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ABSTRACT 

The problem of fast and accurate translational registration of images using 

cepstral techniques is addressed in this thesis. Evaluation of the robustness and 

improvement in computational speed of cepstral registration, have been the focus of 

the work. Theoretical and empirical evaluation of the performance of the cepstral 

technique is presented. These tools are highly data-dependent However, somewhat 

general performance measures as a function of SNR and signal and noise bandwidths 

are worked out. The influence of signal and noise bandwidths on the mean reduction 

in the height of the cepstral peak, variance of the background noise, probability of 

correct peak detection and variance of peak location are analyzed and empirically 

justified. An extension of this work shall aid in the comparative assessment of the fast 

and robust cepstral tools with other area-based algorithms such as cross-correlation 

and phase-correlation, in the contexts of digital image registration and matching. A 

unifying treatment of the intensity-based approaches in terms of spectral whitening is 

also done. Cepstral methods using fast transforms such as the discrete sine, cosine 

and Hadamard transforms, which bring about a significant and critical reduction in 

the computation time, are developed. It is also shown how the complex cepstrum can 

be used to determine the direction of shift for translational correction. 
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CHAPTER I 

INTRODUCI10N 

The detection and correction of translational shift, rotation and scale difference 

in an image pair is called registration. The advances in digitizing images and digital 

processing of signals have spawned new approaches to the problem of digital image 

registration. 

There are a number of application areas where such tools are of considerable 

interest Registration algorithms are required in problems such as video camera image 

stabilization [1], satellite remote sensing [2-3], stereo matching [4-8], change detection 

[9-10], image velocity determination [11-12], terrain matching for guidance systems 

[13], wafer, mask and PCB inspection and alignment, and in the biomedical field 

where the involuntary movement of the subject is unavoidable [1, 14]. 

In many problems, translational shifts are more prominent than rotational and 

scale variations. The usual approaches to translational registration can be broadly 

classified [15] as either intensity(area)-based or feature-based. Cross-correlation has 

conventionally been the method of choice among intensity-based techniques and edge 

detection operators among the feature-based ones. However, alternative strategies offer 

their own set of advantages. The feature-based algorithms rely strongly on noise-free 

feature extraction, whereas the intensity-based algorithms possess inherent noise 

suppression properties [16]. 

This thesis addresses the use of fast and robust cepstral techniques to the 

problem of translational registration. 

In the general problem of image matching, however, there are other 

irregularities such as geometric distortion, contrast and illumination differences, and 

other effects due to differing imaging conditions [15] that have to be kept in mind. 

Cepstral analysis was frrst developed by Bogert, Healy and Tukey [ 17] for the 

determination of the delay times of the echoes or reverberations of a fundamental 

wavelet in seismic data processing. In an independent and parallel study, Oppenheim 

developed it [ 18-19] as a tool for homomorphic deconvolution of a composite signal 

represented by the convolution of a fundamental wavelet with a train of impulses 

corresponding to the original and echoed waveforms. The system used for 
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homomorphic deconvolution obeyed the principle of generalized superposition [20-

21]. 

The two-dimensional power cepstrum has been recently applied for 

translational registration of digital images [22-23]. The power cepstrum can be defmed 

as the power spectrum of the logarithm of the power spectrum of a signal. The power 

cepstrum of a shifted image superimposed on the reference image consists of a train of 

impulses with decreasing heights, at integral multiples of the spatial shift. The 

translational shift can, therefore, be determined by fmding the location of the fmt 

cepstral peak. This approach has proven to be quite robust for the analysis of stereo 

image pairs of the retina (stereoscopic fundus images) [24]. The processing speed was 

increased by using a fewer number of FI' computations and the use of the Hartley 

Transform (made possible since image data is real-valued) [7]. 

Power cepstral registration was used in a coarse-to-fme multiresolution motion 

stereo model for image matching [7]. The match between image areas corresponding to 

the same portion of the scene was accomplished using this operator. This work 

established cepstral matching as a viable alternative to other intensity-based matching 

operators such as correlation for obtaining the disparity of corresponding regions in a 

stereo image pair, and the subsequent generation of a dense depth map from a non

convergent stereo vision model [8]. As indicated earlier, stereo vision is but one area 

where power cepstral registration can be utilized for translational shift determination 

and rectification. 

The work in this thesis is directed towards evaluating the performance and 

enhancing the speed of two-dimensional cepstral analysis. Determination of the 

robustness of cepstral registration shall be useful in enabling a comparison with other 

existing correlation techniques. The analytical and numerical evaluation of the mean 

reduction in the height of the cepstral peak, variance of the background noise and 

probability of correct peak detection, as a function of SNR and signal and noise 

bandwidth ratios, in the presence of additive Gaussian noise (AGN), is presented. The 

error analysis conducted lends fruitful information regarding the factors influencing 

the performance of cepstral registration, thereby providing a rational basis for 

discussing strategies for improving performance. 
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Conventionally, the Fourier transform has been used in cepstral analysis. In this 

work, cepstral techniques employing faster linear orthogonal transforms such as the 

discrete cosine, sine and Hadamard transforms are developed. The use of these 

transforms shall bring significant and important reductions in computation time in real

time applications. 

Power cepstral analysis has the limited capability of determining only the 

magnitude of shift. This work shows how the complex cepstrum can be used to 

determine the direction of shift and to compute the power cepstrum of the images. 

One of the problems that has plagued the field of Image Processing and 

Computer Vision has been the development and use of ad-hoc approaches for the 

processing of images. Many of the algorithms are image-specific, and performance 

characterization is naively, and at times, advertently restricted to images that are 

amenable to the algorithm. This malaise [25] has not left the area of image matching 

unaffected. Here too, there is no solid basis for making across-the-board evaluations of 

the numerous techniques in literature. 

In this thesis, a modest effort to derive somewhat general performance 

measures, valid for a broad class of images categorized by signal and noise 

bandwidths, and independent of the scene content, has been made, for the recently 

developed power cepstral registration technique. 

Numerical simulations in support of the theoretical predictions are presented. 

The image degradations considered for the evaluation of the robustness are AGN and 

distortion. The use of the framework established for evaluating power cepstral 

registration, as a test-bed for other intensity-based correlation techniques such as cross

correlation and phase-correlation, shall provide a meaningful basis for comparative 

assessment The results shall prove useful to anyone intent on making a judgment 

regarding the choice of a translational registration tool for the application at hand. 

Convincing arguments regarding the advantages of cepstral tools are put forth. 

For example, the potential of the cepstral tools for obtaining sub-pixel accuracy in shift 

determination and tolerance to AGN for large signal-to-noise bandwidth ratios, are 

points in their favor vis-a-vis cross-correlation and phase-correlation, respectively. 

Chapter II discusses image registration using various intensity-based methods 

such as correlation and the recently developed cepstrum method. The use of cepstral 

3 



analysis as a means for homomorphic deconvolution is explained Area-based 

translational registration using this tool is presented. A unifying treatment of cross

correlation, phase-correlation and cepstral tools in terms of spectral whitening is 

propounded. 

In Chapter m, the use of complex cepstrum as a tool for determining the 

direction of relative shift in an image pair is discussed. Results for image matching, 

obtained using cepstral tools which involve the faster sinusoidal transforms and the 

discrete Hadamard transform are shown. 

Performance evaluation of the power cepstral registration technique is done in 

Chapter IV. Theoretical analysis and Monte Carlo simulations in the presence of AGN, 

for different signal and noise bandwidth ratios and SNRs are presented. Studies on 

distortion tolerance are also included. 

Finally, in Chapter V, conclusions are reached and future research directions 

are explored and charted out. 
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CHAPTER IT 

IMAGE REGISTRATION TECHNIQUES 

The algorithms employed to accomplish registration between image pairs 

having relative rotational, translational and scale differences are broadly classified 

[15] as intensity-based (area-based) and feature-based. Area-based approaches like 

cross-correlation, phase-correlation and cepstrum make use of all the information 

resident in the two-dimensional image functions to determine the misregistration 

parameters. On the other hand, feature-based approaches extract critical features from 

the images and establish correspondence between matchable features in an image pair 

as a prelude to image matching. Choice of the feature extraction algorithm depends 

on the degree of sophistication, richness of information and completeness of 

representation desirable and derivable. 

The objective of this chapter is to survey existing approaches to the problem 

of image matching and provide a basis to compare and contrast between different 

methods, both existing and the newly developed cepstral techniques. Considerable 

stress is laid on their speed and robustness. Viewing from a new angle, it is shown 

how closely the three intensity-based methods are related. 

2.1 Cross-Correlation 

A measure called cross-correlation [26] is based on the inner product between 

r(i,j) and s(i- i',j- j'), where r(i,j), the reference image and s(i,j), its shifted 

version constitute an image pair to be aligned. 

The unnormalized cross-correlation surface is defmed as : 

Ru(i' ,/) = I',I',r(i,j)s(i-i' ,j- /). (2.1) 
i j 

A match is said to exist for a shift (i',j') = (i0 ,j0 ), if Ru(i0 ,j0 ) is greater than 

a threshold value. However, the maximum may not correspond to the registration 

point, even in the restricted case when one is the equal-sized zero-padded sub-image 

of the other. 
The use of normalized cross-correlation given by : 
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I,I,r(i,j)s(i -;' ,j -/) 
•' .· i j 

RN(· ,j )= r 
[~~r2(i,j) [~~s2 (i,j) 

I J I J 

(2.2) 

ensures that the maximum of the cross-correlation surface corresponds to the 

registration point. But a drift and evening of the correlation peak is common in the 

general case of image pairs having uncommon regions. This is a major shortcoming 

of this method. 

