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ABSTRACT 

A new microcantilever design concept for higher harmonic atomic force 

microscopy, designed with intentional internal resonance, has greatly amplified 

the higher harmonic signals in dynamic tapping mode operation. An inner 

paddle coupled to the AFM microcantilever is designed to have a 1:3 ratio 

between the eigenfrequencies of the leading bending modes of the new 

cantilever system. Due to the nonlinear nature of the cantilever tip-sample 

interaction and the intentional internal resonance, the nonlinear energy 

transfers from the fundamental bending mode to the higher frequency mode. 

Through theoretical and experimental studies, it is shown that the higher 

harmonic phase term is greatly enhanced when compared to the fundamental 

harmonic response.  
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INTRODUCTION 

Since its emergence in 1986 by inventors Binning and Quate [1], Atomic 

Force Microscopy (AFM) has become one of the most important tools in the 

advancement of nanoscience and nanotechnology. Throughout the years AFM 

has seen many advancements in technology and scanning methods, greatly 

improving the resolution and increasing the applications. 

AFM does not rely on photons or electrons to image a sample, but rather 

a microcantilever, with a sharp tip attached at its free end, is used as a probe 

on the surface of the sample. The deflection of the microcantilever is measured, 

caused by interatomic forces between the tip and sample. 

Upon its emergence, the probe was dragged across the surface, with 

the tip always remaining in contact with the sample. This traditional method is 

known as ‘contact AFM.’ A few years later, a single excitation frequency was 

applied to the cantilever as the probe scans the sample, known as ‘dynamic 

AFM.’ One oscillation parameter, either frequency or amplitude, is held 

constant by means of a feedback loop. As the surface conditions change, such 

as topography, so would the cantilever dynamics. By this method, the feedback 

loop is used to image the sample with sub-nanometer resolution. Dynamic AFM 

significantly lowers the forces of the tip on the sample compared to contact 

AFM, allowing for a wider application of studying soft and biological materials. 

CHAPTER I
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A current research trend using amplitude modulation (AM-AFM) is to 

excite the cantilever at more than one frequency to study both the topography 

and composition simultaneously. One method is multi-harmonic AFM (MH-

AFM), an approach in which the cantilever is excited near the fundamental 

resonance to achieve topographical data, as well as studying some higher 

harmonic of that fundamental frequency. In MH-AFM the higher harmonics of 

the microcantilever can be studied due to the strong nonlinearities throughout 

the system, namely the cantilever repulsive tip-force interactions [9]. The 

signals of higher harmonics in a medium of air are difficult to detect due to low 

signal to noise ratios, barring high resolution imaging [2,3]. However, 

performing scans in a medium of liquid, usually water, enhances the 

nonlinearities of the system allowing for an enhancement of contrast in imaging 

of live bacteria. 

Another common application of multifrequency AFM methods is bimodal 

AFM. In this method, two driving frequencies are excited to match the flexural 

modes of the cantilever, usually the first and second eigenmodes. Similar to 

MH-AFM, the higher frequency near one of the higher flexural modes can be 

studied by excitation. The conventional method of exciting near the 

fundamental resonance is used to achieve topographical data, while the 

amplitude and phase of the higher mode is used to measure varying 

mechanical properties throughout the sample [6]. 
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A cantilever designed with intentional internal resonance has been 

proposed, essentially allowing for the combination of both MH-AFM and 

Bimodal AFM studies. Throughout my thesis I aim to show an improved 

sensitivity at higher harmonic imaging, as a result of the cantilever’s second 

bending mode designed to be some harmonic integer 1:n ratio of the first 

bending mode. In Chapter 2 I will discuss the basic AFM theory, as well as 

cantilever dynamics. In Chapter 3 I will discuss MH-AFM in more detail, 

including the dynamics of the cantilever incorporating internal resonance. In 

Chapter 4 I will go over the calibration process and experimental set up. And 

finally in Chapter 5 I will review the results from passive bimodal scanning. 
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THEORY 

2.1 Basic Atomic Force Microscopy 

2.1.1 How AFM Operates 

The fundamental idea behind AFM is using a mechanical probe with a 

sharp tip makes it possible to investigate many characteristics and properties 

of any solid sample with a sub-nanometer resolution. The topography of the 

sample can be obtained by lateral (x and y) movements of the cantilever-tip 

system. 

The five main components [7] of the AFM system include the cantilever-

tip system, the detection element, the tip-sample motion element, the feedback 

controller and the image display/processing system, as can be seen by Figure 

2.1. 

The cantilever-tip system consists of two elements: a micrometer scale 

cantilever and a nanometer scale tip attached at its free end. A cantilever-tip 

system is typically made of either Silicon or Silicon nitride (𝑆𝑖3𝑁4). The 

cantilever itself does not come into direct contact with the sample directly; 

merely it acts as a transducer, allowing one to measure the forces of the tip-

sample interactions. The cantilever is typically either V-shaped (triangular), or 

rectangular (trapezoidal). The most important cantilever properties are the 

spring constant, resonant frequency, and the quality factor. The spring constant 

and quality factor mentioned are referring to that of the first mode, or 

CHAPTER II
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fundamental frequency. The quality factor Q is dominated by the hydrodynamic 

damping of the cantilever in a specific environment of air or liquid, as well as 

the internal energy loss, which is usually negligible. The cantilever vibrations of 

interest are in the plane perpendicular to the long face of the cantilever. 

The detection element is composed of two elements: an optical laser 

beam and a photodetector. The beam is focused at the free end of the 

cantilever, on the opposite side of the tip. The light is reflected off the back of 

the cantilever toward the photodetector, which is converted into an output 

signal in voltage by an amplifier [8]. This, in combination with the four sections 

of the photodetector, allows measurements of the cantilever displacements in 

the normal and lateral directions. The optical beam deflection system does not 

directly measure the z-displacement of the cantilever, but rather the change in 

slope. The main limitation to this method is the thermal noise attributed with the 

system. A properly tuned system allows a sensitivity of 0.01 nm deflection of 

the cantilever. 

