CUSUM methodology now monitors 𝑈𝑖, by creating a cumulative account 

for deviations from the expected value of zero. The deviations that result in  𝑈𝑖 being 

greater than zero are positive deviations and contribute to the value of 𝐶𝑖
+. Contrarily, 

the deviations that result in  𝑈𝑖 being less than zero are negative deviations and 

contribute to the value of 𝐶𝑖
−. The expressions of the control statistics are Equation (9) 

and Equation (10) respectively.  

𝐶𝑖
+ = 𝑚𝑎𝑥[0,  𝑈𝑖 − 𝑘 + 𝐶𝑖−1

+ ] (9) 

 

𝐶𝑖
− = 𝑚𝑎𝑥[0, −𝑘 −  𝑈𝑖 + 𝐶𝑖−1

− ] (10) 

 

Note the variable 𝑘, which is the allowance of the deviations. The allowance is 

a deduction that exempts a certain amount of deviation from accruing to the balance of 

either control statistic. It is a forgivable deviation. There is not set value of 𝑘 known to 

be the ultimate standard. This study will benchmark a previous value of k, by setting it 

to 0.25, see (Hawkins, 1987) and (Tercero-Gómez et al., 2014). This value optimizes 
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the detection of a bias of 0.5 standard deviations, just as in (Tercero-Gómez et al., 

2014). Because the expected standard deviation for statistic  𝑈𝑖 is one, Equation (11) is 

the expression of the targeted shift detection, see (Montgomery, 2013, p. 418).  

𝑘 =
𝛿

2
𝜎 =

0.5

2
= 0.25 (11) 

 

A process similar to that of choosing 𝑘 was done for the variable ℎ. The value 

of ℎ determines when the data is declared OC. Once either of the control statistics 

cross the boundary value of ℎ, the chart will trigger an OC signal. Similarly, the lack 

of a universal standard for ℎ makes for a peculiar decision on its value. The 

combination of 𝑘 and ℎ factors into the charts ARL performance and should be 

experimentation with in follow up studies on this tool. 

The SSCUSUMT assumes that a trend will follow the path of a linear 

regression equation, as in Equation (1). However, it is possible that the tool is applied 

to a process that is thought to be linear, but actually turns out to be exponential. The 

first tactic that will be used to verify linearity is a scatter plot of the observed behavior 

over time, see (Kutner et al., 2004, p. 104). Sometimes this initial plot will reveal 

enough insight to verify the linearity, but often times it could be ambiguous. This is 

why residual plot is needed to provide a deeper understanding of the observed 

behavior. A residual is the difference between the observed behavior and the expected 

behavior for that independent variable, which is time (𝑡𝑖) in the case of Equation (1), 

see (Kutner et al., 2004, p. 105). If a nonlinear relationship is found, the data can be 

transformed with the logarithmic function into a data trend that behaves linearly.  

Another modification that could be made to the SSCUSUMT is to add heavier 

weights to the earlier observations. This could perhaps improve the model for trended 

observations of living systems because it will anchor more on the initial observations, 

which are more likely to be in control for an open system constantly exposed to 

potential special causes of variation. Because this paper is focused on first exploring 

the ARL properties of the SSCUSUMT, this modification will be furloughed; but it 

provides a great opportunity for future research.    
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The CP estimator will monitor trended observations for different shifts in 

system parameters with the SSCUSUMT. After the SSCUSUMT detects an OC 

point 𝐼, an MLE will identify the change-point 𝜏 based on independent normal samples 

from a time series. Assume that random variable 𝑦𝑖 follows the regression 

distributions in Equation (12).  

𝑦𝑖 = {
𝛼0 + 𝛽0𝑡𝑖 + 휀𝑖,           1 ≤ 𝑖 ≤ 𝜏
𝛼1 + 𝛽1𝑡𝑖 + 휀𝑖,          𝜏 < 𝑖 < 𝐼

 (12) 

 

This function shows that the response variable is solely dependent on the variable 

time 𝑡. The independent random variable 휀𝑖 follows a normal distribution with mean 

zero and variance 𝜎0
2. In addition, the parameters 𝛼0, 𝛽0 and 𝜎0

2 are unknown. After 

point 𝜏, Equation (12) shows that parameters 𝛼1, 𝛽1 and 𝜎0
2 now produce the best 

fitting model representing the linear profile. The proposed remedy has a two-step 

approach; the SSCUSUMT followed by the CP MLE. 

CP analysis is a flexible tool capable of monitoring a variety of time ordered 

data, including attributes and non-normal data. In addition, change point analysis has 

the ability to detect multiple changes, see (Taylor, 2000). The biggest difference 

between change-point analysis and control charts is that control charts have the ability 

to update with every new observation, much like the SSCUSUMT. Contrarily, change 

point analysis is only executable once all of the data has been collected, see (Taylor, 

2000). This is because the estimator will always identify a change-point within a data 

set, even if the data is IC. The differences are rooted in the fact that change-point 

analysis monitors the change-wise error rate, while control charts monitor the point-

wise error rate, see (Taylor, 2000). This feature also enhances the accuracy of change-

point analysis in detecting real shifts, improves robustness toward outliers, and 

increases its ability to detect sustained changes, as cited in  (Tercero-Gómez, 2011, p. 

15).   

An MLE compares observed data to an assumed distribution about the data. 

The MLE then finds the parameters for the assumed distribution which optimize the 

probability that the observed data actually came from the assumed distribution (Kutner 
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et al., 2004). Assuming Equation (12) follows a normal error regression model, the 

probability of that observation is given by Equation (13), see (Kutner et al., 2004, p. 

31).   

𝑓(𝑦) =
1

√2𝜋𝜎
𝑒𝑥𝑝 [−

1

2
(

𝑦𝑖 − 𝛼0−𝛽0𝑡𝑖

𝜎
)

2

] (13) 

 

The likelihood function multiplies the result of this function for every observed 

independent variable to find out the probability that all of the observations came from 

this distribution. This multiplication is seen in Equation (14), the likelihood formula, 

and its reduction is in Equation (15), see (Kutner et al., 2004, p. 31).    

𝐿(𝛼0, 𝛽0, 𝜎2) = ∏
1

(2𝜋𝜎2)1 2⁄
𝑒𝑥𝑝 [−

1

2𝜎2
(𝑦𝑖 − 𝛼0−𝛽0𝑡𝑖)

2]

𝑛

𝑖=1

 (14) 

 

𝐿(𝛼0, 𝛽0, 𝜎2) =
1

(2𝜋𝜎2)𝑛 2⁄
𝑒𝑥𝑝 [−

1

2𝜎2
∑(𝑦𝑖 − 𝛼0−𝛽0𝑡𝑖)

2

𝑛

𝑖=1

] (15) 

 

The MLEs for the parameters 𝛼0, 𝛽0 and 𝜎0
2 are analytically derived by taking partial 

derivatives with respect to each one of the unknown parameters. The case of a normal 

error model, the MLEs for the parameters 𝛼0 and 𝛽0 are the same as the LSEs, see 

(Kutner et al., 2004, p. 31). However, the derived MLE for 𝜎2 is biased; therefore, the 

mean square error (MSE) is used in its place as was seen in Equation (7).  

The proposed CP MLE for the SSCUSUMT is based on the CP MLE for the 

SSCUSUM, developed by (Tercero-Gómez et al., 2014). The highlights of the 

procedure follow, but the complete and detailed procedure is located in the Appendix 

B. First, a remodeling of the likelihood function occurs to fit the needs of this 

research. Equation (16) shows that the likelihood function is composed of two 

different distributions; one to represent data before 𝜏 and the other to represent data 

after the change point.   
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𝐿[𝜏, 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖)]

= ∏ 𝑓[𝜏, 𝛼0, 𝛽0, 𝜎|(𝑡𝑖, 𝑦𝑖)]

𝜏

𝑖=1

∏ 𝑓[𝜏, 𝛼1, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖)]

𝐼

𝑖=𝜏+1

   
(16) 

 

The density function in Equation (13) is then used in the likelihood function in 

Equation (16) to create Equation (17). This is a similar procedure to that in Equation 

(15).   

𝐿(𝜏, 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖))

=
1

(2𝜋𝜎2)𝐼 2⁄
𝑒

[−
1

2𝜎2 ∑ (𝑌𝑖−𝛼0−𝛽0𝑡𝑖)2𝜏
𝑖=1 ]

𝑒
[−

1
2𝜎2 ∑ (𝑌𝑖−𝛼1−𝛽1𝑡𝑖)2𝐼

𝑖=𝜏+1 ]
   

(17) 

 

The likelihood in Equation (17) is not in a close integral form. In order to use 

the derivatives to find the maximum likelihood, the log of the likelihood function is 

derived and depicted in Equation (18). Maximizing the log likelihood would also 

maximize the likelihood.  

log 𝐿(𝜏, 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖)) = log 𝐿

= log [
1 

(2𝜋𝜎2)𝐼 2⁄
] −

1

2𝜎2
[∑(𝑌𝑖 − 𝛼0−𝛽0𝑡𝑖)

2

𝜏

𝑖=1

+ ∑ (𝑌𝑖 − 𝛼1−𝛽1𝑡𝑖)
2

𝐼

𝑖=𝜏+1

]  
(18) 

 

To find the maximum log likelihood, the partial derivatives of the log 

likelihood had to be derived for each variable. Once they were derived, they were set 

to zero to find out what value of the variable drives the partial derivative to zero. Once 

all of the partial derivatives were estimated, the equation was simplified to Equation 

(19).    

�̂� = arg 𝑚𝑖𝑛1≤𝜏≤𝐼 {�̂�2}   (19) 

 

Equation (19) shows that the CP is most likely the point that minimizes the 

estimated variance. The estimated variance is calculated with Equation (20), which is 

the partial derivative of the log likelihood equation with respect to the variance.    
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�̂�2 = [(∑ 𝑦𝑖
2

𝜏

𝑖=1

+ 𝜏𝛼0
2 + 𝛽0

2 ∑ 𝑡𝑖
2

𝜏

𝑖=1

− 2𝛼0 ∑ 𝑦𝑖

𝜏

𝑖=1

− 2𝛽0 ∑ 𝑡𝑖𝑦𝑖

𝜏

𝑖=1

+ 2𝛼0𝛽0 ∑ 𝑡𝑖

𝜏

𝑖=1

)

+ ( ∑ 𝑦𝑖
2

𝐼

𝑖=𝜏+1

+ (𝐼 − (𝜏 + 1))𝛼1
2 + 𝛽1

2 ∑ 𝑡𝑖
2

𝐼

𝑖=𝜏+1

− 2𝛼1 ∑ 𝑦𝑖

𝐼

𝑖=𝜏+1

− 2𝛽1 ∑ 𝑡𝑖𝑦𝑖

𝐼

𝑖=𝜏+1

+ 2𝛼1𝛽1 ∑ 𝑡𝑖

𝐼

𝑖=𝜏+1

)]
1

𝐼
 

(20) 

 

The variance estimate in Equation (20) depends on the LSE for the intercept 

and slope parameters found in Equation (2) and Equation (3). The CP MLE works by 

finding the local minimum but a proof that it is also the global minimum would 

strengthen this reputation of the tool. The Hessian matrix was derived built in 

Appendix C, but ultimately more skill and technology were needed to gather the proof. 

Although the theoretical proof was not attained, the empirical results will validate the 

ability of the tool.   

3.4. Evaluation of Performance 

The ARL performance is the accepted way to measure performance of control 

charts in Phase II of the process, see (Montgomery, 2013). Two facets of ARL were 

investigated for the SSCUSUMT, ARL for Type I error (false alarm) and ARL for 

Type II error. The Type I error of the proposed method is compared to the traditional 

method of Phase I parameter estimation to show the benefits and negatives of this 

approach. A performance evaluation of the CP MLE error in detecting the true shift 

rounds out the analysis.    

3.4.1. IC ARL 

The IC ARL will determine on the number of observations until a Type I error 

occurs. The ℎ parameter for this technique was set to 0.25, see Equation (11). The 

control limits set by parameter ℎ were set to 6.875 to generate an IC ARL of around 

200 for the SSCUSUMT chart. The trial and error performed to find this value is in 

Table 3.1. Every simulation consisted of 10,000 replications. The IC ARL value of 

200 serves as a benchmark of good IC ARL performance, because most similar studies 



Texas Tech University, Leonidas Guadalupe, December 2014 

74 

use this a benchmark, see (Kim et al., 2003), (Zou et al., 2006), (Shu et al., 2004), and 

(Zou et al., 2007).  

 

Table 3.1 Trial and error finding of the control limits 

 ℎ 6.0 6.5 6.8 6.825 6.85 6.875 6.88 6.9 7.0 

IC ARL 126 166 197 194 198 199 205 206 218 

 

 

Once the control limits were established, the next step was to compare the self-

starting and the Phase I approach. Both techniques use a CUSUM control chart with 

the same control parameters, but the estimation of the deviation from the expected 

standard normal mean of zero is different. The self-starting approach as previously 

mentioned uses running estimates of the regression parameters and finds a studentized 

statistic. The Phase I approach gathers a sample of representative data and uses it to 

estimate fixed regression parameters for the monitoring. Table 3.2 shows the 

compared performance of these two methods, again each result obtained from 10,000 

replications. 

 

Table 3.2 Comparison of IC ARL performance Self-starting and Phase I simulations 

Self-Starting Approach IC ARL Phase I Approach IC ARL 

3 Observations 203.6877 Known Parameters 204.8371 

20 Observations 205.6393 20 Observations 28.3643 

100 Observations 200.5657 100 Observations 79.0804 

300 Observations 202.2341 300 Observations 133.6748 

 

 

The comparison in Table 3.2 shows that the Phase I approach does not deliver 

as lengthy of an IC ARL as the proposed self-starting approach, which means that the 

SSCUSUMT has a lower probability of Type I error. Note that the self-starting 

approach requires a minimum of three observations prior to monitoring. Additionally, 

IC observations prior to monitoring were increased to investigate whether the 

proposed method would improve with a larger IC sample for its estimates. The results 

in Table 2 (left column) show that the self-starting approach has similar ARL as the IC 
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observations increase. It means that it delivers practically the same probability of Type 

I error regardless of the number of IC samples used as a starting point for its running 

estimates.   

3.4.2. OC ARL 

Similar to the IC ARL, there was a comparison on the OC ARL performance 

for both the SSCUSUMT and the Phase Iapproach. Table 3.3 displays the results of 

the simulations, each of 10,000 replications.   

 

Table 3.3 Comparison of OC ARL performance Self-starting and Phase I simulations 

CP Step Shift Slope Shift Self-Starting (ARL) Phase I (ARL) 

20 

0 
0.025 169.3114 21.9318 

0.250 4.9940 1.9240 

0.2 

0.000 181.3084 27.8504 

0.025 142.9934 18.3312 

0.250 2.4638 1.8620 

2 

0.000 21.0681 5.5629 

0.025 13.8116 3.7795 

0.250 2.0210 1.4357 

100 

0 
0.025 3.3697 3.5953 

0.250 1.0000 1.0000 

0.2 

0.000 167.9187 69.1094 

0.025 3.1486 3.3444 

0.250 1.0000 1.0000 

2 

0.000 4.4390 4.6086 

0.025 1.9963 2.1209 

0.250 1.0000 1.0000 

300 

0 
0.025 1.2436 1.3487 

0.250 1.0000 1.0000 

0.2 

0.000 148.8564 94.0041 

0.025 1.2042 1.2759 

0.250 1.0000 1.0000 

2 

0.000 4.0440 4.5687 

0.025 1.0111 1.0103 

0.250 1.0000 1.0000 
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When the shift occurs early (CP=20), an OC is signaled faster with the Phase I 

method than with the Self-starting method. This is expected because the estimates for 

the Phase I approach are grounded, while the ones for the self-starting can be 

influenced by new observations. However, this problem goes away as the observations 

prior to monitoring increase, see CP 100 and 300 on Table 3.3. When there is an 

opportunity to collect a large history of IC data prior to monitoring the Self-Starting 

approach works just as well as the Phase I approach.  

There was an interesting finding with respect to step shifts. The SSCUSUMT 

does not comparatively perform well for detecting small step shifts. In cases where 

there is no slope shift and small step shifts the performance on the self-starting is a lot 

worse than that of the Phase I approach. This is because the small changes in intercept 

will contribute to an increase in error slightly but will not progressively intensify the 

error. On the other hand, the SSCUSUMT detects small slope shifts quicker as the 

observation size increases.   

3.4.3. CP Estimation 

The same simulations where the ARL results were gathered, were also used to 

estimate the CP. Two methods where compared for CP estimation. The first method is 

the CP MLE proposed in earlier as a post-signal diagnostic for the SSCUSUMT. The 

other method is the natural estimator of the CUSUM, which is located by finding the 

origin of the CUSUM statistic that eventually crossed the limit. The key measure of 

performance is the average or expected error that represents the bias of the estimator, 

and the standard deviation of the error that represents the standard error. The bias will 

indicate whether the estimator has a tendency to error in particular way while the 

standard error will provide insights on accuracy of the estimators. Table 3.4 displays 

the results of the simulations.    

The results show that for most shifts the CP MLE is a better estimator of the 

CP that the natural CUSUM CP estimator. This is especially true in cases of slope 

shifts. In almost all of the cases the standard error for the CP MLE was better that of 

the CPCUSUM. The only two cases where this was not the case, where in situations 

that corresponded to a large OC ARL. This additional data in between the CP and the 
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RL appear to distort the CP MLE. The CPMLE should clearly be the post-signal 

diagnosis tool for the SSCUSUMT.   

 

Table 3.4 Performance of CP estimators 

Tao 
Step 

Shift 

Slope 

Shift 

Expected 

(CPMLE - τ) 

Std. Dev. 

(CPMLE - τ) 

Expected 

(CPCUSUM - τ) 

Std. Dev 

(CPCUSUM - τ) 

20 

0 
0.025 131.5663 175.9458 151.4450 183.2023 

0.250 -4.0844 0.8645 -0.5145 2.5435 

0.2 

0.000 144.0803 179.3353 163.1880 186.1078 

0.025 101.6378 158.5025 124.2657 167.9399 

0.250 -0.4676 1.1188 -4.1564 5.0604 

2 

0.000 0.3864 8.4153 5.7111 13.1826 

0.025 -1.2459 5.2351 1.2909 11.5423 

0.250 -0.2855 0.6028 -4.0608 5.0391 

100 

0 
0.025 -3.4822 7.4951 -5.4153 8.3084 

0.250 -1.0000 0.0000 -5.5349 8.2861 

0.2 

0.000 121.7129 169.5397 149.0854 171.3727 

0.025 -3.1134 7.1134 -5.4011 8.1740 

0.250 -1.0000 0.0000 -5.5331 8.5259 

2 

0.000 -5.4602 10.9602 -5.4124 8.4272 

0.025 -0.9891 3.2270 -5.5385 8.4261 

0.250 -1.0000 0.0000 -5.5201 8.3733 

300 

0 
0.025 -0.8217 0.5528 -5.3683 7.9748 

0.250 -1.0000 0.0000 -5.4000 8.1640 

0.2 

0.000 85.4473 188.4847 129.4668 169.1098 

0.025 -0.8525 0.4994 -5.4603 8.2404 

0.250 -1.0000 0.0000 -5.4284 8.2748 

2 

0.000 -6.6667 22.0398 -5.5466 8.5957 

0.025 -1.0018 0.1587 -5.4709 8.2971 

0.250 -1.0000 0.0000 -5.5072 8.1696 

 

 

3.5. Non-time Example 

The application of these tools is not as complex as other SPC techniques, and 

quality professionals can create the tools with readily accessible software like 

Microsoft Excel. Consider a the situation of monitoring man-hours based on pieces of 
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mail, by (Mandel, 1969). The profile in Figure 3.1 reveals a linear profile between 

pieces of mail handled and person-hours used over the course of 3 years. It is the 

combined data collected for Phase I and Phase II with the omission of the outliers 

omitted by Mandel. Applying the SSCUSUMT to the data could provide some 

insights into the mail processing system.   

 

 

 

Figure 3.1 Mail Processing Data Collected by (Mandel, 1969). 

 

 The procedure proposed in this paper guided the construction of the 

SSCUSUM control chart in Table 3.5. As demonstrated, the control chart actually 

begins to monitor the process output once fourth observation is recorded, yet the 

estimates for prior data is required due to the layered layer approach of the 

computation. The CUSUM control chart limits were 6 for each positive and negative 

statistic, and the allowance as se to 0.25, as in (Hawkins, 1987). Note that the use of 

the SSCUSUMT is not restricted to time, and can be used to monitor general trends, 

like tool wear.  
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Table 3.5 SSCUSUMT Tabular control chart 

𝑖 𝑥𝑖  𝑦𝑖 𝑎𝑖 𝑏𝑖 𝑀𝑆𝐸𝑖 𝑇𝑖 𝑈𝑖 𝐶𝑖
+ 𝐶𝑖

− 

1 157 572 - - - - - - - 

2 161 570 650.50 -0.50 - - - - - 

3 168 645 -554.01 7.10 530.09 - - - - 

4 186 645 156.37 2.69 954.00 -1.612 -1.155 0.000 0.905 

5 183 645 165.83 2.63 638.16 -0.082 -0.076 0.000 0.731 

6 184 671 120.08 2.91 557.70 0.704 0.645 0.395 0.000 

7 180 675 88.13 3.12 597.38 1.164 1.044 1.189 0.000 

8 175 670 87.14 3.15 681.12 1.357 1.217 2.156 0.000 

9 193 710 52.87 3.36 602.70 0.441 0.423 2.329 0.000 

10 184 656 65.95 3.27 550.03 -0.549 -0.527 1.552 0.277 

11 179 640 67.88 3.26 503.72 -0.492 -0.476 0.826 0.503 

12 164 599 62.78 3.29 454.14 -0.125 -0.122 0.454 0.375 

13 154 569 63.43 3.28 412.86 0.012 0.012 0.216 0.113 

14 157 564 43.03 3.39 392.79 -0.646 -0.627 0.000 0.490 

15 164 573 23.38 3.50 411.25 -1.269 -1.209 0.000 1.450 

16 188 667 36.77 3.41 393.44 -0.627 -0.612 0.000 1.812 

17 191 700 25.77 3.48 374.02 0.510 0.499 0.249 1.062 

18 180 637 29.95 3.45 364.55 -0.771 -0.753 0.000 1.565 

19 172 650 35.89 3.43 381.24 1.334 1.282 1.032 0.033 

20 184 655 41.52 3.39 366.69 -0.559 -0.549 0.232 0.333 

21 179 665 38.63 3.41 360.91 0.837 0.819 0.801 0.000 

22 169 599 31.86 3.45 355.34 -0.831 -0.814 0.000 0.564 

23 160 605 50.44 3.35 358.34 1.085 1.058 0.808 0.000 

24 162 623 71.53 3.23 382.01 1.566 1.508 2.066 0.000 

25 174 665 72.62 3.23 404.78 1.540 1.486 3.302 0.000 

26 171 665 80.00 3.20 449.17 1.906 1.820 4.872 0.000 

27 182 680 73.15 3.24 443.66 0.833 0.819 5.441 0.000 

28 175 650 73.07 3.24 429.89 0.439 0.434 5.626 0.000 

29 169 582 61.50 3.30 469.40 -1.866 -1.793 3.583 1.543 

30 180 669 58.13 3.32 458.06 0.569 0.562 3.895 0.731 

 

 

The SSCUSUMT found that the mail processing system, observed by (Mandel, 

1969), to be in control because both 𝐶𝑖
+ and 𝐶𝑖

− did not cross the limit of six. The 

original regression control chart found observation 26 to be out of control, based on 
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Phase I estimates (observations 1 - 23). Table 3.5 shows that the relationship between 

the covariables is still intact and IC. Further, a second application of the SSCUSUMT 

revealed that even if all of the outliers were included in the data set, the relationship 

would still be IC. While the lack of a sign can serve as comfort against frantic 

adjustments of a system, it could also indicate stagnation. For example, the fact that 

the relationship (slope) does not increase could indicate that there is no economies of 

scale benefits with respect to person-hours.  

After an OC signal from the SSCUSUMT, the CP MLE tool is applied. The CP 

MLE will always provide a CP estimate even though the process remains IC. For the 

purposes of demonstration, the CP MLE tool is applied to the scenario above. The 

application of this tool is the same whether you have IC or OC data. Figure 3.2 

demonstrates the CP MLE application corresponding with the data in Table 3.5.  

 

 

 

Figure 3.2 CP MLE for IC Mail Processing Data Collected by (Mandel, 1969). 
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SSCUSUMT found an OC signal, the next managerial step would be to investigate 

observation 22. In cases like this one, where the data is IC, the application of the CP 

MLE is unnecessary. 

3.6. Non-Trended Example 

The SSCUSUMT also serves for monitoring processes that are not suspect to 

trend. Traditional Shewhart tools that assume that the process has a zero slope often 

monitor manufacturing processes. A shift in the mean corresponds to a shift in the 

intercept, which indicates one time change with a permanent effect. For example, a 

change intercept could occur with an upgrade of machinery or a faulty repair. 

However, with processes that have slow, gradual and continuous changes, a shift in 

the slope would be a better way to detect a shift from the expected value. Examples of 

this would be tool wear, operator tiredness, or learning. Consider the example of a 

hard bake process used in semiconductor manufacturing, as in (Montgomery, 2013). 

Phase I creates an �̅� control chart with the first 25 sample batch averages, to monitor 

the 20 subsequent batches. Phase II detects an OC at the 43rd observation, see 

(Montgomery, 2013, p. 243).  The application of the SSCUSUMT to this situation 

reveals the utility of the tool for monitoring zero-slope processes. The OC detected by 

the SSCUSUMT occurred at the 41
st
 observation (two observations earlier than the 

traditional tool), as seen Table 3.6. In addition, Figure 3.3 shows that the CP MLE tool 

detects the CP to be the 37
th

 observation, serving as a guide for the operators to begin 

diagnosis.  
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Table 3.6 SSCUSUMT for non-trended situations with OC limit set by ℎ = 6 

𝑡𝑖 𝑦𝑖 𝑎𝑖 𝑏𝑖 𝑀𝑆𝐸𝑖 𝑇𝑖 𝑈𝑖 𝐶𝑖
+ 𝐶𝑖

− 

1 1.5119 - - - - - - - 

2 1.4951 1.5287 -0.0168 - - - - - 

3 1.4817 1.5264 -0.0151 1.927E-06 - - - - 

4 1.4712 1.5239 -0.0136 4.967E-06 2.039 1.342 1.092 0.000 

5 1.4882 1.5110 -0.0071 1.407E-04 9.109 2.938 3.779 0.000 

..
. 

..
. 

..
. 

..
. 

..
. 

..
. 

..
. 

..
. 

..
. 

35 1.4279 1.4969 0.0004 2.291E-03 -1.922 -1.857 0.000 1.607 

36 1.4824 1.4986 0.0003 2.246E-03 -0.580 -0.575 0.000 1.932 

37 1.491 1.4995 0.0002 2.190E-03 -0.358 -0.355 0.000 2.037 

38 1.6128 1.4940 0.0006 2.407E-03 2.138 2.060 1.810 0.000 

39 1.656 1.4869 0.0012 2.802E-03 2.659 2.527 4.087 0.000 

40 1.642 1.4815 0.0016 3.009E-03 1.952 1.893 5.730 0.000 

41 1.6716 1.4754 0.0020 3.302E-03 2.191 2.114 7.594 0.000 

42 1.6252 1.4722 0.0022 3.319E-03 1.094 1.080 8.424 0.000 

43 1.697 1.4662 0.0026 3.610E-03 2.145 2.075 10.249 0.000 

44 1.6321 1.4639 0.0028 3.579E-03 0.800 0.793 10.791 0.000 

45 1.77 1.4559 0.0033 5.950E-03 2.893 2.750 13.291 0.000 

 

 

 

 

Figure 3.3 CP MLE for non-trended bake process 
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3.7. Time Trended Example 

The One of the best uses for the SSCUSUMT is to monitor for shifts in trends over 

time. Figure 3.4 details a linear trend of over time, from (Bowerman, O'Connell, & 

Koehler, 2005). The data shows the amount of money requested for loans over a 

period of 24 months. Figure 3.4 does not visually show any apparent shift in trend.  

 

 

.  

Figure 3.4 Reported loan requests from state university credit union 

 

 

 

Figure 3.5 CP MLE for non-trended bake process 
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The trend is autocorrelated, but the SSCUSUMT is still able to analyze the data 

because of the studentization and transformation that the data undergoes. It is only 

critical that the 𝑈𝑖 statistic that is monitored by the final CUSUM chart not be 

autocorrelated. In this particular case neither the 𝑇𝑖 or 𝑈𝑖 statistic are found to be 

autocorrelated. Table 3.7 displays the data for the SSCUSUMT application. The 

change-point was found to be observation 17 as seen in Figure 3.5.  

 

Table 3.7 SSCUSUMT for trend over time with limit set by ℎ = 6 

𝑡𝑖 𝑦𝑖 𝑎𝑖 𝑏𝑖 𝑀𝑆𝐸𝑖 𝑇𝑖 𝑈𝑖 𝐶𝑖
+ 𝐶𝑖

− 

1 297 - - - - - - - 

2 249 345.00 -48.00 - - - - - 

3 340 252.33 21.50 3220.17 - - - - 

4 406 218.50 41.80 2296.90 0.6531 0.5564 0.30637 0.0000 

5 464 203.90 49.10 1708.90 0.4817 0.4377 0.49408 0.0000 

6 481 209.73 46.60 1318.13 -0.2921 -0.2740 0.00000 0.0240 

7 549 206.00 48.00 1072.80 0.2634 0.2503 0.00030 0.0000 

8 553 215.25 44.92 1027.10 -0.8628 -0.8048 0.00000 0.5548 

9 556 229.36 40.68 1238.79 -1.5629 -1.3985 0.00000 1.7033 

10 642 228.20 41.00 1086.70 0.1334 0.1294 0.00000 1.3239 

11 670 229.87 40.58 972.37 -0.2304 -0.2240 0.00000 1.2979 

12 712 230.68 40.40 876.79 -0.1307 -0.1275 0.00000 1.1754 

13 808 222.65 42.12 976.62 1.5008 1.4000 1.15001 0.0000 

14 809 223.12 42.02 895.90 -0.0902 -0.0883 0.81168 0.0000 

15 867 221.31 42.36 837.69 0.3942 0.3857 0.94737 0.0000 

16 855 226.83 41.39 885.04 -1.3384 -1.2757 0.00000 1.0257 

17 965 222.76 42.07 888.54 1.0293 0.9953 0.74530 0.0000 

18 921 229.31 41.03 1005.74 -1.7636 -1.6602 0.00000 1.4102 

19 956 234.88 40.20 1079.21 -1.4973 -1.4303 0.00000 2.5905 

20 990 239.76 39.50 1127.01 -1.3407 -1.2911 0.00000 3.6315 

21 1019 244.54 38.85 1176.97 -1.3573 -1.3089 0.00000 4.6904 

22 1021 251.65 37.92 1371.73 -2.0759 -1.9513 0.00000 6.3917 

23 1033 259.55 36.93 1635.04 -2.2430 -2.0989 0.00000 8.2406 

24 1127 261.12 36.74 1574.46 -0.4300 -0.4243 0.00000 8.4149 
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3.8. Conclusion 

The SSCUSUMT is a statistical cool that combines characteristics from 

previous tools for the purposes of monitoring trended behavior. The CPMLE is a post-

signal diagnosis tool that adds value to the findings of the SSCUSUMT. This paper 

presented their theoretical composition and demonstrated its value. The SSCUSUMT 

delivers better performance on Type I error than the traditional Phase I approach. As 

IC observations increase the SSCUSUMT begins to deliver OC ARL performance on 

par with that of the Phase I approach. Similar to other studies, the CP MLE showed to 

be a better estimator of the CP than the CP CUSUM. A demonstration of the tools 

showed insights into what they say about a process, and the use and purpose of each 

tool. These tools are recommended for situations in which a behavior trend requires 

monitoring, but parameters about the natural behavior and its origins are unavailable.
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CHAPTER IV 

 

Behavioral Economic Shift Detection by Means of Statistical Process Control  

 

This is the second part this dissertation. The purpose of this paper is to apply 

the statistical tools developed for detecting shifts in linear trends, to an actual 

behavioral economic scenario. The motivation for this study is to set a precedent for 

monitoring macroeconomic profiles to detect shifts that are caused by microeconomic 

shifts in individual behaviors. A game based on the Tragedy of the Commons is 

developed to generate a consumption profile for a resource. The microeconomic 

behavior shifts will be caused by a treatment that changes the visibility and 

cooperation amongst the group of players. The consumption profile is expected to shift 

once a treatment has been introduced in to the game model. It is then expected that the 

economic behavior shift will be detected by the SSCUSUMT, and then subsequently 

identified by its MLE estimator. These findings will expand the application of 

statistical process control and behavioral economics, as tools for policy decision 

making. 

  

This paper seeks publishing in Journal of Experimental Economics   
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4.1. Abstract 

An economic game based on the tragedy of the commons is designed to 

generate macroeconomic consumption data about an economic system. The game puts 

four participants into a resource consumption scenario where the amount of available 

resource is unknown, and the visual and verbal communication amongst the 

participants is blocked. Half of the groups play this game until resource exhaustion, 

the other half experience a change in the game after twenty rounds. The change allows 

visibility into resources levels, and removes the barriers of communication between 

players. Ten groups are tested for each treatment (80 total participants). The self-

starting CUSUM chart for trends monitors the resource consumption over time. The 

chart detects the behavior shift, and then a maximum likelihood estimator identifies 

the correct round as the change-point for the trend. This paper validates a new 

technique for analyzing trended economic profiles.  

 

Keywords: Economic behavior; profile monitoring; resource consumption  
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4.2. Introduction 

Traditional economics is based on utility theory in which individuals pursue 

their own self-interest (Altman, 2012). According to Adam Smith’s The Wealth of 

Nations, everyone acting in self-interest will result in an invisible hand maneuvering 

the market for the betterment of humanity (Ashraf et al., 2005). However, systems 

analysis has shown that everyone pursuing his or her self-interest might not always 

culminate with the best outcome for society. For example, The human species has 

historically demonstrated the capability to drive wildlife to extinction or endangerment 

through overexploitation of that species as a resource (Smith, 1981). Even though the 

human species is fully aware of this capability, species endangerment still occurs. This 

scenario is called the Tragedy of the Commons (TOC). The TOC essentially illustrates 

a problem that occurs when sharing limited resources. The TOC was popularized by a 

journal article written by Garret Harding (1968), in which he claims that it is 

mathematically and logically impossible to have a sustainable system in which 

everyone exploits and consumes the resources without regard for the wellbeing of 

others. Later, Peter Senge (1994) declared the TOC a prominent systems archetype 

and provided its systems mapping. 