The cross-correlation computation in the frequency domain is given by : 

(2.3) 

for the unnormalized case and, 

RN(i',/)= 
1 

X p-1{R(u,v)S.(u,v)} (2.4) 

( ~~IR(u, v~·~~iS(u, vt) 

for the normalized case. 

It must be noted that the correlation surface is very much scene-dependent. 

The correlation peak can be sharpened by increasing the bandwidth through 

appropriate pre-processing (high-pass filtering, edge operations, etc.). Cross

correlation has traditionally been used for image matching applications, since it can 

be demonstrated that this technique is optimium for signals degraded by white noise 

[12]. 

The computation of the cross-correlation surface in the frequency domain 

through the use of FFf reduces the computation time. Reduction in computation can 

also be achieved by using statistical correlation or Sequential Similarity Detection 

Algorithms (SSDA's) [27], which determine the correlation surface maxima without 
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computing the correlation values for all the points. However, the problem of 

distinguishing between local and global maxima does not insure a correct or unique 

solution. Recently, a novel statistical technique using Bernoulli sampling [28] has 

been devised to determine the correlation surface very efficiently. 

Several measures which involve optimizaion of a similarity measure with 

respect to the registration parameters have been proposed [ 14, 29-30]. One popular 
measure is based on the Euclidean distance metric. H r(i,j) and s(i,j) are two 

discrete fmite extent images having a relative translational shift, the Euclidean 

distance d{i,/), between r(i,j) and s(i-i',j- j'), is given by: 

d(l ,/) = [ ~:t(r(i,j)-s(i -l ,j-/>]' r (2.5) 

A match is said to exist for a shift (i',j') =(i.,,j0 ), if d(i.,,j0 ) is less than some 

threshold. 

2.2 Phase-Correlation 

According to the Fourier shift theorem [31], the Fourier transforms of the 

reference (r(m,n)) and circularly shifted (s(m,n) = r[((m- X0 ))N,((n- Yo))N ]> 
images are related by : 

(2.6) 

The phase-correlation function is obtained [12] by inverse transforming the 

ratio of the cross-spectrum of the image pair to its magnitude : 

P(i,j) = r' {,:~I} = r' {e-'~•Iu,+.,.,>} 
(2.7) 

= f,(i -Xo,j- Yo). 

u and v are considered to be discrete throughout this thesis. 
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The location of the delta function detennines the relative shift. In the discrete 

case, the non-integer part of the peak location can be estimated by interpolating the 

sine function [32]. 

It is important to note that the phase-correlation function will deviate from a 

pure &-function when the reference and shifted images do not form a cyclically 

shifted pair. 

The phase-correlation function is scene-independent and unlike cross

correlation, invariant to level shift of one of the image intensity functions. Un

normalized cross-correlation is not invariant even to intensity scaling. 

The scene-independent behavior is a consequence of the "whitening" of the 

cross-power spectrum. The phase-correlation is, therefore, well-suited to operate in 

the presence of narrow-band noise, or noise having a spectral density similar to that 

of the scene. 

The formulation for phase-correlation outlined above is preferred over one 

using the inverse Fourier transform of the ratio SIR, because of the better noise 

suppression property of the fonner [33]. The phase-correlation method has been 

successfully applied in an image stabilization system [1]. 

It has been made faster through phase-quantization and efficient inverse 

transform computation [32]. A computationally efficient algorithm [34] which uses 

the projection-slice theorem to replace the 2-D Fourier transformations with 1-D 

Fourier transforms, however, yields poor results in practical cases. 

2.3 Cepstral Re&istration 

2.3.1 Reverberation correction as a deCOnvolution problem 

The problem of fmding the translational shift in an image pair becomes 

equivalent to reverberation correction, when one image is superimposed on the other. 

The resulting composite signal can be treated as a convolution of the reference image 

and an impulse duet with samples occuring at the origin and the shift location : 

where, 

i(m,n) = r(m,n)+s(m,n) 

= r(m,n)+a0r(m-x0 ,n-y0 ) 

= r(m,n)® p(m,n) 

8 

(2.8) 



1 

p(m,n) = I,a18(m-m1 ,n-n1 ) 

t-0 

= 8(0,0)+a08(m-x0 ,n-y0 ). 

(2.9) 

The relative shift can be determined from the location of the peak in p(m,n). 

The translational shift determination problem, therefore, becomes a deconvolution 

problem. There are several techniques available for composite signal deconvolution. 

The registration problem in this work is dealt with using homomorphic 

deconvolution. In the following sections, homomorphic filters are shown to be a class 

of filters that conform to the principles of generalized superposition. They help 

delineate the general foundation on which the cepstral registration tools are based. 

2.3.2 Generalized Sypemosition 

Linear systems obey the principle of superposition. For any two inputs x1 (t) 

and x2 (t) and any scalar c , a system transformation T is said to be linear if : 

and, 
T[x1(t)+x2 (t)] = T[x1(t)]+T[x2 (t)] 

T[ cx1 (t)] = cT[ x1 (t)] 
(2.10) 

In this section, an approach to the characterization of a broad class of non

linear systems, which obey a general principle of superposition similar to the above 

one, is explained [20-21]. Each class has a canonic representation comprised of a 

linear system, a characteristic system and its inverse, with systems falling within a 

class differing only in the linear part. 

Let 4> be the system transformation, {x(t)} the set of possible inputs and 

{y(t)} the set of possible outputs. Let x1 (t) o x2 (t) denote the combination of any two 

inputs under an operation o (e.g, addition, multiplication, convolution, etc.) and let 

y1 (t) • y2 (t) denote the combination of any two outputs under the operation •. 

Similarly, let c* x(t) denote the combination of an input x(t) with a scalar c and 
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c:y(t) denote the combination of the output y(t) with a scalar c. Then, a system 

shown in Fig. 2.1 : 

-:-·--1 ,[.] 1~----·-·-

Fig. 2.1 Homomorphic System with Transformation ell. 

is said to satisfy a generalized principle of superposition if : 

and, 
ell[x1(t)ox2 (t)] = c!l[x1(t)]•c!l[x2 (t)] 

cl>[c•x(t)] = c:cl>[x(t)] 
(2.11) 

cl>[x(t)] = [x(t)r (power law devices), c!l[x(t)] = sign[x(t)] (infmite clipper) 

and ell[x(t)] = lx(t~ (full-wave rectifier) are some of the examples of systems which 

satisfy the above principle. 

When the operations o and • correspond to addition and the operations * and 

: correspond to multiplication, the system ell will of course be a linear system. 

In general, the set of inputs and outputs need not constitute a vector space. 

The restricted class of systems for which the set of system inputs and outputs can be 

represented as vector spaces, with the operations of o and • , and * and : satisfying 

the algebraic postulates of vector addition and scalar multiplication respectively, are 

referred to as homomorphic systems. Then, the system transformation can be 

represented as a linear transformation between vector spaces, concisely given by a 

mapping of the basis vectors from the input space to the output space. 

2.3.3 Canonic Representation of Homomotphic Systems 

For the system shown in Fig. 2.1, let the input and output spaces {x} and {y} 

be isomorphic with the separable Hilbert space {I}. Consequently, we can fmd an 

invertible homomorphic system a. for which {x} is the set of inputs and {1} the set 

of outputs. Thus, a. is invertible with input operation o and output operation +. In a 
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similar manner, for the output space, we can fmd an invertible homomorphic system 

P. having the input operation+ and output operation •. 

Fig. 2.2 gives an equivalent representation of the system in Fig. 2.1. The 

system inside the box is a linear system, with input and output spaces as separable 

Hilbert spaces. The input and output spaces and their defmitions of vector addition 

are sufficient to determine a. and P •. Therefore, a. and P. are characteristic of a 

class of homomorphic systems determined solely by the input and output spaces and 

operations. A canonic representation is shown in Fig. 2.3. It must be noted that 

a.,L(·) and P(·) are all homomorphic systems by themselves. 

--------------, I :---t·l <Yo<·> .... 1 -: -+I ~·I ~t.> I : ·I ~[.] I ~ ·I p(.) I :: ·I p(.) I . · 
I _____________ j 

L(.) 

Fig. 2.2 Equivalent Representation of the Homomorphic System Cl». 

{x(t)} ~ q(.) I {l(t)l_l L(.) I {r(t)ll J\(.) I {y(t~ 

Fig. 2.3 Canonic Representation of Cl». 

If the input and output vector spaces and their defmitions of vector addition 

and scalar multiplication are same, P. and a. are inverse of each other. This is shown 

in Fig. 2.4. In most practical situations, the vector spaces at the input and output are 

separable Hilbert spaces (piecewise continuous integrable functions with an inner 

product defmed). 

11 



-:-· ... 1 AJ.) I : ·I L(.) I : ·I 1\tl t-1 -:~-

Fig. 2.4 Canonic Representation of Homomorphic Filters. 

2.3.4 Generalized Unear Filterin~ 

H x1 and x2 , two signals combined under the operation o have to be 

separated or fJ.ltered differently, they can be fed to the homomorphic system in Fig. 

2.5. The ouput of the characteristic system will be a.(x1)+a.(x2 ). A suitable linear 

system L(·), as shown in Fig. 2.5, can be easily designed to separate x1 and x2 when 

they occupy different parts of the frequency spectrum. The inverse operation is done 

parallely for L. (a. (x1)) and 4. (a. (x2 )) to separate x1 and x2 • 

c 

Fig. 2.5 Homomorphic System Configuration for Signal Decomposition. 

