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ABSTRACT 

The nonlinear dynamics of a beam with a tip mass attached to the end of the 

beam subjected to an arbitrary harmonic excitation at the clamped end was 

investigated. The equation of motio~ in the form of an integro-differential 

equation governing the system dynamics, was obtained using D'Alembert's 

Principle. The resulting equation contained nonlinearities up to the cubic order 

denying a closed form solution. One of the weighted residual methods, Galerkin's 

method, was applied to the nonlinear partial differential equation to reduce it to an 

ordinary differential equation. Next, a perturbation method, method of multiple 

scales, was applied to the resulting ordinary differential equation to obtain an 

approximate solution. The primary resonance case, the subharmonic resonance 

case of order 1/2, the superharmonic resonance case of order 2, the 

supersubharmonic resonance cases of orders 2/3 and 3/2 were investigated. The 

resulting phase portraits and the bifurcation diagrams were plotted. 

In addition to the above, the problem was solved by means of numerical 

methods using different system parameters, and the results of the theoretical 

analysis and the numerical analysis were compared. The results indicated close 

agreement between theory and numerical simulations. 
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NOMENCLATURE 

a Distance from the column end to the center of mass of the tip mass. 

c Coefficient of Damping. 

s Reference variable along the beam. 

t Time. 

u Displacement in the longitudinal direction. 

v Displacement in the transverse direction relative to the clamped end 
of the beam. 

v • Displacement in the transverse direction relative to a fixed reference 
frame. 

y Excitation applied at the clamped end. 

Yo Amplitude of the forcing function. 

E Modulus of elasticity of the beam. 

I Moment of inertia of the cross section of the beam. 

J Rotary moment of inertia of the tip mass. 

L Total length of the beam. 

M Tip mass. 

X, Y Coordinate axes. 

pA Mass per unit length of the beam. 

Q Excitation frequency. 

l; Variable of integration along the beam. 

cp Angle between a differential element of the beam and X axis. 

x: Radius of curvature of the beam. 

Derivative with respect to a variable. 

Derivative with respect to time. 
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CHAPTER I 

INTRODUCTION 

1.1 Nonlin~ar Systems 

In order to answer the question regarding the linearity or nonlinearity of a 

system, the range of operation of the system under consideration must be 

specified. This range is the main element that detennines the input-output 

relations of the system. The system may show a linear behavior for a certain range 

of operation; however, beyond this range nonlinearities are likely to occur due to 

large deformations. 

Consider a spring subjected to a tensile or compressive force. Over a certain 

range, the deformation of the spring changes linearly with the applied force 

obeying Hook's Law. However, beyond that range, the deformation-force 

relationship is no longer linear. For a hardening spring, the rate of increase of the 

force is higher than that of the deformation, and the rate of increase of the force is 

lower than that of the deformation for a softening spring. As a result, a spring can 

be treated as a linear element as long as it operates within the range in which the 

force-deformation relationship obeys Hook's Law, but it should be regarded as a 

nonlinear element beyond that limit. 

The above discussion also holds true for a simple pendulum. If the 

amplitude e is sufficiently small so that sin e can be taken to be equal to e, the 

system is linear.However, as the amplitudes get larger, this assumption loses its 

validity. 

1.2 Discrete and Continuous Systems 

The study of vibrations can be categorized into the study of discrete 

systems and continuous systems. Discrete and continuous systems are merely two 
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different mathematical models of identical physical systems. The main difference 

between the two is the degree of freedom of the system. For discrete systems, one 

can speak of a finite number of degrees of freedom whereas for continuous 

systems the number of degree of freedom of the system is infinity. Also, the 

discrete systems are represented by ordinary differential equations and the 

continuous systems are represented by partial differential equations. Many 

vibrational systems possess distributed parameters rather than discrete properties. 

However, in some cases it is possible to reduce an infinite degree of freedom 

system to a finite number of degrees of freedom system by means of discretization. 

For instance, consider a non uniform shaft with torsional stiffness GJ(x) and 

moment of inertia l(x), x being the coordinate along the beam as shown in Figure 

1.1. It is possible to discretize this system by introducing finite number of disks 

possessing mass moments of inertia connected by massless shafts of torsional 

rigidity GJi. In this way, the equation governing the motion of the system will be 

an ordinary differential equation instead of a partial differential equation. 

1.3 Types of Excitations 

As far as the dynamical systems are considered, one can distinguish 

between two types of excitations in terms of the energy source. In the first type, 

the energy source of excitation is so large that the excited system has no effect on 

the energy state of the source, that is, the energy state of the source is only a 

function of time but not dependent on the state of the excited system. Such an 

energy source is called an ideal energy source. The second type of energy source is 

not large enough, and the energy state of the source is affected by the state of the 

excited system; therefore, such an energy source is called a non-ideal energy 

source. The type of excitation in the following study draws energy on an ideal 

energy source so that the excitation is not dependent on the state of the system but 
2 
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Figure 1.1: A continuous system and the corresponding discretized system. 
(Meirovitch, L., Elements of Vibration Analysis, 1986, Me Graw Hill, New York, 
p. 141) 
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is only a function of time. However, one should be aware of the fact that the 

response of the system under consideration depends on the natural frequency, 

damping mechanism, order of nonlinearity of the system as well as the type of the 

energy source. 

The vibrational systems may be subjected to external excitations, 

parametric excitations or both. External excitations result in non-homogeneous 

differential equations in which the excitation term does not appear as the 

coefficient of any term but the coefficients of the equations are either constant or 

slowly varying with time. On the other hand, parametric excitations lead to 

homogeneous differential equations that have rapidly varying, generally periodic, 

coefficients. 

1.4 Forced Oscillations of Systems with One Deme of Freedom 

As stated above, the response of a system is dependent on the frequency 

content, phases of these frequency components and the amplitude of the excitation. 

For a single frequency excitation, and an ideal energy source, the equation 

governing the motion of a single degree of freedom system reduces to 

ii+w;u = Ej(u,zi)+ AcosO.t (1.1) 

where A and n are constants, £ <<1 and f is a nonlinear function of u and u. The 

above equation is called the Puffing equation. For the case of a cubic nonlinearity 

and linear viscous damping, the above equation takes the form 

ii+w;u = -2EJ.L-£WI
3 +AcosO.t. (1.2) 

The response of the system represented by this equation consists of two parts, 

namely a particular solution and a homogeneous solution. If the damping is 

positive, the homogeneous solution dies out in time and the result consists of the 

particular solution only. The particular solution is called the steady state response 

of the system. The steady state response of the system has the same frequency as 
4 



the excitation but it has a phase depending on the damping, the comparative 

magnitudes of the natural frequency of the system and the excitation frequency. 

The frequency-response equation relates the amplitude a of the response of the 

system to the excitation frequency. It is possible to express the nearness of the 

excitation frequency to the natural frequency of the system by introducing a 

detuning parameter a as follows: 

0 = C00 + E<J. (1.3) 

In Figures 1.2 and 1.3, the frequency-response curves for different values of a are 

shown. It is obvious from these curves that the nonlinear effects tend to bend the 

frequency-response curves to the right or to the left depending on the sign of a. 

When a < 0, the curve bends to the left implying softening nonlinearity. On the 

other hand, when a > 0, the curve bends to the right indicating hardening 

nonlinearity. 

1.5 Jump Phenomenon 

The bending of the frequency-response curves leads to multivalued 

amplitudes for a single excitation frequency. Furthermore, this multivaluedness is 

important in the sense that it brings about the jump phenomena. 

Consider an experiment in which the frequency of the excitation is varied 

keeping the amplitude of the excitation fixed. If the experiment is started at a 

frequency corresponding to the value at point D in Figure 1.2, and the frequency is 

slowly increased then the amplitude a gradually increases until point E through 

point C. At this point, if the excitation frequency is increaded further, a jump from 

point E to point F occurs. If the experiment starts at point A, and the excitation 

frequency is decreased, the amplitude slowly increases until point B is reached and 

a jump from point B to point C takes place. Further increase in a results in a 

decrease of the amplitude of the response. 
5 



a>Q 

D 

Figure 1.2: Frequency response curve for a>O. (Source: Nayfeh, A.H. and Mook, 
D.T., Nonlinear Oscillations, 1979, John Wiley and Sons, Inc., New York, p. 9) 

6 



Figure 1.3: Jump phenomenon for a softening spring, a<O. (Source: Nayfeh, A.H. 
and Mook, D.T., Nonlinear Oscillations, 1979, John Wiley and Sons, Inc., New 
York, p. 9) 
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In Figure 1.3, the behavior of a softening spring is shown. In this case, the 

jump phenomenon occurs in the opposite way. When the excitation frequency is 

decreased from a relatively large positive value of a, a sudden drop in the 

amplitude of the response is observed. H the excitation frequency is increased 

starting from a small negative value of a, an upward jump is seen which causes 

the amplitude to increase suddenly. 

As a result, the jump phenomenon occurs in nonlinear systems both for 

hardening and softening springs. In this respect, nonlinear systems completely 

differ from linear systems for which there corresponds only one response 

amplitude for any excitation frequency. 

1.6 Solution of Nonlinear Equations 

Nonlinear equations, in most cases, do not admit closed form solutions. 

Therefore, it is necessary to use some approximate techniques to predict the 

behavior of the system governed by nonlinear equations. 

The approximate analyses mentioned above include purely analytical techniques, 

purely numerical techniques and numerical-perturbation techniques. Generally, it 

is possible to apply the purely analytical techniques to systems that are simple in 

terms of geometries and boundary conditions. The numerical techniques may 

involve long computing times especially for two or three dimensional systems. As 

regards to the numerical-perturbation techniques, it is possible to assume either 

time or space dependence. The frrst method is the harmonic balance method that 

assumes time dependence and ends up with nonlinear equations outlining the 

spatial behavior of the system. The other method assumes spatial dependence and 

uses Galerkin's procedure or the orthogonality of the mode shapes and reveals 

second-order nonlinear ordinary differential equations describing the temporal 

behavior of the system. The latter method is the one that has been employed in this 
8 



study. The resulting equations can be solved by perturbation techniques such as 

multiple scales as will be used later in this thesis. 