The TOC does not only apply to nature but also to economic systems. The 

global recession in 2008 was a prime example of the TOC. It was not a tragedy caused 

by an individual; instead, many people and organizations made decisions that 

contributed to crisis (Verick & Islam, 2010). Studies on systemic risk show that if all 

or many individuals in a system try to lower their individual risk, they actually 

increase the collective systemic risk (Beale et al., 2011). This all happens despite 

people being aware of the TOC’s fate. In essence, increases the likelihood of a ‘black 

swan’ event happening and causing an economic collapse. The best way to prevent an 

economic shocks due to systemic risk is to have reactive strategies prepared 

(Schwarcz, 2008). Preventative strategies are good, but they are hard to implement 

because they internalize costs of the possible externalities. Many players in the system 

would not like to internalize these costs because it would benefit others at their 

expense. Instead, it would be beneficial to have the other players internalize and 
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benefit on their behalf. This is attributed to it being rationally tempting to act in self-

interest, as a ‘free rider’ (Schelling, 1978). 

The TOC problem in economic systems can probably be addressed with 

behavioral economics. The field of Behavioral Economics (BE) is the combination of 

psychology and economics (Camerer, 1999). It does not assume that people always 

make the rational choice and it bases claims on empirical findings of actual economic 

decision-making. BE has become an important research area for economic policy 

because of its insights into individual decision making and group economic behavior. 

It has notably been used by companies like Hewlett Packard to develop and test 

business policies to improve productivity and profitability (Chen & Krakovsky, 2010). 

The application that appears to be more controversial is the use of BE to make 

government policy (Thaler & Sunstein, 2008). The goal of the use of BE in economic 

policy is to generate behaviors that benefit the welfare of society, or the system. 

The use of BE to change behavior within a TOC system appears to be a viable 

and fruitful solution. However, to perform scientific research on a BE solution, a 

system of measure and analysis must be in place for treatment comparisons. In the 

area of statistical process control (SPC), analysis of measurements determines whether 

a process is in-control (IC) or out-of-control (OC). IC meaning that the process only 

has natural random variation, and OC meaning that there is some special cause 

creating disturbing variation (Shewhart, 1931). If it is suspected that a BE interjection 

into a system will cause a disturbing variation (curb the ‘free rider’ behavior), then an 

SPC tool could verify its effect by monitoring the TOC system. 

The selection of the correct SPC tool and TOC measure are critical to the 

evaluation of a BE solution. Guadalupe and Beruvides (2012b) analyzed the TOC 

archetype and found that it can be found in real business operations by identification 

of a shared and limited resource. Therefore, resource consumption or resource decay 

are the critical measures to which SCP monitoring could be applied to. This poses a 

challenge because decay is a linear relationship over time, and traditional SPC tools 

were developed for systems that have a zero slope relationship over time.  
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The Self-Starting Cumulative Sum chart for Trended Observations 

(SSCUSUMT) is linear profile SPC tool designed for monitoring trended 

observations. The tool can determine whether the linear trend has shifted OC or if it is 

only experiencing natural variation (Guadalupe et al., 2013a). A change-point (CP) 

maximum likelihood estimator (MLE) can also accompany the use of this tool to 

narrow the search for the moment in which the trend shifted. If this SPC tool is 

capable of controlling a TOC system, a platform to evaluate its performance must be 

developed.  

Research into TOC experiments provides insight into aspects of the TOC game 

that need consideration. Faysse (2005) performs a literature review into TOC 

experiments and presents several factors that affect the results of the experiment. One 

of those factors is the uniformity of the players. An experiment by Cardenas (2003) 

showed that poor farmers were able to avoid resource depletion (an inefficient 

outcome) much better than rich farmers were (Faysse, 2005). Other factors include the 

symmetry between the ability and spectrum of choices within the game; uncertainty 

about the ending of the game; informal interactions between players; and imposed 

regulations. Factors that do not appear to influence the results of a TOC are the size of 

the groups playing the game, and gender (Faysse, 2005). Findings from other TOC 

experiments have also proved that isolated and anonymous individuals have the 

tendency to produce inefficient results in a TOC experimental game (Ostrom, 2010, p. 

1). Cooperative behavior has been observed to deteriorate over time due to the 

temptation to ‘free ride’(Hayo & Vollan, 2012). 

Communication amongst players is a factor that can change the dynamics of 

the game. The ability to communicate with the other players can allow players to build 

trust, norms, or even regulation if they so wish. The ability to communicate with other 

resource depending entities has been established to be an essential tool for institutions 

to succeed in managing a TOC system (Dolésak & Ostrom, 2003, p. 23). There are of 

course different types of communication that can occur. For example, ‘cheap talk’, is a 

term used to describe non-binding agreements perceived as fair by the players in a 

TOC game (Buckley, Mestelman, Muller, Schott, & Zhang, 2013). Cheap talk has the 
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ability to induce more cooperative results, because it can be easily monitored by other 

players. If a player sets up an arrangement for everyone to cooperate, and then does 

not follow through with the promised behavior, the other players quickly realize that 

the player is untrustworthy. Contrarily, if the player follows through, they build trust 

in that player.  

A negative form of communication is private communication. When players in 

TOC games have avenues of private communication, they do not produce as efficient 

results as when they have public communication. It appears that public 

communication enhances efficiency of a TOC system (Buckley et al., 2013, p. 15). 

This is because private communication channels between players can create player 

sub-factions, which tend to produce non-cooperative results.  

Cooperative results can also be generated by increasing visibility into the 

resource. Visibility gives all participants a homogenous perspective on the resource 

which should increase efficiency (Faysse, 2005). In addition, one of the theorized 

solutions to the TOC dilemma is to remove the delay within the systems archetype 

model (Bellinger, 2004). In essence, visibility will expedite the negative benefit of 

using the resource. This way the decision maker could make appropriate decisions 

based on real time information about the system. This can also be understood form the 

perspective of a technological innovation. An innovation that allows the resource to be 

monitored by the players in the system. For example, a technology that allows world 

governments to estimate oil reserves, or allows conservationist to estimate certain 

animal populations. The ability for resource users to monitor the stocks and flows of 

the resource has been acknowledged as a factor promoting more efficient results for a 

TOC system (Dolésak & Ostrom, 2003, p. 12).  It could also be that visualizing ones 

consumption causes a sensation of guilt, which systemically turns a reinforcing cycle 

of use and reward into a balancing loop of use reward then guilt. After all, the most 

common approach to managing a TOC situation is to turn the reinforcing loops into 

balancing loops (Guadalupe & Beruvides, 2012b). 
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4.3. Problem Statement  

The field of BE can serve as a great asset for development of policy to regulate 

TOC systems. The problem is that the methods for evaluating the effectiveness of 

policies in shifting the behavior of people are not timely. This hurts the ability of to 

react to an economic shock. The SSCUSUMT and its CP MLE are tools that have the 

ability to identify shifts in trended behavior as it happens, but they have never been 

applied to a real world system. In particular, this study sets out to determine whether 

the SSCUSUMT and its CP MLE are capable of monitoring for shifts in resource 

consumption of an isolated TOC system. To accomplish this, an experimental 

procedure is developed, executed, and monitored by the SPC tools.   

4.4. Hypotheses  

This study demonstrates the applicability of SPC tools to BE by developing an 

experimental game that can mimic an isolated TOC system with real participants. The 

setup of the game should lead to rapid resource depletion, unless there is an 

intervention into the system. This baseline trend should meet the assumptions of the 

SPC tools. Physical changes introduced into the game are expected to shift the 

behavior of the trend, by curbing consumption of the resource. The curbing of 

resource consumption will be detected by the SSCUSUMT, and then located by its CP 

MLE. Hence, SPC will become a viable analytical tool for BE research. 

4.4.1. Null Hypothesis One 

This experimental game does not generate a trend that meets the assumptions 

of normality, homoscedasticity, and independence.  

4.4.2. Alternative Hypothesis One 

The experimental game will produce a trend that meets the assumptions of 

normality, homoscedasticity, and independence. This trend is candidate for analysis by 

the SSCUSUMT and its CP MLE. 

4.4.3. Null Hypothesis Two 

The trend will either not experience a behavior shift, or experience a behavior 

shift that is undetectable to the SSCUSUMT and its CP MLE. 
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4.4.4. Alternative Hypothesis Two 

These SSCUSUMT and its CP MLE will detect and identify a CP that was 

caused by the physical changes introduced into the game. 

4.5. Methods  

This study uses a TOC experimental game to create a trend of resource 

consumption over time. Half of the groups experience a change that curbs the trend of 

consumption while the other half will not. The statistical tools analyze the trends of 

the groups that experience the change. The design of the experiment is based on the 

findings in the literature review presented.    

4.5.1. Experimental Design 

This design of the experimental game replicates a TOC system in which 

players decide how much of a shared resource to consume. Guadalupe and 

Beruvides’s (2012b) research on the components of a TOC system was used as a 

blueprint for the design of this TOC experiment. The game needs to have two or more 

players competing over a limited resource. All of the players need congruent decision 

structures, but each must make their decision independently. The use of the resource 

only benefits the player that consumes the resource. Depleting the resource will result 

in a devastating loss, but this loss delays for some period of play. Figure 5.1 is a model 

representing the structure of the game.  

The TOC model can be executed in a physical environment or in a computer 

aided virtual environment. Because this study is focused on observing the shift due to 

shifts in human behavior, it was important to perform the experiment in a physical 

environment and remove the interaction between man and machine as a confounding 

factor. To execute the model (Figure 4.1) in a physical environment, players will have 

to be in physical proximity to the same resource, yet they would have to be isolated 

from each other’s social influence. In addition, they would have to have a delayed 

insight into the status of the resource in order to mimic the delay in the model. This 

criteria was used to develop the base TOC game which would serve as the 

experimental control for this study.  
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Figure 4.1 TOC game causal loop diagram  

 
4.5.1.1. Experimental Control 

The experimental control is a TOC game in which four players sit around a 

table with a resource container in the center of table. Partitions divided the players so 

that they are not able to communicate non-verbally, much like an office cubicle. To 

prevent the players from verbally communicating, a tax on the culpable player’s 

earnings are imposed. All of the players were informed of this fee prior to the 

beginning of the game. An opaque film covered the resource container so that the 

contents within it were not visible to the participants. The partitions prevented 

communication and the film prevented visibility into the resource. In addition, the veil 

over the resource container created a delay into the realization of a depleting resource. 

By impeding the negative affect of witnessing a physical change to the resource, due 

to a player’s consumption, the delay in TOC model is generated. The non-cooperative 
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play in this TOC experiment should produce a steady slope of resource decay over the 

course of the game. 

A departure from this experimental setup produces shift in behavior because it 

will alter the systems architecture. More importantly, it produces a shift that can be 

identified by the SSCUSUMT and its CP MLE. This is because the treatment’s design 

encourages cooperation. 

4.5.1.2. Experimental Treatment 

The treatment involves groups playing the game under experimental control 

conditions until round twenty. After round twenty, the partitions that separated the 

players, and the veil over the resource, are removed. In addition, they are explicitly 

given the formula for replenishment, some decoy information, and five minutes to rest 

and discuss before continuing the session. They are given a bulleting notifying them of 

the changes in the context of the game, see Appendix J. The combination of the gained 

communication, the explicit visibility and knowledge should provide a shift in the 

resource consumption trend.  

When the partitions are removed, the communication gained in this experiment 

will be a public communication channel. The introduction of communication into a 

TOC scenario promotes behavior contradictory of the predicted Nash Equilibrium of 

inefficient behavior (Ostrom, 2010, p. 1). This treatment produces more cooperation 

amongst the players, and produces a shift from the experimental control’s self-

interested behavior to a more efficient trend of resource consumption. This scenario 

also increases the probability of cooperation due to the emergence of ‘cheap talk’. 

Players will be able to evaluate trustworthiness by establishing and monitoring public 

agreements made amongst them. This framework allows players to build trust in each 

other to abide by agreements that are likely to produce more efficient results (Dolésak 

& Ostrom, 2003, p. 17). This treatment provides the opportunity to build social 

capital, which can curb inefficiency in a TOC system (Birner & Wittmer, 2003, p. 

295). 

The visibility gained by the removal of the veil covering the resource allowed 

the players to see the fill level of the resource they are using. This action removed the 
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delay of the negative consequence from over consumption of the resource. The 

explicit information about the resource was given because participants needed the 

visibility into how much was being added, and it was difficult to perceive how many 

dice were being thrown into the resource very season. Both the visibility and 

communication gained will are critical components that produced a shift in the trend 

of consumption. Figure 4.2 shows the game design of the experimental control and the 

design of the change implemented after twenty rounds of gameplay.   

Once the treatment is applied, the participants were given 5 minutes in order to 

give time for the players to bond and communicate. Participants need to have some 

familiarity with each other for cooperation to develop (Ostrom, 2010). The players 

were given codenames, which correspond to a narrative story in which the game is set 

(see Appendix H and Appendix I for details into the narrative). The narrative story 

setting also brought uniformity to the experience for the players. This helped keep 

some anonymity and suppress some of the different individual characteristics that 

could factor into the behavior exhibited by the player. In addition, the players were 

informed that the communication penalty was removed. 

 

 

 

Figure 4.2 Illustration of the experimental treatments.  
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4.5.2. Participants 

The participants were Texas Tech University students. This convenient sample 

was recruited using word of mouth, social media (Facebook, and Reddit), and 

university media (TechAnnounce, See Appendix D). Participants contacted the 

researcher to set up a time for their session. Each participant received a base 

compensation in accordance with the payoff structure of the TOC game. The data 

analysis required 80 participants for this study. Four participants for each session of 

both treatments, replicated ten times. The Texas Tech Human Research Protection 

program approved this study.  

4.5.3. Apparatus 

This study took place at Texas Tech University in the Industrial Engineering 

building, room 203. There were no risks associated with this study. This study requires 

one table covered with felt, 4 common chairs, 1,092 16mm dice, 1 pet gravity feeder, 

4 table partitions, 4 scorecards, 1,080 Ziploc bags, and 1 opaque veil to cover the 

resource. The experimental setup consisted of four sitting positions around the round 

table. The gravity feeder was at the center of the table, within arm’s reach of the 

participants sitting around the table. Figure 4.3 shows the experimental apparatus. 

 

 

 

Figure 4.3 TOC Control Apparatus (Left) and (Right) Treatment view. 
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The apparatus in Figure 4.3 shows an available resource setting at the center of 

the partitions. The resource was able to rotate its opening into the four sectionals that 

divide the participants. This allowed each participant to have access to consume the 

resource but occults the consumption form the other players. The partitions were made 

of lightweight material that allowed for easy removal when applying the treatment. In 

addition, the container in Figure 4.3 has the black veil around the cylinder of the 

resource. This black cover was easy to remove to reveal the see through cylinder 

storing the resource inventory.   

4.5.4. Procedure 

The procedure for this experiment is very simple and is summarized in Figure 

4.4. The first step is to set up the game properly. The participants arrived and are 

greeted by the researcher, and then they are introduced to the experiment. The game is 

presented as a role playing game in which they must play the role of a miner collect 

minerals form another planet. The rules and nature of the game were also explained. 

Once the game was understood, the players were asked to sign consent forms that 

were subsequently collected. The game began and was played for twenty rounds. The 

game play flowchart is presented in Figure 4.5.  

 

 

 

Figure 4.4 Flowchart of Experiment Procedure 

 

Game Setup
Introduction and 

information

Collect collect 

consent forms

Play the game for 20 rounds

*see Gameplay Flowchart 

Thank and 

dismiss 

participants

Apply the 

random 

treatment

Compensate 

participants

Play the game until 

resource is exhausted

*see Gameplay Flowchart 

Data analysis
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Figure 4.5 Gameplay Flowchart 

 

At this point one of the treatment was introduced into the game. After the treatment is 

applied, gameplay resumed until the resource was exhausted. Once the players were 

compensated and dismissed the researcher began the data analysis. Detailed 

instructions are also provided in Table 4.1. 

 

Table 4.1 Directions to execute experiment. 

Step Instruction 

1 Setup the Game 

1.1 Put the felt cloth on the table 

1.2 Put the rotating resource on the table 

1.3 Fill the resource with 273 dice 

1.4 Slip the cover over the resource 

1.5 Assemble and place the partitions on the table, over the resource 

1.5.1 Adjust the resource so that it spins freely through the partitions. 

1.6 Put together four complete player manuals 

1.6.1 Include Consent form (Appendix E) 

1.6.2 Include Payoff form (Appendix F) 

1.6.3 Include Game Instructions (Appendix G) 

1.6.4 Include Role play scenario (Appendix H) 

1.6.5 Include Season Log (Appendix K) 

1.6.6 Include a pencil with eraser 

1.7 Print the researcher scripts 

1.8 Place the shipment bags at each station (labeled bags) 

1.9 Place the nameplates at each station 

1.10 Place a shipping container at each station 

Players select 1, 2, or 

3 dice from the 

resource

Players roll the 

dice selected 

Players record 

number of dice and 

value rolled in the 

season log

Players store selected dice 

in shipping bags

Players turn in 

shipping bags to the 

researcher
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Step Instruction 

2 Introduction 

2.1 
Greet each participant as they arrive until all four are present (read script: 

Greetings) 

2.2 Once all four participants arrive (read script: Introduction)   

2.3 Explain consent form (read script: Consent Form) 

2.4 Collect signed consent forms 

2.5 Present scenario (read script: Scenario) 

2.6 Explain the rules of the game (read script: Game Rules) 

2.6.1 Demonstrate the mining, recording, and shipping procedure 

2.7 Explain compensation (read script: Payoffs) 

2.8 Answer any questions 

2.9 
Position participants around the table and give them codenames (read script: 

Codenames) 

2.10 Administer Questionnaire in Appendix M 

3 Begin gameplay 

3.1 
Apollo One (Players 1) selects 1, 2 or 3 dice form the resource, then moves 

the resource opening to the left.  

3.2 
Apollo One must roll his/her dice and write down the value rolled in the 

Season Log sheet 

3.3 Apollo must bag the dice and place them in them in the shipping container. 

3.4 Once all four players pick dice, the researcher must add dice to the resource. 

3.4.1 
The number of dice to add at the end of each round is the number of players 

minus one. 

3.5 
Once the resource opening has returned to Apollo 1, repeat steps 3.1 through 

3.4, 19 more times.  

4 Introduce treatment 

4.1 Check if the session was selected for treatment Random Session Order Table 

4.2 
If it is a treatment session, remove partitions and remove the cover form the 

resource. 

4.2.1 Administer the treatment information sheet in Appendix J 

4..3 If the experimental control is selected then do nothing to alter the setup. 

5 Resume gameplay 

5.1 
Apollo One (Players 1) selects 1, 2 or 3 dice form the resource, then moves 

the resource opening to the left.  

5.2 
Apollo One must roll his/her dice and write down the value rolled in the 

Season Log sheet 

5.3 Apollo must bag the dice and place them in them in the shipping container. 

5.4 Once all four players pick dice, the researcher must add dice to the resource. 

5.4.1 
The number of dice to add at the end of each round is the number of players 

minus one. 

5.5 
Once the resource opening has returned to Apollo 1, repeat steps 5.1 through 

5.4, until the resource is completely empty. 

6 Compensate the participants 
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Step Instruction 

6.1 Collect the Season log from each player.  

6.2 
For every player, sum the value of each season to find out the total number of 

lab credits awarded (Use Microsoft Excel) 

6.3 Save the MS Excel file for experimental records 

6.4 Use the Payoff sheet to determine how much to pay each player.  

6.4 
Fill out a receipt of payment form in Appendix L, for every participant and 

have participants sign their receipt. 

6.5 Pay the participant the compensation documented on the receipt. 

6.6 Read Script: Exit 

7 Analyze data 

7.1 Collect shipment containers from each station. 

7.2 Record the number of dice in each bag and the label on each bag.  

7.2.1 Save this raw data in an MS Excel file 

7.3 In a new MS Excel file, sum the number of dice taken each round.  

7.4 
Subtract the sum of each round from the number of dice in the resource 

before the round began. This creates the diminishing resource data. 

7.5 
Enter the diminishing resource data in the prepared SSCUSUMT electronic 

file. 

7.6 Record Results 

7.7 Enter the diminishing resource data in the prepared MLE electronic file. 

7.8 Record Results 

  

4.5.5. Limitations  

This study is setup to explore the adequacy of SPC tools for monitoring of 

dynamic human behavior. The treatments developed for this study in no way represent 

all of the possible sources of behavior shift that can occur within a group. For 

example, a critical market limitation is that there will be no new entrants into the 

market. New entrant are usually what culprits of beginning the vicious cycle of self-

interested behavior which produces inefficient results (Dolésak & Ostrom, 2003). In 

addition, this study is not equipped to handle social influences of an action for any 

player. Meaning, the weights of all the decisions are equivalent. In real world systems, 

this may not be the case because some actors within the system might have more 

social capital and can influence the behaviors of others with their actions. The only 

weighting component involved in this study is the inherit weight of the early 

observations. The first observations are critical to building the running estimators of 

the control technique and therefore hold more weight.     
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Another limitation that could be confounding is the anonymity amongst the 

players. Because this experiment was conducted with students from a convenient local 

sample, it is likely that the participants knew each other and might perform differently 

than expected. For example, they could have gone into the experimental control and 

played cooperatively even though they were not able to see their friends. This scenario 

was prevented with the penalty on communication, by having the participants role-

play out of their normal character, and by identifying them by the pseudo name 

‘Apollo’. These tactics should have reduced the priming of their personal relationships 

with their friends. The information transfer about the experiment between players of 

different experimental groups was also important to dampen so that participants play 

without a preconceived strategy. A statement of non-disclosure was included in the 

consent form so that participants refrain from speaking about this experiment with 

potential participants.    

An autocorrelation test can determine whether the trends generate an 

independent standard normal statistic. However, this study focuses on discovering 

whether participants are making independent choices in the Tragedy of the Commons 

environment/market. For example, participants could continuously choose according 

to what they chose the previous or first round. This logic would be explained by the 

concept of arbitrary coherence, where future decisions are dependent on an original 

random decision (Ariely, Loewenstein, & Prelec, 2003). Similarly, It is possible that 

participants have a set algorithm for making decisions in the game. Because the study 

is only interested in shifting behavior, it does not prompt for information of the 

decision criteria from the participants. The isolated environment should create 

independent choices between participants, but it is also unknown whether there was 

some planned collusion unbeknownst to the researcher. It is only assumed they are 

behaving independently in the isolated control scenario. Still, a significant amount of 

the participants would have had to collude in order to distort the overall results. No 

evidence of such behavior was noted. In addition, whether the assumptions hold after 

the introduction of the treatment is not relevant to this study, because a shift in the 

system is expected to break the assumptions and trigger a desired OC signal.     
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4.5.6. Payoffs 

The payoffs of the prisoner’s dilemma are set up so that if everyone cooperates 

the results are more efficient, than if everyone acts in self-interest. Similarly, the 

probable payoffs in this game are greater when everyone consistently cooperates. If 

everyone cooperates, by only consuming the minimum, the resource lasts longer and 

everyone ends up with more opportunity for a higher payoff. Table N.2 and Figure N.2 

in Appendix N, show the results of a simulation of the game where every player 

consumes the minimum every turn. This is the maximum number of rounds that this 

game would last; the longest life of the system.  

A player’s average total consumption for a system in which everyone acts 

selfish is 90 (30 rounds x 3 dice consumed) dice. Comparatively, a player’s average 

total consumption for a system in which everyone cooperates is 270 (See Appendix 

N). Because the profit from every unit pulled from the resource is a probabilistic roll 

of a die, it is probable that the 90 units could yield a higher payoff than the 200 units, 

but it is extremely unlikely. 

This study compensated participants in order to analyze their actions from an 

economic perspective. A key feature of this study is that it used Lab Credits (LC) as 

the currency within the game. This independent game currency increases the games 

versatility in compensation strategies. Changing the exchange rate of Lab Credits 

(LC) to real world money will probably have no effect on the gameplay. Whether it is 

currency, course extra credit, or even treasure; as long as there is a linear relationship 

of utility between what is being exchanged for the lab credits, the observed behavior 

should always be the same. 

The simulations of the game in Appendix N and probability data helped 

compose the payoff structures. Figure 4.6 shows that if everyone plays selfish for all 

rounds (Table N.1 in Appendix N), the expected value of their bounty is 315 LC. It 

also shows that if everyone plays cooperatively for all rounds (Table N.2 in Appendix 

N), the expected value of their bounty is 945 LC. The simulations for the expected 

gameplay in the treatment scenario show that the expected value for a treatment 

session is 525LC.  
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Figure 4.6 Possible game results and their percentage of occurrence (Probabilities 

gathered from Flick, 2012).   

 

Noteworthy is that there is an overlap in the potential results of selfish and 

cooperative. This overlap extends from 270 LC (the minimum possible outcome of all 

cooperative play) to 540 LC (the maximum possible outcome of all selfish play). This 

shows that it is possible for the selfish play to garner a bigger payoff than the 

cooperative play, but it is highly unlikely because the overlap only occurs within the 

cooperative play’s lower tail (extreme values). It also shows that there are many 

values that could only be obtained through pure cooperative play. As an example 945 

LC (the expected value of pure cooperative play) is impossible to achieve if everyone 

plays selfish. 

It is ideal to peg the lab credits to a real money exchange. For example if the 

exchange rate is 1.00LC to $0.01, 945LC could be exchanged for $9.45. Because this 

study had limited funding, a stratification of payments was used. It is hoped that this 

tactic also made the players commit to a strategy. It will help with the problem of 

players avoiding extreme strategies in experimental games even though they are 
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optimal (Barker, Barclay, & Reeve, 2013). It would prevent situations in which they 

would cooperate only for an additional small boost in revenue.  

 

Table 4.2 Payoff justifications for the TOC Game. 

 
Expected Payoffs 

 

Strategies 

Prisoner's 

dilemma 

(Yrs. in Jail) 

Experiment 

Payoffs 

(LC) 

Justification for Experimental Payoffs 

Play Selfish 

while others 

Cooperate 

1 945 

It is the expected value of playing 

selfish while others cooperate. It is 

also the expected value of cooperating 

all of the time. 

Cooperate 

while others 

Cooperate 

3 540 

It is the maximum of playing selfish at 

all times. It is also the value of 

cooperating and rolling the number 

two on average 

Play Selfish 

while others 

Play Selfish 

5 315 
The average expected payoff of 

playing selfish 

Cooperate 

while others 

Play Selfish 

7 133 
The average expected payoff of 

cooperating while others splay selfish 

 

 

Table 4.2 is a layout of the stratification of the payoffs modeled after the 

traditional Prisoner's dilemma. Because the expected payoff for purely cooperating is 

very much distant, the expected payoff for this strategy were reduced to the expected 

value of the expected payoff being the highest payoff of $20 was awarded when a 

participant reached 525LC, which is the average value of the expected strategy. The 

second tier payoff ($15) is midway point (420LC) between the third tier payoff  ($10) 

and the highest payoff. The third tier payoff is the expected value of the pure selfish 

strategy (315LC), while the fourth tier payoff ($5) is awarded at 133LC because it is 

the average expected payoff of one person playing cooperatively while the other 

players play selfishly. Lastly, a $1 payoff is given to anyone that had really bad luck, 

or had to leave the experiment.  These payoffs are listed in Appendix G. The payoffs 

are displayed to the participants much like in other studies (Barker et al., 2013, p. 4). 
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4.6. Data Analysis 

The data of interest is the resource consumption for every round. This data was 

collected by counting the number of dice in each of the four shipments every round. 

The sum of the dice harvested was the cumulative resource consumption. The subject 

of analysis for this study will be the consumption over time. The data was input into a 

pre-programed MS Excel file that will perform all of the calculations automatically 

once the data is input. The MS Excel sheet was programmed with the formulas for the 

SSCUSUMT and its CP MLE.  

4.6.1. The SSCUSUMT and CP MLE 

The Self-Starting Cumulative Sum for Trends (SSCUSUMT) is an SPC tool 

designed for monitoring living systems (Guadalupe et al., 2013a). Unlike traditional 

control charts, this chart does not compare data to a static expectation. The trended 

observations generated by the experiment are expected to follow the behavior detailed 

in Equation 4.1. It shows that originally the behavior follows one model for regression 

and then at the CP 𝜏 it begins to follow a different model of regression.   

𝑦𝑖 = {
𝛼0 + 𝛽0𝑡𝑖 + 휀𝑖,           1 ≤ 𝑖 ≤ 𝜏
𝛼1 + 𝛽1𝑡𝑖 + 휀𝑖 ,          𝜏 < 𝑖 < 𝐼

 (4.1) 

 

 

The SSCUSUMT works by continuously updating a regression model that 

yields prediction on the observation. Then the prediction is compared to the actual 

observation, and that difference is then studentized in Equation 4.2. 

        

𝑇𝑖 =
(𝑦

𝑖
− �̂�

𝑖
)

𝑠𝑖

 (4.2) 

 

 

The studentized statistic follows a t-distribution with t−2 degress of freedom. This 

stems from the estimate of the standard deviation used. Because the true process 

standard deviation is unknown, Equation 4.3 replaces the standard deviation.  
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𝑠𝑖 = √𝑀𝑆𝐸𝑖−1 (1 +
1

𝑖 − 1
+

(𝑡𝑖 − �̅�𝑖−1)
2

∑ (𝑡𝑘 − �̅�𝑖−1)
2𝑖−1

𝑘=1

) 

 

 

𝑤ℎ𝑒𝑟𝑒       𝑀𝑆𝐸𝑖 =
1

𝑖 − 2
∑(𝑦𝑘 − 𝑏𝑖𝑡𝑘 − 𝛼𝑖)2

𝑖

𝑘=1

 

(4.3) 

 

 

After the statistic 𝑇𝑡 is collected, Equation 4.4 transforms it into a variable that 

follows a standard normal statistic. This is the same procedure used by the original 

self-starting CUSUM (Hawkins, 1987).  

 

𝑈𝑖 = 𝑠𝑖𝑔𝑛(𝑇𝑖) (
8𝑣 + 1

8𝑣 + 3
) √[𝑣 × 𝑙𝑛 (1 +

𝑇𝑖
2

𝑣
)]     𝑤ℎ𝑒𝑟𝑒 𝑣 = 𝑖 − 2 (4.4) 

 

 

The monitoring of statistic 𝑈𝑖 is now performed by the traditional CUSUM 

(Page, 1954; as referenced by Montgomery, 2013). The CUSUM method relies on the 

accumulation of deviances from an expected mean, and a standard deviation of 1. In 

the case of the standard normal distribution, this mean is zero. The two control 

statistics, in Equation 4.5 and Equation 4.6., monitor the cumulative deviations from 

the mean.  

 

𝐶𝑖
+  = 𝑚𝑎𝑥[0, 𝑈𝑖 + 𝐾 + 𝐶𝑖−1

+ ] (4.5) 

 

 

𝐶𝑖
−  = 𝑚𝑎𝑥[0, −𝑈𝑖 − 𝐾 + 𝐶𝑖−1

− ] (4.6) 

 

 

The allowance 𝐾 in the control statistics was set to 1.5. This value is half of the 

expected shift in units of standard deviation, which is in this case three (Montgomery, 

2013, p. 418).  Three shifts of the standard deviation one was selected because the 

expected gameplay should yield an average close to 12 gems created by 4 players each 

choosing 3gems. If the treatment shift has an effect on the individuals then the 



Texas Tech University, Leonidas Guadalupe, December 2014 

108 

smallest individual shift it can cause is reduce the individual to choose 2 gems. This 

adds up to 8 gems.there is a difference of four between the expected mean and the 

expected shift therefore to detect the shift of 4 in the mean 3 was selected. It is smaller 

than four which makes the shift detectable, but it is not so small that will generate a 

large amount of false alarms. In addition, the value of 1.5 for K has been known to 

generate an IC ARL of 370 when paired with an H of 1.61(Table 9.4 Montgomery, 

2013, p. 422). Therefore, h was set to 1.61.   

Once the SSCUSUMT detects an OC point, but the CP MLE identifies the 

point at which the trend shifted. The MLE works by composing a joint distribution 

function, from the pre-shift conditions and the post shift conditions, and then finding 

the point that generates the highest value in that joint distribution function. Equation 

4.7 is the joint distribution that is used in conjunction with the SSCUSUMT. It is 

simply the fusing of two normal distribution probability density functions.  

 

∏
1

√2𝜋𝜎1

𝑒𝑥𝑝 [−
1

2
(

𝑌𝑖 − 𝛼1−𝛽1𝑡𝑖

𝜎1
)

2

]

𝜏−1

𝑖=1

∏
1

√2𝜋𝜎2

𝑒𝑥𝑝 [−
1

2
(

𝑌𝑖 − 𝛼2−𝛽2𝑡𝑖

𝜎2
)

2

]

𝑀

𝑖=𝜏

 (4.7) 

 

 

It was discovered that the maximum likelihood for the expected joint 

distribution was attained by minimizing the estimated variance of the regression 

models, as see in Equation 4.8. The calculation that estimates the variance is in 

Equation 4.9. 

 

�̂� = arg 𝑚𝑖𝑛1≤𝜏≤𝑀 {�̂�2} (4.8) 
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�̂�2 = [(∑ 𝑦𝑖
2

𝜏

𝑖=1

+ 𝜏𝛼0
2 + 𝛽0

2 ∑ 𝑡𝑖
2

𝜏

𝑖=1

− 2𝛼0 ∑ 𝑦𝑖

𝜏

𝑖=1

− 2𝛽0 ∑ 𝑡𝑖𝑦𝑖

𝜏

𝑖=1

+ 2𝛼0𝛽0 ∑ 𝑡𝑖

𝜏

𝑖=1

)

+ ( ∑ 𝑦𝑖
2

𝐼

𝑖=𝜏+1

+ (𝐼 − (𝜏 + 1))𝛼1
2 + 𝛽1

2 ∑ 𝑡𝑖
2

𝐼

𝑖=𝜏+1

− 2𝛼1 ∑ 𝑦𝑖

𝐼

𝑖=𝜏+1

− 2𝛽1 ∑ 𝑡𝑖𝑦𝑖

𝐼

𝑖=𝜏+1

+ 2𝛼1𝛽1 ∑ 𝑡𝑖

𝐼

𝑖=𝜏+1

)]
1

𝐼

1

𝑀
 

(4.9) 

 

 

The SSCUSUMT assumes that the data comes from an independent sample. 