2.3.5 Homornru:phic Deconyolution 

The above notion of generalized linear fJ.ltering can be applied to multiplied 

and convolved signals [18, 19]. For the case of multiplied signals, the product rule 
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and the scalar power properties satisfy the algebraic postulates of vector addition and 

scalar multiplication, respectively. Thus, the logarithm operator can be used as the 

characteristic system and the exponential operator as its inverse. 

For the ftltering of convolved signals, the characteristic system A. should 

have the property : 

(2.12) 

The characteristic system can be realized by the operation : 

p-•[ log{F(x(t)]}] (2.13) 

where, F denotes the Fourier transformation. The Fourier transformation helps map 

convolution into multiplication. The log operator maps multiplication into addition 

(as in the characteristic systems for multiplied signals). The fmal Fourier 

transformation brings back the signal to the Hilbert space of functionals. The block 

diagram of the characteristic system for convolution is given in Fig. 2.6. Its inverse is 

shown in Fig. 2. 7. 

-------------, 
~t) : ·I F(.) I ·llog<1 ·I F(.) I : ~t) 

_____________ J 

A 

Fig. 2.6 Characteristic System for Deconvolution. 
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-------------, I 
x!t) :·1 F(.) I ·I exp(t ·IF(.) I : ~t) 

_____________ j 

Fig. 2. 7 Inverse of the Characteristic System for Deconvolution. 

Homomorphic deconvolution using this characteristic system can, therefore, 

be achieved by following the general outline for separating signals given in the 

previous section. 

2.3.6 Crcpstrum for Homomox;phic Deconyolutioo 

The formulation outlined above is in terms of continuous signals and systems. 

Since, in a practical setting we deal with discrete-time series, the treatment in this 

section and in literature in general to homomorphic filtering of convolved signals is 

done in the discrete domain. 

Thus, the input to the characteristic system will be : 

.. 
x(n) = x1 (n)®x2 (n) = 'l:x1(n)x2 (n -k). (2.14) 

k=-

A has to be chosen such that : 

A[ x1 (n)®x2 (n)] = A[x1 (n)]+ A[x2 (n)]. (2.15) 

The complex cepstrum defmed by : 

ic(n) = s-§log(X(z)]z-1dz 
c (2.16) 

= z-1[log{Z[x(t)]}]. 
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is a realization of such a system. For the existence of the complex cepstrum, 

log[X(z)] must have all the properties of the z-transform of a stable sequence .i(n) 

[31]. Hence, the region of convergence includes the unit circle, and the complex 

cepstrum can be realized using the Fourier transform : 

" 
.ic(n)= -k Jlog[X(e.icD))ejaand(J) 

(2.17) 

The computation can be carried out efficiently using the DFT (through the use 

of FFT). Since the Fourier transform is complex, special considerations have to be 

taken in computing the complex logarithm. 

The characteristic system A can also be realized using the power cepstrum 

defmed by: 

" 
.i,(n) = -k J logiX(e.icDf ejaand(J) 

-x (2.18) 

Unlike the complex cepstrum it is not invertible, as the phase information is 

lost. Therefore, it cannot be used for wavelet recovery [35]. But a cascade of just the 

characteristic system A and a linear filter will suffice to separate the power cepstra of 

x1(n) and x2 (n). 

In the next section, it is shown how cepstral analysis is used for translational 

correction. It is just one of the numerous problems to which cepstral analysis can be 

applied. Cepstrum has been used for echo delay estimation and wavelet extraction in 

multipath and multi-echo problems in radar and sonar, seismic exploration [36-37], 

speech processing [38-39], image deblurring [40], analysis of probability density 

functions [41], source depth determinations [42-43], auditorium acoustics, 

hydroacoustics, EEG analysis [ 44], etc. 
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2.3.7 Power Cepstral Re&istration 

H we asswne that the reference and shifted images are contained wholly 

within the observation window (possible if we have zeros in the periphery, for 

example), the power cepstrum of the composite signal given by (2.8) is: 

p-•[logiF[i(m,n)t] = p-•[logiF[r(m,n)+s(m,n)t] 

= p-•[logiF[r(m,n)® p(m,n>t] 

= p-• [ log{IR(u, vt ·11 + a0e-liK<uo+VJo>l
2
} J 

= p-•[logiR(u, vt]+ p-•[log{1+a; +2a0 cos{2x(ux0 +vy0 )}}]. (2.19) 

Since, { 1 + a0 
2 + 2a0 cos 2x(ux0 + vy0 )} is a periodic ripple with frequency 

(x0 ,y0 ), its logarithm is also periodic with the same repetition rate. The inverse 

Fourier transform will yiekl impulses at the fundamental frequency and multiples 

thereof. 

p-•[logl/(u, vt] = F -•[logiR(u, vt]+a0S(m',n')+a1S(m'±x0 ,n' ±y0 ) 

+a2S(m' ±2x0 ,n' ±2y0 )+... (2.20) 

. {-(-a)k /k lal < 1} 
wtth [42], ak = / , k = 1,2,3, ... -<-ark k lal > 1 

(2.21) 

In fact, 
n~ 3a4 5a6 
-u 0 0 ao=-+-+-+ ... 
4 32 96 

_!{ ~ sag 
a2- + +-+ ... 

4 8 64 
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Also, 

F-1 
[ logl/(u, v t]-F-1

[ logiR(u, v t] = a0~m', n') + a1~m' ± X0 , n' ±Yo) 

+a2S(m' ± 2. X0 , n' ± 2. Yo)+ ... 

(2.22) 

(2.23) 

The power cepstrum deconvolves the impulse duet into an impulse train with 

decreasing height. The location of the first and heighest cepstral peak gives the value 

of the translational shift. Just as it was mentioned in the case of phase-correlation, here 

too, the non-integer part of the peak location can be determined by interpolating the 

sine function corresponding to the cepstral peak. 

Since the log power spectra are real, the use of the forward Fourier transform 

in place of the inverse Fourier transformation will bring only a constant factor 

difference in the squared magnitude of the power cepstrum. 

For all practical considerations, the cepstrum of the reference image doesn't 

interfere with the cepstrum of the impulse train. Hence, we can write : 

IF[logj/(u,v~2f = IF(logjR(u,vtf +a/S(m',n')+a~S(m'±x0 ,n'±y0 ) 
+a2 

2S(m' ±x0 ,n' ± y0 )+ a 3 
2S(m' ± 2x0 ,n' ± 2y0 )+ ... 

(2.24) 

Taking the power spectrum makes the whole computation well tailored for 

optical implementation. The probability of peak detection in the presence of noise is in 

no way altered by using (2.24) in place of (2.23). 

2.4 The Unifyin& Knot : Spectral Whitenin& Yiewoint 

An interpretation of all the three intensity-based registration methods in terms 

of spectral whitening follows. 
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(a) The train of cepstral peaks obtained using the power cepstrum technique 

was a result of the expansion of the tenn F-1 [log{ 1 +a; + 2a0 cos 21t(ux0 + ry0 )}]. The 

first cepstral peak occurring at (x0 ,y0 ) can be shown to be (when lao I< 1) equivalent 

to: 

aoF-1 [ e-i21l(uo+YJo>]. (2.25) 

(b) The phase-correlation function for an image pair with a relative shift 

(x0 ,y0 ) was given in (2.7) to be: 

(2.26) 

(c) The normalized cross-correlation surface given in (2.4) is: 

(2.27) 

where, K is a constant equal to ( ~~IR(u, vt. ~~IS(u, vt r. It is also 

equivalent to : 

(2.28) 

Hence, the expression for the peak at the translational shift for all the three 

intensity-based approaches can, in general, be given by : 

(2.29) 
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where, IH(u, v~ = K1Rs·r is the weighting function filter. a= 1 for cross-correlation 

and 0 for phase-correlation and power cepstrum. Despite the underlying unity among 

the three methods, they differ in terms of performance. By varying a between 0 and 

1, it is possible to go from one extreme (phase-correlation) -- an algorithm which is 

optimal for a wide bandwidth signal degraded by narrow-bandwidth noise (since phase 

terms are very sensitive to white noise), to the other extreme (cross-correlation)-- an 

algorithm which is optimal for a narrow-bandwidth signal degraded by wide

bandwidth noise [32]. 

For particular notice is that, although the expression for cepstral and phase

correlation peaks differ only by a constant factor, they perform differently. This is 

because, unlike in correlation processing, where the noise is simply superimposed on 

the signal, the noise in cepstral processing is limited by the non-linear logarithmic 

operator. 

The effective whitening of the cross-power spectrum in the phase-correlation 

and power cepstral methods removes the scene dependence from the analysis. One 

may consider the log operation in the power cepstrum as too severe a whitener. 

Alternative strategies to whitening in cepstral registration are discussed in the 

following chapter. 

H(u, v) can be chosen so as to sharpen the peak. It has been shown how the 

use of low-pass filtering can provide the phase-correlation algorithm with some 

tolerance to geometrical distortions [32]. It is also a common fact that the cross

correlation peak can be sharpened by high-pass filtering (edge detection, etc.) the 

image pair. This is because of the resulting spectral whitening [45] or reduced auto

correlation of the image signals. In other words, the bandwidth of the otherwise 

predominantly low frequency images (true for most images encountered in practice), is 

increased. One advantage of cepstral tools in this respect is that they perform well 

without any need for pre-processing [6]. 

2.5 Feature-Based Amzroaches 

In this section, approaches which make use of discrete features for image 

matching are discussed. These algorithms [ 46] do not make direct use of intensity 

data. Scene features such as edges, lines and vertices are used instead. 
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lbey involve two stages. In the f:trst stage of feature extraction, scene features 

such as edges, lines and vertices are extracted from the reference and altered images. 

Various types of edge detectors are used to detect and amplify the presence of local 

edges. This can be followed by the generation of more complex features which may 

be used for matching. Higher level descriptions are more likely to be invariant to 

imaging changes. 