The tip-sample motion system is composed of two separate 

piezoelectric actuators. One piezoelectric element is used in z-direction 

displacements of the cantilever tip with respect to the sample surface. The 

other piezoelectric element is used to excite the cantilever at the base, 

depending on the AFM mode. 

The feedback controller is used to maintain a constant amplitude or 

deflection of the cantilever by means of a lock-in amplifier, depending on the 
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AFM operating mode. The feedback loop is constantly adjusting the amplitude, 

frequency or deflection of the cantilever by measuring the instantaneous value 

with respect to the set point value. 

2.1.2 AFM Operation Modes 

There are three main modes in which the cantilever can be used to 

probe a sample. Each mode is unique with respect to the nature of the 

cantilever. 

2.1.2.1 Contact (Static) Mode 

The cantilever-tip system is lowered in the z-direction to the sample 

where the tip remains throughout the scanning process. The tip drags across 

the x and y axes, mapping the topography of the sample with a maximum 

horizontal resolution of around 30 angstroms and a maximum vertical 

resolution of less than 1 angstrom, depending on the scanning parameters [1]. 

The controller measures the deflection of the cantilever, trying to maintain a 

constant value by incremental displacements in the z-direction. Because the tip 

is always in contact with the sample, the friction between the tip and sample 

could wear the tip or sample over time. In order for the tip to move laterally 

across the sample, the tip must overcome the static friction force, or stiction. 

The tip-sample interaction forces are relatively large, limiting the types of 

samples that contact mode can image without damaging the sample. 
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2.1.2.2 Dynamic Non-Contact Mode (NC-AFM) 

The cantilever is excited near the first resonant frequency, usually by a 

piezoelectric element, at relatively low amplitudes. In Frequency Modulation 

AFM (FM-AFM), the frequency is maintained at a constant value by the 

feedback loop, whereas in Amplitude Modulation (AM-AFM), the amplitude is 

maintained constant.  As the name would suggest, the tip does not directly 

come in contact with the sample. However, there are obvious tip-sample 

interactions, affecting the vibration frequency, amplitude, and phase of the 

cantilever. An advantage of NC-AFM is that the cantilever tip does not wear 

down as it does in a few scans of contact mode; also allowing for scanning of 

soft, biological samples. A disadvantage to NC-AFM is preventing the 

cantilever tip from sticking to the surface of the sample while investigating 

short-range cantilever-tip sample interactions. This also means that NC-AFM 

does not allow for the study of repulsive forces between the cantilever tip-

sample interactions, only attractive forces. NC-AFM introduces oscillation 

parameters such as amplitude and phase to be studied to better understand 

the sample. 

2.1.2.3 Tapping Mode 

A combination of the contact and dynamic non-contact AFM modes, in 

tapping mode the cantilever is excited near the first resonant frequency by a 

piezoelectric element at a specified amplitude, usually in the range of 100-200 

nm. The tip is only in contact with the sample intermittently, significantly 
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decreasing the friction and wear to both the sample and the cantilever tip. As 

the tip comes in contact with the sample, the amplitude is decreased due to 

interaction forces such as Van der Waals forces, and others to be discussed in 

greater detail later in this chapter. The controller measures the amplitude of the 

cantilever, trying to maintain a constant amplitude by incremental 

displacements in the z-direction due to a separate piezoelectric element. The 

main quantifiable parameters available are amplitude and phase. The 

amplitude is used to calculate the height, or topography, of the sample, much 

like deflection in contact mode AFM. The phase is affected by the amplitude 

change due to topography, but also can be changed due to subsurface particles 

in the sample. Tapping mode also introduces repulsive forces to the dynamic 

modes of AFM. One major disadvantage is that tapping mode cannot measure 

extremely sensitive soft, biological samples, although it is possible to image 

more stable biological samples such as proteins and DNA. 

2.1.3 Tip-Sample Forces 

The forces between the tip and sample heavily depend on the ambient 

conditions and geometrical bounds. Assuming the medium is air, no external 

forces, and no electromagnetic fields, the dominant forces between the 

cantilever tip and the sample are the van der Waals interactions, repulsive 

interactions, adhesive and capillary forces. 

The two main regimes of the cantilever tip-sample forces are the 

attractive and repulsive regimes. At times both of these forces may both be 
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present, at other times only one type, yet it is possible to determine which force 

is dominant at specific tip-sample separations with the help of force curves 

which will be discussed in the following section. 

While the cantilever is operating in a medium of air, trace amounts of 

water can condense from vapor onto hydrophilic surfaces. This phenomena 

depends on the relative humidity of the ambient conditions, as well as the 

pressure. 

2.1.3.1 van der Waals Forces 

The van der Waals forces between two different materials in a medium 

of air are attractive forces between the tip and sample. The van der Waals 

forces originate from the interactions of electric dipoles between atoms and 

molecules [10, 11]. 

The sphere-flat approximation is used to model the van der Waals forces 

between the tip and the sample. This equation is expressed as: 

𝐹𝑣𝑑𝑊 =  −
𝐻𝑟

6𝑑2

where r, d, and H represent the tip radius, tip-sample separation distance, and 

Haymaker constant, respectively. One important condition is that d must be 

greater than the value of 0.165 nm [10], the approximate intermolecular 

distance, in order to avoid a divergence at d = 0. 

              (2.1) 
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2.1.3.2 Adhesion and Contact Mechanic Forces 

Traditional continuum mechanics of the elastic deformation of the tip and 

sample are difficult to quantify due to the nanoscale mechanical properties. The 

repulsive forces can be explained by the Pauli and ionic repulsion, but when 

hundreds or thousands of atoms are in contact, there is an elastic deformation 

of the tip and the sample [12,16-18]. There are two main models used to 

describe the effective repulsive forces between the cantilever tip and sample, 

namely the Derjaguin-Muller-Toporov (DMT) model and the Johnson-Kendall-

Roberts (JKR) model. 