The data from just one of these experiments generates autocorrelated data. Therefore, 

the results for every group of a specified treatment are compiled randomly to generate 

a data series that has independent data points. For example, the data for the treatment 

will be composed of data from ten groups that experienced this treatment. The first 

data point in the series is Season 1 from a random group given the visibility treatment. 

Then the second point in series is selected in the same manner. This random 

composition helps to reduce the autocorrelation so that the SSCUSUMT can be 

applied to check if the resource decay experienced a shift. In addition, the CP MLE 

verifies the CP as the time when the treatment was applied.   

4.7. Results 

The results of this experiment will correspond to the two hypothesis mentioned 

earlier. The first details whether the experimental control trend is a trend that meets 

the independence, normality, and homoscedasticity assumptions. These hypotheses are 

tested from two perspectives. The zero-slope seasonal perspective, and the linear trend 

cumulative perspective. The seasonal and cumulative harvest for all sessions are listed 

in the raw historical results are presented in Appendix O.  

4.7.1. Starting Conditions  

All of the sessions in this experiment experienced the same twenty seasons. In 

addition, at this point in the sessions the difference in the gems would not be evident 
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to the participants because at this point gems were still plentiful in the visual range. 

The average harvest every season is in Figure 4.7.  

 

 

 
Figure 4.7 Graph of seasonal consumption for all sessions, seasons 1-20 

 

There is a notable increase in the harvest average as time goes on. This could 

be due to participants playing randomly at first, and then converging on the Nash 

Equilibrium. This slight trend does not trigger a false alarm in the SSCUSUMT 

because the charts allowance and limits were not designed to detect this small trend. 

Still, it might cause a problem with the independence assumption.  

In order to test the assumptions, 𝑈𝑖 is derived with Equation 4.2, Equation 4.3, 

and Equation 4.4. The results of these procedures are presented in Table 4.3, where 𝑦𝑖 

represents the average harvest from all sessions. The resulting  𝑈𝑖  In Table 4.3 meets 

the independence assumption as evidenced by an autocorrelation test in Figure 4.8. 

The normality assumption is valid, as supported by an Anderson darling test in Figure 

4.9. The last assumption proves valid through a hypothesis test, seen in Figure 4.10, 

resulting in the standard deviation of 𝑈𝑖 not different from one.   
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Table 4.3 SSCUSUMT for average harvest of all sessions, seasons 1-20 

𝑡𝑖 𝑦𝑖 𝑎𝑖 𝑏𝑖 𝑀𝑆𝐸𝑖 𝑇𝑖 𝑈𝑖 𝐶𝑖
+ 𝐶𝑖

− 
1 11.55 - - - - - - - 

2 11.45 11.65 -0.100 - - - - - 

3 11.35 11.65 -0.100 0 - - - - 

4 11.40 11.58 -0.055 0.0034 0 0 0 0 

5 11.30 11.58 -0.055 0.0023 0 0 0 0 

6 11.40 11.52 -0.033 0.0045 2.2549 1.7079 0.2079 0 

7 11.30 11.52 -0.032 0.0036 0.0724 0.0690 0 0 

8 11.35 11.50 -0.025 0.0038 1.0847 0.9958 0 0 

9 11.30 11.49 -0.023 0.0033 0.3220 0.3100 0 0 

10 11.55 11.44 -0.008 0.0097 4.0873 2.9138 1.4138 0 

11 11.30 11.45 -0.010 0.0088 -0.4474 -0.4331 0 0 

12 11.45 11.43 -0.005 0.0090 1.1049 1.0474 0 0 

13 11.45 11.41 -0.002 0.0088 0.8286 0.7982 0 0 

14 11.45 11.40 0.000 0.0083 0.6373 0.6192 0 0 

15 11.55 11.38 0.004 0.0090 1.4467 1.3670 0 0 

16 11.75 11.34 0.010 0.0137 2.8792 2.5073 1.0073 0 

17 11.70 11.32 0.014 0.0145 1.3601 1.2993 0.8066 0 

18 11.70 11.31 0.016 0.0144 0.9416 0.9148 0.2214 0 

19 11.60 11.31 0.016 0.0136 -0.1124 -0.1107 0 0 

20 11.60 11.31 0.016 0.0129 -0.2174 -0.2143 0 0 

*OC when 𝐶𝑖
+ or 𝐶𝑖

− are above 1.61. 

 

 

 
Figure 4.8 Autocorrelation test for 𝑈𝑖 in Table 4.3 

 

4321

1.0

0.8

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

-0.8

-1.0

Lag

A
u

to
c
o

rr
e

la
ti

o
n

Autocorrelation Function for U(i)
(with 5% significance limits for the autocorrelations)



Texas Tech University, Leonidas Guadalupe, December 2014 

112 

 
Figure 4.9 Anderson Darling normality test for 𝑈𝑖 in Table 4.3 

 

 

Test and CI for One Variance: U(i)  

 
Method 

 

Null hypothesis         σ = 1 

Alternative hypothesis  σ ≠ 1 

 

The chi-square method is only for the normal distribution. 

The Bonett method is for any continuous distribution. 

 

 

Statistics 

 

Variable   N  StDev  Variance 

U(i)      17  0.947     0.897 

 

 

95% Confidence Intervals 

 

                                          CI for 

Variable  Method       CI for StDev      Variance 

U(i)      Chi-Square  (0.705, 1.442)  (0.498, 2.078) 

          Bonett      (0.650, 1.560)  (0.423, 2.433) 

 

 

Tests 

 

                           Test 

Variable  Method      Statistic  DF  P-Value 

U(i)      Chi-Square      14.35  16    0.855 

          Bonett              —   —    0.813 

Figure 4.10 Standard deviation hypothesis test for 𝑈𝑖 in Table 4.3 
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Monitoring the average is a zero slope technique. While the SSCUSUMT has 

shown the ability to monitor this type of situation, it would be of great benefit to 

monitor the non-zero slope trend. The average cumulative trend of the Tragedy of the 

commons is autocorrelated because it adding successive observations creates the 

dependency between the numbers. Table P.1, Figure P.2, Figure P.3, and Figure P.4 in 

Appendix P support that the 𝑈𝑖 for the cumulative average is autocorrelated, does not 

meet the variance assumption, and triggers a false alarm. However, monitoring a 

random trend composed from the cumulative values recorded could also reveal the 

shift given that it meets the SSCUSUMT assumptions. The randomized approach 

selects a recorded cumulative harvest from each corresponding season from any of the 

20 sessions. A sample of ten of these random trends were analyzed, and the results of 

their assumption testing is in Table 4.4.  

 

Table 4.4 Assumption testing for ten randomized cumulative trends, seasons 1-20 

TEST 𝑈𝑖1 𝑈𝑖2 𝑈𝑖3 𝑈𝑖4 𝑈𝑖5 𝑈𝑖6 𝑈𝑖7 𝑈𝑖8 𝑈𝑖9 𝑈𝑖10 

OC (Season) 17 7 9 7 15 N/A 12 N/A 10 11 

Independent Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes 

Normal No Yes Yes Yes No Yes Yes No Yes No 

Std. Dev. = 1 No No No No No No No No No No 

MLE CP (Season) 16 15 17 18 17 18 14 15 15 16 

 

 

The results in Table 4.4 show that while the autocorrelation was effectively 

eliminated, there is a consistent problem meeting the assumption that the standard 

deviation was equal to one. The graph of the random trends in Figure 4.11 shows that 

there is an increase in variance as the seasons increase. This increase creates an 

inflation of the variance in the 𝑇𝑖 statistic, which inherently creates inflation in the 

variance in the 𝑈𝑖 statistic. Figure 4.12 corroborates this effect by showing a histogram 

of all of the 𝑈𝑖 statistics from the ten random trends 
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Figure 4.11 Graph of ten random cumulative trends for seasons 1-20 

 

 

 
Figure 4.12 Histogram of all 𝑈𝑖 from Table 4.4 fit against a standard normal curve 
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Revisiting the 𝑇𝑖 statistic in Equation 4.2, shows that it is a rate between prediction 

error and the models estimated standard deviation. This indicates that an increasing 

variance or decreasing variance creates an unbalanced rate which will affect the 

distribution of the 𝑇𝑖. An increasing variance will create a wider and skewed statistic, 

as seen in Figure 4.12. Contrarily, trends of decreasing variance would have a 

narrower distribution, and would cause a loss of detection ability to the SSCUSUMT. 

The problems encountered with the cumulative monitoring lead to the conclusion that 

the SSCUSUMT, as designed, is not capable of monitoring the cumulative trend for 

the Tragedy of the Commons. 

4.7.2. Control Sessions  

It has been established that the control at the start of the experiment meet the 

criteria for SSCUSUMT monitoring. A qualification of the control sessions would 

provide more evidence of SSCUSUMT’s adequacy, and provide a benchmark for 

contrast against the treatment sessions.  

When examining the control trials two sessions were found to have not meet 

the minimum consumption value of 360 gems (12 gems x 30 seasons). There are 

multiple unidentifiable sources for this error, including: set up, missed replenishments, 

participant theft, gem stuck in container, data entry error, or any combination of these. 

There are two ways to handle this situation. The trials could be eliminated from the 

analysis, or the analysis could be truncated to smaller number of seasons to distance 

the analysis form any effect caused by end of the game. This is why these sessions 

were not eliminated from the earlier analysis that was truncated at 20. Because 8 

sessions were felt sufficient to represent the 10 control sessions, the two faulty 

sessions were eliminated from this control analysis.  

The control session analysis consists of data up to season 30 because that is the 

theoretical end of the experiment. Control sessions that lasted longer than 30 seasons 

benefited from variation from the NE in prior seasons. Considering seasons after 30 

would inflate the variation at the tail end of the session. The season averages in Figure 

4.13, shows the season average for the control sessions season one through thirsty. 
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There is a rise representative of the rise in Figure 4.7, but the extension of the analysis 

to thirty seasons reveals a slight fall in average harvest.  

 

 

 
Figure 4.13 Graph of seasonal consumption for 8 control sessions, seasons 1-30 

 

The SSCUSUMT in Table 4.5 does detect an OC at season 17 due to the 

repeated elevation in the average harvest per season. The analysis of all of the starting 

conditions establishes that the first 20 sessions are not OC. However, this eight-

session subset of the data appears to be an outlier. While the Anderson Darling test in 

Figure 4.14 shows that the 𝑈𝑖 are normally distributed; Figure 4.15 shows that the 𝑈𝑖 

are autocorrelated and Figure 4.16 shows that they do not have a standard deviation 

equal to one. This evidence is contrary to the findings in the starting conditions.  
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Table 4.5 SSCUSUMT for average harvest, 8 control sessions, seasons 1-30 

𝑡𝑖 𝑦𝑖 𝑎𝑖 𝑏𝑖 𝑀𝑆𝐸𝑖 𝑇𝑖 𝑈𝑖 𝐶𝑖
+ 𝐶𝑖

− 
1 11.25 - - - - - - - 

2 11.38 11.13 0.125 - - - - - 

3 11.25 11.29 0.000 0.0104 - - - - 

4 11.38 11.25 0.025 0.0062 0.4472 0.3906 0.0000 0.0000 

5 11.13 11.35 -0.025 0.0125 -2.0000 -1.4762 0.0000 0.0000 

6 11.50 11.25 0.018 0.0201 1.8516 1.4837 0.0000 0.0000 

7 11.25 11.29 0.004 0.0177 -0.6455 -0.6032 0.0000 0.0000 

8 11.13 11.33 -0.012 0.0185 -1.1262 -1.0306 0.0000 0.0000 

9 11.25 11.33 -0.010 0.0159 0.1293 0.1249 0.0000 0.0000 

10 11.50 11.28 0.005 0.0201 1.7580 1.5683 0.0683 0.0000 

11 11.25 11.29 0.001 0.0183 -0.4368 -0.4229 0.0000 0.0000 

12 11.13 11.32 -0.006 0.0187 -1.1006 -1.0436 0.0000 0.0000 

13 11.13 11.34 -0.010 0.0179 -0.7435 -0.7183 0.0000 0.0000 

14 11.13 11.35 -0.012 0.0168 -0.4953 -0.4828 0.0000 0.0000 

15 11.38 11.32 -0.007 0.0179 1.3754 1.3041 0.0000 0.0000 

16 11.75 11.25 0.005 0.0326 3.5217 2.9284 1.4284 0.0000 

17 11.75 11.20 0.013 0.0392 2.0092 1.8600 1.7884 0.0000 

18 11.63 11.18 0.016 0.0384 0.8244 0.8034 1.0918 0.0000 

19 11.50 11.18 0.016 0.0361 0.0187 0.0184 0.0000 0.0000 

20 11.63 11.17 0.018 0.0347 0.5311 0.5218 0.0000 0.0000 

21 11.63 11.17 0.019 0.0331 0.3557 0.3505 0.0000 0.0000 

22 11.75 11.15 0.021 0.0326 0.8319 0.8147 0.0000 0.0000 

23 11.50 11.16 0.020 0.0317 -0.6748 -0.6634 0.0000 0.0000 

24 11.25 11.19 0.016 0.0358 -1.9641 -1.8642 0.0000 0.3642 

25 11.38 11.21 0.014 0.0359 -1.0317 -1.0091 0.0000 0.0000 

26 11.50 11.22 0.013 0.0346 -0.3352 -0.3314 0.0000 0.0000 

27 11.00 11.26 0.009 0.0445 -2.8504 -2.6262 0.0000 1.1262 

28 11.38 11.27 0.008 0.0433 -0.5527 -0.5458 0.0000 0.1721 

29 11.13 11.29 0.005 0.0460 -1.6401 -1.5867 0.0000 0.2587 

30 11.13 11.31 0.003 0.0476 -1.4084 -1.3722 0.0000 0.1309 

*OC when 𝐶𝑖
+ or 𝐶𝑖

− are above 1.61 
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Figure 4.14 Anderson Darling normality test for 𝑈𝑖 in Table 4.5 

 

 

 
Figure 4.15 Autocorrelation test for 𝑈𝑖 in Table 4.5 
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Test and CI for One Variance: U(i)  

 
Method 

 

Null hypothesis         σ = 1 

Alternative hypothesis  σ ≠ 1 

 

The chi-square method is only for the normal distribution. 

The Bonett method is for any continuous distribution. 

 

 

Statistics 

 

Variable   N  StDev  Variance 

U(i)      27   1.27      1.62 

 

 

95% Confidence Intervals 

 

                         CI for        CI for 

Variable  Method          StDev       Variance 

U(i)      Chi-Square  (1.00, 1.74)  (1.00, 3.04) 

          Bonett      (0.98, 1.77)  (0.97, 3.14) 

 

 

Tests 

 

                           Test 

Variable  Method      Statistic  DF  P-Value 

U(i)      Chi-Square      42.05  26    0.049 

          Bonett              —   —    0.064 

Figure 4.16 Standard deviation hypotheses test for 𝑈𝑖 in Table 4.5 

 

 

The spontaneous nature of the OC signal in Table 4.5 indicates that it is a Type 

I error. A sustained behavior shift would cause the CUSUM chart to accumulate in one 

direction not return to IC so swiftly. Additional data provided in Appendix P (Figure 

P.5, Table P.2, Figure P.6, Figure P.7, and Figure P.8) show that the first 20 seasons of 

the treatment sessions meet all three assumptions and do not trigger a false alarm in 

the SSCUSUMT. This supports the theory that the control sessions suffer from outlier 

behavior. In addition, the removal of the last observation from the control sessions 

(Season 30) allows the data from the control sessions to meet all assumptions. This 

also shows that the violation of assumptions are not connected to the false alarm in 

season 17. The SSCUSUMT is still a valid method for monitoring the zero-slope trend 

of the Tragedy of the commons. 
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4.7.3. Treatment Sessions  

The analysis of the treatment sessions will respond to the second research 

question requiring the answer of whether the SSCUSUMT detects a behavior shift in 

the TOC system. When examining the treatment sessions, only 30 seasons serve as the 

scope of analysis for the same reasons as that of the control sessions, any lengthening 

of the sessions past 30 are products of variation in earlier gameplay. A comparison of 

Table 4.6 and Table 4.7 show clear differences in the amount harvested for the 

treatment sessions after session 20. The Mann Whitney test in Figure 4.23 confirms 

that the treatment sessions lasted longer than efficiency improvement incurred by the 

treatment, because the length of the treatment sessions is longer than the length of 

control sessions. However, there are also some common behaviors. 

 

 

Table 4.6 Record of harvest counts in 8 control sessions, seasons 1-30 

Seasons 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 

Picked 3 28 29 28 28 27 29 28 27 28 29 27 27 28 28 28 30 30 29 30 29 30 30 29 28 28 29 27 27 26 26 

Picked 2 2 1 2 3 3 2 2 3 2 2 4 3 1 1 3 2 2 3 0 3 1 2 2 2 3 2 2 5 5 5 

Picked 1 2 2 2 1 2 1 2 2 2 1 1 2 3 3 1 0 0 0 2 0 1 0 1 2 1 1 3 0 1 1 

Total 

Picks 
32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 32 

 

 

 

Table 4.7 Record of harvest counts treatment sessions, seasons 1-30 

Seasons 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 

Picked 3 37 35 33 34 34 34 34 35 34 35 32 37 37 36 36 37 36 37 36 35 12 12 12 12 12 8 8 8 8 9 

Picked 2 3 4 7 5 5 4 4 4 4 5 8 2 2 4 4 3 4 3 4 5 9 9 9 9 9 9 8 17 17 14 

Picked 1 0 1 0 1 1 2 2 1 2 0 0 1 1 0 0 0 0 0 0 0 19 19 19 19 19 23 24 15 15 17 

Total 

Picks 
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 
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Mann-Whitney Test and CI: Control, Treatment  

 
            N  Median 

Control    10   33.00 

Treatment  10   62.00 

 

 

Point estimate for η1 - η2 is -29.00 

95.5 Percent CI for η1 - η2 is (-72.00,-8.01) 

W = 62.5 

Test of η1 = η2 vs η1 < η2 is significant at 0.0007 

The test is significant at 0.0007 (adjusted for ties) 

Figure 4.17 Hypothesis test for session lengths. 

 

Both control and treatment session experience a lack of sessions where only 

one gem is picked by anyone within the last five sessions prior to season 20. This 

could possibly serve as faint evidence of a learning effect. In addition, when 

examining the remainder of the control session there is a drop in harvests of threes 

toward the end of the control sessions. This could serve as faint evidence of a 

desperation effect. It is clear that the nature of the games is not static, but experiences 

a faint pattern even within the control session. However, these effects are so faint that 

they do not trigger an alarm prior to the intervention at season 20.  

Visualization of the behavior shift induced by the treatment session is in the 

graph of the season averages in Figure 4.18. The SSCUSUMT immediately detects the 

shift and signals an OC at season 21 (6.5332>1.61), as evidenced in Table 4.8. The 

MLE CP estimator in Figure 4.19 identifies season 20 as the CP in the model. In this 

instance, the OC was signaled one observation after the CP, which makes the CP 

estimation incorrect if data collection was stopped as soon as this OC was detected. 

This is because the CP MLE is incapable of estimating a CP at the first and last two 

observations. Meaning the actual CP is in that range of incapability for the CP MLE. 

For example, Figure 4.20 shows the CP to occur in season 19. The combination of the 

SSCSUMT and the MLE CP statistically prove that the intervention shifts the human 

behavior.   
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Figure 4.18 Average harvests for treatment sessions 

 

Table 4.8 SSCUSUMT for treatment session average 

𝑡𝑖 𝑦𝑖 𝑎𝑖 𝑏𝑖 𝑀𝑆𝐸𝑖 𝑇𝑖 𝑈𝑖 𝐶𝑖
+ 𝐶𝑖

− 
1 11.70 - - - - - - - 

2 11.40 12.00 -0.300 - - - - - 

3 11.30 11.87 -0.200 0.0067 - - - - 

4 11.30 11.75 -0.130 0.0115 1.5652 1.1316 0 0 

5 11.30 11.67 -0.090 0.0130 1.1795 0.9899 0 0 

6 11.20 11.65 -0.080 0.0103 0.4237 0.3951 0 0 

7 11.20 11.61 -0.068 0.0096 0.8160 0.7539 0 0 

8 11.40 11.53 -0.040 0.0185 2.5556 2.0196 0.5196 0 

9 11.20 11.53 -0.038 0.0160 0.1863 0.1797 0 0 

10 11.50 11.45 -0.019 0.0245 2.2936 1.9507 0.4507 0 

11 11.20 11.46 -0.021 0.0219 -0.2463 -0.2393 0 0 

12 11.60 11.40 -0.006 0.0304 2.2063 1.9435 0.4435 0 

13 11.60 11.35 0.003 0.0328 1.3689 1.2865 0.2300 0 

14 11.60 11.33 0.009 0.0326 0.9514 0.9153 0 0 

15 11.60 11.31 0.012 0.0312 0.6734 0.6552 0 0 

16 11.70 11.28 0.017 0.0310 0.9618 0.9300 0 0 

17 11.60 11.28 0.017 0.0290 0.1634 0.1607 0 0 

18 11.70 11.27 0.019 0.0278 0.5659 0.5545 0 0 

19 11.60 11.27 0.019 0.0262 -0.1794 -0.1768 0 0 

20 11.50 11.28 0.017 0.0257 -0.8117 -0.7935 0 0 

21 7.30 11.70 -0.040 0.8380 -24.5224 -8.0332 0 6.5332 

22 7.30 12.02 -0.081 1.3121 -3.5095 -3.0599 0 8.0931 

23 7.30 12.27 -0.112 1.5723 -2.2726 -2.1237 0 8.7168 

24 7.30 12.45 -0.135 1.6982 -1.6619 -1.5950 0 8.8118 

25 7.30 12.60 -0.151 1.7412 -1.2578 -1.2237 0 8.5355 

26 6.50 12.76 -0.170 1.8347 -1.5126 -1.4632 0 8.4986 

27 6.40 12.89 -0.184 1.8697 -1.2154 -1.1862 0 8.1848 

28 7.30 12.93 -0.187 1.8043 -0.3009 -0.2978 0 6.9826 

29 7.30 12.94 -0.189 1.7387 -0.1355 -0.1342 0 5.6168 

30 7.20 12.95 -0.189 1.6768 -0.0574 -0.0569 0 4.1737 

*OC when 𝐶𝑖
+ or 𝐶𝑖

− are above 1.61 

0.00

2.00

4.00

6.00

8.00

10.00

12.00

14.00

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29

A
v
er

a
g

e 
H

a
rv

es
t 

Seasons 

AVERAGE HARVEST OVER TIME  



Texas Tech University, Leonidas Guadalupe, December 2014 

123 

 

 

 
Figure 4.19 MLE CP for average seasonal harvests in treatment sessions, seasons 1-30 

 

 

 
Figure 4.20 MLE CP for average seasonal harvests in treatment sessions, seasons 1-21 

 

4.9. Observations 

Most of the observations were in line with the theoretical background of the 

game. Both the treatment and control sessions were the same for the first twenty 

seasons. In both sessions, the majority of the players ended up harvesting three gems 

every season. There were a few exceptions to this behavior. At the beginning of every 
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session there were some individuals that appeared to be curious about choosing 

different strategies. However, the lower value of their harvest eventually led most of 

them to switch to the dominant strategy of three. Others never appeared to grasp the 

concept of earning more and played randomly.  

There were some individuals in the control condition that figured out the 

cooperative strategy would have been the best one. In debriefing with these 

individuals, they mentioned that they were unsure of whether they should take the 

penalty to communicate this message to the others. Theoretically, the cost of the 

penalty should have been worth the benefit of playing longer, but that depended on 

how far the resource had already depleted. If the resource had four gems left then it 

would had been hard to make up three dice rolled to the max. However, what they 

mentioned was that they would have felt bad about breaking the rule. The cost in lab 

credits was not necessarily what they were concerned with, but it was more the social 

context of breaking a rule. In the future, maybe communication should not be 

presented as a penalty but as a normal fee. It’s also curios how players were playing 

economically rational but still chose to adhere to social conventions of rules. 

In situations of treatment, the behavior shifts after season twenty. However, 

this is not always an instant shift. The promptness of the shift appeared to depend on 

how fast the group developed communication. This experiment did not control for 

relationships between participants before the sessions. Whoever signed up was put 

into the next available sessions. There were many different relationship levels amongst 

participants in both control and treatment groups. Some were complete strangers, 

some were friends, coworkers, peers, student-teacher, and some were even married. 

The groups that were able to have an open dialog first usually shifted behavior first.  

The shift in the behavior usually occurred with someone suggesting the idea of 

everyone choosing one, yet they often failed to deliver a clear reasoning for it. 

Sometimes, another player quickly dismissed this idea. When this happened, it usually 

delayed the shift away from the strategy of three. Another observed behavior was that 

there was a false sense that someone had to loose or sacrifice for the others. 

Sometimes strategies like taking turns emerged. Usually the shifts began once the 
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resource had worn down a bit more. Some people felt that the amount of gems left in 

the resource would be enough to succeed with the strategy of three, others failed to 

recognize it in time and just continued their behavior of taking three form seasons 1 

through 20.   

4.9. Conclusion 

The purpose of this study was to establish the SSCUSUMT and the CP MLE 

as statistical tools for monitoring the TOC. The TOC is a common system archetype 

that tends to yield inefficient results when system actors do not coordinate and do not 

have information about the system. This study developed a TOC experiment in which 

a strong treatment was two thirds of the way through the session. After the data was 

collected it was analyzed with the mentioned statistical tools. The results show that the 

SSCUSUMT and the CP MLE are suitable tools for monitoring the TOC and 

identifying when behavior shifts occur.   

The results of this study show that the treatment implemented in this study has 

an immediate effect on the TOC. The design of the study used the literature to develop 

the strongest treatment in order to prove the abilities of the methodology. However, 

most potential for this method lies in comparative treatments. Researchers can use this 

method to identify comparative strengths of proposed policy changes to a TOC 

system. Future research can use only parts of the treatment used in this study and 

evaluate points of OC and CP. This is important because the treatment implemented in 

this study would probably be expensive to perform on real systems. Therefore, 

implementation of smaller changes should be evaluated to improve the cost efficiency 

of controlling a TOC system. 

The control sessions showed small trends within their isolated TOC system. It 

shows that the NE appears over time as participants are reinforced with higher 

payoffs. However, the results also suggest that variation from this equilibrium might 

occur toward the end of the experiment. Almost as if the participants could feel the 

oncoming death of the system and were becoming frantic about finding a way to 

extend the life of the system and earn more pay. Applications of this method to real 
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world systems should consider these trends when calibrating the sensitivity of the 

SSSCUSUMT. 

This study is not without flaws and some improvements should be made in 

future testing. The method for replenishment administration should be redesigned. 

This would free the researcher from constant vigilance and reduce another source of 

human error. The addition of a post session questionnaire is needed to fully understand 

the psychological impact of the treatments. Also, the communication fee should not be 

associated with the word penalty or a negative social connotation which might deter 

players from internalizing some of the costs in the hopes of a higher system efficiency. 

The SPC tools proposed work well for the seasonal measures, but the cumulative 

perspective does not meet all the criteria. The development of a SSCUSUMT that is 

capable of monitoring autocorrelated trends is needed to properly monitor a 

cumulative trend of the TOC. It would also allow the tools to monitor one single 

session or system independently without the worry of autocorrelated results.  



Texas Tech University, Leonidas Guadalupe, December 2014 

127 

CHAPTER V 

5. CONCLUSION 

This work began by discussing the cause of the financial crisis in 2008, and it 

being attributed to an increase in the systemic risk of a complex system. It was 

postulated to have occurred through an economic and systems archetype known as the 

Tragedy of the Commons, in which many system actors slightly increased their risk, 

and this led to a significant increase in systemic risk. Essentially, a growing number of 

individuals were taking actions that increased the probability of the entire system 

failing. Monitoring systemic risk appears to be a logical solution because the ability to 

monitor an economic trend, like systemic risk, is important to evaluate the 

effectiveness of policies in shifting the behavior of people, in a timely manner. This 

would also allow detection of an unintended shift in behavior due to a change in 

system policy.  

Because the global economy is a living system, its systemic risk is also 

dynamic. It experiences shifts in its trends, which are by definition shifts in the 

direction of continuous movement (Montgomery, 2013, p. 253). While traditional 

statistical process control tools have been well researched and developed for stationary 

processes of zero slope, the opposite is true for processes that exhibit trends. 

Therefore, the problem stood as the inability to monitor economic trends of a living 

system, and identify whether individuals slightly, but significantly, shifted behavior. 

With the general hypothesis being that monitoring systemic risk of an economic 

system through statistical process control would lead to the identification of shifts in 

individual economic behavior.  

This study embarked on a quest to verify this hypothesis through the 

exploration of three research questions. The culmination of this work summarizes the 

resolution of each research questions, details their implications for the fields of 

economics and general systems theory, and maps out future endeavors to enrich the 

science enlisted in this approach. 
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5.1. Research Answers  

The three research questions were answered through literature research in 

Chapter 2, Statistical modeling in Chapter 3, and Human Experimentation in Chapter 

4. This section is written as a direct correspondence to the research questions posed in 

Chapter 1.   

5.1.1. Research Answer One  

Can a statistical process control tool monitor escalating or de-escalating 

economic behavior over time? Yes, a statistical process control tool is capable of 

monitoring escalating or de-escalating economic behavior over time. That tool is the 

Self-Starting Cumulative Sum Chart for Trends (SSCUSUMT) developed in Chapter 

3. Both the SSCUSUMT and the Change Point Maximum Likelihood Estimator (CP 

MLE) were tested with MATLAB simulations. The results obtained are a product of 

10,000 replications for each shift possibility.  

5.1.1.1. Research Answer One, Sub-Answer 1 

 Are there any existing statistical process control tools for monitoring trends? 

An extensive literature review in Chapter 2 found two self-starting linear profile 

control charts that showed the potential to monitor economic trends; the Likelihood 

Ratio Test with an Exponentially Weighted Moving Average (LRT EWMA) control 

chart  (Zou et al., 2006) and the Self-Starting Exponentially Weighted Moving 

Average (SSEWMA) control chart (Zou et al., 2007). However, their designs create 

estimates with batches of observations, and their designs are apt for monitoring linear 

profiles in manufacturing processes. The SSCUSUMT was developed for the sole 

purpose of filling this void in trend monitoring. Specifically, it was designed for trends 

where there are sequences of observations and not for batches.  

5.1.1.1.1. Research Answer One, Sub-Answer 1, Follow-up 1  

If so, what are their strengths and weaknesses? This follow up question is 

rendered mute by the preceding results. Still, some investigation was conducted on the 

strengths and weaknesses of the different procedures. A comparison of the SSEWMA 

and LRT shows that when the expected shifts are larger, the SSEWMA delivers a 

shorter ARL. Contrarily when the expected shifts are smaller and there are fewer 



Texas Tech University, Leonidas Guadalupe, December 2014 

129 

observations, the LRT EWMA delivers a shorter ARL, see (Zou et al., 2006, p. 1101) 

and (Zou et al., 2007, p. 372). In addition, the LRT EWMA has the advantage of being 

a change point model.  

A comparison of the SSCUSUMT to the LRT EWMA and the SSEWMA is an 

unfair comparison due to its batch generation for process estimations. However, there 

are some general advantages to this approach. For example, the CUSUM is a tool that 

is easy to use and is more intuitive than a EWMA, which requires a weighting 

parameter. A weighting parameter could be something more problematic to calibrate 

for a real living system.  

Comparing the SSCUSUMT against a Phase I approach reveals additional 

strengths and weaknesses. A Phase I approach gathers a sample of in control 

observations to create fixed estimates of the process parameters. In situations of few 

observations (20 in control observations), the ARL for the SSCUSUMT was not as 

short as the Phase I approach, but it was comparably close. Considering, that the Phase 

I approach generates considerably more false alarms when the observation size is 

smaller, this seems like a tolerable weakness. As more observations are gathered, the 

SSCUSUMT delivers shorter ARLs than the Phase I approach. These results mean that 

the tool works relatively well in confidently predicting systems where there is not 

much data available.   

5.1.1.2. Research Answer One, Sub-Answer 2 

Does a modification to the Hawkins’s Self-Starting CUSUM control chart 

allow it to monitor trended observations? Yes, the SSCUSUMT is a modification to 

the SSCUSUM (Hawkins, 1987). The SSCUSUM continuously creates an estimate of 

the mean through updated parameter estimations, and then monitors the studentized 

error of those predictions with a CUSUM chart. The SSCUSUMT works in the same 

fashion except that it uses an continuously updated ordinary least squares parameters 

to make the prediction of the next observation. When implementing this tool in 

practice, it is important to check that the 𝑈𝑖 statistic meets the normality assumption, 

the independence assumption, and that the variance is equal to one. If these 

assumptions are invalidated then additional adjustments must take place. Another 
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point of calibration is the control limits. They must be set to a reasonable expectation 

of shift in order to accurately monitor the process trend.  

5.1.1.2.1. Research Answer One, Sub- Answer 2, Follow up 1  

Can the Self-Starting CUSUM detect small shifts in linear trends over time? 

Yes, the SSCUSUMT has the capability to detect small shifts over time and is 

particularly good at detecting slop shifts. The smallest shift tested was a slope shift of 

0.025, which is constitute a 1.25% shift from a slope of two. On the other hand, one of 

its weaknesses appears to be its ability to detect small step shifts. This is because a 

small and sustained step shift does not continue to aggravate the disparity between the 

expected and the observed. It hides within the limits so to speak. This means that 

perhaps some processes subject to small step shifts may not benefit as much from the 

SSCUSUMT. This could actually be a benefit for monitoring systems. Consider a new 

administration taking over a system and keeping the same practices in place, but 

making a sudden policy change. As long as the nature of the output per input (slope) is 

not changed then the chart will not detect a shift in behavior. This could actually 

improve the ability of the chart to monitor longer periods through different 

administrations.   