In the second stage, the search for the best matches between the images to be 

registered is done. The search techniques usually include graph matching, and 

nonlinear and linear optimization. Use of data structures for regions, lines, vertices, 

and connected groups that contain parameters and links to other data elements, is 

made. 

Feature-based methods do not possess the inherent noise suppression property 

of intensity based approaches. They have to rely on noise-free feature extraction. 

Another drawback is that the choice of the optimal feature extraction algorithm is 

very ad-hoc and image-specific, thereby posing the problem of restricted applicability 

of a particular method. However, the lower dimensionality of the correspondence 

problem in feature-based algorithms might imply faster speed if the feature extraction 

and matching procedures are simple. Hence, there is a trade-off involved. 

Both area-based and feature based techniques can benefit from the use of 

hierarchial matching [47] based on a pyramid representation of the images. Gross 

registration at a coarse resolution is employed to reduce the window size and search 

space for the subsequent match at a fmer resolution level [48]. Such a resolution 

pyramid results in considerable savings in computation time. 

2.6 Rotation and Scale Correction 

Notwithstanding the fact that translational difference is usually the dominant 

discrepancy, rotation and scale corrections are also essential concomitants of the 

registration problem. Among intensity-based approaches, rotation correction has been 

successfully accomplished using the power spectrum technique [23, 33]. In this 

section, the log-polar transform is presented as a tool for rotation and scale correction 

[49-50], to be used in conjunction with the cepstral tools for translational shift 

correction. From a computational standpoint, the conunonality of the log operation is 
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a point in favour of such an approach. The procedure to be followed can be outlined as 

follows: 

1. First, the squared magnitude of the Fr is computed for the two images. This 

operation is shift-invariant and the rotation and scale differences (radial scaling) are 

transformed into the spectral domain unchanged. 

We can conveniently asswne that the center of scaling coincides with the axis 

of rotation. This is because any planar transfonnation (rotation and translation) is 

equivalent to a rotation about any axis and a translation (although the translation is 

dependent on the position of the axis the amount of rotation is independent of it) [22-

23]. 

2. Next, a geometrical transfonnation from the rectangular (x,y) to the polar 

(r,9) coordinates converts rotation into shift (along the 9 -axis). 

3. In the resulting image, the radial scaling manifests in the form of scaling in 

the r -direction only, with magnification becoming contraction and vice-versa. 

A property of the one-dimensional :Mellin transform that is invoked in this 

regard is the manifestation of scale differences of functions as phase differences. 

1be Mellin transform given by : 

-
M(u) = J s(elnr)·e11 lnr d(ln r) (2.30) 

0 

is then taken along the r -direction, for the image pair. Its modulus makes the 

transformed images invariant to scale changes. Thus, the translational shift along the 

9 -direction (rotational difference) can be found using the power cepstrum. 

5. After making the translational shift correction in the 9 -direction the phase 

difference between the one-dimensional Mellin transforms in the r -direction provides 

the scale difference. 

6. Making use of the rotational and scale differences found in steps 4 and 5 

two rotation and scale corrected images are obtained. The final shift correction of this 

image pair can then be accomplished using cepstral tools. 
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CHAPTER ill 

NEW TOOLS FOR CEPSTRAL REGISTRATION 

In the previous chapter, it was shown how the cepstrum could be used for 

homomorphic deconvolution. Looking at the problem from a fresh perspective and 

relying on the basic foundations of generalized superposition, alternative approaches 

to cepstral registration are explored and successfully implemented. The need to 

dogmatically adhere to the use of the Fourier transform and the logarithmic operator 

for the realization of the characteristic system for homomorphic deconvolution is 

critically scrutinized. The consequence of this outlook is the development of new 

tools which provide additional information, faster computation and more robust 

solutions to the problem of translational registration. 

3.1 Power Cepstral Re&istration Revisited 

This tool, given by the formula in (2.24) was used for translational correction 

[23]. In [24] the number of Fourier transforms required for its computation was 

reduced from four to three to make it competitive with phase-correlation. The 

modified formula, however, has a restricted applicability. The implicit assumption in 

the derivation and result [7], regarding the validity of the analysis for all values of the 

echo llo , is retracted. 

Here, with the aid of a straightforward manipulation [51], a different power 

cepstral registration formula, valid for all values of llo is presented. 

Let i(m,n)=r(m,n)+a0r(m-x0 ,n-y0 ) be the composite (reference plus 

shifted) image function. Then its Fourier transform is : 

(3.1) 

and its power spectrum is : 

!R(u, vt[l +2a0 cos{2jx(ux0 +vy0 )}+a~]. (3.2) 
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The logarithm of the power spectrum yields : 

(3.3) 

The logarithmic series expansion of the second term will be valid for lao I< 0.41, 

when lao I < 1 and "o > 2. 4, when "o > 1. In the earlier work, the restrictions on "o 

were overlooked and the derivation proceeded under the assumption of general 

validity. 

H the term (1 + a0 ) is factored out in the above expression, the logarithmic 

expansion becomes valid for all values of "o, and what we obtain is : 

m[II(u, vt] = 1n[ (1 +a~~R(u, vt]+ 1n[1 + 
2

"o 2 cos{2x(ux0 +vy0 )}] 
1+a0 (3.4) 

= 1n[ (1 +a~~R(u, v~2 ]+ 1n[ 1 +acos{2x(ux0 + vyo>}] 

where, (3.5) 

Performing the logarithmic expansion, we get : 

where the a's are given by (2.21). 

H we assume that the power cepstrum of the reference image doesn't interfere 

with the cepstral peak train, the squared magnitude of the power cepstrum yields : 
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+a~~(m' ± 2x0 , n' ± 2y0 )+ ... (3.7) 

(3.4) can also be written as: 

[ 
II(u,v~2 ] [ { }] 1n (

1 2 \1 \1 2 = 1n 1 +a cos 2x(ux0 + vy0 ) + a0 11R(u, v 11 
(3.8) 

Taking the squared magnitude of the Fourier transform on both sides, we get : 

The r.h.s in the above equation is the same cepstral peak train that we have 

been on the lookout for. 

It is evident from the above equation that only three FT computations are 

required as opposed to four in (2.24). 

3.2 Refinem<nts for Power Ccpstral Re&istration 

There are several widely used methods for improving echo delay estimation 

with the power cepstrum [52] which can be borrowed and applied in the image 

registration context. 

The deleterious effect of the picket-fence phenomenon, arising due to 

computation in the discrete domain, can be alleviated by zero-padding the available 

image data. This will increase the probability of cepstral peak detection significantly. 
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It will also reduce the aliasing problem by decreasing the sampling interval of the log 

spectrum signal (in the quefrency domain). 

Power spectrum estimation of the periodicities in the log spectrum 

(corresponding to the cepstral peaks) can be improved by the traditional approach of 

windowing (usually by Hanning smoothing) the data. Several window functions for 

reducing the side-lobe effect are in existence [53]. 

As it has been indicated earlier, whitening of the log spectrum is an important 

component of the cepstrum method. Liftering procedures have proved to be quite 

useful. Liftering schemes make the cesptrum perform better than correlation when the 

signal is non-white [17]. Usually, one of the aims is to restrict the cepstrum of the 

reference signal to a near delta function, not overlapping with the cepstral peak 

region. 

A staightforward means to improve the detection of peaks is by taking as 

large images as possible. This is not the favored mode for typical situations in one

dimensional processing, as the extended data record may surpass the composite signal 

duration and reflect the effects of noise rather than the signal and its echo. 

3.3 Complex Cepstrum for the Direction of Shift 

The sign of the shift cannot be found using the power cepstrum since the 

phase information is lost. This problem can be circumvented by using the phase 

retaining complex or phase cepstra [52]. The following mathematical analysis 

explains the new approach to shift direction determination using the complex 

cepstrum. 

The complex logarithm of the Fourier transform of the composite image is 

given by: 

(3.10) 

For the minimum-phase case, when lao I < 1, the series expansion of the second 

term leads to : 
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and the complex cepstrum obtained by taking the inverse Fourier transform of the 
expression is : 

3 

-a; l>(m' -3x0 ,n' -3y0 )-... (3.12) 

In the maximum-phase case, when lao I > 1, the complex logarithm of the Fourier 

transform of the composite image can be expressed as : 

and the complex cepstrum as : 

(3.14) 

From (3.12) and (3.14) we can see that the cepstral harmonic peaks appear in 

the direction of shift or the opposite direction (positive or negative directions), 

according as the echo is less than or greater than 1, respectively. To resolve the 

ambiguity regarding the sign of shift, the value of Do can be forced to be greater than 

or less than 1, by amplifying or attenuating one of the images in the image pair. 
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In the presence of noise, the power cepstrum yields a better indication of the 

peaks than the complex or phase cepstra. Hence, the complex cepstrum may be used 

for determining the direction of shift, while the magnitude of shift continues to be 

determined by the power cepstrum. This need not involve a separate additional 

computation, as the power cepstrum can be obtained from the complex cepstrum in 

the following manner : 

A ( I I) - A ( I I) A ( 1 1) x, m ,n -xc m ,n +xc -m ,-n (3.15) 

That is, the power cepstrum is twice the even part of the complex cepstrum 
[52]. 

3.4 Problems with the Cmnplex Ce,pstrum 

There are a number of problems associated with the implementation of the 

complex cepstrum. The phase of the log spectrum must be continuous and odd, and 

the log magnitude must be even to ensure the existence of the complex cepstrum 

[31]. In order to satisfy this requirement, phase unwrapping has to be done. The 

popular algorithm in use is given in [54]. 