The assumptions made for both models are the same, being: the 

deformations are linear and elastic, the size of contact is small with respect to 

the tip radius, and the contact geometry is axisymmetric with no shear forces 

present. The DMT and JKR models consider adhesive forces as being outside 

the contact area and inside the contact area, respectively [12-15]. Which model 

should be used depends on the magnitude of the adhesion forces as well as 

the size of the tip radius. 

2.1.3.2.1 DMT Model 

The Derjaguin-Muller-Toporov (DMT) model is an effective 

approximation for the adhesive and repulsive tip-sample forces given low 

adhesion forces, a small tip radius, as well as stiff contacts between the tip and 

the sample. The DMT model considers the adhesion forces outside of the 

contact area [14]. 
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The adhesive forces acting outside the contact area can be expressed 

as: 

𝐹𝑎𝑑 =  −4𝜋𝑅𝛾 

Where 𝑅 𝑎𝑛𝑑 𝛾 are the tip radius and surface energy, respectively. The 

repulsive force is expressed as: 

𝐹𝑟 =
4

3
𝐸𝑒𝑓𝑓√𝑅 (𝑎0 − 𝑧 − 𝑧𝑐)3/2

where 𝑎0 is the tip-contact area, and 𝑧𝑐 + 𝑧 ≤ 𝑎0. The radius of contact area 

and indentation can be calculated as: 

𝑎3 =
3𝑅

4𝐸𝑒𝑓𝑓

(𝐹 + 𝐹𝑎𝑑) 

𝛿 =
𝑎2

𝑅

2.1.3.2.2 JKR Model 

The Johnson-Kendall-Roberts (JKR) model is an effective 

approximation for the adhesive and repulsive tip-sample forces given relatively 

low stiffness, high adhesion forces, and a large tip radius. This model is used 

to describe strongly adhesive interactions between the tip and the sample 

[12,13,15]. 

(2.2) 

(2.3) 

(2.4) 

(2.5) 
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The adhesion force can be expressed as: 

𝐹𝑎𝑑 =  3𝜋𝑅𝛾 

The normalized indentation expressed as a function of the applied force 

is described by: 

𝛿̅ =  3 (𝐹𝑗𝑘𝑟
̅̅ ̅̅ ̅ + 2 + 2√1 + 𝐹𝑗𝑘𝑟

̅̅ ̅̅ ̅)

2
3

− 4 (2 + 𝐹𝑗𝑘𝑟
̅̅ ̅̅ ̅ + 2√1 + 𝐹𝑗𝑘𝑟

̅̅ ̅̅ ̅)

1
6

𝛿𝑎 = (
𝜋𝑅𝛾2

3𝐸𝑒𝑓𝑓
2 )

1
3

𝑎3 =
3𝑅

4𝐸𝑒𝑓𝑓
(𝐹 + 2𝐹𝑎𝑑 + 2√𝐹𝑎𝑑𝐹 +  𝐹𝑎𝑑

2 )

Where 𝛿̅ =  𝛿/𝛿𝑎 and 𝐹𝑗𝑘𝑟
̅̅ ̅̅ ̅ = 𝐹𝑗𝑘𝑟/𝐹𝑎𝑑 are the normalized indentation and force,

respectively. Also, 𝛿𝑎 and 𝑎3 are the pull-off separation and contact radius,

respectively. 

2.1.4 Force Curves 

Simple interactions between the tip and the sample must be studied in 

order to effectively quantify measurements, as well as to select proper 

operating parameters for scanning. The force curves are also used in the 

calibration process which will be explained in Chapter 4. 

(2.6) 

(2.7) 

(2.8) 

(2.9) 
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2.1.4.1 Static Force Curve 

The static force curve is a fundamental step in understanding the 

interaction forces between the cantilever tip and the sample. The static 

deflection-displacement curve easily shows the tip-sample interaction with 

respect to the z-position of the cantilever. In using this method the cantilever 

begins from the resting point and approaches the sample in the negative z-

direction, eventually pressing the tip into the sample which deflects the 

cantilever. The z-displacement will continue until the deflection value read by 

the photo-detector reaches the trigger point, at which instance the cantilever 

will be retracted in the positive z-direction. The approach of the cantilever-tip to 

the sample is referred to as the trace, while the retraction of the cantilever from 

the sample is called the retrace. 

The deflection-displacement curve, shown in Figure 2.2 with red being 

trace and blue being retrace, clearly shows the interaction forces between the 

cantilever tip and the sample. As the cantilever approaches the sample, the tip 

ultimately experiences a snapping motion of the tip in the negative z-direction 

to the sample. This negative displacement of the cantilever during the tip 

approach, or trace, clearly shows that the attractive forces are dominant in this 

regime. As the cantilever is continuously lowered, the deflection changes to the 

positive direction, which shows the repulsive regime of the tip-sample 

interaction. Once the cantilever reaches the trigger point value set by the user, 

the retrace begins and the z-displacement process is reversed. An obvious 
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hysteresis is shown in the deflection-displacement curve with respect to the 

attractive regime. The surface adhesion force has two main contributions being 

long and close range atomic interactions. These contributions are non-

conservative forces, resulting in more work required to separate the tip from 

the sample than the work required to bring the two together [19,20]. 

2.1.4.2 Dynamic Force Curve 

Another fundamental step to understanding the cantilever tip-sample 

interaction forces is the dynamic force curve.  The dynamic force curve involves 

exciting the cantilever at a constant drive frequency, near resonance, to a 

specified amplitude at the free end of the cantilever, associated with a unique 

phase value. There is a unique phase value for each given amplitude value 

regulated by the tune function. The cantilever is then lowered in the z-direction, 

eventually intermittently contacting the sample with the cantilever tip, until the 

amplitude has decreased to the trigger point. At this instance the process is 

reversed, retracting the cantilever in the positive z-direction, allowing the 

amplitude to increase back to the free amplitude value. Much like the static 

force curve, the approach and withdrawal of the cantilever to the sample is 

referred to as the trace and retrace, respectively. 

