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Abstract 

Probabilistic assessment of the performance of structures subject to natural and 

man-made loads is widely recognized as a rational way in structural design and risk 

mitigation, in which an important problem is to determine the probability of structural 

response exceeds some specified limit states, say the limit states related to first-passage 

or fatigue failure. This is a challenging problem in the theory of random vibration and 

reliability analysis and has attracted enormous amount of attention. For wind-excited 

structures which is focused in this study however, there is still no general solution when 

the structural system is complicated and the failure probability is small, especially when 

the non-Gaussian wind load effects is considered. 

In this dissertation, an effective controlled Monte Carlo simulation (MCS) 

framework is firstly proposed for estimating small failure probabilities of dynamic 

structures. It combines the importance splitting (ISp) method with multivariate 

autoregressive (MAR) modeling of stochastic excitations. The ISp method, also referred 

to as subset simulation with splitting, splits important sample paths into multiple 

branches at various stages in the simulation. It permits the estimation of a small failure 

probability of a rare event through estimations of conditional probabilities of intermediate 

events. The MAR model of excitations is established based on their spectral matrix, 

which transfers the stochastic excitations as the output of a loading system with 

uncorrelated white noise process as input. This scheme is very efficient in generating 

offsprings of loading and response time histories conditional on the intermediate events 

with very low rejection rate, which facilities the application of ISp method to different 

kinds of stochastic excitations.  

Prediction of extreme responses with given mean recurrence intervals (MRIs) is 

an essential task for reliability-based design of wind turbines. Current turbine standards 

require a statistical extrapolation of short-term extreme response distribution at very 

upper tail region for the estimation of long-term extreme responses. However, the 

predictions from different approaches are significantly different. The proposed controlled 

MCS enables a direct simulation of long-term extreme responses with much reduced 

computational efforts, the extreme value distribution determined therefore provides a 
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valuable opportunity to verify the adequacy of different statistical extrapolation 

approaches. New insights and improvements are provided in probabilistic modeling of 

wind turbine extreme responses. 

A comprehensive assessment of methods for extreme value analysis of non-

Gaussian wind load effects using short-term time history samples is also presented. The 

methods examined are peaks-over-threshold method, the average conditional exceedance 

rate method, and the translation process method with various translation models. The 

long-term wind pressure data on a saddle-shaped large-span roof collected from wind 

tunnel test are used as the basis for comparison. These pressure data are featured by a 

variety of non-Gaussian characteristics, including mildly and strongly softening and 

hardening non-Gaussian processes with unique distributions. Some new developments of 

the methods are also presented to better predict the extreme value distribution taking into 

account the non-Gaussian characteristics. For translation process method, a new and 

theoretical sound moment-based translation model is derived for hardening non-Gaussian 

processes where the widely used Hermite model cannot be applied. The closed-form 

formulations for model coefficients in terms of process skewness and kurtosis are also 

presented. 

For fatigue damage evaluation, a recently proposed spectral method is re-

evaluated for broad-band Gaussian and non-Gaussian wind load effects. The wind load 

effects considered are alongwind, crosswind and their coupled responses of tall buildings, 

and wind pressures on claddings. Following this spectral method, the rainflow counting 

damage is approximated by a linear combination of its upper and lower bounds. A new 

formulation for determining the combination factor is proposed which is in terms of 

process bandwidth parameters. The influence of sampling frequency on broad-band 

fatigue damage is also studied. For non-Gaussian wind load effects, research emphasis is 

placed on the modeling of translation function which is essential for non-Gaussian fatigue 

damage evaluation. The results demonstrate the effectiveness and accuracy of the spectral 

method for broad-band Gaussian and non-Gaussian processes through comparison with 

those from time domain rainflow counting method. 
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Chapter 1  

Introduction 

1.1 Background and Motivation 

The proper assessment of performance of engineering structures is an essential 

component in the framework of reliability- and performance-based structural design 

(Cornell 1996; Wen 2000). While the first formal applications of this framework were 

devoted to seismic resistant design of structures, the performance assessment of 

structures subject to wind actions has also been the object of many studies (e.g., Unanwa 

et al. 2000; Solari and Piccardo 2001; Ellingwood et al. 2004; Kareem 2008; Tamura 

2009; van der Lindt and Dao 2009; Chen and Huang 2010; Ciampoli et al. 2011; Spence 

and Kareem 2014). This requires a mathematical modeling of loading conditions, 

material behavior, structural system, etc., which are expected during the design life of a 

structure. However, uncertainties always exist in practice due to the lack of information, 

and an inadequate consideration of which may reduce the reliability of structures. 

Structural reliability is to determine the probability that the structural response 

will not reach some specified limit states during its service life, the opposite of which is 

called the failure probability. For structures subjected to dynamic loads such as wind, 

earthquake and wave loads, the structural failure may be caused by two reasons (Lin and 

Cai 1995; Lutes and Sarkani 2004). One is the structural response magnitude beyond the 

design level of the structure, which is referred to as first-passage failure and controlled by 

the extreme responses. The other is caused by damage accumulation and the structure 

fails without exceeding its design level, which is referred to as fatigue failure. These two 

limit states are critical for assuring the safety and reliability of structures, and a 

probabilistic assessment to which is a challenging problem in the theory of random 

vibrations and reliability analysis and has attracted enormous amount of attention. 

Besides, the statistical description of structural responses may differ from Gaussian due 

to the non-Gaussian excitations, structural nonlinearities, and among others, which makes 

this problem more complicated. In this work, the performance of wind-sensitive 

structures including wind turbines and tall buildings is focused, primarily on their 
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extreme response and fatigue damage analysis considering non-Gaussian wind load 

effects.   

If the loading condition and structural system can be appropriately approximated 

by mathematical models and their uncertainties can be well quantified, Monte Carlo 

simulation (MCS) is a well-known method to evaluate the performance of structures. The 

applicability of MCS is independent of the complexity of structures and the dimension of 

uncertainties, which is quite robust for all types of structures under various excitations. 

This method, however, is not efficient in assessing a small failure probability associated 

with a rare event, such as the extreme response of a structure or the damage accumulation 

during its whole life. Because the computation effort for assessing a rare event through 

MCS is proportional to the inverse of its occurrence probability, it may be prohibited in 

most cases if the occurrence probability is small (e.g., 10-4). One class of simulation 

techniques that shows promise for solving the first-passage problem is called controlled 

MCS (Pradlwarter and Schueller 1999), in which the basic idea is to generate samples 

populate uniformly both the large and low failure probability regions, then more 

information will be provided to estimate this failure probability. Among these approaches, 

the subset simulation method seems attractive (Au and Beck 2001), which divides a small 

failure probability into a product of a set of larger conditional probabilities. The 

evaluation of the subsets of a rare event with larger occurrence probabilities is much 

easier. The major difficulty of this method, however, is an efficient generation of samples 

that fall in a desired subset. 

On the other hand, if the knowledge is not sufficient in modeling the structural 

system or loading conditions or both, a direct simulation is unfeasible and the statistical 

extrapolation method based on limited short-term time history samples is always adopted. 

Additionally, the advantage of the statistical extrapolation method is that it greatly saves 

computational effort as for the MCS and the controlled one, although with a larger 

uncertainty. The principle idea of this method is to exploit a statistic model to well 

represent the sampled information from field or laboratory test or numerical simulation, 

then following an extreme value analysis to extrapolate it to the design level. For instance, 

the design of wind turbines requires a load (response) extrapolation procedure to estimate 

the large extreme responses with a mean recurrence interval (MRI) of 20 years from 
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short-term (10 min) simulations of turbine responses. Up to now, various methods have 

been proposed to evaluate the extreme responses or design loads of structures with a 

given MRI, but their performances are different and warrant further investigation.  

The fatigue damage evaluation is typically based on the accumulated damage due 

to the cycles extracted from the stress time history, while the previous discussions are 

based on the extreme values. This part of research in our work only considers the effect 

of stochastic load on failure prediction other than the scatter in different fatigue tests. 

Time domain approaches can be applied for fatigue damage evaluation when the stress 

time history is available, among them the rainflow counting method has been accepted as 

a standard method (ASTM 1049-85). However, the construction of a reliable cycle 

distribution relies on a sufficient length of stress time history and it is not always feasible. 

Alternatively, the cycle counting and fatigue damage analysis can be performed using 

frequency domain approaches, which develops analytical formulae from process power 

spectral density (PSD) function.  The advantage of this spectral method is a significant 

saving of computational effort and it avoids the prediction error caused by sampling 

(cutoff) frequency. Various spectral methods have been developed for fatigue analysis, 

but an appropriate consideration of non-Gaussian characteristic in these methods still face 

challenges. 

1.2 Problem Statement 

1.2.1 Assessment of Small Failure Probability of Dynamic Systems under Multi-
correlated Excitations 

The International Electrotechnical Commission standard (IEC 61400-1 2005) 

recommends a load (response) extrapolation procedure to estimate the large extreme 

responses from short-term (10 min) simulations of turbine responses, with which the 

probability of exceedance associated is about the magnitude of 10-7. Previous studies 

have shown that the predicted extreme responses are very sensitive to the probability 

models used in fitting the sampled information (Agarwall and Manuel 2008; 

Freudenreich and Argyriadis 2008). In order to provide a guideline for appropriately 

implementing the extrapolation procedure mandated by current wind turbine design 

standards, an efficient and robust simulation framework to assess the long-term extreme 
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responses with small exceeding probabilities of the dynamical systems is needed. This 

framework should greatly reduce the computational effort as required by the traditional 

MCS scheme, and make the direct simulation of long-term extreme responses feasible 

through normal computers. And also, this framework is capable to tackle with the multi-

correlated stochastic excitations, since the wind load is always a multiple inputs on a 

structural system, which is also a challenging problem currently faced in structural 

reliability assessment. The strong nonlinearity of the wind turbine system also makes this 

problem more complicated. 

1.2.2 Prediction of Long-term Extreme Response of Wind Turbines by Simulation 
and Statistical Extrapolation 

Based on the proposed simulation framework, the extreme value distribution of 

wind turbine responses can be constructed with much reduced computational effort and 

the distribution determined provides a baseline to verify the adequacy of different 

statistical extrapolation approaches, such as global maxima method, block maxima 

method,, translation process method and so on (Fitzwater and Winterstein 2001; Moriarty 

et al. 2002; Fogle et al. 2008; Sichani et al. 2012). Take the global maxima method for an 

example, in which only one maximum value is extracted from each short-term time 

history sample. The maxima data extracted from multiple samples are then fitted into a 

prescribed distribution model, such as Gumbel distribution, quadratic Gumbel 

distribution, lognormal distribution, generalized extreme value (GEV) distribution, 

Weibull distribution.  Studies in literature have shown that while these probability models 

can fit the simulated short-term extreme data well, the predictions of long-term extremes 

from these probability models are very different due to their very distinct upper tail 

behaviors (Freudenreich and Argyriadis 2008). So a thorough study is needed to 

determine which probability model is good for the global maxima method and also 

examine other statistical extrapolation approaches. Besides, a search for more efficient 

methods under this topic is also desired. 
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1.2.3 Analysis of Extreme and Fatigue Damage of Hardening Non-Gaussian 
Response Processes 

The hardening non-Gaussian processes with narrower distribution tails, i.e., 

kurtosis less than 3, are often encountered in practice such as structural responses due to 

wave force (Choi and Sweetman 2010), wind pressures on structure envelop and 

claddings (Ding and Chen 2014), and dynamic response of operational wind turbines 

(Jonkman et al. 2009). For the extreme and fatigue analysis of these processes, the 

Hermite model has been used to represent the underlying Gaussian process as Hermite 

polynomials of a non-Gaussian process, then the well-developed theory for a Gaussian 

process can be taken advantage of. The Hermite model used in literature however (Choi 

and Sweetman 2010; Huang et al. 2014), is inadequate for skewed hardening non-

Gaussian processes. In addition, unlike the softening non-Gaussian process with kurtosis 

larger than 3, the relationship between statistical moments and Hermite model 

coefficients cannot be given in closed-form expressions. Therefore, a more appropriate 

translation model for hardening non-Gaussian processes is needed for extreme and 

fatigue analysis, and random process simulation. The closed-form semi-empirical 

formulation for determining the model coefficients directly from process skewness and 

kurtosis should be derived towards an easy application. 

1.2.4 Extreme Value Prediction of Wind Load Effects with Short-term Time History 
Samples 

Reliability- and performance-based design of wind-excited structures requires 

accurate estimation of extremes of stochastic wind loads and load effects over a given 

time duration, say, 10 min or one hour. In the case where the wind loads and effects can 

be modeled as a Gaussian process, closed-form formulations are available for calculating 

the crossing rate and extreme value distribution under Poisson assumption (Rice 1944). 

The mean and standard deviation (STD) of extremes can be determined with closed-form 

expressions derived by Davenport (1964). Wind effects such as wind pressures on flow 

separation region, however, often show non-Gaussian characteristics with distribution 

tails wider than Gaussian distribution (e.g., Holmes 1981; Kumar and Stathopoulos 2000; 

Cope et al. 2005). The peak factors of these softening non-Gaussian processes (kurtosis > 
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3) are larger than that of a Gaussian process. Unlike the case of Gaussian, there is no 

analytical solution for estimating the crossing rate and extreme value distribution of a 

non-Gaussian process directly from its probability distribution and spectral characteristics 

(e.g., Chen and Huang 2009). In engineering practice, estimation of extreme value 

distributions of wind loads and load effects have to be made based on limited number of 

short-term time history samples.   

1.2.5 Fatigue Damage Evaluation of Broad-band Gaussian and Non-Gaussian Wind 
Load Effects  

The stochastic wind loads and load effects on structures, e.g., roof claddings or 

roof-mounted solar panels, may lead to accumulation of damage and result in structural 

failure without exceeding its design level. Although the extreme load effects have been 

extensively considered in reliability-based design of wind-excited structures (Davenport 

1964; Simiu and Scanlan 1996), evidence has also shown that the wind-induced fatigue 

was responsible for most of structure failures (e.g., Lynn and Stathopoulos 1985; Xu 

1995; Holmes 2002; Repetto and Solari 2009), which calls for an efficient and reliable 

fatigue damage evaluation procedure to ensure the structural safety during its service life. 

When the stress time history is available, time domain approach can be applied for 

fatigue damage evaluation. However, the accuracy of this method relies on a sufficient 

length of time history and a sufficient high of sampling frequency, which is not always 

possible and clearly time consuming. Therefore, the frequency domain approach seems 

more attractive, which develops analytical formulae for counted cycle (or amplitude) 

distributions based on process power spectral density (PSD) function, then enables a 

direct evaluation of fatigue damage with closed-form solutions (Benasciutti and Tovo 

2006). However, most of spectral methods currently used cannot well consider both the 

broad-band spectral properties and non-Gaussian effects of a stress process, which 

warrants further investigation.  

1.3 Outline of This Work 

This dissertation is motivated by the need to assess extreme response and fatigue 

damage of wind-excited structures considering non-Gaussian load effects, which plays an 
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important role in reliability- and performance-based design of wind-sensitive structures. 

The development and use of simulation and statistical approaches for extreme response 

prediction, and the investigation of spectral method for fatigue damage evaluation, will 

be introduced. While Chapter I is mainly on the research background and problem 

statement, a brief review of other Chapters is listed as follows. 

Chapter II investigates the assessment of small failure probabilities of dynamic 

systems through controlled MCS. An effective simulation framework combining 

importance splitting (ISp) method for rare event evaluation and multivariate 

autoregressive (MAR) modeling of multi-correlated stochastic excitations is proposed. 

The ISp method, also referred to as subset simulation with splitting, splits important 

sample paths into multiple branches at various stages in the simulation. It permits the 

estimation of a small failure probability of a rare event through estimations of conditional 

probabilities of intermediate subset events. The effectiveness and accuracy of the 

proposed scheme are verified by a reliability problem of earthquake-excited 5-story 

building, and a 5MW onshore wind turbine.  

Chapter III addresses the evaluation of wind turbine long-term extreme response 

through the proposed controlled MCS scheme and statistical extrapolations. The accuracy 

and robust of the global maxima method, translation process method and average 

conditional exceedance rate (ACER) method in evaluating extreme response distribution 

are examined through comparisons with the predictions from controlled MCS. The 

controlled MCS framework enables a direct simulation of long-term extreme responses 

with much reduced computational efforts and provides a baseline for verifying the 

adequacy of different statistical extrapolation approaches.  

Chapter IV discusses the extreme and fatigue analysis of hardening non-Gaussian 

processes through translation model. The translation process theory warrants a non-

Gaussian process can be represented by an underlying Gaussian process through a 

monotonic translation function. A new moment-based translation model for hardening 

non-Gaussian processes is introduced along with closed-form formulations for model 

coefficients in terms of process skewness and kurtosis. It fills the gap for modeling 

translation processes with hardening non-Gaussian properties. The accuracy and 
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limitations of moment-based translation model in extreme and fatigue analysis are also 

discussed. 

Chapter V presents assessments and insights to the methods used in extreme value 

analysis with short-term time history samples. The declustering of process to extract 

independent peaks over a given threshold required by POT method is discussed. The 

effectiveness of the ACER method is firstly examined as applied to non-Gaussian wind 

pressures. The limitations of widely used moment-based translation process method and 

the one based on three-parameter gamma distribution are highlighted. Improvements are 

therefore proposed, which are illustrated to be capable of capturing the upper tail 

behaviors of translation function, thus lead to satisfactory estimations of extreme 

statistics.  

Chapter VI investigates the spectral methods for fatigue damage evaluation of 

broad-band Gaussian and non-Gaussian wind load effects. The Gaussian wind load 

effects considered are alongwind, crosswind and their coupled responses of tall buildings. 

The non-Gaussian wind load effects addressed are cladding responses featuring a variety 

of probability distributions. For Gaussian wind load effects, a new formulation is 

proposed to account for the influence of spectral shape on fatigue damage. For non-

Gaussian wind load effects, research emphasis is placed on modeling its equivalent joint 

probability density function (JPDF) of peak and valley for fatigue damage evaluation. 

The estimations are validated with those from time domain rainflow counting method.  

This dissertation is concluded in Chapter VII. 
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Chapter 2  

Assessing Small Failure Probability of Dynamic Systems by Importance 
Splitting Method: A Controlled Monte Carlo Simulation Framework 

2.1 Introduction 

Reliability- and performance-based structural design requires estimation of 

extreme responses with various mean recurrence intervals (MRIs), say 50 years. The 

probabilities of exceedance (or failure probabilities) according to these extreme values 

are very small (less than 10−4), which cannot be easily evaluated, especially when the 

structural system is complicated and in high dimension. The standard (direct) Monte 

Carlo simulation (MCS) method is well known as a robust tool in dealing with high 

dimensional reliability problems of complicated structural systems. However, this 

method is not suitable for generating large extremes with small probabilities of 

exceedance, because of huge number of samples needed. The required sample size of 

MCS for a rare event is inversely proportional to its occurrence probability. Therefore, 

use of variance reduction approaches becomes essential to enhance the efficiency of 

simulations of a rare event. A number of studies have given a comprehensive review on 

various variance reduction approaches as applied to structural dynamic problems (e.g., 

Pradlwarter and Schuëller 1999; Melchers 1999; Macke and Bucher 2003).  

The first class of variance reduction Monte Carlo (VRMC) simulation is 

importance sampling (IS). This method forces the important events sampled more 

frequently than direct MCS by introducing a so-called ‘importance sampling’ probability 

density function (PDF). The IS method has been widely applied to time invariant 

problems, and its applications to dynamic problems have been limited due to the 

difficulties in selecting adequate importance sampling PDF (Melchers 1999; Au and 

Beck 2003a; Macke and Bucher 2003; Ogawa and Tanaka 2009). Besides, the line 

sampling (LS) and asymptotic sampling (AS) approaches have also been utilized to 

reliability analysis of dynamic structures (Koutsourelakis et al. 2004; Bucher 2009; 

Sichani et al. 2011b). The LS method employs lines instead of points in the random 

parameter space in order to collect information of the failure probability. However, the 

efficiency and accuracy of its application to high dimensional problems are ensured only 



Texas Tech University, Jie Ding, December 2014 

10 

for the cases where a dominant direction towards the failure domain could be evaluated 

(Koutsourelakis et al. 2004; Pradlwarter et al. 2007). On the other hand, the AS method is 

an approach by changing excitation level to cause more out-crossing of the barrier and 

then adjust the estimated probabilities, and to use the advantage of the asymptotic 

behavior of the safety index for multi-normal probability integrals associated with an 

extrapolation technique. However, this method is unsuitable for failure problems defined 

in terms of a finite failure domain (an ‘island of failure’) and is still based on 

extrapolation from limited information (Bucher 2009; Sichani et al. 2011b). 

The subset simulation (SS) approach seems attractive in dealing with small 

probability evaluation problems (Au and Beck 2001), which has been applied to dynamic 

reliability analysis of earthquake-excited structures (Au and Beck 2003b). The principle 

idea of the SS approach is to transform the simulation of a rare event into the simulations 

of a sequence of successive intermediate events with larger probabilities. The small 

probability of the rare event can be estimated as a product of larger conditional 

probabilities of the intermediate events. The key to the implementation of SS approach is 

generation of the conditional samples (offspring samples) for the quantification of 

conditional probabilities. The general Markov chain Monte Carlo (MCMC) algorithm 

was used in Au and Beck (2001 and 2003b), referred to as SS/MCMC. Another form of 

SS approach as applied to first-passage problems of deterministic structural systems was 

introduced by Ching et al. (2005a), using the concept of response trajectory splitting, 

referred to as subset simulation with splitting (SS/S). A hybrid scheme combining 

MCMC and splitting was introduced in Ching et al. (2005b), which can be used to 

evaluate first-passage problems of uncertain and deterministic structural systems.  

The SS/S has also been referred to as importance splitting (ISp) method, and has a 

long history of development as a classical comparative technique in rare event simulation. 

The first usage of this concept in simulation is close to the description by Kahn and 

Harris (1951). A more recent version of the splitting method was introduced by Villén-

Altamirano and Villén-Altamirano (1991), named as RESTART. A detailed analysis of 

the mathematical properties for multi-level splitting can be found in Glasserman et al. 

(1998 and 1999) and Garvels (2000). All these research efforts have laid a solid 

theoretical foundation for understanding its performance and applications to various 
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simulation problems. Basically, there are two requirements for the splitting method. One 

is that the splitting point should include all the previous information, in other words, the 

process should be assumed as Markov process. Since most of the structure systems are 

causal, the Markov property is not really a limitation for the proper use of this method. 

Another requirement is that the most likely path to a rare event cannot differ too greatly 

from the most likely path to an intermediate level. Otherwise the estimator appears biased 

with high probability even for large sample size (Glasserman et al. 1998). Fortunately, 

this requirement is always accorded with in structural engineering if the system is not 

extremely very nonlinear (Valdebenito et al. 2010).  

In this chapter, an effective simulation framework with ISp (or SS/S) method is 

presented for estimating small failure probabilities of dynamic structures with multi-

correlated stochastic excitations. The framework combines the ISp method with 

multivariate autoregressive (MAR) modeling of stochastic excitations. The MAR model 

of excitations is established based on their cross power spectral density matrix, which 

transfers the stochastic excitations as the output of a loading system with a vector-valued 

uncorrelated white noise process as input. This scheme is very efficient in generating 

offspring of loading and response time histories conditional on the intermediate events 

with very low rejection rate, which also facilities the application of ISp to different kinds 

of stochastic single and multiple excitations. The optimizations of the parameters 

involved in this method for improving its performance are also discussed. The 

effectiveness and accuracy of the proposed new scheme are verified by a reliability 

problem of earthquake-excited 5-story building, and by the estimation of extreme 

responses of a 5MW wind turbine with very small exceeding probabilities.  

2.2 Importance Splitting Method with MAR Modeling of Excitations 

2.2.1 Implementation of the ISp Method 

Consider the dynamic reliability problem of a deterministic structural system 

under stochastic excitation, in which the Monte Carlo simulation is to determine the 

extreme value distribution of a limit state response within a given time duration, i.e., 

𝑝𝑓 = Pr (𝑌 > 𝑦), where Y is the extreme value of the limit state response; and y is a 



Texas Tech University, Jie Ding, December 2014 

12 

threshold level. An increasing sequence of intermediate threshold levels, 0 < y1 < y2 < . . . 

< ym = y, can be selected, where m is total number of threshold levels. Denote the first-

passage probability at the first level 𝑦1 as 𝑝1, and the first-passage probability at level 

𝑦𝑖 (𝑖 = 2, 3, … ,𝑚) conditional on the previous level 𝑦𝑖−1 as 𝑝𝑖 = Pr (𝑌 > 𝑦𝑖|𝑌 > 𝑦𝑖−1), 

the first-passage probabilities at different threshold levels are estimated as the product of 

conditional probabilities: 

 Pr�𝑌 > 𝑦𝑗� = ∏ 𝑝𝑖
𝑗
𝑖=1   (𝑗 = 1, 2, … ,𝑚) (2.1)  

Instead of estimating the probabilities 𝑝𝑖 (𝑖 = 1, 2, … ,𝑚)  for given threshold 

levels, it is more convenient to adaptively select the threshold levels based on the target 

probabilities. To determine the first level 𝑦1, 𝑁1 samples are generated from direct MCS. 

The (1 − 𝑝1)-quantile of the sample extremes of the limit state response is determined 

and chosen as the threshold level 𝑦1 , which is illustrated in Fig. 2.1. Similarly, the 

threshold level 𝑦𝑖 (𝑖 = 2, 3, … ,𝑚)  is selected as the (1 − 𝑝𝑖) -quantile of the sample 

extremes conditional on the samples exceeding the previous level 𝑦𝑖−1. Fig. 2.2 shows an 

example on determining higher threshold levels through importance splitting method, i.e., 

the conditional samples used to evaluate different conditional probabilities are generated 

from splitting of an important sample. Obviously, central to this framework is to 

effectively generate new samples conditional on previous threshold level to estimate the 

conditional probability, or to estimate the new threshold level with target probability. To 

estimate the first-passage probability of an intermediate threshold level conditional on its 

previous one, the samples crossing the previous threshold level are considered as 

important samples from which offspring samples are generated. The new offspring 

response samples are generated by first generating new loading histories and then 

subsequent dynamic response analysis.  
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Fig. 2.1 Determine 1st threshold level through traditional MCS 

 

 
Fig. 2.2 Determine 2nd threshold level through importance splitting method 

 

In the SS/MCMC algorithm, the new excitations are generated with MCMC 

scheme. Some of these newly generated response samples may not reach the threshold 
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level as the important samples, therefore must be rejected. In general, the rejection rate at 

each intermediate threshold level would be high, especially for complex structural 

systems under multivariate excitations. Therefore, SS/MCMC method can be less 

computational efficient, while it is more general and can be used to handle problems with 

system uncertainty. On the other hand, SS/S method generates new offspring samples by 

splitting after the first-passage point at the threshold level, which always lead to higher or 

same extreme values of limit state response thus will not be rejected. The splitting of 

response can be readily achieved in dynamic response analysis by using future stochastic 

excitations after the first-passage time, which must be generated with specified power 

spectral and distribution properties whose time variations before splitting are identical to 

that associated with the important sample. Previous studies with SS/S scheme has to use 

rather simplified excitation models in order to implement the splitting (Ching et al. 2005a 

and 2005b). When the stochastic excitation processes are described in terms of well 

known spectral representation modeling (Sinozuka and Jan 1972), the splitting of the 

loading process thus the response process cannot be readily realized, which poses 

challenges of the SS/S method for dynamic systems under multi-correlated colored 

stochastic excitations.  

In this study, the SS/S method, also referred to as ISp method is adopted, along 

with MAR modeling of excitations. To determine the threshold level 𝑦𝑖  for a target 

conditional probability 𝑝𝑖 , the samples reached level 𝑦𝑖−1  are denoted as important 

samples. The moment of hitting is called a splitting point (or entrance state). The state 

values of the important samples at splitting point are recorded or in some cases the whole 

previous processes are remembered, which are denoted as splitting states 𝑺𝑖−1 =

�𝑆𝑖−1
(𝑘) ,𝑘 = 1, 2, … ,𝑅𝑖−1�, where 𝑅𝑖−1 is the total number of splitting states (points) on 

stage 𝑦𝑖−1. Depending on how to choose the total number of offspring samples and how 

to resample from each splitting state, variant algorithms of the ISp method can be derived 

(e.g., Villén-Altamirano and Villén-Altamirano 1991; Garvels and Kroese 1998; Morio et 

al. 2010). In this work, the method named fixed effort is used. The number of samples 

generated on each stage is fixed as 𝑁𝑖 , but a splitting state from 𝑺𝑖−1 = �𝑆𝑖−1
(𝑘) ,𝑘 =

1, 2, … ,𝑅𝑖−1� is randomly selected with replacement, and a new sample is then generated, 
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i.e., generating a new response time history from the randomly selected splitting state. 

This process is terminated when predefined 𝑁𝑖  samples are obtained. The generated 

number of samples on each stage is fixed but the number of splitting from each splitting 

state is a random variable.  

Another family of splitting is called fixed splitting, by which the splitting from 

each splitting state is fixed but the total effort on each stage is random (Glasserman et al. 

1998 and 1999). However, this implementation is sensitive to the choice of thresholds, 

and the total number of splitting is uncontrollable. When the number of splits per stage is 

too small or the threshold is too high, the simulated paths will not reach next threshold. 

On the other hand, when the number of splits per stage is too large, the split paths may 

increase unboundedly. In the first case the variance for the estimator will be too large, 

while the other will enlarge the computational effort. Therefore, the fixed effort method 

seems better as it can avoid these difficulties. 

2.2.2 Optimal Settings for the ISp Method 

Two basic criterions are often used to evaluate performance of an estimator: 

unbiasedness and coefficient of variation (COV). The estimators of the conditional 

probabilities and the first-passage probabilities at different threshold levels from the ISp 

method are unbiased (e.g., Gravels 2000; Ching et al. 2005a; Amrein and Künsch 2011). 

The optimal settings of the parameters for ISp method are to minimize COV of the 

estimators. 

Let 𝑝𝑖�𝑆𝑖−1
(𝑘)� be the probability that a branch stemming from a state of 𝑺𝑖−1 =

�𝑆𝑖−1
(𝑘) ,𝑘 = 1, 2, … ,𝑅𝑖−1� to reach i-th threshold. The variance of the estimate �̂�𝑖 can be 

expressed as follows (Garvels 2000; Ching et al. 2005a):  

 
𝑉𝑎𝑟[�̂�𝑖] =

𝑝𝑖(1 − 𝑝𝑖)
𝑁𝑖

+
1
𝑁𝑖𝑝𝑖

∙ 𝑉𝑎𝑟𝑺𝑖−1 �𝑝𝑖�𝑆𝑖−1
(𝑘)�� (2.2)  

where 𝑉𝑎𝑟𝑆𝑖−1[ ] denotes the variance with respect to 𝑺𝑖−1, and 𝑉𝑎𝑟𝑆𝑖−1[ ] = 0 when 

𝑖 = 1, i.e., no intermediate threshold level is involved. The first part is the usual variance 

term of the same form as by direct MCS, i.e., each direct MCS is a Bernoulli trial with a 

probability of success 𝑝𝑖, then 𝑁𝑖 runs of direct MCS form a Binomial process with mean 
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𝑝𝑖 and variance 𝑝𝑖(1 − 𝑝𝑖)/𝑁𝑖 . The second part of Eq. (2.2) reflects the dependency 

among different branches (offsprings) that split from the same splitting state.    

The variance of �̂�𝑓 = �̂�𝑚  can be derived by simply ignoring the dependency 

between �̂�𝑖: 

 
𝑉𝑎𝑟��̂�𝑓� = 𝑉𝑎𝑟 ���̂�𝑖

𝑚

𝑖=1

� ≈�� � 𝑝𝑗2
𝑚

𝑗=1,𝑗≠𝑖

� 𝑉𝑎𝑟[�̂�𝑖]
𝑚

𝑖=1

= ��
1 − 𝑝𝑖
𝑁𝑖𝑝𝑖

(1 + 𝛾𝑖)� 𝑝𝑓2
𝑚

𝑖=1

 

(2.3)  

where 𝛾𝑖 = 𝑉𝑎𝑟𝑺𝑖−1 �𝑝𝑖�𝑆𝑖−1
(𝑘)�� (1 − 𝑝𝑖)𝑝𝑖2�  is a correlation factor for different offsprings 

from the same splitting state, and it is independent of the splitting states �𝑆𝑖−1
(𝑘) ,𝑘 =

1, 2, … ,𝑅𝑖−1� as they are assumed to be identically distributed. 