If the linear phase component of the signal is large, its contribution may 

mask the echo peaks [52]. Moreover, the resulting incidence of phase changes greater 

than 1t between the samples of the signal spectrum would introduce errors in the 

phase unwrapping algorithm. The phase unwrapping problem is also aggravated by 

oversampling and spectrum notching [52]. The phase-unwrapping problem can be 

contained by reducing the sampling interval in the quefrency spectrum through zero

padding. 

3.5 Use of Fast Transforms 

The development of the differential cepsttum [55] and the optimization of 

homomorphic deconvolution [56], long after the initial development of homomorphic 

filtering and cepstral analysis, are pointers to the still open possibilities of exploring 
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and exploiting alternative strategies for the realization of the characteristic system A 
in Fig. 2.6. 

In almost all practical applications of cepstral analysis, the data encountered is 

real. Hence, the Hartley Transform which was developed as a FT substitute in cases 

when the data is in the real domain can be used. The use of the HT in cepstral 

analysis has been demonstrated [7]. It was shown [57] that in one-dimensional 

analysis it brings 50% reduction in data memory requirement and a 40% reduction in 

program execution time. 

In the context of speech analysis-synthesis system [58], adaptive transform 

coding of speech [59] and pitch period extraction [60], the symmetry inherent in the 

data or obtained through transformation [58] has been exploited to replace the 

Fourier transform with the discrete cosine transform, thereby bringing about a 50% 

reduction in computation time in 1-D analysis [60]. Apart from constraining the 

signal to be symmetric, the transform used was restricted to be a symmetric cosine 

transform. 

In this work, cepstral methods using faster transforms such as the discrete 

Hadamard [61-62], sine and cosine transform (which are not necessarily symmetric) 

have been developed for image registration. They involve the direct application of 

the transforms (rather than as FT substitutes under special conditions) to signals 

which need not have any symmetry. These newly developed tools have been 

successfully applied for the registration of random-dot images. 

With T as the DHT, DST or ocr, the real cepstrum is given by : 

(3.16) 

3.5.1 Discrete Hadamard Iransfonu Cepstrum 

The result of the use of the DHT for T is shown in Fig. 3.1. Here, the two 

random-dot images had a relative translational shift of (9,9). 

The elements of the DHT matrix are given by : 
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Fig. 3.1: Cepstral registration using discrete Hadamard transform: 

(Xo,Yo) = (9,9). 
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where, 

h(k,n) = iN· ( -1)"<t.tt> 0 ~ k,n ~ N -1 

N-1 

b(k,n) = !,k;n; 
;-o 

and, { k;}, { n;} are the binary representations of k and n , respectively, i.e. : 

(3.17) 

(3.18) 

(3.19) 

This method was tried for image pairs with other translational shifts. It was 

giving easily discernible peaks when the horizontal and vertical shifts were equal or 

when either of them was zero (applicable under the epipolar line constraint faced in 

stereo matching). 

As it is a very fast transform, it holds great promise in real-time applications 

where speed assumes paramount importance. 

3.5.2 Discrete Sine Trausfoon Cepstrum 

Fig. 3.2 shows the peak obtained using the DSI of type m [63]. The relative 

shift was (8,12). The transform matrix elements of the DST are given by : 

s(k,n) = 

~-sin[{(2n+~~+l)1t}} 

{2. sin[{(2n + 1)(k + 1)7t}] 
VN 2N ' 

for k = N -1; 0 ~ n ~ N -1 

. (3.20) 

for 0 ~ k ~ N- 2; 0 ~ n ~ N -1 

Although far better than the DHTC, the DSTC was not performing as well as 

the ocrc, which is discussed next. 
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Fig. 3.2: Cepstral registration using the DST-D: (x0,y0 ) = (8,12). 
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3.5.3 Discrete Cosine Iransfoun Cepstrum 

The peak at (8,12) in Fig. 3.3 was obtained using the ocr of type ll [63], 

whose transform matrix elements are given by : 

for 0 S k S N -1; n = 0 

(3.21) 

for 0 S k S N- 2; 0 S n S N -1 

The use of sinusoidal transforms reduces the computation time appreciably. 

This offers a significant advantage in real-time applications. In addition, the problem 

of spectral leakage and aliasing are not as severe as they are with the use of Fourier 

transform. Hence, they can perform well without windowing or zero-padding. The 

DCf was found to perform marginally better than the DST. 

DSI and ocr are always real. Hence, the phase is either 0 or x, 

corresponding to positive and negative values. The phase unwrapping algorithm for 

the real cepstrum will, therefore, be a lot simpler than Iribolet's [54]. 

Broadcast of high bandwidth television signals involves transform coding 

using the ocr. Since the received signal is already in the transform domain and 

sophisticated digital signal processsing is envisaged in IV receivers, reduction of 

multipath interference through the use of cosine transform real cepstrum might 

effectively accomplish ghost cancellation. 

3.6 Other Deconvolution and Spectral Smootbin& 

t\pproacbes to Re&istration 

Alternative approaches to homomorphic deconvolution can be used to 

determine the shift 

3.6.1 Differential Cepstrum 

The two-dimensional differential cepstrum [64] defined by : 
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Fig. 3.3: Cepstral registration using the DCT-m: (x0 ,y0 ) = (8,12). 
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(3.22) 

is one such method for the realization of the characteristic system A in Fig. 2.5. If 

x(m,n) = a(m,n)®b(m,n) (3.23) 

its differential cepstrum is : 

(3.24) 

The main idea lies in the replacement of the logarithm with the log derivative. 

By avoiding the phase-ambiguity in this way, the problem of phase unwrapping does 

not come up as it does with the complex cepstrum. 

For the composite signal given in (2.8), the values of the differential cepstrum 

at (-1,0) and (0,-1) gives us the spatial shifts in them and n directions, respectively. It 

is important to note that these values near (0,0) are unaffected by aliasing. The 

differential cepstrum has been successful for echo delay estimation [65]. 

Moreover, the relation between the cepstrum and the differential cepstrum 

given by: 

xAm,n) = (m+ 1)i(m+ 1,n)+(n+ 1)x(m,n+ 1) (3.25) 

can be used to compute one from the other. 

A lower amount of computation will be needed when the requirement is only 

to determine the cepstral coefficients at (-1,0) and (0, -1). 
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3,6.2 Spectral Root Homomoxphic Deconyolution 

1be homomorphic deconvolution systems described till now have mapped 

convolution into addition. The problem of reverberation correction can also be solved 

using the spectral root homomorphic deconvolution system (SRDS) [66]. Here, the 

convolution of the signals in the time domain is transformed into the convolution of 

their cepstra. The logarithm and exponential operations in the logarithmic 

homomorphic deconvolution system (LHDS) shown in Fig. 2.6 and Fig. 2. 7, are 

replaced by the yrJt and y.,- power operations, respectively, as shown in Fig. 3.4. 

Fig. 3.4 Spectral Root Homomorphic Deconvolution System. 

H the composite signal is given by : 

x(m,n) = r(m,n)® p(m,n) (3.26) 

the output of the characteristic system in Fig. 3.4 will be : 
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x(m,n> = z-l[{Z£x<m,n>D"] 

= z-1
[ R1 (zpz2 )· P1 (z1 ,z2 )] 

= r(m,n)® p(m,n). 

(3.27) 

Z-transfonns in the above equations can be realized by the DFf. More on the 

existence and uniqueness of such realizations can be found in [67]. p(m,n) will be a 

train of pulses with the same frequency as p(m,n). If r(m,n) is of limited extent, the 

separation between the occurrences of r(m,n), due to convolution with the impulse 

train p(m,n), gives us the amount of shift 

An appropriate choice of y can greatly limit r(m,n), facilitating an accurate 

determination of spatial shift In a reverberation proble~ where the reference signal is 

not known a priori and the cepstrum is expected to interfere drastically with the 

cepstral peak train, this procedure may offer a more reliable solution than LHDS. 

3.6.3 Statistical Deconyolution 

A significant advantage in the image registration problem over the 

reverberation problem is the availability of a priori information about the reference 

signal. The use of this information through the subtraction operation in (2.23) leads to 

only marginal performance advantages in most cases. 

Hence, a question that may be legitimately raised in this context is whether 

signal deconvolution via homomorphic filtering is the optimal route to the solution of 

this problem. Other deconvolution methods may capitalize on the a priori information 

more fruitfully and may provide greater immunity to noise and distortion. Wiener 

filters [68], predictive deconvolution [69] and ML deconvolution [70] should therefore 

be investigated. It should be pointed out that the cepstrum's performance would only 

come close to that of the ML technique for spatial shift estimation [71]. 

36 



3.6,4 Linear lnyerse Filterin& 

Linear inverse filtering [72] can be applied to detennine the unknown 

component corresponding to the impulse response of the reverberation process. A 

little stretch of imagination clarifies that the phase-correlation method basically 

accomplishes inverse filtering. Since, S = Ys· and lSI = lsl (2. 7) can also be written 

as: 

S::(' . ) p-1[~~] u Z-X0 ,J-y0 = %I . (3.28) 

The output of the inverse filter can be interpreted as ~RI and the system 

response as ?(sl The shift information carrying unity-amplitude phase-only function 

e-ilK<M.to+v:Yo> is considered as the input to the system in Fig. 3.5. 