In addition to the multiple scales analysis, the resulting temporal equation 

can be solved by different perturbation techniques. These are 

1. Method of Straightforward Expansion; 

2. Method of Linstedt-Poincare; 

3. Methods of Averaging, 

(a) Krylov-Bogoliubov Method, 

(b) Krylov-Bogoliubov-Mitropolsky Method, 

(c) The Generalized Method of Averaging, 

(d) Averaging Using Canonical Variables, 

(e) Averaging Using Lie Series and Transforms, 

(f) Averaging Using Lagrangians; 

4. Method of Iteration. 

The method of Straightforward expansion does not have the necessary tools 

to reveal the frequency-amplitude relationship which is one of the most important 

characteristics of the nonlinear systems as compared to the linear ones. The 

method of Linstedt-Poincare results in a periodic expression revealing the 

frequency-amplitude relationship. However, this method is inappropriate for 

analyzing damped systems. Multiple scales method has been applied to the 

temporal equation in this study. The basic idea behind the method of multiple 

scales is to consider the response of the system to be consisting of more than one 

variable. This method is preferred over the Linstedt-Poincare method since it is 

possible to analyze damped systems. 

9 



1.7 Literature Survey 

Bisshopp and Drucker [1945] studied the large deflection of cantilever 

beams. Their derivation was based on the fundamental Bernoulli-Euler theorem 

that states that the curvature of the beam is proportional to the bending moment. 

They tried to compensate the shortcoming of the elementary theory of the 

shortening of the moment arm as the beam deflects. 

Eringen [ 1951] formulated the problem of free vibrations of bars with 

immovable hinged ends by means of perturbation methods. 

In 1960, Maltbaek studied the free vibrations of a uniform beam with elastic 

end constraints and with a concentrated mass somewhere along the span of the 

beam. He developed the general frequency equations as a six-order determinant 

and plotted the curves for the frrst three roots of the determinant for various beam 

systems. 

Evensen and Evan-Iwanowski [1966] studied the free and forced response 

of beams and plates undergoing large amplitude steady state oscillations. They 

investigated the longitudinal and inertia effects on the parametric response of a 

column under an axial load. The results showed good agreement with the 

theoretical work. 

Srinivasan [1966] studied the free and forced response of beams and plates 

undergoing large amplitude steady state oscillations. He determined the responses 

using the averaging method of Ritz. 

Woodall [ 1966] investigated the finite amplitude, free, planar oscillations of 

a thin elastic beam. He obtained the Galerkin method, a finite difference method 

and perturbation solutions explicitly for the case of the simply supported beam. 

Srinath and Das [ 1966] analyzed the case of a beam carrying a concentrated 

mass having rotary inertia anywhere along the beam. They computed the solutions 
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for the characteristic equation and plotted the results. Their study could be 

extended to any type of general boundary conditions. 

Francis [ 1968] studied the problem of the stability of the parametric 

response of a simply supported Bernoulli-Euler beam. He used the Galerkin 

procedure making frrst--order and second-order approximations leading to single 

and coupled Mathieu equations, respectively. He found negligible difference 

between the approximations. 

Jones [ 1969] studied the consistent equations for the large deflection of 

structures employing the principle of virtual velocities. 

Bannet and Eisley [ 1969] studied the steady state free and forced responses 

and stability for large amplitude motion of a beam with clamped ends. He used a 

multimode analytical and numerical technique to obtain the theoretical solution. 

Experimental analytical results showed close agreement. 

Hu and Kirmser [ 1971] analyzed the nonlinear partial differential equations 

of beamlike structures using the Duffing and Ritz-Kantorvich methods. The 

solution showed that the higher modes of vibration were not possible for the 

nonlinear cases. 

Haight and King [1971] investigated the stability of nonlinear oscillations 

of an elastic rod subjected to lateral harmonic excitation. Their results showed that 

for some excitation amplitudes and frequencies, the planar response was unstable 

and non planar motions were parametrically excited. They also computed the 

principal features of the transversely driven rod and axially excited rod. 

Busby and Weingarten studied the nonlinear steady state response of a 

beam under periodic excitation in 1972. They used a fmite element method to 

formulate the equations of the beam and compared the theoretical and 

experimental results. 
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In 1973, Dugundji and Mukhopadhyay studied the lateral bending-torsion 

vibrations of a thin beam under parametric excitation. 

Ho et al. [1974] investigated the large amplitude motions of a simply 

supported beam constrained to have a ftxed length. They developed the equations 

of motion taking into account bending in two planes. They also presented some 

numerical results for specific cases. 

Laura et al. [ 197 4] determined the natural frequencies and modal shapes of 

a clamped-free beam which carried a finite mass at the free end. They tabulated 

the numerical results for different concentrated mass I beam mass ratios. Their 

study also included the effect of mass on the maximum dynamic stress when the 

structure vibrated in the first mode. 

Ho and Eisley [1975] studied the steady and unsteady free motions of 

compact beams with ftxed ends. They found that in resonance cases, the whirling 

motions were of beating type, and in non resonant conditions they had a steady 

state behavior. 

Prathap and V aradan [ 1977] formulated an eigenvalue-like problem for the 

nonlinear free flexural vibrations of a tapered cantilever beam by . means of a 

variable separable assumption. They solved this eigenvalue problem by a simple 

numerical technique that provided an exact numerical solution to the problem. 

Crespo DaSilva [1978] studied the flexural-flexural oscillations of Beck's 

column for a planar harmonic excitation. He compared the analytical results of the 

analysis with those obtained by numerical integration of a set of nonlinear 

differential equations which were obtained by Galerkin's method. 

Crespo Da Silva and Glynn [1978] investigated the nonlinear non-planar 

resonant oscillations in ftxed free beams with support asymmetry. They 

determined the transition curves separating nonlinear resonant and non resonant 

types of motions for the beam analytically. 
12 



Crespo Da Silva and Glynn [1978] also studied the nonlinear flexural

flexural-torsional dynamics of inextensional beams. They derived the equations of 

motion with the objective of retaining contributions due to nonlinear curvatures as 

well as nonlinear inertia and expanded them retaining nonlinearities up to the 

order three. 

Watanabe [1978] studied the nonlinear vibration problem concerning 

mechanical equipment-piping systems in nuclear power plants and others. The 

problem also had nonlinear boundary conditions. He compared the numerical 

results of the continuous system with those of the single degree of freedom system. 

Tezak et al. [1978] studied the parametrically excited transverse oscillations 

of columns. They ignored the stretching of the neutral axis of the columns. The 

resulting- equations were solved by multiple scales method and, the results showed 

that the same excitation could result in two different responses and for the internal 

resonance case, two different excitations could produce practically the same 

response. 

Rotenberg [1978] studied the vibration frequencies for a uniform cantilever 

with a rotational constraint by numerical methods for the first three modes. 

Eisinger and Merchant [ 1979] investigated the parametric amplification of 

the transverse motion of a uniform, clamped beam with a center mass. They used 

the Galerkin's method for performing a frrst mode approximation. They found that 

if the analysis was limited to slender beams, the dynamic behavior of the system 

could be represented by a forced Mathieu equation. 

Crespo Da Silva [ 1980] studied the nonlinearly coupled transverse free 

oscillations of columns subjected to a constant end force using a canonical 

perturbation method based on Hamilton-Jacobi theory used together with 

Galerkin's method. 
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Huang and Hung [1983] studied the dynamic stability for a simply 

supported straight beam under periodic axial excitation. They used the averaging 

method and Routh-Hurwitz stability criteria. They also described the beat 

phenomenon and harmonic oscillation by obtaining the transient results. 

Sundawa and Higushi [ 1983] studied the nonlinear behavior of a simply 

supported thin column, in a parametrically unstable state, both analytically and 

experimentally. 

Lau [ 1984] studied the vibration frequencies and mode shapes for a 

constrained cantilever and presented the numerical results for the given five 

natural frequencies. 

Nayfeh and Arish [1984] studied the response of one degree of freedom 

systems with cubic and quartic nonlinearities to a harmonic excitation. They used 

the multiple scales method to investigate the response of the system for 

superharmonic resonances of order two and four, subharmonic resonances of order 

one-half and one-fourth and the supersubharmonic resonances of order 3/2 and 

2/3. 

Rosen and Neer [1985] studied the nonlinear behavior of beams using the 

Galerkin's method. They presented a method to take care of the discontinuities in 

structural properties and load distribution along a beam. A good agreement was 

obtained between their theoretical and experimental work. 

Gurgoze [ 1985] studied the stability and steady state response of the main 

parametric resonance vibrations of a simply supported vertical beam. The beam 

carried a concentrated mass and was restrained at one end and subjected to a 

periodic axial displacement excitation at the other end. He used the first mode 

approximation and applied the Galerkin's method. Harmonic balance method was 

applied to solve the resulting equation. He investigated the effects of various 

parameters on the dynamic behavior of the system. 
14 



Rao and Shastry [ 1986] investigated the large deflections of a cantilever 

beam subjected to a tip concentrated load. They solved the governing differential 

equation by Runge-Kutta method and presented the load-deflection curves. 

Pielorz and Nadolski [1986] studied the nonlinear vibration of a cantilever 

beam of variable cross section. They concluded that the effect of the variation of 

the cross section on the nonlinear period of free vibration was insignificant. They 

also stated that the static deflections of a beam of variable cross section could be 

determined using the Runge-Kutta method. 

In 1988, Kim and Dickinson studied the laterally vibrating slender beams 

subject to various complicating effects such as the presence of concentrated 

masses and/or moments of inertia, intermediate supports, axial loading and 

nonuniformity of cross section. They presented the numerical results of the study 

and concluded that the orthogonally generated polynomial functions might be used 

successfully in the Rayleigh-Ritz method to obtain a unified analysis for this type 

of study. 

Zavodney and Nayfeh [1989] studied the nonlinear response of a slender 

beam carrying a lumped mass to a principal parametric excitation. They used the 

Euler-Bernoulli theory to derive the governing equation. This equation was 

discretized by applying Galerkin's method and the method of multiple scales was 

used to determine an approximate solution of the temporal equation for the case of 

a single mode. They also conducted experiments on metallic and composite beams. 