When only the splitting states but the importance samples are kept, and a total of 

𝑁𝑖 offsprings are generated at i-th stage (e.g. Garvels 2000), the total number of samples 

of simulation is 𝑁𝑇 = ∑ 𝑁𝑖𝑚
𝑖=1 . Assume the intermediate probabilities and samples on 

each stage are set as identical, i.e., 𝑝𝑖 = 𝑝0 ≈ 𝑝𝑓
1/𝑚 , 𝑁𝑖 = 𝑁, the squared COV of �̂�𝑓 , 

denoted by 𝛿2, is (Ching et al. 2005a; Zuev et al. 2012) 

 
𝛿2 =

𝑉𝑎r��̂�𝑓�

�𝐸��̂�𝑓��
2 ≈

𝑚2(1 − 𝑝𝑓
1/𝑚)

𝑁𝑇𝑝𝑓
1/𝑚 (1 + �̅�) (2.4)  

where �̅� is the average correlation factor over all thresholds and defined as �̅� = 1
𝑚
∑ 𝛾𝑖𝑚
𝑖=1 , 

�̅� is assumed to be insensitive to the number of threshold levels. The estimator using 

dependent samples from splitting reduces the efficiency of simulation and a smaller value 

for �̅�  implies higher efficiency. The minimized 𝛿2  with respect to 𝑚  can be directly 

obtained by setting d𝛿2/d𝑚 = 0, then we have ln�𝑝𝑓
1/𝑚� − 2𝑝𝑓

1/𝑚 + 2 = 0, which leads 

to the optimal values for 𝑚𝑜 and 𝑝𝑜 as  

 𝑚𝑜 ≈
ln�𝑝𝑓�
ln(0.2)  and  𝑝𝑜 ≈ 0.2 (2.5)  

Similar settings are recommended by Villén-Altamirano et al. (1994), Glasserman 

et al. (1999) and Garvels et al. (2002) where 𝑚𝑜 ≈ −ln�𝑝𝑓�/2 and 𝑝𝑜 ≈ e−2. While the 
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result is slightly different from Eq. (2.5), both asymptotical results are consistent by 

noting that 𝛿2 as shown in Eq. (2.4) is not very sensitive to the choice of conditional 

probability in the range of [0.1, 0.3], which can be demonstrated by a plot of 𝛿 as a 

function of 𝑚 or 𝑝𝑜  for given parameters 𝑝𝑓 , 𝑁𝑇  and �̅�  (Villén-Altamirano and Villén-

Altamirano 2002; Zuev et al. 2012).  

Another case was introduced in Ching et al. (2005a), where the important samples 

along with its splitting states on each stage are kept. The recorded important samples and 

their newly generated 𝑁𝑖(1 − 𝑝𝑖) offsprings are used to evaluate conditional probabilities, 

where 𝑖 = 2, 3, … ,𝑚 . Then the total number of simulated samples is 𝑁𝑇 = 𝑁1 +

(𝑚− 1)(1 − 𝑝𝑖)𝑁𝑖, which yields: 

 
𝛿2 ≈

𝑚(1 − 𝑝𝑓
1/𝑚)

𝑁𝑇𝑝𝑓
1/𝑚 (1 + �̅�)�1 + (𝑚− 1)(1 − 𝑝𝑓

1/𝑚)� (2.6)  

The plot of 𝛿 as a function of 𝑚 or 𝑝𝑜 = 𝑝𝑓
1/𝑚 for given parameters 𝑝𝑓, 𝑁𝑇 and �̅� 

suggests that a selection of optimal threshold is guided by setting 𝑝𝑜 to be no less than 0.1, 

i.e., 𝑚𝑜 ≥ −log�𝑝𝑓�  (Ching et al. 2005a). The reason for this difference of optimal 

parameter setting from Eq. (2.5) is that, for a large 𝑚, the effective amount of samples 

used to quantify the conditional probabilities is significantly different in both cases given 

the same 𝑁𝑇. It should be noted that the COV of the estimator, 𝛿, is not sensitive to the 

choice of 𝑚 or 𝑝𝑜 around the above suggested optimal values. 

The substitution of the optimal values of 𝑚𝑜 and 𝑝𝑜 from Eq. (2.5) into Eq. (2.4) 

yields the COV of �̂�𝑓 from ISp method as: 

 
𝛿 =

1.24�1 + �̅�

�𝑁𝑇
�−ln�𝑝𝑓�� (2.7)  

which is linearly increased as the order of small failure probability 𝑝𝑓. On the other hand, 

the COV of the estimator from direct MCS is given as 1 �𝑁𝑇𝑝𝑓⁄ , i.e., inversely 

proportional to the root of the failure probability. This implies a substantial improvement 

by the ISp method when evaluating a rare event with a small probability. 
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2.2.3 Representation of Stochastic Loading Processes by MAR Model 

In order to split the structural responses at a certain state (or time instant), new 

excitation time histories conditional on their past histories before the splitting state must 

be generated. The modeling of excitations with spectral representation method cannot 

achieve these partial generation of excitations.  In this study, the MAR model approach is 

adopted for modeling the multi-correlated excitations (Spanos and Hansen 1981; Li and 

Kareem 1990; Chen and Kareem 2001). The construction of the stochastic loading 

process by this method transfers the stochastic excitation as the output of a loading 

system with a vector-valued uncorrelated white noise process as an input. The MAR 

modeling of a vector-valued random process can be defined as follows:  

 
𝐖(𝑡) = �𝐀(𝑘)𝐖(𝑡 − 𝑘∆𝑡)

𝑝

𝑘=1

+ 𝐋𝐍(𝑡) (2.8)  

where 𝐖(𝑡) = [𝑤1(𝑡),𝑤2(𝑡), … ,𝑤𝑁(𝑡)]T  is a vector-valued loading process; 𝑝  is the 

order of MAR model; 𝐀(𝑘) is a predictor coefficient matrix (𝑘 = 1, 2, … ,𝑝); ∆𝑡 is the 

time interval; 𝐋 is a lower triangular matrix; 𝐍(𝑡) is vector-valued zero-mean and unit-

variance uncorrelated white noise process.  

The coefficient matrix 𝐀(𝑘) satisfies the following Yule-Walker equation: 

 
𝐑𝑤(𝑗∆𝑡) = �𝐑𝑤[(𝑗 − 𝑘)∆𝑡]𝐀(𝑘)

𝑝

𝑘=1

          (𝑗 = 1, 2, … ,𝑝) (2.9)  

where 𝐑𝑤(𝑗∆𝑡) (𝑗 = 1, 2, … ,𝑝) is correlation matrix of the loading excitation 𝐖(𝑡), and 

is related to spectral density matrix 𝐒𝑤(𝑓) by the Wiener-Khintchine relationship: 

 
𝐑𝑤(𝑗∆𝑡) = 2� 𝐒𝑤(𝑓)cos(𝑗2𝜋𝑓∆𝑡)d𝑓

∞

0
 (2.10)  

The matrix 𝐋 is determined by the Cholesky factorization: 

 
𝐋T𝐋 = 𝐑0;      𝐑0 =  𝐑𝑤(0) −�𝐀(𝑘)𝐑𝑤(𝑘∆𝑡)

𝑝

𝑘=1

 (2.11)  

The coefficient matrices  𝐀(𝑘) (𝑘 = 1, 2, … ,𝑝)  can be determined using an 

iterative procedure for computational efficiency (Ianuzzi and Spinelli 1987) as compared 

to the direct use of Eq. (2.9).   
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2.3 Applications to Dynamic Structures 

2.3.1 Example 1: 5-story Linear Shearing Building 

A 5-story linear shearing building subjected to a random earthquake excitation is 

considered to illustrate the effectiveness and accuracy of the proposed scheme. The floor 

masses are 45.4 × 103 kg for all stories. The linear inter-story stiffness are 41.1 × 106, 

38.5 × 106 ,  33.4 × 106 , 25.6 × 106 , and 15.2 × 106  N/m for the first to fifth story, 

respectively. Classical damping is assumed with 5% damping ratio for all modes. The 

fundamental frequency of this structure is 1.25 Hz. The earthquake excitation �̈�(𝑡) is 

modeled by Clough-Penzien (CP) filter with a Gaussian  white noise 𝑈(𝑡) modulated by 

an envelope function 𝑒(𝑡) (Au and Beck 2001; Ching et al. 2005a): 

 �̈�(𝑡) + 2𝜉𝑠2𝜔𝑠2�̇�(𝑡) + 𝜔𝑠2
2 𝑥(𝑡) = 2𝜉𝑠1𝜔𝑠1�̇�1(𝑡) + 𝜔𝑠1

2 𝑥1(𝑡) 

�̈�1(𝑡) + 2𝜉𝑠1𝜔𝑠1�̇�1(𝑡) + 𝜔𝑠1
2 𝑥1(𝑡) = 𝑒(𝑡)𝑈(𝑡) 

(2.12)  

where 𝜔𝑠1 = 2.5 Hz and 𝜔𝑠2 = 0.25 Hz are the dominant and lower cut-off frequencies 

of the spectrum, 𝜉𝑠1 = 0.6 and 𝜉𝑠2 = 0.8 are the corresponding damping parameters. The 

envelop function 𝑒(𝑡) is assumed to vary quadratically as (t/4)2 for the first 4 s, then 

settle at unity for 20 s, and finally decay as exp[-(t-24)2/2] starting from t = 24 s, as 

shown in Fig. 2.3(a). The spectral intensity for the Gaussian white noise input 𝑈(𝑡) is 

𝑆0 = 2.5 × 10−3  m2/s3, i.e., 𝑈(𝑡) = �2𝜋𝑆0/∆𝑡 ∙ 𝑊(𝑡) , where 𝑊(𝑡)  is a standard 

Gaussian white noise process. The time duration is 30 s with a sampling interval of 

∆𝑡 = 0.02 s.   

In our calculation, the Clough-Penzien filter is represented by a AR(40) model. 

The time history of ground acceleration is generated firstly from this AR model as a 

stationary Gaussian process and then multiplied by the envelop function. Fig. 2.3(b) 

shows a time history sample of the simulated ground acceleration. Figs. 2.3(c) and (d) 

show the comparison of the PSD function and correlation function derived from the 

Clough-Penzien filter and AR model. The PSD function of ground acceleration without 

the envelope function is given as follows based on the Clough-Penzien filter: 
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 𝑆�̈��̈�(𝜔) = 𝜔4|𝐻𝑥(𝜔)|2 

𝐻𝑥(𝜔) =
2𝜉𝑠1𝜔𝑠1(𝑖𝜔) + 𝜔𝑠1

2

(𝑖𝜔)2 + 2𝜉𝑠2𝜔𝑠2(𝑖𝜔) + 𝜔𝑠22
×

1
(𝑖𝜔)2 + 2𝜉𝑠1𝜔𝑠1(𝑖𝜔) + 𝜔𝑠12

 
(2.13)  

Where 𝜔 is the frequency, 𝑖 = √−1. The building dynamic response is calculated by 

Newmark’s step-by-step method. The limit state response is maximum story drift within 

the load duration of 30 s. The target probability of exceedance is 10-4. The basic settings 

for the splitting method are 𝑚 = 4 and 𝑝𝑖 = 0.1 (𝑖 = 1, 2, 3,4). A total of 200 samples 

including important and offspring samples, are used at each stage to determine the 

conditional probabilities (threshold levels), which is a choice considering a balance of the 

accuracy and computational effort. 

 

   
(a) Envelope function e(t)                             (b) Ground acceleration 

   
(c) Power spectrum                                  (d) Correlation function 

Fig. 2.3 AR modeling of ground acceleration 

 

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

Time (s)

e(
t)

(t/4)2 exp[-(t-24)2/2]

Unit

0 5 10 15 20 25 30
-2

-1

0

1

2

Time (s)

G
ro

un
d 

ac
ce

le
ra

tio
n 

(m
/s2 )

0 5 10 15
0

0.1

0.2

0.3

0.4

Frequency

PS
D

 

 

Target PSD
Simulated

0 0.2 0.4 0.6 0.8 1

0

0.5

1

τ(s)

R(
τ)

/R
(0

)

 

 

Target correlation coefficient
Simulated



Texas Tech University, Jie Ding, December 2014 

21 

 
Fig. 2.4 Generation of offsprings by splitting (Example 1)  

 

 
Fig. 2.5 Extremes and splitting points at each threshold level (Example 1) 
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determined by 1.96 sample standard deviation (STD) away from the sample mean. It 

represents the variations of the estimated threshold levels from one run of ISp. For 

instance of 𝑝𝑓 = 10−4, the 95% CI of the estimated threshold level is [2.05, 2.32] by one 

run of ISp simulation. Fig. 2.7 shows the probability of exceedance compared with those 

from direct MCS with 100,000 runs and from Ching et al. (2005a).  It can be seen that the 

estimates are very agreeable, which not only confirms the accuracy of the proposed 

scheme, but also verifies the unbiasedness of the estimations.  

 

 
Fig. 2.6 Probability of exceedance by ISp method with sampled 95% CI (Example 1) 

 

 
Fig. 2.7 Probability of exceedance of story drift (Example 1) 
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To demonstrate the efficiency of the ISp method as discussed in section 2.2, the 

sample COV of ISp estimator and MCS estimator for different 𝑝𝑓 are shown in Fig. 2.8. 

The COV of the MCS estimators for different 𝑝𝑓 are obtained by using the same number 

of samples required for an ISp estimator, that is, 𝑁𝑇 = 200, 380, 560, 740 , for 𝑝𝑓 =

10−1, 10−2, 10−3, 10−4, respectively. The 𝑁𝑖𝑝𝑖 (200 × 0.1 = 20) important samples are 

used along with the newly generated offspring samples. It is evident that the ISp method 

performs significantly better than the direct MCS. Take the probability of 𝑝𝑓 = 10−4 as 

an example, the COV of MCS estimator with 𝑁𝑇 = 740 is 𝛿 = 1 �𝑁𝑇𝑝𝑓 = 3.68⁄ , while 

the sample COV of ISp estimator is 1.15. Therefore, in order to achieve the same COV of 

the MCS estimator from 100,000 samples, that is 𝛿 = 0.32, 13 runs of ISp scheme are 

needed with only 9,620 ISp samples. Because the COV of ensemble averaged ISp 

estimator will reduce to 0.32 when 13 runs of ISp simulations are used, i.e. 1.15/√13 =

0.32. This advantage of the ISp method compared to direct MCS will be much more 

significant as the failure probability becomes smaller.  

 

 
Fig. 2.8 Comparison of coefficients of variation (COV) for different estimators 
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random wind field is defined following Jonkman and Buhl (2005), a detailed introduction 

can be found in next Chapter. The FAST (Fatigue, Aerodynamics, Structures, and 

Turbulence) code is used for turbine response analysis, which is a comprehensive 

aeroelastic simulator capable of predicting the extreme and fatigue loads of both two- and 

three-bladed, conventional, horizontal-axis wind turbines.  

The extreme value distribution of turbine blade root out-of-plane bending moment 

over 10 min under 𝑈hub = 19 m/s is investigated. The target probability of exceedance is 

10−4. Same as previous example, the basic settings for the splitting method are 𝑚 = 4 

and 𝑝𝑖 = 0.1 (𝑖 = 1, 2, 3,4). 200 samples are generated to evaluate the first threshold 

level, and 20 important samples along with 180 newly generated offspring samples are 

used for other threshold levels. 20 independent runs of the scheme are carried out, and the 

mean and 95% CIs of predictions are calculated. As u-, v- and w-components of wind 

fluctuations are independent, they are simulated separately by using three MAR(4) 

models. The time step is 0.05 s, which is further discretized into 0.0125 s by interpolation 

for dynamic response analysis using FAST code. Each 10 min simulation originally was 

run for a total of 660 s, with the first 60 s removed to eliminate the transient responses. 

With MAR modeling of wind inflows, the offspring samples of wind fluctuations and 

wind turbine response can be readily generated.  

 

 
Fig. 2.9 u-, v- and w-components of wind inflow at hub height (Uhub=19m/s) 
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Fig. 2.9 shows a sample of simulated time histories of u-, v- and w-components of 

the wind inflow at the hub height. The corresponding time history of the blade root out-

of-plane bending moment and its power spectrum are displayed in Fig. 2.10. It is evident 

that the dominant frequencies are related to the rotational frequency of P = 0.2017 Hz 

(Jonkman et al. 2009). The components with frequencies of 1.087 Hz and 1.967 Hz are 

the first edgewise and second flapwise modes, respectively. Fig. 2.11 shows the extremes 

and splitting points at each threshold level during one run of the proposed scheme. The 

probability of exceedance estimated from 20 runs of simulations with the ISp scheme is 

compared to that from 50,000 runs of MCS as shown in Fig. 2.12. The results 

demonstrate that the estimates from the proposed framework are good with acceptable 

variation. The CI can be reduced if more samples are generated on each threshold level. 

For very low probability region, the difference of ISp simulation and MCS can be noticed, 

due to the number of samples in MCS is not enough. As huge computational effort is 

involved, only 50,000 runs of MCS are carried out. In order to evaluate the probability of 

exceedance that 𝑝𝑓 = 10−4, the sample COV of the ISp estimator from this example with 

740 ISp samples is 1.35 as shown by Fig. 2.8. The COV will reduce to 0.32 when 

ensemble average of 18 runs of ISp simulations are used, which involves 13,320 samples 

of simulation. To achieve the same COV of 0.32, the direct MCS will need 100,000 

samples of simulation. The advantage of the ISp method is significant compared to direct 

MCS. 

        
(a) Time history                                               (b) PSD 

Fig. 2.10 Time history and PSD of the blade root out-of-plane bending moment 
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Fig. 2.11 Extremes and splitting points at each threshold level (Example 2) 

 

 
Fig. 2.12 Probability of exceedance by ISp method with sampled 95% CI (Example 2) 
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prediction as shown in the second part of Eq. (2.2) for 𝑉𝑎𝑟[�̂�𝑖] . This additional 

estimation error is also reflected in Eq. (2.7) in terms of the average correlation factor �̅�. 

This estimation error can be identified from the COV of the estimator as shown in Fig. 

2.8 for these two examples.  If the samples are independent, the COV for probabilities of 

10-1, 10-2, 10-3, and 10-4 should be 0.21, 0.42, 0.64, and 0.85, respectively, with 𝑁𝑖 = 200. 

However, the actual COV estimated from the samples including the error by 

concentrations and correlations are 0.22, 0.58, 0.96, and 1.15 in the case of example 1, 

and 0.22, 0.62, 1.05, and 1.35 in the case of example 2, respectively. 

2.4 Extension to Consider Non-Gaussian Load Effects 

In practice, the wind loads may be non-Gaussian processes due to the complexity 

of terrain (e.g., Gong and Chen 2014), and the earthquake excitation is also found to be of 

non-Gaussian characteristics (Kafali and Grigoriu 2003). Furthermore, the wind pressures 

acting on structures are usually non-Gaussian processes even the wind speed can be 

assumed to be Gaussian, their load effects are critical in reliability- and performance-

based structural design (Simiu and Scanlan 1996; Kareem et al. 1998; Kumar and 

Stathopoulos 2000; Gioffre et al. 2000; Gong and Chen 2014). To solve this difficulty, 

the controlled MCS framework developed is extended to deal with reliability analysis of 

dynamic systems with non-Gaussian excitations following the translation process theory.  

The simulation of non-Gaussian process based on translation process theory 

requires finding a compatible underlying Gaussian process, whose correlation matrix 

should be well defined. The relationship between the correlation coefficient functions of 

non-Gaussian 𝑋(𝑡) and Gaussian 𝑈(𝑡) processes, denoted as 𝜌𝑥𝑖𝑥𝑗(𝜏) and 𝜌𝑢𝑖𝑢𝑗(𝜏), is 

 
𝜌𝑥𝑖𝑥𝑗(𝜏) = � 𝑔𝑖(𝑢𝑖)

∞

−∞
𝑔𝑗�𝑢𝑗�𝑓 �𝑢𝑖 ,𝑢𝑗;𝜌𝑢𝑖𝑢𝑗(𝜏)� 𝑑𝑢𝑖𝑑𝑢𝑗 (2.14)  

where 𝑥𝑖 = 𝑔𝑖(𝑢𝑖) and 𝑥𝑗 = 𝑔𝑗�𝑢𝑗�, 𝑔( ) is the translation function; 𝑓 �𝑢𝑖,𝑢𝑗;𝜌𝑢𝑖𝑢𝑗(𝜏)� is 

the joint probability density function of bivariate standard Gaussian processes; 𝑖, 𝑗 =

1,2, … ,𝑚, 𝑚 is the number of non-Gaussian processes. This procedure is well-known as 

correlation distortion in non-Gaussian simulation (Grigoriu 1995). 
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Fig. 2.13 Flowchart for the simulation procedure 
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small failure probability of dynamic system with non-Gaussian excitations can be 

evaluated. It enables a direct simulation of rare events with a much reduced 

computational effort and a further consideration of non-Gaussian load effects in 

reliability-based structural design. This procedure is reduced to the Gaussian case if the 

translation model and the correlation distortion are not involved, which has been 

extensively applied in the previous discussions. 

2.5 Summary  

An effective framework for evaluating small failure probability of dynamic 

structures with multi-correlated excitations was proposed, which combines the 

importance splitting (ISp) method with MAR modeling of excitations. The MAR 

modeling of multi-correlated excitations facilitated the conditional simulation of partial 

loading time histories and then the offspring samples of structural response required by 

the ISp method. It permits the application of ISp method to different kinds of stochastic 

excitations, not limited to a single excitation, with enhanced computational efficiency. 

The applications of the proposed framework to an earthquake-excited building and a 

large wind turbine demonstrated its accuracy and effectiveness, along with its advantages 

to evaluate very low first-passage probabilities of dynamic structures with multi-

correlated excitations. The ISp estimator was proved to be unbiased with a significantly 

smaller coefficient of variation (COV) compared to MCS estimator, its advantage is 

therefore demonstrated. Following the translation process theory, this framework can be 

extended to consider non-Gaussian load effects. 
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Chapter 3  

Predicting Long-term Extreme Response of Wind Turbines by 
Controlled MCS and Statistical Extrapolation 

3.1 Introduction  

In current design standard of large wind turbines (IEC 61400-1 2005), the 

extreme responses (loads) with various mean recurrence intervals (MRIs) are estimated 

from limited number of field or simulation data, typically 10 min (short-term) time 

history samples. The short-term extreme turbine responses at various wind speeds are 

fitted with prescribed probability distribution models, then combined with the distribution 

of mean wind speed for the evaluation of overall short-term extreme response distribution. 

Under the assumption that the short-term extremes are mutually independent, the long-

term extreme responses with various MRIs are determined. For instance, the 50-year 

extreme response corresponds to a probability of exceedance of  𝑝𝑒 = 3.8 × 10−7  in 

terms of 10 min extreme. Obviously, the estimation of long-term extremes involves 

quantification of extreme value distribution at very upper tail with very small 

probabilities of exceedance.  

There are a number of methods currently adopted for assessing long-term 

extremes with very small probabilities of exceedance, which can be generally classified 

as Monte Carlo simulation (MCS) and statistical extrapolation (Moriarty 2008; Ragan 

and Manuel 2008). Direct MCS is a reliable solution but is very time-consuming in 

evaluating a rare event as the required sample size is proportional to the inverse of 

occurrence probability. Recently a controlled MCS framework has been introduced by 

Ding and Chen (2013), which combined importance splitting (ISp) or subset simulation 

with splitting (SS/S) scheme (e.g., Au and Beck 2001; Ching et al. 2005; Garvels 2000; 

Morio et al. 2010) with multivariate autoregressive (MAR) modeling of stochastic 

excitations, and its effectiveness and accuracy have been illustrated. This framework 

enables a direct simulation of extreme response distribution with much reduced 

computational efforts and the distribution determined provides a reference to verify the 

adequacy of different statistical extrapolation approaches, such as global maxima method, 

block maxima method, peaks-over-threshold (POT) method, translation process method 
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and average conditional exceedance rate (ACER) method (Winterstein and Kashef  2000; 

Moriarty et al. 2002; Ragan and Manuel 2008; Fogle et al. 2008; Sichani et al 2012). In 

this chapter, the performance of global maxima, translation process and ACER methods 

are evaluated.   

 For the global maxima method, only one maximum value is extracted from each 

short-term time history sample. The maxima data extracted from multiple samples are 

then fitted into a prescribed distribution model, such as Gumbel distribution, quadratic 

Gumbel distribution, lognormal distribution, generalized extreme value (GEV) 

distribution, Weibull distribution (e.g., Natarajan and Holley 2008; Winterstein and 

Kashef 2000).  Studies in literature have shown that while these probability models can 

fit the simulated short-term extreme data well, the predictions of long-term extremes 

from these probability models are very different due to their very distinct upper tail 

behaviors (Moriarty et al. 2002; Freudenreich and Argyriadis 2008). To lessen the effect 

of small short-term extreme data on fitted distribution shape and also the extrapolated 

response, the tail fitting method was reported recently (Freudenreich and Argyriadis 

2008), that used only the extreme data higher than a prescribed  threshold, while the 

selection of the threshold  is empirical. Another major problem with global maxima 

method is that the prescribed asymptotical extreme value distribution models cannot be 

assured to what extent it is applicable for the sampled extreme data (Naess and Gaidai 

2009). 

The translation process method (Grigoriu 1984 and 1995) to some degree 

ameliorates this restriction, by relating the non-Gaussian response process to an 

underlying Gaussian process through a monotonic translation function. It permits the 

calculation of crossing rate and extreme value distribution of non-Gaussian process 

through those of Gaussian process for which theoretical formulations are available. 

Previous studies concerning the translation process method as applied to wind turbine 

extreme response have limited to translation function in terms of Hermite polynomial 

model determined from the first four statistical moments of the response process 

(Fitzwater and Winterstein 2001; Ragan and Manuel 2008). The monotonic requirement 

of the translation function also restricts the application of Hermite model to non-Gaussian 

processes whose skewness and kurtosis are in certain range. In addition, the first four 
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statistical moments may not adequately represent the tail behavior of distribution, thus 

the moment-based translation process method may not well predict the extreme value 

distribution. Chen (2014a) demonstrated that the translation process method can be well 

applied to strongly non-Gaussian processes when the translation function is derived from 

mapping of cumulative distribution function (CDF) rather than the statistical moments. 

The ACER method is another approach to estimate the extreme value distribution 

from sampled process (Naess and Gaidai 2009), which reduces the estimation of extreme 

value distribution to calculations of a set of ACER functions at high thresholds with 

different degrees of conditioning. The ACER method models the conditional exceedances 

with a prescribed analytical function whose parameters are determined by optimization of 

curve-fitting, which is a more generalized case as compared to POT method (Sichani et al. 

2012). This method has the capability to capture sub-asymptotical behavior of the data, 

thus is less restrictive and more flexible than that based on asymptotical extreme value 

theory, and yields better prediction of extreme value distribution (Naess and Gaidai 2009; 

Naess et al. 2012; Sichani et al. 2012;  Karpa and Naess 2013). The ACER method was 

applied to a reduced-order model of 5MW wind turbine by Sichani et al. (2012) for the 

estimation of extreme value distribution of tower top displacement. The prediction of 

ACER method was compared to that of direct MCS, and the effectiveness of ACER 

method was illustrated.  

In this chapter, the accuracy and effectiveness of the global maxima method, 

translation process method and ACER method in predicting long-term wind turbine 

extreme responses with very low probabilities of exceedance are examined. The 5MW 

onshore baseline wind turbine model developed by National Renewable Energy 

Laboratory (NREL) (Jonkman et al. 2009) is used. Both blade root in-plane and out-of-

plane bending moments are discussed. The predictions of these methods are compared to 

the data directly generated by controlled MCS, which provides a valuable opportunity to 

verify the performance of the statistical extrapolation approaches. The comparison of the 

results leads to new insights to improve the statistical extrapolation procedures demanded 

by current standards.  
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3.2 Problem Description 

3.2.1 Wind Turbine Model and Random Wind Field 

The 5MW onshore baseline wind turbine model developed by NREL has a hub 

height of 90 m and rotor diameter of 126 m. The turbine uses variable-speed and 

collective pitch-control configuration with a rated wind speed of 11.5 m/s and a rated 

rotor speed of 12.1 rpm. The turbine operating wind speed range is between cut-in speed 

of 3 m/s and cut-out speed of 25 m/s. The random wind field in terms of u-, v- and w-

components of wind fluctuations is represented by a 15-by-15 grid with a width of 137 m 

in both directions, which is sufficient to cover the rotor when the possibility of yaw and 

tilt are accounted. The Kaimal spectrum and exponential coherence model of turbulence 

as described in the IEC standard in terms of wind turbine class I with a category B for 

medium turbulence characteristics are used (IEC 61400-1 2005). The dependency among 

u-, v- and w-components are not considered following the standard. The standard 

deviations (STDs) of u-, v- and w-components in terms of mean wind speed at hub height 

(𝑈hub) are 𝜎𝑢 = 0.14(0.75𝑈hub + 5.6), 𝜎𝑣 = 0.8 𝜎𝑢  and 𝜎𝑤 = 0.5 𝜎𝑢, respectively, and 

are assumed to be invariant in whole wind field. The mean wind speed profile is given by 

the power law with an exponent of 0.2.  

3.2.2 Wind Turbine Responses and Extrapolation for Long-Term Extremes  

The FAST (Fatigue, Aerodynamics, Structures, and Turbulence) code is used for 

turbine response analysis, which is a comprehensive aeroelastic simulator capable of 

predicting the extreme and fatigue loads of three-bladed, conventional, horizontal-axis 

wind turbines. The dynamic system of onshore wind turbine is modeled in FAST code by 

a combined modal and multi-body dynamics formulation with 16 degrees-of-freedom 

(DOFs). Each blade has three DOFs: 1st and 2nd flapwise bending modes, and 1st 

edgewise bending mode; Tower has four DOFs: 1st and 2nd tower fore-aft (FA) modes, 1st 

and 2nd tower side-to-side (SS) modes; Nacelle has a yaw motion DOF; Generator has an 

azimuth angle DOF; Drivetrain has a rotational flexibility DOF. The tower is rigidly 

fixed to the ground. The turbine response time history to a given wind turbulence inflow 

is calculated using step-by-step numerical integration method (Jonkman and Buhl 2005). 
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As u-, v- and w-components of wind fluctuations are independent, they are simulated 

separately. Though the spectral representation method (Shinozuka and Jan 1972) has 

been widely used in modeling and simulation of random field, this study uses three 

MAR(4) models with a time step of 0.05 sec for wind fluctuations, which facilitate the 

implementation of the controlled MCS as demonstrated in Chapter II. 

The extreme value distributions of wind turbine blade root in-plane and out-of-

plane bending moments (unit: kNm) over 10 min are investigated. The response time 

history samples and the power spectral density (PSD) functions of in-plane bending 

moment under 𝑈hub = 25 m/s and out-of-plane bending moment under  𝑈hub = 15 m/s 

are displayed in Figs. 3.1 and 3.2, respectively. At these two wind speeds, the extreme 

wind turbine responses are largest among those under other wind speeds (Moriarty 2008). 

It is evident that the dominant frequencies are related to the rotational frequency of  P = 

0.2017 Hz. The in-plane bending moment is affected mostly by the periodical inertial 

loading due to blade rotation. The out-of-plane bending moment is mainly caused by 

wind inflow turbulence, and its dominant rational frequency is attributed to the rational 

sampling frequency of the turbulence. The components with frequencies close to 1.08 Hz 

and 1.96 Hz in both responses are the first edgewise and second flapwise modes. The first 

flapwise mode is not noticeable due to its large aerodynamic damping.   

 

      
                                 (a) Time history                                           (b) PSD function 

Fig. 3.1 Blade root in-plane bending moments (Uhub=25 m/s) 
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                          (a) Time history                                           (b) PSD function 

Fig. 3.2 Blade root out-of-plane bending moments (Uhub=15 m/s) 
 

To determine the extreme values of turbine responses with a given MRI, say, 50 

years, the wind speed range between cut-in and cut-out wind speeds are divided into 12 

wind speed bins with a width of 2 m/s. Simulations of turbine response at various wind 

speeds are carried out for the quantification of extreme value distribution of turbine 

response conditional on wind speed. i.e., Pr (𝑌 > 𝑦|𝑉 = 𝑣), where 𝑌 is the extreme value 

of 10 min response, i.e. 𝑌 = max (𝑋(𝑡), 0 ≤ 𝑡 ≤ 10min), and 𝑉 = 𝑈hub = 𝑣 is the mean 

wind speed at turbine hub height. These conditional distributions are then integrated with 

the Rayleigh distribution of wind speed to estimate the overall short-term extreme value 

distribution (e.g., Moriarty et al. 2002) 
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(3.1)  

where 𝑓(𝑣) is the probability density function (PDF) of mean wind speed, which follows 

a Rayleigh distribution; 𝑣ave  is expected value of the mean wind speed; 𝑣𝑗  (𝑗 =

1,2,⋯ ,12) are the mean wind speeds at bin centers; and ∆𝑣𝑗  is the bin width. In this 

application, 𝑣ave = 10 m/s and ∆𝑣𝑗 = 2 m/s are selected. 
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The long-term extreme response with a given MRI is then determined from the 

probability of exceedance Pr(𝑌 > 𝑦). The probability of exceedance of R-year extreme 

response is calculated as 10/(𝑅 × 365 × 24 × 60) . The 1-year, 10-year and 50-year 

extremes correspond to the probability of exceedance of 1.9 × 10−5 , 1.9 × 10−6 

and 3.8 × 10−7, respectively. 

3.3 Long-term Extreme Response by Controlled MCS 

3.3.1 Importance Splitting Method (ISp) with MAR Modeling of Excitations 

The direct MCS is prohibited for simulating a rare event as the required sample 

size of MCS is inversely proportional to its occurrence probability. Recently, a controlled 

MCS scheme that combines ISp with MAR modeling of multi-correlated excitations was 

developed in Ding and Chen (2013), and was successfully applied to the estimation of 

wind turbine large extreme responses. Details of this framework are introduced in 

Chapter II. 

In addition, the confidence interval (CI) of the estimated thresholds from the ISp 

method can be determined from multiple runs of simulations. The upper and lower 

bounds for a 95% CI of the estimated threshold through an ensemble average of 𝐾 runs of 

samples can be determined as  

 
𝐶𝐼± = 𝑦� ± 1.96

�̂�(𝑦)
√𝐾

 (3.2)  

where 𝐾  is the number of samples; 𝑦� = 1
𝐾
∑ 𝑦(𝑘)𝐾
𝑘=1   is the sample mean;  �̂�(𝑦) =

� 1
𝐾−1

∑ (𝑦(𝑘) − 𝑦� )2𝐾
𝑘=1  is the sample STD. 