This process provides two curves, one being the amplitude vs. z-

displacement, and the other being phase vs. z-displacement, as shown in 

Figure 2.3. The amplitude decreases at a linear rate, something of importance 

to be discussed in the Chapter IV. Upon tapping the sample with the cantilever 
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tip, the phase immediately increases greater than 90 degrees, representing the 

attractive regime. At some value of the z-displacement, the phase will then 

suddenly drop to a value lower than 90 degrees, representing the repulsive 

regime. The phase shift direction depends on the sign of the average tip-

sample forces [21]. 

2.2 Cantilever Dynamics in AFM 

In order to optimize the scanning results, it is necessary to have a 

fundamental theoretical understanding of the cantilever dynamics. The 

theoretical expressions will also give rise to explanations of the measureable 

parameters in dynamic tapping mode, such as amplitude, phase-shift, 

resonance and sample properties. 

2.2.1 Continuous Cantilever Beam Model and Equation of Motion 

The first step to understanding the beam dynamics is the Euler-Bernoulli 

beam equation, describing a uniform, rectangular cantilever along the 

longitudinal axis [22,23]. Below, in Equation 2.10, a modified Euler-Bernoulli 

equation is presented for a continuous system experiencing external forces at 

its free end, with internal and external damping. 

𝐸𝐼
𝜕

𝜕𝑥4
[𝑤(𝑥, 𝑡) + 𝑎1

𝜕𝑤(𝑥, 𝑡)

𝜕𝑡
+  𝜚𝑊ℎ

𝜕2𝑤(𝑥, 𝑡)

𝜕𝑡2

=  −𝑎0

𝜕𝑤(𝑥, 𝑡)

𝜕𝑡
+  𝜚(𝑥 − 𝐿)[𝐹𝑒𝑥𝑐 + 𝐹𝑡𝑠(𝑑)]

(2.10) 
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Where, 𝐸, 𝜚, 𝑎𝑛𝑑 𝐼 are the Young modulus, mass density, and area moment of 

inertia, respectively. The dimensions 𝐿, 𝑊 𝑎𝑛𝑑 ℎ  are the length, width and 

height, respectively. Also, 𝑎0, 𝑎1, 𝐹𝑒𝑥𝑐𝑎𝑛𝑑 𝐹𝑡𝑠 are the damping coefficients, 

excitation force and tip-sample force, respectively.  

There are four main boundary conditions to be considered for the 

cantilever beam: 1) the vertical displacement and 2) slope are zero at the fixed 

end of the cantilever, x = 0, 3)  the torque with respect to the perpendicular 

direction and 4) vertical internal force are zero at the free end, x = L. Applying 

the boundary conditions and assuming a one-dimensional model [24,25], the 

general solution expressed as a vertical displacement of the response of each 

eigenmode is as follows: 

𝑤(𝑥, 𝑡) =  ∑ 𝑋𝑛(𝑥)𝑌𝑛(𝑡),

∞

𝑛=1

where, 

𝑋𝑛(𝑥) = cos (𝜒𝑛

𝑥

𝐿
) − cosh (𝜒𝑛

𝑥

𝐿
)

−
cos(𝜒𝑛) + cosh(𝜒𝑛)

sin(𝜒𝑛) + sinh(𝜒𝑛)
(sin (𝜒𝑛

𝑥

𝐿
) − sinh (𝜒𝑛

𝑥

𝐿
)) 

and 𝜒𝑛the nth positive real root of: 

cos(𝜒𝑛) cosh(𝜒𝑛) = −1

(2.11) 

(2.12) 
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The time dependence for each respective eigenmode, defined by 𝑌𝑛(𝑡) is

implemented in: 

�̈�𝑛(𝑡) +
𝜔𝑛

𝑄𝑛
�̇�𝑛(𝑡) + 𝜔𝑛

2𝑌𝑛(𝑡) =
𝐹𝑛(𝑡)

𝑚𝑛

Here, 

𝜔𝑛
2 = (

𝜒𝑛

𝐿
)

4 𝐸𝐼

𝜚𝑊ℎ

𝑚𝑛 =  𝜚𝑊ℎ𝐿 = 𝑚𝑐 

𝑄𝑛 =
𝜔𝑛

(
𝑎0

𝜚𝑊ℎ
) + 𝑎1𝜔𝑛

2

𝐹𝑛(𝑡) = 2(−1)𝑛[𝐹𝑡𝑠(𝑡) + 𝐹𝑒𝑥𝑐(𝑡)]

representing the eigenmode frequency, effective mass, quality factor, and 

external force, respectively. By deducing that: 

𝑤(𝐿, 𝑡) = ∑ 𝑋𝑛(𝑥)𝑌𝑛(𝑡)

∞

𝑛=1

=  ∑ 2(−1)𝑛𝑌𝑛(𝑡) = ∑ 𝑧𝑛(𝑡)

∞

𝑛=1

∞

𝑛=1

the tip motion by mode is expressed as 𝑧𝑛(𝑡). Finally, the differential equation

[24,25] can be written as follows: 

𝑚�̈�(𝑡) + 𝑚
𝜔𝑛

𝑄𝑛
�̇�(𝑡) + 𝜔𝑛

2𝑧𝑛(𝑡) = 𝐹𝑒𝑥𝑐(𝑡) + 𝐹𝑡𝑠(𝑡)

𝑎𝑛𝑑 𝑚 =
𝑚𝑐

4

(2.13) 

(2.14) 

(2.15) 

(2.16) 
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And through modal analysis discussed in the following chapter, the 

spring constant k of a rectangular beam can be approximated as: 

𝑘 =
𝐸𝑊ℎ3

4𝐿3

where E, W, h and L represent the young’s modulus, width, height and length, 

respectively [22,26]. 