In the experiments, it was observed that all the metallic beams failed due to 

fatigue. The experimental results showed good agreement with theoretical 

predictions. 

Nayfeh and Pemgjin [1989] studied the planar and non planar responses of 

a fixed free beam to a principal parametric excitation. They assumed that the beam 

underwent flexure about two principal axes and torsion. Their results showed that 
15 



the inertia nonlinearity was of the softening type and the geometric nonlinearity 

was of the hardening type. The overall effective nonlinearity was dependent on the 

order of the mode. They concluded that the nonlinear geometric terms must be 

included in any analysis of cantilever beams. 

Gurgoze [ 1991] studied the clamped-free beams subject to a constant 

direction force at an intermediate point. He derived the approximate expression for 

the fundamental frequency of such a beam so that a design engineer could make a 

quick estimation of the fundamental frequency of the system. 

1.8 The Objective of the Thesis 

In this thesis, the nonlinear response of a beam with a tip mass attached at 

the end will be analyzed taking into account the nonlinear terms up to the cubic 

order. The resulting temporal equation is to be solved by analytical and numerical 

methods. Also, the superharmonic excitation of order 2, subharmonic excitation of 

order 1/2, and supersubharmonic excitations of order 3/2 and 2/3 will be 

investigated. For each of these cases, the phase portraits and the bifurcation 

diagrams are to be obtained. The response of the system is studied for different 

parameters such as stiffness, damping, tip masses, excitation amplitudes and 

frequencies. The results are plotted and compared to see the agreement among 

them. 

16 



CHAPTER IT 

MATHEMATICAL MODEL 

2. 1 Introduction 

The equation of motion for the slender beam with a tip mass is derived in 

this chapter. In the derivation of the nonlinear equation of motio~ D'Alembert's 

Principle is utilized. 

Following the derivation of equatio~ the Galerkin's method is applied to 

convert the partial differential equation to an ordina.ty differential equation of 

second order. Galerkin's method assumes spatial variation and ends up with an 

ordinary differential equation that is only a function of time. 

During the derivation of the equations, nonlinear terms are withheld up to 

the cubic order. Also, the equations of motion are derived in two ways in one of 

which the higher order terms are cut off at the beginning of the derivation and in 

the other, the higher order terms are truncated at the end of the derivation. As will 

be shown later, there will be no difference in terms of the equations of motion 

between the two ways. 

2.2 Derivation of the EQ.Uation of Motion 

In Figure 2.1, the beam with the tip mass is shown. The beam is given a 

hannonic excitation at one end and the subsequent motion of the beam is assumed 

to be planar about the· centerline. It is reasonable to neglect the rotatory inertia and 

the shearing deformation of the beam since the thickness of the beam is too small 

compared to its length. Also, the axial resonances of the beam is not considered 

because the excitation frequency is much smaller than the first axial resonance. 

The excitation frequency is also very small compared to the first torsional mode of 

the beam; therefore, the torsional modes can be neglected without introducing 
17 
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appreciable error. The center of mass of the tip mass does not coincide with the 

end of the beam; however, this distance is very small compared to the length of the 

beam. 

The Euler-Bernoulli theory is employed to express the bending moment at 

any cross section of the beam. Therefore, the moment at any section along the 

beam is 

M(s) = EIK-1(s) (2.1) 

where K(s) is the radius of curvature of the beam at coordinate s . From Figure 2.1, 

the following relations can be written: 

K-1 (s) = dcp = <P' 
ds 

• lh dv , 
sm't'=-=v 

ds 

Differentiating Eq. (2.2), one can obtain 

v" 
<P' = .Jl-v'2 . 

Then, substituting the above equation into the moment equation, 

" 
M(s) = Elcp' = E/-~;::::1 v=v,=

2 

is obtained. 

(2.2) 

(2.3) 

(2.4) 

As stated in section 2.1, after this step, there will be to ways of deriving 

equations as far as the truncations of the higher order terms are considered. First, 

these terms are going to be neglected at the beginning of the derivation. 

The moment created at any section s due to the longitudinal inertia of the 

differential beam element d~ is 
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L ~ 

M1 (s,t) =-J pAu J sin Cl>dTl~ (2.5) 
• • 

where 11 is an arbitrary variable, the second integral is the moment arm and the 

integrand of the first integral is the differential force exerted by an infinitesimal 

element of the beam. In Eq. (2.5), the longitudinal displacement u is given by 

~ 

u(l;,t) = l;-J ~1- v'2 dTl 
0 

assuming that the beam is inextensional. The radical in the above equation can be 

approximated by means of binomial expansion to reveal 

~ 1 
u(l;,t) = l;-J (1--v'2 )thl. 

0 2 

Taking the derivative of the above equation with respect to time twice and 

rearranging yields 

~ 

u(l;,t) = J (v'2 +v'v')dJl. (2.6) 
0 

Substituting Eqns. (2.2) and (2.6) into Eqn (2.5) results in 

(2.7) 

In order to take the second derivative of Eqn (2.7) with respect to s, one 

needs to apply Leibnitz's rule which is given as 

.!!!_ = b(Ja> df d~+ f[b(a),~] df- f[a(a),~] df 
da a(a) da da da 

where I= f(a,~), a and b are the limits of the integral. 

As a result, the force acting at any section of the beam due to the 

longitudinal inertia of a beam element is 

20 



(2.8) 

The moment caused by a differential element of beam due to its transverse 

inertia can be written as 

M2 (s,t) = -J.,L(pAv. +c:V)J.,~ cosqul11~ 

where v. =y(t)+v. Remembering cosct>=.Jl-v'2 and expanding it by means of 

binomial expansion, 

M2 (s,t) = -t(pAV.., +Cli)J,~(t- ~ v'2 )dl]~. (2.9) 

Applying Leibnitz's rule to Eq. (2.9) to obtain the second derivative with respect to 

s , one can get 

a 
2

~2 = -v'v"JL (pAv+Cli)d~ -(l-_!_v'2)(pAv• +eli). (2.10) as s 2 

The moment exerted on the beam due to the longitudinal inertia of the tip 
. 

mass IS 

(2.11) 

Again applying the routine steps of Leibnitz's rule, the force acted upon the beam 

by the tip mass due to its longitudinal inertia is 

a2M3 -M "1L(·'2+ '"')""' 2 - V V V V Ullo as 0 
(2.12) 

The moment created along any section of the beam due to the transverse 

inertia of the tip mass can be expressed as 

M4 (s,t) = -MvLJ.,L .J1-v'2 dll. (2.13) 

Taking the derivative of the above equation with respect to s, one gets 

(2.14) 
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In Eq. (2.4), the moment equation has already been derived. Expanding the 

denominator using the binomial expansion and neglecting the higher order terms 
. 

gtve 

M(s,t) = Elv"( 1 + ~ v'2). 

Taking the second derivative of this equation with respect to s , 

a 2M ( .... I 2 . 3) as2 = EI v + 
2 

v' v"' + 3v'v"v"' + v" . (2.15) 

Now, the differential equation of motion can be written as 

(2.16) 

Substituting Eqns. (2.8), (2.10), (2.12) and (2.14) into Eqn (2.16), and 

remembering that varu = y(t)+v, there results 

- :s [ v' r pA I.~ ( V'2 + v'ii' )dr]~ + Mv' I: ( V'2 + v'ii' )dr] J 

+v'v"[t (pAii+cVM +pAji(L-s)+ M(iiL + y)] 

+( 1- ~ v'2 )<pAii +eli+ pAji) = 0. (2.17) 

Eq. (2.17) is the fmal form of the equation of motion when the truncation of 

the terms higher than the third order is done at the beginning of the derivation. The 

above equation of motion has been derived in the first manner. The same equation 

is to be obtained by the second method in which the truncation of higher order 

terms is done at the end of the derivation. The procedure that has been followed in 

the frrst method remains unchanged while deriving the equation of motion by the 

second method. 
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The moment along any section of the beam due to the longitudinal inertia of 

a differential beam element is 

where 

~ 

u(~,t) = ~-J .J1- v'2 drt. 
0 

The second derivative of u with respect to time is 

After manipulating a: .J1- v'2 and retaining terms up to the third order, 
dt 

~ [ v~v~ v'2 
+ v'v' ] 

ii(~,t) = fo (l-v'z )'12 + (1-v'2 )"2 dr!. 

(2.18) 

(2.19) 

Inserting Eqns. (2.2) and (2.19) into Eq. (2.18), and taking the derivative of Eq. 

(2.18) with respect to s twice by applying Leibnitz's rule, 

(2.20) 

can be obtained. 

The moment exerted by a differential element of beam due to its transverse 

inertia is 

(2.21) 

Again differentiating with respect to s twice by means of Leibnitz's rule, one gets 

(2.22) 
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The moment created due to the longitudinal inertia of the tip mass is given 

by 

(2.23) 

Substituting the expressions for u and sin ct> into the above equation and 

differentiating to obtain the force acting at any section s , 

(2.24) 

is obtained. 

The moment caused at any section of the beam by the transverse inertia of 

the tip mass is 

(2.25) 

Again, deriving the above equation with respect to s twice by applying the 

Leibnitz's rule, 

(2.26) 

According to the Euler-Bernoulli theorem, it is known that the bending 

moment is proportional to the radius of curvature of the beam at the point of 

consideration. Eq. (2.4) is repeated here, 

, 
M (s) = Elct>' = EI --;:.J l=v=v,:::::=-2 

(2.4) 

Differentiation of this equation twice with respect to s yields 

(2.27) 
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Finally, in order to obtain the equation of motion, substitute Eqs. (2.20), 

(2.22), (2.24 ), (2.26) and (2.27) into Eq. (2.16), remembering that v • = y(t) + v, to 

get 

v'v" [ L - ] 
.JI-v'2 1 (pAii+cV)~+p~(L-s)+M(iiL +ji) 

-M~{v·J:[ (l~:~~)'n + (:·~v:2v;~~ J~} 
+.Jt-v'2 (pAv+C'V+pAy) = o. (2.28) 

Multiplying Eq. (2.28) by (1- v'2 r12 
and disregarding the nonlinear terms 

higher than the third order, one ends up with the following equation of motion: 

+v'v"(l-2v'2 )[f (pAii+ eli)~ +pAji(L-s)+ M(iiL + ji)] 

-M :s v'J:[v'V
2
(1+ ~ v'

2 
)+(V'

2
+v'ii')(l+ ~ v'

2 )J~ 
+(1 + 3v'2 )(pAv + c\l +pAy)= 0 .. (2.29) 

Eq. (2.29) is the fmal form of the equation of motion of the system under 

investigation. The only difference between Eq. (2.17) and Eq. (2.29) is in terms of 

the coefficients of certain terms. However, this difference has no effect on the 
25 



dynamical behavior of the system. In fact, no difference has been observed during 

the numerical and analytical computations between the results of the two 

differently obtained equations of motion. Therefore, the equations of motion 

obtained in two different ways are essentially identical. From this point onwards, 

Eq. (2.17) will be referred to as the equation of motion of the system to prevent 

possible confusions. 