5.1.1.3. Research Answer One, Sub- Answer 3 

How does the Self-Starting CUSUM for trended observations perform in 

comparison to other linear profile monitoring tools? The SSCUSUMT does not 

farewell against the linear profile tools because the linear profile tools generate a 

series of batches to create estimates, whereas the SSCUSUMT only generates a series 

single observations. A comparison to the Phase I approach did show that the 

SSCUSUMT is considerably more stable because the Phase I approach will yield false 

alarms quicker when there is little data available. The performance of the SSCUSUMT 

in this study now serves as benchmark for other self-starting tools aimed at monitoring 

trends. For example, simulations studies of linear profile tools retrofitted for a series 

on individual observations should compare ARL performance with the SSCUSUMT.  

The motivation for the SSCUSUMT was the gained ability to monitor 

economic behavior over time. Propitiously, the tool fulfils its purpose and has also 
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proven to work for other scenarios. In Chapter 3 the SSCUSUMT and the CP MLE are 

successfully applied to a zero-slope trend, and a non-time covariable. This opens up 

the utility of these tools because it is able to analyze different types of systems that 

might not be time-dependent. For instance, it could monitor the productivity of a 

market by monitoring a success measure, like returns on an investment, with the 

covariable as size of investment. If the returns shift at a certain level of investments, it 

signifies a significant breakthrough or failure in that market. This productivity 

scenario is congruent to the scenario of mail workers and output mail presented in 

Chapter 3.  

5.1.2. Research Answer Two  

Will the addition of a maximum likelihood change-point estimator to the Self-

Starting CUSUM for Trended Observations identify the time in which a shift in 

escalating or de-escalating behavior occurred? The addition of the CP MLE as a post-

signal diagnosis tool serves as a critical tool that identifies the time in which a shift in 

escalating or de-escalating behavior occurs. The SSCUSUMT works well for 

identifying that the trend has gone out of control, but it does not identify the point in 

time in which the behavior of the system changed. The CP MLE identifies the CP by 

using a maximum log likelihood of two trends coexisting. The mathematical 

procedure in Chapter 3 appears to be complex but is relatively easy for managers to 

put into practice. Both the SSCUSUMT and the CP MLE, were programmed in MS 

Excel, which is software that is readily available to the public. 

The CP MLE births the ability to target the search for changes in 

microeconomic behavior. The SSCUSUMT monitors the macro trend and the CP 

MLE identifies when individual behavior shifted. After the identification of the CP, an 

analysis that incorporates concepts from behavioral economics serves as the best 

approach for reaching a profound explanation of why the system shifted, and is helpful 

in systems theory (systems dynamics) analysis because it assist in detecting structural 

level changes. Economic behavior exhibited by individuals which is not in line with 

the rational assumptions of homo-economics, is irrational and is often discarded as 

irrelevant noise (Michel-Kerjan & Slovic, 2010). The combined use of the 



Texas Tech University, Leonidas Guadalupe, December 2014 

132 

SSCUSUMT and the CP MLE now serve to demonstrate the aggregate effect of 

irrational decisions in real market scenarios (a more structural level understanding of 

the system).  

5.1.2.1. Research Answer Two, Sub- Answer 1  

How accurate is the change-point estimator in identifying the correct moment 

of the shift? The CP MLE is very accurate as a change-point estimator in identifying 

the correct moment of the shift. Consider when 300 observations occurred prior to a 

shift, the CP MLE was always off by negative one with no variation. This occurred 

because the SSCUSUMT did a good job in detecting the shift and had an ARL of one. 

This meant that only one observation was gathered after the shift (301 observations), 

but the CP MLE has a limitation in which the first and last two numbers of the series 

are not capable of being identified as the CP due to the nature of the calculations. This 

result indicates that the CP MLE was perfect in identifying the CP. Similar results 

occurred for 100 observations and large slope shifts. The natural CP estimator of the 

CUSUM was found as an inferior estimator to the CP MLE in most cases, as 

documented in other studies (Tercero-Gómez et al., 2014). There were three cases in 

which the CUSUM CP outperformed the CP MLE; two were the large step changes 

with no slope shifts (100 and 300 observations), and the other was large slope shift 

with 20 observations. The ARL of these instances were all around four. Perhaps this 

was a “sweet spot” in which the CP MLE erred in the CP identification due to 

additional observations and was close enough to the CP that the CUSUM CP could be 

more accurate. Still, both the SSCUSUMT and the CP MLE remain simple, flexible in 

design, and have relatively good power to detect small shifts without requiring as 

many IC observations as the Phase I paradigm. 

The mathematical proof of the CP MLE still needs a mathematical proof that 

the variance estimated in the CP MLE procedure is the global minimum and not just a 

local minimum. Appendix C attempts this proof by building the Hessian Matrix but 

ultimately fails to prove that the estimate is a global minimum. The failure occurred 

due to a lack of knowledge on specialized mathematical software needed to complete 

the proof. This was outside the scope of the dissertation because the CP MLE only 
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needed to prove accuracy, even if it is only with the local minimum. However, this 

remains a challenge that should be undertaken.  

5.1.3. Research Answer Three  

Is the Self-Starting CUSUM for Trends and its change-point estimator capable 

of monitoring a real life system? Chapter 3 validated the SSCUSUM and the CP MLE 

and displayed their ability to monitor real data with different examples. However, 

there was no systemic knowledge about the data analyzed. The statistical tools 

performed, but their results have little value without knowledge of the system that 

generates the data. A real system was constructed for experimentation to develop a 

model example of an analysis of economic trend that used all parts of the Theory of 

Profound Knowledge (Deming, 1994), as proposed at the end of Chapter 2. The 

knowledge of knowledge, variation, systems, and psychology are respectively fulfilled 

by the knowledge of economic theories, statistical tools, systems archetypes, and 

behavioral economics.  

The system of interest for this study was Tragedy of the Commons, an 

identified systems archetype (Senge, 1994). Its selection was due to the parallels it 

drew to systemic risk and the 2008 financial crisis, as detailed earlier. A four-person 

game of the prisoner’s dilemma served as the mathematical foundation for the system 

(Schelling, 1978). This situation has four participants sharing a resource and that 

resource has a fixed replenishment rate. The Nash Equilibrium predicts that everyone 

will act in self-interest and choose the maximum. If everyone acts in self-interest and 

harvest the maximum from the resource, they will extinguish the resource quicker and 

obtain a lower economic efficiency than if they were to harvest the minimum. 

Although choosing the minimum seems counter intuitive, because the resource is 

replenished with a fixed amount every season the game can extend for a much longer 

period of time, and more product can be harvested from the resource, which allows all 

actors to achieve a higher economic efficiency. The background setting for the 

experiment held a narrative of harvesting gems (actually dice) on a distant planet. The 

setting was inspired from the known Tragedy of the Commons ecological dilemma 

(Hardin, 1968). The designs of the control and treatment versions of the experiment 
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exploited factors of communication and transparency (later explained in detail), found 

in the literature, which produced different results in previous Tragedy of the Commons 

experiments (Dolésak & Ostrom, 2003; Faysse, 2005; Buckley et al., 2013).  

After the data was gathered, the procedure analyzed the trends with the 

SSCUSUMT and the CP MLE in two different perspectives. One was the seasonal 

perspective, which looks at consumption on a season-by-season basis; and the other by 

cumulative trend, which gave a cumulative number of total harvests for each season. 

The cumulative perspective was found to violate the assumptions of independence and 

homoscedasticity. Even when independence was eliminated through randomization, 

the problem of homoscedasticity remained. This appears to be an inherit problem in 

the trends of the Tragedy of the Commons. However, the seasonal analysis did meet 

all of the assumptions and the SSCUSUMT detected the shift out of control 

immediately (season 21), while the CP MLE correctly identified the point of 

interventions. This result shows that the SSCUSUMT and CP MLE can detect and 

identify a shift in trend when it is broken down into a uniform measure of time. 

However, in real world applications of this might not be possible, due to lack of access 

to all of the data points.  

The results in Chapter 4 show that the SSCUSUMT was able to recognize a 

behavioral shift shortly after the treatment, and the CP MLE was able to identify the 

moment of the treatment as the CP. These tools are capable of contributing incredible 

insight when combined with knowledge on the system. The success of these tools in 

monitoring this real lab system, graduates the technique to a level of monitoring a real 

life system. 

5.1.3.1. Research Answer Three, Sub- Answer 1  

Can an experimental Tragedy of the Commons game generate a linear profile 

of economic behavior over time? This study confirms that the Tragedy of the 

Commons, systems archetype, generates a trend of economic behavior over time, 

given that there is a capacity on consumption, the system actors are isolated from each 

other, and there is little to no information about the status of the resource. These 

characteristics will yield a trend that follows the Nash Equilibrium, which is the 
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conglomerate of every player playing the rational strategy of maximum consumption 

at every period. The trend is suitable for analysis by the statistical tools developed in 

this study, because the normalized and studentized errors of the trend (referred to the 

𝑈𝑖 statistic), created by continuously updated parameters, meet the three requisite 

assumptions.  

The three assumptions required by both the SSCUSUMT and the CP MLE are 

normality, homoscedasticity, and independence. An autocorrelation test diagnosed 

whether the 𝑈𝑖 statistic generated was independent. The seasonal data was not 

expected to have any issues with independence because the data considers every 

season independently, but this is a problem for the cumulative perspective because it is 

not uncommon for trended observations to be autocorrelated (Ramirez-Galindo, 2012, 

p. 25). To combat autocorrelation, the trends analyzed were created from random 

observation for every season or of the average of the observations if many samples 

were available. While these tactics of randomization and averaging are feasible for 

common systems, it might be difficult to eliminate autocorrelation from a specific 

system in real life with one unique trend. An evaluation of systems isomorphisms 

between systems would have to be employed to determine the viability of 

randomization or averaging.   

An Anderson Darling test was used to evaluate the normality assumption for 

the trends 𝑈𝑖 statistic. Validating the normality assumption never posed a problem 

form any of the trends. The assumption of homoscedasticity was the only one that 

brought unexpected concern. When analyzing the cumulative trends, the standard 

deviation was found to be significantly different from one. The Tragedy of the 

Commons appears to generate a cumulative trend that experiences constant increases 

in variance over time. The rate of increasing variance causes an inflation of the 

variance of the studentized residual, and the variance of the standard normal statistic 

derived from it. Because the SSCUSUMT was calibrated with an expected standard 

deviation of one, the dissonance means that the chart is inadequate for monitoring the 

cumulative trends.  
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5.1.3.1.1. Research Answer Three, Sub- Answer 1, Follow up 1  

Is there a way to induce a shift in the economic behavior exhibited in the 

experimental game? The experimental design in Chapter 4 reveals that there is a way 

to induce a shift in the economic behavior exhibited in the experimental game. Both 

the control and treatment conditions began in the control scenario, which is where 

every participant is isolated and has no information about the resource. In the control 

sessions, they remain in this scenario throughout the rest of the session. In the session 

that were randomly chosen to have a treatment, after 20 seasons of gameplay the 

players are given some information about the replenishment rate of the resource, the 

cover obstructing visual information from the resource is removed, and the walls 

isolating the participants are removed. In addition, they have five minutes to process 

the information before the next season begins, in which they were not encouraged or 

discouraged from communicating with one another.  

The results of the control condition matched the Nash Equilibrium prediction 

of everyone acting in self-interest. In every session, most people in this isolated 

condition always consumed the maximum from the resource. There were even cases 

where the participants in this condition figured out that a cooperative strategy was the 

best solution but still harvested the maximum. In debriefing, these participants 

revealed that they did not know how to establish a trust with the other participants 

without incurring a personal cost or feeling as if they were breaking a rule. This 

behavior explains how an individual can become aware of the Tragedy of the 

Commons conundrum, but is unable to enact a cooperative solution with others in the 

system, and continues to exacerbate the systemic problem. Real world examples 

include deforestation, overfishing, endangered species, and global pollution.  

The design of the treatment experiment corroborates that the economic 

behavior in a Tragedy of the Commons shifts through collaboration, and transparency 

(Ostrom, 1999, 2010). While simply introducing players into a new environment on 

average lengthens the life of the resource (as proved by a Mann Whitney test in 

Chapter 4), much of the impact appeared to depend on the bonding amongst the 

participants. Groups that generated shorter resource life were observed to be less 
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talkative. This is expected because experiments have shown that ‘cheap talk’ in public 

communication environments helps produce better results due to the players being 

able to establish trust (Buckley et al., 2013). In this study, trust was built when players 

would agree to all play conservatively, and all visually confirmed the actions. There 

was not one observed instance of dissent from the group consensus. Again, this paired 

well with the design of the study because the design of the SSCUSUMT is geared for 

detecting sustained shifts. However, it would be interesting to investigate whether 

disrupting communication or visibility would trigger individuals to defect from the 

group’s conservative consensus.  

5.1.3.2. Research Answer Three, Sub- Answer 2 

Do the statistical tools developed detect the behavior shift and correctly 

identify its intervention into the game? As detailed previously, the SSCUSUMT and 

the CP MLE worked well in detecting and identifying the moment of treatment 

intervention. Another testament to the accuracy of the method employed in this study 

is the lack of false alarms for the starting conditions. When the average trend from the 

first 20 seasons for all sessions, were analyzed with the SSCUSUMT, no false alarms 

were triggered. This was also the case for the treatment trend in the seasonal 

perspective. It is also a credit to the calibration of the control limits of the 

SSCUSUMT, which is something to consider prior to application of the tool.  

The accurate and swift detection of the treatment implies that there is a 

capability for the tools to detect softer treatments. The treatments in this study were 

designed to elicit a shift. However, performing this type of treatment in a real system 

may be too costly. It would cost a lot on money, time, and effort to build a structure of 

constant open communication, and transparency into everyone’s actions. Therefore, it 

might be a logical next step to try just implementing transparency or communication 

separately, to see if the tools are slower to react to the change. Studying this might 

yield elegant and cost effective solutions that mitigate a Tragedy of the Commons. 

5.2. Additional Conclusions  

A few notable observations occurred throughout the course of this exploration. 

The CP MLE appears to be more robust to the assumptions of autocorrelation and 
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equal variance than the SSCUSUMT. Over the course of the dissertation these tools 

were tested with many different trends or variations of trends and it appeared that 

errors more often occurred with the SSCUSUMT than with the CP MLE. This is a 

positive because the SSCUSUMT serves as a gatekeeper for the post-signal analysis. 

Meaning, if the SSCUSUMT worked, then the CP MLE is likely to work. For 

example, the CP MLE showed some accuracy for identifying the CP of randomized 

cumulative treatment trends. However, this could be due to the effect causing a big 

shift that is easily detected regardless of assumption violations. Still, this illuminates 

the possibility of building a likelihood ratio based control chart for trend as a more 

robust tool.  

The beginning of all of the trials possibly experience a learning period, as seen 

in Figure 4.7, Table 4.6, and Table 4.7. In addition, the end of the control trials also 

saw a small drop in consumption, as seen in Table 4.6 and Figure 4.13. Most people 

took little time to learn that taking three dice yielded better instant results. Toward the 

end of the control version of the game, there appeared to be more deviations from the 

Nash Equilibrium. This increase in deviation could speak to a search for a solution to 

avoid the game coming to an end. There have been many case studies on the Tragedy 

of the Commons and some of those findings show that sometimes humans find 

solutions to the dilemma despite not having the sophisticated knowledge on the system 

(Ostrom, 2010). Perhaps the observations from this experiment are examples of human 

nature trying to prevent the death of the system. 

This natural behavior exhibited in the control sessions shows that the natural 

behavior of a Tragedy of the Commons is a small parabola that increases toward the 

Nash Equilibrium and then shifts away from it. This means that the Nash Equilibrium 

behaves as a dynamic equilibrium of the living system (Von Bertalanffy, 1969). 

Whether, the Nash Equilibrium is the dynamic equilibrium for other systems is still a 

topic of exploration. However, it also provides the insights that the tools developed are 

applicable to general systems theory because the dynamic equilibrium was not 

detected to be out of control until the equilibrium was shifted. In the end both the 
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control and treatment sessions, reach the system’s equifinality. This again provides a 

way to scientifically analyze and elicit systems structure.  

One of the reasons thought to trigger this search for solutions has to do with 

economic valuation. When the resource is plentiful there is no perceived scarcity and 

therefore the resource is of low value. However, this thinking disregards future 

quantity levels and prices. Behavioral economic concepts like hyperbolic discounting, 

where a good is worth despairingly more now than it will be in the future, explains this 

reasons for this thinking. It is not until the resource is perceived to be low (as was 

possible in this experiment due to the design of the resource container) that scarcity 

drives the perceived value of the resource so high that it becomes profitable to seek 

alternative solutions. This is the reasoning posed by many who feel that the invisible 

hand of the free market always finds a way. It would serve them well to know that in 

many cases, individual actors do not find a solution, and cannot prevent the death of 

the system. 

The concept of bounded rationality has also been linked to explanations of 

these organic solutions to the Tragedy of the Commons (Ostrom, 2010). Once the 

resource becomes so small, and its value so high, it becomes manageable and/or 

imperative to perform valuation without being subject to hyperbolic discounting or 

established heuristics. For example, in some of the treatment sessions of this 

experiment the behavior did not shift immediately after the intervention, cooperation 

did not emerge at all in one session. Usually, once the resource became smaller the 

participants began to talk and agree to cooperate. In many respects, this experiment 

was very representative of a real living system.  

5.3. Economic Implications 

The financial crisis of 2008 led to a revelation that irrational microeconomic 

behavior could have a tremendous macroeconomic impact, and needs exploration to 

have accurate prediction of an economic system. Case in point, former U.S. Federal 

Reserve Chairman, Alan Greenspan, revealed in an interview that the Federal Reserve 

econometric models completely missed the predicting the financial crisis of 2008 

(Wolfe, 2013). In response to this economic plight, presidents, prime ministers, and 
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other authority figures have turned to behavioral economists as consultants (Thaler, 

2013). Their function is to guide policy and design systems that ‘nudge’ people in to 

mutually beneficial positions. This is not a radical new idea, but one that has 

previously been called on by academics, along with statistically identifying rules 

associated with successful cases of the Tragedy of the Commons (2010, p. 12).   

The evaluation of a nudge traditionally compares means of performance 

metrics before and after the intervention. A weakness of this approach is that the 

analysis of means assumes that the intervention in the systems is the only cause of 

variation between the two samples, which is acceptable for controlled experiments but 

not so much for real systems. In addition, lengthy periods may be required to compare 

performance under multiple policy regimes.  

Perhaps the biggest misstep occurs in the application of nudges to systems that 

are not determined to be in control. For, example the government of the United 

Kingdom has implemented nudges and evaluated them using observed percentage 

differences (Sanders, Halpern, & Service, 2013), or ordinary least squared techniques 

for identifying behavioral factors as significant coefficients (Harper, 2013). Acting on 

the system without establishing statistical control yields confounding results in which 

any knowledge over the system is compromised (Shewhart, 1931). Therefore, in order 

for officials to make effective changes they must first identify whether the economic 

system they are tasked to manage is in statistical control, a point first noted by 

Beruvides and Canto (2004) and further explored in this research. Nudging for the 

sake of nudging, or improving a percentage, could have terrible unintended 

consequences for the general public, as has been seen in the past (Levitt & Dubner, 

2009). The methods employed by this dissertation serve as way for governing bodies 

to monitor trends in their systems and determine whether the system is in control prior 

to enacting a nudge. It also gives them a better way to evaluate a nudge and identify 

any subconscious nudges that many have shifted the in control equilibrium. 

The ability to determine whether the economic system is in control also 

provides the opportunity to test policy (Beruvides & Canto, 2004). Implementing a 

policy that triggers a quick out of control response indicates a strong nudge of the 
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system. A lengthy period prior to an out of control signal from the SSCUSUMT 

indicates a weak nudge. This would also work for subconscious or external nudges on 

the systems. For example, the discovery of new influential research could cause the 

system to go out of control without the governing body consciously applying any 

changes. The CP MLE would be essential in identifying a hidden behavioral nudge. In 

addition, this procedure has the added benefit that policy and behavior prior to 

monitoring is not of critical concern because the procedure is self-starting. The 

procedure should work effectively if a relatively stable period serves as the initial 

observations. Constant monitoring and real time feedback have also been suggested 

due to the wide varieties of nudge implementation techniques (Letwin, Barker, & 

Stunell, 2011; Ly, Mažar, Zhao, & Soman, 2013). 

The use of nudges and behavioral economic tactics in policy requires a 

unification of Behavioral Economics and Macroeconomic models. Scholars have 

struggled to reconcile Behavioral Economics with Classical and Neo-Classical 

economics (Etzioni, 2011) because behavioral economics is based on observations 

from lab experiments, and focuses primarily on micro (or individual) behavior more so 

than macroeconomic behavior. There is no quantification of the observed behaviors 

and therefore, they do not fit well into the established econometric models. In turn, 

behavioral economics has become an isolated field with an ambiguous future. The 

methods established in this work give value to the findings from behavioral economics 

because outliers of an in control system can now be distinguished from common cause 

behavior. Macroeconomic trends monitored by the SSCUSUMT and the CP MLE can 

identify out of control shifts explained by behavioral economics. 

Often behavioral economics studies isolate effects, but this study illuminates 

on the relationships between some of the concepts of behavioral economics. For 

example, the concepts of loss aversion could explain why participants picked more 

when there was an abundance of resource, than when there was little to lose in the end. 

The opportunity to lose more gems was greater in the beginning than in the end. 

Further, the changes in the treatment condition reduced the amount of opportunity loss 

because the players could build a trust on everyone consuming less. In a sense, they 
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were risking an investment in their collaborative relationship. While this investment 

could have always been taken there was no way to get feedback on whether others 

were following through. It allowed everyone to visually inspect for greed or altruism.    

The concepts of greed and altruism are always present in studies of the 

Tragedy of the Commons. The design of this study does promote cooperation, but it 

also deters acting in self-interest. This is because after the implementation of public 

communication and transparency treatment, playing selfish would give one the 

reputation of being greedy and increases their risk of social exclusion from the group. 

This effect where people decided with the majority is called group heuristic 

(Yamagishi & Mifune, 2008).  This effect is so powerful that it even appears in 

experiments like this one where players cannot retaliate against greedy players. 

However, in games of private channels of communication and limited transparency 

this is not the case. This is because the risk of the group discovering a greedy player is 

lower. Private channels also tend to create groups within groups. This creation of sub-

factions would lead to different results because in situations of private channels 

individuals make decisions differently with respect to ramifications for in-group or 

out-of group recipients (Yamagishi & Mifune, 2008). They are less likely to behave 

altruistically with members outside of those private communication channels. 

Behavioral economists criticize the economic assumptions of rationality 

because they assume independent action by the individual. Yet, most behavioral 

economic studies have focused on the micro economic perspective of individual 

choice, and then extrapolated the findings to organizations of individuals. While this 

approach appears logical it disregards the interaction between the individuals, the 

interaction between the behavioral economic concepts, and the influence they have on 

each other. Studying the complex relationships between behavioral economic concepts 

requires more studies to focus on group behavior. This study treated every group as a 

whole and tried to identify shifts in the group behavior. While this study encountered 

instant behavior shift with the introduction of the treatment, further studies should see 

if this group behavior replicates. Sensitivity to the diffusion of behavior shifts in 

groups will potentially allow for better reactive action to future economic shocks.  
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5.4. System Implications 

Behavior over time graphs (from the systems dynamics toolbox) have been 

identified as the key to identifying the properties of the underlying system structure 

(Anderson & Johnson, 1997).  The SSCUSUMT and the CP MLE provide a way to 

monitor the observed behavior over time. Knowing when the behavior shift would 

indicate an effect created by the system. The combination of these Statistical Process 

Control tools with systems dynamic simulation has not been explored in the past, aside 

from suggestions and specific applications (Guadalupe, Cantu, Renken, Barraza, & 

Beruvides, 2014). These and future Statistical Process Control tools for monitoring 

trends could be integrated into a systems dynamics simulator to monitor the systems 

structure and analyze shifts that are inherently produced, and potentially assist in 

better modeling the cause and effect relationship in systemic behavior (casual loop 

diagrams). This analysis technique for the Tragedy of the Commons also streamlines 

learning about other identified systems archetypes (Senge, 1994). 

The melting pot technique used in this dissertation serves as a template for 

analyzing other generic system structures. The Tragedy of the Commons has one Nash 

Equilibrium, but in other situations, more than one Nash Equilibriums may exist. For 

example, the game theory model for the battle of the sexes details a scenario where a 

husband and wife must decide whether to attend an event of his liking or of her liking. 

Their utility predicates on the preferences of attending both events separately being 

more unsatisfactory than attending the function of their partners liking. According to 

game theory, attending either event together comprises both Nash Equilibriums, and 

repeating battle of the sexes games theoretically expect a 50-50 split over time. A 

systems modeling of this situation would give insight into the behavior incorporated in 

these decision. Then a monitoring could identify leverage points that change the 

behavior within the battle of the sexes. Potential insights could help other fields in 

analysis of risk within relationships. 

Another method to study the relationship between Nash Equilibrium and 

Dynamic Equilibrium is to derive the theoretical Nash equilibrium of different systems 

archetypes. This study would first identify trends in dynamic equilibrium of a specific 
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systems archetype. Then it would use game theoretical modeling to identify the Nash 

Equilibrium of the archetype. While both of the example approaches seem relatively 

feasible, the theoretical and practical definitions of the concept of dynamic 

equilibrium need more specificity. What actually constitutes a dynamic equilibrium? 

Von Bertalanffy (1969) puts forth the concept of dynamic equilibrium but never 

outlines specific criteria for identifying one. Uniting theory between the Nash 

equilibrium and the concept of dynamic equilibrium requires both empirical and 

theoretical research in general systems theory. 

The most pertinent implication that this dissertation has is the ability to 

monitor systemic risk. The Tragedy of the Commons system archetype served as the 

focus for this study due to the conundrum it presents with respect to systemic risk, 

another topic of interest fueled by the same financial crisis of 2008. By design, the 

consumption of resource in the Tragedy of the Commons experiment is equivalent to a 

measure of systemic risk. Measuring the probability that the entire system fails is a 

discrete event in the case of how many dice remain in the resource. However, in cases 

of good or bad loans, the potential resource of funds is probabilistic. Still, monitoring 

of the systemic risk is applicable in the same fashion. Monitoring systemic risk of a 

system can give an insight in to the “in-control/out-of-control” nature of complex 

economic systems that have sprouted in the financial system, and the aggregate impact 

of irrational economic behavior.  

5.5. Future Works 

This section discusses several potential spawns of this work, as seen in the 

research inference tree in Figure 5.1. This work theorized to grow in four main 

directions. The first branch in which work will develop is in the area of General 

Systems Theory. The studies derived from this work should focus on the 

characteristics of generic structures. For example, what trends do different system 

archetypes generate? Do the trends have dynamic equilibriums, and if so, are they 

Nash equilibriums, if any? A tool that would help immensely with this type of 

research is the living system simulator (Guadalupe et al., 2014). This simulator would 

be a combination of a systems dynamic simulator and SPC control tools for trend. In 
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addition, modeling of other economic games breathes the potential of recreating the 

work in this study for another system. The models would also provide insight for 

identification of these systems in the field , as was done for the Tragedy of the 

Commons (Guadalupe & Beruvides, 2012b).  

 

 

 
Figure 5.1 Future Research Inference Tree 

 

The second direction is in analyzing additional behavioral economic concepts 

present in this experiment. A study on whether personality traits correlate at all with 

the outcomes of the Tragedy of the Commons sessions would reveal whether there is 

some inherit characteristic that helps people find a solution to the Tragedy of the 

Commons. The data from the demographics questionnaire, administered prior to the 

beginning of the sessions, has the potential to discover characteristics that tend to yield 

certain results in a Tragedy of the Commons. A sample question would be: do groups 

with more risk averse personalities exhaust a resource in a Tragedy of the Commons 

scenario faster than those with groups of less risk averse individuals? The sample size 

for this type of correlation study would be small, but is still useful as a pilot study. In 

addition, another study could investigate the discrepancies between payoffs earned and 
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the number of dice harvested. This could also be combined with the personality study 

to identify if certain personalities behaved more dishonestly in a Tragedy of the 

Commons. It is also possible that different structures of different archetypes elicit 

different behavioral economic concepts. For example, does the archetype Successful 

to Successful commonly elicit a confirmation bias? Most of the Studies that would 

involve behavioral economics would also serve the extensions of the experiments, and 

vice versa, which is why they are associatively linked in Figure 5.1.  

The third direct progression of this work addresses the need to have a variety 

of the trend monitoring tools. There is demonstrable need for a version of the 

SSCUSUMT with the capability to monitor autocorrelated trends. This feature is 

requisite for monitoring the cumulative trends of single systems where the 

randomization or averaging of outcomes is not possible. There is also a need for more 

progressive self-starting Statistical Process Control tools for trends capable of 

monitoring behaviors that generate exponential, logarithmic, sinusoidal, or other 

curvilinear trends. The development of these capabilities liberates the Tragedy of the 

Commons from capping the consumption in the experiments and opens the viability of 

studying other generic structure that might not generate a linear trend, e.g. a 

reinforcing loop system. This is an area where there are many possibilities and so only 

a few mentionable ideas are listed in Figure 5.1 

Lastly, policies to manage the Tragedy of the Commons are now comparable 

with this methodology. The replication and extensions of the experiments with 

different treatments would show which treatments are more effective by the speed at 

which it triggers an out of control with the SSCUSUMT and the estimated CP by the 

CP MLE. For example, removing the film blocking vision into the resource, but 

keeping the constraints on communication, triggers an out of control significantly 

further away from the out of control point of intervention. This indicates that the 

transparency treatment alone is not as strong as the combined treatment of 

transparency and communication. This is pivotal information because by spending 

time and money to develop these solutions in a real system, is an internalizing of 

externalities that benefits from this optimization.  
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A critical improvement to the application of this work in systemic risk is the 

development of a probabilistic version of this experiment. For example, a game of 

loan officers increasing risk by taking more bad loans could be designed in the same 

fashion as this experiment. However, it requires extensively more thought on the game 

parameters. Also, paring improved extensions of this study through isomorphism with 

field applications of the SPC tools for trends are also vital to the livelihood of this 

methodology.  

5.6. Final Remarks 

This study was successful in developing a way to monitor a trend generated by 

a generic system structure. New statistical process control tools were specifically 

developed for this purpose. A live experiment recreating the generic structures shows 

that there were altered states of variation within the isolated structure in the beginning 

and toward the end of this experiment. In scenarios where the environment which 

housed the system was changed, the trend of the equilibrium shifted, and was detected 

by the tools developed. This study contributes to general systems theory because it 

provides insights into a systems archetype (Tragedy of the Commons) and its 

characteristics. It contributes to statistical control with the development of new tools, 

and it contributes to behavioral economics by using it as a tool of diagnosis for shifts 

in macroeconomic trends.  

It is evident that this work is as an amalgamation of the work from several 

fields. While the work undertaken in this study may never fulfill its highest aspirations 

of preventing major economic crashes, it does not indicate that this menagerie of 

theories is without merit; especially when they prove to be complementary, as they 

have in this study. In a world full of complex systems, it is unlikely that their solutions 

lie in one single silo within the existing network of knowledge. The solutions to these 

complex problems reside in the intersections between the fields, thus a reiteration for 

the need to continue the development of General Systems Theory. 
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APPENDIX A 
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This chart was designed to provide a better 

alternative when the sizes of the shifts are 

unknown. It shows superiority over Hawkins 

method of SSCUSUM chart. Easy to design for 

practice and does not have to readjust parameters 

unlike for change-point approach. Also the 

monitoring statistics are easier to compute. (Li & 

Wang, 2010, p. 10)  

It does not always perform better than 

the change-point approach (Li & Wang, 

2010). 
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Performs better when detecting small shifts and 

does not perform worse than other charts for 

large shifts. It is also less dependent on the shift 

occurrence time than CUSUM or EWMA 

(Capizzi & Masarotto, 2012, p. 198). 

ACUSCORE has better detection power (Capizzi 

& Masarotto, 2012, p. 199). 

This chart only tries to detect a shift 

form an initial level (Capizzi & 

Masarotto, 2012, p. 190). It is only 

designed for detecting persistent step 

changes, and does not perform as 

desirable when reacting to relatively 

large values of a mean shift (Capizzi & 

Masarotto, 2012, p. 199). 
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 It is better than a p-chart for high quality 

processes because it does not trigger a limit for 

every defective item encountered (Zhang, Xie, & 

Jin, 2012, p. 7026). 

It is not meant to work with group 

sampling and different sample sizes for 

testing. 
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It is a better tool than CCC for monitoring high -

quality processes where group inspection is 

performed on the products (Zhang et al., 2012, p. 

7039). 

 

 

After 25 observations it should be 

stopped from updating (Zhang et al., 

2012, p. 7041). 
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Creates a statistic to account for correlation and 

only monitors that one statistic. Performs better 

than the combined use of EWMA and MEWMA 

(Amiri et al., 2013). 

Assumes that the multivariate 

parameters are known and assumes 

normal distributions for them. The 

covariance matrix used is assumed to 

be stable over time (Amiri et al., 2013). 
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This tool is the CUSUM for failures. It is great 

for tracking performance (Grunkemeier et al., 

2003).  

As performance improves the CUSUM 

will eventually travel away from the 

expectation which is zero. This means 

that the CUSUM has to be reset. If the 

CUSUM is resent then it is harder to 

detect a trend (Grunkemeier et al., 

2003, p. 666).   
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 It detects shifts smaller than 1.5 standard 

deviations. It keeps a memory of the past 

deviations, and it is easy to use and implement 

(Montgomery, 2013, p. 416). 

It needs the parameters and it is not as 

sensitive to single occurrence deviation 

(Montgomery, 2013).  
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It is equally capable of detecting positive and 

negative shifts for all parameters (Saghaei et al., 

2009, p. 1259). There is less of a delay in 

detecting shifts because it has a lower inertia than 

EWMA based charts (Saghaei et al., 2009, p. 

1256). 

It monitors slope, intercept, and error 

separately (Saghaei et al., 2009, p. 

1254). Performance in detecting shifts 

in the slope parameter is worse than  

that of the Multivariate CUSUM/χ
2
 

(Saghaei et al., 2009, p. 1256).  
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It is effective for monitoring for small process 

shifts. It is insensitive to the normality 

assumption (Montgomery, 2013, p. 436). 

This tool has an inertia effect where 

there might be occasions when it takes 

a long time to detect shifts that occur 

opposite of the current movement. This 

is because new data does not weigh as 

much as older data (Yashchin, 1993, p. 

58).  
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Easy to implement and does not have to lose the 

relationship between the original data and the 

residual data (Pérez, 2010, p. 87). 