3.3.2 Estimation of Wind Turbine Extreme Response 

The controlled MCS is applied to evaluate the wind turbine responses under 

various mean wind speeds. In order to evaluate the overall 10 min extreme value 

distribution with tail information for MRI of 50 years, the number of thresholds of ISp 

method is chosen as 𝑚 = 7, and the conditional probability on each stage is 𝑝𝑖 = 0.1, 

which is guided by the optimal settings for this method. Therefore, the evaluated 

probability of exceedance conditional on mean wind speed is as small as 10-7. During 
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each run of the proposed ISp scheme, 𝑁𝑖 = 200 samples are used on each stage for the 

determination of thresholds with given conditional probabilities. Totally 𝐾 =  20 

independent runs are conducted and the final results are obtained by the ensemble 

average of the estimates. Fig. 3.3 shows the probability of exceedance for out-of-plane 

bending moment in various wind speed bins as an example, along with their 95% CIs. 

 

 
Fig. 3.3 Probability of exceedance for out-of-plane bending moment with 95% CI 

 

Figs. 3.4(a) and (b) show the overall probability of exceedence for the blade root 
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(3.1). In Figs. 3.4(a) and (b), the year-long data set reported in Moriarty (2008) from 

2000 3500 5000 6500

10-5

100
Wind bin 3m/s

0 5000 10000 15000

10-5

100
Wind bin 5m/s

0.6 0.9 1.2 1.5
x 104

10-5

100
Wind bin 7m/s

0.5 1 1.5 2
x 104

10-5

100
Wind bin 9m/s

1 1.3 1.6 1.9
x 104

10-5

100
Wind bin 11m/s

1 1.3 1.6 1.9
x 104

10-5

100
Wind bin 13m/s

0.5 1 1.5 2
x 104

10-5

100
Wind bin 15m/s

0.5 1 1.5 2
x 104

10-5

100
Wind bin 17m/s

0.5 1 1.5 2
x 104

10-5

100
Wind bin 19m/s

0.5 1 1.5 2
x 104

10-5

100
Wind bin 23m/s

0.5 1 1.5 2
x 104

10-5

100
Wind bin 25m/s

Pr
ob

ab
ili

ty
 o

f e
xc

ee
da

nc
e

Out-of-plane bending moment (kNm)

0.5 1 1.5 2
x 104

10-5

100
Wind bin 21m/s



Texas Tech University, Jie Ding, December 2014 

38 

direct MCS is also presented. Comparison of the results from the proposed framework 

and year-long data set shows both results agree well with each other. From the simulation 

data, the extreme in-plane bending moments for 1- and 50-year MRIs are estimated to be 

8780 kNm and 9385 kNm, respectively. The extreme out-of-plane bending moments for 

1- and 50-year MRIs are 15950 kNm, and 16820 kNm, respectively. It is worth 

mentioning that there is only 5 years of data obtained from direct MCS (Moriarty 2008). 

To further evaluate an extreme response of a MRI of 50-year (𝑃𝑓 = 3.8 × 10−7 ), 

2,630,000 (i.e., 1/𝑝𝑓) samples are needed to generate one extreme estimate when direct 

MCS scheme is used. On the other hand, a very good estimate from the ISp framework 

can be obtained by only about 25,600 samples (20 runs with 1280 samples per run) for 

each wind speed bin, which makes the simulation feasible. 

 

       
(a) In-plane bending moment                           (b) Out-of-plane bending moment 

Fig. 3.4 Simulated overall probability of exceedance for blade root bending moments 
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such as Gumbel distribution, quadratic Gumbel distribution, lognormal distribution, 

generalized extreme value (GEV) distribution and Weibull distribution. The extracted 

200 extremes of blade root in-plane and out-of-plane bending moments are displayed in 

Figs. 3.5(a) and 3.6(a). It is noted that the dominant wind speed bin that causes largest 

response is the cut-out wind speed for in-plane bending moment, and is around the rated 

wind speed for out-of-plane bending moment. In this application, the distribution model 

parameters are determined based on method of moments (e.g., Winterstein and Kashef 

2000), except that the quadratic Gumbel distribution is by curve fitting of the cumulative 

distribution function (CDF).  

Figs. 3.5(b) and 3.6(b) show the extrapolated overall probability of exceedance 

for blade root in-plane and out-of-plane bending moments by combining the conditional 

extreme value distribution of wind turbine responses and the Rayleigh distribution of 

mean wind speed. The results by the controlled MCS are also presented. The extrapolated 

in-plane bending moment by GEV model is not shown due to its poor performance. It is 

observed that the selected probability distribution model has a significant influence on the 

statistical extrapolations even it can well fit the sampled data. In the case of the out-of-

plane bending moment, the difference of predicted extreme responses with a MRI of 50-

year is as large as 42%. Additionally, the performance of these preselected probability 

distribution models is different for different extreme response. For instance, the 

Lognormal distribution only slightly underestimates the in-plane bending moment, but 

significantly overestimates the out-of-plane bending moment as compared to the results 

from controlled MCS, with a prediction error of 18% at a MRI of 50-year. Besides, the 

performance of the same probability distribution at different mean wind speed bin also 

varies. It is worth mentioning that the quadratic Gumbel distribution performs better than 

the Gumbel distribution, because it can well capture the slope of the data on loglog scale 

by a parabolic curve instead of a straight line. The errors of the predicted in-plane and 

out-of-plane bending moments with MRI of 50-year from quadratic Gumbel distribution 

are 4.5% and 10%, respectively, as compared to the controlled MCS. 
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 (a) Extremes in each wind speed bin              (b) Overall probability of exceedance    

Fig. 3.5 Blade root in-plane bending moment 

 

       
      (a) Extremes in each wind speed bin            (b) Overall probability of exceedance         

Fig. 3.6 Blade root out-of-plane bending moment 
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of an unknown distribution by Hermite model approach is applicable when the sample 

size is large enough such that the required higher statistical moments such as skewness 

and kurtosis can be accurately estimated. The tail-fitting method requires an even larger 

sample size to obtain a reliable distribution tail and the selection of threshold is empirical. 

3.5 Long-term Extreme Response by Translation Process Method 

3.5.1 Translation Process Method 

The translation process method collects information of the entire response time 

history and relates it to an underlying standard Gaussian process through a monotonic 

translation function. Following the translation process theory, the non-Gaussian process 

𝑋(𝑡)  is related to a standard Gaussian process 𝑈(𝑡)  using a memoryless monotonic 

translation function 𝑔( ), which can be determined through CDF mapping (Grigoriu 1995) 

 𝑥0 = 𝑔(𝑢) = 𝐹𝑋−1[Φ(𝑢)] (3.3)  

where 𝑥0 = (𝑥 − 𝜇𝑋) 𝜎𝑋⁄ ; 𝜇𝑋  and 𝜎𝑋  are mean and STD of process 𝑋(𝑡); 𝐹𝑋  and Φ are 

CDFs of 𝑋(𝑡) and 𝑈(𝑡); 𝐹𝑋−1 is the inverse function of 𝐹𝑋 . For a given value of non-

Gaussian response process, the corresponding value of the underlying standard Gaussian 

process is determined such that both values are associated with an identical value of CDF. 

This procedure for quantifying the translation function is referred to as CDF mapping. 

Based on the monotonic translation function, the crossing rate of 𝑋(𝑡)  at a 

threshold 𝑥  is identical to that of 𝑈(𝑡)  at level 𝑢 = 𝑔−1[(𝑥 − 𝜇𝑋) 𝜎𝑋⁄ ] . The extreme 

value distribution of the non-Gaussian process, i.e. 𝑌 = max (𝑋(𝑡), 0 ≤ 𝑡 ≤ 𝑇) , is 

readily determined from that of the underlying Gaussian process with Poisson assumption 

of crossings, which can be expressed as (e.g., Grigoriu 1984 and 1995) 

            𝐹max(𝑥) = Pr(𝑌 ≤ 𝑥) ≈ exp[−�̅�+(𝑥)𝑇]                                       

                              ≈ exp �−𝜈0𝑇 exp �− �𝑔−1 �𝑥−𝜇𝑋
𝜎𝑋

��
2

2� �� 
(3.4)  

where �̅�+(𝑥)  is the upcrossing rate at 𝑥 ; 𝜈0 = 𝜎�̇� 2𝜋⁄ = 𝜎�̇�/�2𝜋𝜎𝑋�𝐸{[𝑔′(𝑢)]2}� ≈

𝜎�̇� /(2𝜋𝜎𝑋 ) is the upcrossing rate at mean level 𝜇𝑋; 𝑇 is the time duration of process, i.e., 

10 min for turbine response in this study; 𝑔−1( ) is the inverse function of translation 

function 𝑔( ) . It is noted that the translation function must be given in terms of an 
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analytical expression, which permits its extrapolation to higher response levels. Based on 

this extrapolated translation function, the crossing rate and extreme value distribution of 

higher response levels are approximately estimated.  

The Hermite polynomial function is often used to express the translation function 

(Winterstein 1988). The softening non-Gaussian process with a kurtosis larger than 3 is 

described as   

 𝑥0 = 𝑔(𝑢) = ℎ1[𝑢 + ℎ3(𝑢2 − 1) + ℎ4(𝑢3 − 3𝑢)] (3.5)  

and the corresponding inverse function to Gaussian is accordingly given by 

 𝑢 = 𝑔−1(𝑥0 ) = ��𝜉2(𝑥0) + 𝑐 + 𝜉(𝑥0)�
1 3⁄

− ��𝜉2(𝑥0) + 𝑐 − 𝜉(𝑥0)�
1 3⁄

− 𝑎 
(3.6)  

where 𝜉(𝑥0) = 1.5𝑏(𝑎 + 𝑥0/ℎ1) − 𝑎3; 𝑎 = ℎ3/3ℎ4; 𝑏 = 1/3ℎ4; 𝑐 = (𝑏 − 1 − 𝑎2)3; ℎ1, 

ℎ3 and ℎ4 are model coefficients, which can be determined by curve-fitting the numerical 

translation function derived from CDF mapping.  

The upper tail of CDF estimated from time history samples exhibits larger 

variations, which introduces larger uncertainties in the translation function and the 

extreme value distribution at high thresholds. Therefore, the numerical translation 

function for curve-fitting to a prescribed analytical form should be truncated at tail region. 

For each time history sample, the CDF of the response process is estimated, and the 

translation function and extreme value distribution are calculated. The mean and COV of 

these estimators can be accordingly determined from multiple samples. For instance of 

the estimated probability of exceedance of extreme 𝑃𝑒(𝑥) = Pr(𝑌 > 𝑥) = 1 − Pr(𝑌 ≤ 𝑥), 

whose mean and STD are denoted as 𝑃�𝑒(𝑥) and �̂�(𝑃𝑒(𝑥)). The COV for 𝑃𝑒(𝑥) is then 

calculated as follows when 𝑃𝑒(𝑥) is estimated by an ensemble average of 𝐾 samples:  

 
COV =

�̂�(𝑃𝑒(𝑥))/√𝐾
𝑃�𝑒(𝑥)

 (3.7)  

In this study, the numerical translation function is truncated when the COV of 𝑃𝑒(𝑥) is 

larger than 0.3. 

The use of Hermite polynomial function also allows determination of the model 

coefficients directly from the first four statistical moments of the non-Gaussian process, 
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i.e., mean, STD, skewness and kurtosis, and this method is referred to as moment-based 

Hermite model approach (Winterstein 1988). Given first four moments, the model 

coefficients can be calculated by solving nonlinear equations through Newton-Raphson 

iteration (Ditlevsen et al. 1996; Chen and Huang 2008), or using the empirical closed-

form expressions (Winterstein 1988; Winterstein and Kashef 2000). 

In the case of a hardening non-Gaussian process with a narrower distribution tail, 

e.g., kurtosis is less than 3, the Hermite model is used to express the translation of non-

Gaussian to Gaussian as 

 𝑢 = 𝑔−1(𝑥0) = ℎ1[𝑥0 + ℎ3(𝑥02 − 1) + ℎ4(𝑥03 − 3𝑥0)] (3.8)  

The coefficients of Hermite model for hardening non-Gaussian process can also 

be determined by curve-fitting the translation function derived from CDF mapping or 

based on first four statistical moments. Unlike the softening non-Gaussian case, the 

explicit nonlinear relationship between Hermite model coefficients and first four 

statistical moments of the non-Gaussian process cannot be readily established. However, 

the Hermite model coefficients can be calculated by optimizing the error between the 

resulted and targeted first four moments. Chen (2014) developed following semi-

empirical formulations for calculating ℎ1 and ℎ4 (where ℎ3 = 0) with target zero mean, 

unit STD, zero skewness and kurtosis (1.5 < 𝛼4𝑥 < 3): 

 ℎ1 =
1
ℎ10

[1 + 0.0016{−1 + exp(14ℎ0)}]  

ℎ4 =
1

ℎ1ℎ10
 [0.0077{−1 + exp(9.5ℎ0)}] 

(3.9)  

where 

 ℎ0 = [1 + 1.25|3 − 𝛼4𝑥|]1 3⁄ − 1 (3.10)  

 ℎ10 = 1 − 0.053(3 − 𝛼4𝑥)3 + 0.107(3 − 𝛼4𝑥)4 − 0.048(3 − 𝛼4𝑥)5 (3.11)  

The most important step in the estimation of extreme value distribution based on 

translation process approach is finding a reliable translation function model which better 

represents the numerical one derived from CDF mapping. As the extreme value 

distribution is of interest, the chosen monotonic translation function should better 

represent the upper tail behavior. For hardening non-Gaussian processes with nonzero 

skewness, the proper translation model is introduced in next chapter.  
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3.5.2 Representation of Translation Function by Hermite Polynomial Model 

Fig. 3.7 shows the CDFs of blade root in-plane and out-of-plane bending 

moments at mean wind speeds of 15 and 25 m/s, estimated from 200 samples, in term of 

ensemble averaged mean and 95% CIs, i.e., mean ± 1.96 STD, where STD represents the 

standard deviation of ensemble averaged estimator. The CI is for the estimated 1 − 𝐹(𝑥) 

at given response level 𝑥. It would be symmetric around the mean if the vertical y-axis is 

plotted in a linear scale, but it is non-symmetric as the y-axis is now plotted in a 

logarithmic scale.  

        
     (a) In-plane bending moment                     (b) Out-of-plane bending moment 

Fig. 3.7 CDF of blade root bending moment under Uhub=15 and 25 m/s 

 

      
     (a) In-plane bending moment                       (b) Out-of-plane bending moment 

Fig. 3.8 Translation function from CDF mapping under Uhub=15 and 25 m/s 
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Fig. 3.9 Translation function of in-plane bending moment under  Uhub=3-25 m/s 

 

       
             (a) In-plane bending moment                           (b) Out-of-plane bending moment 

Fig. 3.10 Skewness and kurtosis of blade root bending moments with mean wind speeds 
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kurtosis of blade root bending moments are displayed in Fig. 3.10, along with their 95% 

CI, representing the variation of estimator from one sample. When the estimate is 

obtained from ensemble average of 𝐾 samples, the STD is reduced by a factor of √𝐾. 

The in-plane bending moment has zero skewness, and the kurtosis is considerably less 
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than 3 which indicates a strongly hardening non-Gaussian characteristic. On the other 

hand, the out-of-plane bending moment shows either weakly softening or hardening non-

Gaussian characteristics. It is noted that the skewness and kurtosis of the in-plane 

bending moments from 3 to 15 m/s are very close to 0 and 1.5, as observed from Fig. 

3.10(a), but the upper tails of the translation functions are very different as shown in Fig. 

3.9. Obviously, the first four statistical moments cannot always well reflect the tail 

behavior of distribution and translation function. 

Three different approaches are used to determine the analytical translation 

function in terms of Hermite polynomial model: 1) Based on first four statistical 

moments of the process, referred to as moment-based Hermite model; 2) By curve-fitting 

the numerical translation function in the whole positive and negative region, referred to 

as fitting-based Hermite model; and 3) By curve-fitting the numerical translation function 

at tail region, referred to as fitting-based Hermite model (tail). A tail marker (starting 

point) 𝑢1 is selected in approach 3), so the curve-fitting is carried out for levels higher 

than 𝑢1 in terms of the underlying Gaussian variable.  

 

        
         (a)  𝑈hub = 15 m/s                                                (b) 𝑈hub = 25 m/s 

Fig. 3.11 Translation function of out-of-plane bending moment from directly curve-fitting 
to Hermite model 
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property of Hermite polynomial function, the coefficients of Hermite polynomial should 

satisfy the following inequality for a softening non-Gaussian case 

 𝑑𝑔(𝑢)
𝑑𝑢

= ℎ1[1 + 2ℎ3𝑢 + ℎ4(3𝑢2 − 3)] > 0 (3.12)  

which requires ℎ1ℎ4 > 0 and the discriminant to be less than zero, i.e., 

    ℎ32 − 3ℎ4(1 − 3ℎ4) < 0 (3.13)  

The condition that ℎ1ℎ4 > 0 is automatically satisfied during curve-fitting since 

the numerical translation function is always monotonic increasing. The constraints 

derived from a hardening case are the same. In order to find the model coefficients which 

guarantee the monotonic increasing property, a nonlinear optimized curve-fitting 

technique with above constraint, say Eq. (3.13), is needed (e.g., Coleman and Li 2006). 

Fig. 3.12 shows the Hermite model based translation function of blade root in-

plane and out-of-plane bending moments with different preselected region with tail 

marker 𝑢1 = 0, 0.5, 1 and 2. The results show that the tails of the Hermite model are 

insensitive to 𝑢1, so the start point is chosen as 𝑢1 = 0 for both blade root in-plane and 

out-of-plane bending moments in this study. In general, tail marker 𝑢1 can be determined 

according to the shape of translation function, especially, the location of the inflection 

point. Another method is to change 𝑢1  until a specified value which gives a stable 

translation function. In this study, the numerical translation functions are truncated 

according to Eq. (3.7), the truncation marker (end point) of numerical translation function 

in terms of underlying Gaussian variable is 𝑢𝑒 =  4.12 and 4.21 for in-plane bending 

moments at 15 and 25 m/s, respectively, and 𝑢𝑒 =  4.01 and 3.85 for out-of-plane 

bending moments at 15 and 25 m/s, respectively.   

Fig. 3.13 shows the performance of the Hermite model in representing the 

numerical translation functions and the resulted extreme value distributions at mean wind 

speeds of 15 and 25 m/s for blade root in-plane bending moment. It is evident that the 

moment-based Hermite model, while produces very accurate representation of the first 

four statistical moments, is not accurate enough in representing the translation function at 

the upper tail in the case of strongly hardening non-Gaussian response. As a result, the 

extrapolated extreme response can be noticeably overestimated or underestimated. The 

Hermite model determined by curve-fitting the whole numerical translation function 
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performs better. Especially, the improved Hermite model by curve-fitting the positive 

region of translation function leads to satisfactory prediction of extreme response. Similar 

results are obtained for blade root out-of-plane bending moment as shown in Fig. 3.14. 

The moment-based Hermite model gives acceptable estimation at mean wind speed of 25 

m/s, where the response process is almost Gaussian.  

 

          
                (a) In-plane (𝑈hub=15 m/s)                                  (b) In-plane (𝑈hub=25 m/s) 

         

             (c) Out-of-plane (𝑈hub=15 m/s)                        (d) Out-of-plane (𝑈hub=25 m/s) 

Fig. 3.12 Translation function of blade root bending moments from constrained curve-
fitting to Hermite model 
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   (a) Translation function (𝑈hub=15 m/s)      (b) Extreme value distribution (𝑈hub=15 m/s) 

        
  (c) Translation function (𝑈hub=25 m/s)      (d) Extreme value distribution (𝑈hub=25 m/s) 

Fig. 3.13 Translation function and extreme value distribution of blade root in-plane 
bending moment 
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    (a) Translation function (𝑈hub=15 m/s)     (b) Extreme value distribution (𝑈hub=15 m/s) 

          

    (c) Translation function (𝑈hub=25 m/s)     (d) Extreme value distribution (𝑈hub=25 m/s) 

Fig. 3.14 Translation function and extreme value distribution of blade root out-of-plane 
bending moment 
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from controlled MCS, moment-based Hermite model, and Hermite model by curve-fitting 

the positive region of translation function. It is evident that the moment-based Hermite 

model is less accurate in statistical extrapolation of extreme response, which is 12.1% 

less than that from controlled MCS with a MRI of 50-year. The extrapolation of extreme 

response by the improved Hermite model is much better. For instance, the predicted 

extreme response with MRI of 50-year is 9197 kNm, with a difference of less than 2% 

compared to that by controlled MCS. The results for the overall short-term extreme value 

distribution of blade root out-of-plane bending moment are shown in Fig. 14(b). The 

moment-based Hermite model overestimates the long-term extreme response by 31.1% 

compared to that from controlled MCS. The improved Hermite model leads to an 

estimate of the extreme response with MRI of 50-year as 17900 kNm. The difference is 

6.4% from that by controlled MCS, which demonstrates the performance of the 

translation process method. When the out-of-plane bending moment is simply assumed to 

be a Gaussian process, the extreme response distribution can be readily determined by 

setting 𝑥0 = 𝑔(𝑢) = 𝑢. The predicted extreme response with MRI of 50-year is about 14% 

larger than that from controlled MCS. 

 

Table 3.1 Tail and truncation markers used in fitting Hermite polynomial model 

𝑈hub (m/s) 3 5 7 9 11 13 15 17 19 21 23 25 

In-
plane 

Tail 
marker 

𝑢1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

𝑔(𝑢1) 0.00 0.00 0.01 0.01 0.00 0.02 0.01 0.00 0.00 0.00 0.00 0.00 

Trunc. 
marker 

𝑢𝑒 3.53 3.70 3.99 4.04 4.04 4.10 4.12 4.17 4.18 4.22 4.19 4.21 
𝑔(𝑢𝑒) 1.47 1.62 1.79 1.90 1.90 1.93 1.96 2.06 2.16 2.28 2.37 2.52 

Prob. of 
exceed.  (10-1) 

1.11 0.44 0.22 0.22 0.26 0.19 0.25 0.20 0.19 0.21 0.20 0.29 

                            

Out-
of-

plane 

Tail 
marker 

𝑢1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
𝑔(𝑢1) 0.96 1.17 0.91 0.67 0.50 0.33 0.25 0.33 0.34 0.39 0.11 0.18 

Trunc. 
marker 

𝑢𝑒 3.64 3.32 3.64 3.93 4.17 3.99 4.01 3.90 3.83 3.78 3.94 3.85 

𝑔(𝑢𝑒) 4.54 4.12 4.37 3.61 3.38 3.40 4.38 4.93 4.55 4.21 3.90 3.82 
Prob. of 

exceed.  (10-1) 0.45 0.46 0.49 0.28 0.22 0.26 0.28 0.40 0.45 0.51 0.35 0.43 
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     (a) In-plane bending moment                         (b) Out-of-plane bending moment 

Fig. 3.15 Overall probability of exceedance by controlled MCS and extrapolation with 
translation process method 

 

Table 3.2 Mean and STD of blade root bending moments (kNm) 

𝑈hub(m/s) 3 5 7 9 11 13 15 17 19 21 23 25 

In-
plane 

Mean  33 185 444 783 1151 1310 1324 1321 1315 1307 1303 1295 

STD 2527 2535 2549 2588 2617 2643 2658 2671 2679 2680 2700 2712 
                            Out-
of-
plane 

Mean 1861 3078 4713 7069 8374 7064 5641 5105 4248 3729 3147 2824 

STD 395 694 1103 1616 1670 2000 1856 1801 1783 1819 1929 2015 

 

The moment-based Hermite model fails to capture the tail behavior of translation 

function, especially in the case of strongly non-Gaussian process. This observation is 

consistent to the results in literatures (e.g., Rangan and Manuel 2008; Fitzwater and 

Winterstein 2001). This study determined the coefficients of Hermite model by using 

constrained nonlinear optimization technique to curve-fitting the numerical translation 

function derived from CDF mapping, especially the upper tail part. With this improved 

modeling, the translation process method is proved to be very effective in statistical 

extrapolation of wind turbine extreme responses.  

3.5.4 Influence of Narrow-Band Characteristic  

From the response time history and PSD, it is noted that the blade root in-plane 

bending moment is a narrow-band process. For narrow-band processes, the Poisson 
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assumption of crossings is no longer valid as the crossings tend to be in cluster. 

Vanmarcke (1975) proposed an expression for calculating upcrossing rate of a narrow 

band Gaussian process as 

 
𝜈+(𝑥) = 𝑣0exp (−𝑥2/2𝜎𝑋2)

�1 − exp (−√2𝜋𝑞1.2𝑥/𝜎𝑋)�
[1 − exp (−𝑥2/2𝜎𝑋2)]  (3.14)  

where 𝑣0 is the mean upcrossing rate at mean level; and 𝑞 is the bandwidth parameter 

defined as 

 
𝑞 = �1 − 𝜆1

2/(𝜆0𝜆2) (3.15)  

 
𝜆𝑛 = � (2𝜋𝑓)𝑛𝑆𝑋(𝑓)𝑑𝑓

∞

0
 (3.16)  

where 𝜆𝑛 is n-th moment of the process PSD, 𝑆𝑋(𝑓); and 𝑓 is the frequency.  

Take the in-plane bending moment at wind speed of 25 m/s as an example. The 

bandwidth parameter is calculated as 𝑞1 = 0.045 and 𝑞all = 0.56, respectively, when the 

PSDs of first modal response and all modal response are used. Although the power at 

high frequency is very small, their effect to bandwidth parameter is not ignorable. In fact, 

the definition of bandwidth parameter in terms of moments of PSD function is not suited 

to the response process with multiple modal frequencies. To examine the potential 

influence of bandwidth parameter on the extreme value distribution, 1000 process 

extremes are generated by MCS and their distribution are compared to the distribution 

from upcrossing rate analysis with Poisson assumption. As shown in Fig. 3.16(a), the 

difference in two distributions is quite small. For example, the difference at the mean 

extreme level according to a non-exceedance probability of 0.57 is only 1.2%.  
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(a) In-plane bending moment process (𝑈hub=25 m/s)    (b) Underlying Gaussian process 

Fig. 3.16 Illustration to the difference of predictions at lower threshold levels 

 

In order to clarify why the narrow band property has such a slight influence on the 

extreme value distribution, the underlying Gaussian process with the same PSD (i.e., the 

same bandwidth parameter) is generated by spectral representation method. The kurtosis 

of the Gaussian process is 3, while that of the in-plane bending moment process is 1.70. 

The time history sample of the Gaussian process is shown by Fig. 3.17. For this Gaussian 

process, the extreme value distributions calculated from extreme samples and crossing 

rate with Poisson assumption are shown in Fig. 3.16(b). The difference in the 

distributions becomes noticeable and the difference in the estimated mean extremes is 

8.2%. It is demonstrated that the narrow band effect for the in-plane bending moment 

process is greatly reduced by its hardening non-Gaussian property. This is consistent with 

the observation of Chen (2014a) that the narrow band property has a negligible influence 

in the case of strongly hardening non-Gaussian process. Therefore, no particular 

consideration of bandwidth parameter is needed for the calculation of the extreme value 

distribution of the in-plane bending moment from crossing rate analysis. The extreme 

value distribution of underlying Gaussian process with consideration of bandwidth 

parameter is also shown in Fig. 3.16(b) for 𝑞1 = 0.045 and 𝑞all = 0.56, respectively. It is 

obvious that the effective bandwidth parameter of the process is between 0.045 and 0.56, 

while its exact value cannot be estimated from current definition.  
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Fig. 3.17 Underlying Gaussian process and its PSD 

 

3.6 Long-term Extreme Responses by ACER Method 

3.6.1 The Average Conditional Exceedance Rate (ACER) Method 

Let 𝑋1,⋯ ,𝑋𝑁 denote the variables from the response process 𝑋(𝑡) and allocate to 

the time instants 𝑡1,⋯ , 𝑡𝑁 . The ACER method is aimed to determine the distribution 

function of the extreme value 𝑌 = max (𝑋1,⋯ ,𝑋𝑁) if the independence assumption of 

the random variables is not valid. Specifically, the estimation of non-exceedance 

probability of 𝑌, denoted as 𝐹max(𝑦), is desired given a large threshold value of 𝑦, which 

is of the form as follows 

  𝐹max(𝑦) = Pr(𝑌 ≤ 𝑦) = Pr(𝑋1 ≤ 𝑦, … ,𝑋𝑁 ≤ 𝑦) 

                                     = Pr(𝑋1 ≤ 𝑦)∏ Pr (𝑋𝑗 ≤ 𝑦|𝑋1 ≤ 𝑦, … ,𝑋𝑗−1 ≤ 𝑦)𝑁
𝑗=2  

(3.17)  

A Markov-like property with k-step memory can be assumed, i.e., Pr �𝑋𝑗 ≤

𝑦|𝑋1 ≤ 𝑦, … ,𝑋𝑗−1 ≤ 𝑦) = Pr�𝑋𝑗 ≤ 𝑦�𝑋𝑗−𝑘+1 ≤ 𝑦, … ,𝑋𝑗−1 ≤ 𝑦� ) . The probability 

𝐹max(𝑦) can then be approximated by (Naess and Gaidai 2009) 

 𝐹max(𝑦) ≈ 𝑃𝑘(𝑦) = exp�−∑ 𝛼𝑘𝑗(𝑦)𝑁
𝑗=𝑘 − ∑ 𝛼𝑗𝑗(𝑦)𝑘−1

𝑗=1 �  

    ≈ exp�−∑ 𝛼𝑘𝑗(𝑦)𝑁
𝑗=𝑘 �  

(3.18)  

where 𝛼𝑘𝑗(𝑦) = Pr�𝑋𝑗 > 𝑦�𝑋𝑗−𝑘+1 ≤ 𝑦, … ,𝑋𝑗−1 ≤ 𝑦� , 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑁 , denotes the 

exceedance probability conditional on 𝑘 − 1  immediately preceding non-exceedances. 
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The conditions that 1 − 𝛼𝑘𝑗(𝑦) ≈ exp �−𝛼𝑘𝑗(𝑦)�  when 𝛼𝑘𝑗(𝑦)  is small enough and 

𝑁 ≫ 𝑘 in practice are used. Therefore, the estimation of extreme value distribution is 

reduced to estimation of a set of 𝛼𝑘𝑗(𝑦) functions. It is expedient to introduce the ACER 

function as follows 

 𝐴𝐶𝐸𝑅𝑘(𝑦) = 𝜀𝑘(𝑦) = 1
𝑁−𝑘+1

∑ 𝛼𝑘𝑗(𝑦)𝑁
𝑗=𝑘 ,   𝑘 = 1,2, ….  (3.19)  

Under the assumption that the response process is ergodic, we have 𝜀𝑘(𝑦) =

𝛼𝑘𝑗(𝑦), (𝑗 = 𝑘,𝑘 + 1,⋯ ,𝑁),  which could be estimated from the sampled time series 

(𝑥1, 𝑥2,⋯ , 𝑥𝑁), and the estimator is denoted as 𝜀�̂�(𝑦). The upper and lower bounds for a 

95% confidence interval of 𝜀𝑘(𝑦) can be constructed. An asymptotic form for the ACER 

function can be represented in the tail (Naess and Gaidai 2009) 

 𝜀𝑘(𝑦) = 𝑞𝑘exp{−𝑎𝑘(𝑦 − 𝑏𝑘)𝑐𝑘}        𝑦 ≥ 𝑦0   (3.20)  

where 𝑦0  is an appropriately chosen tail marker, from which the ACER function is 

applied. As demonstrated in Naess and Gaidai (2009) that the predicted extreme value is 

not very sensitive to the choice of 𝑦0 if it is appropriately chosen. The optimal values of 

the parameters 𝑎, 𝑏, 𝑐, 𝑞 (the index is dropped) are obtained by optimizing the fit on the 

log scale (Naess and Gaidai 2009; Naess et al. 2010; Karpa and Naess 2013). 

The confidence intervals of the predicted extreme value through the ACER 

function are obtained by first re-anchoring the empirical (sample) confidence band to 

𝜀𝑘(𝑦)  and then applying the curve-fitting procedure. The fitted curves can be easily 

extrapolated to the level of interest (Karpa and Naess 2013). It is noted that the 

confidence intervals are empirical and are obtained based on a selected tail marker. 

Although the prediction is not very sensitive to the choice of 𝑦0  for most cases, the 

constructed confidence intervals did not reflect this uncertainty. 

3.6.2 Statistical Extrapolation by ACER Method 

On each wind speed bin, 200 response time histories of blade root in-plane and 

out-of-plane bending moments from direct MCS are obtained. For sampled time histories, 

the calculation of ACER functions with respect to different degrees of conditioning are 

conducted first to provide a guideline for choosing the order of this function, i.e., 

comparison of ACER𝑘(𝑦) functions with different 𝑘. Fig. 3.18 displays the estimates of 
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ACER𝑘(𝑦)  (𝑘 = 1, 2, 10, 20, 100)  functions for in-plane and out-of-plane bending 

moments at mean wind speeds of 25 m/s and 15 m/s, respectively. Clearly, the 

dependency between the data is significant, which is reflected in the fact that 𝜀�̂�(𝑦) for 

𝑘 ≥ 2 are noticeable smaller than 𝜀1̂(𝑦) over the whole range of threshold levels and 

there is no tendency for 𝜀1̂(𝑦) to merge with. However, 𝜀�̂�(𝑦) for 𝑘 ≥ 2 converges to 

each other for higher thresholds, that means there is no need to consider a much higher 

order of conditioning, and 𝜀2(𝑦) can almost fully capture the conditional effect. It is 

noted that 𝜀2(𝑦) is very close to the afore-used mean upcrossings. In this sense, the 

curve-fitting of 𝜀2(𝑦) is same as curve-fitting of the crossing rate. 