2.3 Boundary Conditions 

The field equation obtained in the last section is subject to four boundary 

conditions. Two of the boundary conditions are homogeneous whereas the other 

two are nonhomogeneous ones. 

At the clamped end where the excitation is applied to the beam, there is no 

relative displacement. 

v(O,t) = 0. (2.30) 

In addition to the zero displacement, the slope is also equal to zero at the 

same end. 

v'(O,t) = 0. (2.31) 

The last two boundary conditions are written considering the effect of the 

tip mass. One of the conditions states the effect of the bending moment, and the 

other one is due to the shear force applied by the tip mass. 

Looking at Figure 2.2, the following relation can be written: 

Mb(L,t) = (Ma2 + J)~+ Maiicos<j>+ {nonlinear effects due to u}. 

Remembering Eq. (2.1), the above equation can be written as, 

EI ( v"(L,)?n = (Ma2 + !)~+ Maiicos~+ (nonlinear effects due to u}. 
1-v'2 
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Figure 2.2: Forces exerted on the tip mass. 
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Replacing cos ct> with the appropriate expression, expanding the term ( 1-v'2 )-
112 

and neglecting the nonlinear terms reveal 

(Ma2 +1) MaV 
v"(L t)= + . 

' EI EI 

The boundary condition can be obtained after the substitution of the expression for 
.. 
ct> as 

(Ma2 +1) :\3 11 "(L t) _ u V lYl a .. v , - +-v. 
El dSdt2 El 

(2.32) 

The last boundary condition is related to the shear force F: due to the tip 

mass. From Figure 2.2, 

F. cos ct>- M a~ cos ct>- Mv = o. 

But F: = a:\M = EI : ( .J v" ) . Substituting this equation for the shear force and 
us us 1-v'2 

the expression for coset>, one obtains 

Expanding the term ( 1-v'2 r112
, substituting for ~, and neglecting the nonlinear 

terms, the fourth boundary condition is obtained as, 

"'(L ) Ma () 
3
v M .. v ,t =- +-v. 

EI dsdt2 El 
(2.33) 

The above boundary conditions, together with the field equation, namely 

Eq. (2.17), completely describe the dynamical behavior of the beam-tip mass 

arrangement for a sinusoidal excitation, applied at the clamped end, with an 

arbitrary amplitude and frequency. Since these equations are nonlinear, they do not 

admit a closed form solution. Therefore, an approximate solution method is to be 

applied in the next section. 
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As a result, the differential equation of motion is subject to the following 

boundary conditions: 

v(O,t) = 0 

v'(O,t) = 0 

(Ma2 +l) ~ 3 11 "(L ) u v LYI a .. 
v 't = El dSdt2 + El v 

"'(L ) Ma () 
3
v M .. v ,t =- +-v. 

El dSdt2 El 

2.4 Application of the Galerkin's Method 

(2.34) 

The governing differential equation of motion, namely Eq. (2.17), is a 

nonlinear partial differential equation, and there is no closed form solution 

available. Therefore, approximate methods are needed to be applied. These 

approximate methods should satisfy the boundary conditions as well as the 

equation itself. 

It is possible to express the solution of Eq. (2.17) in the form 

-
v(s,t) = L 'lf,.(s)'P,.(t) 

11=1 

where 'I',. (s) is the trial shape function of the nth linear mode, and 'P,. (t) is the 

time modulation of the same mode. In this study, the first mode is investigated; 

therefore the above equation takes the form 

v(s,t) = v(s)'P(t) (2.35) 

where v(s) and 'P(t) are the shape function and the time modulation of the frrst 

linear mode, respectively. 

The shape function v(s) in Eq. (2.35) is obtained from the linearized form 

of the equation of motion. In the formulation of the linear problem, the system is 
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assumed to be undamped and the free vibrational motion is considered 

disregarding the rotatory inertia of the mass. Based on these assumptions, the 

linear problem is governed by 

where 

Elv"" +pAv=O 

v(s,t) = w(s)eicol 

v"" (s,t) = w""eicol 

v(s' t) = -Ol
2'1feicol. 

(2.36) 

Eq. (2.36) is subject to the boundary conditions expressed in Eqs. (2.34). Inserting 

the above equations into Eq. (2.36) and rearranging, 

"' .... - A.4"' = o (2.37) 

The above equation is a homogeneous, ordinary differential equation whose 

solution is exponential in nature. The solution is given by 

'lf(s) = C1 coshA.s+C2 sinh A.s+C3 cosA.s+C4 sin A.s. (2.38) 

Applying the frrst two boundary conditions to the above equation, the solution 

takes the form 

'lf(s) = C1 (coshA.s+cosA.s)+C2 (sinh A.s+sin A.s). 

The two constants in the above equation can be found by applying the last two 

boundary conditions. 

The next step in the solution of the equation of motion of the system is the 

application of the Galerkin's method. In order to apply this method, Eq. (2.35) is to 

be substituted into Eq. (2.17). Then, the solution of the linearized problem is 

inserted into the equation of motion and Galerkin's method is applied. This method 

consists of the multiplication of every term in Eq. (2.17) by w(s), and integrating 
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the terms from 0 to L to minimize the error arising from the approximation made 

in Eq. (2.35). A symbolic computation software is employed during the integration 

phase of the equations. The Galerkin's coefficients are presented in Appendix A 

for both cases. 

Mter the application of the Galerkin's method to the field equation, the 

original partial differential equation takes the form 

~ "¥ + ~ '1"¥2 + c~ 'is+ ca4 'in¥2 + a5 'P + a6 "is2'P + y(t )~ '¥2 + a8 '¥
3 + y(t )a9 = 0 

where a;(i = 1,2, ... ,9) are the Galerkin's coefficients, and c is the coefficient of 

damping. Inserting -y00 2 cosOt, where Yo is the amplitude of the excitation and 0 

is the excitation frequency, instead of the terms y(t), the above equation becomes 

a,. '}I+~ '¥qs2 + c~ 'it+ ca4 qtqs2 +as 'P + a6 qt2qs 

+(-y00
2 cosnt}~'¥2 +aa'¥3 +(-y00 2 cos0t)a9 = 0. (2.39) 

Eq. (2.39) is a second-order, nonlinear, ordinary differential equation 

whose solution is sought in the next chapter. 
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CHAPTER ill 

PERTURBATION SOLUTION 

3.1 Introduction 

In this chapter, one of the perturbation methods is applied to the differential 

equation of motion to obtain an approximate solution. The perturbation method 

that is used in this study is the method of multiple scales. In this method, the 

solution that is sought is considered to be consisting of not just one but multiple 

independent variables or scales. The solution of the equation is written in the form 

of an expansion, and this expansion representing the response of the system is 

expressed as a function of two independent time scales. 

The method of multiple scales is found to be advantageous in this study 

because the system under investigation is a damped system rather than an 

undamped one, and this method is known to predict the response of the damped 

systems accurately enough. 

The system that is considered in this study contains both quadratic and 

cubic nonlinearities. Therefore, it is worthwhile to consider the resonance cases 

whose occurrences are likely to appear. In the previous studies, for the systems 

containing quadratic and cubic nonlinearities, it has been shown that the 

resonances of order 1, 2, 3, 4, 1/2, 1/3, 1/4, 2/3, 3/2 can occur. In this study, the 

fundamental resonance case, the superharmonic resonance case of order 2, the 

subharmonic resonance case of order 1/2 and the supersubharmonic resonances of 

orders 3/2 and 2/3 are analyzed, and the corresponding curves are plotted. 

3.2 The Primary Resonance Case 

The nonlinear differential equation of motion after the application of the 

Galerkin's method is given by Equation (2.39) which is repeated here. 
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~'It+~ 'Pqt2 + c~ 'it+ ca4 \jnp2 + lls 'P + a6 'i'2'P 

+( -y00.2 cos Ot )~ '¥2 + tla '¥3 + ( -y00.2 cos O.t )~ = 0. (2.39) 

Dividing the above equation by~, one obtains 

'it+ ~ 'Pqt2 + c ~ 'it+ c a4 \jnp2 + as 'P + a6 'i'2'P 
~ ~ ~ ~ ~ 

+(-y00.2 cosO.t)~ '¥2+ tla 'P3 +(-y00.2 cosO.t)~ =0. (3.1) 
~ ~ ~ 

At this point of the analysis, the solution of Equation (3.40) is expressed as a frrst 

order uniform expansion in the form 

'P(t;E) = 'P0(T0,T. )+ E'¥1 (T0, T. )+ ... , 

where E is a nondimensional parameter that is to be introduced into Equation (3.1) 

as a bookkeeping device, and T" = e"T. In the above equation, T0 and 7; are the 

time scales; the former is the fast time scale identical to t and the latter is the slow 

time scale equal to Et. As a result, the solution of the differential equation, i.e., the 

response of the system, is expressed as a function of two independent variables 

instead of one variable. Also, one should note that the number of independent 

variables or scales needed is two in this study. However, this number is dependent 

on the order of expansion to be carried out to approximate the solution of the 

differential equation. H the order of the expansion is 0( £ 2
), then two independent 

time scales, namely T0 and 7;, are necessary. 