The resonant frequency can be calculated by: 

𝑓𝑛 =
1

2 𝜋

𝜘𝑛
2

√12

ℎ

𝐿2
 √

𝐸

𝜂

where η is the mass density and 𝜘𝑛 is the and solution to 𝑐𝑜𝑠𝜘𝑛  ×  cos ℎ 𝜘𝑛 =

 −1. 

Due to the inherent nonlinearity of the cantilever-tip system, the most 

obvious approximation for a typical cantilever is the point mass-spring-damper 

approximation. The cantilever is driven by harmonic oscillation and is also 

subjected to external tip-sample interactions. The letters 𝐹0, ω, m, Q, 

𝜔0, 𝐹𝑡𝑠 and k are representative of drive force amplitude, drive force frequency, 

the effective mass, quality factor, un-damped natural frequency, nonlinear tip 

sample force and spring constant, respectively. 

𝑚�̈� +
𝑚𝜔0

𝑄
�̇� + 𝑘𝑧 =  𝐹0 cos(𝜔𝑡) + 𝐹𝑡𝑠(𝑑)

(2.17) 

(2.18) 

(2.19) 
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Figure 2.1: Five components of AFM (clockwise): Detection element, image 

display/processing system, feedback controller, tip-sample motion element, 

cantilever-tip system. 
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(a) 

(b)

Figure 2.2: (a) Static force curve schematic (b) Respective cantilever positions 
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a) 

b)

Figure 2.3: (a) Amplitude force curve schematic (b) Respective cantilever 

amplitudes and positions. The cantilever starts at the free amplitude shown by 

on left of 2.3b, is lowered in the z-direction until the amplitude decreases to the 

trigger point, shown on the right of 2.3b 
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MULTI-HARMONIC AFM 

The two main modes of multi-frequency AFM are multi-harmonic (MH-

AFM) and Bimodal AFM. MH-AFM and Bimodal AFM generally use two 

frequencies to excite the cantilever, with the first frequency corresponding to 

the fundamental resonance, while also measuring the cantilever response at 

the same frequencies. It is also possible to study the cantilever response at the 

higher frequencies passively, i.e. without excitation of the higher frequencies. 

The new proposed cantilever, shown by SEM imaging in Figure 3.1, is 

designed with intentional internal resonance, meaning that the second 

eigenfrequency is some integer 1:n ratio away from the fundamental 

resonance. The main idea is to create a cantilever with an internal paddle to 

achieve this nonlinear internal resonance. The internal resonance should, in 

turn, enhance the amplitude of the higher harmonic response of the cantilever. 

The base cantilever is a commercially available AFM microcantilever, 

with the modification of the inner cavity carved out by a focused-ion-beam. The 

gap will then be stamped with a nanomembrane, forming another clamped-free 

cantilever. This makes the entire cantilever system behave like coupled 

harmonic oscillators, operating either in-phase or out-of phase depending on 

the operating conditions. 

CHAPTER III
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3.1 EOM of Cantilever Incorporating Internal Resonance 

Internal resonance is defined as the nonlinear transfer of vibration 

energy between bending modes. In AFM applications the cantilever is always 

experiencing nonlinear interaction forces between the tip and the sample. 

Through proper design parameters and cantilever modifications, it is possible 

for the first and second fundamental frequencies could be an exact integer, n, 

multiple of each other. 

In order to achieve most accurate estimate for the eigenfrequencies, a 

model of the cantilever system using continuum mechanics would need to be 

analytically derived. However, with such a complicated geometry desired, this 

is not always possible. The equation must be linearized.  

The reduced order model of the cantilever with intentional internal 

resonance can be approximated as two discrete mass-spring-damper systems, 

which is also represented by Figure 3.1. Also, assuming that the 

microcantilever and the inner paddle oscillate in their respective resonant 

frequencies, the subscript indices 1 and 2 relate to the microcantilever and the 

inner paddle, respectively. 

𝑚1�̈�1 + 𝑐1�̇�1 + 𝑘1𝑧1 + 𝑐2(�̇�1 − �̇�2) + 𝑘2(𝑧1 − 𝑧2)

=  𝐹0 cos(𝜔𝑡) + 𝑐1𝑦0𝜔 sin(𝜔𝑡) + 𝐹𝑡𝑠(𝑧1) 

𝑚2�̈�2 + 𝑐2(�̇�2 − �̇�1) + 𝑘2(𝑧2 − 𝑧1) = 0

(3.1) 

(3.2) 
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Neglecting the nonlinear tip-sample interactions, base excitation, and 

damping terms, it is then possible to achieve the linearized eigenfrequencies. 

(𝑚𝑒 + 𝑀)�̈�1 + 𝑘1𝑧1 + 𝑘2(𝑧1 − 𝑧2) = 0 

𝑚2�̈�2 + 𝑘2(𝑧2 − 𝑧1) = 0

This design uses 𝑚𝑒 as the effective mass of the set of external 

cantilevers and M as the added mass such that 𝑚1 = 𝑚𝑒 + 𝑀.  

Due to the inherent nonlinearity of the cantilever tip-sample interaction 

forces and the intentional internal resonance, it is possible to achieve resonant 

amplification at higher modes. 

3.2 Nonlinear Dynamics 

The cantilever tip-sample interaction forces are inherently nonlinear. 

One common non-linearity observed occurs when the cantilever is driven from 

low to high frequencies, and then back from high to low frequencies. Another 

obvious hysteresis can be seen in the amplitude and phase curves as seen in 

Figure 3.2. 