 

              
        (a) In-plane moment (𝑈hub=25 m/s)             (b) Out-of-plane moment (𝑈hub=15 m/s) 

Fig. 3.18 Comparison among ACER estimates for different degrees of conditioning 

 

Fig. 3.19 shows the ACER function estimated from 200 response samples in 

terms of ensemble average and 95% CIs. These are curve-fitted to the analytical model as 

shown in Eq. (3.20). The corresponding probability of exceedence is shown in Fig. 3.20. 

It is shown that the ACER method provided satisfactory predictions compared to the data 

by controlled MCS.  
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                       (a) In-plane moment                                     (b) Out-of-plane moment 
                   (𝑈hub = 25 m/s; 𝑦0 = 4500)                            (𝑈hub=15 m/s; 𝑦0 = 9500) 

Fig. 3.19 ACER function with 𝑘 = 2 against threshold levels 

 

    
         (a) In-plane moment (𝑈hub=25 m/s)            (b) Out-of-plane moment (𝑈hub=15 m/s) 

Fig. 3.20 Probability of exceedance by controlled MCS and extrapolation with ACER 
method 

 

For most responses under different mean wind speeds, the predictions of 

probability of exceedance are not very sensitive to the selection of tail marker 𝑦0 . 

However, some exceptions are observed. The out-of-plane bending moment under mean 

wind speed of 15 m/s is one of the examples. As shown by Fig. 3.21, the choice of 𝑦0 has 

a significant influence on the tail behavior of ACER function, which becomes stable 

when 𝑦0 is larger than 9500 kNm. The first selection of 𝑦0 = 8239 kNm equals to the 
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process mean plus 1.4STD. This challenge is mainly caused by a significant curvature 

change of the ACER function at a higher threshold level. If 𝑦0 is selected too low, the 

fitted ACER function cannot capture the tail behavior, and the extrapolated extreme value 

distribution becomes biased. Similar observation can be found in the translation function 

in the translation process method as shown in Fig. 3.12(c), where the curvature of the 

translation function changes its sign at a high threshold level. However, the Hermite 

polynomial function is capable of capturing this change. The analytical model of the 

ACER function is unable to describe the function with a significant change of curvature. 

Therefore, the choice of tail marker for the ACER method can be important, as it can be 

sensitive to the extrapolation of extreme value distribution. One criterion for selection is 

suggested that the tail marker should be chosen as small as possible in order to retain 

more information from the sampled process, but with a proviso that the fitted ACER 

function could well follow the tail behavior. Sichani et al. (2012) suggested that the tail 

marker is chosen where the ACER functions for different degrees of conditioning 

converge. That significantly restricts the use of the ACER function at a very limited high 

threshold region for the curve-fitting, and is against the motivation of the ACER method 

that aims to capture sub-asymptotical behavior of the data. Table 3.3 shows the tail and 

truncation markers and the probability of exceedance at the truncation marker. The 

truncation marker is determined according to where the COV of 𝜀𝑘(𝑦) is larger than 0.3. 

 

 
Fig. 3.21 Performance of the ACER function with different choice of tail markers 
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Table 3.3 Tail and truncation markers used in fitting ACER function 

bending moment 
(normalized by 𝜇𝑋 and 𝜎𝑋) 

𝑈hub (m/s) 
3 5 7 9 11 13 15 17 19 21 23 25 

In-
plane 

Tail marker 1.41 1.36 1.44 1.43 1.44 1.45 1.45 1.46 1.47 1.46 1.44 1.20 

Truncation marker 1.48 1.66 1.80 1.89 1.94 1.94 1.97 2.06 2.17 2.29 2.39 2.56 
Prob. of exceed. 

(10-1) 
1.02 0.46 0.29 0.31 0.30 0.49 0.63 0.53 0.30 0.58 0.46 0.32 

                            
Out-
of-

plane 

Tail marker 0.98 1.46 0.76 1.26 1.22 1.33 1.93 1.13 0.97 0.73 0.67 0.83 
Truncation marker 4.45 4.11 4.24 3.62 3.39 3.44 4.44 5.01 4.58 4.26 3.93 3.88 
Prob. of exceed. 

(10-1) 0.86 0.39 0.42 0.35 0.43 0.58 0.53 0.63 0.57 0.44 0.45 0.63 

 

Finally, the overall probability of exceedance is obtained by combining the 

conditional probabilities of turbine responses in all wind speed bins with probability of 

mean wind speed, as shown by Fig. 3.22. The predicted extreme response of in-plane 

bending moment with 50-year MRI is 9540 kNm with a 95% CI of [9220, 9770] kNm, 

the prediction error by ACER method is as small as 1.7%. For out-of-plane bending 

moment, the same procedure is applied and the predicted extreme response of 50-year 

MRI is 17740 kNm, with a 95% CI of [16970 18340] kNm. The prediction error of this 

limit state response is 5.5%.  

         
          (a) In-plane moment                                         (b) Out-of-plane moment 

Fig. 3.22 Overall probability of exceedance by controlled MCS and extrapolation with 
ACER method 

 

2000 4000 6000 8000 10000
10-8

10-6

10-4

10-2

100

In-plane bending moment (kNm)

Pr
ob

ab
ili

ty
 o

f e
xc

ee
da

nc
e

 

 

50-year

1-year

Controlled MCS
Extrapolation by ACER
95% CI by ACER

0 0.5 1 1.5 2
x 104

10-8

10-6

10-4

10-2

100

Out-of-plane bending moment (kNm)

Pr
ob

ab
ili

ty
 o

f e
xc

ee
da

nc
e

 

 

50-year

1-year

Controlled MCS
Extrapolation by ACER
95% CI by ACER



Texas Tech University, Jie Ding, December 2014 

61 

3.6.3 Comparison of Translation Process Method and ACER Method  

To demonstrate the performance of the estimated extreme value distribution from 

translation process method and ACER method, the statistics of estimations are compared. 

The 200 time history samples of wind turbine responses in each wind speed bin are 

divided into 10 groups and each group with 20 samples. The extreme value distribution is 

determined from each group of samples, representing the ensemble average of the 

predictions from 20 response samples. Then the 10 estimates are used to approximately 

quantify the mean and COV. The relative difference ratio of the mean value from that 

estimated by controlled MCS can be used to measure the bias of the estimation. The COV 

is used to measure the relative variance of estimation. 

 

        
     (a) In-plane moment (𝑈hub = 25m/s)            (b) Out-of-plane moment (𝑈hub = 15m/s) 

Fig. 3.23 Comparison of translation process method and ACER method for blade root 
bending moments 

 

Fig. 3.23 shows the comparison of bias and variance for blade root in-plane and 

out-of-plane bending moment under mean wind speed 25 and 15 m/s, respectively. The 

estimations of translation process and ACER methods are almost unbiased.  Both 

methods have very similar variance of estimation and are well performed on statistical 

extrapolation of wind turbine extreme responses. Actually, these two methods are of 

similar characteristics. If the degree of conditioning for ACER method is chosen as 2 or 
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degrees of conditioning are very close to upcrossings), it is essentially a method of 

extrapolating the crossing rate of response process. The analytical functional form for the 

crossing rate is assumed to be 𝑞exp{−𝑎(𝑦 − 𝑏)𝑐}. The translation process method is also 

based on crossings, but calculated from its underlying Gaussian process, as 

𝜈0𝑇 exp{−[𝑔−1(𝑥0)]2 2⁄ } , where the translation function 𝑔−1(𝑥0)  is assumed to be 

Hermite polynomial model. The model parameters for both of them are determined by 

curve-fitting to selected tail regions. The difference is that the ACER method is directly 

dealing with crossing rate while the translation process method is based on translation 

function. 

3.7 Summary  

The performances of statistical extrapolation methods in terms of global maxima 

method, translation process method and ACER method for estimating long-term extreme 

response of wind turbine were investigated with comparison of the predictions from 

controlled MCS. It was confirmed that the global maxima method is less reliable as its 

prediction is greatly affected by the prescribed probability distribution model used to fit 

the maxima data. The translation process method with moment-based Hermite model 

may not well represent the upper tail of distribution, especially for strongly non-Gaussian 

response process, thus can noticeably overestimate or underestimate the long-term 

extreme response. The improved modeling of translation function in terms of Hermite 

model for a better curve-fitting of upper tail region led to a satisfactory extrapolation of 

extreme response. Therefore, for the extreme value prediction of a strongly non-Gaussian 

process, the translation process theory is still applicable, but an accurate representation of 

the extracted information at upper tail region should be assured. The ACER method is 

essentially curve-fitting the crossing rate at upper tail region and showed good 

performance. However, cautions need to be paid on choosing an appropriate tail marker 

and ensure the fitted ACER function can capture the tail behavior of the numerical ACER 

function. By the advantage of a significant saving of computational effort and acceptable 

accuracy compared to the direct simulation, the translation process method and ACER 

method are good candidates for statistical extrapolations of wind turbine extreme 

responses.  
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Chapter 4  

Analysis of Extreme and Fatigue Damage of Hardening Non-Gaussian 
Response Process through Translation Model 

4.1 Introduction 

The translation process theory has widely been used for estimating the extreme 

and fatigue damage of non-Gaussian processes (Grigoriu 1984 and 1995; Winterstein 

1988). These processes are commonly existed in environmental loads (e.g. wind and 

wave loads), or structural responses as the structural system is nonlinear, the excitation is 

non-Gaussian, or both. Following this theory, the non-Gaussian process can be related to 

an underlying Gaussian process through a monotonic translation function. The extreme 

and fatigue damage of the non-Gaussian process can be then evaluated by taking 

advantage of the well-developed theory for a Gaussian process.  

For a softening non-Gaussian process with kurtosis larger than 3, the moment-

base Hermite model is usually applied to represent the non-Gaussian process as Hermite 

polynomials in terms of a underlying Gaussian process (Winterstein 1988; Gurley et al. 

1997; Gioffre et al. 2000). The Hermite model is usually truncated at the first four terms, 

and semi-empirical formulations are available for determining the model coefficients 

directly from the process skewness and kurtosis (Winterstein 1988; Winterstein and 

Kashef 2000). This moment-based Hermite model is very effective for mildly non-

Gaussian processes, but can be less accurate for strongly softening non-Gaussian 

processes. In addition, the combination of skewness and kurtosis of practical non-

Gaussian processes may beyond the applicable range of Hermite model to satisfy 

monotone requirement of translation function. In such cases, the Hermite model 

determined from curve-fitting the numerical translation function has proved to give 

satisfactory solution in modeling and charactering non-Gaussian processes (Ding et al. 

2013), while the numerical translation function is constructed following a cumulative 

distribution function (CDF) mapping procedure. 

For a hardening non-Gaussian process with kurtosis less than 3, the moment-

based Hermite model has also been used to represent the underlying Gaussian process as 

Hermite polynomials in terms of a non-Gaussian process (Winterstein 1988; Choi and 
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Sweetman 2010; Huang et al. 2014). However, the Hermite model used in literature 

(Choi and Sweetman 2010; Huang et al. 2014) is inadequate for skewed hardening non-

Gaussian processes. It is demonstrated in this work that the bias in modeling first several 

statistical moments from this translation model are significant. This can be understood 

from the fact that the weighting function of Hermite polynomials is the same as the 

probability density function (PDF) of the Gaussian random variables. For other types of 

processes, the Hermite polynomials may be not qualified as orthogonal basis. In addition, 

unlike the softening non-Gaussian processes, the relationship between statistical moments 

and the coefficients of translation model for hardening non-Gaussian processes cannot be 

given in closed-form expressions. Currently, there is no simple semi-empirical 

formulation available for determining the model coefficients directly from the process 

skewness and kurtosis.   

This study presents a more appropriate translation model for hardening non-

Gaussian processes based on the orthogonal expansion of random processes. The 

orthogonal polynomials derived from power law as suggested in Winterstein (1987) are 

applied. Towards an easy application of this model, closed-form semi-empirical 

formulations are derived for calculating the model coefficients directly from the process 

skewness and kurtosis. Its application region is quantified considering both the model 

accuracy and monotone requirement. This study also addresses the modeling of 

hardening non-Gaussian processes based on mapping the CDFs of Gaussian and non-

Gaussian processes, where the translation model is determined by a least-square fitting of 

the numerical translation function calculated from CDF mapping. The effectiveness of 

the translation model for evaluating non-Gaussian extreme and fatigue damage is 

examined through examples.  

4.2 Translation Model for Hardening Non-Gaussian Processes 

4.2.1 Translation Function Model 

The hardening non-Gaussian processes with narrower distribution tails, i.e., 

kurtosis < 3, are often encountered in practice such as structure responses due to wave 

force (Choi and Sweetman 2010), wind pressures on structure envelop and claddings 
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(Chen 2014a; Huang et al. 2014), and dynamic response of operational wind turbines 

(Jonkman et al. 2009; Ding et al. 2013).  

The translation process theory provides a basis to relate a non-Gaussian 

process 𝑋(𝑡) to an underlying Gaussian process 𝑈(𝑡) through a memoryless monotonic 

translation function as follows (Grigoriu 1984 and 1995)  

 𝑥 = 𝑔(𝑢) = 𝐹𝑋−1[Φ(𝑢)] (4.1)  

where 𝐹𝑋  and Φ  are CDFs of 𝑋(𝑡)  and 𝑈(𝑡) ; 𝐹𝑋−1  is the inverse function of 𝐹𝑋 . The 

constructed non-Gaussian process through the above defined transformation of Gaussian 

process is referred to as translation process. As stated before, the translation function 𝑔( ) 

can be explicitly constructed by CDF mapping, which is for a given value of non-

Gaussian process, the corresponding value of the underlying Gaussian process is 

determined such that both are associated with an identical value of CDF. For extreme and 

fatigue analysis of a translation process however, an analytical translation model is 

needed, which permits its extrapolation to higher levels.  

4.2.2 Limitation of Traditional Hermite Model 

The following memoryless Hermite model is widely used for modeling a zero 

mean and unit standard deviation (STD) hardening non-Gaussian process 𝑋(𝑡) through a 

underlying standard Gaussian process 𝑈(𝑡) (Winterstein 1988): 

          𝑈 = 𝑔−1(𝑋) = 𝑋 − ∑ ℎ𝑛𝐻𝑒𝑛−1(𝑋)𝑁
𝑛=3  

≈ 𝑋 − ℎ3(𝑋2 − 1) − ℎ4(𝑋3 − 3𝑋) 
(4.2)  

where 𝐻𝑒𝑛−1(𝑋) are the Hermite polynomials, the first several terms are: 𝐻𝑒0(𝑋) = 1; 

𝐻𝑒1(𝑋) = 𝑋 ; 𝐻𝑒2(𝑋) = 𝑋2 − 1 ; 𝐻𝑒3(𝑋) = 𝑋3 − 3𝑋 ; and  ℎ𝑛  are Hermite model 

coefficients. 

The following first-order solution of Hermite model coefficients for 𝑁 = 4 was 

introduced in Winterstein (1988) as ℎ3 = 𝛾3/6,  ℎ4 = (𝛾4 − 3)/24, where 𝛾3 and 𝛾4 are 

process skewness and kurtosis, respectively. However, it can be easily verified that this 

model is at least not held for skewed hardening non-Guassian process. Taking the 

expectation of both sides of Eq. (4.2), it gives 𝐸(𝑈) = −ℎ4𝐸(𝑋3) . To further 

demonstrate the modeling error from this Hermite model, the first four moments of the 
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non-Gaussian process resulting from this Hermite model are calculated and then 

compared with the target values. The mean and i-th central moments are calculated as 

 
𝑚1 = � 𝑔(𝑢)𝑓𝑈(𝑢)𝑑𝑢

+∞

−∞
 

𝑚𝑖 = ∫ [𝑔(𝑢) −𝑚1]𝑖𝑓𝑈(𝑢)𝑑𝑢+∞
−∞  (𝑖 = 2,3, … , 𝑛) 

(4.3)  

where 𝑔(𝑢) is the inverse function of Eq. (4.2), it can be expressed as 

 𝑥 = 𝑔(𝑢) = ��𝜉2(𝑢) + 𝑐 + 𝜉(𝑢)�
1 3⁄

− ��𝜉2(𝑢) + 𝑐 − 𝜉(𝑢)�
1 3⁄

− 𝑎 (4.4)  

with 

 𝜉(𝑢) = 1.5𝑏(𝑎+𝑢) − 𝑎3 

𝑎 = ℎ3 (3ℎ4)⁄ ; 𝑏 = 1 (3ℎ4)⁄ ; 𝑐 = (𝑏 − 1 − 𝑎2)3. 
(4.5)  

Fig. 4.1 shows the bias between the estimations based on Hermite model and the 

target values for mean, STD, skweness (𝛾3) and kurtosis (𝛾4). The target values for mean 

and STD are zero and unit, respectively. It is found the bias from this Hermite model is 

noticeable for hardening non-Gaussian processes, especially when they are highly 

skewed but with kurtosis close to 3.   
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(c) Skewness                                                 (d) Kurtosis 

Fig. 4.1 Bias from the Hermite model for hardening non-Gaussian processes 

 

4.2.3 General Orthogonal Expansion Model 

In general, a random process 𝑍(𝑡) can be expanded in terms of another standard 

random process 𝑌(𝑡)  with zero mean and unit STD through a set of orthogonal 

polynomials as 

 𝑍 = 𝑔(𝑌) =  𝑏1𝑃1(𝑌) + 𝑏2𝑃2(𝑌) + 𝑏3𝑃3(𝑌) + 𝑏4𝑃4(𝑌) + ⋯ (4.6)  

where 𝑏𝑛 (𝑛 = 1,2, . ..) are coefficients, and 𝑃𝑛(𝑌) indicate the 𝑛-th term of polynomial 

expansion with orthogonal properties, i.e., 

 𝐸[𝑃𝑛(𝑌)] = 0;   𝐸[𝑃𝑛(𝑌)𝑃𝑚(𝑌)] = 0    (𝑛 ≠ 𝑚)  (4.7)  

The first four terms of  𝑃𝑛(𝑌) derived from Winterstein (1987) are 

 𝑃1(𝑌) = 1; 𝑃2(𝑌) = 𝑌; 𝑃3(𝑌) = 𝑌2 − 𝛾3𝑌 − 1; 

 𝑃4(𝑌) = 𝑌3 − 𝑏32𝑃2(𝑌) − 𝛾4𝑌 − 𝛾3 
(4.8)  

where 𝑏32 = 𝐸[𝑌3𝑃3(𝑌)]/𝐸[𝑃32(𝑌)] = (𝛾5 − 𝛾3 − 𝛾3𝛾4) (𝛾4 − 𝛾32 − 1)⁄ ; and 𝛾𝑖  is i-th 

moment of 𝑌(𝑡) . It is readily illustrated that when 𝑌(𝑡)  is standard Gaussian, i.e., 

𝑌(𝑡) = 𝑈(t), 𝛾3 = 0, 𝛾4 = 3, the above general orthogonal polynomials is reduced to 

Hermite polynomials, i.e., 𝑃𝑛(𝑌) = 𝐻𝑒𝑛−1(𝑈).  

The expansion of standard Gaussian process 𝑈(𝑡) in terms of a zero mean and 

unit STD non-Gaussian process 𝑋(𝑡) should be expressed as follows by truncating higher 

terms 
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 𝑈 = 𝑔−1(𝑋) ≈ 𝑏2𝑋 + 𝑏3(𝑋2 − 𝛾3𝑋 − 1) + 𝑏4(𝑋3 − 𝛾4𝑋 − 𝛾3) (4.9)  

where 𝑏2, 𝑏3, 𝑏4 are model coefficients. The translation process is of a zero mean, so the 

first term of the expansion is vanished, i.e., 𝑏1 = 0. This translation model can be used 

for hardening non-Gaussian processes.  

The corresponding translation model from Gaussian to non-Gaussian variables is 

then determined as 

 𝑋 = 𝑔(𝑈) = ��𝜉2(𝑈) + 𝑐 + 𝜉(𝑈)�
1 3⁄

− ��𝜉2(𝑈) + 𝑐 − 𝜉(𝑈)�
1 3⁄

− 𝑎 
(4.10)  

which is of the same form as Eq. (4.5), but 

 𝜉(𝑈) =
𝑈

2𝑏4
+
𝛼3
2

+ 𝑎(1.5+1.5𝑏 − 𝑎2) 

𝑎 = 𝑏3 (3𝑏4)⁄ ; 𝑏 = (𝑏2 − 𝑏3𝛼3 − 𝑏4𝛼4) (3𝑏4)⁄ ; 𝑐 = (𝑏 − 𝑎2)3. 
(4.11)  

4.2.4 Moment-Based Model for Hardening Non-Gaussian Processes 

The model coefficients 𝑏2, 𝑏3 and 𝑏4 can be determined uniquely based on the 

target STD, skewness and kurtosis. In the case of softening non-Gaussian processes, the 

STD, skewness and kurtosis can be expressed analytically in terms of model coefficients 

(Ditlevsen 1996), and the model coefficients is determined as the solutions of nonlinear 

equations. However, in the case of hardening non-Gaussian processes, the orthogonal 

property is not held by the translation model defined by Eq. (4.10), so the relationship 

between statistical moments of the translation process and model coefficients has to be 

established numerically through the integrations as shown in Eq. (4.3). As we have three 

model coefficients that associated with the model moments, the computational effort of 

determining model coefficients for target statistical moments is burdensome.  

This study presents a computationally effective procedure to determine the model 

coefficients for the target statistical moments of a hardening non-Gaussian process. 

Generally speaking, a search is conducted first to find all combinations of model 

coefficients that only match the target skewness. Then the model coefficients are adjusted 

to ensure the mean, STD calculated from the translation model are zero and unit. As the 
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iterative calculation is only for target skewness, the computational effort is significantly 

reduced.  

To achieve so, the relation defined by Eq. (4.9) is rearranged as 

 𝑈 = 𝑔−1(𝑋′) = 𝑐2�𝑐4𝑋′
3 + 𝑐3𝑋′

2 + 𝑋′ − 𝑐3 − 𝑐4𝛾3� (4.12)  

where 𝑐2 = 𝑏2 − 𝑏3𝛾3 − 𝑏4𝛾4; 𝑐3 = 𝑏3 𝑐2⁄  and 𝑐4 = 𝑏4 𝑐2⁄ .  

Then given a skewness 𝛾3, a set of 𝑐3 and 𝑐4  can be determined to match this 

target. 𝑐2 only influences the STD of the translation process, so it is set to be unit in 

matching 𝛾3 and in the following derivation. The determined model coefficients 𝑐3 and 𝑐4 

is related to a series of translation process with mean 𝜇 and STD 𝜎, target 𝛾3 and the 

associated 𝛾4. They are related to the standard translation process 𝑋 as 𝑋 = 𝑋′−𝜇
𝜎

, and it 

should be noted this normalization will not change 𝛾3 and 𝛾4. A variable change to Eq. 

(4.12) yields 

 𝑈 = 𝑔−1(𝑋) = (𝑐4𝜎3)𝑋3 + (3𝑐4𝜇𝜎2 + 𝑐3𝜎2)𝑋2

+ (3𝑐4𝜇2𝜎 + 2𝑐3𝜇𝜎 + 𝜎)𝑋

+ (𝑐4𝜇3 + 𝑐3𝜇2 + 𝜇 − 𝑐3 − 𝑐4𝛾3) 

(4.13)  

Then followed by a mathematic rearrangement, we can get 

 𝑈 = 𝑔−1(𝑋) =  [3𝑐4𝜇2𝜎 + 2𝑐3𝜇𝜎 + 𝜎 + 𝛾3(3𝑐4𝜇𝜎2 + 𝑐4𝜎3)

+ 𝛾4𝑐3𝜎2]𝑋 + [3𝑐4𝜇𝜎2 + 𝑐3𝜎2](𝑋2 − 𝛾3𝑋 − 1)

+ 𝑐4𝜎3(𝑋3 − 𝛾4𝑋 − 𝛾3) 

(4.14)  

Therefore, the numerical relationship between model coefficients (𝑐3  and 𝑐4) and the 

calculated model moments (𝜇, 𝜎, 𝛾3 and 𝛾4) are used to determining the coefficients (𝑏2, 

𝑏3 and 𝑏4) of the target translation model with zero mean and unit STD. By comparing 

Eqs. (4.9) and (4.14), we have 

 𝑏4 = 𝑐4𝜎3 

𝑏3 = 3𝑐4𝜇𝜎2 + 𝑐3𝜎2 

𝑏2 = 3𝑐4𝜇2𝜎 + 2𝑐3𝜇𝜎 + 𝜎 + 𝛾3(3𝑐4𝜇𝜎2 + 𝑐4𝜎3) + 𝛾4𝑐3𝜎2 
(4.15)  

Therefore, the translation model defined by Eq. (4.8) with the model coefficients 

defined by E. (4.15) should have the zero mean, unit STD and the target 𝛾3 and 𝛾4. It is 

worth mentioning that the expressions of 𝑏2 , 𝑏3  and 𝑏4  are in terms of quantities 
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numerically calculated from the transient translation model as defined by Eq. (4.12). The 

numerical relationship between coefficients (𝑏2, 𝑏3 and 𝑏4) and target statistical moments 

(𝛾3 and 𝛾4) is demonstrated in Figs. 4.2(a)-(c). 

A least-square optimization procedure is adopted to determine semi-empirical 

formulations for model coefficients (𝑏2, 𝑏3, 𝑏4). The closed-form expressions proposed 

are:  

 
𝑏2 = 𝜑 �1 −

𝛾34 + 1.2𝛾32 − 0.18
7.5 exp(0.5𝛾4) � 

𝑏3 = −
0.8𝛾35 + 𝛾33 + 0.77𝛾3

(𝛾4 − 1)2 + 0.5
 

𝑏4 = −𝜑 �0.04 −
11.5𝛾34 + 6.8𝛾32 + 3.5

(𝛾42 + 0.4)2 + 0.15
� 

𝜑 = [1 − 0.06(3 − 𝛾4)]1/3 

(4.16)  

An extensive verification has been performed, the bias from this model in 

representing first four statistical moments in its application region is shown in Fig. 4.3, 

the application region will be discussed in the next section. It is ensured that the 

translation model with closed-form model coefficients can well represent the process 

statistical moments. This moment-based translation model provides a very convenient 

way to model hardening non-Gaussian processes. 

 

                
(a)  𝑏2                                                                        (b)  𝑏3 
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(c)  𝑏4 

Fig. 4.2 Numerical and fitted model coefficient versus 𝛾3 and 𝛾4  

     
(a) Mean                                                         (b) STD 

    
(c) Skewness                                              (d) Kurtosis 

Fig. 4.3 Bias from the proposed model for hardening non-Gaussian processes 
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4.2.5 Application Region of Moment-based Translation Model 

The application of moment-based translation model is limited to certain 

combination of process skewness and kurtosis, due to the monotonic requirement of 

translation function (Winterstein and MacKenzie 2012). The monotonic increasing 

property of the translation function should be ensured, which gives  

 𝑑𝑔−1(𝑥)
𝑑𝑥

= 3𝑏4𝑥2 + 2𝑏3𝑥 + (𝑏2 − 𝑏3𝛾3 − 𝑏4𝛾4) > 0 (4.17)  

That requires 𝑏4 > 0 and the discriminant of the quadratic function to be less than zero,  

    𝑏32 − 3𝑏4(𝑏2 − 𝑏3𝛾3 − 𝑏4𝛾4) < 0 (4.18)  

This inequality illustrates the application region of the translation process with hardening 

non-Gaussian properties in terms of model coefficients. Invoking the relation between 

model coefficients and process moments as defined by Eq. (4.16), the application region 

in terms of skewness and kurtosis can be numerically found. To ensure both the accuracy 

of the derived closed-form model coefficients and the monotonic limit of translation 

function, this region is approximated by  

 (1.35𝛾3)2 + 1.25 ≤ 𝛾4 (4.19)  

which is sufficient to cover most of hardening non-Gaussian processes. The application 

region of Hermite model for the softening non-Gaussian processes is approximated in 

Winterstein and MacKenzie (2012) as (1.25𝛾3)2 + 3 ≤ 𝛾4, while numerically this region 

can be reached by solving the nonlinear equations between Hermite model coefficients 

and process moments with consideration of the monotonic limit (Ditlevsen et al. 1996; 

Gurley et al. 1997).  

Additionally, in Eq. (4.8), 𝐸[𝑃22(𝑋)] = 𝐸[(𝑋2 − 𝛾3𝑋 − 1)2] = 𝛾4 − 𝛾32 − 1 ≥ 0  

should be always satisfied, which is applied as the combination limit for any distributions 

 𝛾4 ≥ 𝛾32 + 1   (4.20)  

The application regions of moment-based translation model and the combination limit are 

summarized in Fig. 4.4. Region I is the application region for Hermite model, Region II 

is the application region for the proposed model for hardening non-Gaussian processes. 
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Fig. 4.4 Application region of moment-based translation model 

4.2.6 CDF-based Translation Model 

While the moment-based translation function covers most non-Gaussian processes, 

there are processes whose skewness and kurtosis are beyond the application region of 

moment-based translation model. In addition, it has been demonstrated in Ding and Chen 

(2014) that some non-Gaussian processes cannot be well represented by their first four 

statistical moments. For instance of a process with bimodal distribution, the process 

kurtosis is no longer an indicator for its distribution tail. The moment-based translation 

model thus may give an inaccurate representation of the distribution tail, and result in 

inaccurate prediction in extreme and fatigue analysis. In such cases, a direct curve-fitting 

to the numerical translation function determined from CDF mapping is suggested. The 

model determined from this approach is referred to as CDF-based translation model.  

The empirical translation function can be determined from CDF mapping as 

stated, which is 𝑔(𝑢) = 𝐹𝑋−1[Φ(𝑢)] or its inverse expression 𝑔−1(𝑥) = Φ−1[𝐹𝑋(𝑥)]. The 

upper tail of this empirical translation function exhibits large variation due to the CDF 

estimated from the sampled process are of large variability at that region. Therefore, the 

empirical translation function for least-square optimization to a prescribed analytical 

form should be truncated at very upper tail region. A rule was introduced in Chapter 3 to 

consider the uncertainties of the translation function from samples, i.e., Eq. (3.7).  

Based on the empirical translation function, the model coefficients are determined 

by a constrained least-square optimization to minimized the error function as 
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�𝑤𝑖�𝑢𝑖 − [𝑏2𝑥𝑖 + 𝑏3(𝑥𝑖2 − 𝛼3𝑥𝑖 − 1) + 𝑏4(𝑥𝑖3 − 𝛼4𝑥𝑖 − 𝛼3)]�

2
𝑛

𝑖=1

 

Subject to: 𝑏4 > 0 and 𝑏32 − 3𝑏4(𝑏2 − 𝑏3𝛼3 − 𝑏4𝛼4) < 0 

(4.21)  

where 𝑤𝑖 is a weight factor, which can be specified to put more emphasis on tail data or 

reliable data.  

4.3 Extreme and Fatigue Analysis for Hardening Non-Gaussian Processes 

4.3.1 Extreme Value Distribution 

Based on the monotonic translation function, the crossing rate of the constructed 

translation process 𝑋(𝑡) at a threshold 𝑥 is identical to that of 𝑈(𝑡) at level 𝑢 = 𝑔−1(𝑥). 

The extreme value distribution of the non-Gaussian process in a time duration 𝑇 is readily 

determined from that of the underlying Gaussian process with Poisson assumption of 

upcrossings, which can be expressed as (e.g., Grigoriu 1984 and 1995; Lutes and Sarkani 

2004) 

              Pr(𝑀𝑛 ≤ 𝑥) ≈ exp[−𝑣𝑋+(𝑥)𝑇] 

                                  ≈ exp[−𝜈0𝑇 exp{−[𝑔−1(𝑥)]2 2⁄ }] 
(4.22)  

where 𝑣𝑋+(𝑥) is the upcrossing rate at threshold 𝑥; 𝜈0 is the upcrossing rate at mean level 

of 𝑋(𝑡).  

The peak factor is defined by the ratio of mean extreme to STD of the process. 

For a Gaussian process, the peak factor (g𝐺) is (Davenport 1964)  

 g𝐺 = 𝛽 +
𝛾
𝛽

 (4.23)  

in which 𝛽 = �2ln (𝜈0𝑇), 𝜈0𝑇 is the upcrossing number during time duration 𝑇; 𝛾 is the 

Euler’s constant (≈ 0.5772).  

The peak factor for a zero mean non-Gaussian translation process can be 

approximated as 

 g𝐻 = 𝑔 �𝛽 +
𝛾
𝛽
� (4.24)  
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4.3.2 Fatigue Damage Evaluation 

To illustrate the effect of non-Gaussianity on fatigue analysis, the Gaussian ratio 

(GR) is introduced as (Lutes and Sarkani 2004): 

 
GR =

𝐸[𝐷𝑛𝐺]
𝐸[𝐷𝐺]  (4.25)  

where 𝐷𝑛𝐺  and 𝐷𝐺  denote the fatigue damage caused by non-Gaussian and Gaussian 

stress processes, respectively, but with the same spectral properties. This term is usually 

used along with the Rayleigh ratio (RR), which represents the ratio of fatigue damage due 

to broad-band and narrow-band processes. Both of them are correction factors if the 

stress process is neither Gaussian distributed or narrow-banded in process power spectral 

density, then the final estimate of fatigue damage is Rayleigh approximation multiplied 

by (RR)(GR) (Lutes and Sarkani 2004). 