Considering the above expansion, one needs to redefme the time derivatives 

in the following forms, 

where 
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where 

a 
D =o ()T, 

0 

a 
D=,. ar,. · 

Eq. (3.1) can be written in the following form for the sake of convenience, 

'¥ + Ea'iA¥2 + EJ.l qt + £1P'P2 + O'P +£A qt2\}l 

+F/ cos Ot¥2 + EV'¥
3 + Eg cos Ot = 0 

a 
'Y = c-!. 

llt 

0= as 
llt 

A.= a6 
llt 

f =-a., Yon2 

llt 

V= lls 
llt 

g =-~ Yon2. 
llt 

(3.2) 

Replacing 'P(t) by 'P(t;E) and substituting for the time derivatives in Eq. (3.2), 
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(Do2 +2£DoD.+ ... }('Po +e'P.)+e('Po +e'P.)2[(Do2 +2£DoDt+ ... }('Po +E'Pt}]a 

+e(Do +£Dt}('Po +E'Pt}Jl+E('Po +E'Pt}
2
[(Do +EDt}('Po +E'Pt}]y 

+~('¥0 +E'P1)+e('P0 +E'P1 ~(D0 +EDJ('¥0 +e'PJYA. 

+e('Po + £'¥1 )
2 f cos0T0 + e('¥0 + e'P1 }

3 v 

+eg cos OT0 = 0 

can be obtained. In this study, e2 and higher order terms are disregarded. Hence, 

the above equation becomes 

D/'Po + 2£DoDt 'Po + EDo 2'Pt + E'Po 2 (Do 2'~~o )a+ e(Do 'Po )Jl 

+E'Po2 (Do 'Po }y +&Po+ e&Pt + E'Po (Do 'Po)
2

A. 

+£'¥0 
2 f cos 0T0 + £'¥0 

3
V + eg cos OT0 = 0. 

Remembering that ~ = ro ,/ and considering the primary resonance condition, 

the detuning parameter cr, which indicates the closeness of the excitation 

frequency to the natural frequency of the system, is introduced into the equation. 

Therefore, it is possible to express the natural frequency in terms of the detuning 

parameter and the excitation frequency as 

ro"2 =02 -ecr. 

Substituting this equation for ro" reveals 

Do2'Po +2EDoDt'Po +EDo2'Pt +E'Po2 (Do2'Po}a+e(Do'Po)Jl 

+e'P0
2 (D0'P0 }y+(02 -ecr}'¥0 +e(n2 -ecr)'¥1 +£'¥0 (D0'1'0 )

2
A. 

+£'¥0 
2 f cos 07;, + e'¥0 

3
V + eg cos 0T0 = 0. 

Equating the coefficients of like powers of e up to and including the power 1, one 

gets 

(3.3) 
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and 

e•: Dol'¥1 +02'¥1 = -2DoD1'Po -'Pol(Dol'Po)a-(Do'Po)Jl 

-'P/(Do'Po)y+a'Po -'Po(Do'Po)
2
A 

-'¥0
2 f cos0T0 - 'P0

3V- gcos0T0 • 

The general solution of Eq. (3.2) can be given as 

'¥0 = A(~)exp(iroT0)+A(~)exp(-iroT0 ) 

where A is the complex conjugate of A. 

Substituting Eq. (3.44) into Eq. (3.43) and remembering the identity 

one can obtain 

cosQT0 = ~ [exp(iQT0 )+exp(-im;,)], 

D0 
2'¥1 + 0 2'¥1 = -2i0D1A exp(i0T0 ) 

+02[A3 exp(i30T0 )+3A2 Aexp(i0T0 )]a 

-iOA exp(i0T0 )Jl 

-iO[ A3 exp(i30T0 )+ A2 Aexp(i0T0 ))y 

+Aexp(i0T0 )cr 

+02
[ A3 exp(i30T0 )-A2 Aexp(i0T0 )]A. 

(3.4) 

(3.5) 

- ~ [A2 exp(i3QT0 )+ 2AAexp(im;,)+ A2 exp(iQT0 )] 

-[A3 exp(i30T0 )+ 3A2 Aexp(i0T0 )]v 

- g exp( i0T0 ) 

2 

+complex conjugate of the preceeding terms. (3.6) 

Factoring out exp(iroT0 ) and exp(i3roT0 ), 

D
0

2'P1 + 0 2'¥1 = ( -i20D1A + 302 A2 Aa- iaAJl- iOA 2 Ay +A a- 0 2 A 2 AA- fAA 
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+( n 2 A3a-inA3y+n2A3A-fA2 -A3v )exp(i3nT0 ) 

+complex conjugate of the preceeding terms (3. 7) 

is obtained. However, any particular solution of Eq. (3.7) contains the secular term 

To exp(iroT0 ) unless the solvability condition 

-i2nD1A + 302 A2 Aa- i!lAJ.L- iQA 2 Ay +A a 

-0.2A2 AA-fAA-f A2-3A2Av-g =0 
2 2 

(3.8) 

is satisfied. Rearranging this equation, 

D A . f A2 ( . 3 n 1 . 0. ~ . 3 )A2 A 
1 =z- + -~-~~a--y+z-1\,+z-v 

40. 2 2 2 20. 

. f AA ( J.1. • 0 )A . g +z- + ---z- +z-
20. 2 20. 40. 

(3.9) 

can be obtained. It is found to be convenient to write the complex function A in 

polar form, 

A= .!.a exp(if3) 
2 

where a and f3 are real functions of 7;. Now, substituting A into Eq. (3.9), one 

gets 

. . A 1 ( . 3 n 1 . 0 ~ . 3 ) 3 f ( · A ·2 A) 2 a+zap=- -~-~~a--y+z-1\,+z-v a +- smp+l cosp a 
4 2 2 2 20 80. 

+(- J.1. -i~)a+_L(sin P+icosf3). 
2 20. 20. 

Eq. (3.10) can be separated into real and imaginary parts as 

. 13 f 2·A J.1. g ·A a=--a y+-a smp--a+-smp 
8 80. 2 20 

aP= --Oa+-Oy+-v a +-a cosp--a+-cosp. · ( 3 1 3 ) 3 3/ 2 A (J g A 

8 8 80 80 20 20 

For the steady state solution 
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a=O 
. 
P=O 

must be satisfied. Then, 

13 I 2·A J.1 g 'A 0 --a y+-a sm,.,--a+-sm,.,= 
8 80 220 

(-~0a+.!.0y+~v)a3 + 3/ a2 cosP-~a+...LcosP = 0 
8 8 80 80 20 20 

are the equations which can be written as 

(3.11) 

(
3 Oa-.!.Oy-~v)a3 +~a 

cos p = 8 3 8 80 20 . 
_f_ a2 cos (3 + ...L 
80 20 

(3.12) 

Using the identity cos2 p +sin 2 (3 = 1, it is possible to obtain a quadratic equation 

with respect to a in the form 

"t<l2 +~0+14:3 = 0 (3.13) 

where the coefficients are all functions of the detuning parameter a. One can solve 

Eq. (3.13) to have 

-"-J_ ± ~~2- 4"t":3 
a12 = . 

. 2"t 
(3.14) 

Eq. (3.14) is the equation revealing the relationship between the amplitude 

and the detuning parameter. Thus, it is possible to plot frequency versus amplitude 

curves of the system for the primary resonance condition using this equation. 
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3 .2. 1 Numerical Results of the Perturbation Solution 

Eq. (3. 14) is the tool to appraise the effect of the detuning on the steady 

state amplitude of the response. To be able to plot the steady state amplitude of the 

system when it is excited at the primary resonance case, the parameters of the 

system should be assigned some numerical values. The following numerical values 

are selected as the system parameters: 

E = 158.48 109 Pa 

L=0.336 m 

I= 8. 669 1 o-12 m 4 p = 7860 kg I m 3 

c=0.075kg/s y0 =0.003m. 

A= 4.064 10-5 m2 

M=0.266 kg 

The amplitude of the response of the system versus the detuning parameter 

is shown in Figure 3. 1. The dashed line indicates the unstable solutions of the 

differential equation of motion of the dynamical system. As it is obvious from the 

figure, the system shows a resonance case of softening type. Looking at Figure 3 .1, 

one can distinguish among three regions. In the first region, there is only one 

steady state solution possible. For this region, the initial conditions applied to the 

system have no critical effect on the steady state behavior of the system. 

In the second region, there are three solutions that the steady state response 

of the system can undertake. Of these three solutions, one is the unstable, and the 

other two are the stable solutions of the differential equation. The unstable 

solution is shown by the dashed line. The continuous lines indicate the stable 

solutions of the system. In this region, the steady state response of the system 

depends on the initial conditions applied, and the system may follow any one of 

these stable paths as a result of the initial conditions. If one starts an experiment 

from a relatively small negative value of the detuning parameter and starts to 

increase the excitation frequency gradually, the system follows the continuous line 

on the left until it reaches the dashed line. At this point, the amplitude of the 

system jumps to a higher level which is indicated by the upper continuous line. 

After the jump takes place, the amplitude of the system starts to decrease 
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Figure 3.1: Theoretically determined frequency response curve of the system. 
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following the stable path as shown in the figure. On the other hand, one can start 

the experiment with a relatively large value of the detuning parameter and starts to 

decrease the excitation frequency. In this case, the jump takes place in the opposite 

direction, that is, the system follows the continuous line until the point at which 

the tangent to the point at the start of the unstable response intersects the upper 

stable curve. At this point, the amplitude of the system suddenly decreases. After 

the jump, the response follows the lower continuous stable curve as the amplitude 

declines. The jump phenomenon described above is a distinguishing property of 

nonlinear oscillatory systems. 

As regards to the third region, there is only one steady state amplitude 

possible. The response of the system is independent of the initial conditions. 

In the range plotted in Figure 3.1, the nontrivial branches do not terminate; 

however, it is known that they must eventuate in practice. Figure 3.2 shows the 

whole curve obtained by increasing the range of plot. As can be seen from the 

figure, the perturbation theory predicts the two curves close at a certain point. 

The results obtained by the theoretical means show close agreement with 

the numerical results as will be discussed later in this study. In the next sections, 

the effects of different parameters on the multiple scales results are investigated. 