A third obvious hysteresis occurs when the cantilever tip approaches 

and retracts from the surface. This is quite evident in the static and dynamic 

force curves. In the amplitude-displacement curve and the phase-distance 

curve, this hysteresis can be observed due to the two stable states, attractive 

and repulsive. 

(3.3) 

(3.4) 
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3.2.1 Modal Analysis 

Continuing the analysis of equation 3.1, neglecting the nonlinear tip-

sample interactions, base excitation, and damping terms, it is then possible to 

achieve the linearized eigenfrequencies. 

(𝑚𝑒 + 𝑀)�̈�1 + 𝑘1𝑧1 + 𝑘2(𝑧1 − 𝑧2) = 0 

𝑚2�̈�2 + 𝑘2(𝑧2 − 𝑧1) = 0

This design uses 𝑚𝑒 as the effective mass of the set of external 

cantilevers and M as the added mass such that 𝑚1 = 𝑚𝑒 + 𝑀. It is important to 

note that the remainder of the frame only serves as a joint and does not affect 

the stiffness, allowing the bulk mass M be used in the approximation. The terms 

can then be expressed by the physical parameters of the cantilever: 

𝑚𝑒 =
33

70
𝜌𝑠𝑖𝑙1𝑤1𝑡1, 𝑚2 =

33

140
𝜌𝑠𝑖𝑙2𝑤2𝑡2 =  𝛼𝛽𝛾𝑚𝑒 

𝑘1 =
𝐸𝑠𝑖𝑤1𝑡1

3

2𝑙1
3 , 𝑘2 =  

𝐸𝑠𝑖𝑤2𝑡2
3

4𝑙2
3 =

𝛼3𝛾

𝛽3
𝑘1 

Where 𝑙, 𝑤, 𝑡, 𝜌 𝑎𝑛𝑑 𝐸 are the length, width, thickness, density and Young’s 

modulus of silicon, respectively. 

In order to relate the mass and spring constant of the inner cantilever to 

the external cantilever, the following normalized parameters will be defined as: 

𝛼 =
𝑡2

𝑡1
, 𝛽 =

𝑙2

𝑙1
, 𝛾 =

𝑤2

2𝑤1
, 𝜇 =

𝑀

𝑚1

(3.5) 

(3.6) 

(3.7) 

(3.8) 
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After applying equations 3.5 and 3.6, the leading-order eigenfrequencies 

can be expressed as: 

𝜔1,2

=  𝜔𝐿 [
(𝛼2(1 + 𝛼𝛽𝛾 + 𝜇) + 𝛽4) ±  √(𝛼2(1 + 𝛼𝛽𝛾 + 𝜇) + 𝛽4)2 − 4𝛼2𝛽4(1 + 𝜇)

2𝛽4(1 + 𝜇)
] 

where 𝜔𝐿 = (
𝑘1

𝑚𝑒
)

1/2

 . 

The equation 3.9 serves as a convenient tool to determining the correct 

dimensions and parameters for fabricating a cantilever with a 1:n internal 

resonance which will be discussed in the following section. 

Figure 3.3 shows the analytical results compared with experimental 

results, confirming the above model. Since the ratios of thickness and width are 

known, the length scale ratio to get achieve the 1:n internal resonance. 

3.3 Device Fabrication 

Currently there are no commercially available cantilevers designed with 

intentional internal resonance. However, considering the theoretical model 

previously mentioned, it is now possible to modify and fabricate a commercial 

cantilever with internal resonance. 

The base cantilever was selected as a MikroMasch NSC-14 

microcantilever. The fabrication processed is shown in Figure 3.4. The basic 

(3.9) 
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idea behind the fabrication involves transfer printing, annealing, and and cutting 

with a focused ion beam. 

First, the ion-milling process is performed in a focused ion-beam 

machine to carve out the middle part of the cantilever. A silicon on insulator 

(SOI) wafer is used as a ‘donor’ where thin layers are cut to achieve the Si 

membrane. The thin, 300 nm-sheet of silicon membrane, also called ‘inks,’ is 

placed on the back side of the base cantilever. The adhesion is done by 𝑆𝑖 −

𝑆𝑖𝑂2 − 𝑆𝑖 bonding and then annealed in a furnace at 1000ºC. 

After the adhesion has fully bonded, the inner paddle can then be carved 

out by the ion beam. Then the inner paddle length can be gradually adjusted 

by trimming the free end down, adjusting the eigenfrequencies to have an 

internal resonance ratio of 1:n. 
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Figure 3.1: (a) SEM image of fabricated cantilever incorporating internal 

resonance by nanomembrane fiber used as a paddle. (b) Spring-mass-damper 

model for cantilever incorporating internal resonance. 
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Figure 3.2: Dynamic force curve with cantilever incorporating internal 

resonance driven at the fundamental frequency, and measured responses at 

first and third harmonics. (a) & (b) Numerical results for amplitude and phase 

vs average tip-sample distance, respectively. (c) & (d) Experimental results for 

Amplitude and Phase vs average tip-sample distance, respectively. 
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(a)    (b) 

Figure 3.3: Linearized eigenfrequencies predicted by linearized model by 

varying length ratio of inner paddle and external cantilever. (a) the red and blue 

lines show the first (in phase) and second (out of phase) modes of the system. 

The green line is simply the first eigenfrequency multiplied by 3. The 

intersection of the green and blue line show the desired 1:3 internal resonance. 

The dots show experimental data results. (b) The solid black line shows the 

eigenfrequency ratio with respect to length ratio of the inner paddle to outer 

cantilever, compared with experimental results as dots. 
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Figure 3.4: Cantilever Fabrication process. A commercially available cantilever 

is selected and the inside cavity is carved out by focused ion beam. A 300 nm 

thick silicon membrane is ‘stamped’ onto the surface and annealed. Finally, the 

nanomembrane surface is trimmed by focused ion beam to match the desired 

resonant frequency ratio. 
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EXPERIMENTAL SETUP 

In the following section, the experimental setup will be discussed. The 

cantilever requires special attention to mounting techniques, as well as a 

calibration process in order to accurately quantify experimental results. Before 

scanning the desired sample, there is a preliminary procedure that must be 

completed. 