Here the discussion is limited to narrow-band stress processes, for which the total 

number of cycles within the amplitude ranged from 𝑠 to 𝑠 + 𝑑𝑠 in a time period 𝑇 is 

 𝑛(𝑠) = 𝜐0𝑇𝑓(𝑠)𝑑𝑠 (4.26)  

And the fatigue strength data are usually expressed in terms of stress amplitude 

and cycles as S-N curve (e.g., Dowling 1972), which is developed through numerous 

sample tests with different stress amplitudes, i.e., 𝑁(𝑠) = 𝐶(2𝑠)−𝑘 . The total mean 

fatigue damage is then calculated from all stress cycles by adopting the Miner-Palmgren 

rule 

 
𝐸[𝐷] = �

𝜐0𝑇𝑓(𝑠)𝑑𝑠
𝑁(𝑠)

∞

0
=

2𝑘𝜐0𝑇
𝐶

𝐸[𝑆𝑘] (4.27)  

where 𝐸[𝑆𝑘] is the k-th statistical moment of stress amplitude. For a Gaussian narrow-

band process, its amplitude follows Rayleigh distribution and 

 𝐸�𝑆𝐺𝑘� = �√2𝜎𝑈�
𝑘
𝛤(1 + 𝑘/2) (4.28)  

While for a non-Gaussian narrow-band process, its amplitude can be related to the 

amplitude of its underlying Gaussian process as 𝑆𝑛𝐺 = 1
2
𝜎𝑋[𝑔(𝑠) − 𝑔(−𝑠)], therefore 

 𝐸�𝑆𝑛𝐺𝑘 � = (𝜎𝑋/2)𝑘𝐸[{𝑔(𝑠) − 𝑔(−𝑠)}𝑘]

= (𝜎𝑋/2)𝑘 � [𝑔(𝑠) − 𝑔(−𝑠)]𝑘𝑠𝑒−𝑠2/2
∞

0
𝑑𝑠 

(4.29)  
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The non-Gaussian fatigue correction factor can be numerically estimated as 

 
GR =

∫ [𝑔(𝑠) − 𝑔(−𝑠)]𝑘𝑠𝑒−𝑠2/2∞
0 𝑑𝑠

�2√2�
𝑘
𝛤(1 + 𝑘/2)

 (4.30)  

4.4 Application to Numerically Simulated Non-Gaussian Processes 

The proposed translation model is applied to the simulation of hardening non-

Gaussian processes. A non-Gaussian process with given probability distribution and 

spectral properties can be generated (Grigoriu 1998): 

1) Determine the translation model based on statistical moments or distribution, 

i.e., moment-based or CDF based translation model. 

2) Derive an equivalent power spectral density for its underlying Gaussian 

process following the correlation distortion, i.e., 

 
𝜌𝑋𝑖𝑋𝑗(𝜏) = � � 𝑔(𝑢𝑖)

∞

−∞

∞

−∞
𝑔�𝑢𝑗�𝑓 �𝑢𝑖, 𝑢𝑗;𝜌𝑈𝑖𝑈𝑗(𝜏)� 𝑑𝑢𝑖𝑑𝑢𝑗 (4.31)  

where 𝑓 �𝑢𝑖,𝑢𝑗;𝜌𝑈𝑖𝑈𝑗(𝜏)�  is joint probability density function of a bivariate standard 

Gaussian process with a correlation coefficient 𝜌𝑈𝑖𝑈𝑗(𝜏) . Fig. 4.5 illustrates this 

relationship through two different non-Gaussian processes. The transformation between 

correlation function and power spectral density can be obtained through fast Fourier 

transformation (FFT).  

 

 
Fig. 4.5 Correlation distortion for different non-Gaussian processes 
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3) Simulate the Gaussian process following the well-known spectral 

representation method or following time series models (e.g., the MAR model). 

4) The non-Gaussian process with target distribution and spectrum can be 

translated from the underlying non-Gaussian process. 

 

           
Fig. 4.6 PSD and statistical moments of different non-Gaussian processes   

 

 
Fig. 4.7 Peak factor 

 

10-2 10-1 100 101 10210-8

10-6

10-4

10-2

100

102

Hz

PS
D

 

 
Target
Simulation

1.5 2 2.5 3
1.5

2

2.5

3

Target kurtosis

Si
m

ul
at

ed
 

 
Exact
Skewness = 0
Skewness = 0.5

1.5 2 2.5 3
1.5

2

2.5

3

3.5

4

Kurtosis

Pe
ak

 fa
ct

or

 

 
Numerical
Analytical



Texas Tech University, Jie Ding, December 2014 

78 

 
Fig. 4.8 Gaussian ratio (GR) 

 

Figs. 4.6 show the moment-based model is good for the simulation of hardening 

non-Gaussian processes, where the simulated process can well match the target first four 

statistical moments and spectral properties. Figs. 4.7 and 4.8 show the estimated peak 

factor and GR factor, the good agreement between the analytical solution and that 

calculated from data demonstrates this model is good for extreme and fatigue analysis of 

hardening non-Gaussian processes. 

4.5 Summary 

The hardening non-Gaussian processes were encountered in environmental loads 

and structural responses. While the Hermite model has been used to represent the 

hardening non-Gaussian processes, it was demonstrated that it is not proper when the 

non-Gaussian process is skewed. A new translation model was firstly derived, which 

relates a hardening non-Gaussian process to its underlying Gaussian process following 

orthogonal expansion of random processes. The semi-empirical expressions for model 

coefficients in terms of process skewness and kurtosis was developed and facilitated its 

easy application in numerical simulation, extreme value analysis and fatigue damage 

evaluation. The effectiveness of this translation model was illustrated through numerical 

examples. 
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Chapter 5   

Extreme Value Analysis of Non-Gaussian Wind Load Effects Based on 
Short-term Time History Samples 

5.1 Introduction 

Reliability- and performance-based design of wind-excited structures requires 

accurate estimation of extremes of stochastic wind load effects over a given time duration, 

say, 10 min or one hour. The ratio of mean extreme (subtracts the non-zero process mean) 

to the standard deviation (STD) of process is referred to as peak factor. In the case where 

the wind effect process can be modeled as a Gaussian process, closed-form formulations 

are available for calculating the crossing rate and extreme value distribution under 

Poisson assumption (Rice 1944). The mean and STD of extreme can be determined with 

closed-form expressions derived by Davenport (1964). Wind effects such as wind 

pressures on flow separation region, however, often show non-Gaussian characteristics 

with distribution tails wider than Gaussian distribution (Holmes 1981; Kumar and 

Stathopoulos 2000; Cope et al. 2005). The peak factors of these softening non-Gaussian 

processes (kurtosis > 3) are larger than that of a Gaussian process. Unlike the case of 

Gaussian, there is no analytical solution for estimating the crossing rate and extreme 

value distribution of a non-Gaussian process directly from its probability distribution and 

spectral characteristics (e.g., Chen and Huang 2009).   

In engineering practice, estimating extreme value distributions of wind loads and 

load effects have to be made based on limited number of short-term time history samples. 

A number of estimation methods have been developed, including block maxima method 

(Peterka 1983), peaks-over-threshold (POT) method (Simiu and Heckert 1996; Holmes 

and Moriarty 1999), the average conditional exceedance rate (ACER) method (Naess and 

Gaidai 2009; Karpa and Naess 2013), and the translation process method (Sadek and 

Simiu 2002; Tieleman et al. 2008; Kwon and Kareem 2011; Yang et al. 2013). The block 

maxima method divides the whole time history sample into equally sized blocks and 

extracts maximum from each block. Under the assumption that the block maxima are 

independently and identically distributed, the distribution of extremes is then determined. 

The POT method deals with multiple independent peaks above a preselected high 
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threshold, and the extreme value theory warrants use of a generalized Pareto distribution 

(GPD) as an adequate model for peaks over the threshold (Pickands 1975). The ACER 

method is similar to POT method but reduces the estimation of extreme value distribution 

to calculations of average conditional exceedance (upcrossing) rates at high thresholds. 

The translation process method relates the non-Gaussian process to an underlying 

Gaussian process through a monotonic translation function (Grigoriu 1984 and 1995). 

This translation function can be determined using the statistical moments of the non-

Gaussian process, or by directly fitting the numerical translation function derived from 

the mapping of cumulative distribution functions (CDFs) of the non-Gaussian and 

underlying Gaussian processes, or by fitting the probability density function (PDF) of the 

non-Gaussian process with a prescribed distribution model such as the three-parameter 

gamma distribution (Sadek and Simiu 2002). The extreme value distribution of the non-

Gaussian process is then calculated from that of the underlying Gaussian process. 

Recently, Huang et al. (2013) also applied the translation process method to determine 

the distributions of peaks and then the extreme of a non-Gaussian process. The accuracy 

and uncertainty of these methods are affected by the non-Gaussian properties of the 

process and the modeling adequacy of these properties from limited data.  

In this chapter, the performances of POT and ACER methods, and the translation 

process method with various translation function models are evaluated using wind 

pressure data on a saddle-shaped large-span roof collected from wind tunnel test. These 

pressure time history data are recorded for a very long time duration that permit the 

determination of extreme value distribution and extreme statistics directly from the 

sampled extremes. The extreme value distribution is then served as a basis for the 

evaluation of predictions using aforementioned methods with short-term time history 

samples, thus for the assessment of the performances of different methods. These 

pressure data are featured by a variety of non-Gaussian characteristics, including mildly 

and strongly softening and hardening non-Gaussian processes with unique distributions.  

Some new developments of these methods are also presented. A runs declustering 

method is discussed to ensure the independence of peaks above a prescribed high 

threshold, which is required in the POT method. The effectiveness of the ACER method 

is firstly examined as applied to non-Gaussian wind pressures. Regarding the translation 
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process method, this study highlights the limitations of the widely used moment-based 

Hermite translation model and the model derived from three-parameter gamma 

distribution. The effectiveness of CDF-based translation model even for strongly non-

Gaussian processes is illustrated. The importance of ensuring the modeling accuracy of 

distribution and translation function at upper tail is emphasized. To improve the modeling 

accuracy of distribution tail, a mixture distribution model is introduced that combines a 

more accurate tail distribution with kernel sampling density for the bulk of distribution. 

This study also discusses the modeling of translation function for hardening non-

Gaussian wind effect processes, which has not been extensively addressed in literature 

(Chen 2014a). The confidence intervals of predictions of these methods with limited 

number of samples are also examined. The new developments and insights gained from 

this study helps in better predicting the extreme value distribution and peak factor of non-

Gaussian wind loads and load effects.   

5.2 Methods Based on Exceedances over a High Threshold  

5.2.1 The Peaks-over-Threshold Method 

The estimation of extreme value distribution of a stochastic process during time 

duration 𝑇, i.e., 𝑋max = max{𝑋(𝑡), 0 < 𝑡 < 𝑇}, is considered. The POT method extracts 

multiple independent peaks from a time history sample above a high threshold. Given 

that the parent distribution is in the domain of attraction of one of the extreme value 

distributions, Pickands (1975) showed that the generalized Pareto distribution (GPD) is 

an adequate model for independent peaks above a chosen high threshold: 

 
𝐹𝐺𝑃𝐷(𝑥) = Pr ob(𝑋 ≤ 𝑥|𝑋 > 𝑥0) =

𝐹𝑋(𝑥) − 𝐹𝑋(𝑥0)
1 − 𝐹𝑋(𝑥0)

= 1 − �1 +
𝜉(𝑥 − 𝑥0)

𝜎
�
−1/𝜉

 

(5.1)  

where 𝑥0 denotes the chosen threshold; 𝑥 is the process level with 𝑥 > 𝑥0; 𝜎 and 𝜉 are 

scale and shape parameters, respectively. The case 𝜉 = 0 corresponds to the exponential 

distribution with mean 𝜎. The inference of GPD parameters can be performed using the 

method of moments or probability weighted moments, the method of maximum 
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likelihood estimation, and among others (Hosking and Wallis 1987; Coles 2001; Harris 

2005). 

The mean upcrossing rate at any threshold 𝑥 (where 𝑥 > 𝑥0) can be calculated as 

 𝑣+(𝑥) = 𝑣0[1 − 𝐹𝐺𝑃𝐷(𝑥)] (5.2)  

where 𝑣0  is the mean upcrossing rate over threshold 𝑥0 , which can be empirically 

estimated from sampled data. Invoking the Poisson assumption of upcrossings, the 

extreme value distribution can be calculated as follows in terms of a generalized extreme 

value (GEV) distribution: 

 𝐹max(𝑥) = Prob(𝑋max ≤ 𝑥) = exp[−𝑣+(𝑥)𝑇]

= exp {−[1 + 𝜉(𝑥 − 𝜇) 𝜎∗⁄ ]−1 𝜉⁄ } 
(5.3)  

where 𝜇, 𝜎∗ and 𝜉 are location, scale and shape parameters, respectively. The case 𝜉 = 0 

corresponds to Gumbel (type I) distribution. It is evident that the shape parameter of 

GEV distribution is identical to that of GPD. The location and scale parameters are 

related to the scale and shape parameters of GPD as  

 𝜎∗ = 𝜎 − 𝜉(𝑥0 − 𝜇);         𝑣0𝑇 = [1 + 𝜉(𝑥0 − 𝜇)/𝜎∗ ]−1/𝜉 (5.4)  

For a sufficiently high threshold, the extreme value distribution can be directly 

determined from GPD as 

 
𝐹max(𝑥) ≈ 1 − 𝑣0𝑇 �1 +

𝜉(𝑥 − 𝑥0)
𝜎

�
−1/ξ

 (5.5)  

The peaks often occur in cluster for narrow-band processes and at lower 

thresholds. A declustering procedure can be used to ensure the selected peaks over a 

given threshold are independent as required by POT method. The declustering is related 

to identifying the mean cluster size and determining the extremal index of a process. 

Several schemes of declustering have been suggested, including blocks, runs and 

intervals methods (e.g., Smith and Weissman 1994; Ancona-navarrete and Tawn 2000; 

Ferro and Segers 2003). The blocks method divides the data into blocks with a prescribed 

length, and the number of independent clusters is the number of blocks with at least one 

exceedance over a given threshold. The blocks method with a block length of 100 and 

200 hours, respectively, has been used in declustering wind speed process to extract 

individual storm maxima (e.g., Simiu and Heckert 1996). The differences of derived 

statistics of maximum wind speed from both block lengths are insignificant. The runs 
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method considers that two peaks over a threshold belong to two clusters if there are a 

prescribed number of consecutive observations between those two peaks below the 

threshold. The intervals method is based on the interexceedance times. In this study, the 

runs method is adopted, which is more reliable and widely used (Smith and Weissman 

1994). The independent clusters are identified by considering at least (𝑘 − 1) consecutive 

observations below the prescribed threshold 𝑥. The number of independent clusters is 

determined as 

 
𝐶𝑛(𝑥) = �𝐈(𝑋𝑖 > 𝑥|𝑋𝑖−1 ≤ 𝑥, … ,𝑋𝑖−𝑘+1 ≤ 𝑥)

𝑛

𝑖=𝑘

 (5.6)  

where {𝑋𝑖}  ( 𝑖 = 1,2, … ,𝑛 ) denote the time series 𝑋(𝑡𝑖) ; and 𝐈( )  is the indicator 

function, which equals to 1 if the condition in the parentheses is true, or equals to 0. By 

the way, the total number of exceedances over threshold 𝑥 is 𝑁𝑛(𝑥) = ∑ 𝐈(𝑋𝑖 > 𝑥)𝑛
𝑖=1 , so 

the mean cluster size is then estimated as  𝑁𝑛(𝑥)/𝐶𝑛(𝑥). The extremal index is defined as 

the limit value of the reciprocal of mean cluster size at a sufficiently high threshold. From 

each independent cluster, one maximum value is selected as independent peak used for 

the POT analysis.  

The value of 𝑘 is selected by comparison such that cluster number 𝐶𝑛(𝑥) is not 

very sensitive to the increase of 𝑘. The stronger correlation of a process, the larger value 

of 𝑘 will be needed. It is noted that 𝑘 = 1 means all exceedances over the threshold are 

counted, while in the case of  𝑘 = 2, the peak is defined as the maximum value between 

two successive upcrossings at a selected threshold. 

The threshold selection is another issue, which must be high enough to warrant 

the adequacy of using GPD model. On the other hand, the threshold has to be low enough 

to ensure a sufficient number of independent peaks available in the model parameter 

inference without a large sampling uncertainty. The conditional mean excesses (CME) 

method (Holmes and Moriarty 1999; Harris 2005), which is also referred to as mean 

residual life plot (e.g., Coles 2001), is often used to identify the adequate threshold. This 

method relies on the fact that if the excesses over the threshold 𝑥0 follow a GPD, the 

excesses over a higher threshold 𝑥 (𝑥 > 𝑥0) also follow a GPD, and the mean of the 

excesses has a linear relationship with the threshold. The threshold 𝑥0 is selected as the 
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initial point where the linear relationship reveals. Although the parameters of GPD can 

also be determined through this method, a more accurate method is often used (Harris 

2005). It is worth mentioning that other methods are also used for threshold selection, e.g., 

bootstrapping method (Gong et al. 2014). An empirical rule that the threshold should be 

higher than the mean plus 1.4STD of the process has also been used for wind turbine 

extreme response analysis (Moriarty et al. 2004; Ragan and Manuel 2008). 

5.2.2 The Average Conditional Exceedance Rate Method 

The ACER method, proposed in Naess and Gaidai (2009), has some similarities to 

the POT method but deals with threshold exceedance number/rate instead of peaks. 

Given a high threshold 𝑥, the conditional exceedances can be defined as follows, which is 

close to the concept used in runs declustering method 

 α𝑘𝑖(𝑥) = Prob(𝑋𝑖 > 𝑥|𝑋𝑖−1 ≤ 𝑥, … ,𝑋𝑖−𝑘+1 ≤ 𝑥) ,  𝑘 ≤ 𝑖 ≤ 𝑛 (5.7)  

where α𝑘𝑖(𝑥)  denotes the probability of exceedance of 𝑋𝑖  conditional on (𝑘 − 1) 

previous non-exceedances at threshold 𝑥 . α𝑘𝑖(𝑥)  can be estimated by counting the 

requisite events through indicator functions, i.e., α𝑘𝑖(𝑥) = 𝐸[𝐈(𝑋𝑖 > 𝑥,𝑋𝑖−1 ≤

𝑥, … ,𝑋𝑖−𝑘+1 ≤ 𝑥)] , where 𝐸[ ]  denotes the expectation operator (Naess and Gaidai 

2009). Different from the introduction of this method in Chapter 3, a more easier 

understanding of the ACER method is achieved by assuming the corresponding 

conditional exceedances to be a sequence of independently and identically distributed 

random variables, which follow a Poisson process (Castillo et al. 2005). It leads to the 

extreme value distribution given by 

 𝐹max(𝑥) ≈ exp[−∑ 𝛼𝑘𝑖(𝑥)𝑛
𝑖=𝑘 ]   (5.8)  

By assuming that the time series is in the Gumbel domain of attraction and 

introducing the concept of average conditional exceedance rate as 

𝜀𝑘(𝑥) = 1
𝑛−𝑘+1

∑ 𝛼𝑘𝑖(𝑥)𝑛
𝑖=𝑘 ,  a functional form for 𝜀𝑘(𝑥) is proposed in Naess and Gaidai 

(2009) as 

 𝜀𝑘(𝑥) = 𝑞exp{−𝑎(𝑥 − 𝑏)𝑐}        𝑥 ≥ 𝑥0   (5.9)  

which is applicable at the upper tail region, i.e.,  𝑥 ≥ 𝑥0 , where 𝑥0 is an appropriately 

chosen tail marker. By comparing the empirical 𝜀𝑘(𝑥)  with different value of 𝑘 , an 
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appropriate value of 𝑘 is selected to capture the dependence structure of the time series, 

i.e., when 𝜀𝑘(𝑥) at high thresholds do not change significantly with the increasing 𝑘. 

The ACER method can automatically take into account the dependence between 

successive exceedances in a sampled time series. As demonstrated by Naess and Gaidai 

(2009), the predicted extreme value is not very sensitive to the choice of 𝑥0  if it is 

appropriately chosen. The optimal values of the parameters 𝑎, 𝑏, 𝑐, 𝑞  are obtained by 

optimizing the fit on the log scale. A general ACER function based on the assumption 

that the extremes asymptotically follow a GEV distribution was proposed in Naess et al. 

(2013) as 𝜀𝑘(𝜂) = 𝑞[1 + 𝑎(𝜂 − 𝑏)𝑐]−𝛾 . This functional form is not considered in this 

study, since the estimation of these five parameters 𝑎, 𝑏, 𝑐, 𝑞, 𝛾 is more difficult and with 

larger sampling uncertainties than the four parameters case.  

5.3 Methods Based on Translation Process Theory 

The translation process theory is introduced in Chapters 3 and 4 in detail, here is a 

summary of different methods used in literature which are related to this theory, 

including their advantages and disadvantages, along with possible improvements. The re-

statement of some information is aimed for an easy demonstration in the assessment of 

their performance, and make this chapter complete.  

For a given translation model, its monotone property ensured the p-quantile of the 

extremes of a standardized non-Gaussian process, 𝑥𝑝max, i.e., 𝐹max�𝑥𝑝max� = 𝑝, can be 

directly calculated from that of the standard Gaussian process, 𝑢𝑝max, as 

 𝑥𝑝max = 𝑔�𝑢𝑝max� (5.10)  

 𝑢𝑝max = �2ln [(𝜈0𝑇)/ln (1/𝑝) ] (5.11)  

The 57% and 86% quantiles correspond to the mean and mean plus STD when the 

extreme value distribution is considered as a Gumbel distribution. Davenport (1964) 

proposed following closed-form formulations for calculating the mean and STD of the 

extremes of standard Gaussian process:  

 𝑢�max = �2ln (𝜈0𝑇) +
𝛾

�2ln (𝜈0𝑇)
 (5.12)  
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 𝜎𝑢max =
𝜋
√6

1
�2ln (𝜈0𝑇)

 (5.13)  

where 𝛾 = 0.5772  is Euler’s constant. 

The translation function is often given in terms of Hermite polynomials, which 

can be determined using the statistical moments of the non-Gaussian process, or by 

directly curve-fitting the numerical translation function derived from the mapping of 

CDFs. The analytical translation function determined permits the estimation of extreme 

value distribution at higher levels. The translation function can also be calculated from 

the parent distribution of the non-Gaussian process where a PDF model such as the three-

parameter gamma distribution is quantified from the data. 

5.3.1 Moment-based Translation Model 

The Hermite polynomials provide an orthogonal basis to map the non-Gaussian 

and Gaussian processes. Winterstein (1988) demonstrated that a standardized softening 

non-Gaussian process can be expressed by the Hermite polynomials expansion of the 

standard Gaussian process as 

              𝑥 = 𝑔(𝑢) = 𝜅[𝑢 + ∑ ℎ𝑛He𝑛−1∞
𝑛=3 (𝑢)] 

≈ 𝜅[𝑢 + ℎ3(𝑢2 − 1) + ℎ4(𝑢3 − 3𝑢)] 
(5.14)  

where 𝜅  and ℎ𝑛  are model coefficients; He𝑛(𝑢)  is 𝑛 -th Hermite polynomial function. 

When the Hermite polynomial expansion is truncated at the first four terms, the model 

coefficients can be determined from the first four statistical moments of the process. This 

method is referred to as moment-based Hermite model approach (Winterstein 1988). 

Higher terms can be determined if more statistical moments are used, but it is not 

recommended as the higher statistical moments are of much larger uncertainties of 

estimations.  

The inverse translation function is then given as 

 𝑢 = 𝑔−1(𝑥 ) = ��𝜉2(𝑥) + 𝑐 + 𝜉(𝑥)�
1 3⁄

− ��𝜉2(𝑥) + 𝑐 − 𝜉(𝑥)�
1 3⁄

− 𝑎 
(5.15)  

with 𝜉(𝑥) = 1.5𝑏(𝑎 + 𝑥/𝜅) − 𝑎3; 𝑎 = ℎ3/3ℎ4; 𝑏 = 1/3ℎ4; 𝑐 = (𝑏 − 1 − 𝑎2)3.  
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To ensure that the translation function is always monotonic increasing, the slope 

of the translation function should be positive defined, that leads to  

    ℎ32 − 3ℎ4(1 − 3ℎ4) ≤ 0 (5.16)  

The relation between model coefficients and statistical moments can be built by 

taking the variance, skewness and kurtosis at both sides of Eq. (5.14), which yields 

(Ditlevsen et al. 1996): 

 
𝜅 = 1 �1 + 2ℎ32 + 6ℎ42�  

𝛼3 = 2𝜅ℎ3(2 + 𝜅2 + 18𝜅2ℎ4 + 42𝜅2ℎ42) 

𝛼4 = 15 − 12𝜅4 + (288 − 264𝜅2)𝜅2ℎ4 

           +(936 − 864𝜅2)𝜅2ℎ42 − 432𝜅4ℎ43 − 2808𝜅4ℎ44 

(5.17)  

where 𝛼3 and 𝛼4 are skewness and kurtosis of the process, respectively.  

The application region of Hermite model in terms of process skewness and 

kurtosis can then be  determined by substituting the bounds defined by Eq. (5.16) into Eq. 

(5.17), which can be approximated as follows (Winterstein and MacKenzie 2012) 

 3 + (1.25𝛼3)2 ≤ 𝛼4 (5.18)  

It is clear that 𝛼4 should be larger than 3. Therefore, the above Hermite model is 

only applicable for softening non-Gaussian processes. For process with 3 < 𝛼4 < 15, 

Winterstein and Kashef (2000) determined the model coefficients based on an optimal 

procedure to minimize the difference of skewness and kurtosis from the non-Gaussian 

process and the Hermite model, and developed following closed-form expressions:  

 ℎ3 = 𝛼3
6
�1−0.015|𝛼3|+0.3𝛼32

1+0.2(𝛼4−3)
�   

ℎ4 = ℎ40 �1 −
1.43𝛼32

𝛼4−3
�
1−0.1(𝛼4)0.8

     

ℎ40 = [1+1.25(𝛼4−3)]1/3−1
10

  

(5.19)  

For hardening non-Gaussian processes, a more general form for the translation 

function of a hardening non-Gaussian process is defined as follows according to an 

orthogonal polynomial expansion (Winterstein 1987)  

 𝑢 = 𝑔−1(𝑥) ≈ 𝑏2𝑥 + 𝑏3(𝑥2 − 𝛼3𝑥 − 1) + 𝑏4(𝑥3 − 𝛼4𝑥 − 𝛼3) (5.20)  
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where 𝑏2, 𝑏3 and 𝑏4 are model coefficients. The model coefficients are determined based 

on an optimal procedure to minimize the difference between target statistical moments 

and those calculated from the defined analytical model. In Chapter 5, the following 

closed-form formulations of skewness and kurtosis are firstly developed through a multi-

regression analysis: 

 
𝑏2 = 𝜑 �1 −

𝛼34 + 1.2𝛼32 − 0.18
7.5 exp(0.5𝛼4) � 

𝑏3 = −
0.8𝛼35 + 𝛼33 + 0.77𝛼3

(𝛼4 − 1)2 + 0.5
 

𝑏4 = −𝜑 �0.04 −
11.5𝛼34 + 6.8𝛼32 + 3.5

(𝛼42 + 0.4)2 + 0.15
� 

(5.21)  

where 𝜑 = [1 − 0.06(3 − 𝛼4)]1/3.  

Considering the monotone property of translation function and accuracy of the 

close-form model coefficients, the application region of this model is approximated as  

 (1.35α3)2 + 1.25 ≤ α4 (5.22)  

which is sufficient to cover most of hardening non-Gaussian processes with 1.4 < 𝛼4 <

3.  

By the way, the possible combination of skewness and kurtosis for a random 

process is given as (Winterstein 1987) 

 α32 + 1 ≤ α4 (5.23)  

which is constructed based on the fact that the orthogonal polynomial of standard (zero 

mean and unit variance) non-Gaussian process, 𝑃2(𝑋) = 𝑋2 − 𝛼3𝑋 − 1 , cannot have 

negative variance. 

5.3.2 CDF-based Translation Model for Non-Gaussian Processes 

From the non-Gaussian time history samples, empirical CDF of the process can 

be determined, and the empirical translation function is subsequently calculated through 

CDF mapping. This empirical translation function is then curve-fitted into a prescribed 

analytical translation model using a least-square optimization. The prescribed analytical 

translation function can be the Hermite polynomial model defined in Eq. (5.14) for a 

softening non-Gaussian process or the model defined by Eq. (5.20) for a hardening non-
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Gaussian process, or other analytical forms. The curve-fitting can be carried out for both 

positive and negative ranges of the underlying Gaussian variable, or only for certain 

range of interest. Since the distribution tail is essential for extreme value analysis, 

accurate modeling of the translation function at high thresholds should be ensured. On the 

other hand, the empirical translation function at very high thresholds should be truncated 

due to its large sampling uncertainty (Ding et al. 2013). 

In the case of softening non-Gaussian processes, the curve-fitting is to minimize 

the following mean square error function under the constraints to ensure the monotonic 

increasing of translation function. 

 
��𝑔(𝑢𝑖) − 𝜅[𝑢𝑖 + ℎ3(𝑢𝑖2 − 1) + ℎ4(𝑢𝑖3 − 3𝑢𝑖)]�

2
𝑛

𝑖=1

 

Subject to: ℎ4 > 0 and  ℎ32 − 3ℎ4(1 − 3ℎ4) < 0 

(5.24)  

In the case of hardening non-Gaussian processes, it is 

 
��𝑔−1(𝑥𝑖) − [𝑏2𝑥𝑖 + 𝑏3(𝑥𝑖2 − 𝛼3𝑥𝑖 − 1) + 𝑏4(𝑥𝑖3 − 𝛼4𝑥𝑖 − 𝛼3)]�

2
𝑛

𝑖=1

 

Subject to: 𝑏4 > 0 and 𝑏32 − 3𝑏4(𝑏2 − 𝑏3𝛼3 − 𝑏4𝛼4) < 0 

(5.25)  

5.3.3 Translation Function from Parent Distribution Model 

The translation function can also be established by first fitting the non-Gaussian 

process data into a prescribed parent distribution model and followed with a CDF 

mapping. In Sadek and Simiu (2002), it was suggested that, for process with a positive 

skewness, the three-parameter gamma distribution and normal distribution are 

appropriate for estimating the extremes corresponding to longer and shorter tails of the 

distribution, respectively. For processes with a negative skewness, the same procedure 

can be applied after multiplication of the original process with -1.  

The PDF of a three-parameter gamma distribution is  

 

𝑓(𝑥) =
�𝑥 − 𝜇

𝛽 �
𝛾−1

exp [−(𝑥 − 𝜇)/𝛽]

𝛽Γ(𝛾)  (5.26)  

where 𝜇, 𝛽 and 𝛾 are location, scale and shape parameters, respectively; and Γ( ) is the 

gamma function. The model parameters can be estimated using method of moments or 
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maximum likelihood method (Sadek and Simiu 2002). Since the gamma distribution has 

a kurtosis larger than 3, it clearly cannot be used for a hardening non-Gaussian process. 

Other distribution models may also be considered, and their adequacy can be evaluated 

by using the probability plot correlation coefficient (PPCC) method (Filliben 1975; Simiu 

and Scanlan 1996).  

It should be emphasized that a appropriate distribution model should be able to 

well represent the distribution tail as it is essential for the extreme value analysis. In this 

study, a mixture distribution model is proposed, which is similar to the efforts in 

literature (Scarrott and MacDonald 2012; Peng et al. 2014; Gong et al. 2014). The bulk of 

the distribution is modeled by kernel sampling density which can accurately cover a wide 

range of probability distributions from the data including bimodal distribution. The kernel 

sampling density method is not detailed since this paper is focused on analysis of extreme 

value distribution that is determined by the distribution tail. The distribution tail over a 

given threshold is modeled by GPD. The GPD model provides an approximation to 

parent CDF above a selected high threshold 𝑥0 as (Castillo et al. 2005)  

 𝐹𝑋(𝑥) = 𝐹𝑋(𝑥0) + 𝐹𝐺𝑃𝐷(𝑥)[1 − 𝐹𝑋(𝑥0)] (5.27)  

where 𝐹𝑋(𝑥0) is the parent CDF at threshold 𝑥0, and can be estimated as 𝑛0/𝑛; 𝑛0 is the 

number of time series below the threshold 𝑥0; 𝑛 is the total number of the time series. 

Threshold selection and parameter estimation of the GPD are performed by afore-

introduced approaches in POT method, but the difference in this model is that GPD is 

applied to model all threshold exceedances not just the independent peaks. This advanced 

modeling can also be applied to the lower tail to improve the accuracy of minimum 

estimation. Once the distribution 𝐹𝑋(𝑥)  is built, CDF mapping can be applied to 

determine the translation function, therefore the extreme value distribution. It is worth 

mentioning that other distribution models, e.g., three-parameter Weibull distribution, can 

be also used for modeling distribution tails with good performance (Gong et al. 2014), 

while the application of GPD is more theoretically sound (e.g., Newman 2005).  
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5.4 Evaluation of Different Methods Based on Experimental Data 

5.4.1 Experimental Pressure Coefficient Data  

The wind pressure coefficient data on a saddle-shaped large-span roof are 

collected from wind tunnel test at Beijing Jiaotong University in China. The roof has two 

low points with a height of 10 cm, and two high points with a height of 24.1 cm. The side 

length of the model is 60 cm. The model scale is 1:100. Totally, there are 265 pressure 

taps on the roof. The model and locations of pressure taps are shown in Fig. 5.1.  The 

mean wind profile is defined by a power law with an exponential of 0.15. The mean wind 

speed at the reference height (21 cm) is 8.95 m/s. The turbulence intensity and turbulence 

integral scale are 11% and 0.372 cm, respectively. The wind direction is along the 

diagonal line connecting two low points. The data collected consist 275 sets of wind 

pressure records with a sample frequency of 312.5 Hz. Each record has a time duration of 

12 s in model scale. When the wind speed ratio is taken as 1:2, the time scaling factor  

becomes 50. Therefore, each record represents a time duration of 10 min with a time step 

of 0.16 s in prototype.  