3.2.2 Effect of the Dampin& Coefficient on Theoretical Results 

In this subsection, the effect of the damping coefficient on the system 

behavior is studied as far as the theoretical results are considered. 

Three different values are selected for the damping coefficient of the 

system. For each of these values, the tip masses are also changed to observe their 

effects in combination with the damping of the system. 

The frrst plot shown in Figure 3.3 indicates the steady state response of the 

system for the parameters that are written below the graph. As one can observe 
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from the figure, the effect of damping does not create an appreciable amount of 

difference in the steady state response unless the damping coefficient is increased 

beyond a certain value. From the graph, one can see that the two curves for 

damping coefficients 0.001 and 0.100 are almost indistinguishable. However, for 

the damping coefficient of 0.5 kg/s, the steady state response of the system differs 

by a considerable amount from the previous cases. For instance, the steady state 

amplitude for the primary resonance case for this damping coefficient is 0.06870 

m whereas it is 0.07170 m for the damping coefficient of 0.100 and 0.07200 m for 

the damping coefficient of 0.001 kg/s. 

One can change the modulus of elasticity to see the effects in combination 

with the damping coefficient. In Figure 3 .4, the steady state response of the system 

is given for the same set of parameters except for the modulus of elasticity which 

is increased from 158.48 109 Pa to 210.0 109 Pa. The general behavior of the 

system remains the same except for the fact that the amplitude of the response is 

decreased which is an expected result. 

3 .2.3 Effect of Excitation Amplitude on Theoretical Results 

In terms of investigating the steady state response of the system for the 

primary resonance condition for different excitation amplitudes, the amplitude of 

the response is plotted varying the excitation amplitude. In Figure 3.5, the 

response of the system is plotted for three different excitation amplitudes keeping 

the rest of the parameters constant. One can see from the figure that the steady 

state amplitude of the response declines as the excitation amplitude is reduced. 

The dashed lines shown in the figure indicate the unstable regions of the response. 

Many runs have been performed using different values for the system 

parameters. The behavior of the system is not altered significantly by changing the 

same parameter keeping the others constant. The results are in Appendix B. 
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3.3 The Subharmonic Resonance Case of Order 1/2 

In this case, introduction of the detuning parameter leads to 

m.
2 =(~J -eo. 

Substituting this equation for ro,., and equating the like powers of £ reveal 

£
1 

: D/'¥1 + ( ~ J '¥1 = -2DoD1 'Po -'Po 2 
( Do2'¥o )a- (Do 'Po }!l 

-"Po2 (Do "Po }y + cr"Po -"Po (Do "Po )
2 

A. 

-"¥0 
2 f cos OT0 - "¥0 

3
V- g cos OT0 • 

Again, the solution ofEq. (3.15) can be written as 

"¥0 =A(~ )exp(iroT0 ) +A(~ )exp( -iroT0 ) 

(3.15) 

(3.16) 

(3.17) 

where A is the complex conjugate of A as in the frrst case. Going through the 

routine steps of the analysis as for the case of the primary resonance condition, 

one ends up with the following secular terms: 

-iQD1A+[3(~J a-i~ y-(~J A-3v ]A2 A+( -i ~ j.l-0 )A. (3.18) 

Rearranging Eq. (3.18) gives 

D [ . 30 1 . 0 '\ . 3 JA2 A ( 1 . cr )A A= -z-a--y+z-1\,+z-v + --J.l-z- . 
• 4 2 4 n 2 n 

It is convenient to write the complex function A in polar form, 

A= .!aexp(if3). 
2 

(3.19) 

Substituting A into Eq. (3.19) and making the necessary manipulations, one gets 

• . r.t 1 [ . 30 1 . o '\ . 3 J 3 ( 1 . cr ) a+zap=- -z-a--y+z-1\,+z-v a + --J.L-z- a. 
4 4 2 4 n 2 n (3.20) 
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Separating the real and imaginary parts of the above equation and equating each 

part to zero in order to recover the steady state solution result in 

1 3 1 --a y--IJ.ll = 0 
8 2 

(3.21) 

(
30 o 3 ) 3 a 
16 a+ 16 A+ 40 v a -0 a =0. (3.22) 

Eqs. (3.21) and (3.22) indicate that there are two possibilities for the amplitude, 

that is, either a = 0 or a ~ 0. When a ~ 0, one obtains the following equations: 

1 2 1 --ya --=0 
8 2 

(
3o o 3 ) 2 a 
16 a+ 16 A+ 40 v a -0 = O. 

Eqs. (3.23) and (3.24) can be solved for a to obtain 

2 
a=+ J1 

where 

a=+Jf 

(J 
"-I=-

0 

3n o 3 
"-2 =-a+-A+-v. 

16 16 40 

3.3.1 Discussion of the Subharmonic Resonance Case 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

For the case analyzed above, the behavior of the system to a subharmonic 

excitation as the detuning parameter is varied is given by the Eqs. (3.25) and 

(3.26). 

The equilibrium points of the above system, when it is excited at the 

subhannonic resonance case, are given by the steady state solution values of the 
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Eqs. (3 .21) and (3 .22). The equilibrium points and the sign of the cubic functions 

given by these equations between the equilibrium points reveal the number of 

orbits and the direction of flow on the orbits. The number of orbits and the 

direction of flow on the orbits are generally called the qualitative structure of the 

flow. 

When the problem is to determine the qualitative structure of any 

differential equation as one of the parameters of the equation is varied, it is called 

the bifurcation theory. If the flow of a differential equation does not have a stable 

orbit structure for a particular value of a parameter, that parameter value is called 

the bifurcation value, and the point given by the differential equation for this 

specific value of the altered parameter is called the bifurcation point. 

In Eq. (3.22), the efficacy of the detuning parameter is to change the slope 

of the cubic function at the origin of the phase portrait defined by the same 

equation. The phase portraits of the Eq. (3.22) is given in Figure 3.6. As can be 

seen from the figure, the Eq. (3.22) has a stable orbit structure and three 

equilibrium points for all a < 0. When a = 0, the three equilibrium points coalesce 

at one point implying that the dynamical system is at a bifurcation point. For a > 0, 

the orbit structure of the system is again stable with an unstable equilibrium point 

at the origin. 

In the light of the above discussion, the bifurcation diagram of the system is 

given in Figure 3. 7. Due to the appearance of the diagram, this type of bifurcation 

is known as the pitchfork bifurcation. One should note that the point a = 0 is 

always an equilibrium point being either stable or unstable. The point a = 0 is a 

stable equilibrium point for all a > 0. However, it loses the stability when the 

system is at the bifurcation point, and from this point on, the origin is no more a 

stable equilibrium point. 
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Figure 3.6: Phase portraits of the system for the subharmonic excitation case. 
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In the above case, the pitchfork bifurcation is supercritical because there are 

additional equilibrium points at the bifurcation value of the parameter at which the 

equilibrium point is unstable. 

3.4 The Superhaunonic Resonance Case of Order 2 

Considering the superhannonic case, introduction of the detuning parameter 

leads to 

ro, 2 = (20)2 
-EO". 

Substituting this equation for ro ,, and equating the like powers of E reveal 

E
0 

: D0 
2
'¥0 +(20)2

'¥0 = 0 (3.27) 

E
1

: Do2
'¥1 +(20)

2
'¥1 = -2DoD1'¥o -'Po2 (Do2'~'o)a-{Do'Po)J.1 

-'Po 2 (Do 'Po)Y+ a'Po- 'Po(Do 'Po)
2

A. 

-'Po 2 f cos OJ;,- 'Po 3V-gcosOJ;,. (3.28) 

The solution ofEq. (3.27) can be written as 

'¥0 = A(J;) exp{iroJ;,) + A(J;) exp( -iroJ;,) (3.29) 

where A is the complex conjugate of A . Going through the routine steps of the 

analysis as for the case of the primaty resonance condition, one ends up with the 

following secular terms: 

-i4nD1A + ( 1202a- i20:y- 402A.- 3v )A2 A+ ( -i20J.L + a)A = 0 .(3 .30) 

Rearranging Eq. (3.30) gives 

DA =(i30a+ 'Y -iOA.-i2._v)A2 A+(Jl +i~)A. 1 2 40 2 40 

It is convenient to write the complex function A in polar form, 

A= _!_aexp(if3). 
2 

(3.31) 

Substituting A into Eq. (3.31) and making the necessaty manipulations, one gets 
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• • f.\ 1 (·3n 'Y ·n'\ · 3 ) 3 (Jl . CJ ) a+za.., =- 1 ~£a+--l~£A-l-V a + -+l- a. 
4 2 40 2 40 

(3.32) 

Separating the real and imaginary parts of the above equation and equating each 

part to zero in order to recover the steady state solution result in 

(3.33) 

.!.(3oa-m.-2....)a3 +~a =0. 
4 40 40 

(3.34) 

The Eqs. (3.33) and (3.34) indicate that there are two possibilities for the 

amplitude, that is, either a = 0 or a ~ 0. When a ~ 0, one obtains the following 

equations: 

( 30a- OA. __ 3_v)a2+~=0. 
4 4 160 40 

Eqs. (3.35) and (3.36) can be solved for a to obtain 

where 

a=+~; 

a=+~ ~ 

(J 

llt = 40 

30 o 3 
~ =4a-4A.-160 v. 

3.4.1 Discussion of the Superharmonic Resonance Case 

(3.35) 

(3.36) 

(3.37) 

(3.38) 

Eqs. (3.37) and (3.38) reveal the relationship between the amplitude of the 

system to a superharmonic excitation and the detuning parameter. One should 
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remember that the perturbation is carried out in the neighborhood of the secondary 

resonance case. Therefore, the results obtained pertain only to the behavior of the 

system in the neighborhood of the superhannonic excitation resonance. 

To be able to plot the response of the system to such an excitation, one 

needs to inspect the possible values that the detuning parameter can assume. 

Depending on the sign of the detuning parameter, there are three cases possible. 

These cases are: a< 0, a= 0 and a> 0. By examining the phase portraits of the 

above differential equations that reflect the behavior of the dynamical system, it is 

possible to predict the stable and unstable values of the amplitude of the response 

as the detuning parameter is varied. 