Need to keep readjusting until 

differences create a horizontal trend. It 

assumes normality in the first 

differences (Pérez, 2010, p. 87). 

L
R

T
 

Y
es

 

N
o
 

V
ar

ia
b
le

s 

U
n
iv

ar
ia

te
 

U
n
k
n
o
w

n
 

Designed for detecting shifts in the intercept, 

slope and standard deviation of linear profiles. 

Performs well when parameters are unknown. 

Performs better at detecting large shifts (Zou et 

al., 2006). 

Needs to use the CUSUM or EWMA to 

sensitize to catch small increments. 

Does not perform as well in catching 

small shifts, as the EWMA chart based 

on likelihood ratio statistic (Zou et al., 

2006, p. 1101). 
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This procedure is sensitive to small process shifts 

and is directionally invariant (Montgomery, 

2013, p. 527) 

It assumes that the process parameters 

are known 
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 It is better than the Shewhart chart for detecting 

smaller shifts, and it is easier to use than the 

CUSUM or EWMA (Montgomery, 2013, p. 443).  

It does not perform as well at the 

CUSUM or EWMA. 
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This is a good chart to evaluate failure rates. This 

tool gives the true reading on whether 

performance is above or below an expected 

average. It is easy to plot and interpret, and the 

bands make it easy to spot OC points (Sun & 

Kalbfleisch, 2013, p. 7).  

The v-mask procedure is a complex 

method to apply. Construction of the 

bands requires details on the alternative 

relatives risks (Sun & Kalbfleisch, 

2013, p. 7). 

Q
I 

C
h
ar

t 

N
o
 

N
o
 

V
ar

ia
b
le

s 

U
n
iv

ar
ia

te
 

U
n
k
n
o
w

n
 It has a higher probability of detecting a small 

shift than the Shewhart of Q chart. Has more 

power than a Shewhart Q chart (He, Jiang, & 

Shu, 2008, p. 303). 

For short runs of 250 observations or 

less it has a lower detection capability 
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 The detection  ability is much better than 

Shewhart Q chart and better than QI for large 

shifts (He et al., 2008, p. 301). It has more power 

than Shewhart Q (He et al., 2008, p. 303). 

The detection ability is worse than the 

QI chart for smaller shifts. Also, the 

false alarm rate is higher than the 

Shewhart Q chart (He et al., 2008, p. 

301). 
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It can detect larger shifts (He et al., 2008). When a mean shift occurs early in 

charting it hurts the detection capability 

because of a masking of shifts (He et 

al., 2008, p. 289).The bias comes from 

the estimate do the process variances 

(He et al., 2008, p. 295). If the shift is 

not detected early on it will probably be 

missed later on (He et al., 2008, p. 

303). 
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It has a correction for dealing with autocorrelated 

data (Pérez, 2010). 

 

 

 

Uses the moving average to estimate 

growth parameters (Pérez, 2010, p. 89) 
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The parameters h and k are no longer dependent 

on the standard deviation and this allows them to 

be able to be the same value (Hawkins, 1987). 

If the previous data to an OC point is 

kept in order then the running mean 

will stable out and cause the OC limit 

to not be reached. In a standard 

CUSUM you keep climbing away from 

the mean, but in a SSCUSUM you 

climb away but also the mean drags 

you down on the climb (Montgomery, 

2013, p. 432). 
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 Good for short run productions (Li, Zhang, & 

Wang, 2010) 
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It combines the slope and intercept monitoring 

(Zou et al., 2007, p. 367) It can be easily 

extended to handle multivariate profiles (Zou et 

al., 2007, p. 373). Different smoothing constants 

can be used for each chart, which could lead to a 

quicker detection of smaller shifts (Zou et al., 

2007, p. 367). 

It does not perform better than a KMW 

chart in general (Zou et al., 2007, p. 

371) . If extended to multivariate it 

could be difficult to determine which 

parameter is causing the shift (Zou et 

al., 2007, p. 373) 
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 Because it is self-starting, it does not require data 

gathering prior to monitoring (Sullivan & Jones, 

2002b).  

Early process shifts can influence the 

parameter estimation. The more 

variables included the more susceptible 

that the beginning is to not detecting 

shifts (Sullivan & Jones, 2002b). 
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The detection only depends on magnitude 

(Montgomery, 2013, p. 517) 

It is difficult to tell what variable cause 

the system to go OC (Saghaei et al., 

2009).  
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Best used when working with low quantity of 

count data. It uses the time between events. 

Moderate departures from the exponential 

distribution does not affect its performance 

(Montgomery, 2013, p. 428). 
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APPENDIX B 

8. CP MLE DERIVATION 

Assume a time series where 𝑦𝑡 are independent random observations that follow the 

regression distributions in Equation B.1.  

 

𝑦𝑖 = {
𝛼0 + 𝛽0𝑡𝑖 + 휀𝑖,        1 ≤ 𝑖 ≤ 𝜏
𝛼1 + 𝛽1𝑡𝑖 + 휀𝑖 ,          𝜏 < 𝑖 < 𝐼

 (B.1) 

 

Given that the regression errors follow a normal distribution, Equation B.2 shows the 

density function for the initial regression (Kutner et al., 2004, p. 31) for the first 

regression in Equation B.1. 

 

𝑓𝑖 =
1

√2𝜋𝜎
𝑒𝑥𝑝 [−

1

2
(

𝑌𝑖 − 𝛼0−𝛽0𝑡𝑖

𝜎
)

2

] (B.2) 

 

 

The product of the density function calculates the likelihood (Kutner et al., 2004, p. 

31). Therefore, the likelihood function is Equation B.3.  

 

𝐿(𝛼0, 𝛽0, 𝜎2) = ∏
1

(2𝜋𝜎2)1 2⁄
𝑒𝑥𝑝 [−

1

2𝜎2
(𝑌𝑖 − 𝛼0−𝛽0𝑡𝑖)

2]

𝜏

𝑖=1

 (B.3) 

 

 

The equivalent reduction of the likelihood function is in Equation B.4. 

 

𝐿(𝛼0, 𝛽0, 𝜎2) =
1

(2𝜋𝜎2)𝜏 2⁄
𝑒𝑥𝑝 [−

1

2𝜎2
∑(𝑌𝑖 − 𝛼0−𝛽0𝑡𝑖)

2

𝜏

𝑖=1

] (B.4) 

 

 

The CP MLE fuses together the likelihood functions of the two regressions in 

Equation B.1 to establish the likelihood function in Equation B.5  
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𝐿[𝜏, 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖)]

= ∏ 𝑓[𝜏, 𝛼0, 𝛽0, 𝜎|(𝑡𝑖, 𝑦𝑖)]

𝜏

𝑖=1

∏ 𝑓[𝜏, 𝛼1, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖)]

𝐼

𝑖=𝜏+1

 
(B.5) 

 

Using Equation B.4 the likelihood function is converted into operable conditions in 

Equation B.6   

 

𝐿[𝜏, 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖)]

=
1

(2𝜋𝜎2)𝑀 2⁄
𝑒

[−
1

2𝜎2 ∑ (𝑌𝑖−𝛼0−𝛽0𝑡𝑖)2𝜏
𝑖=1 ]

𝑒
[−

1
2𝜎2 ∑ (𝑌𝑖−𝛼1−𝛽1𝑡𝑖)2𝐼

𝑖=𝜏+1 ]
 

(B.6) 

 

 

The next step is to take partial derivatives of the equation in order to find the 

parameters that maximize the likelihood. However, the structure of this equation does 

not allow for mathematical derivation. A solution to this problem is to take the 

logarithm of the equation and then perform the derivations. The log likelihood 

equation is Equation B.7  

 

log 𝐿[𝜏, 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖)] = log 𝐿

= log [
1 

(2𝜋𝜎2)𝑀 2⁄
] −

1

2𝜎2
[∑(𝑌𝑖 − 𝛼0−𝛽0𝑡𝑖)

2

𝜏

𝑖=1

+ ∑ (𝑌𝑖 − 𝛼1−𝛽1𝑡𝑖)
2

𝐼

𝑖=𝜏+1

] 
(B.7) 

 

The partial derivatives of the log likelihood where derived for each parameter and then 

they were set to zero. The maximum log likelihood will occur when all of the 

parameters make the partial derivatives equal to zero. For example, to find the value of 

𝛼0 that generates the maximum likelihood the partial derivative of the log likelihood 

with respect to 𝛼0, must be derived first. This is the derivative in Equation B.8. This 

partial derivative is then set to equal zero, and 𝛼0 is solved for in Equation B.9.  

 

𝜕 log 𝐿

𝜕𝛼0
=

1

𝜎2
∑(𝑌𝑖 − 𝛼0−𝛽0𝑡𝑖)

𝜏

𝑖=1

 (B.8) 
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�̂�0 =
∑ 𝑦𝑖

𝜏
𝑖=1

𝜏
− �̂�0

∑ 𝑡𝑖
𝜏
𝑖=1

𝜏
= �̅�0 + �̂�0𝑡0̅ (B.9) 

 

 

Notice that the estimate for  𝛼0 that yields the maximum likelihood is the same as the 

LSE. In this case �̅�0 is the average of the responses for the first phase of the 

regression, while 𝑡0̅ is equivalent to the median of the time series.  

The preceding procedure was applied to all of the model parameters in order to 

find their estimates that would yield the maximum likelihood. The remaining 

estimates are in Equation B.10, Equation B.11, Equation B.12, and Equation B.13. 

 

�̂�1 =
∑ 𝑦𝑖

𝐼
𝑖=𝜏+1

(𝐼 − (𝜏 + 1))
− 𝛽1

∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

(𝐼 − (𝜏 + 1))
= �̅�1 + �̂�1𝑡1̅ (B.10) 

 

 

�̂�0 =
∑ 𝑡𝑖𝑦𝑖

𝜏
𝑖=1 − �̅�0 ∑ 𝑡𝑖

𝜏
𝑖=1

∑ 𝑡𝑖
2𝜏

𝑖=1 − 𝑡0̅ ∑ 𝑡𝑖
𝜏
𝑖=1

 (B.11) 

 

 

�̂�1 =
∑ 𝑡𝑖𝑦𝑖

𝐼
𝑖=𝜏+1 − �̅�1 ∑ 𝑡𝑖

𝐼
𝑖=𝜏+1

∑ 𝑡𝑖
2𝐼

𝑖=𝜏+1 − 𝑡1̅ ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

 (B.12) 

 

 

�̂�2 = (∑(𝑦𝑖 − 𝛼1 − 𝛽1𝑡𝑖)
2

𝜏

𝑖=1

+ ∑ (𝑦𝑖 − 𝛼1 − 𝛽1𝑡𝑖)
2

𝐼

𝑖=𝜏+1

) 𝐼⁄  (B.13) 

 

Interestingly, Equation B.13 can be used to simplify the CP MLE formulation. 

Plugging in the estimate of the variance from Equation B.13 into the log likelihood 

formula (Equation B.7) reduces the log likelihood formula into Equation B.14 

 

log 𝐿 = log [
1 

(2𝜋�̂�2)𝐼 2⁄
] −

𝐼

2
= −

𝐼

2
log(2𝜋) −

𝐼

2
log(�̂�2) −

𝐼

2
 (B.14) 

 

Because maximizing the log likelihood is equivalent to maximizing the likelihood, the 

maximum log likelihood can be reached by minimizing the negative variables in 
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Equation B.14. The first term and the third term of Equation B.14 are constants. No 

matter how 𝜏 changes these numbers will always be the same. Therefore, they cannot 

play a role in the maximization and can be ignored. The second term is the only 

variable that can maximize the log likelihood. Because the estimated variance is the 

only variable in this term dependent on 𝜏, it can be said that the maximum likelihood 

occurs when the estimated variance is minimized. This is the resolution of the CP 

MLE in Equation B.15. 

 

�̂� = arg 𝑚𝑖𝑛1≤𝜏≤𝐼 {�̂�2} (B.15) 
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APPENDIX C  

9. MLE PROOF 

Log likelihood 

log 𝐿[𝜏, 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝜎|(𝑡𝑖, 𝑦𝑖)] = log 𝐿

= log [
1 

(2𝜋𝜎2)𝐼 2⁄
] −

1

2𝜎2
[∑(𝑌𝑖 − 𝛼0−𝛽0𝑡𝑖)

2

𝜏

𝑖=1

+ ∑ (𝑌𝑖 − 𝛼1−𝛽1𝑡𝑖)
2

𝐼

𝑖=𝜏+1

] 
(C.1) 

 

Rewrite log likelihood 

log 𝐿 = −
𝐼

2
log(2𝜋) −

𝐼

2
log(𝜎2) −

∑ 𝑦𝑖
2𝜏

𝑖=1

2𝜎2
+

𝛼0 ∑ 𝑦𝑖
𝜏
𝑖=1

𝜎2
+

𝛽0 ∑ 𝑡𝑖𝑦𝑖
𝜏
𝑖=1

𝜎2

−
𝛼0𝛽0 ∑ 𝑡𝑖

𝜏
𝑖=1

𝜎2
−

𝜏𝛼0
2

2𝜎2
−

𝛽0
2 ∑ 𝑡𝑖

2𝜏
𝑖=1

2𝜎2
−

∑ 𝑦𝑖
2𝐼

𝑖=𝜏+1

2𝜎2

+
𝛼1 ∑ 𝑦𝑖

𝐼
𝑖=𝜏+1

𝜎2
+

𝛽1 ∑ 𝑡𝑖𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎2
−

𝛼1𝛽1 ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎2
−

(𝐼 − 𝜏)𝛼1
2

2𝜎2

−
𝛽1

2 ∑ 𝑡𝑖
2𝐼

𝑖=𝜏+1

2𝜎2
 

(C.2) 

 

1
st
 partial derivative with respect to 𝛼0 

𝜕𝐿

𝜕𝛼0
=

∑ 𝑦𝑖
𝜏
𝑖=1

𝜎2
−

𝛽0 ∑ 𝑡𝑖
𝜏
𝑖=1

𝜎2
−

𝜏𝛼0

𝜎2
 (C.3) 

 

 

1
st
 partial derivative with respect to 𝛼0, 2

nd
 partial derivative with respect to 𝛼0 

𝜕𝐿

𝜕𝛼0
2 = −

𝜏

𝜎2
 (C.4) 

 

1
st
 partial derivative with respect to 𝛼0, 2

nd
 partial derivative with respect to 𝛽0 

𝜕𝐿

𝜕𝛼0𝜕𝛽0
= −

∑ 𝑡𝑖
𝜏
𝑖=1

𝜎2
 (C.5) 

 

1
st
 partial derivative with respect to 𝛼0, 2

nd
 partial derivative with respect to 𝛼1 
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𝜕𝐿

𝜕𝛼0𝜕𝛼1
= 0 (C.6) 

 

1
st
 partial derivative with respect to 𝛼0, 2

nd
 partial derivative with respect to 𝛽1 

𝜕𝐿

𝜕𝛼0𝜕𝛽1
= 0 (C.7) 

 

1
st
 partial derivative with respect to 𝛼0, 2

nd
 partial derivative with respect to 𝜎2 

𝜕𝐿

𝜕𝛼0𝜕𝜎2
= −

∑ 𝑦𝑖
𝜏
𝑖=1

𝜎4
+

𝛽0 ∑ 𝑡𝑖
𝜏
𝑖=1

𝜎4
+

𝜏𝛼0

𝜎4
 (C.8) 

 

1
st
 partial derivative with respect to 𝛼1 

𝜕𝐿

𝜕𝛼1
=

∑ 𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎2
−

𝛽1 ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎2
−

(𝐼 − 𝜏)𝛼1

𝜎2
 (C.9) 

 

1
st
 partial derivative with respect to 𝛼1, 2

nd
 partial derivative with respect to 𝛼0 

𝜕𝐿

𝜕𝛼1𝜕𝛼0
= 0 (C.10) 

 

1
st
 partial derivative with respect to 𝛼1, 2

nd
 partial derivative with respect to 𝛽0 

𝜕𝐿

𝜕𝛼1𝜕𝛽0
= 0 (C.11) 

 

1
st
 partial derivative with respect to 𝛼1, 2

nd
 partial derivative with respect to 𝛼1 

𝜕𝐿

𝜕𝛼1
2 = −

(𝐼 − 𝜏)

𝜎2
 (C.12) 

 

1
st
 partial derivative with respect to 𝛼1, 2

nd
 partial derivative with respect to 𝛽1 

𝜕𝐿

𝜕𝛼1𝜕𝛽1
= −

∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎2
 (C.13) 

 

 

1
st
 partial derivative with respect to 𝛼1, 2

nd
 partial derivative with respect to 𝜎2 
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𝜕𝐿

𝜕𝛼1𝜕𝜎2
= −

∑ 𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎4
+

𝛽1 ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎4
+

(𝐼 − 𝜏)𝛼0

𝜎4
 (C.14) 

 

1
st
 partial derivative with respect to 𝛽0 

𝜕𝐿

𝜕𝛽0
=

∑ 𝑡𝑖𝑦𝑖
𝜏
𝑖=1

𝜎2
−

𝛼0 ∑ 𝑡𝑖
𝜏
𝑖=1

𝜎2
−

𝛽0 ∑ 𝑡𝑖
2𝜏

𝑖=1

𝜎2
 (C.15) 

 

1
st
 partial derivative with respect to 𝛽0, 2

nd
 partial derivative with respect to 𝛼0 

𝜕𝐿

𝜕𝛽0𝜕𝛼0
= −

∑ 𝑡𝑖
𝜏
𝑖=1

𝜎2
 (C.16) 

 

1
st
 partial derivative with respect to 𝛽0, 2

nd
 partial derivative with respect to 𝛽0 

𝜕𝐿

𝜕𝛽0
2 = −

∑ 𝑡𝑖
2𝜏

𝑖=1

𝜎2
 (C.17) 

 

 

1
st
 partial derivative with respect to 𝛽0, 2

nd
 partial derivative with respect to 𝛼1 

𝜕𝐿

𝜕𝛽0𝜕𝛼1
= 0 (C.18) 

 

1
st
 partial derivative with respect to 𝛽0, 2

nd
 partial derivative with respect to 𝛽1 

𝜕𝐿

𝜕𝛽0𝜕𝛽1
= 0 (C.19) 

 

1
st
 partial derivative with respect to 𝛽0, 2

nd
 partial derivative with respect to 𝜎2 

𝜕𝐿

𝜕𝛽0𝜕𝜎2
= −

∑ 𝑡𝑖𝑦𝑖
𝜏
𝑖=1

𝜎4
+

𝛼0 ∑ 𝑡𝑖
𝜏
𝑖=1

𝜎4
+

𝛽0 ∑ 𝑡𝑖
2𝜏

𝑖=1

𝜎4
 (C.20) 

 

 

1
st
 partial derivative with respect to 𝛽1 

𝜕𝐿

𝜕𝛽1
=

∑ 𝑡𝑖𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎2
−

𝛼1 ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎2
−

𝛽1 ∑ 𝑡𝑖
2𝐼

𝑖=𝜏+1

𝜎2
 (C.21) 
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1
st
 partial derivative with respect to 𝛽1, 2

nd
 partial derivative with respect to 𝛼0 

𝜕𝐿

𝜕𝛽1𝜕𝛼0
= 0 (C.22) 

 

1
st
 partial derivative with respect to 𝛽1, 2

nd
 partial derivative with respect to 𝛽0 

𝜕𝐿

𝜕𝛽1𝜕𝛽0
= 0 (C.23) 

 

 

1
st
 partial derivative with respect to 𝛽1, 2

nd
 partial derivative with respect to 𝛼1 

𝜕𝐿

𝜕𝛽1𝜕𝛼1
= −

∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎2
 (C.24) 

 

1
st
 partial derivative with respect to 𝛽1, 2

nd
 partial derivative with respect to 𝛽1 

𝜕𝐿

𝜕𝛽1
2 = −

∑ 𝑡𝑖
2𝐼

𝑖=𝜏+1

𝜎2
 (C.25) 

 

1
st
 partial derivative with respect to 𝛽1, 2

nd
 partial derivative with respect to 𝜎2 

𝜕𝐿

𝜕𝛽1𝜕𝜎2
= −

∑ 𝑡𝑖𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎4
+

𝛼1 ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎4
+

𝛽1 ∑ 𝑡𝑖
2𝐼

𝑖=𝜏+1

𝜎4
 (C.26) 

 

 

1
st
 partial derivative with respect to 𝜎2 

𝜕𝐿

𝜕𝜎2
= −

𝐼

2𝜎2
+

∑ 𝑦𝑖
2𝜏

𝑖=1

2𝜎4
−

𝛼0 ∑ 𝑦𝑖
𝜏
𝑖=1

𝜎4
−

𝛽0 ∑ 𝑡𝑖𝑦𝑖
𝜏
𝑖=1

𝜎4
+

𝛼0𝛽0 ∑ 𝑡𝑖
𝜏
𝑖=1

𝜎4
+

𝜏𝛼0
2

2𝜎4

+
𝛽0

2 ∑ 𝑡𝑖
2𝜏

𝑖=1

2𝜎4
+

∑ 𝑦𝑖
2𝐼

𝑖=𝜏+1

2𝜎4
−

𝛼1 ∑ 𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎4
−

𝛽1 ∑ 𝑡𝑖𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎4

+
𝛼1𝛽1 ∑ 𝑡𝑖

𝐼
𝑖=𝜏+1

𝜎4
+

(𝐼 − 𝜏)𝛼1
2

2𝜎4
+

𝛽1
2 ∑ 𝑡𝑖

2𝐼
𝑖=𝜏+1

2𝜎4
 

(C.27) 

 

1
st
 partial derivative with respect to 𝜎2, 2

nd
 partial derivative with respect to 𝛼0 
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𝜕𝐿

𝜕𝜎2𝜕𝛼0
= −

∑ 𝑦𝑖
𝜏
𝑖=1

𝜎4
+

𝛽0 ∑ 𝑡𝑖
𝜏
𝑖=1

𝜎4
+

𝜏𝛼0

𝜎4
 (C.28) 

 

1
st
 partial derivative with respect to 𝜎2, 2

nd
 partial derivative with respect to 𝛽0 

𝜕𝐿

𝜕𝜎2𝜕𝛽0
= −

∑ 𝑡𝑖𝑦𝑖
𝜏
𝑖=1

𝜎4
+

𝛼0 ∑ 𝑡𝑖
𝜏
𝑖=1

𝜎4
+

𝛽0 ∑ 𝑡𝑖
2𝜏

𝑖=1

𝜎4
 (C.29) 

 

 

1
st
 partial derivative with respect to 𝜎2, 2

nd
 partial derivative with respect to 𝛼1 

𝜕𝐿

𝜕𝜎2𝜕𝛼1
= −

∑ 𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎4
+

𝛽1 ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎4
+

(𝐼 − 𝜏)𝛼1

𝜎4
 (C.30) 

 

1
st
 partial derivative with respect to 𝜎2, 2

nd
 partial derivative with respect to 𝛽1 

𝜕𝐿

𝜕𝜎2𝜕𝛽1
= −

∑ 𝑡𝑖𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎4
+

𝛼1 ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎4
+

𝛽1 ∑ 𝑡𝑖
2𝐼

𝑖=𝜏+1

𝜎4
 (C.31) 

 

1
st
 partial derivative with respect to 𝜎2, 2

nd
 partial derivative with respect to 𝜎2 

𝜕𝐿

𝜕(𝜎2)2
=

𝐼

2𝜎4
−

∑ 𝑦𝑖
2𝜏

𝑖=1

𝜎6
+ 2

𝛼0 ∑ 𝑦𝑖
𝜏
𝑖=1

𝜎6
+ 2

𝛽0 ∑ 𝑡𝑖𝑦𝑖
𝜏
𝑖=1

𝜎6
− 2

𝛼0𝛽0 ∑ 𝑡𝑖
𝜏
𝑖=1

𝜎6

−
𝜏𝛼0

2

𝜎6
−

𝛽0
2 ∑ 𝑡𝑖

2𝜏
𝑖=1

𝜎6
−

∑ 𝑦𝑖
2𝐼

𝑖=𝜏+1

𝜎6
+ 2

𝛼1 ∑ 𝑦𝑖
𝐼
𝑖=𝜏+1

𝜎6

+ 2
𝛽1 ∑ 𝑡𝑖𝑦𝑖

𝐼
𝑖=𝜏+1

𝜎6
− 2

𝛼1𝛽1 ∑ 𝑡𝑖
𝐼
𝑖=𝜏+1

𝜎6
−

(𝐼 − 𝜏)𝛼1
2

𝜎6

−
𝛽1

2 ∑ 𝑡𝑖
2𝐼

𝑖=𝜏+1

𝜎6
 

(C.32) 
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Table B.3 Hessian Matrix 

  First Derivatives 

  

𝛼
0
 

𝛽
0
 

𝛼
1
 

𝛽
1
 

𝜎
2
 

S
ec

o
n

d
 D

er
iv

at
iv

es
 

𝛼
0
 

−
𝜏 𝜎

2
 

−
∑

𝑡 𝑖
𝜏 𝑖=

1

𝜎
2

 

0
 

0
 

−
∑

𝑦
𝑖

𝜏 𝑖=
1

𝜎
4

+
𝛽

0
∑

𝑡 𝑖
𝜏 𝑖=

1

𝜎
4

+
𝜏𝛼

0

𝜎
4

 

𝛽
0
 

−
∑

𝑡 𝑖
𝜏 𝑖=

1

𝜎
2

 

−
∑

𝑡 𝑖
2

𝜏 𝑖=
1 𝜎
2

 

0
 

0
 

−
∑

𝑡 𝑖
𝑦

𝑖
𝜏 𝑖=

1 𝜎
4

+
𝛼

0
∑

𝑡 𝑖
𝜏 𝑖=

1

𝜎
4

+
𝛽

0
∑

𝑡 𝑖
2

𝜏 𝑖=
1

𝜎
4

 

𝛼
1
 

0
 

0
 

−
(𝐼

−
𝜏)

𝜎
2

 

−
∑

𝑡 𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
2

 

−
∑

𝑦
𝑖

𝐼 𝑖=
𝜏

+
1

𝜎
4

+
𝛽

1
∑

𝑡 𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
4

+
( 𝐼

−
𝜏)

𝛼
1

𝜎
4
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  First Derivatives 

  

𝛼
0
 

𝛽
0
 

𝛼
1
 

𝛽
1
 

𝜎
2
 

𝛽
1
 

0
 

0
 

−
∑

𝑡 𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
2

 

−
∑

𝑡 𝑖
2

𝐼 𝑖=
𝜏

+
1

𝜎
2

 

−
∑

𝑡 𝑖
𝑦

𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
4

+
𝛼

1
∑

𝑡 𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
4

+
𝛽

1
∑

𝑡 𝑖
2

𝐼 𝑖=
𝜏

+
1

𝜎
4

 

𝜎
2
 

−
∑

𝑦
𝑖

𝜏 𝑖=
1

𝜎
4

+
𝛽

0
∑

𝑡 𝑖
𝜏 𝑖=

1

𝜎
4

+
𝜏𝛼

0

𝜎
4

 

−
∑

𝑡 𝑖
𝑦

𝑖
𝜏 𝑖=

1 𝜎
4

+
𝛼

0
∑

𝑡 𝑖
𝜏 𝑖=

1

𝜎
4

+
𝛽

0
∑

𝑡 𝑖
2

𝜏 𝑖=
1

𝜎
4

 

−
∑

𝑦
𝑖

𝐼 𝑖=
𝜏

+
1

𝜎
4

+
𝛽

1
∑

𝑡 𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
4

+
(𝐼

−
𝜏)

𝛼
0

𝜎
4

 

−
∑

𝑡 𝑖
𝑦

𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
4

+
𝛼

1
∑

𝑡 𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
4

+
𝛽

1
∑

𝑡 𝑖
2

𝐼 𝑖=
𝜏

+
1

𝜎
4

 

𝐼

2
𝜎

4
−

∑
𝑦

𝑖2
𝜏 𝑖=

1 𝜎
6

+
2

𝛼
0

∑
𝑦

𝑖
𝜏 𝑖=

1

𝜎
6

+
2

𝛽
0

∑
𝑡 𝑖

𝑦
𝑖

𝜏 𝑖=
1

𝜎
6

−
2

𝛼
0

𝛽
0

∑
𝑡 𝑖

𝜏 𝑖=
1

𝜎
6

−
𝜏𝛼

02

𝜎
6

−
𝛽

02
∑

𝑡 𝑖
2

𝜏 𝑖=
1

𝜎
6

−
∑

𝑦
𝑖2

𝐼 𝑖=
𝜏

+
1

𝜎
6

+
2

𝛼
1

∑
𝑦

𝑖
𝐼 𝑖=

𝜏
+

1

𝜎
6

+
2

𝛽
1

∑
𝑡 𝑖

𝑦
𝑖

𝐼 𝑖=
𝜏

+
1

𝜎
6

−
2

𝛼
1

𝛽
1

∑
𝑡 𝑖

𝐼 𝑖=
𝜏

+
1

𝜎
6

−
( 𝐼

−
𝜏)

𝛼
12

𝜎
6

−
𝛽

12
∑

𝑡 𝑖
2

𝐼 𝑖=
𝜏

+
1

𝜎
6
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APPENDIX D  

10. RECRUITING MATERIAL & TECHANNOUNCE AD 

 

 

Texas Tech Department of Industrial Engineering 

We are currently looking for university students to participate in an experimental 

game developed to gain an understanding in human economic behavior.  

The game sessions will be held in the Texas Tech Industrial Engineering facilities. 

You will get the opportunity to play with four other random participants. The sessions 

are expected to take no longer than 2 hours. The game session may be audio and video 

recorded upon your approval.  

Participants compensation will be awarded based on game results. Maximum 

compensation per participant is $20 U.S. 

 

If you are interested in participating in this study, please send your available date and 

time for a session. To contact the researchers 

 

Scan the QR Code and send an email of interest 

Or, contact the research team at: 

Email: Leonidas.guadalupe@ttu.edu  

Email: Mario.Beruvides@ttu.edu 

Mobile: (954)328-1486 

mailto:Leonidas.guadalupe@ttu.edu
mailto:Mario.Beruvides@ttu.edu
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APPENDIX E 

11. CONSENT FORM 

 

What is the purpose of this study? 

The purpose of this study is to develop and test statistical tools that are capable of 

monitoring human economic behavior. For the development of these tools, we 

designed a game to generate data and to observe your natural behavior. The results of 

this study are expected to help develop tools that improve management of economic 

systems. 

What is the purpose of this form? 

This form is designed to help you better understand our study. It will help you to 

determine whether you want to participate in this study or not. It also serves to inform 

you that this experiment may be video or audio recorded in accordance with the 

consent of all of the participants in this session. You may ask any questions you may 

have about the study.  

How will video or audio recording be determined? 

If everyone consents to video recording then video recording will take place. If at least 

one participant would not like to be video recorded then we also provide the option to 

record audio by facing the camera against a wall, or covering the lens. If at least one 

participant does not consent to either video or audio record then no recording will take 

place. The recording (audio or video) of this experiment will not be broadcast or 

distributed. It is only for the researchers to review the events of the session. Any video 

or audio recording gathered through this session will be kept in a password protected 

file on a computer that is only accessible to the researchers. The files will be destroyed 

no later than 3 years from the date of recording. 

Why is recording important? 

The researchers would like to review the recordings to observe behavior patterns that 

occur over the course of the experiment. The researcher will still make notes about any 

behavior observed but the recording will provide a more accurate account of the sess 

Who will see the information you provide? 

This study seeks to publish its results and findings in academic journals. Any 

publications that may come from this work will not identify you in anyway. In 

addition, the historical record of gameplay will not be linked to your identity. A 

separate record of your name and contact information will be kept for scheduling and 

payment purposes only. This record will be kept in a secure password protected file 

and will not be used to distribute your information. The only people that will know of 

your participation in this study are the researchers and the other participants in the 

game. We also ask that your experience here be kept private to avoid distorting the 

natural behavior of other potential participants. 
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What will happen during the study? 

Initially you will be asked to fill out a pre-game questionnaire that will provide the 

study with information on demographics and preferences of participants. Then 

researcher will demonstrate and explain the game and review the game manual. The 

game manual contains a scenario, game instructions, a payoff sheet, and a season log. 

You will be asked to play the game as you normally would, given the scenario that 

will be presented to you. You cannot communicate with other players, unless the 

researcher states that you can communicate. A failure to obey, will result in a game 

penalty. You might encounter changes in the game that allow you to freely 

communicate with the other players and/or allow you to have visual information about 

the parameters of the game. The researcher will let you know if this occurs. During the 

study, you will not addressed by your name, but by the codename of “Apollo”. Each 

position in the game has a different “Apollo” number; 1, 2, 3, or 4 respectively. Each 

Apollo will receive a Season log that does not have any personal identifiers to record 

the history of every decision. You will be required to: 

1. Pick 1, 2 or 3 dice (referred to as gems in the scenario) from a dispenser and 

record the number of gems you pick on the Season log form. 

2. Roll the gems and record the total value of each gem rolled on the Season log 

form. 

3. Package the gems using the labeled plastic bags.   

4. Place the bag of gems in the box called Shipping container. 

This process will repeat until there are no gems remaining. Then, the researcher will 

collect the Season logs where you recorded the number of gems you pick and the total 

value of the dice rolled.  

How long will this study take? 

The experimental game may take up to 2 hours.  

What are the risk and benefits of this study? 

There are no risks associated with this study, other than those risks one might 

encounter in daily life. You will receive compensation for your participation in this 

study. If you decide not to participate, you will not be compensated. If you feel 

uncomfortable at any point and no longer wish to proceed, you may quit the game at 

any time. Short rest breaks are allowed upon request, but once you quit or end the 

game, you may not resume the game later because it will distort the data collected. 

The maximum compensation you may receive for this study is $20. You will receive a 

minimum of $1 for participating in this study even if you do not achieve the first 

payoff bracket. The compensation is determined by your performance in the game. 

The researcher will also explain the payoff sheet in detail.   
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What if you have questions? 

If you have questions during the study you can ask the researcher. If you have any 

additional questions or concerns about the study you may contact the researchers 

responsible for this study: 

Leonidas Guadalupe    Dr. Mario G. Beruvides 

Email: Leonidas.Guadalupe@ttu.edu  Email: Mario.Beruvides@ttu.edu 

Phone: (954) 328-1486   Phone: (806) 742-3543 

                             

In addition, Texas Tech University has a Human Research Protection Program that 

protects the rights of the people who participate in research. You may contact them if 

you have any concerns about your participation. Their information is listed below: 

 

Human Research Protection Program 

Administration Building, Room 357, Box 41075 | MS 1075, Lubbock, TX 79409-1075 

Phone: (806) 742-2064 | Fax: (806) 742-3947 | Email: hrpp@ttu.edu  

Initial next to your allowed consent, for recordings of this session.  