The sample should be placed on the stage, secured by magnets on the 

edges of the slide. 

4.1 Cantilever Mounting 

In order to achieve predictable cantilever dynamics, and therefore 

desired results, it is necessary to mount the cantilever appropriately. The 

cantilever is attached at the fixed end to the cantilever chip, which is the 

component used in handling and mounting. Using fine-tipped tweezers, the 

cantilever chip is carefully placed on the cantilever holder. The cantilever chip 

is then secured by the cantilever clip by tightening a screw that lowers the clip 

toward the cantilever chip. The cantilever chip should be aligned completely 

straight, parallel to the direction the clip faces. 

After the cantilever has been mounted, the cantilever holder is then 

placed into the AFM head. The AFM head can then be placed over the sample 

which is already secured onto the stage. 

One way to determine if the cantilever is mounted correctly is to simply 

CHAPTER IV
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tune the cantilever to a chosen amplitude of the free end. The drive amplitude 

voltage applied to the base of the cantilever should be around one order of 

magnitude less than the cantilever free end voltage at resonance. 

Another obvious way to tell if the cantilever is mounted properly is to 

perform the static and dynamic force curves on a hard, flat sample. The 

phenomena of the force curves are predictable and should be relatively 

consistent. The most obvious sign for a bad mount would be a non-linear 

regime of the amplitude vs z-position slope. 

4.2 Optical Beam Positioning 

As previously mentioned, the detection element is composed of two 

main components: the optical beam and the photodetector. The optical beam 

positioning on the cantilever is of great importance in detecting the cantilever 

dynamics. The beam measures the deflection and/or the amplitude of the 

cantilever, depending on the AFM operating mode. 

For a typical cantilever the beam should be manually positioned at the 

free end of the cantilever, centered along the width. This location will allow the 

greatest sensitivity by measuring the maximum displacement of the cantilever, 

which naturally occurs at the free end. 

For the paddle cantilever, the beam should be manually centered on the 

inner paddle in order to optimize the higher harmonic results. 

The two parameters of importance at this step are the SUM barrier and 
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the deflection. The SUM is a measure of the amount of reflected light that 

reaches the photodetector. Small adjustments can be made to the optical beam 

position in order to maximize the signal, but still keeping the beam position near 

the desired area. Once the optical beam is properly aligned, the deflection 

needs to be manually adjusted to a value of zero. A non-zero value means that 

the reflection of the optical beam is not centered on the photodetector. 

4.3 Calibration 

In order to quantify the AFM measurements, the cantilever must be 

properly calibrated. The calibration constants determined will directly affect the 

quantification of the scanning results, such as the height or topography images. 

The calibration process is done on the grating sample, a silicon wafer fabricated 

with trenches and cut outs of known dimensions. The silicon wafer is used 

because it is hard and relatively flat, or featureless. 

4.3.1 Frequency Tuning 

Before calibrating, the cantilever needs to be tuned to a desired drive 

frequency, near the first resonant bending mode. The tuning process drives the 

cantilever across a range of frequencies and produces a graph with two curves: 

the free end amplitude and the associated phase with respect to drive 

frequency. The software determines the excitation voltage, or drive amplitude, 

required to excite the cantilever to the desired free end amplitude. The sweep 

width and desired free end amplitude are determined by the user by specifying 
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desired parameters in the software. In addition, the thermal tune in the software 

applies a Lorentzian curve function to the resonant peak to measures the 

quality factor, Q, of the cantilever. 

4.3.2 Engaging the Sample 

After tuning, the cantilever is ready to be engaged to the sample, 

meaning the tip will be in intermittent contact with the sample. A set point 

amplitude is determined by the user which is usually around 80% of the free 

amplitude. The AFM head is then manually lowered by the user until the free 

amplitude has decreased to the set point value. 

Next, a scan of the grating sample is done in order to find a safe, 

featureless location to perform the static and dynamic force curves. The force 

curves are used to determine the Inverse Optical Laser Sensitivity (InvOLS) 

constants for this specific cantilever. The Deflection InvOLS and Amplitude 

InvOLS are constants, with units nm/Volt, used to convert the voltage data of 

the imaging results to a length scale. 

4.3.3 Inverse Optical Laser Sensitivity Constants 

First, a static force curve will be performed on the grating sample. Once 

the force curve has been completed, the Deflection InvOLS can then be 

calculated by finding the slope of the linear regime of the Z-sensor vs Deflection 

curve. 
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Next, the Amplitude InvOLS is determined by calculating the linear slope 

of the Z-sensor vs Free Amplitude data. The values expected could be 

anywhere from about 10 – 200 nm/V, depending on the dimensions and 

stiffness of the cantilever. 

After these two constants have been determined, the spring constant 

can be determined by a thermal tune. A Laser Doppler Vibrometer (LDV) 

measures the inherent thermal vibrations of the cantilever. After averaging over 

at least 10 seconds of scans, the bending modes should be clearly visible 

shown in the Amplitude vs Frequency graph. A built-in function of the software 

allows a fit of the first bending mode, which then uses the Deflection InvOLS 

value to calculate the spring constant of the cantilever. 

At this point the calibration is complete. The grating sample can then be 

exchanged with the sample that the user wants to study. 