 

             
   (a) Large-span roof model                        (b) Location of pressure taps 

Fig. 5.1 Wind tunnel test model and the location of pressure taps 
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Fig. 5.2 Skewness and kurtosis of pressure coefficients  

 

The skewness and kurtosis of sampled wind pressure coefficient data at different 

locations are summarized in Fig. 5.2, in which Region I is the application region of 

moment-based Hermite model for softening non-Gaussian processes, and Region II is the 

application region of the proposed model for hardening non-Gaussian processes. The 

possible combination of skewness and kurtosis of random processes is also shown, which 

is labeled as combination limit. It can be seen that some of the pressure coefficients have 

strongly non-Gaussian characteristics, and some are beyond the application region of 

moment-based Hermite model. In this study, four representative pressure coefficient 

processes are selected and studied in detail, which are recorded from tap 112, 36, 31 and 

34. These pressure coefficients are all suctions, so in the discussion hereafter, the 

pressure coefficients are multiplied by -1 such that the positive value means a negative 

pressure coefficient. The discussion is focused on maximum values of negative pressure 

coefficients. Table 5.1 summarizes the mean, STD, skewness and kurtosis of these 

pressure coefficients estimated from an ensemble average of 275 time history samples. 

The coefficients of variations (COVs) of these statistical moments are also shown. The 

COV is defined by the STD of the estimator over its mean, and denotes the variation of 

estimation from one short-term sample. As expected, the higher statistical moments 

generally have larger variations, especially when the process is of strongly non-Gaussian 

properties. For example, the kurtosis of the pressure coefficient at tap 36 has a relatively 

larger COV of 0.274, and the calculated kurtosis from different short-term samples is 
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ranged from 8.119 to 24.567. In the discussions followed, 10 samples are used for 

estimations, thus the COV shown in Table 1 is reduced by a factor of √10.  

  

Table 5.1 Statistics of pressure coefficients 

Locations 
Mean STD Skewness Kurtosis 

mean COV mean COV mean COV mean COV 

Tap 112 0.553 0.025 0.129 0.041 0.697 0.101 4.347 0.097 

Tap 36 0.188 0.042 0.158 0.090 2.221 0.189 14.715 0.274 

Tap 31 1.057 0.042 0.494 0.035 0.224 0.437 2.504 0.067 

Tap 34 0.542 0.057 0.369 0.061 1.301 0.118 4.360 0.145 

 

Table 5.2 Extreme statistics of pressure coefficients  

Locations Mean 
(COV) 

Mean+ 

0.64STD 
Mean+ 
STD 

Quantiles Crossing 
number 
(𝑣0𝑇) 

Peak factor 

57% 78% 86% Data Davenport 
formula 

Tap 112 1.27 
(0.079) 1.33 1.37 1.27 1.33 1.36 942.5 5.56 3.86 

Tap 36 1.64 
(0.159) 1.81 1.90 1.66 1.81 1.87 933.4 9.18 3.85 

Tap 31 2.94 
(0.092) 3.11 3.21 2.95 3.12 3.22 915.8 3.81 3.85 

Tap 34 2.31 
(0.091) 2.44 2.52 2.32 2.47 2.52 833.6 4.79 3.83 

 

The statistics of process extremes are estimated from 275 extreme samples, 

including the mean, mean plus 0.64 STD, mean plus STD, 57%, 78% and 86% quantiles, 

and peak factor. The results are listed in Table 5.2. The peak factor calculated from 

Davenport formula by treating the process as Gaussian is also presented for comparison. 

The mean crossing number is calculated from the moments of process PSD. It is expected 

that the peak factor estimated from Davenport formula is not accurate for most of non-

Gaussian processes. The quantiles of 57%, 78% and 86%, correspond to the mean, mean 

plus 0.64 STD, and mean plus STD of the extreme when the extreme value distribution is 

considered as Gumbel distribution. In this study, it is observed that these quantiles are 

very close to the corresponding statistics of extremes. The quantile 78% is associated 
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with Cook-Mayne coefficient and widely used in practice (Cook and Mayne 1979). These 

statistics are used as the baseline for the assessment of various methods used for extreme 

value analysis.  

5.4.2 Mildly Non-Gaussian Process 

The pressure coefficient recorded at tap 112 features a mildly non-Gaussian 

process. Fig. 5.3 shows the time history sample and its empirical PDF.  

 

           
    (a) Time history and peaks over threshold                              (b) PDF 

Fig. 5.3 Pressure coefficient at tap 112 (Mildly non-Gaussian process) 

 

 
Fig. 5.4 Cluster number versus threshold under different 𝑘 value (Mildly non-Gaussian 

process) 
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Concerning the POT method, a declustering of peaks and selection of threshold 

must be conducted. Fig. 5.4 shows the independent cluster number determined from runs 

method as a function of threshold and value of 𝑘, where 𝑘 − 1 defines the consecutive 

observations below the threshold. It is noted that the increase of 𝑘 value from 𝑘 = 2 to a 

higher value does not change the cluster number significantly at high thresholds, thus 

𝑘 = 2 is considered to be adequate for declustering. The threshold selection is guided by 

both the CME method and an empirical rule that the threshold should be larger than mean 

plus 1.4 STD (Moriarty et al. 2004; Ragan and Manuel 2008). Fig. 5.5(a) displays the 

estimated mean excesses and its 95% confidence interval (CI) as functions of threshold.  

The threshold for GPD analysis is selected as 0.734, i.e., mean plus 1.4 STD, from where 

the linear relationship is found between mean excesses and thresholds. It is seen from Fig. 

5.4 that the cluster number is almost not affected by a further increase in 𝑘 from 𝑘 = 2 

over this threshold. The peaks from independent clusters beyond this threshold are 

exacted as shown in Fig. 5.3(a), which are used to determine the GPD and extreme value 

distribution. The influence of threshold selection on the predicted extreme value 

distribution is demonstrated in Fig. 5.5(b). It is observed that the selected threshold 

results in reliable estimations of extremes. It is noted the shape parameter of GPD 

estimated from different thresholds is close to zero which corresponds to a Gumbel 

extreme distribution. Table 5.3 shows the 95% CIs of the estimations, which represent the 

variation of estimation when 10 time history samples are used. The results predicted from 

the POT method are in good agreement with those from extreme samples.   
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       (a) Mean excesses versus threshold                       (b) Extreme value distribution 

Fig. 5.5 Threshold selection and extreme value distribution from POT method (k=2) 
(Mildly non-Gaussian process) 

 

Fig 5.6(a) shows the estimated ACER functions ε𝑘(𝑥), which presents essentially 

the same information as Fig. 5.4, but in terms of independent cluster number divided by 

(𝑛 − 𝑘 + 1), where 𝑛 = 37500 is the total number of time series. It is observed that 

ε𝑘(𝑥) for different 𝑘 are close and merge with each other at high thresholds, while there 

are some differences at low thresholds. The ACER functions for higher values of k, i.e., 

𝑘 = 48, 72 and 96, are calculated which also converges to that at 𝑘 = 2 at high threshold 

levels. As the curve-fitting of ε𝑘(𝑥) warrants a better fitting of ε𝑘(𝑥)  at higher thresholds 

and it is not sensitive to the initial threshold 𝑥0, use of ε𝑘(𝑥) with 𝑘 ≥ 2 result in almost 

identical extrapolation of extreme value distribution. Therefore, 𝑘 = 2 is chosen, which is 

consistent with the definition of independent peaks in previous POT method. Fig. 5.6(b) 

shows the empirical function ε2(𝑥) and its 95% CI, and the curve-fitted ACER function. 

Different quantiles of the extremes can be determined from this ACER function by 

solving Eq. (5.8) and the results are listed in Table 5.3. The predictions from ACER 

method are close to those from the extreme samples. 
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        (a) Estimations of ACER functions          (b) Curve-fitting of ACER function (k=2)   

Fig. 5.6 Extreme value distribution from ACER method (mildly non-Gaussian process) 

 

 
Fig. 5.7 Comparison of translation functions (mildly non-Gaussian process) 
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translation function in both positive and negative ranges. For the translation function 

determined from parent distribution, the three-parameter gamma distribution is quantified 

using the maximum likelihood method. The mixture distribution is determined using tail 

markers, 0.372, i.e., mean minus 1.4 STD for lower tail, and 0.734, i.e., mean plus 1.4 

STD for higher tail. The improved modeling of two tail distributions is accomplished 

individually and is based on the individual behavior of the lower and upper tails. For the 

estimation of maximum value distribution as concerned in this study, only the improved 

modeling of upper tail is needed. The corresponding PDFs from three-parameter gamma 

distribution and mixture distribution are compared with the histogram as shown in Fig. 

5.3(b).   

The estimated extreme value distribution in terms of probability of exceedance, 

i.e., 1 − 𝐹max(𝑥), is shown in Fig. 5.8. The quantiles of extremes and their 95% CIs are 

summarized in Table 5.3. It is observed that the prediction errors from different methods 

are less than 5%. The small widths of 95% CIs of different estimators show their small 

sampling uncertainties. Therefore, the performances of different methods for this mildly 

non-Gaussian process are quite satisfactory.   

 

   
Fig. 5.8 Comparison of extreme value distributions estimated from different methods 

(mildly non-Gaussian process) 
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Table 5.3 Quantiles of extremes estimated from different methods (mildly non-Gaussian 
process) 

 57% quantile 78% quantile 86% quantile Peak factor 
mean CI mean CI mean CI mean CI 

Data 1.27  1.33  1.36  5.56  
POT 1.25 (1.21, 1.28) 1.31 (1.26, 1.35) 1.33 (1.28, 1.39) 5.40 (5.09, 5.72) 

ACER 1.28 (1.24, 1.32) 1.34 (1.29, 1.39) 1.37 (1.31, 1.43) 5.64 (5.33, 5.95) 
TPM 

(moment) 1.27 (1.24, 1.30) 1.35 (1.32, 1.39) 1.39 (1.35, 1.42) 5.56 (5.33, 5.79) 

TPM 
(CDF) 1.28 (1.23, 1.32) 1.36 (1.30, 1.41) 1.39 (1.33, 1.45) 5.64 (5.25, 6.03) 

TPM 
(gamma) 1.24 (1.21, 1.27) 1.31 (1.28, 1.34) 1.34 (1.31, 1.37) 5.33 (5.09, 5.56) 

TPM 
(mixture) 1.26 (1.22, 1.29) 1.32 (1.28, 1.37) 1.35 (1.30, 1.41) 5.48 (5.17, 5.78) 

 

5.4.3 Strongly Non-Gaussian Process 

Fig. 5.9 shows a time history and PDF of the pressure coefficient at tap 36, which 

is a strongly non-Gaussian process with a kurtosis of 14.715. 

 

        
  (a) Time history and peaks over threshold                       (b) PDF 

Fig. 5.9 Pressure coefficient at tap 36 (Strongly non-Gaussian process) 
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5.11(a) shows the mean excesses as a function of the threshold, which shows an 

approximate linear relationship starting from the threshold of 0.65, while the mean plus 

1.4 STD of this process is only 0.41. The influence of thresholds on the predicted extreme 

value prediction is illustrated in Fig. 5.11(b), which indicates the threshold selected as 

𝑥0 = 0.65 is appropriate for this case. The estimated quantiles of extremes and their 95% 

CIs from the POT method are listed in Table 5.4. Same parameters are used for the 

ACER method and the predictions are also given in Table 5.4. Both POT and ACER 

methods give satisfactory estimations. 

 
Fig. 5.10 Cluster number versus threshold under different 𝑘 value (Strongly non-

Gaussian process) 

 

              
(a) Mean excesses versus threshold                   (b) Extreme value distribution 

Fig. 5.11 Threshold selection and extreme value distribution from POT method (𝑘 = 2) 
(Strongly non-Gaussian process) 
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Fig. 5.12 Comparison of translation functions (strongly non-Gaussian process) 

 

 
Fig. 5.13 Comparison of extreme value distributions estimated from different methods 

(strongly non-Gaussian process) 
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estimation than the moment-based method for strongly non-Gaussian processes.  
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Table 5.4 Quantiles of extremes estimated from different methods (strongly non-
Gaussian process) 

 57% quantile 78% quantile 86% quantile Peak factor 
mean CI mean CI mean CI mean CI 

Data 1.66  1.81  1.87  9.18  
POT 1.63 (1.46, 1.80) 1.81 (1.58, 2.03) 1.88 (1.61, 2.15) 9.13 (8.05, 10.2) 

ACER 1.65 (1.50, 1.81) 1.84 (1.63, 2.04) 1.92 (1.67, 2.17) 9.25 (8.30, 10.2) 
TPM 

(moment) 1.79 (1.58, 2.01) 2.05 (1.79, 2.31) 2.17 (1.87, 2.46) 10.1 (8.81, 11.4) 

TPM 
(CDF) 1.71 (1.54, 1.89) 1.95 (1.73, 2.17) 2.05 (1.80, 2.29) 9.63 (8.56, 10.8) 

TPM 
(gamma) 1.19 (1.04, 1.33) 1.28 (1.12, 1.45) 1.33 (1.15, 1.50) 6.34 (5.39, 7.28) 

TPM 
(mixture) 1.60 (1.42, 1.78) 1.76 (1.52, 2.01) 1.86 (1.57, 2.15) 8.94 (7.80, 10.1) 

 

It is observed that the estimations from three-parameter gamma distribution are 

much lower as highlighted in Table 5.4. This is because the distribution model fails to 

represent the tail behavior of empirical distribution as illustrated in Fig. 5.9(b) and the 

translation function in Fig. 5.12.  In this study, the three-parameter gamma distribution is 

determined by using the maximum likelihood method. Slight differences may be resulted 

when other methods are used for parameter inference (Sadek and Simiu 2002; Tieleman 

et al. 2005), but its inadequacy is obvious. Other distribution models should be examined 

to find the most appropriate one which could better capture the tail behavior of 

distribution.  
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Fig. 5.14 Tail distribution of wind pressure coefficient process constructed from different 

thresholds 

 

Fig. 5.14 displays the probability of exceedance of the wind pressure coefficient 

process, i.e., 1 − 𝐹(𝑥) , with the upper tail reconstructed by GPDs over different 

thresholds. It is observed that the extrapolation of CDF, 𝐹(𝑥), is not very sensitive to the 

selected tail marker when it is beyond 0.65, which is consistent with the discussion in 

POT analysis. Similar observation is also observed for lower tail when the tail marker is 

selected as mean minus 1.4 STD, i.e., -0.033, while the discussion of lower tail is not 

needed if only the maximum value distribution is concerned. Fig. 5.9(b) shows the 

resulting PDF from the mixture distribution with tail markers selected as -0.033 and 0.65. 

The predicted extreme statistics are listed in Table 5.4. The mixture distribution method 

gives satisfactory estimates of extreme statistics.  

From the CIs of the estimations, it is noted that a larger sample uncertainty is 

associated with this strongly non-Gaussian process as compared to the mildly non-

Gaussian process of previous example. It indicates that a larger number of samples, or a 

longer time history sample, is required for a reliable estimate of the statistics of extremes 

for a strongly non-Gaussian process. As expected, the estimation error increases for 

higher quantiles of extreme.  
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5.4.4 Process with a Bimodal Distribution 

The time history and PDF of the pressure coefficient process at tap 31 are 

portrayed in Fig. 5.15. The histogram reveals that this distribution has bimodal property 

and the kurtosis calculated is less than 3. In fact, all the processes with bimodal property 

have a kurtosis less than 3 (DeCarlo 1997).   

 

           
 (a) Time history and peaks over threshold                               (b) PDF 

Fig. 5.15 Pressure coefficient at tap 31 (Process with a bimodal distribution) 

 

The threshold for POT method is selected as 1.75, i.e., mean + 1.4 STD, where 

the linear relation of mean excesses and thresholds is confirmed. Both the POT and 

ACER methods take 𝑘 = 2  for declustering of the process. The estimations of both 

methods are given in Table 5.5, which are in good agreement with those from sampled 

extreme data.  
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Fig. 5.16 Comparison of translation functions (process with a bimodal distribution) 

 

The translation functions modeled by different methods are depicted in Fig. 5.16.  

The corresponding extreme value distributions are plotted in Fig. 5.17. The estimated 

quantiles of extreme and their 95% CIs are listed in Table 5.5. The positive part of the 

empirical translation function derived from the data shows mildly softening non-Gaussian 

property, while the negative part shows hardening non-Gaussian characteristics. The 

moment-based translation function does not well describe the upper tail behavior, while 

can adequately capture the lower tail behavior. The estimated extreme quantiles and peak 

factor are lower than those of Gaussian process, while the actual values are in fact 

slightly higher than those of a Gaussian process. The kurtosis of a skewed process with a 

bimodal distribution is no longer a reliable indicator for its distribution tail and extremes. 

It is expected that the moment-based translation function will give an acceptable estimate 

of minimum statistics as the lower tail behavior is well captured. 
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Fig. 5.17 Comparison of extreme value distribution estimated from different methods 

(process with a bimodal distribution) 

 

Table 5.5 Quantiles of extremes estimated from different methods (process with a 
bimodal distribution) 

 57% quantile 78% quantile 86% quantile Peak factor 
mean CI mean CI mean CI mean CI 

Data 2.95  3.12  3.22  3.81  
POT 2.87 (2.72, 3.02) 3.00 (2.81, 3.18) 3.06 (2.85, 3.27) 3.59 (3.29, 3.89) 

ACER 3.01 (2.86, 3.15) 3.19 (3.00, 3.37) 3.27 (3.06, 3.47) 3.95 (3.65, 4.24) 
TPM 

(moment) 2.50 (2.39, 2.61) 2.56 (2.44, 2.68) 2.59 (2.47, 2.72) 2.92 (2.70, 3.14) 

TPM 
(CDF) 2.95 (2.81, 3.09) 3.11 (2.94, 3.27) 3.17 (2.98, 3.37) 3.83 (3.55, 4.12) 

TPM 
(mixture) 2.90 (2.75, 3.05) 3.04 (2.85, 3.23) 3.10 (2.88, 3.31) 3.73 (3.43, 4.03) 

 

For the CDF-based translation function, two different translation models are fitted 

in positive and negative ranges, respectively. For the estimation of maximum value 

distribution, only the translation function at positive range is needed. The CDF-based 

approach gives very accurate predictions of extremes. The result from three-parameter 

gamma distribution is not displayed. It fails in this case as theoretically the gamma 

distribution can only represent a unimodal distribution having a kurtosis greater than 3. 

The translation function determined from mixture distribution also results in satisfactory 

predictions. The tail markers are chosen as mean plus and minus 1.4 STD of the process. 
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From the CIs of estimators, it is evident that the sampling uncertainty is relatively lower 

as compared to strongly non-Gaussian case. The maximum value distribution of the 

process has the property associated with mildly softening non-Gaussian processes.   

5.4.5 Process Beyond Application Region of Moment-based Translation Models 

The pressure coefficient process at tap 34 is highly skewed. The combination of 

the skewness and kurtosis is beyond the application region of moment-based Hermite 

model approach. Fig. 5.18 shows the time history and its PDF.  

 

                 
 (a) Time history and peaks over threshold                                       (b) PDF 

Fig. 5.18 Pressure coefficient process at tap 34 (Process beyond the application region) 

 

 
Fig. 5.19 Comparison of translation functions (Process beyond the application region) 
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Fig. 5.20 Comparison of extreme value distributions estimated from different methods 

(Process beyond the application region) 

 

The POT and ACER methods deal with distribution tail and thus their 

performances are not influenced by this highly skewed property. The threshold for both 

methods is selected as 1.05, i.e., mean plus 1.4 STD, from where the linear relation of 

mean excesses against threshold is confirmed for POT method. 𝑘 = 2 is selected for 

capturing the dependence structure. As shown in Fig. 5.20 and Table 5.6, the predictions 

of these two methods are satisfactory.   

 

Table 5.6 Quantiles of extremes estimated from different methods (Process beyond the 
application region) 

 57% quantile 78% quantile 86% quantile Peak factor 
mean CI mean CI mean CI mean CI 

Data 2.32  2.47  2.52  4.79  
POT 2.33 (2.25, 2.41) 2.44 (2.34, 2.54) 2.48 (2.37, 2.59) 4.85 (4.63, 5.06) 

ACER 2.33 (2.24, 2.42) 2.48 (2.37, 2.59) 2.57 (2.45, 2.69) 4.85 (4.62, 5.08) 
TPM 

(CDF) 2.36 (2.26, 2.47) 2.53 (2.40, 2.66) 2.60 (2.46, 2.74) 4.93 (4.66, 5.21) 

TPM 
(gamma) 2.54 (2.45, 2.62) 2.81 (2.71, 2.90) 2.92 (2.82, 3.03) 5.41 (5.17, 5.64) 

TPM 
(mixture) 2.30 (2.21, 2.39) 2.42 (2.31, 2.53) 2.47 (2.34, 2.59) 4.76 (4.52, 5.01) 

 

The translation functions constructed from different methods are shown in Fig. 

5.19. The estimated extreme value distribution is shown in Fig. 20. The quantiles of 
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extremes estimated from different methods are listed in Table 5.6. The performance of 

three-parameter gamma distribution is not good, as it fails to represent the highly skewed 

distribution especially at tail region as shown in Fig. 5.18(b). The CDF-based translation 

function is determined by curve-fitting two separate analytical functions in the positive 

and negative ranges, respectively, and gives satisfactory estimations of extreme statistics. 

The mixture distribution also gives a satisfactory estimation where the tail markers are 

also chosen as mean plus and minus 1.4 STD of the process. From the estimated 95% CIs, 

it is clear the sampling uncertainty is quite small.  

5.5 Summary  

The performances of POT method, ACER method and translation process method 

(TPM) with various translation function modeling approaches were evaluated for extreme 

value analysis of non-Gaussian wind effects from short-term time history samples. The 

extreme value distributions of pressure coefficient processes of a saddle-shaped large-

span roof derived from long-term experimental data were served as baselines for the 

assessment of these methods. These pressure coefficient processes were featured by a 

variety of non-Gaussian characteristics.  

The runs declustering method was introduced to determine the independent 

clusters over a given threshold, from which the independent peaks were extracted for the 

determination of GPD and extreme value distribution. The adequate selection of 

threshold for POT method can be achieved through comparison of predicted extreme 

value distributions at various thresholds. The ACER method deals with the average 

conditional exceedances (upcrossings) at high thresholds. Both methods gave satisfactory 

estimations of extreme value distributions of various non-Gaussian wind pressure 

coefficients, while the POT method in general gave an underestimation of the extreme 

quantiles. 

The moment-based method was effective for mildly non-Gaussian processes 

where the distribution is not apparently different from Gaussian. However, it was less 

accurate for strongly non-Gaussian processes, especially, for processes with highly 

skewed or bimodal distributions. The monotonic increasing property of the translation 

function also makes the method invalid for some non-Gaussian processes whose 



Texas Tech University, Jie Ding, December 2014 

110 

skewness and kurtosis are beyond the application region. In addition, the statistical 

moments of the process may not always give adequate and sufficient description of the 

distribution tail.  

It was emphasized that the distribution tails are essential for the extreme value 

distributions concerning the maximum and minimum values of the process. Therefore, 

the translation process method must have an accurate modeling of the upper tail behavior 

of the translation function in order to result in a reliable estimation of maximum value 

distribution. The CDF-based translation process method, which directly curve-fits the 

empirical translation function derived from the data with prescribed analytical model, can 

be applied to a variety of non-Gaussian processes with satisfactory predictions. The 

accuracy of predictions can be further improved by better curve-fitting upper tail of the 

translation function.  

The translation process method with a three-parameter gamma distribution can 

result in unreliable prediction when the distribution fails in capturing the tail behavior of 

data. The method cannot be applied to processes with bimodal distribution or hardening 

non-Gaussian processes with a kurtosis less than 3. The mixture distribution model 

proposed in this study was able to give an accurate modeling of distribution tail by fitting 

the exceedances over a prescribed higher threshold with a GPD, thus led to satisfactory 

estimations of extreme value distributions for various non-Gaussian processes.   

The confidence intervals of extreme quantiles estimated from different methods 

are quite close. The uncertainty of estimators was mainly determined by the statistics of 

process samples. For mildly non-Gaussian process, the uncertainty is relatively smaller, 

thus small number of samples can result in a reliable estimation of extreme value 

distribution. On the other hand, strongly non-Gaussian processes generally require 

relatively larger number of samples for a reliable estimation.   
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Chapter 6  

Fatigue Damage Evaluation of Broad-band Gaussian and Non-Gaussian 
Wind Load Effects by Spectral Methods 

6.1 Introduction 

Stochastic wind load effects on structures may lead to accumulation of fatigue 

damage and result in failure of structural components and system. The wind-induced 

fatigue and extreme load effects are two limit-state responses important for design 

consideration of wind-excited structures (Lynn and Stathopoulos 1985; Xu 1995; Simiu 

and Scanlan 1996; Holmes 2002; Repetto and Solari 2004 and 2006; Chen 2014a and b). 

When the stress time history is available, time domain approaches can be applied 

for fatigue damage evaluation. The cycle number as a function of stress amplitude, often 

referred to as fatigue loading spectrum, is estimated using a cycle counting method. The 

cumulative fatigue damage is then determined using Palmgren-Miner rule with S-N curve. 

A number of approaches have been developed for cycle counting, including peak 

counting, level-crossing counting, range-mean counting and rainflow counting methods 

(ASTM 1049-85; Dowling 1972; Rychlik 1993). Among them, the rainflow counting 

method provides a better estimation for general stochastic processes, and has been 

accepted as a standard cycle counting method in fatigue analysis (e.g., ASTM 1049-85; 

Xu 1995; Kumar and Stathopoulos 1998). However, the construction of a reliable cycle 

distribution relies on a sufficient length of stress time history, which is not always 

available in engineering practice.  

Alternatively, the cycle counting and fatigue damage analysis can be performed 

using frequency domain approaches, which develop analytical formulae from process 

power spectral density (PSD) function. In the case of narrow-band Gaussian processes, 

the cycle distribution is readily determined from Rayleigh distribution of process 

amplitude, and the fatigue damage is then calculated by a closed-form expression. 

However, the fatigue damage from this approximation can be very conservative as 

compared to the rainflow counting damage when the stress process is not narrow-banded. 

Various approaches have been developed for broad-band Gaussian processes to 

approximate rainflow counting damage taking into account the process spectral properties 
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(Wirsching and Light 1980; Lutes and Larsen 1990; Zhao and Baker 1990; Tovo 2002; 

Gao and Moan 2008). For instance, a correction factor was introduced by Wirsching and 

Light (1980) to characterize the difference between narrow-band approximation and 

rainflow counting method. Another simple correction was proposed by Lutes and Larsen 

(1990), which is referred to as single-moment method since the correction depends on 

only one spectral moment. The method proposed by Jiao and Moan (1990) was for broad-

band Gaussian processes with low-frequency and high-frequency bimodal spectral 

formulation. This method has been refined by Gao and Moan (2008) for Gaussian 

processes with a trimodal spectrum. Directly seeking an approximation of rainflow 

amplitudes was attempted by several researchers (e.g., Dirlik 1985; Zhao and Baker 1990; 

Bouyssy et al. 1993), among which the most accurate and wildly used empirical 

formulations are considered to be the ones proposed by Dirlik (1985), Zhao and Baker 

(1990). Tovo (2002) provided another approximation to rainflow counting damage, 

which estimates the fatigue damage as a proper intermediate point between its upper and 

lower bounds defined by level-crossing counting and range-mean counting methods, 

respectively. The advantage of this method is that an equivalent joint probability 

distribution function (JPDF) of peak and valley can be obtained (Benasciutti and Tovo 

2006). It facilitates further considerations of mean stress effect and also non-Gaussian 

characteristics of a stress process in fatigue damage evaluation.  

Spectral methods for fatigue analysis of non-Gaussian processes have also been 

addressed in literature (Lutes et al. 1984; Winterstein 1988; Benasciutti and Tovo 2005; 

Gao and Moan 2007), primarily focusing on softening non-Gaussian processes with 

kurtosis larger than 3, which lead to accelerated fatigue damage than Gaussian processes. 

The non-Gaussian process can be modeled as a translation process from an underlying 

Gaussian process through a monotonic increasing translation function (Grigoriu 1984 and 

1995; Winterstein 1988). Subsequently, the occurrence of peak and valley in the 

underlying Gaussian process is always simultaneous as in the non-Gaussian process due 

to the monotone property of translation function. Therefore, the distribution of peak and 

valley for the non-Gaussian process can be determined if the one for its underlying 

Gaussian process is specified. In the case of narrow-band unskewed non-Gaussian 

processes, a closed-from correction as a function of process kurtosis was introduced for 
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the fatigue analysis from that of underlying Gaussian process (Winterstein 1988; Lutes 

and Sarkani 2004). A more accurate correction was recently introduced in Chen (2014b) 

for narrow-band unskewed hardening non-Gaussian processes with kurtosis less than 3. 

The accuracy and effectiveness of the fatigue analysis methods for non-Gaussian 

processes based on translation process theory depend on the adequacy of the equivalent 

JPDF of peak and valley of underlying Gaussian process and the modeling of translation 

function. Considering various broad-band spectral properties and non-Gaussian 

distribution characteristics, the spectral methods for fatigue analysis of broad-band non-

Gaussian processes warrant further investigation.  

Concerning the fatigue damage analysis of wind-excited structures, Homles (2002) 

derived closed-form expressions for upper and lower limits of fatigue damage of 

alongwind response. The upper limit was achieved by narrow-band approximation, while 

the lower one was obtained based on the correction factor proposed by Wirshing and 

Light (1980). However, as pointed out by Lutes et al. (1984) and Repetto and Solari 

(2006), the damage correction factor proposed by Wirshing and Light (1980) may 

underestimate or overestimate the real damage, depending on the spectral shape of the 

stress process. Repetto and Solari (2004) addressed fatigue damage of coupled alongwind 

and crosswind response using the approach developed by Jiao and Moan (1990). The 

fatigue damage of alongwind response with both broad-band background (quasi-static) 

response and narrow-band resonant response components was studied in Repetto and 

Solari (2006). While the fatigue damage of broad-band wind load effects on roof 

claddings have been investigated using rainflow counting method (Xu 1995; Kumar and 

Stathopoulos 1998), the adequacy of the spectral methods for fatigue damage associated 

with broad-band Gaussian and non-Gaussian wind load effects has not yet been 

extensively explored. Full-scale and wind tunnel measurement data have shown that the 

wind pressures on claddings may be of significant non-Gaussian characteristics (e.g., 

Holmes 1981; Yeatts and Mehta 1993; Kumar and Stathopoulos 1998). The application 

of translation process theory to non-Gaussian wind pressures faces many challenges in 

better modeling the translation functions and their extreme value distributions (Ding and 

Chen 2014). Similar challenges are expected for the fatigue analysis of broad-band non-

Gaussian processes in addition to the influence of spectral properties. 
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In this study, the spectral method introduced in Benasciutti and Tovo (2005), 

referred to as TB spectral method, is re-evaluated for fatigue analysis of broad-band 

Gaussian and non-Gaussian wind load effects. The wind load effects considered are 

alongwind, crosswind and their coupled responses of tall buildings, and wind pressures 

on claddings. The accuracy of the TB spectral method is examined through comparison 

with rainflow counting damage estimated from time history samples. A new formulation 

is proposed to account for the influence of spectral shape on fatigue damage. The 

influence of sampling frequency on broad-band Gaussian fatigue is evaluated. For non-

Gaussian wind load effects, research emphasis is placed on the modeling of translation 

function which relates the non-Gaussian process with an underlying Gaussian process 

and is essential for non-Gaussian fatigue damage evaluation. The results demonstrate the 

effectiveness and accuracy of the spectral method developed for broad-band Gaussian 

and non-Gaussian processes.  

6.2 Spectral Method for Fatigue Analysis of Gaussian Processes 

6.2.1 Narrow-band Gaussian Grocesses 

For a very narrow-band stress process 𝑋(𝑡), it is reasonable to state that a stress 

cycle is formed by a peak and the following symmetrical valley, and the amplitude equals 

to the value of peak if the process is of zero mean. Therefore, the peak counting, level-

crossing counting, range-mean counting and rainflow counting methods result in the 

same cycle distribution. Furthermore, the probability distribution of amplitude (or range) 

is identical to that of the peaks, and follows a Rayleigh distribution: 

 
𝑝(𝑠) =

𝑠2

𝜎𝑋2
𝑒
− 𝑠2
2𝜎𝑋

2  (6.1)  

where 𝑠 is the stress amplitude; and 𝜎𝑋 is standard deviation (STD) of the stress process. 

The number of cycles per unit time (𝜐𝑎) can be taken as the occurrence rate of 

upcrossings at mean level (𝜐0), then the mean damage rate, 𝐸[𝐷𝑁𝐵], is estimated as 

(Madsen et al. 1986) 

 
𝐸[𝐷𝑁𝐵] = 𝜐𝑎𝐶−1 � 𝑠𝑘𝑝(𝑠)𝑑𝑠

∞

0
= 𝜐0𝐶−1(√2𝜎𝑋)𝑘Γ(1 +

𝑘
2

) (6.2)  
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where the S-N curve defined as 𝑁(𝑠) = 𝐶𝑠−𝑘  is applied; Γ( ) is the gamma function 

defined as Γ(𝑡) = ∫ 𝑥𝑡−1𝑒−𝑥d𝑥∞
0 ;  𝜐0 can be determined from spectral moments as 

 
𝜐0 = 1

2𝜋 �
𝜆2
𝜆0

  (6.3)  

 𝜆𝑛 = ∫ (2𝜋𝑓)𝑛𝑆𝑋(𝑓)𝑑𝑓∞
0   (6.4)  

and 𝜆𝑛 is n-th moment of the process PSD, 𝑆𝑋(𝑓); and 𝑓 is frequency in Hz.  