1. ___________ I consent to be video and audio recorded for this session.  

2. ___________ I consent to be audio recorded for this session. 

 

By signing this document, you consent that the details of this experiment have been 

explained to you.  

Print Name: _________________________    Date: __________ 

Signature: ___________________________ 

 

 

This document is valid until December 31 of 2014 

 

 

mailto:Leonidas.Guadalupe@ttu.edu
mailto:Mario.Beruvides@ttu.edu
mailto:hrpp@ttu.edu
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APPENDIX F 

12. PAYOFF FORM 

 

Thank you for your participation in this study. Your contribution to our experiment is 

greatly appreciated. You may trade your Lab Credits for US currency at the end of 

your journey on Dionysus. Your total Lab Credits are recorded on your Season Log 

 

Value of Lab Credits collected Real Payoffs (US $)* 

525 LC or more $20.00 

420 LC to 524 LC  $15.00 

315 LC to 419 LC $10.00 

133 LC to 314 LC $5.00 

Less than 133 LC $1.00 

 

*According to Texas Tech OP 62.25: Research participant payments made to individuals who are not 

United States citizens or permanent resident aliens (“nonresident aliens”) are subject to 30 percent 

withholding tax at the time of payment, regardless of amount. Payment must be made by check so that 

the required tax can be withheld. 
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APPENDIX G 

13. GAME INSTRUCTIONS 

 

Here is a list of steps to help you have a successful harvest every season.  

Step 1: Wait for the gem reservoir must be directly in front of you before you harvest 

gems.  

 

Step 2: Pick one, two, or three gems from the reservoir. Do not take more than three 

gems.  

 

Step 3: Carefully rotate the reservoir to your right once you have completed your 

harvest. This allows the next miner to begin their harvest. 
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Step 4: Roll the gems you harvested. 

 

Step 5: Record how many gems you harvested, the value of each gem, and your 

current total wealth in your season log. 

a. Circle 1, 2 or 3 for the number of gems harvested. 

b. Add the values of the gems picked to calculate value of harvest 

c. Add the value of this seasons harvest to your total wealth of the previous 

season. 

 

 

Step 6: Select the bag marked with the corresponding season number. 

 

Step 7: Put the gems in side of the bag and make sure the bag is sealed. 
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Step 8: Place the bag of gems inside the shipment container. 

 
 

Step 9: Wait for researcher replenish the resource and signal for the next season to 

begin. 

Step10: Wait for the resource to come back to you and repeat the process from step 1. 
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APPENDIX H 

14. SCENARIO 

 

 

Welcome to Dionysus! A rich and fertile planet located in a distant galaxy. You are in 

the profession of harvesting gems. This is the only known planet with the precise 

atmosphere to develop these spotted gems. These gems are very important to the 

human race because they serve as powerful energy source. No one is sure about how 

many gems there are on Dionysus, or how fast they form on the planet. Every season 

you and the other miners will have an opportunity to harvest one to three gems each. 

After you have harvested the gems, you must process them by rolling them on the 

table. The number of black dots facing up on each gem is the value of that gem. You 

must record the value each gem in order to sell it for Lab Credits (LC). Use the 

Season Log to keep track of your accounts. It is very important that after the gems are 

processed, that they are packaged and shipped before you begin the harvest of the next 

season. The pre-labeled packaging material will be provided to you. Note that it is 

important that the label on the packaging material match the correct season and miner. 

All of the miners are located on different parts of Dionysus and the technology to 

communicate with one another is yet to exist. Please refrain from communicating with 

the other miners until a suitable technology is available. Any effort to communicate 

will result in a communication research fee of 18 Lab Credits (LC). Before starting, 

write your Apollo code name on your season log. If you have any questions, direct 

them to galaxy moderator. You are free to communicate with you moderator without 

penalty.  

Once the planet runs out of gems, your journey is over and you will have to return to 

earth and collect your bounty. May you have good luck and prosperity!  
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APPENDIX I 

15. ORAL SCRIPTS 

 

Hello my name is [researcher’s name] and I will be your moderator for today’s 

experiment.  

(If all players have not yet arrived) 

Please make yourself comfortable while we wait on the other players to arrive. You 

may look over the material in the game manual, but I will not go over it until everyone 

gets here. That way everyone gets the same information. 

(Once everyone is here and researcher has introduced himself or herself to everyone 

go over the consent form.)  

(Researcher ensures everyone has a game manual) 

Thank you all for coming today, we appreciate taking the time out of your schedule to 

be here today. Before we begin the experiment, I am going to read over the consent 

form so that I can make sure that everyone gets the same information about the 

experiment today.  

(Read the consent form)  

Do you have any questions or concerns that I can address? 

(After all questions are addressed) 

Before we begin I need for all of you to please sign and date your consent forms and 

then I will collect them from you.  

(Collect consent forms) 

The next step is just to collect some demographics and some knowledge on 

preferences for our study. Please turn to the questionnaire in your game manual and 

take a moment to fill it out to the best of your ability. If you feel uncomfortable with 

any question, you may skip it. Notice that your questionnaire sheet has the same 

Apollo number as your game manual. This is how we will link gameplay to the 

demographic statistics. When you are done answering the questionnaire, I will collect 

the sheet form you.  

(Collect questionnaire sheets) 

Now I am going to present you all with a scenario and you should try to envision 

yourself in this scenario as best you can. OK let us begin our journey. 

(Read Scenario) 

Do you understand the scenario that has been presented to you?  

(Get confirmation that everyone understands the scenario) 

On Dionysus everyone is addressed by the codename Apollo. The game manual you 
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possess has your Apollo number on it. From now on, I will not address you by your 

earth names but by your Apollo codename. The currency, Lab Credits, mentioned in 

the scenario is how you will earn real US dollars in this game. Please turn to the 

payoff sheet in your game manuals. The game gives you the opportunity to earn lab 

credits through your gem mining.  

(Explain the payoff sheet) 

The researcher will only award payments once the game ends, or individually for 

those participants that decide to quit the game. If you are an international student 

please be aware of the footnote stating that you will be receiving 30% less than is 

listed in the payoff sheet for tax purposes. Are there any questions or doubts about 

how you will be compensated for this experiment?  

(Address all questions) 

Now I am going to explain in detail how you will play the game. Please turn your 

attention to the procedure sheet.  

(Read the procedure sheet, explain and demonstrate every step in the procedure) 

(Explain how to use the season log) 

Ok, is everyone clear on the instructions and procedures of the game? 

(After answering all questions, position everyone into place) 

OK let’s begin Season 1 

(if the session is treatment session) 

OK, let’s pause for a moment before we being season 21. New technology has been 

developed that allows you to communicate with other Apollos on this planet. There 

are no longer any penalties for communicating, or strategizing with other players. New 

technology has also given everyone the visibility into the resource. You can now see 

inside the remaining dice inside of the planet’s resource. To be very clear, you no 

longer have a privacy over the decisions you take. We can now continue the game 

under these new conditions.  

(After all the dice are consumed or participants quit) 

Your journey on Dionysus has now come to an end. Thank you all so much for 

participating in this experiment. I will now collect your game manuals and I will 

record your total wealth in order to compensate you properly. 

(Pay participants based on total wealth in season log. Follow OP 62.65) 

Thank you once again for your participation, have a great day! 
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APPENDIX J 

16. TREATMENT SHEET 

 

 

DIONYSUS DAILY 

The newspaper Dionysus Daily has printed some articles of interest. Here are the 

summaries of each article   

 

Scientific Research of Dionysus 

Scientists dedicated to studying the natural resources on planet Dionysus, have 

discovered that the planet naturally develops gems. The number of gems it develops 

is dictated by the formula n-1, where n is the number of times it was picked in that 

season. Plainly said, if four miners are harvesting gems in a season then three gems 

will develop for next season, regardless of how many gems were picked. Once the 

planet runs out of spotted gems it will not develop anymore gems.  

Technology Breakthroughs 

Scientists have developed technologies that now allow free communication across 

the planet. Miners can now feel free to communicate because there now no penalties 

or research fees for communicating with other miners. In addition, new monitoring 

devices allow miners to see into the resource and visualize the amount of gems left 

on the planet. 

Monetary Policy 

Monetary inflation back on earth has increased the price of goods and services.  

 

Take the next five earth minutes to think about and discuss what you have learned 

with the other miners. Feel free to address them by their Apollo codename when 

communicating.  
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APPENDIX K 

17. SEASON LOG 
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APPENDIX L 

18. RECIPIENT INFORMATION 

 

 

By signing this form, you are certifying that the information provided below is true 

and correct to the best of your knowledge. You also acknowledge that you have been 

correctly compensated for your participation in the study Behavioral Economic Shift 

Detection By Means Of Statistical Process Control conducted by Dr. Mario Beruvides 

and Mr. Leonidas Guadalupe. 

By signing this form, you acknowledge that you are responsible for the payment 

directly to the Internal Revenue Service (IRS) for any federal income taxes that may 

be applicable to any payment that you may receive from Texas Tech University, or 

related entities. 

 

Name ___________________________________________________ 

 

Banner ID or SSN/ITIN 

___________________________________________________ 

 

Address ___________________________________________________ 

City ___________________________________________________ 

State ___________________________________________________ 

Zip ___________________________________________________ 

 

Are you a US Citizen or Permanent Resident Alien?  Circle    Yes  or No 

 

Amount Received: $ ___________________________________ 

 

Signature: ___________________________________ 

 

Date: _______________________________________ 
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APPENDIX M 

19. QUESTIONAIRE 

 
Apollo #_____                 Session #____ 

 

The purpose of this questionnaire is to provide the researchers with insight into preferences 

and demographics. The information you provide is voluntary and you are not required to 

answer any of these questions. 

 

1. Gender (circle one): Male  Female  

2. Age (write in):  ____________ 

3. What is the highest level of education you completed? (check a box below) 

☐ Did Not Complete High School ☐ High School/GED  ☐ Some College 

☐ Bachelor's Degree        ☐ Master's Degree     ☐ Advanced Graduate work or Ph.D.  

4. Occupation (or if student your major ): _________________________________ 

Please indicate how strongly you agree or disagree with the following statements by circling 

one of the numbers on the following scale. Circling 1 indicates that you strongly disagree, and 

circling 7 indicate that you strongly agree.  

 

5. I enjoy spending money 

I strongly 

disagree 
1 2 3 4 5 6 7 

I strongly 

agree 

 

6. I enjoy saving money 

I strongly 

disagree 
1 2 3 4 5 6 7 

I strongly 

agree 

 

7. I like to gamble 

I strongly 

disagree 
1 2 3 4 5 6 7 

I strongly 

agree 

 

8. I like to take risks 

I strongly 

disagree 
1 2 3 4 5 6 7 

I strongly 

agree 

 

9. I am patient 

I strongly 

disagree 
1 2 3 4 5 6 7 

I strongly 

agree 
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10. It is important to be rich 

I strongly 

disagree 
1 2 3 4 5 6 7 

I strongly 

agree 

 

11. I am confident about what I do 

I strongly 

disagree 
1 2 3 4 5 6 7 

I strongly 

agree 

 

12. Which of the following would you prefer? Circle A or B 

A: 50% chance to win $1000 B: A sure gain of $500 

 50% chance to win nothing   

13. Which of the following would you prefer? Circle A or B 

A: 50% chance to win $2500 B: A sure gain of $500 

 50% chance to win nothing   

14. Which of the following would you prefer? Circle A or B 

A: 50% chance to win $4000 B: A sure gain of $2000 

 50% chance to win nothing   

15. Which of the following would you prefer? Circle A or B 

A: 50% chance to lose $1000 B: A sure loss of $500 

 50% chance to lose nothing   

16. Which of the following would you prefer? Circle A or B 

A: 50% chance to lose $2500 B: A sure loss of $500 

 50% chance to lose nothing   

17. Which of the following would you prefer? Circle A or B 

A: 50% chance to lose $4000 B: A sure loss of $2000 

 50% chance to lose nothing   
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APPENDIX N 

20. GAME SIMULATIONS 

Table N.1 Simulation of TOC game where all players consistently play selfish. 

 

 

 
Figure N.1 Graph of stock decay for simulation of all selfish players  

 

Max Payoff = 30 Seasons x 3 Gems x 6 Maximum Value = 540 

Expected Payoff = 30 Seasons x 3 Gems x 3.5 Expected Value = 315 

Min Payoff = 30 Seasons x 3 Gems x 1 Minimum Value = 90 

Player 1 Player 2 Player 3 Player 4

1 273 3 3 3 3 12 3

2 264 3 3 3 3 12 3

3 255 3 3 3 3 12 3

4 246 3 3 3 3 12 3

… … … … … … … …

27 39 3 3 3 3 12 3

28 30 3 3 3 3 12 3

29 21 3 3 3 3 12 3

30 12 3 3 3 3 12 Empty

Round
Stock 

Level

Players Harvests Total 

Consumption
Replenishment
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Table N.2 Simulation of TOC game where all players consistently play cooperatively. 

 

 

 
Figure N.2 Graph of stock decay for simulation of all players cooperating.  

 

Max Payoff = 270 Seasons x 1 Gems x 6 Maximum Value = 1620 

Expected Payoff = 270 Seasons x 1 Gems x 3.5 Expected Value = 945 

Min Payoff = 270 Seasons x 1 Gems x 1 Minimum Value = 27 

 

 

Player 1 Player 2 Player 3 Player 4

1 273 1 1 1 1 4 3

2 272 1 1 1 1 4 3

3 271 1 1 1 1 4 3

4 270 1 1 1 1 4 3

… … … … … … … …

267 7 1 1 1 1 4 3

268 6 1 1 1 1 4 3

269 5 1 1 1 1 4 3

270 4 1 1 1 1 4 Empty

Round
Stock 

Level

Players Harvests Total 

Consumption
Replenishment
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Table N.3 Simulation of TOC game where all players play expected behavior. 

 

 

 
Figure N.3 Graph of stock decay for simulation of expected behavior.  

 

Max Payoff = 20 Seasons x 3 Gems x 6 Maximum Value  

+ 90 Seasons x 1 Gems x 6 Maximum Value = 900 

Expected Payoff = 270 Seasons x 1 Gems x 3.5 Expected Value = 525 

Min Payoff = 270 Seasons x 1 Gems x 1 Minimum Value = 150 

Player 1 Player 2 Player 3 Player 4

1 273 3 3 3 3 12 3

2 264 3 3 3 3 12 3

3 255 3 3 3 3 12 3

… … … … … … … …

21 93 1 1 1 1 4 3

22 92 1 1 1 1 4 3

… … … … … … … …

109 5 1 1 1 1 4 3

110 4 1 1 1 1 4 Empty

Round
Stock 

Level

Players Harvests Total 

Consumption
Replenishment
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APPENDIX O 

21. RECODED DATA 

 

Table Z.1 Results of Session 1, Treatment session 1 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 3 3 3 12 36 

4 3 3 1 3 10 46 

5 3 3 1 3 10 56 

6 3 3 1 3 10 66 

7 3 3 1 3 10 76 

8 3 3 1 3 10 86 

9 3 3 1 3 10 96 

10 3 3 3 3 12 108 

11 3 3 3 3 12 120 

12 3 3 3 3 12 132 

13 3 3 1 3 10 142 

14 3 3 2 3 11 153 

15 3 3 2 3 11 164 

16 3 3 2 3 11 175 

17 3 3 2 3 11 186 

18 3 3 2 3 11 197 

19 3 3 2 3 11 208 

20 3 3 2 3 11 219 

21 1 1 1 1 4 223 

22 1 1 1 1 4 227 

23 1 1 1 1 4 231 

24 1 1 1 1 4 235 

25 1 1 1 1 4 239 

26 1 1 1 1 4 243 

27 1 1 1 1 4 247 

28 1 1 1 1 4 251 

29 1 1 1 1 4 255 

30 1 1 1 1 4 259 
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31 1 1 1 1 4 263 

32 1 1 1 1 4 267 

33 1 1 1 1 4 271 

34 1 1 1 1 4 275 

35 1 1 1 1 4 279 

36 1 1 1 1 4 283 

37 1 1 1 1 4 287 

38 1 1 1 1 4 291 

39 1 1 1 1 4 295 

40 3 3 3 3 12 307 

41 2 2 2 2 8 315 

42 2 2 2 2 8 323 

43 2 2 2 2 8 331 

44 2 1 3 2 8 339 

45 1 1 3 1 6 345 

46 1 1 3 1 6 351 

47 1 1 3 1 6 357 

48 1 1 3 1 6 363 

49 1 1 1 1 4 367 

50 1 1 1 1 4 371 

51 1 1 1 1 4 375 

52 1 1 1 1 4 379 

53 1 1 1 1 4 383 

54 1 1 1 1 4 387 

55 1 1 1 1 4 391 

56 1 1 1 1 4 395 

57 1 1 1 1 4 399 

58 1 1 1 1 4 403 

59 1 1 1 1 4 407 

60 1 1 1 1 4 411 

61 1 1 1 1 4 415 

62 1 1 1 1 4 419 

63 1 1 1 1 4 423 

64 1 1 1 1 4 427 

65 1 1 1 1 4 431 

66 1 1 1 1 4 435 

67 1 1 1 1 4 439 

68 1 1 1 1 4 443 
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69 1 1 1 1 4 447 

70 1 1 1 1 4 451 

71 1 1 1 1 4 455 

72 1 1 1 1 4 459 

73 1 1 1 1 4 463 

74 1 1 1 1 4 467 

75 1 1 1 1 4 471 

76 1 1 1 1 4 475 

77 1 1 1 1 4 479 

78 1 1 1 1 4 483 

79 1 1 1 1 4 487 

80 1 1 1 1 4 491 

81 1 1 1 1 4 495 

82 1 1 1 1 4 499 

83 1 1 1 1 4 503 

84 1 1 1 1 4 507 

85 1 1 1 1 4 511 

86 1 1 1 1 4 515 

87 1 1 1 1 4 519 

88 1 1 1 1 4 523 

89 1 1 1 1 4 527 

90 1 1 1 1 4 531 

91 1 1 1 1 4 535 

92 1 1 1 1 4 539 

93 1 1 1 1 4 543 

94 1 1 1 1 4 547 

95 1 1 1 1 4 551 

96 1 1 1 1 4 555 

97 1 1 1 1 4 559 

98 1 1 1 1 4 563 

99 1 1 1 1 4 567 

100 1 1 1 1 4 571 

101 1 1 1 1 4 575 

102 1 END 1 END 2 577 

103 1 
 

1 
 

2 579 

104 1 
 

1 
 

2 581 

105 END 
 

END 
 

0 581 
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Table Z.2 Results of Session 2, Treatment session 2 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 2 3 11 11 

2 3 3 2 3 11 22 

3 3 3 3 3 12 34 

4 3 3 2 3 11 45 

5 3 3 3 3 12 57 

6 3 3 2 3 11 68 

7 3 3 3 2 11 79 

8 3 3 2 3 11 90 

9 3 3 1 3 10 100 

10 3 3 3 3 12 112 

11 3 3 2 2 10 122 

12 3 3 3 3 12 134 

13 3 3 2 3 11 145 

14 3 3 2 3 11 156 

15 3 3 2 3 11 167 

16 3 3 2 3 11 178 

17 3 3 2 3 11 189 

18 3 3 3 3 12 201 

19 3 3 2 3 11 212 

20 3 3 2 3 11 223 

21 1 1 1 1 4 227 

22 1 1 1 1 4 231 

23 1 1 1 1 4 235 

24 1 1 1 1 4 239 

25 1 1 1 1 4 243 

26 1 1 1 1 4 247 

27 1 1 1 1 4 251 

28 1 1 1 1 4 255 

29 1 1 1 1 4 259 

30 1 1 1 1 4 263 

31 1 1 1 1 4 267 

32 1 1 1 1 4 271 

33 1 1 1 1 4 275 

34 1 1 1 1 4 279 

35 1 1 1 1 4 283 
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36 1 1 1 1 4 287 

37 1 1 1 1 4 291 

38 1 1 1 1 4 295 

39 1 1 1 1 4 299 

40 1 1 1 1 4 303 

41 1 1 1 1 4 307 

42 1 1 1 1 4 311 

43 1 1 1 1 4 315 

44 1 1 1 1 4 319 

45 1 1 1 1 4 323 

46 1 1 1 1 4 327 

47 1 1 1 1 4 331 

48 1 1 1 1 4 335 

49 1 1 1 1 4 339 

50 1 1 1 1 4 343 

51 1 1 1 1 4 347 

52 1 1 1 1 4 351 

53 1 1 1 1 4 355 

54 1 1 1 2 5 360 

55 2 2 2 1 7 367 

56 1 1 1 1 4 371 

57 1 1 1 1 4 375 

58 1 1 1 1 4 379 

59 1 1 1 1 4 383 

60 1 1 1 1 4 387 

61 1 1 1 1 4 391 

62 1 1 1 1 4 395 

63 1 1 1 1 4 399 

64 1 1 1 1 4 403 

65 1 1 1 1 4 407 

66 1 1 1 1 4 411 

67 1 1 1 1 4 415 

68 1 1 1 1 4 419 

69 1 1 1 1 4 423 

70 1 1 1 1 4 427 

71 1 1 1 1 4 431 

72 1 1 1 1 4 435 

73 1 1 1 1 4 439 
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74 1 1 1 1 4 443 

75 1 1 1 1 4 447 

76 1 1 1 1 4 451 

77 1 1 1 1 4 455 

78 1 1 1 1 4 459 

79 1 1 1 1 4 463 

80 1 3 3 3 10 473 

81 3 1 1 1 6 479 

82 1 1 1 1 4 483 

83 1 1 1 1 4 487 

84 1 1 1 1 4 491 

85 1 1 1 1 4 495 

86 1 1 1 1 4 499 

87 1 1 1 1 4 503 

88 1 1 1 1 4 507 

89 1 1 1 1 4 511 

90 1 1 1 1 4 515 

91 1 1 1 1 4 519 

92 1 1 1 1 4 523 

93 1 1 1 1 4 527 

94 1 1 1 1 4 531 

95 1 1 1 1 4 535 

96 1 1 1 1 4 539 

97 1 1 1 1 4 543 

98 1 1 1 1 4 547 

99 1 1 1 1 4 551 

100 1 1 1 1 4 555 

101 1 1 1 1 4 559 

102 1 1 1 1 4 563 

103 1 1 1 1 4 567 

104 1 1 1 1 4 571 

105 1 1 1 1 4 575 

106 1 1 1 1 4 579 

107 1 1 1 1 4 583 

108 1 1 1 1 4 587 

109 1 1 1 1 4 591 

110 1 1 1 1 4 595 

111 1 1 1 1 4 599 
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112 1 1 1 1 4 603 

113 1 1 1 1 4 607 

114 1 1 1 1 4 611 

115 1 1 1 1 4 615 

116 1 1 1 1 4 619 

117 1 1 1 1 4 623 

118 1 1 1 END 3 626 

119 END END 3 
 

3 629 

120 
  

END 
 

0 629 

 

 

Table Z.3 Results of Session 3, Control session 1 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 3 3 3 12 36 

4 3 3 3 3 12 48 

5 3 3 3 3 12 60 

6 3 3 3 3 12 72 

7 3 3 3 3 12 84 

8 3 3 3 3 12 96 

9 3 3 3 3 12 108 

10 3 3 3 3 12 120 

11 2 3 3 3 11 131 

12 2 3 3 3 11 142 

13 3 3 3 3 12 154 

14 3 3 3 3 12 166 

15 3 3 3 3 12 178 

16 3 3 3 3 12 190 

17 3 3 3 3 12 202 

18 3 3 3 3 12 214 

19 3 3 3 3 12 226 

20 3 3 3 3 12 238 

21 3 3 3 3 12 250 

22 3 3 3 3 12 262 

23 3 3 3 3 12 274 

24 3 3 3 3 12 286 
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25 3 3 3 3 12 298 

26 3 3 3 3 12 310 

27 3 3 3 3 12 322 

28 3 3 3 3 12 334 

29 3 3 3 3 12 346 

30 3 3 3 3 12 358 

31 3 2 END END 5 363 

32 END END 
  

0 363 

 

 

Table Z.4 Results of Session 4, Treatment session 3 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 1 3 3 10 22 

3 3 2 3 3 11 33 

4 3 3 3 3 12 45 

5 3 2 3 3 11 56 

6 3 3 3 3 12 68 

7 3 3 3 3 12 80 

8 3 3 3 3 12 92 

9 3 2 3 3 11 103 

10 3 3 3 3 12 115 

11 3 2 3 3 11 126 

12 3 3 3 3 12 138 

13 3 3 3 3 12 150 

14 3 3 3 3 12 162 

15 3 3 3 3 12 174 

16 3 3 3 3 12 186 

17 3 2 3 3 11 197 

18 3 3 3 3 12 209 

19 3 3 3 3 12 221 

20 3 3 3 3 12 233 

21 2 2 2 2 8 241 

22 2 2 2 2 8 249 

23 2 2 2 2 8 257 

24 2 2 2 2 8 265 

25 2 2 2 2 8 273 
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26 2 2 2 2 8 281 

27 2 2 2 2 8 289 

28 2 2 2 2 8 297 

29 2 2 2 2 8 305 

30 3 2 3 3 11 316 

31 3 2 3 3 11 327 

32 3 3 3 3 12 339 

33 3 3 3 3 12 351 

34 2 2 2 2 8 359 

35 2 2 2 2 8 367 

36 1 1 1 1 4 371 

37 1 1 1 1 4 375 

38 1 1 1 1 4 379 

39 1 1 1 1 4 383 

40 1 1 1 1 4 387 

41 1 1 1 1 4 391 

42 1 1 1 1 4 395 

43 1 1 1 1 4 399 

44 END END END END 0 399 

 

 

Table Z.5 Results of Session 5, Control session 2 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 1 3 10 10 

2 3 3 1 3 10 20 

3 3 3 3 3 12 32 

4 3 3 3 3 12 44 

5 3 3 3 3 12 56 

6 3 3 3 3 12 68 

7 3 3 3 3 12 80 

8 3 3 3 3 12 92 

9 3 3 3 3 12 104 

10 3 3 3 3 12 116 

11 3 3 3 3 12 128 

12 3 3 3 3 12 140 

13 3 3 3 3 12 152 

14 3 3 3 3 12 164 
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15 3 3 3 3 12 176 

16 3 3 3 3 12 188 

17 3 3 3 3 12 200 

18 3 3 3 3 12 212 

19 3 3 3 3 12 224 

20 3 3 3 3 12 236 

21 3 3 1 3 10 246 

22 3 3 2 3 11 257 

23 3 3 1 3 10 267 

24 3 3 2 3 11 278 

25 3 3 1 3 10 288 

26 3 3 2 3 11 299 

27 3 3 1 3 10 309 

28 3 3 2 3 11 320 

29 3 3 1 3 10 330 

30 3 3 1 3 10 340 

31 3 3 1 3 10 350 

32 3 3 3 3 12 362 

33 3 1 3 END 7 369 

34 END END END 
 

0 369 

 

 

Table Z.6 Results of Session 6, Control session 3 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 1 3 10 10 

2 3 3 1 3 10 20 

3 3 3 1 3 10 30 

4 3 3 1 3 10 40 

5 3 3 1 3 10 50 

6 3 3 1 3 10 60 

7 3 3 1 3 10 70 

8 3 3 1 3 10 80 

9 3 3 1 3 10 90 

10 3 3 1 3 10 100 

11 3 3 1 3 10 110 

12 3 3 1 3 10 120 

13 3 3 1 3 10 130 
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14 3 3 1 3 10 140 

15 3 3 3 3 12 152 

16 3 3 3 3 12 164 

17 3 3 3 3 12 176 

18 3 3 3 3 12 188 

19 3 3 3 3 12 200 

20 3 3 3 3 12 212 

21 3 3 3 3 12 224 

22 3 3 3 3 12 236 

23 3 3 3 3 12 248 

24 3 3 1 3 10 258 

25 2 3 3 3 11 269 

26 3 3 3 3 12 281 

27 3 3 3 3 12 293 

28 3 3 3 3 12 305 

29 3 3 2 3 11 316 

30 3 3 2 3 11 327 

31 3 3 3 3 12 339 

32 3 3 1 3 10 349 

33 3 3 1 3 10 359 

34 3 3 1 END 7 366 

35 END END END 
 

0 366 

 

 

Table Z.7 Results of Session 7, Treatment session 4 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 2 11 11 

2 3 3 3 2 11 22 

3 3 3 3 2 11 33 

4 3 3 3 2 11 44 

5 3 3 3 2 11 55 

6 2 3 3 2 10 65 

7 3 3 1 2 9 74 

8 3 3 3 2 11 85 

9 3 2 3 2 10 95 

10 3 3 3 2 11 106 

11 3 3 3 2 11 117 
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12 3 3 3 2 11 128 

13 3 3 3 2 11 139 

14 3 2 3 2 10 149 

15 3 3 3 2 11 160 

16 3 3 3 2 11 171 

17 3 3 3 2 11 182 

18 3 3 3 2 11 193 

19 3 3 3 2 11 204 

20 3 3 3 2 11 215 

21 1 1 1 1 4 219 

22 1 1 1 1 4 223 

23 1 1 1 1 4 227 

24 1 1 1 1 4 231 

25 1 1 1 1 4 235 

26 1 1 1 1 4 239 

27 1 1 1 1 4 243 

28 1 2 2 2 7 250 

29 2 2 2 2 8 258 

30 2 2 2 2 8 266 

31 2 2 2 2 8 274 

32 2 2 2 2 8 282 

33 2 2 2 2 8 290 

34 2 2 2 2 8 298 

35 2 2 2 2 8 306 

36 3 3 3 3 12 318 

37 3 3 3 3 12 330 

38 1 1 1 3 6 336 

39 1 1 1 2 5 341 

40 1 1 1 3 6 347 

41 1 1 1 3 6 353 

42 1 1 1 3 6 359 

43 1 1 1 3 6 365 

44 1 1 1 3 6 371 

45 1 1 1 1 4 375 

46 1 1 1 1 4 379 

47 1 1 1 1 4 383 

48 1 1 1 1 4 387 

49 1 1 1 1 4 391 
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50 1 1 1 1 4 395 

51 1 1 1 1 4 399 

52 1 1 1 1 4 403 

53 1 1 1 1 4 407 

54 1 1 1 1 4 411 

55 1 1 1 1 4 415 

56 1 1 1 1 4 419 

57 1 1 1 1 4 423 

58 1 1 1 1 4 427 

59 1 1 1 1 4 431 

60 1 1 1 1 4 435 

61 1 1 1 1 4 439 

62 2 1 1 1 5 444 

63 1 1 2 2 6 450 

64 1 1 2 2 6 456 

65 1 1 1 1 4 460 

66 1 1 1 1 4 464 

67 END END END 3 3 467 

68 
   

3 3 470 

69 
   

3 3 473 

70 
   

END 0 473 

 

 

Table Z.8 Results of Session 8, Control session 4 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 2 3 3 11 35 

4 3 3 3 3 12 47 

5 3 2 3 3 11 58 

6 3 2 3 3 11 69 

7 3 3 3 3 12 81 

8 3 2 3 3 11 92 

9 3 2 3 3 11 103 

10 3 3 3 3 12 115 

11 3 2 3 3 11 126 

12 3 2 3 3 11 137 
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13 3 1 3 3 10 147 

14 3 2 3 3 11 158 

15 3 2 3 3 11 169 

16 3 2 3 3 11 180 

17 3 2 3 3 11 191 

18 3 2 3 3 11 202 

19 3 3 3 3 12 214 

20 3 2 3 3 11 225 

21 3 2 3 3 11 236 

22 3 3 3 3 12 248 

23 3 2 3 3 11 259 

24 3 2 3 3 11 270 

25 3 2 3 3 11 281 

26 3 3 3 3 12 293 

27 3 2 3 3 11 304 

28 3 2 3 3 11 315 

29 3 2 3 3 11 326 

30 3 2 3 3 11 337 

31 3 2 3 3 11 348 

32 3 2 3 3 11 359 

33 3 2 3 2 10 369 

34 END END END END 0 369 

 

 

Table Z.9 Results of Session 9, Treatment session 5 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 2 3 3 11 23 

3 3 2 2 3 10 33 

4 3 2 3 2 10 43 

5 3 3 3 3 12 55 

6 2 1 3 3 9 64 

7 3 3 3 3 12 76 

8 3 2 3 3 11 87 

9 3 2 3 3 11 98 

10 2 2 3 2 9 107 

11 3 2 3 3 11 118 
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12 3 3 3 3 12 130 

13 3 3 3 3 12 142 

14 3 3 3 3 12 154 

15 3 3 3 3 12 166 

16 3 3 3 3 12 178 

17 3 3 3 3 12 190 

18 3 3 3 3 12 202 

19 3 2 3 3 11 213 

20 3 2 3 3 11 224 

21 3 3 3 3 12 236 

22 3 3 3 3 12 248 

23 3 3 3 3 12 260 

24 3 3 3 3 12 272 

25 3 3 3 3 12 284 

26 3 3 3 3 12 296 

27 3 3 3 3 12 308 

28 3 3 3 3 12 320 

29 3 3 3 3 12 332 

30 3 3 3 3 12 344 

31 3 3 3 3 12 356 

32 1 3 3 END 7 363 

33 END END END 
 

0 363 

 

 

Table Z.10 Results of Session 10, Treatment session 6 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 3 3 2 11 35 

4 3 3 3 3 12 47 

5 3 3 3 3 12 59 

6 3 3 3 3 12 71 

7 3 3 3 2 11 82 

8 3 3 3 3 12 94 

9 3 3 3 3 12 106 

10 3 3 3 3 12 118 

11 3 3 3 2 11 129 
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12 3 3 3 2 11 140 