S(U,V) R(u,v) ...,_____.._ 
I s(u,v) I I R(u,v) I 

Fig. 3.5 Inverse Filter for the Registration Problem 

By complicating the problem through superimposition of the reference and 

shifted images, we end up with a reverberation problem. Here, the inverse filter, shown 

in Fig. 3.6, has R+S as the output, R as the system response and (l+e-i2K<J&%o+v:Yo>) as 

the reverberation information bearing input which can be obtained using : 
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1 + -j2K(.uo+YJo) _ R + S 
e ---R . (3.29) 

1 +ei2n<ux+vy>_....,..~l R(u,v) t---·- R(u,v) + s(u,v) 

Fig. 3.6 Inverse Filter for the Reverberation Problem 

The phase correlation method, or equivalently, the inverse filtering problem, 

has two major deficiencies. First, the method fails when R has any zeros. Second, 

these filters are notorious for their noise sensitivity. 

3.6.5 Spectral Smoothin& 

It is with the intention of diminishing the interfering influence of the reference 

signal cepstrum in the reverberation problem that schemes for spectral smoothing have 

been devised. Their objective is to whiten the log spectrum. Liftering procedures have 

proven to be successful in this regard. 

The spectral information in (l+e-il-<u.to+YJo>) is contained wholly in the d.c and 

the sinusoidal ripple. What the log operation does is to smooth out the spectrum by 

introducing other sinusoidal ripples at integral multiples of this frequency. One may 

consider this as an induction of redundancy at the expense of localized infonnation 

regarding the spatial shift in one single peak at (x0 ,y0 ). It is debatable whether the use 

of the collective information present in all the peaks in cepstral registration, as 

opposed to the collected information in the single peak (de value is not considered to 

be a peak) in (3.28) leads to better perfonnance. Measures of the altered robustness of 

cepstral registration to noise as a consequence of the log operation, is the objective of 

the following chapter. 
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It can be easily inferred that both the LHDS, where we take the logarithm of 

the ripple and the SRDS, where we take the ripple to the fractional power, are 

different approaches to spectral smoothing. With such an understanding in mind, a 

mapping function called the generalized logarithm function which incorporates a 

fractional power operation, and is under certain simple conditions the simple logarithm 

function, has been introduced [73]. The degree of smoothing can be varied by 
controlling just one parameter 'Y in this function. 
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CHAPTER IV 

PERFORMANCE EVALUATION 

So far existing approaches and the newly developed cepstral tools for image 

registration have been discussed. Now, we are at a stage when performance 

assessment and comparison of the methods would be pertinent Robustness and speed 

are two important criteria for performance evaluation. 

Comparison of the methods, on the basis of the results of their application to 

specific misaligned image pairs, is a path not undertaken in this chapter. However, 

that task ought to come as a natural follow-up step to buttress the theoretical 

conclusions arrived at in this chapter, paving the way for using the performance study 

in practical situations. Here, measures of performance of the two-dimensional 

cepstrum in the presence of Gaussian noise, valid for classes of images characterized 

by signal and noise bandwidths, are determined instead. The analysis in this chapter 

is an extension of the earlier work done for the one-dimensional cepstrum [74]. 

Expressions for error in peak location are also obtained and the signifiCance of 

performance study with Gaussian signal and noise spectra is indicated. 

It has been reported that the power cepstrum method provides more accurate 

results than phase-correlation, even when the dominant features undergo changes 

[22]. Performance studies have shown that unlike with other algorithms such as 

correlation and feature extraction which very often require high pass filtering or edge 

enhancement to perform at all, the cepstrum works well without any pre-processing. 

In addition, it was found to be tolerant to Gaussian blur, "scribbling," intensity 

variations, scaling and small rotations [6]. Other empirical results and qualitative 

remarks regarding the admirable performance of the one-dimensional cepstrum can 

be found in literature [17, 42, 75]. 

In a recent study [76], approximate expressions for the mean and variance of 

the cepstral parameters in the presence of A WGN were derived. However, the study 

neither helps in determining the robustness of the peaks nor does it convey the 

bandwidth dependence of the cepstral method. 

In this work, the performance evaluation of the power cepstral registration 

method, given by (2.20) and devoid of any of the refinements indicated in section 
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3.2, is carried out The theoretical analysis yields expressions for the bias and 

variance of the background noise and the first cepstral peak height as a function of 

SNR and signal and noise bandwidths. These expressions are used to detennine the 

detection probability of the first cepstral peak and the error in peak location. 

The widely applicable AGN noise model is used. The study is limited to this 

model because of mathematical tractabilty (the problem has already been 

compounded by the non-linear logarithm operator) and the prevalence of such noise. 

In reality, non-Gaussian and multiplicative noises might better model the degrading 

factors. 

The mild and valid assumptions involved in the derivation are clearly stated 

all along. Results of Monte Carlo simulations substantiate the analytical inferences. 

Some preliminary study on distortion tolerance is also discussed in the end. 

4.1 Manifestation of Noise in the Ce,pstral Domain 

The analytical development in this section shall show how the additive noise 

term w(m,n) in the composite signal given by: 

i(m,n) = r(m,n)+a0r(m -x0 ,n-y0 )+ w(m,n) (4.1) 

modulates the reverberation information bearing quefrency domain sinusoidal ripple 

resulting in the smearing of the peaks in the cepstral domain. Apart from reducing the 

cepstral peak heights in this fashion, noise brings up an additive term too, thereby 

increasing the probability of the noise-induced erroneous peaks being greater than the 

cepstral peaks. 

In the above expression r(m,n) is a deterministic signal (PSD in upper case) 

while the stationary Gaussian sequence w(m, n) is stochastic (PSD in lower case). 

The DFT of i(m,n) is : 

l(u, v) = R(u, v){ 1 + a0e-i2-<Uo+VJo>} + W(u, v) (4.2) 

and its power spectrum is : 
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•;(u, v) = II(u, vt = (1 +a:)~,(u, v)+2a0~,(u, v)cos{27t(ux0 + vy0 )} 

+.c(u, v)+ .w(u, v) 

where, 

and, 

with, 

~,(u, v) = IR(u, vt 

.w(u,v)=IW(u,vt 

.c(u, v) = (1 + a0e-il-<uo+YJo>)R(u, v)w• (u, v) 

+(1 + aae-i2-<ut+YJo>)R.(u, v)W(u, v) 

= 2(plWR +p2~) 

P1 = RR(u, v)+a0RR(u, v)cos{27t(UX0 + vy0 )}+a0R;(u, v)sin {27t(UX0 +vy0 )} 

P2 = Rl(u, v)+ aaRI(u, v)cos{27t(UXo + vyo)} -aoRR(u, v)sin{27t(UXo +vyo)}. 

In fact, 

By manipulating (factoring) •;(u, v), we get: 

•;(u, v) = [(1+a;)~,(u, v>][1+ •;(u, v) ] 
(1 +a0 ).,(u, v) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

·[ 1 +aB(u, v)cos{27t(ux0 + vy0 )}}1 +'If c(u, v)] (4.8) 

where, (4.9) 
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1 
B(u, v) = ' ( ) 

1 w U, V 
+ 2 

and, 

Taking the logarithm on both sides of (4.8) we get: 

where, 

and, 

log{ ';(u, v)} = log{ (I +a~)~r(u, v)}+.(u, v) 

+log[ 1 + aB(u, v) cos{ 2tt(ux0 + vy0 )}] 

+ log{1 +'If c(u, v)} 

.(u,v)=log{1+ 'w(u,v) } 
(1+ ~)~r(u, v) 

B(u, v) = e4<"·">. 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

Since, 1'1' c (u, v~ S 1 and laB(u, v~ S 1 always [74], the logarithmic expansion 

of ( 4.12) gives : 

log{,;(u, v)} = log{(1+a;~r(u, v)}+.(u, v) 

-
+ L(-1)k-1 ·Mk(u,v)cos{2ttk(ux0 +vy0 )} 

k=O 

(4.15) 

where, 
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M ( ) - A2 (u,v) 3A4 (u,v) 5A6 (u,v) 
0 U, V - + + ... 

4 32 96 

A3(u v) A5(u v) 
M1(u,v)=A(u,v)+ ' + ' ... 

4 8 

M ( )- A2
(u,v) A4 (u,v) 5A6 (u,v) 

2 U, V - + + ... 
4 8 64 

and, A(u, v) = aB(u, v). 

The power cepstrum is : 

with, 

and 

iP(m',n') = F-1[log{cj);(u, v)}] 

= F-1
[ log{(1 +a;~r(u, v>}]+ F-1 [~(u, v)] 

- ( 1)'+1 
+ L - A.,(m',n') 

t=t I 

F[ v t(m',n')] = Mt (u, v) 

F[A.,(m',n')] = 'V~(u, v). 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

For small SIN ratios and/or echo values, all the terms in the two summations 
except for V1 (m',n') and A.1 (m',n') can be neglected. In addition, the higher order 

terms in M1 (u, v) can also be neglected. We then end up with a very good 

approximation for the power cepstrum : 
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where, 

i,(m',n') = F-1
[ log{(l +a~)~,(u, v)}]+~,(m',n') 

a 
+-·b(m'±x0 ,n'±y0 )+A.(m',n') 

2 

b(m',n') = F-1[B(u, v)]. 

(4.20) 

(4.21) 

Since we have a priori knowledge of the reference image, the frrst term in the 

r.h.s of (4.20) can be subtracted to remove its interfering influence. 

The fact that the expression in ( 4.20) is a good approximation only for low 

SNR's and/or echo values should be emphasized. This becomes obvious if we notice 

that in the absence of noise, B(u, v) = 1 and b(m',n') = 8(m',n'), and the height of the 

first cepstral peak is half the noiseless height a. 

The peak detection is affected by the background noise terms ~,(m',n'), 

V,(m',n') and b(m',n'). b(m',n') also plays the role of smearing the delta-peak. It 

is, therefore, important to fmd the means and variances of these three terms. 