6.2.2 Broad-band Gaussian Processes 

It is well-known that for a broad-band Gaussian process, the fatigue damage 

estimated from Rayleigh distribution of amplitude (narrow-band approximation) is very 

conservative with comparison to rainflow counting damage (Rychlik 1993). However, an 

explicit analytical distribution function for rainflow cycles of a broad-band process is not 

available so far due to the complex definition of this algorithm (Dowling 1972). In this 

section, the approach introduced by Tovo (2002), and Benasciutti and Tovo (2005), 

referred to as TB spectral method, is discussed, which provides an equivalent JPDF of 

peak and valley for rainflow counting method, and facilitates its application to non-

Gaussian processes. 

For a stationary Gaussian process, it is widely accepted that the fatigue damage 

calculated from rainflow counting method, 𝐸[𝐷𝑅𝐹], is always bounded by the damage 

from level-crossing counting and range-mean counting  methods, 𝐸[𝐷𝐿𝐶]  and 𝐸[𝐷𝑅𝑀], as 

(Madsen et al. 1986; Rychlik 1993; Tovo 2002) 

 𝐸[𝐷𝑅𝑀] ≤ 𝐸[𝐷𝑅𝐹] ≤ 𝐸[𝐷𝐿𝐶] (6.5)  

 
𝐸[𝐷𝐿𝐶] = 𝜐𝑝𝐶−1𝛼2�√2𝜎𝑋�

𝑘
Γ �1 +

𝑘
2
� = 𝐸[𝐷𝑁𝐵] (6.6)  

 
𝐸[𝐷𝑅𝑀] = 𝜐𝑝𝐶−1�√2𝜎𝑋𝛼2�

𝑘
Γ �1 +

𝑘
2
� = 𝛼2𝑘−1𝐸[𝐷𝐿𝐶] (6.7)  

where 𝜐𝑝  is the occurrence rate of peak and 𝛼2  is a bandwidth parameter, which are 

estimated from spectral moments as 

 
𝜐𝑝 = 1

2𝜋 �
𝜆4
𝜆2

  (6.8)  
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𝛼𝑛 =

𝜆𝑛
�𝜆0𝜆2𝑛

 (6.9)  

where 0 ≤ 𝛼𝑛 ≤ 1, and 𝛼𝑛 tends to be unity for a narrow-band process. Comparing Eqs. 

(6.8) and (6.9) with Eq. (6.3), we can get 𝜐0 = 𝛼2𝜐𝑝 . It is noted that the bandwidth 

parameters defined here is slightly different from the one defined by Eq. (3.15), but they 

are based on spectral moments. 

Based on a comprehensive analysis for a variety of broad-band processes with 

different spectral shapes, a linear combination rule to approximate the rainflow counting 

damage of a broad-band process was proposed in Tovo (2002) and Benasciutti and Tovo 

(2005) as 

 𝐸[𝐷𝑅𝐹] = 𝑏𝐸[𝐷𝐿𝐶] + (1 − 𝑏)𝐸[𝐷𝑅𝑀] (6.10)  

 

 
𝑏 =

(𝛼1 − 𝛼2)�1.112�1 + 𝛼1𝛼2 − (𝛼1 + 𝛼2)�𝑒2.11𝛼2 + (𝛼1 − 𝛼2)�
(𝛼2 − 1)2  (6.11)  

It is noted that the substitution of Eqs. (6.6) and (6.7) into Eq. (6.10) yields 

 𝐸[𝐷𝑅𝐹] = [𝑏 + (1 − 𝑏)𝛼2𝑘−1]𝐸[𝐷𝑁𝐵] (6.12)  

Apparently, the TB spectral method also provides a correction factor of narrow-

band approximation for the approximation of rainflow counting damage. The correction 

factor is a function of two non-dimensional parameters 𝛼1 and 𝛼2, which are calculated 

by four spectral moments 𝜆0, 𝜆1, 𝜆2 and 𝜆4.  

If the equivalent JPDF of peak (𝑢) and valley (𝑣) is denoted as ℎ(𝑢, 𝑣), the JPDF 

of amplitude 𝑠 = 1
2

(𝑢 − 𝑣) and mean 𝑚 = 1
2

(𝑢 + 𝑣), 𝑓(𝑠,𝑚), can be expressed as 

 𝑓(𝑠,𝑚) = 2ℎ(𝑚 + 𝑠,𝑚 − 𝑠) (6.13)  

The amplitude distribution is the marginal of this joint distribution 

 
𝑝(𝑠) = � 𝑓(𝑠,𝑚)𝑑𝑚

+∞

−∞
 (6.14)  

and the damage rate is subsequently estimated as 

 
𝐸[𝐷] = 𝜐𝑎𝐶−1 � 𝑠𝑘𝑝(𝑠)𝑑𝑠

∞

0

= 𝜐𝑎𝐶−1 � � �
𝑢 − 𝑣

2
�

∞

−∞

𝑘

 ℎ(𝑢, 𝑣)𝑑𝑣𝑑𝑢
∞

−∞
 

(6.15)  
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For rainflow counting method, every peak is associated with a counted cycle 

(Rychlik 1993), thus 𝜐𝑎 = 𝜐𝑝 . As the relation between cycle distribution and fatigue 

damage is a linear summation (i.e., Palmgren-Miner rule), a similar combination rule as 

defined by Eq. (6.10) is expected for cycle distribution (Benasciutti and Tovo 2005).  An 

equivalent JPDF of peak and the following valley associated with rainflow counting 

damage, i.e., ℎ𝑅𝐹(𝑢, 𝑣), can be postulated in the form (Benasciutti and Tovo 2005) 

 ℎ𝑅𝐹(𝑢, 𝑣) = 𝑏ℎ𝐿𝐶(𝑢, 𝑣) + (1 − 𝑏)ℎ𝑅𝑀(𝑢, 𝑣)  (6.16)  

where ℎ𝐿𝐶(𝑢, 𝑣)  and ℎ𝑅𝑀(𝑢, 𝑣)  are JPDFs of peak and valley associated with level-

crossing counting and rang-mean counting methods. It should be noted that ℎ𝑅𝐹(𝑢, 𝑣), 

ℎ𝐿𝐶(𝑢, 𝑣) and ℎ𝑅𝑀(𝑢, 𝑣) are only for 𝑢 ≥ 𝑣. 

The equivalent JPDF of peak and valley for 𝐷𝐿𝐶  can be expressed as follows 

(Tovo 2002)  

 ℎ𝐿𝐶(𝑢, 𝑣) = �
[𝑝𝑢(𝑢) − 𝑝𝑣(𝑢)]𝛿(𝑢 + 𝑣) + 𝑝𝑣(𝑢)𝛿(𝑢 − 𝑣)       𝑢 > 0
𝑝𝑢(𝑢)𝛿(𝑢 − 𝑣)                                                            𝑢 ≤ 0

� (6.17)  

where 𝛿  is Dirac delta function; 𝑝𝑢(𝑥)  and 𝑝𝑣(𝑥)  are PDFs of peak and valley of a 

process 𝑋(𝑡). For a zero-mean Gaussian process, 𝑝𝑢(𝑥) is given as 

 
𝑝𝑢(𝑥) =

�1 − 𝛼22

√2𝜋𝜎𝑋
𝑒
− 𝑥2
2𝜎𝑋

2(1−𝛼22) +
𝛼2𝑥
𝜎𝑋2

𝑒
− 𝑥2
2𝜎𝑋

2Φ�
𝛼2𝑥

𝜎𝑋�1 − 𝛼22
� (6.18)  

where Φ( ) is the CDF of standard Gaussian distribution; and 𝑝𝑣(𝑥) = 𝑝𝑢(−𝑥) can be 

easily derived since the valley is symmetrical with the peak.  

On the other hand, the equivalent JPDF of peak and valley for 𝐷𝑅𝑀 was derived as 

(Madsen et al. 1986; Tovo 2002)  

 
ℎ𝑅𝑀(𝑢, 𝑣) =

1
𝜎𝑋2𝛼222√2𝜋

e
− 𝑢2+𝑣2
4𝜎𝑋

2(1−𝛼22)e
−

(𝑢−𝑣)2(1−2𝛼22)
4𝜎𝑋

2(1−𝛼22)2𝛼22 �
𝑢 − 𝑣

2𝜎𝑋�(1 − 𝛼22)
� (6.19)  

It is readily illustrated that ℎ𝐿𝐶(𝑢, 𝑣)  leads to a Rayleigh-type distribution of 

amplitude as  

 
𝑝𝐿𝐶(𝑠) = 𝛼2

𝑠2

𝜎𝑋2
𝑒
− 𝑠2
2𝜎𝑋

2  (6.20)  

and gives the fatigue damage rate as shown in Eq. (6.6).  

Also, ℎ𝑅𝑀(𝑢, 𝑣) gives  
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𝑝𝑅𝑀(𝑠) =

𝑠2

𝜎𝑋2𝛼22
𝑒
− 𝑠2
2𝜎𝑋

2𝛼22 (6.21)  

and the fatigue damage rate given in Eq. (6.7). 

6.3 Spectral Method for Fatigue Analysis of Non-Gaussian Processes 

6.3.1 Non-Gaussian Fatigue Analysis Based on Translation Process Theory 

A non-Gaussian process 𝑍(𝑡) with zero mean and unit STD can be related to an 

underlying standard Gaussian process 𝑋(𝑡) through a memoryless monotonic translation 

function (Grigoriu 1984 and 1995)  

 𝑧 = 𝑔(𝑥) = 𝐹𝑍−1[Φ(𝑥)] (6.22)  

where 𝑧 and 𝑥 are standard non-Gaussian and Gaussian values.  

From the translation process theory, the peak and valley in the underlying 

Gaussian process should be coincident with those of the non-Gaussian process due to the 

monotonic property of translation function, i.e., 𝑧𝑢 = 𝜇𝑍 + 𝜎𝑍𝑔(𝑥𝑢)  and 𝑧𝑣 = 𝜇𝑍 +

𝜎𝑍𝑔(𝑥𝑣) , where 𝑧𝑢  and 𝑧𝑣 , 𝑥𝑢  and 𝑥𝑣  are peak and valley of the non-Gaussian and 

underlying Gaussian processes. The amplitude and mean in the non-Gaussian process are 

expressed as 

 𝑠 = 1
2

(𝑧𝑢 − 𝑧𝑣) = 𝜎𝑍
2

 [𝑔(𝑥𝑢) − 𝑔(𝑥𝑣)] 

 𝑚 = 1
2

(𝑧𝑢 + 𝑧𝑣) = 𝜇𝑧 + 𝜎𝑍
2

[𝑔(𝑥𝑢) + 𝑔(𝑥𝑣)] 
(6.23)  

and their JPDF is given as follows due to the conservation of probability 

 𝑓𝑅𝐹𝑁𝐺(𝑠,𝑚)𝑑𝑠𝑑𝑚 = ℎ𝑅𝐹𝐺 (𝑥𝑢, 𝑥𝑣)𝑑𝑥𝑢𝑑𝑥𝑣  (6.24)  

where ℎ𝑅𝐹𝐺 (𝑥𝑢, 𝑥𝑣) is the JPDF of peak and valley in the underlying Gaussian process, 

which is given as 

 ℎ𝑅𝐹𝐺 (𝑥𝑢, 𝑥𝑣) = 𝑏ℎ𝐿𝐶𝐺 (𝑥𝑢, 𝑥𝑣) + (1 − 𝑏)ℎ𝑅𝑀𝐺 (𝑥𝑢, 𝑥𝑣) (6.25)  

where ℎ𝐿𝐶𝐺 �𝑥𝑝, 𝑥𝑣�  and ℎ𝑅𝑀𝐺 (𝑥𝑢, 𝑥𝑣)  are determined by Eqs. (6.17) and (6.19), 

respectively, both with a unit STD, i.e., 𝜎𝑋 = 1.  

Accordingly, the expected damage rate can be evaluated as 
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𝐸[𝐷𝑅𝐹𝑛𝐺] = 𝜐𝑝𝐶−1 � 𝑠𝑘 � 𝑓𝑅𝐹𝑁𝐺(𝑠,𝑚)𝑑𝑚

∞

−∞
𝑑𝑠

∞

0
 

= 𝑏𝐸[𝐷𝐿𝐶𝑛𝐺] + (1 − 𝑏)𝐸[𝐷𝑅𝑀𝑛𝐺 ] 
(6.26)  

where 

 𝐸[𝐷𝐿𝐶𝑛𝐺] = 𝜐𝑝𝐶−1(𝜎𝑍/2)𝑘 ∫ ∫ [𝑔(𝑥𝑢) − 𝑔(𝑥𝑣)]𝑘ℎ𝐿𝐶𝐺 (𝑥𝑢, 𝑥𝑣)𝑑𝑥𝑢𝑑𝑥𝑣
∞
−∞

∞
−∞   

             = 𝜐𝑝𝐶−1(𝜎𝑍/2)𝑘 ∫ [𝑔(𝑥𝑢) − 𝑔(−𝑥𝑢)]𝑘𝛼2𝑥𝑢exp (−𝑥𝑢2/2)𝑑𝑥𝑢
∞
−∞  

(6.27)  

 𝐸[𝐷𝑅𝑀𝑛𝐺 ] = 𝜐𝑝𝐶−1(𝜎𝑍/2)𝑘 ∫ ∫ [𝑔(𝑥𝑢) − 𝑔(𝑥𝑣)]𝑘ℎ𝑅𝑀𝐺 (𝑥𝑢, 𝑥𝑣)𝑑𝑥𝑢𝑑𝑥𝑣
∞
−∞

∞
−∞   (6.28)  

Following this derivation, the fatigue damage of a broad-band non-Gaussian 

process can be estimated as a linear combination of fatigue damages caused by level-

crossing counting (narrow-band approximation) and range-mean counting methods, 

which is similar to the case of Gaussian process.  

6.3.2 Representation of non-Gaussian processes 

The moment-based and CDF-based translation models are summarized in Chapter 

5. It is worth mentioning that the application of moment-based translation model are 

limited to certain combination of process skewness and kurtosis, due to the monotonic 

requirement of translation function (Winterstein and MacKenzie 2012). Furthermore, it 

has been demonstrated in Ding and Chen (2014) that some non-Gaussian processes 

cannot be well represented by a moment-based translation model. For instance of a 

process with bimodal distribution, the process kurtosis is no longer an indicator for its 

distribution tail. The moment-based translation model thus may give inaccurate 

representation of non-Gaussian process. In this case, a direct curve-fitting to a numerical 

translation function determined from CDF mapping leads to more accurate representation 

(Ding and Chen 2014). Adequate modeling of translation function models for various 

non-Gaussain processes will also be addressed in the later part of this study in the context 

of non-Gaussian fatigue estimation. 
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6.4 Fatigue Damage Evaluation of Gaussian Wind Load Effects 

6.4.1 Alongwind Response of a Wind-excited Tall Building 

The effectiveness of TB spectral method for fatigue analysis of wind-excited tall 

buildings is examined. The building considered is an isolated tall building in urban 

environment with a rectangular cross section. The building height is 𝐻 = 200m, and 

width is 𝐵 = 0.2𝐻. The building density is 192 kg/m3. The fundamental frequencies in 

alongwind and crosswind directions are 0.230 and 0.276 Hz, respectively. The 

fundamental modal shapes in these two directions are assumed to be linear over the 

building height. The generalized force 𝑄(𝑡) is related to the base bending moment 𝑀(𝑡) 

as 𝑄(𝑡) = 𝑀(𝑡)/𝐻, while 𝑀(𝑡) can be determined in wind tunnels from high frequency 

force balance (HFFB) experiments or integral of wind pressure measurements (e.g., Chen 

and Kareem 2005; Lin et al. 2005).  

The PSD of alongwind base bending moment coefficient 𝐶𝑀(𝑡) is determined 

based on Architectural Institute of Japan (AIJ) recommendations (AIJ 2004), which is 

expressed as the product of aerodynamic admittance function and wind fluctuation 

spectrum: 

 
𝑓𝑆𝐶𝑀(𝑓)/𝜎𝐶𝑀

2 =
0.90𝐹𝐷

�1 + 6 �𝑓𝐻𝑈𝐻
�
2
�
0.5

(1 + 3𝑓𝐵/𝑈𝐻)

×
4(𝑓𝐿𝐻/𝑈𝐻)

�1 + 71 �𝑓𝐿𝐻𝑈𝐻
�
2
�
5/6 

𝐹𝐷 = 1 +
0.87

1 + 20 �𝑓𝐵𝑈𝐻
�
 

(6.29)  

where 𝐶𝑀(𝑡) = 𝑀(𝑡) (0.5𝜌𝑈𝐻2𝐵𝐻2)⁄  and 𝜌 = 1.29 kg/m3 is air density; 𝑈𝐻 is the mean 

wind speed at building top; 𝑓  is frequency in Hz; 𝐿𝐻 = 100�𝐻/30 is the turbulence 

length scale; and 𝜎𝐶𝑀 is root mean square (RMS) of 𝐶𝑀(𝑡) in alongwind direction and is 

taken as 0.11 for this building (Zhou et al. 2003); 𝐹𝐷 is a coefficient calculated with an 

assumption that the exponent of power law in wind speed profile is 0.35 for the urban 

environment (Zhou et al. 2003). 

The RMS building top displacement is calculated by spectral method with closed-

form expressions for its background and resonant components (e.g., Chen and Kareem 
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2005). The base bending moment response is then calculated by multiplying a factor of 

[𝑚𝐻2(2𝜋𝑓1)2]/3, where 𝑚 is building mass per unit height, and 𝑓1 is the fundamental 

frequency. The stress response of interest is calculated from the base bending moment 

response by multiplying a constant 𝜑𝑠 , which represents the stress due to unit base 

bending moment. Fig. 6.1(a) shows the ratio of RMS resonant and background base 

bending moments, denoted as 𝜎𝑋𝑟 and 𝜎𝑋𝑏, respectively, as a function of wind speed and 

modal damping ratio. The bandwidth parameters 𝛼1  and 𝛼2  calculated from response 

PSD are portrayed in Fig. 6.1(b). With the increasing wind speed, the resonant response 

becomes more dominant, and the response process becomes more narrow-banded, 

especially for a smaller modal damping ratio. Since only the fundamental modal response 

is considered, the building top displacement and base shear have the same features as that 

of building base bending moment.  

 

             
 (a) Ratio of resonant and background responses      (b) Bandwidth parameters 𝛼1 and 𝛼2 

Fig. 6.1 Characteristics of alongwind response 

 

Fig. 6.2(a) shows the b value of TB spectral method calculated from bandwidth 

parameters 𝛼1 and 𝛼2. Fig. 6.2(b) portrays the fatigue damage rate calculated from TB 

spectral method, denoted as 𝐸[𝐷𝑇𝐵] and its upper and lower bounds from level-crossing 

counting method (𝐸[𝐷𝐿𝐶]) and range-mean counting method (𝐸[𝐷𝑅𝑀]), where 𝐸[𝐷𝐿𝐶] 

and 𝐸[𝐷𝑅𝑀] are calculated from the closed-form expression as shown in Eqs. (6.6) and 

(6.7). Only the results for damping ratio ζ = 0.02 are given for illustration. The fatigue 
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damage rate is normalized by (105𝜑𝑠𝑈𝐻2)𝑘/𝐶 , where the exponent of S-N curve is 

selected as 𝑘 = 3. The occurrence rate of peak (𝜐𝑝 ) for different stress processes is 

slightly different with different ζ and 𝑈𝐻, which is around 0.21. As the fatigue damage 

rate is normalized by 𝑈𝐻2𝑘, it should increase much faster than what displayed in Fig. 

6.2(b) with the increase of mean wind speed.  

 

                
   (a)  b value of TB spectral method          (b)  𝐸[𝐷𝑇𝐵] and its bounds 𝐸[𝐷𝐿𝐶] and 𝐸[𝐷𝑅𝑀] 

 

                
(c) 𝐸[𝐷𝑇𝐵] and 𝐸[𝐷𝑅𝐹] 

Fig. 6.2 Comparison of fatigue damage by rainflow counting and spectral methods 
(alongwind response) 
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To examine the accuracy of estimations from TB spectral method, rainflow 

counting damage rate 𝐸[𝐷𝑅𝐹] is also calculated using simulated response time histories. 

The generalized force time history is simulated following the spectral representation 

method (Shinozuka and Jan 1972). The response time history is then calculated by 

Newmark’s step-by-step method. In order to achieve a reliable estimation of fatigue 

damage, 10000 short-term time histories are generated, each with time duration of 10 min 

and sampling frequency of 10 Hz. The comparison of both estimates is shown in Fig. 

6.2(c). The results illustrate that the prediction from TB spectral method is satisfactory 

and the associated relative error is less than 5%.  

6.4.2 Crosswind Response of a Wind-excited Tall Building 

Similar calculations for crosswind-induced fatigue damage of the building are 

also performed. The PSD of crosswind base bending moment coefficient suggested by 

AIJ recommendations (AIJ 2004) is used:  

 
𝑓𝑆𝐶𝑀(𝑓)/𝜎𝐶𝑀

2 = �
4𝜅𝑗�1 + 0.6𝛽𝑗�𝛽𝑗 × (𝑓/𝑓𝑠𝑗)2

𝜋 × ��1 − (𝑓/𝑓𝑠𝑗)2�
2

+ 4𝛽𝑗2(𝑓/𝑓𝑠𝑗)2�

𝑁

𝑗=1
 

𝑁 = �1,𝐷/𝐵 < 3
2,𝐷/𝐵 > 3

� and 𝜅1 = 0.85, 𝜅2 = 0.02 

(6.30)  

where 𝛽𝑗  is related to the bandwidth; 𝑓𝑠𝑗 represents the peak frequencies of the spectrum, 

i.e., vortex-shedding frequencies; 𝐷 is the building depth; 𝜎𝐶𝑀is the RMS base bending 

moment coefficient in crosswind direction. These parameters are determined by 

following empirical formulae as functions of the building side ratio (𝐷/𝐵):  

 𝜎𝐶𝑀 = 0.0082(𝐷/𝐵)3 − 0.071(𝐷/𝐵)2 + 0.22(𝐷/𝐵) (6.31)  

 

 𝑓𝑆1 =
0.12

[1 + 0.38(𝐷/𝐵)2]0.89
𝑈𝐻
𝐵

 

𝑓𝑆2 =
0.56

(𝐷/𝐵)0.85
𝑈𝐻
𝐵

 
(6.32)  

 
𝛽1 =

(𝐷/𝐵)4 + 2.3(𝐷/𝐵)2

2.4(𝐷/𝐵)4 − 9.2(𝐷/𝐵)3 + 18(𝐷/𝐵)2 + 9.5(𝐷/𝐵) − 0.15
+

0.12
(𝐷/𝐵)

 

𝛽2 = 0.28(𝐷/𝐵)−0.34 
(6.33)  
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(a) Ratio of resonant and background responses      (b) Bandwidth parameters 𝛼1 and 𝛼2 

Fig. 6.3 Characteristics of crosswind response 

 

The ratio of RMS resonant and background base bending moments is displayed in 

Fig. 6.3(a). The bandwidth parameters 𝛼1 and 𝛼2 are given in Fig. 6.3(b). It is observed 

that the resonant component in crosswind response is more significant than in the 

alongwind response. The crosswind response process is more narrow-banded. Fig. 6.4(a) 

portrays the b value of TB spectral method. Fig. 6.4(b) shows the estimated fatigue 

damage rate 𝐸[𝐷𝑇𝐵] and its upper and lower bounds 𝐸[𝐷𝐿𝐶] and 𝐸[𝐷𝑅𝑀]. In this case, the 

difference between two bounds is smaller than the alongwind case since the stress 

process is more narrow-banded. It is also observed that the fatigue damage caused by 

crosswind response is more significant. Figs. 6.4(c) shows the comparison between 

𝐸[𝐷𝑇𝐵] and 𝐸[𝐷𝑅𝐹], which agrees well with each other. The prediction error is very small 

and the performance of TB spectral method is satisfactory.  
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        (a)  b value of TB spectral method     (b)  𝐸[𝐷𝑇𝐵] and its bounds 𝐸[𝐷𝐿𝐶] and 𝐸[𝐷𝑅𝑀] 

 

                
(c) 𝐸[𝐷𝑇𝐵] and 𝐸[𝐷𝑅𝐹] 

Fig. 6.4 Comparison of fatigue damage by rainflow counting and spectral methods 
(crosswind response) 
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its upper and lower bounds, and the comparison of 𝐸[𝐷𝑇𝐵] and 𝐸[𝐷𝑅𝐹]. The prediction 

error is small and the performance of TB spectral method is also satisfactory. Studies for 

buildings with different alongwind and crosswind modal frequencies were also performed, 

and similar performance of the TB spectral method was observed.  

 

            
(a) Ratio of alongwind and crosswind responses        (b) Bandwidth parameters 𝛼1 and 𝛼2 

Fig. 6.5 Characteristics of coupled alongwind and crosswind response 
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(c) 𝐸[𝐷𝑇𝐵] and 𝐸[𝐷𝑅𝐹] 

Fig. 6.6 Comparison of fatigue damage by rainflow counting and spectral methods 
(coupled response) 
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distribution. Fig. 6.7 shows three typical PSD functions of broad-band Gaussian wind 
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The sampling frequency is 6.25 Hz in prototype scale. The PSD can be represented in the 

following general form 

 𝑓𝑆(𝑓)
𝜎2

=
𝜅𝑓

(1 + 𝛽1𝑓𝛽2)𝛽3 (6.34)  

in which 𝜅, 𝛽1, 𝛽2, 𝛽3 are model coefficients. Table 6.1 lists the model coefficients for 

these three processes. The performance of this model is demonstrated in Fig. 6.7. 
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Fig. 6.7 PSDs of selected wind pressure coefficients processes 

 

In the following, the fatigue damage evaluation is addressed using pressure 

coefficient process which relates to cladding stress by a constant 𝜑𝑐. The fatigue damages 

associated are calculated from both TB spectral method and rainflow counting method. 

The results are also listed in Table 6.1, where the fatigue damage rate is normalized by 

𝜑𝑐𝑘/𝐶. The relative error shown is the estimation from TB spectral method (𝐸[𝐷𝑇𝐵]) with 

comparison to that from rainflow counting method (𝐸[𝐷𝑅𝐹]). It is clear that the prediction 

from TB spectral method with b value estimated from Eq. (6.11) gives a noticeable error. 

 

Table 6.1 Fatigue damage and relative error by TB spectral (Sampling frequency: 6.25Hz) 

Process 
Model coefficients Bandwidth 

parameters 𝐸[𝐷𝑅𝐹] 𝐸[𝐷𝑇𝐵]  
(Eq. 6.11) 

𝐸[𝐷𝑇𝐵]  
(Eq. 35) 𝜅 𝛽1 𝛽2 𝛽3 𝛼1 𝛼2 

A 9.04 24.1 1.24 1.45 0.51 0.28 0.84 0.96 (14 %) 0.87 (3 %) 
B 9.89 11.1 0.73 1.61 0.62 0.44 1.59 1.84 (16 %) 1.65 (4 %) 
C 9.96 19.5 1.42 2.01 0.52 0.18 0.46 0.50 (9 %) 0.47 (3 %) 

 

The influence of sampling frequency on bandwidth parameters and fatigue 

damage is further studied using the fitted PSD models. The results estimated are 

summarized in Table 6.2. The sampling frequency may influence the fatigue damage due 

to the changes in process STD and cycle numbers.  The fatigue damage rate shown in 

Table 6.2 is normalized by 𝜎𝑘𝜑𝑐𝑘/𝐶, thus only the influence of cycle numbers is included. 
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processes A and B, primarily due to the change in cycle numbers. As expected, a reliable 

estimate of fatigue damage requires higher sampling frequency as compared to the 

estimate of STD. It is noted that the spectral method provides an effective way to 

compensate the truncation error in fatigue damage estimation caused by insufficient 

sampling frequency. The TB spectral method with newly introduced formulation for b 

value, which will be presented in the following, can well capture the contribution of 

truncated higher frequency components to fatigue damage.    

 

Table 6.2 The influence of sampling frequency on fatigue damage 

Process Bandwidth and 
fatigue damage 

Sampling frequency (Hz) 

6.25 8 10 12 15 20 30 

A 

𝛼1 0.51 0.48 0.46 0.44 0.42 0.40 0.38 
𝛼2 0.28 0.26 0.24 0.22 0.20 0.19 0.18 
𝜎𝑘 0.85 0.86 0.87 0.88 0.88 0.89 0.89 

𝐸[𝐷𝑅𝐹] 0.84 0.92 0.98 1.05 1.13 1.19 1.24 
𝐸[𝐷𝑇𝐵] (Eq. 6.11) 0.96 1.05 1.12 1.20 1.29 1.36 1.43 
𝐸[𝐷𝑇𝐵] (Eq. 6.35) 0.87 0.94 1.00 1.08 1.15 1.21 1.27 

B 

𝛼1 0.62 0.61 0.60 0.58 0.57 0.56 0.55 
𝛼2 0.44 0.43 0.42 0.41 0.39 0.38 0.38 
𝜎𝑘 0.80 0.86 0.91 0.95 0.99 1.00 1.01 

𝐸[𝐷𝑅𝐹] 1.59 1.90 2.24 2.55 2.99 3.41 3.79 
𝐸[𝐷𝑇𝐵] (Eq. 6.11) 1.84 2.44 2.88 3.27 3.84 4.18 4.89 
𝐸[𝐷𝑇𝐵] (Eq. 6.35) 1.65 1.98 2.34 2.67 3.15 3.59 4.01 

C 

𝛼1 0.52 0.50 0.48 0.48 0.47 0.47 0.46 
𝛼2 0.18 0.15 0.13 0.13 0.12 0.11 0.10 
𝜎𝑘 0.86 0.86 0.86 0.86 0.86 0.86 0.86 

𝐸[𝐷𝑅𝐹] 0.46 0.49 0.50 0.50 0.51 0.51 0.52 
𝐸[𝐷𝑇𝐵] (Eq. 6.11) 0.50 0.50 0.51 0.52 0.52 0.53 0.54 
𝐸[𝐷𝑇𝐵] (Eq. 6.35) 0.46 0.47 0.49 0.49 0.50 0.50 0.51 

 

6.4.5 New Formulation for the Intermediate Value b of TB Spectral Method 

To achieve a better prediction of wind-induced fatigue damage using TB spectral 

method, an improved calculation of the intermediate value b as a function of parameters 

𝛼1 and 𝛼2 is explored. A wide range of bandwidth parameters 𝛼1 and 𝛼2 are covered by 

changing the model coefficients 𝛽1,𝛽2 and 𝛽3 of the PSD model given by Eq. (6.34). Fig. 

6.8 shows the possible combinations of bandwidth parameters for the PSD model 

discussed, in which the results of previously discussed alongwind, crosswind and coupled 
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building responses are also presented. It is illustrated that 𝛼1 is always larger than 𝛼2 as 

pointed out in Lutes and Sarkani (2004). For a given PSD with a specific combination of 

𝛼1 and 𝛼2, a total of 10000 short-term (10 min) time histories is generated using spectral 

representation method with sampling frequency of 6.25 Hz. The rainflow counting 

damage 𝐸[𝐷𝑅𝐹]  is then calculated and used to determine the required b value. It is 

followed by a regression to a functional form in terms of 𝛼1 and 𝛼2, which yields the 

following empirical expression 

 
𝑏new =

(𝛼1 − 𝛼2)(1 − 𝛼1𝛼2)
(1 − 𝛼2)2  (6.35)  

It should be noted that the original expression for 𝑏 value, Eq. (6.11), introduced 

in TB spectral method was developed in the same procedure but covered a wider range of 

PSD shapes. The performance of the newly introduced formulation is demonstrated in 

Fig. 6.9, where only part of combinations of 𝛼1  and 𝛼2  is presented. The newly 

introduced formulation gives a better fit to the required parameter b. As shown in Tables 

6.1 and 6.2, the TB spectral method with this newly introduced expression results in 

better prediction of fatige damage of broad-band Gaussian wind effects.   

 

 
Fig. 6.8 Possible combinations of bandwidth parameters for different PSD models 
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Fig. 6.9 Comparison of numerical and approximated b value  

 

6.5 Fatigue Damage Evaluation of Non-Gaussian Wind Load Effects on Claddings 

6.5.1 Synthetic Non-Gaussian Processes with Prescribed Translation Functions 

Full-scale and wind tunnel measurement data have shown that wind pressures on 

claddings may be of significant non-Gaussian characteristics with a variety of probability 

distributions (e.g., Holmes 1981; Yeatts and Mehta 1993; Kumar and Stathopoulos 1998). 

To validate the effectiveness of TB spectral method as applied to non-Gaussian fatigue 

damage evaluation, synthetic non-Gaussian processes with prescribed translation 

functions are first investigated. The translation function is determined from process 

skewness and kurtosis. The PSD function of the underlying Gaussian process is given as 

the model in Eq. (6.34) with 𝜅 = 9.04 , 𝛽1 = 24.1 , 𝛽2 = 1.24 , and 𝛽3 = 1.45 , i.e., 

𝛼1 = 0.51 and 𝛼2 = 0.28, which is identical to that of process A addressed previously. 