13 3 3 3 3 12 152 

14 3 3 3 3 12 164 

15 3 3 3 3 12 176 

16 3 3 3 3 12 188 

17 3 3 3 3 12 200 

18 3 3 3 3 12 212 

19 3 3 3 3 12 224 

20 3 3 3 2 11 235 

21 2 1 1 1 5 240 

22 1 2 1 1 5 245 

23 1 1 2 1 5 250 

24 1 1 1 2 5 255 

25 2 1 1 1 5 260 

26 1 2 1 1 5 265 

27 1 1 1 1 4 269 

28 1 1 2 2 6 275 

29 2 1 1 1 5 280 

30 1 2 1 1 5 285 

31 1 1 2 1 5 290 

32 1 1 1 2 5 295 

33 2 1 1 1 5 300 

34 1 2 1 1 5 305 

35 1 1 2 1 5 310 

36 1 1 1 2 5 315 

37 2 1 1 1 5 320 

38 1 2 1 1 5 325 

39 1 1 2 1 5 330 

40 1 1 1 2 5 335 

41 2 1 1 1 5 340 

42 1 1 1 1 4 344 

43 1 2 2 1 6 350 

44 1 1 1 2 5 355 

45 3 1 1 1 6 361 

46 1 1 1 1 4 365 

47 1 3 3 1 8 373 

48 1 1 1 3 6 379 

49 3 1 1 1 6 385 



Texas Tech University, Leonidas Guadalupe, December 2014 

215 

50 1 1 1 1 4 389 

51 1 3 3 1 8 397 

52 1 1 1 3 6 403 

53 3 1 1 1 6 409 

54 1 1 1 1 4 413 

55 1 3 3 1 8 421 

56 1 1 1 3 6 427 

57 1 1 1 1 4 431 

58 1 1 1 1 4 435 

59 1 1 1 1 4 439 

60 1 1 1 1 4 443 

61 END 1 END END 1 444 

62 
 

END 
  

0 444 

 

 

Table Z.11 Results of Session 11, Treatment session 7 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 2 3 11 23 

3 3 3 3 3 12 35 

4 2 3 3 3 11 46 

5 2 3 3 3 11 57 

6 3 3 3 3 12 69 

7 3 3 3 3 12 81 

8 3 3 3 3 12 93 

9 3 3 3 3 12 105 

10 3 3 3 3 12 117 

11 3 3 2 3 11 128 

12 3 3 3 3 12 140 

13 3 3 3 3 12 152 

14 3 3 3 3 12 164 

15 3 3 3 3 12 176 

16 3 3 3 3 12 188 

17 3 3 3 3 12 200 

18 2 3 3 3 11 211 

19 3 3 3 3 12 223 

20 3 3 3 3 12 235 
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21 1 1 1 1 4 239 

22 1 1 1 1 4 243 

23 1 1 1 1 4 247 

24 1 1 1 1 4 251 

25 1 1 1 1 4 255 

26 1 1 1 1 4 259 

27 1 1 1 1 4 263 

28 1 1 1 1 4 267 

29 1 1 1 1 4 271 

30 1 1 1 1 4 275 

31 1 1 1 1 4 279 

32 1 1 1 1 4 283 

33 1 1 1 1 4 287 

34 1 1 1 1 4 291 

35 1 1 1 1 4 295 

36 1 1 1 1 4 299 

37 1 1 1 1 4 303 

38 1 1 1 1 4 307 

39 1 1 1 1 4 311 

40 1 1 1 1 4 315 

41 1 1 1 1 4 319 

42 1 1 1 1 4 323 

43 1 1 1 1 4 327 

44 1 1 1 1 4 331 

45 1 1 1 1 4 335 

46 1 1 1 1 4 339 

47 1 1 1 1 4 343 

48 1 1 1 1 4 347 

49 1 1 1 1 4 351 

50 1 1 1 1 4 355 

51 1 1 1 1 4 359 

52 1 1 1 1 4 363 

53 1 1 1 1 4 367 

54 1 1 1 1 4 371 

55 1 1 1 1 4 375 

56 1 1 1 1 4 379 

57 1 1 1 1 4 383 

58 1 1 1 1 4 387 
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59 1 1 1 1 4 391 

60 1 1 1 1 4 395 

61 1 1 1 1 4 399 

62 1 1 1 1 4 403 

63 1 1 1 1 4 407 

64 1 1 1 1 4 411 

65 1 1 1 1 4 415 

66 1 1 1 1 4 419 

67 1 1 1 1 4 423 

68 1 1 1 1 4 427 

69 1 1 1 1 4 431 

70 1 1 1 1 4 435 

71 1 1 1 1 4 439 

72 1 1 1 1 4 443 

73 1 1 1 1 4 447 

74 1 1 1 1 4 451 

75 1 1 1 1 4 455 

76 1 1 1 1 4 459 

77 1 1 1 1 4 463 

78 1 1 1 1 4 467 

79 1 1 1 1 4 471 

80 1 1 1 1 4 475 

81 1 1 1 1 4 479 

82 1 1 1 1 4 483 

83 1 1 1 1 4 487 

84 1 1 1 1 4 491 

85 1 1 1 1 4 495 

86 1 1 1 1 4 499 

87 1 1 1 1 4 503 

88 1 1 1 1 4 507 

89 1 1 1 1 4 511 

90 1 1 1 1 4 515 

91 1 1 1 1 4 519 

92 1 1 1 1 4 523 

93 1 1 1 1 4 527 

94 1 1 1 1 4 531 

95 1 1 1 1 4 535 

96 1 1 1 1 4 539 
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97 1 1 1 1 4 543 

98 1 1 1 1 4 547 

99 1 1 1 1 4 551 

100 1 1 1 1 4 555 

101 1 1 1 1 4 559 

102 1 1 1 1 4 563 

103 1 1 1 1 4 567 

104 1 1 1 1 4 571 

105 1 1 1 1 4 575 

106 1 1 1 1 4 579 

107 1 1 1 1 4 583 

108 1 1 1 1 4 587 

109 1 1 1 1 4 591 

110 1 1 1 1 4 595 

111 1 1 1 1 4 599 

112 1 1 1 1 4 603 

113 END END END END 0 603 

 

 

Table Z.12 Results of Session 12, Treatment session 8 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 2 3 11 11 

2 3 3 3 3 12 23 

3 3 3 2 3 11 34 

4 3 3 3 3 12 46 

5 3 3 2 3 11 57 

6 3 3 3 3 12 69 

7 3 3 2 3 11 80 

8 3 3 2 3 11 91 

9 3 3 3 3 12 103 

10 3 3 2 3 11 114 

11 3 3 2 3 11 125 

12 3 3 1 3 10 135 

13 3 3 3 3 12 147 

14 3 3 3 3 12 159 

15 3 3 2 3 11 170 

16 3 3 3 3 12 182 
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17 3 3 3 3 12 194 

18 3 3 3 3 12 206 

19 3 3 3 3 12 218 

20 3 3 3 3 12 230 

21 3 3 3 3 12 242 

22 3 3 3 3 12 254 

23 3 3 3 3 12 266 

24 3 3 3 3 12 278 

25 3 3 3 3 12 290 

26 1 1 1 1 4 294 

27 1 1 1 1 4 298 

28 2 2 2 2 8 306 

29 2 2 2 2 8 314 

30 2 2 2 2 8 322 

31 2 2 2 2 8 330 

32 2 2 2 2 8 338 

33 1 1 1 1 4 342 

34 1 1 1 1 4 346 

35 1 1 1 1 4 350 

36 1 1 1 1 4 354 

37 1 1 1 1 4 358 

38 1 1 1 1 4 362 

39 1 1 1 1 4 366 

40 1 1 1 1 4 370 

41 1 1 1 1 4 374 

42 1 1 1 1 4 378 

43 1 1 1 1 4 382 

44 1 1 1 1 4 386 

45 1 1 1 1 4 390 

46 1 1 1 1 4 394 

47 1 1 1 1 4 398 

48 1 1 1 1 4 402 

49 1 1 1 1 4 406 

50 1 1 1 1 4 410 

51 1 1 1 1 4 414 

52 1 1 1 1 4 418 

53 1 1 1 1 4 422 

54 1 1 1 1 4 426 
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55 1 1 1 1 4 430 

56 1 1 1 1 4 434 

57 1 1 1 1 4 438 

58 1 1 1 1 4 442 

59 1 1 1 1 4 446 

60 1 1 1 1 4 450 

61 1 1 1 1 4 454 

62 1 1 1 1 4 458 

63 1 1 1 1 4 462 

64 END END END END 0 462 

 

 

Table Z.13 Results of Session 13, Control session 5 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 2 3 3 11 35 

4 3 3 3 3 12 47 

5 3 3 3 3 12 59 

6 3 3 3 3 12 71 

7 3 2 3 3 11 82 

8 3 3 3 3 12 94 

9 3 3 3 3 12 106 

10 3 3 3 3 12 118 

11 3 2 3 3 11 129 

12 3 3 3 3 12 141 

13 3 3 3 3 12 153 

14 3 3 3 3 12 165 

15 3 2 3 3 11 176 

16 3 3 3 3 12 188 

17 3 3 3 3 12 200 

18 3 3 3 3 12 212 

19 3 3 3 3 12 224 

20 3 3 3 3 12 236 

21 3 3 3 3 12 248 

22 3 2 3 3 11 259 

23 3 3 3 3 12 271 
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24 3 3 3 3 12 283 

25 3 3 3 3 12 295 

26 3 3 1 3 10 305 

27 3 3 2 3 11 316 

28 3 2 3 3 11 327 

29 3 3 3 3 12 339 

30 3 3 3 3 12 351 

31 3 3 3 2 11 362 

32 END END END END 0 362 

 

 

Table Z.14 Results of Session 14, Treatment session 9 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 3 3 2 11 35 

4 3 3 3 3 12 47 

5 3 3 3 3 12 59 

6 3 3 3 3 12 71 

7 3 3 3 3 12 83 

8 3 3 3 3 12 95 

9 3 3 3 3 12 107 

10 3 3 3 3 12 119 

11 3 3 3 3 12 131 

12 3 3 3 3 12 143 

13 3 3 3 3 12 155 

14 3 3 3 3 12 167 

15 3 3 3 3 12 179 

16 3 3 3 3 12 191 

17 3 3 3 3 12 203 

18 3 3 3 3 12 215 

19 3 3 3 3 12 227 

20 3 3 3 3 12 239 

21 2 2 2 2 8 247 

22 2 2 2 2 8 255 

23 2 2 2 2 8 263 

24 2 2 2 2 8 271 
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25 2 2 2 2 8 279 

26 2 2 2 2 8 287 

27 2 2 2 2 8 295 

28 2 2 2 2 8 303 

29 2 2 2 2 8 311 

30 2 2 2 2 8 319 

31 2 2 2 2 8 327 

32 2 2 2 2 8 335 

33 2 2 2 2 8 343 

34 2 2 2 2 8 351 

35 1 1 1 1 4 355 

36 1 1 1 1 4 359 

37 1 2 1 1 5 364 

38 2 1 2 2 7 371 

39 2 2 2 2 8 379 

40 2 2 2 2 8 387 

41 1 1 1 1 4 391 

42 1 1 1 1 4 395 

43 1 1 1 1 4 399 

44 END END END END 0 399 

 

 

Table Z.15 Results of Session 15, Control session 6 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 2 3 3 3 11 23 

3 1 3 3 3 10 33 

4 3 3 2 3 11 44 

5 3 3 2 3 11 55 

6 2 3 3 3 11 66 

7 1 3 2 3 9 75 

8 1 3 2 3 9 84 

9 3 3 2 3 11 95 

10 3 3 2 3 11 106 

11 3 3 2 3 11 117 

12 1 3 2 3 9 126 

13 1 3 3 3 10 136 
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14 1 3 3 3 10 146 

15 1 3 3 3 10 156 

16 2 3 3 3 11 167 

17 2 3 3 3 11 178 

18 2 3 3 3 11 189 

19 1 3 3 3 10 199 

20 3 3 3 3 12 211 

21 3 3 3 3 12 223 

22 3 3 3 3 12 235 

23 3 3 3 3 12 247 

24 1 3 3 3 10 257 

25 3 3 3 3 12 269 

26 3 3 3 2 11 280 

27 1 3 3 3 10 290 

28 2 3 3 3 11 301 

29 2 3 3 3 11 312 

30 2 3 3 3 11 323 

31 2 3 3 3 11 334 

32 2 3 3 3 11 345 

33 3 3 3 3 12 357 

34 1 3 3 2 9 366 

35 END END END END 0 366 

 

 

Table Z.16 Results of Session 16, Control session 7 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 2 11 11 

2 3 3 3 3 12 23 

3 3 3 3 3 12 35 

4 3 3 3 3 12 47 

5 3 3 3 2 11 58 

6 3 3 3 3 12 70 

7 3 3 3 3 12 82 

8 3 3 3 3 12 94 

9 3 3 3 3 12 106 

10 3 3 3 3 12 118 

11 3 3 3 3 12 130 
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12 3 3 3 3 12 142 

13 3 3 3 3 12 154 

14 3 3 3 3 12 166 

15 3 3 3 3 12 178 

16 3 3 3 3 12 190 

17 3 3 3 3 12 202 

18 3 3 3 3 12 214 

19 3 3 3 3 12 226 

20 3 3 3 3 12 238 

21 3 3 3 3 12 250 

22 3 3 3 3 12 262 

23 3 3 3 3 12 274 

24 3 3 3 3 12 286 

25 3 3 3 3 12 298 

26 3 3 3 3 12 310 

27 3 3 3 3 12 322 

28 3 3 3 2 11 333 

29 3 3 3 2 11 344 

30 3 3 3 2 11 355 

31 3 3 2 END 8 363 

32 END END END 
 

0 363 

 

 

Table Z.17 Results of Session 17, Control session 8 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 2 3 3 3 11 11 

2 3 3 3 3 12 23 

3 3 3 3 3 12 35 

4 2 2 3 3 10 45 

5 1 3 3 3 10 55 

6 3 3 3 3 12 67 

7 3 3 3 3 12 79 

8 2 3 3 3 11 90 

9 1 3 3 3 10 100 

10 2 3 3 3 11 111 

11 3 3 3 3 12 123 

12 3 3 3 3 12 135 



Texas Tech University, Leonidas Guadalupe, December 2014 

225 

13 2 3 3 3 11 146 

14 1 3 3 3 10 156 

15 2 3 3 3 11 167 

16 3 3 3 3 12 179 

17 3 3 3 3 12 191 

18 2 3 3 3 11 202 

19 1 3 3 3 10 212 

20 2 2 3 3 10 222 

21 3 3 3 3 12 234 

22 3 3 3 3 12 246 

23 2 3 3 3 11 257 

24 3 3 3 3 12 269 

25 2 3 3 3 11 280 

26 3 3 3 3 12 292 

27 1 3 3 3 10 302 

28 3 3 3 3 12 314 

29 2 3 3 3 11 325 

30 2 3 3 3 11 336 

31 1 3 3 3 10 346 

32 2 3 3 3 11 357 

33 3 3 3 3 12 369 

34 END END END END 0 369 

 

 

Table Z.18 Results of Session 18, Control session 9 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 3 3 3 12 36 

4 3 3 3 3 12 48 

5 3 3 3 3 12 60 

6 3 3 3 3 12 72 

7 3 3 3 3 12 84 

8 3 3 3 3 12 96 

9 3 3 3 3 12 108 

10 3 3 3 3 12 120 

11 3 3 3 3 12 132 
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12 3 3 3 3 12 144 

13 3 3 3 3 12 156 

14 3 3 3 3 12 168 

15 3 3 3 3 12 180 

16 3 3 3 3 12 192 

17 3 3 3 3 12 204 

18 3 3 3 3 12 216 

19 3 3 3 3 12 228 

20 3 3 3 3 12 240 

21 3 3 3 3 12 252 

22 3 3 3 3 12 264 

23 3 2 3 3 11 275 

24 3 3 3 3 12 287 

25 3 3 3 3 12 299 

26 3 3 3 3 12 311 

27 3 3 3 3 12 323 

28 3 3 3 3 12 335 

29 3 3 3 3 12 347 

30 3 3 1 END 7 354 

31 END END END 

 

0 354 

 

 

Table Z.19 Results of Session 19, Control session 10 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 3 3 3 12 36 

4 3 3 3 3 12 48 

5 3 3 3 3 12 60 

6 3 3 3 3 12 72 

7 3 3 3 3 12 84 

8 3 3 3 3 12 96 

9 3 3 3 3 12 108 

10 3 3 3 3 12 120 

11 3 3 3 3 12 132 

12 3 3 3 3 12 144 

13 3 3 3 3 12 156 
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14 3 3 3 3 12 168 

15 3 3 3 3 12 180 

16 3 3 3 3 12 192 

17 3 3 3 3 12 204 

18 3 3 3 3 12 216 

19 3 3 3 3 12 228 

20 3 3 3 3 12 240 

21 3 3 3 3 12 252 

22 3 3 3 3 12 264 

23 3 3 3 3 12 276 

24 3 3 3 3 12 288 

25 3 3 3 3 12 300 

26 3 3 3 3 12 312 

27 3 3 3 3 12 324 

28 3 3 3 3 12 336 

29 3 3 3 2 11 347 

30 3 3 3 3 12 359 

31 END END END END 0 359 

 

 

Table Z.20 Results of Session 20, Treatment session 10 

Season Apollo 1 Apollo 2 Apollo 3 Apollo 4 
Season 

Total 

Cumulative 

Total 

1 3 3 3 3 12 12 

2 3 3 3 3 12 24 

3 3 3 3 3 12 36 

4 3 3 3 3 12 48 

5 3 3 2 3 11 59 

6 3 3 3 3 12 71 

7 3 3 3 3 12 83 

8 3 3 3 3 12 95 

9 3 3 3 3 12 107 

10 3 3 3 3 12 119 

11 3 3 3 3 12 131 

12 3 3 3 3 12 143 

13 3 3 3 3 12 155 

14 3 3 3 3 12 167 

15 3 3 3 3 12 179 
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16 3 3 3 3 12 191 

17 3 3 3 3 12 203 

18 3 3 3 3 12 215 

19 3 3 3 3 12 227 

20 3 3 3 3 12 239 

21 3 3 3 3 12 251 

22 3 3 3 3 12 263 

23 3 3 3 3 12 275 

24 3 3 3 3 12 287 

25 3 3 3 3 12 299 

26 3 3 3 3 12 311 

27 3 3 3 3 12 323 

28 3 3 3 3 12 335 

29 3 3 3 3 12 347 

30 3 3 1 1 8 355 

31 1 1 1 1 4 359 

32 1 1 1 1 4 363 

33 1 1 1 1 4 367 

34 1 1 1 1 4 371 

35 1 1 1 1 4 375 

36 END END END END 0 375 
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APPENDIX P 

22. ADDITIONAL ASSUMPTION TESTING 

 

 
Figure P.1 Graph of average cumulative trend for all sessions, seasons 1-20 

 

 

Table P.1 SSCUSUMT for the average cumulative trend of all sessions, seasons 1-20  

𝑡𝑖 𝑦𝑖 𝑎𝑖 𝑏𝑖 𝑀𝑆𝐸𝑖 𝑇𝑖 𝑈𝑖 𝐶𝑖
+ 𝐶𝑖

− 
1 11.55 - - - - - - - 

2 23.00 0.10 11.450 - - - - - 

3 34.35 0.17 11.400 0.0017 - - - - 

4 45.75 0.18 11.395 0.0009 -0.2236 -0.1988 0 0 

5 57.05 0.22 11.375 0.0019 -2.1381 -1.5431 0 0.0431 

6 68.45 0.22 11.373 0.0015 -0.2364 -0.2221 0 0 

7 79.75 0.24 11.364 0.0019 -1.5302 -1.3214 0 0 

8 91.10 0.26 11.360 0.0019 -1.0127 -0.9349 0 0 

9 102.40 0.28 11.353 0.0024 -1.6961 -1.4997 0 0 

10 113.95 0.25 11.361 0.0036 2.3105 1.9620 0.4620 0 

11 125.25 0.24 11.362 0.0033 0.4102 0.3974 0 0 

12 136.70 0.23 11.366 0.0038 1.5788 1.4559 0 0 

13 148.15 0.20 11.372 0.0051 2.2070 1.9639 0.4639 0 

14 159.60 0.17 11.377 0.0071 2.3342 2.0766 1.0406 0 

15 171.15 0.13 11.385 0.0124 3.2880 2.7525 2.2931 0 

16 182.90 0.06 11.399 0.0317 4.7813 3.6175 4.4105 0 

17 194.60 -0.03 11.414 0.0605 3.8245 3.1433 6.0538 0 

18 206.30 -0.13 11.429 0.0960 3.2251 2.7875 7.3414 0 

19 217.90 -0.23 11.443 0.1269 2.5430 2.3074 8.1487 0 

20 229.50 -0.31 11.455 0.1536 2.1888 2.0330 8.6817 0 

*OC when 𝐶𝑖
+ or 𝐶𝑖

− are above 1.61. 
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Figure P.2 Autocorrelation test for 𝑈𝑖 in Table P.1 

 

 

 
Figure P.3 Normality test for 𝑈𝑖 in Table P.1 
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Test and CI for One Variance: U(i)  

 
Method 

 

Null hypothesis         σ = 1 

Alternative hypothesis  σ ≠ 1 

 

The chi-square method is only for the normal distribution. 

The Bonett method is for any continuous distribution. 

 

 

Statistics 

 

Variable   N  StDev  Variance 

U(i)      17   1.74      3.04 

 

 

95% Confidence Intervals 

 

                         CI for        CI for 

Variable  Method          StDev       Variance 

U(i)      Chi-Square  (1.30, 2.65)  (1.69, 7.05) 

          Bonett      (1.43, 2.41)  (2.03, 5.82) 

 

 

Tests 

 

                           Test 

Variable  Method      Statistic  DF  P-Value 

U(i)      Chi-Square      48.67  16    0.000 

          Bonett              —   —    0.000 

Figure P.4 Hypothesis test for 𝑈𝑖 in Table P.1 

 

 
Figure P.5 Graph of average trend for treatment sessions, seasons 1-20 
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Table P.2 SSCUSUMT for the average of treatment sessions, seasons 1-20  

𝑡𝑖 𝑦𝑖 𝑎𝑖 𝑏𝑖 𝑀𝑆𝐸𝑖 𝑇𝑖 𝑈𝑖 𝐶𝑖
+ 𝐶𝑖

− 
1 11.70 - - - - - - - 

2 11.40 12.00 -0.300 - - - - - 

3 11.30 11.87 -0.200 0.0067 - - - - 

4 11.30 11.75 -0.130 0.0115 1.5652 1.1316 0 0 

5 11.30 11.67 -0.090 0.0130 1.1795 0.9899 0 0 

6 11.20 11.65 -0.080 0.0103 0.4237 0.3951 0 0 

7 11.20 11.61 -0.068 0.0096 0.8160 0.7539 0 0 

8 11.40 11.53 -0.040 0.0185 2.5556 2.0196 0.5196 0 

9 11.20 11.53 -0.038 0.0160 0.1863 0.1797 0 0 

10 11.50 11.45 -0.019 0.0245 2.2936 1.9507 0.4507 0 

11 11.20 11.46 -0.021 0.0219 -0.2463 -0.2393 0 0 

12 11.60 11.40 -0.006 0.0304 2.2063 1.9435 0.4435 0 

13 11.60 11.35 0.003 0.0328 1.3689 1.2865 0.2300 0 

14 11.60 11.33 0.009 0.0326 0.9514 0.9153 0 0 

15 11.60 11.31 0.012 0.0312 0.6734 0.6552 0 0 

16 11.70 11.28 0.017 0.0310 0.9618 0.9300 0 0 

17 11.60 11.28 0.017 0.0290 0.1634 0.1607 0 0 

18 11.70 11.27 0.019 0.0278 0.5659 0.5545 0 0 

19 11.60 11.27 0.019 0.0262 -0.1794 -0.1768 0 0 

20 11.50 11.28 0.017 0.0257 -0.8117 -0.7935 0 0 

*OC when 𝐶𝑖
+ or 𝐶𝑖

− are above 1.61. 

 

 

 

 
Figure P.6 Autocorrelation test for 𝑈𝑖 in Table P.1 
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Figure P.7 Normality test for 𝑈𝑖 in Table P.1 

 

 

Test and CI for One Variance: U(i)  

 
Method 

 

Null hypothesis         σ = 1 

Alternative hypothesis  σ ≠ 1 

 

The chi-square method is only for the normal distribution. 

The Bonett method is for any continuous distribution. 

 

 

Statistics 

 

Variable   N  StDev  Variance 

U(i)      17  0.794     0.631 

 

 

95% Confidence Intervals 

 

                                          CI for 

Variable  Method       CI for StDev      Variance 

U(i)      Chi-Square  (0.592, 1.209)  (0.350, 1.461) 

          Bonett      (0.596, 1.197)  (0.355, 1.432) 

 

 

Tests 

 

                           Test 

Variable  Method      Statistic  DF  P-Value 

U(i)      Chi-Square      10.09  16    0.277 

          Bonett              —   —    0.248 

Figure P.8 Normality test for 𝑈𝑖 in Table P.1 
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APPENDIX Q 

23. RANDOMIZATION ASSUMPTION TESTING 

Sample of 𝑈𝑖statistics from trends composed of random cumulative harvest from eight valid 

control sessions. 

 

Season 𝑈𝑖1 𝑈𝑖2 𝑈𝑖3 𝑈𝑖4 𝑈𝑖5 𝑈𝑖6 𝑈𝑖7 𝑈𝑖8 𝑈𝑖9 𝑈𝑖10 

4 1.175 -1.959 -0.296 0.282 1.132 2.292 0.772 1.493 -1.237 0.940 

5 0.511 0.220 -1.012 -0.661 0.359 1.114 -1.131 0.000 1.456 -1.520 

6 0.172 3.319 0.864 0.166 -0.167 0.219 1.256 0.703 -1.023 -0.210 

7 0.120 1.168 -1.284 0.666 0.651 -0.079 0.856 1.034 2.110 1.861 

8 -0.300 0.435 1.140 -0.386 -0.140 -0.282 0.503 0.000 -0.609 1.380 

9 -0.376 0.291 1.109 -3.668 -3.128 -1.911 -0.691 0.000 -1.230 0.396 

10 -2.018 0.511 0.435 1.705 1.100 0.618 -0.464 -3.154 1.836 -1.653 

11 -2.241 -2.598 0.337 -1.239 0.545 0.511 -0.075 0.953 -1.357 0.942 

12 1.449 -0.950 0.643 0.595 -1.658 0.431 -2.779 -2.229 2.172 0.746 

13 -0.951 -0.826 -2.667 1.381 1.757 0.582 -2.505 0.208 1.480 -0.019 

14 1.561 -0.608 -1.684 -0.208 -2.460 -1.091 1.466 -1.707 1.122 -1.601 

15 1.244 -0.704 1.459 -2.239 -0.729 -2.922 1.287 1.913 -1.683 1.378 

16 1.032 -0.907 1.150 0.312 2.080 -2.512 1.046 0.055 1.072 1.093 

17 1.134 -0.228 -0.509 1.557 1.381 1.786 -2.135 1.640 -1.114 0.654 

18 -1.776 2.841 -1.654 -2.049 1.365 1.190 1.275 1.327 1.201 -2.240 

19 1.057 -0.705 1.219 1.657 1.135 -0.220 -0.192 1.108 1.012 -0.105 

20 -1.868 -0.319 1.039 1.382 0.747 -1.830 -0.200 -0.891 -0.362 -1.656 

21 -1.373 1.319 -2.058 0.950 -0.683 -1.444 1.146 -2.364 1.228 -1.225 

22 -1.132 -0.089 -0.160 0.732 -0.528 2.008 0.670 -1.817 -0.551 -0.803 

23 -0.832 -0.058 -0.186 -1.874 0.883 0.070 -1.744 0.053 -1.767 1.452 

24 0.564 3.041 1.728 -1.757 -2.052 1.766 -0.269 1.914 -1.372 1.959 

25 2.340 2.306 1.125 1.510 -1.682 -0.285 1.289 1.613 0.658 1.362 

26 1.921 -0.605 -1.782 -1.257 1.662 1.638 1.464 -1.869 1.695 -0.146 

27 1.634 0.884 1.580 -1.200 -1.728 -1.589 -0.121 1.643 1.454 -1.527 

28 0.085 1.926 -2.143 -0.941 1.672 1.641 1.265 -1.488 0.552 -1.317 

29 -0.470 -0.975 -0.002 -1.249 1.460 1.243 -2.381 -1.299 -0.858 -1.148 

30 -1.447 -1.248 -1.489 -0.662 -0.351 -2.051 -1.604 -1.145 -2.222 -0.632 
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APPENDIX R  

24. TIMELINE OF EVENTS  

The following is a list of historical events that make statistical monitoring of dynamic 

economic behavior possible. This is not a comprehensive, but serves to give the reader basic 

background knowledge. 

Date Event Source 

1738 Bernoulli - expected utility theory (Sewell, 2007, p. 2) 

1877 Sir Francis Galton wrote a paper which explained reversion of 

sweet pea traits, which started the concept of regression and 

regression analysis. 

("probability and 

statistics," 2012) 

1959 Roberts introduced the EWMA process. (Montgomery, 

2013, p. 11) 

1896 Gustave le Bon wrote "The Crowd: A Study of the Popular 

Mind". One of the greatest and most influential books of social 

psychology ever written" 

(Sewell, 2007, p. 1) 

1912 Selden wrote "Psychology of the Stock Market". Proposes that 

price movements on exchanges are dependent on the mental 

attitude of the investing and trading public. 

(Sewell, 2007, p. 1) 

1931 Walter Shewhart develops the concept of statistical control. (Shewhart, 1931) 

1931 Shewhart publishes Economic control of quality of 

manufactured product. This launches the field of Statistical 

Process Control.  

(Tercero-Gómez, 

2011, p. 1)  

1954 Page develops CUSUM charts, creating powerful tool to detect 

relatively small departures from specification. 

(Montgomery, 

2013, p. 416)  

1954 Von Neuman and Morgenstern - expected utility theory (Sewell, 2007, p. 2) 

1956 Leon Festinger introduces the theory of cognitive dissonance. 

Explains what happens when two cognitions are inconsistent. 

People will end up changing beliefs in order to avoid the state of 

cognitive dissonance. 

(Sewell, 2007, p. 1) 

1958 Quandt develops a test for normally distributed errors in The 

estimation of the parameters of a linear regression System 

Obeying Two Separate Regimes. This begins the field of change-

point analysis for deterministic trends. 

(Tercero-Gómez, 

2011, p. 3) 

1964 Pratt considers integrating utility functions, risk aversion and 

consideration of risk into total assets 

(Sewell, 2007, p. 1) 

1969 Kahneman and Tversky meet (Kahneman, 2011, 

p. 4) 

1969 Mandel creates regression control chart (Mandel, 1969) 
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Date Event Source 

1971 Thomas C. Schelling wrote article investigating models of white 

flight and how individual motivations create an overreaction by 

the general population 

(Schelling, 1971) 

1973 Kahneman and Tversky introduce availability heuristic to 

explain that human use easily accessible information to make 

decisions. 

(Sewell, 2007, p. 1) 

1974 Kanhneman and Tversky publish "Judgment under uncertainty: 

Heuristics and biases" in Science. Introduce representativeness, 

anchoring and adjustment, and availability biases. 20 or so 

biases discussed 

(Sewell, 2007, p. 2; 

Kahneman, 2011, 

p. 8) 

1978 Thomas C. Schelling wrote Micromotives and Macrobehavior 

which discusses how individual behaviors cause inefficient 

systems 

(Schelling, 1978) 

1979 Kanhneman and Tversky publish "Prospect Theory: An analysis 

of Decision Under Risk." 

(Kahneman, 2011, 

p. 10) 

1980 Ricard ThalerPublishes an Article in the journal of Economic 

Behavior and organizationRicard Thaler finds that people are 

willing to pay to avoid regret. 

(Belsky & 

Gilovich, 2010, p. 

89) 

1980 Richard Thaler proposes that Prospect theory be used as an 

alternative descriptive theory 

(Sewell, 2007, p. 2) 

1981 Tversky and Kanhneman publish "the framing of decision and 

psychological choice"explains that the framing of a questiong 

will alter the perception of the decision maker. 

(Sewell, 2007, p. 2) 

1982 Nelson and Plossner publish Trends and random walks in 

macroeconmic time series: Some evidence and implications. 

This proves that macroeconomic aggregates (such as GDP) are 

better represented by a random walk with drift, or an integrated 

process of order 1, instead of one with a deterministic trend. 

(Tercero-Gómez, 

2011, p. 3)  

1987 Hawkins develops the Self-starting CUSUM chart (Hawkins, 1987) 

1989 Yashchin proposes 2 weighted CUSUM charts. One for when 

process sample sizes vary over time and one for when the 

process mean has a linear drift (not a step change). 

(Shu, Jiang, & 

Tsui, 2008) 

1991 Control chart based on regression adjusted variables was 

proposed by Hawkins. He assumes that a shift only occurs in a  

single variable and proposes that the relationship of the shifting 

variable and the other variables be controlled with a Shewhart 

and CUSUM chart applied to the residuals from their regression. 

(Shu et al., 2004; 

Shu, Tsui, & 

Tsung, 2007) 

1992 Zhang updated the regression control chart. (Shu et al., 2007) 
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Date Event Source 

1993 Wade and Woodall simplify the interpretation of the OC signals 

for a multistage process monitored by a regression control chart. 

(Shu et al., 2007) 

1993 Hawkins modifies the technique to control based on adjusted 

variables. He only uses upstream observations as the 

independent variables in the regression. This makes a cascade 

effect. Checks regression of 1, if not OC, ok next regression.  

(Shu et al., 2004; 

Shu et al., 2007) 

1994 first time CUSUM used to monitor surgical performance 

commonly used to accommodate for surgery mortality risk 

(Grunkemeier et 

al., 2003, p. 663) 

1998 Schaffer created multivariate self-starting Chart (Sullivan & Jones, 

2002a, p. 24) 

1999 Hauck, Runger and Montgomery “considered regression 

adjustment in the multivariate case” 

(Shu et al., 2007) 

2000 Kang and Albin propose the first commonly accepted methods 

of linear profile monitoring. These methods were to either 

monitor parameters, intercept, and slope with a multivariate T2, 

or to use an EWMA and R-charts to monitor average residuals 

between the sample and reference lines.  

(Kang & Albin, 

2000; Woodall et 

al., 2004) 

2000 Sparks developes the ACUSUM to create a better chart for 

detecting all types of shifts.  

(Shu, Jiang, et al., 

2008) 

2003 Kim, Mahmoud, and Woodall create the EWMA3 methodology 

to improve Kang and Albin’s methodology. 

(Woodall et al., 

2004, p. 313; Zou 

et al., 2006, p. 