4.4 Sample Preparation 

The sample was prepared by randomly distributing polystyrene (PS) 

nanoparticles with diameters of ~200 nm into a polydimethylsiloxane (PDMS) 

substrate, prepared by drop casting method. The 2% solution was diluted at 

10-fold increments (2%, 0.2%, 0.02%, 0.002%) of nanoparticles. A droplet of 

each solution was applied to a glass slide, then dried in room temperature to 

remove all solutions. Then PDMS was prepared by mixing hexane to a weight 

ratio of PDMS (at ratios of curing agent/base/hexane of 1:10:1000). The 
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mixture was then spin-coated at 5000 rpm onto the glass slide for 120 seconds 

to obtain an ultra-thin PDMS film. Then the PDMS films with nanoparticle-

coated glass slides were cured on a hot plate at 150º C for ten minutes.  
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RESULTS 

5.1 Numerical and Experimental Force Curves 

As previously mentioned, a dynamic force curve is the most fundamental 

way to understand the actual cantilever dynamics. From figure 3.2, the 

dynamics of the first and second bending modes can be seen represented as 

1Ω and 3 Ω, respectively. The results were achieved both numerically and 

experimentally to validate the effectiveness of the new cantilever system. 

In the numerical force curve, shown in Figure 3.2a and 3.2b, the cantilever is 

excited at the fundamental frequency, 1Ω, and the dynamics are studied at 1Ω 

and 3Ω, the third harmonic and also corresponding to the second bending 

mode. In Figure 3.2a the amplitude at 1Ω and 3Ω are showed as a function of 

average tip-sample distance. There is no tip-sample interaction when the 

average tip-sample distance is greater than 200 nm. At this point it is obvious 

that the amplitude at 1Ω is not being affected, there is no 3Ω amplitude 

response. The higher harmonic amplitude is not observed because of the 

absence of tip-sample interaction forces. Once the cantilever tip has engaged 

the sample, when the average tip-sample distance is less than 200 nm, it is 

obvious that the 3Ω higher harmonic amplitude has been enhanced. This 

shows that the 1:3 internal resonance has been triggered with tip-sample 

interaction. As the amplitude at 1Ω is gradually decreased, the amplitude at 3Ω 

is enhanced because the nonlinearity in the system becomes stronger. This 
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further proves that the higher harmonic is sensitive to tip-sample interaction 

forces.  

 An experimental dynamic force curve also should be performed in order 

to better understand the effectiveness of the proposed cantilever with 1:3 

internal resonance. The cantilever selected has 1:2.95 eigenfrequency ratio, 

with the first bending mode at 120.0 kHz and the second bending mode at 353.8 

kHz. The dynamic force curve was performed in a medium of air, on a hard 

silicon sample, and in a featureless area. In addition, it is important to note that 

the third harmonic was not excited, and the response is only observable due to 

the nonlinearities of the sample.   

 Figure 3.2 shows the first and third harmonic frequencies, represented 

as Ω𝑑and 3Ω𝑑 respectively. The amplitude is graphed as a function of average 

cantilever tip-sample distance, with red and blue lines indicating the trace and 

retrace, respectively. As the predictable behavior of amplitude at Ω𝑑 decreases 

with decreasing tip-sample distance, the amplitude at 3Ω𝑑 increases just like 

the numerical simulation. This shows that higher harmonic response has been 

amplified from the repulsive forces of the tip-sample interaction, due to a 

nonlinear energy transfer between flexural bending modes. The low signal to 

noise ratio, which is easily perceived, is due largely in part to the smaller, inner 

paddle. Another important factor is that the phase signal sensitivity at  3Ω𝑑 is 

much more sensitive than that of the fundamental frequency.  
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5.2 Imaging Results 

In order to evaluate the effectiveness of the proposed cantilever with 1:3 

internal resonance, MH-AFM imaging was performed on a thin PDMS film 

embedded with 200 nm polystyrene (PS) nanoparticles. The cantilever 

selected has 1:2.95 eigenfrequency ratio, with the first bending mode at 120.0 

kHz and the second bending mode at 353.8 kHz. The images were acquired 

by AM-AFM by method of passive bimodal scanning, exciting the cantilever 

near the fundamental resonance to acquire topographical data and purely 

measuring mechanical properties at the third harmonic of the driving frequency, 

without excitation. 

In FIGURE 5.1 the PS nanoparticle is clearly visible in the height image, 

produced by multiplying the amplitude response of the first harmonic with the 

Ampltude InvOLS constant, achieved from calibration. In AM-AFM, the 

amplitude of the driving frequency is supposed to be held constant by the 

feedback system. However, sudden changes in height or physical properties of 

the sample result in changes of amplitude. Therefore amplitude at the 

fundamental frequency can be thought of as the error of the feedback 

controller. The phase image is acquired simultaneously, plotting the phase shift 

of the oscillation. While the amplitude mainly depends on the topography and 

composition of the sample surface, the phase depends on the energy 

transferred from the tip to the sample surface [2,27,28]. 
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The amplitude image at the third harmonic shows a much more accurate 

representation of amplitude change than that of the first harmonic. The 

amplitude at 3Ω shows something more similar to the particle, itself, rather than 

an error of the feedback control system like amplitude at 1Ω. More importantly, 

the image of the phase at the third harmonic exhibits nearly 5-fold greater 

sensitivity to that of the phase image at the first harmonic, meaning the higher 

harmonic should also be able to detect particles that the first harmonic cannot. 

Also the bump seen in the phase map at 1Ω due to the abrupt change of the 

amplitude at 1Ω. The bottom row of figure 5.1 shows a single scan line across 

the sample, allowing one to easily see the sensitivity differences of the 

responses between the driving frequency and higher harmonic responses. 

In conclusion, we see the higher harmonic phase is ideal to study the 

material composition than the first due to the enhanced sensitivity, and less 

crosstalk with height variations. 
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Figure 5.1: Imaging results with paddle cantilever performed on PDMS sample 

embedded with ~200 nm polystyrene (PS) particles. 

TOP: One PS particle scanned at resonance (1Ω) and the third harmonic (3Ω). 

Height image achieved by Amplitude of 1Ω multiplied with Amp InvOLS 

constant. 

BOTTOM: Single scan line of the above images 
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