The generation of non-Gaussian process samples is achieved by first generating 

underlying Gaussian process samples using the spectral representation method, and 

followed by a translation to non-Gaussian samples (e.g., Gong et al. 2014). The PSD 

functions and bandwidth parameters of different non-Gaussian processes featuring 

different skewness and kurtosis are almost the same. The rainflow counting damage is 

calculated and the corresponding b value is determined such that the TB spectral method 

gives the target fatigue damage. Fig. 6.10(a) displays the required b value as a function of 

skewness and kurtosis. The values calculated from analytical expressions defined by Eqs. 
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(6.11) and (6.35), i.e., 𝑏 and 𝑏new, are also given. Same examination is also carried out 

for processes with bimodal spectral shape with bandwidth parameters 𝛼1 = 0.86  and 

𝛼2 = 0.79 , which is resulted from coupled alongwind and crosswind response. The 

results are summarized in Fig. 6.10(b).  

Based on these two examples, it is observed that the b value is almost not 

influenced by the non-Gaussian characteristics. It illustrates that the influences of spectral 

properties and non-Gaussian characteristics on fatigue damage can be separated. It is also 

observed that the newly proposed expression of Eq. (6.35) leads to a better prediction.  

 

              
(a) 𝛼1 = 0.51 and 𝛼2 = 0.28                              (b) 𝛼1 = 0.86 and 𝛼2 = 0.79 

Fig. 6.10 b value for different non-Gaussian processes  
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 𝐸[𝐷𝑅𝐹𝑛𝐺] = [𝑏 + (1 − 𝑏)𝛼2𝑘−1]𝐸[𝐷𝑁𝐵𝑛𝐺] (6.36)  

Fig. 6.11 shows the results from this approximation as compared to TB spectral 

method and rainflow counting method for a series of non-Gaussian processes with zero 

skewness, while similar results are observed for skewed cases. It demonstrates that the 

estimation from TB spectral method generally performs better than that from Eq. (6.36). 
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relation that 𝐸[𝐷𝑅𝑀𝑛𝐺 ] = 𝛼2𝑘−1𝐸[𝐷𝑁𝐵𝑛𝐺]  cannot be mathematically derived from a non-

Gaussian process, so Eqs. (6.26) and (6.36) are not equivalent in the case of non-

Gaussian fatigue damage. 

 

               
     (a) 𝛼1 = 0.51 and 𝛼2 = 0.28                              (b) 𝛼1 = 0.86 and 𝛼2 = 0.79 

Fig. 6.11 Fatigue damage from TB spectral method with non-Gaussian consideration 

 

6.5.2 Experimental Wind Pressure Coefficient Data 
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defined by mean extreme (subtracts the process mean) over process STD (Davenport 

1964) is also shown in Table 6.3, which is aimed to demonstrate the significant influence 

of non-Gaussian effects on extremes. The peak factors associated with both maximum 

and minimum are presented.  

 
Fig. 6.12 Time history of pressure coefficients at different locations 

 

Table 6.3 Statistics of pressure coefficients  

Tap No. Mean STD 
Skewness 

(𝛾3) 

Kurtosis 

(𝛾4) 

Peak factor (𝑇 = 10 min) 

Data Davenport’s formula 

(Gaussian assumption) Max. Min. 
Tap 206 0.137 0.236 0.102 3.052 4.06 -3.74 3.84 
Tap 44 1.010 0.317 0.416 3.044 4.17 -2.74 3.82 
Tap 28 0.514 0.374 -0.201 2.652 3.02 -3.68 3.84 

Tap 112 0.553 0.129 0.697 4.347 5.56 -3.21 3.86 
Tap 36 0.188 0.158 2.221 14.715 9.18 -3.53 3.85 
Tap 31 1.057 0.494 0.224 2.504 3.81 -2.34 3.85 
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Fig. 6.13 PSDs of pressure coefficient processes 

 

 
Fig. 6.14 PDFs of pressure coefficient processes (histogram and Gaussian fit)  
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6.5.2.2 Rainflow Counting Damage from Different Sample Size 

The rainflow counting damage estimated from different sample size is compared 

in order to demonstrate the uncertainties of this time domain approach. The results for 

different processes are shown in Fig. 6.15. The rainflow counting damage from ensemble 

average of n short-term (10 min) samples is denoted as 𝐸[𝐷𝑅𝐹
(𝑛)] and the results from 

𝑛 = 5 is displayed, while the rainflow counting damage estimated from all 275 short-

term samples is denoted as 𝐸[𝐷𝑅𝐹]  and shown in Table 6.4. The fatigue damage is 

normalized with 10−3𝜑𝑐𝑘/𝐶. The 95% confidence intervals are approximated by mean ± 

1.96 STD of the estimator. It is clear that the estimations for different processes are 

unbiased. The uncertainty/variation of estimation is primarily attributed to the uncertainty 

of larger amplitudes. The pressure coefficient of Tap 36 has the largest variation due to 

its strong non-Gaussian feature. It should be mentioned that the discussion here is based 

on the exponent of 𝑘 = 3 in a S-N curve. The uncertainty of estimation will increase 

when a large value of k is used.  

 

          
Fig. 6.15 Rainflow counting damage from 5 short-term samples 
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Table 6.4 Fatigue damage from rainflow counting and spectral methods  

Processes 𝐸[𝐷𝑅𝐹] 𝛼1 𝛼2 b 

TB spectral method (𝐸[𝐷𝑇𝐵]) 

Gaussian 
assumption 

Non-Gaussian 
(moment-

based model) 

Non-Gaussian 
(CDF- 

based model) 
Tap 206 16.1 0.52 0.32 0.35 17.0 (6%) 17.4 (8%) 17.3 (8%) 

Tap 44 38.3 0.55 0.36 0.37 37.2 (3%) — 40.3 (5%) 

Tap 28 45.8 0.47 0.27 0.33 74.8 (63%) 48.7 (6%) 48.5 (6%) 

Tap 112 3.24 0.61 0.41 0.43 2.58 (20%) 3.46 (7%) 3.48 (7%) 

Tap 36 13.3 0.67 0.48 0.47 8.11 (39%) 17.4 (31%) 14.6(10%) 

Tap 31 94.6 0.50 0.29 0.36 108.2 (14%) 78.7 (17%) 99.8 (5%) 

 

6.5.2.3 Fatigue Loading Spectrum and Fatigue Damage from Spectral Method 

The variations of bandwidth parameters 𝛼1 and 𝛼2, and the calculated b value are 

shown in Figs. 6.16 and 6.17. The ensemble averaged values are summarized in Table 6.4. 

The variations of bandwidth parameters and the b value are quite small. To calculate the 

fatigue damage of these non-Gaussian processes with TB spectral method, the analytical 

translation function models must be established first. Fig. 6.18 shows the translation 

functions determined from data by mapping of CDFs. The moment-based translation 

functions are also depicted. For softening non-Gaussian processes, the Hermite model 

defined by Eq. (5.14) is applied, while for hardening non-Gaussian processes, the 

translation model defined by Eq. (5.20) is used. It is demonstrated that the moment-based 

translation model can well represent the mildly non-Gaussian processes of Taps 206, 28 

and 112. The combination of skewness and kurtosis of the process of Tap 44 is beyond 

the application region of moment-based model, i.e., 3 + (1.25𝛾3)2 > 𝛾4 (Winterstein and 

MacKenzie 2012; Ding and Chen 2014), so the moment-based translation model is not 

shown. For strongly non-Gaussian process of Tap 36, the translation model constructed 

from first four statistic moments is not accurate, especially for the negative tail. The 

process of Tap 31 follows a bimodal distribution, for which the kurtosis is no longer an 

indicator for its upper tail behaviors, thus the moment-based translation model is not 

applicable. 
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(a)  𝛼1                                                             (b) 𝛼2  

Fig. 6.16 Bandwidth parameters and its 95% confidence intervals from 5 short-term 
samples 

 

 
Fig. 6.17 b value and its 95% confidence intervals from 5 short-term samples 

 

The deficiency of moment-based translation model can be overcome by directly 

curve-fitting the numerical translation function derived from CDF mapping, which is 

referred to as CDF-based translation model. In the case of softening non-Gaussian 

processes, a constrained least-square optimization is conducted, where the constraints are 

used to ensure the monotonic increasing of translation function (Ding and Chen 2014) 

 
��𝑔(𝑥𝑖) − 𝜅[𝑥𝑖 + ℎ3(𝑥𝑖2 − 1) + ℎ4(𝑥𝑖3 − 3𝑥𝑖)]�

2
𝑛

𝑖=1

 

Subject to: ℎ4 > 0 and  ℎ32 − 3ℎ4(1 − 3ℎ4) < 0 

(6.37)  

In the case of hardening non-Gaussian processes, they are 

 
��𝑔−1(𝑧𝑖) − [𝑏2𝑧𝑖 + 𝑏3(𝑧𝑖2 − 𝛼3𝑧𝑖 − 1) + 𝑏4(𝑧𝑖3 − 𝛼4𝑧𝑖 − 𝛼3)]�

2
𝑛

𝑖=1

 

Subject to: 𝑏4 > 0 and 𝑏32 − 3𝑏4(𝑏2 − 𝑏3𝛼3 − 𝑏4𝛼4) < 0 

(6.38)  
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The CDF-based translation models are also shown in Fig. 6.18, which generally 

have a better performance. The CDF-based translation model can also resolve the 

applicability limit of moment-based model as shown in Fig. 6.18(b).  

Fig. 6.19 shows the comparison of fatigue loading spectra estimated from TB 

spectral method and rainflow counting method. The fatigue loading spectrum is the 

distribution of amplitudes in terms of probability of exceedance:  

 
𝐹(𝑠) = � 𝑝𝑆(𝑢)𝑑𝑢

+∞

𝑠
 (6.39)  

The fatigue loading spectrum for rainflow counting method is directly constructed 

from the amplitudes extracted from all short-term samples, which is used as a baseline for 

comparison. For TB spectral method with Gaussian assumption, it is given as the 

following closed-form:  

 
𝐹𝑇𝐵(𝑠) = 𝜐𝑝 �𝑏𝛼2𝑒

− 𝑠2
2𝜎𝑋

2 + (1 − 𝑏)𝑒
− 𝑠2
2𝜎𝑋

2𝛼22� (6.40)  

The fatigue loading spectrum of a non-Gaussian process is evaluated through a 

numerical integration. It is noted that the proposed expression 𝑏new  is adopted in all 

applications. The estimated fatigue damage is summarized in Table 6.4. It is observed 

that the TB spectral method with adequately modeled translation function can result in 

satisfactory estimation of non-Gaussian fatigue as compared to rainflow counting method. 

For near Gaussian process with kurtosis close to 3 but noticeable skewness, i.e., Taps 206 

and 44, the TB spectral method with Gaussian assumption is sufficient. However, the 

Gaussian assumption overestimates the fatigue damage of the hardening non-Gaussian 

process, i.e., Tap 28, and underestimates that of the softening non-Gaussian process, i.e., 

Taps 112 and 36. The performance of the non-Gaussian TB spectral method greatly 

depends on the goodness of the translation function models.  
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(a) Tap 206 (𝛾3 = 0.102; 𝛾4 = 3.052)      (b) Tap 44 (𝛾3 = 0.416; 𝛾4 = 3.044) 

         
(c) Tap 28 (𝛾3 = −0.201; 𝛾4 = 2.652)     (d) Tap 112 (𝛾3 = 0.697; 𝛾4 = 4.347) 

          
(e) Tap36 (𝛾3 = 2.221; 𝛾4 = 14.715)          (f) Tap 31 (Bimodal distribution) 

Fig. 6.18 Comparison of translation functions 

 

-10 -5 0 5 10
-10

-5

0

5

10

Ta
p 

20
6 

(z
)

Standard Gaussian (x)

 

 

Data
Moment-based

z = x

-10 -5 0 5 10
-10

-5

0

5

10

Standard Gaussian (x)

Ta
p 

44
 (

z)

 

 

Data
CDF-based

z = x

-10 -5 0 5 10
-10

-5

0

5

10

Standard Gaussian (x)

Ta
p 

28
 (

z)

 

 

Data
Moment-based z = x

-10 -5 0 5 10
-10

-5

0

5

10

Ta
p 

11
2 

(z
)

Standard Gaussian (x)

 

 

Data
Moment-based

z = x

-6 -3 0 3 6
-10

-5

0

5

10

15

Ta
p 

36
 (

z)

Standard Gaussian (x)

 

 

Data
Moment-based
CDF-based

z = x

-10 -5 0 5 10
-10

-5

0

5

10

Standard Gaussian (x)

Ta
p 

31
 (

z)

 

 

Data
Moment-based
CDF-based

z = x



Texas Tech University, Jie Ding, December 2014 

141 

         
(a) Tap 206 (𝛾3 = 0.102; 𝛾4 = 3.052)         (b) Tap 44 (𝛾3 = 0.416; 𝛾4 = 3.044) 

        
(c) Tap 28 (𝛾3 = −0.201; 𝛾4 = 2.652)       (d) Tap 112 (𝛾3 = 0.697; 𝛾4 = 4.347) 

         
(e) Tap36 (𝛾3 = 2.221; 𝛾4 = 14.715)            (f) Tap 31 (Bimodal distribution) 

Fig. 6.19 Fatigue loading spectra for different processes 
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6.6 Mean Stress Effects on Fatigue Damage Evaluation 

Previous discussion are based on an assumption of fatigue life relationship for 

zero mean stress, and the S-N curve is defined as 𝑁(𝑠) = 𝐶𝑠−𝑘. To obtain the estimated 

fatigue life 𝑁(𝑠) for cases of non-zero mean stress, an additional equation, 𝑠𝑒 = 𝑓(𝑠,𝑚) 

is usually introduced for use with the S-N curve. 𝑠𝑒 can be treated as the equivalent stress 

amplitude considering mean stress effects. In the following, some 𝑠𝑒 = 𝑓(𝑠,𝑚) equations 

in literature are summarized, while more equations for estimating mean stress effects 

exist but may be not covered in this section. Up to now, there is still no general consensus 

on the suitability of different approaches (Dowling et al. 2009). 

The traditional Goodman relationship (Goodman 1919), includes the ultimate 

tensile strength, 𝑠𝑢, which is expressed as 

 𝑠𝑒 =
𝑠

1 −𝑚/𝑠𝑢
 (6.41)  

This correction for mean effects on fatigue damage is widely accepted and 

recommended in standards and given as options in some computer programs (IEC 61400-

1 2005). In Morrow (1968), the above equation is modified by using the true facture 

strength 𝑠𝑓 instead of the ultimate tensile strength 𝑠𝑢, whose performance was confirmed. 

But the disadvantage is that the true facture strength 𝑠𝑓 is often not available and then 

must be estimated. 

Another relationship is proposed by Smith et al. (1970), which is 

 𝑠𝑒 = �𝑠𝑚𝑎𝑥𝑠 (6.42)  

where 𝑠𝑚𝑎𝑥 = 𝑠 + 𝑚 , so this equation features a relationship 𝑠𝑒 = 𝑓(𝑠,𝑚) . The 

advantage of this method is its simplicity and independent of any material constant. 

A somewhat similar approach is introduced in Walker (1970), which involves an 

additional parameter 𝛾 as 

 𝑠𝑒 = 𝑠𝑚𝑎𝑥
1−𝛾𝑚𝛾 

For steel: γ = −0.0002𝑠𝑢 + 0.8818 
(6.43)  

Values of 𝛾 can conceivably vary from 0 to 1, but for metals are usually in the range 0.4 

to 0.8. If 𝛾 = 0.5, Eq. (6.43) is reduced to Eq. (6.42). The quantity (1 − 𝛾) can be thought 
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as a measure of the material’s sensitivity to mean stress. A metal with 𝛾 = 0.4 is quite 

sensitive to mean stress, and one with 𝛾 = 0.8 is relatively insensitive. 

For a selected relationship in considering mean stress effect, the S-N curve can be 

modified as 𝑁(𝑠𝑒) = 𝑁(𝑠,𝑚) = 𝐶[𝑓(𝑠,𝑚)]−𝑘 . Then based on the derived JPDF for 

mean stress and stress amplitude, 𝑝(𝑠,𝑚) , The fatigue damage estimated following 

Palmgren-Miner rule is 

 
𝐷 = �

𝑛�𝑠(𝑖),𝑚(𝑖)�
𝑁[𝑠(𝑖),𝑚(𝑖)]

∞

𝑖=1

= 𝜈𝑝𝐶−1 � � [𝑓(𝑠,𝑚)]𝑘𝑝(𝑠,𝑚)
∞

−∞

∞

0
𝑑𝑚𝑑𝑠 (6.44)  

where 𝑛�𝑠(𝑖),𝑚(𝑖)� is the number of cycles with stress amplitude 𝑠(𝑖)  and mean stress 

𝑚(𝑖) in the service lift of a structural component; 𝑁�𝑠(𝑖),𝑚(𝑖)� is the regarding fatigue life 

with stress amplitude 𝑠(𝑖) and mean stress 𝑚(𝑖). 

6.6 Summary 

The TB spectral method was re-evaluated for fatigue analysis of broad-band 

Gaussian and non-Gaussian wind load effects. This method approximates the rainflow 

counting damage as a linear combination of its upper and lower bounds estimated from 

level-crossing and range-mean counting methods. The combination factor depends on the 

bandwidth parameters of the process power spectrum in terms of its four moments. 

Applications of this method for alongwind, crosswind and their coupled responses of tall 

buildings, and wind pressures on claddings illustrated its effectiveness through 

comparison with rainflow counting damage estimated from time history samples. The 

newly proposed combination factor resulted in a better prediction of fatigue damage of 

broad-band Gaussian wind load effects as compared to original TB spectral method. The 

sampling frequency of a broad-band process had a significant effect on estimated fatigue 

damage. The spectral method provided an effective way to compensate the truncation 

error in fatigue damage estimation caused by insufficient sampling frequency.  

The TB spectral method facilitates fatigue analysis of broad-band non-Gaussian 

processes which are modeled as translation processes from the underlying Gaussian 

processes. The effectiveness and accuracy of this spectral method for non-Gaussian 

fatigue damage evaluation was demonstrated through a set of synthetic and experimental 



Texas Tech University, Jie Ding, December 2014 

144 

pressure data. The results illustrated that the influences of non-Gaussian distribution and 

broad-band feature on fatigue damage can be treated separately. The combination factor 

used in Gaussian fatigue can also be used for non-Gaussian fatigue damage evaluation. 

The translation function model which relates the non-Gaussian process with underlying 

Gaussian process is essential for non-Gaussian fatigue damage evaluation. The 

translation model with closed-form model coefficients developed in this study facilitated 

the fatigue damage evaluation of hardening non-Gaussian processes. But it was also 

demonstrated that the moment-based translation function model is only applicable to 

mildly non-Gaussian processes. The translation model determined by a direct curve 

fitting was illustrated to be more effective for processes with a wide range of non-

Gaussian characteristics. It can be applied to strongly non-Gaussian processes and 

processes beyond the application region of moment-based model, and processes whose 

first several statistical moments are not sufficient in representing the probability 

distribution.  
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Chapter 7  

Conclusions and Future Work 

7.1 Conclusions 

The simulation and analytical methods used for probabilistic assessment of the 

performance of wind-excited structures, especially for the consideration of non-Gaussian 

wind load effects, have been investigated in this dissertation. A controlled Monte Carle 

simulation (MCS) framework was proposed for assessing extreme structural response 

with very small probability of exceedance. The statistical extrapolation approaches for 

extreme value prediction and spectral methods for fatigue damage evaluation based on 

limited sample information were comprehensively studied.  

7.1.1 Rare Event Assessment by Controlled MCS and Wind Turbine Application 

Assessing small failure probability of dynamic systems via direct MCS is 

prohibited due to the unaffordable computational effort. The proposed controlled MCS 

framework was aimed to resolve this computational issue but remain the advantage of 

MCS, whose applicability is independent of the complexity of structural systems and the 

dimension of random variables. This framework combined the importance splitting (ISp) 

method for rare event simulation and multivariate autoregressive (MAR) modeling of 

stochastic excitations. The ISp method (or subset simulation with splitting method) 

permitted the estimation of a small failure probability through estimations of a set of 

larger conditional probabilities, the conditional samples used to evaluate each conditional 

probability were generated by trajectory splitting from an important sample. The MAR 

model transferred the multi-correlated stochastic excitations as the output of a loading 

system with vector-valued white noise input, which enabled the process splitting without 

any change of its correlation structures. This controlled MCS method was demonstrated 

to be very effective and robust in solving dynamic reliability problems.  

As required by the wind turbine design standards, a load extrapolation procedure 

is required to estimate the design load from simulated short-term (10 min) turbine 

responses. However, the extrapolated results were different when different probability 

models were used for modeling, this challenge was noticed and attracted considerable 
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research efforts. As illustrated in this work, the prediction difference from different 

models might be as large as 42% for the design load. Therefore, the newly proposed 

controlled MCS framework was applied to evaluate wind turbine extreme responses. To 

evaluate an extreme response with a mean recurrence interval (MRI) of 50-year (𝑝𝑓 =

3.8 × 10−7), 2,630,000 samples were needed to generate one estimate when direct MCS 

is used. On the other hand, a very good estimate from this scheme can be obtained by 

25,600 samples for each wind speed bin, which made the simulation feasible. The 

extreme value distribution determined provided a baseline for verifying the statistical 

extrapolation approaches developed in literate.   

7.1.2 Extreme Value Prediction by Statistical Extrapolation Approaches 

The hardening response processes with narrower distribution tails, i.e., kurtosis 

less than 3, was encountered in the analysis of turbine responses. This process is also 

wildly existed in structural responses due to waves and winds. While the Hermite model 

has been used to represent the hardening non-Gaussian processes, it was found that it is 

not proper when the non-Gaussian process is skewed. A new translation model was firstly 

derived in our work that relates a hardening non-Gaussian process to its underlying 

Gaussian process through orthogonal expansions for random processes. The semi-

empirical expressions for model coefficients in terms of process skewness and kurtosis 

facilitated its easy application in numerical simulation, extreme value analysis and fatigue 

damage evaluation. 

The extreme value analysis of non-Gaussian wind load effects based on limited 

short-term time history samples was conducted. The methods studied including the 

peaks-over-threshold method, average conditional exceedance rate method and 

translation process methods with various translation models. Improvements and new 

insights were provided in addition to a systematic review of their theoretic background. A 

comprehensive assessment of the original and improved methods was conducted based 

on a set of long-term wind pressure data collected from wind tunnel test, which featured 

by a variety of non-Gaussian characteristics. It was illustrated that if the method is 

capable to well capture the upper tail behavior of parent distribution, translation function 

or conditional exceedances might lead to satisfactory estimation of extreme statistics. 
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7.1.3 Fatigue Damage Evaluation by Spectral Methods 

The fatigue damage evaluation of broad-band Gaussian and non-Gaussian wind 

load effects was investigated using the TB spectral method proposed. The wind load 

effects considered were alongwind, crosswind and their coupled responses of tall 

buildings, and wind pressures on claddings. Following this spectral method, the rainflow 

counting damage was approximated by a linear combination of its upper and lower 

bounds. A new formulation for determining the combination factor was proposed, which 

resulted in a better prediction of fatigue damage of broad-band Gaussian wind load 

effects as compared to the original TB spectral method. The sampling frequency of a 

broad-band process had a significant effect on estimated fatigue damage, and the spectral 

method provided an effective way to compensate the truncation error in fatigue damage 

estimation caused by insufficient sampling frequency.  

For non-Gaussian wind load effects, research emphasis was placed on the 

modeling of translation function which relates the non-Gaussian process with an 

underlying Gaussian process and is essential for non-Gaussian fatigue damage evaluation. 

Both moment-based translation model and the model by a direct curve fitting were 

addressed for a wide range of non-Gaussian characteristics. The results demonstrated the 

effectiveness and accuracy of the spectral method for broad-band Gaussian and non-

Gaussian processes through comparison with those from time domain rainflow counting 

method. 

7.2 Future Work 

Regarding the rare event simulation, which is to evaluate extreme structural 

response with very small probability of exceedance in this study, the ISp method with 

MAR modeling of excitations was proposed and it was successfully applied to a strong 

nonlinear wind turbine system with multi-correlated wind excitations. The wind turbine 

system studied however, is deterministic. For the ISp method, the offspring (conditional) 

samples used to evaluate the conditional probability are generated by trajectory splitting 

and are from a selected splitting state. Therefore, if the system is of uncertainties, the 

splitting state cannot be ensured by applying identical excitations before this state. In 

other words, the very low rejection rate in generating conditional samples is not held. 
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Research efforts are undergoing to extend this method with effective consideration of 

system uncertainties. 

Regarding the extreme value analysis of non-Gaussian wind load effects, 

specifically for the methods based on translation process theory, more efforts can be paid 

on representing strongly non-Gaussian processes. The so-called Askey-scheme of 

orthogonal polynomials may shade some light on this topic, in which the Hermite 

polynomials is only a subset with weighting function following the same form as the 

probability density function of Gaussian distribution. It has been realized that some other 

weighting functions are identical to the probability density function of certain random 

distributions, such as the Charlier polynomials with the Poisson distribution, the Laguerre 

polynomials with the Gamma distribution, and among others. 

Regarding the fatigue analysis, this study successfully analyzed the fatigue 

damage of stress processes with broad-band Gaussian and non-Gaussian characteristics 

based on the knowledge of fatigue data. Further consideration of mean stress effect on 

fatigue damage should be conducted. The fatigue analysis may be more complicated by 

the fact that there is generally a very considerable scatter in fatigue data, i.e., the S-N 

curve for a given specimen cannot be given as a deterministic form. This uncertainty 

should be further quantified, and then it can be included in the presented effort to study 

its influence on fatigue life of structural component. 
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Appendix A 

Wind-Induced Fatigue Damage of Slender Structures: Closed-form 
Solution 

The discussions of fatigue damage caused by alongwind, crosswind and their 

coupled responses in Chapter 6, are based on spectral moments calculated from process 

PSD. If the structural responses can be separated into background and resonant 

components based on their spectral properties, the spectral moments of wind-excited 

structural responses can be also conveniently calculated from closed-form solutions: 

 𝜆0 = 𝜆0𝑏 + 𝜆0𝑟 

𝜆0𝑏 =
𝜎𝑄
2

𝑀2(2𝜋𝑓1)4
 ; 𝜆0𝑟 = 1

𝑀2(2𝜋𝑓1)4
𝜋𝑓1𝑆𝑄(𝑓1)

4𝜁
 

( A.1 ) 

 

 𝜆1 = 𝜆1𝑏 + 𝜆1𝑟 

𝜆1𝑏 = 𝜆1𝑄
𝑀2(2𝜋𝑓1)4

 ; 𝜆1𝑟 = 1
𝑀2(2𝜋𝑓1)4

𝜋(𝑓1)2𝑆𝑄(𝑓1)
2𝜁�1−𝜁2

�𝜋 − 2tan−1 � 𝜁
�1−𝜁2

��  
(A. 2 ) 

where 𝑆𝑄(𝑓) is the PSD of the generalized force 𝑄(𝑡) and 𝑆𝑄(𝑓1) is the corresponding 

value at fundamental frequency of the structure 𝑓1; 𝜆𝑖𝑏 and 𝜆𝑖𝑟 (𝑖 = 0,1) denote the 𝑖-th 

spectral moment from background and resonant responses, respectively; �𝜆0𝑏 and �𝜆0𝑟 

are equivalent to the RMS background and resonant responses, 𝜎𝑋𝑏  and 𝜎𝑋𝑟 ;  𝜆1𝑄 =

∫ (2𝜋𝑓)𝑆𝑄(𝑓)𝑑𝑓∞
0  is the first spectral moment of the generalized force 𝑄(𝑡); 𝑀 is the 

generalized mass. 

For higher spectral moments, the contribution from background response is very 

small and only the resonant response is considered, therefore 

 𝜆2 = (2𝜋𝑓1)2𝜆0𝑟 (A. 3 ) 

 𝜆4 = (2𝜋𝑓1)4𝜆0𝑟 (A. 4 ) 

If the ratio of spectral moments caused by background and resonant responses are 

defined as 𝜒0 = 𝜆0𝑏 𝜆0𝑟⁄ ; 𝜒1 = 𝜆1𝑏 𝜆1𝑟⁄ , the crossing rate at mean level 𝜐0 , the 

bandwidth parameters 𝛼1 and 𝛼2 are 

 
𝜐0 = 1

2𝜋 �
𝜆2
𝜆0

= 𝑓1
�1+𝜒0

  (A. 5 ) 
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�1 − 2
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�1−𝜁2

�� 1+𝜒1
�1+𝜒0

  (A. 6 ) 

 𝛼2 = 𝜆2
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It is noted if the background responses is ignorable and the damping ratio is very 

small, 𝛼1(≈ [1 − 2𝜁 π⁄ ] 1+𝜒1
�1+𝜒0

) and 𝛼2  tend to unity and 𝜐0  tends to 𝑓1 . Based on the 

expressions for 𝜆0, 𝜐0, 𝛼1 and 𝛼2, the fatigue damage can be further calculated following 

TB spectral method. The advantage of this procedure is the PSD of the structural 

response is not needed in calculation.  

 

                 
(a) Alongwind response                                       (b) Crosswind response 

 

 
(c) Coupled response 

Fig. A.1 Fatigue damage by different methods 
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This procedure is applicable to evaluate the fatigue damage caused by alongwind, 

crosswind and their coupled responses, while for the coupled response, the spectral 

moments are calculated from the summation of its alongwind and crosswind components 

as they are independent. The final results (𝐷𝑇𝐵) are shown in Fig. A.1, with comparison 

to rainflow counting damage (𝐷𝑅𝐹 ). The results demonstrate the performance of this 

procedure is satisfactory. 
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Appendix B 

 Some Abbreviations and Notations 

ACER: average conditional exceedance rate 

AS: asymptotic sampling 

CDF: cumulative distribution function 

CI: confidence interval 

COV: coefficient of variation 

CP: Clough-Penzien 

DOF: degree of freedom 

FAST: Fatigue, Aerodynamics, Structures and Turbulence 

GEV: generalized extreme value 

GPD: generalized Pareto distribution 

IEC: International Electrotechnical Commission 

ISp: importance splitting 

JPDF: joint probability density function 

LS: line sampling 

MAR: multivariate autoregressive 

MCMC: Markov chain Monte Carlo 

MCS: Monte Carlo simulation 

MRI: mean recurrence interval 

MW: megawatt 

NREL: National Renewable Energy Laboratory 

PDF: probability density function 

POT: peaks-over-threshold 

PSD: power spectral density 

SS: subset simulation 

SS/MCMC: subset simulation with Markov chain Monte Carlo 

SS/S: subset simulation with splitting 

STD: standard deviation 

VRMC: variance reduction Monte Carlo 
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Uhub: mean wind speed at the wind turbine hub height 

𝐀(𝑘): predictor coefficient matrix of MAR model 

𝐵: building width 

𝐶𝑛(𝑥): number of independent clusters over threshold x 

𝐷: building depth 

𝐷𝑅𝑀: fatigue damage from range-mean counting method 

𝐷𝑅𝐹: fatigue damage from rainflow counting method 

𝐷𝐿𝐶: fatigue damage from level-crossing counting method 

𝐷𝑁𝐵: fatigue damage from narrow-band approximation 

𝐷𝑇𝐵: rainflow counting damage from TB spectral method 

𝐸( ): expectation 

𝐹𝑋: cumulative distribution function of non-Gaussian process 𝑋(𝑡)  

𝑓( ): probability density function  

𝑓(𝑠,𝑚): joint probability density function of cycle mean and amplitude 

g: peak factor 

𝑔( ): translation function 

𝐻: building height 

ℎ(𝑢, 𝑣): joint probability density function of peak and valley 

𝐈( ): indicator function 

𝜅/ℎ1,ℎ3, ℎ4: coefficients of Hermite model 

𝐋: lower triangular matrix 

𝐿𝐻: turbulence length scale 

𝑀(𝑡): bending moment 

𝑚: number of threshold levels 

𝑚𝑜: optimal number of threshold levels 

𝑁𝑖: number of conditional samples on i-th stage 

𝑁𝑇: total number of samples used for all stages 

𝐍(𝑡): vector-valued standard white noise process 

Pr: probability 

𝑃𝑛( ): 𝑛-th term of polynomial expansion 
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𝑝𝑓: probability of exceedance/failure probability 

𝑝𝑖: conditional probability 

𝑝𝑖�𝑆𝑖
(𝑘)�: the probability that a offspring from k-th state of 𝑺𝑖 to reach i-th threshold 

𝑝𝑜: optimal value of conditional probability 

𝑄(𝑡): generalized force 

𝑅𝑖: total number of splitting states (points) on i-th stage 

𝐑𝑤(𝑗∆𝑡) (𝑗 = 1, 2, … , 𝑝): correlation matrix 

𝑺𝑖: i-th splitting state (point) 

𝑆𝑋(𝑓): power spectral density function of 𝑋(𝑡) 

𝑇: time duration 

𝑈𝐻: mean wind speed at building top 

𝑉𝑎𝑟: variance 

𝑣𝑗: mean wind speed at j-th wind speed bin 

𝜈0: upcrossing rate at mean level 

𝑣𝑋+(𝑥): upcrossing rate at threshold 𝑥 

𝜐𝑝: occurrence rate of peaks 

𝐖(𝑡): vector-valued loading process 

𝑥𝑝max: p-quantile of the extremes of a standardized non-Gaussian process 𝑋(𝑡) 

𝑦𝑖: i-th threshold level 

𝛼𝑛: bandwidth parameters 

Φ: cumulative distribution function of Gaussian process 𝑈(𝑡) 

𝛾3 and 𝛾4: skewness and kurtosis 

𝛿2: coefficient of variation 

𝜌𝑥𝑖𝑥𝑗(𝜏): correlation coefficient function of non-Gaussian process 𝑋(𝑡) 

𝜌𝑢𝑖𝑢𝑗(𝜏): correlation coefficient function of Gaussian process 𝑈(𝑡) 

𝜆𝑛: n-th spectral moment  

𝜀𝑘(𝑦): k-th average conditional exceedance rate function at level y 

ζ : damping ratio 
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