1100) 

2004 Jones, Cham, and Rigdon provide a method for approximating 

the moment and the distribution of the CUSUM run length. 

(Li & Wang, 2010, 

p. 2) 

2006 Zantek shows that 𝑘 = 𝛿/2 is not an optimal reference value for 

detecting a shift of 𝛿. He designates the use of the golden section 

search criteria as the best way of selecting optimal reference 

values for the CUSUM of Q chart.  

(Li & Wang, 2010, 

p. 3) 

2002 Sullivan and jones propose a self-starting control chart for 

multivariate individual observations. 

(Li et al., 2010, p. 

4550) 

2003 Propose a change point model for online monitoring based on 

the likelihood ratio. This method can also be considered a self-

starting method. 

(Li et al., 2010, p. 

4538) 

2008 Adaptive CUSUM of the Q chart is developed which can detect 

the range of shifts adaptively. This method enhances 

Quesenberry’s method from 1995.   

(Li et al., 2010, p. 

4538) 

2009 McGrath and Beruvides introduce the I-RASR chart which 

addresses changes in deterministic trends by studying 

standardized residuals form a regression analysis. 

(Tercero-Gómez, 

2011, p. 2) 
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Date Event Source 

2009 Temblador developed several control charts for non-normal 

distributions. able to detect trend changes in non-normal process 

outputs. 

(Tercero-Gómez, 

2011, p. 2) 

2011 Tercero-Gómez completes Nonparametric change-point 

estimation for observations following a random walk with drift. 

This provides the ability to detect trend changes in non-normal 

and heterocedastic process  outputs 

(Tercero-Gómez, 

2011, p. 12) 
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APPENDIX S 

25. GLOSSARY 

The following is a list of terms that will help the reader familiarize themselves 

with the content within the dissertation. 

Term Definition 

𝑏1 The point estimator of  𝛽1. The sampling distribution of 𝑏1 could 

be gathered by repeatedly sampling while holding the predictor 

variable constant (Kutner et al., 2004, p. 41). 

Adaptive market 

hypothesis 

"Considers different market players from banks to mutual funds as 

a "species" that are competing for financial success. And it 

assumes players sometimes use seat of the pant heuristics describe 

by behavioral economics when investing (competing) and that 

they sometimes adopt irrational strategies, such as taking big risks 

during a losing streak" (Stix, 2009, p. 71). 

Affect heuristics Decisions are made by direct feeling of like or disliking, with little 

reasoning or deliberation (Kahneman, 2011, p. 12). 

Allowance A numerical control that is usually set halfway between the in-

control process mean and a process mean that is out of control, or 

is of interest (Montgomery, 2013, p. 418). 

Analytical 

procedure 

Mathematically deducing what should be the best fitting model 

parameters. This method is more feasible when the model is less 

complex. One of two methods used for finding least squared 

estimators. See also Numerical procedure (Kutner et al., 2004, p. 

17). 

Anchoring "a suggestion on how to begin thinking about something " (Stix, 

2009, p. 69). 

Animal Spirits Gut feelings (Stix, 2009, p. 67). 

Arbitrary 

coherence 

People fixate on a number value as an anchor even though it can 

be irrelevant to the valuation of the purchase (Ariely, 2008). 

ARL Average run length. Average time until an OC signal is raised. It 

can be used to help determine H and K. (Montgomery, 2013, pp. 

199,422) 

Assignable cause 

variation 

Variations due to unknown causes that do not belong in the 

constant system (Shewhart, 1931, p. 14). 

Asymmetric 

dominance 

The decoy affect (Ariely, 2008). 

Autocorrelation Future observations depend on previous ones (Tercero-Gómez, 

2011, p. 7). 

Availability bias Prompts the decisions based on the most recent information 

available to the person (Stix, 2009, p. 68). 
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Term Definition 

Basic income 

guarantee 

An income paid to all of the members of a group without requiring 

labor or testing in exchange in exchange (Pech, 2010, p. 2). 

Behavioral 

economic actors 

Cannot always recall why they made the choice they did. Has 

bounded rationality, makes mistakes, Can be unselfish. Can be 

influenced by norms, previous behavior, and institutions. Can also 

use assumptions of conventional economics and be influenced by 

price and income (Altman, 2012, p. 39). 

Behavioral 

economics 

The combination of psychology and economics to better predict 

economic decision making (Guadalupe & Beruvides, 2012a). "It is 

concerned with the decision-making process and the choices 

people make, paying special attention to the realism of simplifying 

assumptions" (Altman, 2012, p. 41). "The combination of 

economics and psychology that tries to capture human behavior in 

a more realistic, but at the same time systematic, manner” (Pech, 

2010, p. 1). 

Behavioral 

economist 

People "who study the role of psychology in making economic 

decisions" (Stix, 2009, p. 65). 

Behavioral 

finance 

How people lend and invest money (Chen & Krakovsky, 2010, p. 

8). "The study of the influence of psychology on the behavior of 

financial practitioners and the subsequent effect on markets." 

Helps to explain why and how markets operate inefficiently 

(Sewell, 2007, p. 1). subset of behavioral economics that deals 

with investment behavior (Stix, 2009, p. 68). 

Behavioral 

operations 

management 

How people make efficient use of resources (Chen & Krakovsky, 

2010, p. 8). 

Behavioral 

systems analysis 

deals with finding the appropriate fit between the assumptions 

pertaining to their subject matter and those of natural selection" 

Deals with three levels of analysis: the system as a whole, the 

meta-contingency, and the behavioral contingency. The main 

objective is to analyze complex systems in general and 

organization in particular (Delgado, 2012, pp. 17,19). 

Better fit Occurs when estimations are closer to observations (Tercero-

Gómez, 2011, p. 4). 

Blackboard 

economics 

"the economics of logical deduction and mathematical proof” 

(Altman, 2012, p. 24). 

Bounded 

rationality 

involves using heuristics (Altman, 2012, p. 11) "smart behavior 

that works within the neurological, psychological, and institutional 

bounds of the human condition." (Altman, 2012, p. 33) 

Case Each point in a scatter diagram. Also, see Trial. (Kutner et al., 

2004, p. 4) 

Chance cause 

variation 

Variation due to an unknown cause of a phenomenon (Shewhart, 

1931, p. 7). 
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Term Definition 

Change point 

analysis 

“The study of the problem to estimate the exact point of a change". 

The study of solving the change-point problem. It can be viewed 

as a complement of control chart methods (Tercero-Gómez, 2011, 

pp. 1,7,14). 

Change point 

estimation 

problem 

The identification of the real time when change occurs. It is 

important to solve because it will allow for faster and more apt 

corrective actions (Tercero-Gómez, 2011, p. 7). 

Change point 

model 

Focuses on finding the point in time where the model generating 

observations has changed (Montgomery, 2013, p. 490).  

Channel factors Minor situational details which can impact behavior (Bertrand, 

Mullainathan, & Shafir, 2004, p. 419) 

Cheap talk Non-binding agreements that are easily agreed upon because they 

are perceived as fair. They do not require monitoring or 

remuneration schemes (Buckley et al., 2013). 

Choice 

architecture 

The mapping of the choices put forward for consideration (Stix, 

2009, p. 69). 

Cliodynamics Application of scientific methods to history by identifying and 

modeling broad social forces that shape all human societies 

(Spinney, 2012). 

Coalition "A set of the population that has enough structure to arrive at a 

collective decision for its members, or for some among them, or 

for all of them with some probability, in this particular binary 

choice" (Schelling, 1978, p. 224). 

Coase theorem 

assertion 

“Subject to income effects, the allocation of resources will be 

independent of the assignment of property rigths when the costless 

trades are possible” (Camerer & Loewenstein, 2004, p. 55) 

Cognitive 

illusions 

Illusions of thought (Kahneman, 2011, p. 27). 

Cold State A state being where there is a lack of emotional or hormonal 

intensity (Ariely, 2008). 

Completely 

randomized 

design 

Experimental design where the assignment of treatment is 

completely random and all treatment combinations are equally 

likely. It uses a random number generator to assign order of 

treatments and or subjects. This technique is good for homogenous 

sample populations, but is not as efficient with heterogeneous 

sample populations (Neter et al., 1989, pp. 36-37; Kutner et al., 

2004, p. 13). 

Concession 

aversion 

A reluctance to accept a loss on any dimension of agreement. 

(Camerer & Loewenstein, 2004, p. 72). 

Confirmation 

bias 

"People overweight the information that confirms their point of 

view" (Stix, 2009, p. 68). 

Conspicuous 

consumption 

The purchase of positional goods (Pech, 2010, p. 12). 



Texas Tech University, Leonidas Guadalupe, December 2014 

242 

Term Definition 

Constraining 

identities 

"Mathematical conditions that cannot be evaded." ex. Someone 

has to be the last person (Schelling, 1978, p. 171). 

Consumer 

behavior 

Studies how shoppers choose what to buy (Chen & Krakovsky, 

2010, p. 8) 

Contingent 

behavior  

Behavior that is acted upon depending on the situation (Schelling, 

1978, p. 17) 

Continuous 

variables 

Age income, IQ, height, skill (Schelling, 1978, p. 170). 

Control A state of knowledge where the prediction of the variation of 

phenomena through the use of past experiences is possible, within 

approximate limits (Shewhart, 1931, p. 6). 

Control charts Useful tools for determining whether a process is in statistical 

control. They can be applied to any system that produces 

measureable output, and have become the "ideal tool for 

monitoring complex systems" (Tercero-Gómez, 2011, pp. 1-2).  

Crowding out 

effect 

When the introduction of a extrinsic incentive undermines the 

intrinsic motivation of a worker, effort levels decline. Instead of 

gauging and adjusting effort by "how much do I enjoy this" now 

effort is regulated by "how mcuh am I being paid for this" (Pech, 

2010, p. 10). 

Cultural 

evolution  

Occurs when the practices of the individuals contribute to the 

success of the group in solving its problems (as cited in Delgado, 

2012, p. 16). 

Cultural 

evolution 

selection process 

Occurs when it results in the success of a group (Delgado, 2012, p. 

16). 

Curse of 

knowledge  

People who know a lot find it hard to believe how little other 

know. 

CUSCORE A type of self-starting control chart that may be used when the 

fault signature is low (Capizzi & Masarotto, 2012, p. 192).  

CUSUM chart Capable of detecting small sustained changes (Tercero-Gómez, 

2011, p. 4). 

CUSUM status 

chart 

A graphical display of the tabular CUSUM (Montgomery, 2008, p. 

406). 

Decision 

paralysis  

Avoiding or delaying action due to loss aversion, fear of regret, 

preference for familiarity, and several other factors (Belsky & 

Gilovich, 2010, p. 78). 

Departures form 

control 

Shifts from mean and standard deviation (Hawkins, 1987, p. 300). 

Derivative A financial tool used to protect against risk. Was misused for 

speculation and contributed to credit crisis (Stix, 2009, p. 70). 

Discrete 

variables 

Religion, sex, "color", nationality, political party, and other 

dichotomous divisions (Schelling, 1978, p. 170). 
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Discriminatory 

individual 

behavior 

"Reflecting an awareness, conscious or unconscious, of sex or age 

or religion or color or whatever the basis of segregation is, an 

awareness that influences decisions on where to live, whom to sit 

by, what occupation to join or to avoid, whom to play with or 

whom to talk to" (Schelling, 1971, p. 144). 

Economic 

models 

"The tools we use to understand and explain economic behavior" 

(Altman, 2012, p. 1). "A simplification of the economic world that 

is designed to help us better understand and explain various 

aspects of the economy" (Altman, 2012, p. 20). Must be logically 

consistent. A good model produces good predictions (Altman, 

2012, p. 22). 

Efficiency wage 

theory 

see X-efficiency theory (Altman, 2012, p. 15). 

Efficient market 

hypothesis 

The price of the good reflects all past and current information 

about the good. The market will reach an equilibrium at the proper 

price point (Stix, 2009, p. 66). 

Efficient markets "If asset prices reflect the fundamental or intrinsic values of the 

real assets that they represent" (Altman, 2012, p. 16). 

Endowment 

effect  

Value increase because of ownership. "People tend to overvalue 

what belongs to them relative to the value they would place on the 

same possession or circumstances if it belonged to someone else" 

(Belsky & Gilovich, 2010, p. 93). Another manifestation of loss 

aversion. Too much emphasis placed on what they have to pay 

now versus the value of not taking action  (Belsky & Gilovich, 

2010, p. 94). 

Executive 

control 

Describes the adoption and termination of task sets (Kahneman, 

2011, p. 32). 

Expenditure 

cascade 

Upper class undergoes conspicuous consumption and puts 

pressure on the class beneath them to also engage in conspicuous 

consumption which in turn affects the class beneath them (Pech, 

2010, p. 13). 

Experimental 

data 

Data collected through experiments. When there is power to 

randomize the treatments it provides better insight into cause and 

effect relationships, because randomization of treatments balance 

out effects of any other variables that might affect the dependent 

variable (Neter et al., 1989, p. 36; Kutner et al., 2004, p. 13) 

Experimental 

unit 

The subject that is receiving the treatments of an experiment 

(Kutner et al., 2004, p. 13). 

Externality The cost or consequence of an action, which is paid by an external 

party that did not agree to pay that cost. (Levitt & Dubner, 2009, 

p. 171) 

Extrinsic 

incentive 

Money reward, or a fine (Pech, 2010, p. 9). 
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Fast thinking Includes both expert intuitions and heuristic intuitions, also 

include automatic mental activities (Kahneman, 2011, p. 13). 

First order model A model that is linear in its parameters and in the independent 

variable (Neter et al., 1989, p. 31; Kutner et al., 2004, p. 9). 

Framing effects  The way a question is asked has an effect (Tversky & Simonson, 

1993) 

Functional 

relationship 
Expressed by a mathematical formula 𝑌 = 𝑓(𝑋), in which the 

function determines the value of 𝑌, the dependent or response 

variable (Neter et al., 1989, p. 23). 

Gambler’s 

Fallacy  

If 3 “tails” were flipped people will be expecting heads to be 

flipped next. 

Gauss-Markov 

theorem 

Under the conditions of regression model, the least squares 

estimators 𝑏0 and 𝑏1 are unbiased and have minimum variance 

among all unbiased linear estimators. Therefore, they do not over 

or under estimate systemically. In addition, the least square 

estimators are more precise than any other estimator because the 

sampling distributions of 𝑏0 and 𝑏1 have smaller variability than 

those of any other estimators belonging to a particular class of 

estimators (Neter et al., 1989, p. 43; Kutner et al., 2004, p. 18). 

Good predictors accurate and consistent (LEO) 

ℎ The amplifier of the standard deviation in the composition of the 

decision interval 𝐻 = ℎ𝜎 (Montgomery, 2013, p. 422). 

Headstart Equivalent to Fast Initial Response (FIR). It begins the CUSUM 

control limits to some non-zero value. This will increase 

sensitivity and is desirable if unsure that the process will start up 

at the expected control (Montgomery, 2008, p. 410). 

Herding Following the behaviors of others (Stix, 2009, p. 68). 

Heterodasticity The characteristic of experiencing multiple variances. Experiences 

changes in variance (Tercero-Gómez, 2011, p. 7).  

Heuristics Decision making shortcuts (Altman, 2012, p. 1). Decision making 

shortcuts used to make decisions due to lack of unbounded 

knowledge (Altman, 2012, p. 33). Rules of thumb used by 

decision makers (Kahneman, 2011, p. 7). 

Hindsight bias "The feeling that something was known all along" (Stix, 2009, p. 

68). 

Homocedasticity The characteristic of experiencing only one variance, or equivalent 

variances. No changes in variance (Tercero-Gómez, 2011, p. 7). 

Homo-

economicus 

"A purely rational being motivated by self-interest" (Stix, 2009, p. 

66). 

Hot State A state being of emotional or hormonal intensity (Ariely, 2008). 

House edge The difference between the casinos expected winnings and the 

player's expected winnings (Chen & Krakovsky, 2010, p. 220). 
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House money 

effect 

(Thaler & Johnson, 1990) 

Ignorance Context where even the set of states is not defined or impossible to 

identify exhaustively (Liabson & Zeckhauser, 1998, p. 27). 

Immediacy effect  Future utility is discounted dramatically when one delays 

consumption that would otherwise be immediate(Read, 

Loewenstein, & Kalyanaraman, 1999). 

Impossibility 

theorem 

"Given the orderings of consequences by a number of individuals, 

no group ordering of these consequences exists that satisfies a set 

of seemingly reasonable behavioral assumptions" (as cited in 

Eliashberg & Winkler, 1981, p. 1221) 

Interlocking 

behavioral 

contingencies 

An IBC is a sequence of behaviors exhibited by many individuals 

which have components that interact with other individual's 

behavioral contingencies (Glenn, 2004; as cited in Delgado, 2012, 

pp. 15,20). 

Intrinsic 

motivation 

The pure enjoyment of performing a task. High level of effort is 

given without needing compensation (Pech, 2010, p. 8). 

Intuition Human ability to recognize subtle clues from the environment. 

Can be built through experience or affect bias (Kahneman, 2011, 

p. 11). 

Intuitive 

heuristics 

When faced with a difficult question we often substitute an easier 

question to answer without noticing (Kahneman, 2011, p. 12). 

Irrationality  Making decisions that are different than what economic rationality 

predicts (Michel-Kerjan & Slovic, 2010).  

Least squares 

estimation 
Procedure done by finding the estimates of 𝑏0 and 𝑏1 which 

minimize 𝑄. The estimates provide a good fit of the linear 

regression function (Neter et al., 1989, p. 40; Kutner et al., 2004, 

p. 16). 

Least squares 

regression 

properties 

(1) The sum of the residuals is zero. (2) The sum of squared 

residuals is at a minimum because of the least squares method 

used to find 𝑏0 and 𝑏1. (3) The sum of the fitted values is equal to 

the sum of the observed values. (4) The sum of the weighted 

residuals is zero when it is weighted by its independent 

variable 𝑋𝑖. (5) The sum of the weighted residuals is zero when it 

is weighted by fitted value �̂�. (6) The regression line always goes 

through the point 𝑋,̅ �̅� (Neter et al., 1989, p. 49). 

Libertarian 

paternalism 

Government regulations slightly influencing people away from 

poor decision making (Thaler & Sunstein, 2008). 

Likelihood 

function 

The product of the probability densities calculated with unknown 

parameters (Kutner et al., 2004, p. 29). 

Likelihood value The product of the probability densities for each observation. The 

bigger the likelihood the better the parameter fits the observed to 

the specified probability function (Kutner et al., 2004, p. 28). 
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Linear profile A relation between a response variable and a single explanatory 

variable (Amiri et al., 2013). 

Living system A living system is simply a system that experiences different 

stages of a lifecycle (Von Bertalanffy, 1969). 

Loss aversion People are willing to trade wealth in order to avoid losing, or to 

gain certainty (Altman, 2012, p. 12). Stronger desire to avoid loss 

than experience a gain of equal magnitude (Camerer & 

Loewenstein, 2004). "The aggravation that one experience in 

losing a sum of money appears to be greater than the pleasure 

associated with the same amount" (Kahneman & Tversky, 1979, p. 

279). Economic agents value losses more than consumerate gains. 

The value function is kinked at the reference point and there is a 

steeper gradient for losses than for gains (Pope & Schweitzer, 

2011, p. 131). 

Macrobehavior A set of behaviors by many different people which produce an 

effect that is not accounted for by the individual behaviors 

(Delgado, 2012, p. 15). 

Martingale 

strategy 

A gambling strategy in which you begin by placing a small bet. If 

you win you continue to gamble with the same amount. If you lose 

you should double your bet in order to gain your money back. This 

strategy misunderstands the law of large numbers because the 

outcomes do not balance in the short run, only in the long run 

(Chen & Krakovsky, 2010, p. 11). 

Maximum 

likelihood 

estimation 

Method to estimate function parameters (𝛽0, 𝛽1, 𝜎2) that can be 

used when the functional form of the probability distribution of 

the error term is specified. Essentially it identifies the estimates of 

the parameters that are most consistent with the sample data. It 

uses the probability distribution's density at 𝑌𝑖 as a measure of 

consistency with the observation (Kutner et al., 2004, pp. 27-28). 

Maximum 

likelihood 

estimators 

The estimated values of the parameters that maximize the 

likelihood value function (Kutner et al., 2004, p. 31). 

Mean response The mean of the probability distribution of 𝑌 corresponding to the 

level of  𝑋, the independent variable. 𝐸[𝑌] (Neter et al., 1989, p. 

45; Kutner et al., 2004, p. 21). 

Mental 

accounting 

"Is the set of cognitive operations used by individuals and 

households to organize evaluate and keep track of financial 

activities" (Sewell, 2007, p. 3). 

Mental effort work done by the mind (system 2) which has an effect of dilating 

the pupils (Kahneman, 2011, p. 32) 

Metacontingency “A conglomerate of interlocking behavioral contingencies 

containing the behavior of multiple individuals, which generates a 

product that has a demand” (Malott, 2003, p. 39). (Delgado, 2012, 

p. 15) 
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Money illusion Occurs "when people ignore obvious information about the 

distorting effects of inflation on a purchase and, in an irrational 

leap, decide that the thing is worth much more than it really is." 

(Stix, 2009, p. 64) 

Monotonic 

trends 

A trend that changes a system in one direction slowly and 

gradually (NNSMP, 2011, p. 1).  

Narrow 

bracketing 

Describes how individuals separate or bracket related decisions 

(Pope & Schweitzer, 2011, p. 132). 

Nash equilibrium "A strategy profile is a nash equilibrium if each player's strategy 

maximizes his or her payoff, given the strategies used by the other 

players" (Harrington, 2009, p. 90). 

Negative 

externalities 

Costs that must be paid by participants not directly involved by a 

decision that creates the costs.(Levitt & Dubner, 2009). 

Neuroeconomics "One of the newest components of behavioral economics. It 

involves the study of the brain and how the brain impacts our 

understanding of economic behavior. Suggest unconventional 

behavior is hard wired to the brain (Altman, 2012, p. 41). The 

study of brain imaging with relation economic decision making 

(Stix, 2009, p. 68). 

Non-zero slope “Non-zero slope behavior is a term that arises from the idea that a 

system composed of one or many biological systems tends to grow 

over time” (as defined in Guadalupe et al., 2013b) 

Normal 

equations 

Simultaneous equations that can be transformed to solve for the 

point estimators 𝑏0 and 𝑏1. They are derived by taking partial 

derivatives of the functional relationship (Neter et al., 1989, p. 42; 

Kutner et al., 2004, p. 17). 

Numerical search 

procedures 

Trial and error search for better fitting models. One of two 

methods used for finding least squared estimators (Kutner et al., 

2004, p. 17). See also Analytical procedure  

Observational 

data 

Non-experimental data obtained without controlling the 

independent variables of interest. It does not provide information 

on cause and effect relationships (Neter et al., 1989, p. 35; Kutner 

et al., 2004, p. 13).  

Ordinal utility 

functions 

Value can be calculated in reference to each other. One is greater 

than the other but cannot say by how much.  

Organizational 

behavior 

Studies how people act in groups (Chen & Krakovsky, 2010, p. 8). 

Overconfidence Over estimating our abilities (Stix, 2009, p. 68). 

Pareto optimality Maximum benefit that can be had without causing disbenefits to 

others.  

Phase I The first phase of SPC. The objective during this phase is to bring 

the process to statistical control with the aid of control charts 

(Montgomery, 2013, p. 206). 
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Positional 

externalities 

A cost associated with the adjustment of status for an individual in 

a society (Pech, 2010, p. 12). 

Possible process 

change 

Occurs when an observation crosses the upper or lower statistical 

control limits (Tercero-Gómez, 2011, p. 7).  

Predicted value The value of a new value that is independent of the previous trials 

which created the regression on which the prediction is based 

(Kutner et al., 2004, p. 56). 

Predictor 

variable 

It is the independent variable in a  functional relationship (Neter et 

al., 1989, p. 25). 

Preference 

reversal 

When the preference of an individual is changed from their 

original preference. 

Price bubbles Occurs when "prices deviate enormously from their fundamental 

levels" (Altman, 2012, p. 16). 

Principal-agent 

problems 

Conflict within a firm on decision preferences. An example would 

be when the worker and manager disagree on what should be 

done. The solution is based around getting the agent to act 

according to the desires of the principal. Getting the worker to do 

what the manager wants him to do (Altman, 2012, p. 30). 

Profile A relation between a response variable and one or more 

independent variables (Amiri et al., 2013). 

Profile 

Monitoring 

Monitors the changes in the y-intercept, slope and process 

variation (Shu et al., 2007)  

Properties of a 

fitted regression 

line 

(1) The sum of the residuals is zero. (2) The sum of the squared 

residuals is a minimum. (3) The sum of the observed values equals 

the sum of the fitted values. (4) The sum of the weighted residuals 

is zero when each residual is weighted by its corresponding level 

of the predictor variable. (5) The sum of the weighted residuals is 

zero when each residual is weighted by its corresponding level of 

fitted value. (6) The regression line will always go through the 

average 𝑋 and 𝑌 (Kutner et al., 2004, p. 23). 

Properties of 

maximum 

likelihood 

estimators 

The estimators �̂�0 and �̂�0 have the same properties of the least 

squared estimators 𝑏0 and 𝑏1. They can be derived through partial 

differentiation of the likelihood function or log likelihood function 

(Kutner et al., 2004, p. 32). 

Purpose of 

Regression 

Analysis 

To describe, control, and predict (Neter et al., 1989, p. 31). 

Purposive 

behavior 

Behavior acted upon to achieve a goal (Schelling, 1978, p. 17). 

P-value Observed level of significance (Kutner et al., 2004, p. 48) 

Rational 

behavior 

Maximizing self-wealth, self-focus, profit maximization, 

calculative, forward looking, consistent preferences, strong 

willpower (Altman, 2012, p. 36). 
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Rational decision 

making 

A complex process composed of nine steps. (1) Recognize the 

problem. (2) Define the goal or objective. (3) Assemble relevant 

data. (4) Identify feasible alternatives. (5) Select the criterion to 

determine the best alternative. (6) Construct a model. (7) Predict 

each alternatives outcomes or consequences. (8) choose the best 

alternative. (9) audit the result. (Newnan, Eschenbach, & Lavelle, 

2012, p. 7) 

Rational 

individuals 

"Make forward-looking, maximizing, and consistent choices." - 

Gary Becker (Altman, 2012, p. 37) 

Rational 

subgroup 

A sample of points whose collective parameters represent one 

observation for a control chart. This reduces the chance of an 

outlier signaling an OC datum (Montgomery, 2013). 

Reference 

material 

Material similar to the production material, but with the exact 

properties known. It is used to assess the bias and precision of 

processes that measure the production material (Hawkins, 1987, p. 

299). 

Reference value Equivalent to the slack value or allowance 𝐾 (Montgomery, 2008, 

p. 404). 

Regression 

analysis 

A statistical tool that used to predict a variable through the use of 

the relationship between it and other quantitative variables (Neter 

et al., 1989, p. 23). 

Regression 

Control Chart 

Monitors the Y-intercept with the residuals of the regression (Shu 

et al., 2007). 

Regression curve The graphing of the regression function (Kutner et al., 2004, p. 6). 

Regression 

model 
Formally expresses (1) the tendency of the dependent variable 𝑌 to 

vary with the independent variable in systematic fasion, and (2) a 

scattering of points around the curve of statistical relationship. 

However, it does not imply causality. It only describes statistical 

relations between variables (Neter et al., 1989, pp. 26-27). 

Regression 

model features 
(1) Variable 𝑌 is random. (2) Because error is expected to be zero, 

the regression function relates the means of the probability 

distributions of  𝑌 for a given 𝑋 to the level of 𝑋. (3) Variable 𝑌 

will exceed or fall short of the value of the regression function by 

the error term. (4) It assumes that the probability distributions of 𝑌 

have the same variance, regardless of the level of the independent 

variable 𝑋. (5) Error terms are assumed to be uncorrelated. (6) 

Any two observations of 𝑌 are uncorrelated (Neter et al., 1989, p. 

32). 

Regression 

postulations 
There is a probability distribution of 𝑌 for each level of 𝑋 and the 

means of these probability distributions vary in some systematic 

fashion with 𝑋 (Neter et al., 1989, p. 27). 

Regret aversion Aversion towards the pain of regret and responsibility for negative 

outcomes (Belsky & Gilovich, 2010, p. 97). 

Relative position One person’s wealth compared to another (Altman, 2012, p. 14). 
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Rent seeking 

behavior 

Trading short term gains for long term gains (Altman, 2012, p. 

36). 

Representative 

agent model 

Individuals should have the same preferences, therefore one agent 

can represent many individuals (Altman, 2012, p. 29). 

Representative-

ness heuristic  

Explains how probabilities are evaluated by the degree to which 

an event or object is similar to another class of events or objects 

(Liabson & Zeckhauser, 1998, p. 9). 

Residual The difference between the observed value and the corresponding 

fitted value. It is the vertical deviation of 𝑌𝑖 from the fitted value 

of 𝑌𝑖 on the estimated regression line. It is used for determining 

appropriateness of a given regression model (Neter et al., 1989, p. 

47). 

Risk shift Economic agents are risk seeking when dealing with losses and 

risk averse when dealing with gains. Also, "The utility function is 

convex in the loss domain and convex in the gain domain" (Pope 

& Schweitzer, 2011, p. 131). 

Run Length The number of observations experienced before the control system 

identifies an out of control data point (Yashchin, 1993, p. 42). 

Sample variance  This is an unbiased estimator of the variance of an infinite 

population. Also known as mean square 𝑀𝑆 (Kutner et al., 2004, 

p. 25). 

Satisficing Trying to get the best results given  environmental, physiological, 

and psychological constraints (Altman, 2012, p. 11). "People 

simply don't have the capacity to maximize, so they do the best 

they can, given the neurological, psychological, and 

environmental constraints they face" (Altman, 2012, p. 31). Can 

be said to be the same as maximizing but with incomplete 

information. Need omniscience. 

Self-herding Previous decisions influence future decisions to be similar(Ariely, 

2008).  

Shift 

characteristics 

Characteristics that start at some instance and persist over some 

period of time (Hawkins, 1987, p. 300). 

Slack value Equivalent to a reference value or allowance 𝐾 (Montgomery, 

2008, p. 404). 

Slow thinking A more deliberate and effortful method of thinking (Kahneman, 

2011, p. 13). 

Social dilemma This is a situation where the interest of the group conflicts with the 

self-interest of the individual(Bernard, Dreber, Strimling, & 

Eriksson, 2013).  

Social norms  "Represent a standard for what is good, normal behavior" 

(Altman, 2012, p. 28). 

Spurious 

correlation 

Correlations that are only statistical in nature and do not infer 

causality between variables (Altman, 2012, p. 26). 

SS Sum of Squares (Kutner et al., 2004, p. 25). 
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SSE The error sum of squares or residual sum of squares (Kutner et al., 

2004, p. 25). 

Statistical 

relationship  

Has no perfect or exact prediction of the dependent variable. Only 

indicates general tendency of the response according to the 

predictor variable (Neter et al., 1989, p. 25).  

Status quo bias People are naturally disposed to favor the familiar and keep things 

as consistent as possible (Belsky & Gilovich, 2010, p. 90). 

Status quo bias A measure of satisfaction (Belsky & Gilovich, 2010, p. 93). 

Stochastic Random; involving chance or probability ("Stochastic," 2013) 

Strategic 

complementarity 

Happens when the actions of one provide incentive for another 

party to also increase their action (Fehr & Tyran, 2005, p. 45). 

Strategic 

substitutability 

Happens when the actions of one provide incentive for another 

party to decrease their action (Fehr & Tyran, 2005, p. 44). 

Studentized 

statistic 

Refers to when a statistic is standardized but the denominator is an 

estimated standard deviation, not the true standard deviation 

(Kutner et al., 2004, p. 44). 

System “A network of interdependent components that work together to 

try to accomplish the aim of the system” (Deming, 1994, p. 95). 

System 1 "operates automatically and quickly, with little or no effort and no 

sense of voluntary control" (Kahneman, 2011, p. 20). 

System 2 allocates attention to the effortful mental activities that demand it. 

including complex computations. The operations of the System 2 

are often associated with the subjective experience of agency, 

choice, and concentration (Kahneman, 2011, p. 20). 

Systematic risk A risk that is an inherit part of the system and cannot be 

diversified away. This risk should not be facilitates market 

equilibrium and (Schwarcz, 2008, p. 204) 

Systemic risk The probability that an economic shock triggers a chain of failures 

in markets, industry, or financial institutions, which increases the 

cost of capital or decreases its availability (Schwarcz, 2008, p. 

204). 

Time value of 

regret 

Research by Thomas Gilovich shows that people experience more 

regret over the choice of action in the short term while regrets of 

inaction are more painful in the long-term (Belsky & Gilovich, 

2010, p. 100). 

Traditional 

economic 

assumptions 

Humans are omniscient, self-interested, and motivated by 

maximizing personal wealth (Altman, 2012, p. 11). Emotions and 

framing are not important (Altman, 2012, p. 12). Markets are 

efficient (Altman, 2012, p. 15). 

Trial Each point plotted on a scatter diagram (Kutner et al., 2004, p. 4). 

Also see Case 

Unbiased 

estimator 

An estimator that does not tend to systematically underestimate or 

overestimate (Kutner et al., 2004, p. 18). 
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Term Definition 

Unbounded 

knowledge 

Knowledge about all possible alternative opportunities (Altman, 

2012, p. 32). 

Uncertainty 

effect 

People have a distaste for uncertainty. Not averse to loss just 

averse to uncertainty (Chen & Krakovsky, 2010, p. 19). 

X-efficiency 

theory  

The effort put forth by smart people depends on their perception of 

being treated fairly (Altman, 2012, p. 15). 

𝐻 The decision interval that determines the limits for the CUSUM 

statistics. It is common to set this equal to five times the standard 

deviation (Montgomery, 2008, p. 404).  

𝐾 Allowance per observation. Originally determined by a halved 

multiple of the standard deviation that is thought to produce the 

best possible performance. Also known as the slack value, or 

reference value (Hawkins, 1987, p. 302; Montgomery, 2008, p. 

404). 

𝑀𝑆 Mean sum of squares. The sum of squares divided by the 

appropriate degrees of freedom (Kutner et al., 2004, p. 25). 

𝑀𝑆𝐸 The error mean square or the residual mean square. It is the 

unbiased estimator of population variance (Kutner et al., 2004, p. 

25). 

 