The phase portraits obtained for this case are similar to those obtained for 

the subharmonic excitation resonance case. In the instance discussed above, the 

significance of the detuning parameter is to change the slope of the cubic function, 

which gives the phase portrait of the dynamical system, at the origin. The phase 

portraits of the dynamical system for this type of excitation is depicted in Figure 

3.8. Again, for all a> 0, the system has a stable orbit structure with two unstable 

nonzero equilibrium points along with a stable equilibrium point at the origin. On 

the other hand, for all a < 0, the three equilibrium points come together at the 

origin which becomes an unstable equilibrium point. Finally, the same discussion 

is valid for the case when a = 0. In this case, the origin becomes an unstable 

equilibrium point, and since the three equilibrium points coincide here, this is the 

bifurcation point of the equation given by Eq. (3.34). 

The bifurcation diagram of Eq. (3.34) is given in Figure 3.9. The type of 

bifurcation is pitchfork bifurcation as in the previous resonance case. Again, a = 0 

is always an equilibrium point being unstable for all a< Oand stable for all a> 0. 

At the point where a = 0, the unstable equilibrium at the origin gains stability 

among the two other nonzero unstable solutions of the equation. 
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Figure 3.8: Phase portraits of the system for the superharrnonic excitation case. 
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In this instance, the pitchfork bifurcation is called subcritical. This is due to 

the fact that the additional equilibrium -points occur at the bifurcation value of the 

parameter values for which the original equilibrium point is stable. 

3.5 The Supersubharmonic Resonance Case of Order 3/2 

Considering the supersubharmonic case, introduction of the detuning 

parameter leads to 

ro/=GnJ -m. 

Substituting this equation for co,., and equating the like powers of£ reveal 

(3.39) 

and 

£
1 

: Do2'1', +G n J 'I',= -2D.D,'I'o- 'I'/(D.2'I'o)a.-(Do'I'o)~ 
-\llo

2 (Do \}lo )y + a\llo - \}lo (Do \}lo )
2 
A 

-\110
2 f cosOT0 - \110

3v- gcos0T0 • (3.40) 

The solution of Eq. (3.39) can be written as 

\110 = A(T. )exp(iroT0 ) + A(T. )exp( -iroT0 ) (3.41) 

where A is the complex conjugate of A. Going through the routine steps of the 
. 

analysis as for the case of the primary resonance condition, one ends up with the 

following secular terms: 

-i3nD,A+(~ 0 2a.-i ~ Qy-i: 0 2A.-3v )A2 A+( -i ~ n~+cr )A =0.(3.42) 

Rearranging Eq. (3.42) gives 

A= -z-~"a--+z- ~~,+z-v + ---z- . D ( . 9 n 'Y . 3 n~ . 1 )A2 A ( J.1 . a )A 
1 4 24 n 23n 

(3.43) 
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It is convenient to write the complex function A in polar form, 

A= .!.aexp(ip). 
2 

Substituting A into Eq. (3 .43) and making the necessary manipulations, one gets 

. . A 1 ( . 9 n 'Y . 3 n~ . 1 ) 3 ( J.1. • CJ ) a+za.., =- -J-;u.a--+z-~~""+z-v a + ---1- a. 
4 4 24 o 230 

(3.44) 

Separating the real and imaginary parts of the above equation and equating each 

part to zero in order to recover the steady state solution result in 

(3.45) 

(- ~D.a+ 1~ m.- 4~ v )a3- 3~ a=O. (3.46) 

The Eqs. (3.45) and (3.46) indicate that there are two possibilities for the 

amplitude, that is, either a = 0 or a ~ 0. When a ~ 0, one obtains the following 

equations: 

(- ~!la+ l~m.- 4~ v )a2- 3~ =0. 

Eqs. (3.47) and (3.48) can be solved for a to obtain 

where 

a=+!! 

a=+Jf 

(J 

~=-
30 

9 3 1 
~ =-16oa-160A.- 40 v. 
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(3.48) 
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(3.50) 



3.5. 1 Discussion of the Supersubharmonic Resonance 

Case of Order 3/2 

For the supersubharmonic case discussed above, the dynamical behavior of 

the system as the detuning parameter is varied is given by the Eqs. (3.47) and 

(3.48). In this case, the perturbation is performed in the neighborhood of the 

2 
co =-n 

II 3 r 

The stability of the equilibrium points for different values of the detuning 

parameter can be determined by the inspection of the phase portraits of the 

dynamical system. The phase portrait of the system for this particular case is given 

by Eq. (3.46) and shown in Figure 3.10. The phase portraits indicate some 

similarities with the previous two cases. For all a< 0, the system has a stable orbit 

structure with two unstable nonzero equilibrium points in addition to a stable 

equilibrium point at the origin. On the other hand, for all a > 0, the three 

equilibrium points come together at the origin which becomes an unstable 

equilibrium point. When a = 0, the origin becomes an unstable equilibrium point, 

and since the three equilibrium points coincide here, this is the bifurcation point of 

the Eq. (3.46). 

The bifurcation diagrams are given in Figure 3. 11. One more time, one 

should notice that a = 0 is an equilibrium point regardless of the value the detuning 

parameter assumes. When a = 0, the stable solution for a = 0 loses its stability and 

becomes an unstable equilibrium point for all a > 0. 

The pitchfork bifurcation in this case is of subcritical type since the 

additional equilibrium points occur for the parameter values for which the original 

equilibrium point is stable. 
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Figure 3.10: Phase portraits of the system for the supersubharmonic resonance 

case of order 3/2. 
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3.6 The Supersubhannonic Resonance Case of Order 213 

Considering this supersubhannonic case, introduction of the detuning 

parameter leads to 

ro.
2 =Gn J -eo. 

Substituting this equation for ro,., and equating the like powers of£ reveal 

(3.51) 

£
1 

: Do 
2'1', + G n J '1', = - 2D.D, 'Po - '1'/ ( D/'l'o )a- (D. 'Po )J.l 

-\}lo2 (Do \l'o)'Y + 0"\l'o- 'Po (Do\l'o )
2

A. 

-\1'0
2 f cos0T0 - \1'0

3v- gcos0T0 • (3.52) 

The solution ofEq. (3.51) can be written as 

'¥0 = A(T. )exp(iroT0 ) + A(T. )exp( -iroT0 ) (3.53) 

where A is the complex conjugate of A. Going through the routine steps of the 

analysis as for the case of the primary resonance condition, one ends up with the 

following secular terms: 

-i 
4 

nD A+(
4 

0 2a+i 
2 

Oy-i 
4 

0 2A.-3v)A2 A+(-i 
2 

OJ.L+a)A = 0.(3.54) 
3 1 3 3 9 3 

Rearranging Eq. (3.54) gives 

( 
·n 'Y • 1 OA. . 9 )A 2 A ( 8 . 3a )A DtA = -z~.c;a+2+'3 +z 40 v + - 9J.L-l 40 . 

It is convenient to write the complex function A in polar form, 

A= !aexp(if3). 
2 

(3.55) 

Substituting A into Eq. (3.55) and making the necessary manipulations, one gets 

• • A. 1 ( ·n 'Y • 1 n'\ . 9 ) 3 ( 8 . 30" ) a+zap=- -z~.c;a+-+l-~U\.+l-V a + --J.L-z- a. 
4 2 3 40 9 40 

(3.56) 
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Separating the real and imaginary parts of the above equation and equating each 

part to zero in order to recover the steady state solution result in 

'Y 3 8 -a --J..La = 0 
8 9 

(3.57) 

1 ( 1 9 ) 3 3o 
4 

-0a+3nA+ 
40 

v a-
40

a=O. (3.58) 

The Eqs. (3.57) and (3.58) indicate that there are two possibilities for the 

amplitude, that is, either a = 0 or a :¢: 0. When a :¢: 0, one obtains the following 

equations: 

'Y 2 8 -a --J.L=O 
8 9 

( -na+ ~m+ :n v )a•-~ =0. 

Eqs. (3.59) and (3.60) can be solved for a to obtain 

where 

a=+{f 

a+~ 

3o 
~=-

0 

1 9 
Uz =-Oa+-OA+-v. 

3 40 

3.6.1 Discussion of the Supersubharmonic Resonance 
Case of Order 2/3 

(3.59) 

(3.60) 

(3.61) 

(3.62) 

For the supersubhannonic case, which has been discussed above, the 

variation of the amplitude with the detuning parameter is given by the Eqs. (3.61) 

and (3.62). 
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The results obtained for this case are very similar to the supersubhannonic 

resonance case that has been discussed in Section 3.5.1. Looking at the phase 

portraits of the system that are given in Figure 3.12, one can draw the same 

conclusions for the last case. The origin is an unstable equilibrium point when the 

detuning parameter equals zero or takes values greater than zero. When the 

detuning parameter is less than zero, there are two nonzero unstable equilibrium 

points as well as a stable zero equilibrium point. 

The bifurcation diagram which is given in Figure 3.13 shows the same 

behavior as for the previous supersubharmonic case except for the values that the 

amplitude of the response takes when the solution of the equation bifurcates. 

The pitchfork bifurcation is subcritical in this case due to the fact that has 

been discussed for the last case of supersubharmonic resonance excitation. 
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Figure 3.12: Phase portraits of the system for the supersubhannonic resonance 

case of order 2/3.!. 
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CHAPTERN 

NUMERICAL SIMULATIONS 

4.1 Introduction 

The objective of the discussion in this chapter is to explore and present the 

effects of various parameters on the system behavior by means of numerical 

simulations. The response of the system is investigated for different parameters 

such as the tip mass, damping coefficient and stiffness of the beam. 

In the following analysis, the response of the system is examined for three 

different tip mass values. Also, two different modulus of elasticity values are 

selected, and these have been used in combination with the different tip masses. In 

addition to the above, the effect of the damping coefficient is investigated for each 

value of tip mass and stiffness. All the results are plotted by means of a graphics 

package. 

4.2 Numerical Results 

Mter the application of the Galerkin's method, the response of the system is 

governed by the ordinary differential equation that is given by Eq. (2.39) as 
.. .. 2 . . 2 ·2 

a
1
\}l +a

2 
qnp +ca

3
'¥+ca

4 
qnp +a

5
\}l+a

6
'¥ \}1 

+( -y
0

o.2 cosO.t )a
1 

\}12 + a
8 
qt3 + ( -y0o.2 cosO.t )a9 = 0. 