4.2 Backmmnd Noise 

4.2.1 Mean and variance of Back&round Noise Tenus 
in the Ouefrency Domain 

Let WR (u, v) and ~ (u, v) be the real and imaginary parts respectively of 

W(u, v), the Ff of the stationary zero mean AGN, w(m,n). As explained in [74] the 

random variables WR(ut, v,), WR(ut'' v,.), ~(ut, v,) and ~(ut'• v,.) are uncorrelated 

and hence independent, when k ~ k' and I ~ I'. Moreover, since power spectral 

density is diagonally symmetric, so is ~(u,v). Thus, the quefrency domain 

background noise terms ~(ut, v,) and ~(uk', v,.), B(ut, v,) and B(uk', v,,), and 

'lfc(ut,v,) and 'lfc(ut.,v,.), which are functions of 'w(u,v), are independent for 

k ~ ±k' A I ~ ±I'. 
The frrst step in determining the moments is to fmd the p.d.f s of the 

background noise terms. 

We have, 
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CZ,w(u, v) = E( 'w(u, v)) 

and, ~(u, v) = Wi(u, v)+ Kj2(u, v). (4.22) 

Since WR(u, v) and ~ (u, v) are independent gaussian r.v's, 'w(u, v) has a chi

squared distribution with two degrees of freedom : 

l 
1 -. .. (11,11) 

{• ( )}= cz, ( ) ·e• .. <•.,>, for 'w(u,v)~O 
p Tw U, V w U, V • 

0, for .w(u, v) < 0 

(4.23) 

Making use of the relations between 'w(u, v) and ~(u, v), and .w(u, v) and 

B(u, v), given in (4.13) and (4.14), respectively, we obtain the probabilty density 

functions of ~(u, v) and B(u, v) as: 

(4.24) 

l 
X(U, v) {-x<•.~~{s(!,,> 1)} 

p{B(u,v)}= Bl(u,v)·e , 

0, 

for OSB S1 
(4.25) 

otherwise 

where, x(u,v)=(1+a;)· CZ,,(u,v). 
CZ,w(u, v) 

(4.26) 

This is an extremely significant expression in this analysis as all the important 

formulae are expressed as a function of x(u, v). It embodies the relative values of the 

signal and noise power spectra. 

Having determined the p.d.fs, we can now fmd the means and variances. 
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(a) Using the above probability density functions we obtain the mean of 
B(u, v) as: 

(B(u, v)) = x(u, v)e1< ... ,>E1 {x(u, v)} (4.27) 

and the variance as : 

a~< ... ,> = X(U, v){1-(B(u, v))} -(B(u, v))2
• (4.28) 

(b) For .(u, v) we obtain: 

(4.29) 

(•2(u, v)) = 2ex< ... ~~>fr(K) 
x=2 

(4.30) 

where, r(K) is the incomplete factorial function and E1 (x) is related to the 

exponential integral function by the relation E1 (x) = -E; (-x). E1 (x) decreases 

monotonically from a value of oo at 0 to zero. In fact E1 (0.1) = 1. 8 and 

E1 (2. 0) = 0. 05. More on these functions can be found in [77]. 

Therefore, the variance can be obtained using : 

(4.31) 

(c) Without determining the probability function for .(u, v) its mean and 

variance are found [74] to be: 

where, A(uk, v,) = x<uk, v,>[1 +acos{27t(UkXO + v,yo>l] 

== x<uk, v,) when a<< 1. (4.33) 
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It is wonh highlighting that all the means and variances above (with the 

exception of a~.<•.Y>), are determined solely by X(u, v). 

4.2.2 Mean and Variance of the Back&round Noise Tenus 
in the Cta>stral Domain 

In the fmal power cepstrum step the inverse Ff transforms the noise terms 

into the cepstral domain. 

(a) Since B(u, v) is symmetric we get: 

1 N-1N-1 

=-2 I,I,B(ut,v,)·cos{2x(utm' +v,n')}. 
N PO 1=0 

(4.34) 

Its mean is: 

1 N-1N-1 

(b(m',n')) = -
2 

I,I,(B(ut, v,)}·cos{2x(utm' +v,n')}. (4.35) 
N k=O 1=0 

Under the equal bandwidth condition, (B(ut, v,)} is a constant, and we get: 

(b(m',n')) = (B(u, v))~(m',n'). (4.36) 

The variance is given by : 
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1 [N-1N-1 ]2 
- N• ~~(B(uk, v,))·cos{27t(ukm' +v,n')} . (4.37) 

Using the property (B(uk,v1)·B(uk.,vr>)=(B(uk,v,))·(B(uk,,v1,)) when kyt±k' and 

I yt ±I', we get : 

= _l_[N-1 N-1 02 { 1 +cos{ 47t(ukm' + v ,n')} }] 
N 4 LL B("a•"') 2 • 

k-0 1=0 

(4.38) 

For the sake of brevity and elegance of expressions, the variance for 
k = 0, I= 0 has been counted twice unlike in [74], at the cost of negligible error. 

Under the special case when x(u, v) is a constant (this may happen m 

situations where the signal and noise spectra are similar and their bandwidths are 

equal), ai< .... v,> =a; and the variance becomes : 

2 N-1 N-1 ( 1 ) 1 .,.-2 2 2 2 2 - VB ab<,.',.'> =-. I,I,as - = -. ·N as - -2. 
Nk..o, ... o 2 N N 

(4.39) 

(b) Using an analysis similar to the above one, we obtain for ~,(m',n') : 
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(4.40) 

which under the equal bandwidth condition becomes zero. 

Proceeding in a manner similar to the one to fmd a;< .. ·.,.·> we obtain the 

variance as: 

(4.41) 

In the special case of equal signal and noise bandwidths and similar spectra, 

2 - 2 d . a •. < >-a •. , an we get. 
"•·"' 

2 N-
1 
N-

1 
( 1 cos{4x(u m' + v n')}) a~ =-~~a~· -+ k I •.< .. ·,.~~·> N4 kk • 2 2 t-o 1=0 

a~ 
- . --2. 

N 
(4.42) 

(c) The mean ('lf.(m',n')} will always be zero since ('l'c(u,v)}=O. The 

analysis for the variance of the term 'l'.(m',n') yields expressions exactly similar to 

(4.41) and (4.42). 

For large values of N the statistics of b(m',n'), ~.(m',n') and 'lf.(m',n') are 

very close to Gaussian (because of the summation of N 2 i.i.ds ), and they are 
uncorrelated (and hence independent) [78]. The total background noise tb(m',n') will 

therefore be nearly gaussian with a variance: 

(4.43) 

In the case of equal bandwidths we get : 
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(4.44) 

4.3 Mean Reduction in tbe Hci&ht of the first Ce,pstral Peak 

The mean height of the ftrst peak when the SNR is low is given by a times 
2 

the mean of the d.c value of the smearing pulse b(m',n') : 

} N-1N-1 

{b(O,O)) =-2 LL(B(ut,v1)). 

N PO 1=0 
(4.45) 

Therefore, the mean height reduction factor is : 

{h) a N-1N-1 

{h)= wilhaoiac = ; II(B(uk,vl)) 
{h) without aoile N · a t..o 1..0 

(4.46) 

} N-1N-1 

= 2N2 II(B(ut, vi)). 
PO 1..0 

(4.47) 

This is the correct expression for (h) and not the one given in [74]. Variance of the 

height obtained by substituting m' = 0 and n' = 0 in (4.38) is: 

(4.48) 

4.4 Probability of Peak Detection 

The probability of peak detection or, in other words, the probability of the 

cepstrum coefficient at (x0 ,y0 ) to be greater than all the other coefficients in the same 

quadrant is given by the probability of the event : 
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f-1 
n{x,(x0 ,Y0 )>1x,(m',n'~} . 

111'•0 
11'•0 

(lll',,.') .. (xo,Jo) 

(4.49) 

The p.df of the tenn s(m',n')=x,(x0 ,y0 )-x,(m',n') is shown in Fig. 4.1. 

The mean is equal to the mean height of the frrst cepstral peak a ·(h) (the mean of 
2 

the rest of the coefficients can very justifiably be assumed to be 0 for low SNR) and 

the variance is given by a!<~~~'.,.'>' Since x,(x0 ,y0 ) and i,(m',n') are independent, the 

r.v s(m',n') is nearly gaussian, with variance: 

(4.50) 

Under the equal bandwidth condition the variance is: 

(4.51) 

The shaded region in Fig. 4.1, which gives the probability of the event 

{.x, (x0 ,y0 ) > lxP (m',n'~} is given by: 

[

.. (.-J{It))2 ] 
A A I I 1 2CJ~o(,j1') 1 ~~~~·.,.·> = P{xP(x0 ,y0 ) > lxP(m ,n ~} = 2 J J2i. e ds- 2 . 

0 1t (J .r(m',11') 

(4.52) 

Therefore, the probability of peak detection is : 
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ex -·(h) s(m',n') 
2 

Fig. 4.1: Probability density function of s(m',n') . 
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(4.53) 

and the probability of the cepstral coefficient at (m', n') to be greater than the cepstral 

peak is ( 1-Pc ... • ,11'>). 

It should be restated that the search for the peak takes place in only one of the 

two quadrants where the cepstral peak train appears (because of the symmetry of the 

power cepstrum). 

4.5 Error in Peak Location 

Let Pc:'.,.'> be the probability of the cepstral coefficient at (m', n') to be greater 

than the rest of the coefficients (i.e., it is falsely attributed as a cepstral peak) in the 

same quadrant. 

By treating Pc:'.,.'> as the distribution of the likelihood of peak occurrence in 

the cepstral plane, we can obtain the bias and variance of peak location as follows. 

The biases in m' and n' directions are given by: 

and, 
-f-1 {i-1 } 

I,.,= l:n' l:Pc ... ·,~~'> 
,.•-o ,..'=() 

- Yo (4.54) 

and the variance by : 
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and, (4.55) 

4.6 Discussion 

The expressions for the means, variances and the probability of detection can 

be determined solely from the representative parameters (bandwidth, etc.) of the 

signal and noise spectral densities. For each type of coloured noise (e.g, Gaussian 

spectra) encountered in practice, a study can be carried out to determine the 

performance w.r.t different signal bandwidths. 

At each cepstral position the three quefrency domain background noise terms 

contribute unequally. As the SIN ratio gets lower, a~ becomes the dominant term . 
•• ( .. ,11') 

The values of ai<"·"> and a!.<"·">' on the other hand, will always be quite close to each 

other (if a is small). 

X(u,v) varies directly as ac,. However, the means and variances bear a 

complex relationship with llo. An optimal choice of llo can be made by studying this 

relationship. All the means and variances (except for ai<"·">) are independent of the 

relative shift (x0 ,y0 ). Since ai<"·"> has a negligible contribution to the background 

noise variance, the effect can be ignored. 

Relative SIN ratios at different frequencies get reflected in the quefrency 

domain. background noise terms. Therefore, for constant signal and noise powers, as 

the signal bandwidth is made larger than the noise bandwidth, the quefrency domain 

terms get increasingly spread out in quefrency. Consequently, the cepstral domain 

background noise terms ~.(m',n') and 'lfs(m',n') will get more and more limited to 

values close to (0,0), while the "smearing" effect of b(m', n') on the cepstral peak 

will become milder (implying that the first cepstral peak height reduction would 

decrease). Thus, the probability of detection will improve with increase in signal 

bandwidth. 
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The above analysis is greatly simplified when the contaminating noise is 

AWGN. We would then need to know only the signal to noise power at de and the 
signal bandwidth 

4.7 Numerical Simulations 

Simulations were carried out to verify the conclusions drawn above. 

Exponential signal and noise spectra were considered. The signal and noise sequences 

were created by passing stationary A WON through ftlters having the transfer 
functions: 

and (4.56) 

TIR and Tlw will be the signal and noise bandwidths, respectively, of the 

output sequences. Ro = W0 = 1 was chosen. The sampling frequency f. is ~.v where 

N = 1024 and Ill is arbitrarily chosen as ~ . The relative SIN spectral ratio will be : 

(4.57) 

The composite signal was obtained by adding to the zero-padded (12 samples) 

and tapered (Hanning windowed) signal sequence, its delayed replica (Clo = 0.4 and 

t = Y2S6) and a noise sequence. The bandwidth of noise was kept constant at 40 Hz as 

the signal bandwidth was varied. 

The ideal cepstrum coefficients are known. Variance of the background noise 

(Fig. 4.2), mean reduction in frrst cepstral peak height (Fig. 4.3) and probability of 

detection (Fig. 4.4) are obtained by averaging the observations from the cepstrum 

runs on 2000 different signal and noise sequences. 

The results of the Monte-Carlo simulations were found to be consistent with 

the analytical conclusions derived earlier. 
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Fig. 4.2: Background noise variance versus signal BW. 
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The signiiiCance of the theoretical analysis lies in the fact that a performance 

prediction for any specific case can be determined directly by knowing just the type 

of signal and noise spectra and their bandwidths (and feeding the values of echo, SIN 
at d.c, etc.). It would obviate the need to carry out time consuming MCS for each 

particular situation. In addition, it establishes the groundwork for the improvements 

suggested in the following section. 

4.8 Miti&atin& the Effects of Noise 

We can easily infer that robust detection of the translational shift can be 

obtained when the image has a large bandwidth (i.e., when the image is very 

uncorrelated or detailed). For images with predominantly low frequency content, 

whitening through edge enhancement (high-pass filtering) will, however, increase 

both the signal and noise bandwidths. 

Looking at ( 4.50) we see that the background noise can be reduced by taking 

large N. This gain is compensated to an unknown extent, as the number of ~ .... ,.,> 

terms to be multiplied in the computation of P0 in ( 4.54) increases. 

Another strategy to improve the probability of detection can involve selection 

of 3 or 4 of the highest peaks and determining the spatial shift as the value which is 

the lowest common denominator of at least two of these peak locations. 

When small images have to be registered ( problem encountered in the later 

stages of hierarchial stereo matching), the small value of N leads to large background 

noise variance and poor resolution of the cepstral peak. In such situations, a recently 

developed cepstral moment method for homomorphic deconvolution will be 

advantageous in determining the shift location [79]. This method requires a priori 

knowledge of the reference image, which we fortunately have in the image 

registration problem. 

4.9 Perfonuance in the Presence of Distortion 

It is unreasonable to expect AGN to fit the description of degradations in all 

the typical registration problems. Therefore, the discrepancy between the images in 

the pair has to be modelled as the effect of distortion (linear and nonlinear). 
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In practical problems the images of the scene are acquired under changing 

conditions, from different perpectives or at separate times. Thus, the image pair may 

differ in terms of scaling, rotation, geometric distortion and average intensity. When 

images are acquired from different perspectives the differences in viewing position, 

lighting, shading and reflection come into picture. In many cases, the scene itself 

would have undergone a change if images are captured at different times. Non

overlapping scene regions in the image pair compound the problem. 

It is worthwhile to compare the robustness of power cepstral registration with 

that of correlation under the influence of the above mentioned deleterious factors. 

Some empirical results point to the robustness of PCR when blurring, "scribbling," 

scaling and rotational discrepancies are introduced [6]. When shape-based distortion 

is considered (due to geometric distortion or difference in perspective), the 

correlation method is apparently more robust. This can be checked by registering the 

image of a cirle (filled) and its image from a different perspective, an ellipse. 

It has been observed that although the power cepstrum technique behaves 

close to a Maximum-Likelihood Estimator in the presence of Gaussian noise [71] 

(thus, surpassing the performance of correlation), when distortion effects dominate, 

correlation is expected to outperform cepstral processing [42]. 
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CHAPTERV 

CONCLUSIONS 

A thorough performance evaluation of the recently developed power cepsttal 

registration technique has been carried out Both theoretical analysis and Monte Carlo 

simulations were done. The simulations provided empirical justification for the 

theoretical predictions. The degradation considered for performance study was 

additive Gaussian noise (AGN). Dependence of cepsttal domain background noise, 

cepsttal peak height reduction, probability of peak detection and error in peak 

location on SNR and signal to noise spectral ratios are derived. 

For a constant SNR (at d.c) and noise bandwidth, the performance was shown 

to improve with increase in signal bandwidth. This is because of the restriction of the 

background noise terms close to d.c and the milder smearing of the cepsttal peaks. 

Hence, the power cepstrum is expected to work better for detailed or uncorrelated 

tmages. 

A performance study with gaussian signal and noise spectra will be useful in 

the context of stereo matching if varying degrees of gaussian blur are introduced 

using the Gaussian ftlter, to extract scene information at different channels of 

resolutions (corresponding to different levels of spatial organization). When the 

signal and noise spectra are relatively flat near d.c, the ouput of the ftlter can be 

asswned to have gaussian signal and noise spectra and the analysis in Chapter IV can 

be directly applied. 

The analysis of factors influencing the accuracy of spatial shift determination 

was helpful in suggesting ways to mitigate the effects of noise. 

A preliminary study on performance deterioration due to other realistic image 

degradations (distortion effects) encountered in practice was included. 

Comparison of the power cepstral registration method with the other 

intensity-based approaches, cross-correlation and phase-correlation is made all along. 

The measures of performance derived for power cepstral registration are general in 

the sense that they can be used to rate cross-correlation and phase-correlation too. In 

addition, the spectral whitening viewpoint helped unearth the underlying unity among 

the three area-based techniques. 
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Computational speed is a very important criterion, particularly so in real-time 

applications. The efficacy of faster cepstral registration tools using discrete sine, 

cosine and Hadamard transforms is demonstrated on random-dot image pairs. The 

advantages of these new registration tools are listed. Significant efforts that have been 

devoted to speed-up correlation are also mentioned. 

In most problems, the direction of relative shift is also required. The phase

retaining complex cepstrum is presented as a tool to extract this information from the 

image pair. It is also shown how the perfonnance enhancing schemes developed for 

other cepstral analysis problems can be effectively borrowed into the image 
registration context 

The translational shift correction problem is shown to be equivalent to a 

deconvolution problem. Therefore, other strategies for homomorphic deconvolution, 

like spectral root homomorphic deconvolution (SRDS) and differential cepstrum are 

proposed for use in image registration. On the other hand, the phase-correlation 

method was shown to be equivalent to inverse filtering. Future work may be directed 

towards comparing the homomorphic deconvolution methods with statistical 

deconvolution methods. 

In future work the viability of the faster cepstral tools for stereo matching can 

be assessed. The pros and cons of using cepstrum vis-a-vis correlation and feature

based matching will have to be considered. Fusing depth information from 

correlation and cepstrum using Maximum Likelihood estimation can be tried. Such a 

fusion would result in the reduction of the variance of depth estimates. Moreover, the 

commonality of the Ff computation is a point in favour of such a scheme. 

Future work may also involve designing appropriate weighting functions to be 

applied on misaligned image pairs so that non-overlapping regions are given less 

importance. Studying the performance and computational complexity of the faster 

cepstral tools are other subjects worthy of further investigation. 

The motion estimation algorithms used for interframe video compression can 

make use of the fast OCT cepstrum since, in such applications, the images are already 

in the discrete cosine transform domain [80-81]. 
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