This is a nonlinear, second-order, ordinary differential equation. In order to 

solve the above equation numerically, one needs to convert it into a set of 

ordinary, frrst--order differential equations. Mterwards, a numerical integration 

package is to be employed to integrate the frrst--order differential equations with 

respect to time. 
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The set of differential equations to be solved is 

'¥ = '¥1 

. 2 2 
'¥1 = -[c~ '¥1 + ca4 '¥ '¥ + a5 '¥ + a6 '¥'¥1 

+( -y0a 2 cos at )a7 '¥
2 + a

8 
qs3 

+(-yoa2 cosnt)a91/(a1 +a2 '¥2 ). 

(4.1) 

(4.2) 

The time integration of Eqs. ( 4.1) and ( 4.2) are performed by means of the 

IMSL subroutine DGEAR, and the resulting plots are done using the graphics 

software package DISSPLA. The time history, fast Fourier transform, Poincare 

map and the phase plane are plotted for each run of the program using different 

parameters. 

The time history of the response is simply the plot of the amplitude of the 

system as a function of time. By examining the fast Fourier transform of the 

response, one can have an idea about the characteristics of the system in terms of 

the frequencies constituting the response. 

Consider an n-degree of freedom system which can be represented by the 

following second order differential equations, 

zl (t) = gl ( zl 'z2 ' ... ' zll' ip i2' ... ' zll' t) 

Z2 (t) = g2 (zl' Z2, ••• , Z11 , il' i2 , ... ,Z11 ,t) 

where z;(t) (i = 1,2, ... ,n) are functions of the generalized coordinates, generalized 

velocities and time. It is possible to convert the above equation set to a set of 2n 
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frrst-order differential equations by means of the introduction of some auxiliary 

variables. It is also possible to express the solution of the system in terms of the 

generalized velocities and generalized coordinates using this frrst order differential 

equation set. These generalized velocities and coordinates can be written in a 

vector form at any time t . This unique vector representing the solution of the 

dynamical system is usually referred to as the state vector, and the generalized 

velocities and coordinates can be regarded as the components of the state vector. 

On the other hand, the space defmed by these components is called the state space. 

For up to 3 dimensions, the state space can be recognized as an ordinary space. 

For dimensions larger than 3, this space turns out to be a hypothetical space. For 

the case of two dimensions, the state space simply becomes a plane and is named 

the state plane or phase plane. 

The Poincare map allows one to gain a global insight to the dynamical 

problem. If there exists fmite number of points on the map, this implies periodic 

motion. If the points form a closed curve, one can talk about a quasiperiodic 

motion, and if the above two cases are not identified, the response may be chaotic 

in nature. 

The beam-mass system is assumed to have the following properties: 

E = 158.48 109 Pa 

L=0.336 m 

I= 8.669 10"12 m 4 

c = 0.0010 kg/ s 

p = 7860 kg/ m3 A= 4.064 10-5 m 2 

Yo= 0.005 m. 

For the frrst set of runs, the initial displacement is taken to be 0.1 m and the initial 

velocity of the system is assumed to be zero. All the runs are performed 

considering the primary resonance condition and the subharmonic excitation 

resonance of order 2. During the time integration of the Eqs (4.1) and (4.2), the 

time increment is selected to be 0.005 s. In the following sections, the effect of 

various parameters on the system response is investigated, and the numerical 

program results are plotted for each set of system parameters. 
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4.3 The Effect of the Stiffness of the Beam on the 
System Response 

First, the effect of the stiffness of the beam in combination with the effect 

of the tip masses is considered. Two modulus of elasticity values are selected, 

which are 158.48 109 Pa and 210.0 109 Pa. For each run using these values of 

modulus of elasticities, three values of tip masses are employed, which are 0.266 

kg, 0.200 kg and 0.100 kg. In the frrst set of runs, the modulus of elasticity is taken 

to be 158.48 109 Pa. 

The frrst plot shown in Figure 4.1 depicts the transient response of the 

system for the tip mass of 0.266 kg. The time history shows the frrst ten seconds of 

the response. It is obvious from the phase plane and the Poincare map that the 

system is in transient state, but after a long time, the system settles down to the 

steady state as shown in Figure 4.2. The numerical integration is performed for 

3000 seconds after when the steady state response is observable. The Fourier 

spectrum indicates a single peak that shows the response of the system has single 

frequency. Also, the phase plane shows that a limit cycle is reached and the 

motion is periodic with one period as testified by the Poincare map. The steady 

state amplitude of the response is found to be 0.07237 m. 

Figure 4.3 shows the transient response of the above system for the 

subharmonic resonance condition. Again the system is in transient state for the 

time range shown in the figure. In Figure 4.4, the steady state motion of the system 

is shown. For this resonance condition, the amplitude of the response is 

considerably smaller than the previous run. The steady state amplitude is 0.01537 

m which is almost five times smaller than the amplitude of the system when it is 

run at the primary resonance condition. The Poincare map shows a single point 

and the phase plane indicates a limit cycle implying single period motion. 
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The tip mass is reduced to 0.200 kg for the next set of runs. Figure 4.5 

shows the transient state of the system for the primary resonance condition. The 

response leads to scattered points on the Poincare map, implying unsteady motion. 

After the system reaches its steady state, the response is seen to be almost 

perfectly harmonic in nature as shown in Figure 4.6. Poincare map has a single 

point indicating a single period motion, and in the phase plane, there occurs a 

circle that is a characteristic of the harmonic motion. The steady state motion 

amplitude is 0.07007 m. 

Figure 4.7 shows the transient behavior of the system for the same 

parameters at the subhannonic resonance condition. Initially the response 

possesses two frequencies. After 3000 seconds, the system reaches the steady state 

as indicated by Figure 4.8. Again, the amplitude of the response is much smaller 

compared to the previous case. The amplitude at steady state is 0.01358 m. The 

phase plane and the Poincare map show single period motion. 

Next , the tip mass is taken to be 0.100 kg. Figure 4.9 shows the transient 

response of the system. The phase plane indicates that the system is trying to settle 

down to a limit cycle. In Figure 4.1 0, the steady state response is shown. The limit 

cycle can be observed from the phase plane. In addition, the response is a single 

period motion as can be seen from the Poincare map and the single peak obtained 

in the fourier spectrum. The steady state amplitude is 0.06724 m. 

Figure 4.11 shows the transient response of the system for the tip mass of 

0.100 kg and for the subhannonic resonance of order 2. In this case, the transient 

state of the system is very close to the steady state in the sense that the phase plane 

shows that system responds very near to the limit cycle. Also, the points on the 

Poincare map are indistinguishable. Figure 4.12 depicts the steady state motion of 

the system. The steady state response is a single period motion whose amplitude is 

0.010246 m which is very close to the transient state amplitude. 
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Figure 4.10: Steady state response of the system at the primary resonance case for 

M=O.l 00 kg. 
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From the above results, one can conclude that the amplitude of the response 

has a decreasing trend as the tip mass is reduced. For larger values of the tip mass, 

the system shows larger deflections. Also, the amplitude of the system is 

considerably reduced when it is run at the subharmonic resonance condition. 

For the next set of runs, the modulus of elasticity of the beam is changed 

from 158.48 109 Pa to 210.0 109 Pa. Again, the tip mass values for this modulus of 

elasticity are the same as those in the previous case. 

In Figure 4.13, the transient response of the system for the tip mass of 0.266 

kg is plotted. The system is excited at the primary resonance condition, and the 

response is similar in nature to the one with the lower modulus of elasticity except 

for the fact that the amplitude of the response is slightly smaller. Figure 4.14, 

shows the steady state behavior of the system after a 3000 second of time has been 

elapsed. The response of the system is harmonic as can be verified by examining 

the phase plane. Also, the Fourier spectrum shows one peak, and it also indicates 

that the response has the same frequency as the excitation. The steady state 

amplitude of the response, in this case, is 0.07200 m that is slightly smaller than 

the value obtained for the previous run using the lower modulus of elasticity. 

When the same configuration is excited at the subharmonic resonance 

condition, the transient response of the system is as shown in Figure 4.15. The 

Fourier spectrum has two peaks showing two period motion. This can also be seen 

from the time history of the response. In Figure 4.16, the steady state of the system 

is plotted. The response has a single frequency that is the same as the excitation 

frequency, and the response is periodic as can be recognized by the aid of the 

Poincare map and the phase plane. The steady state amplitude of the response is 

0.01536 m which is greatly smaller than the one obtained when the system is 

excited at the primary resonance condition. 
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Figure 4.17 reveals the transient state of the system when the tip mass is 

reduced to 0.200 kg from 0.266 kg, and the system is run at the primary resonance 

case. The Poincare map has scattered points implying the system has not reached 

the steady state. The steady state behavior of the system is shown in Figure 4.18. It 

can be seen from this figure that the system has a limit cycle shown by the phase 

plane. There is one point on the Poincare map; therefore, the response is a single 

period motion. The steady state amplitude of the response is 0.06991 m. 

Figure 4.19 shows the transient response of the above system when the 

excitation frequency is doubled, that is, the system is excited at the secondary 

resonance case. The time history and the phase plane indicate that the response is a 

two period motion. The Fourier spectrum shows two frequencies one of which is 

the system natural frequency, and the other is the excitation frequency. In Figure 

4.20, the steady state behavior of the system is pictured. The steady state response 

is a single period motion whose period is the same as the excitation period. Also, 

Poincare map shows one point verifying the single period motion implication. The 

steady state amplitude of the response is 0.01358 m. 

In Figure 4.21, the response of the system for the tip mass of 0.100 kg is 

shown. The system is excited at the primary resonance case, and the figure 

indicates that the response has not yet settled down to the steady state. In fact, the 

response of the system consists of many frequencies as shown by the Fourier 

spectrum. The steady state response of the system is plotted in Figure 4.22. Again, 

the system undergoes single period motion. This fact is verified by both the phase 

plane and the Poincare map that shows a single point. The steady state amplitude 

is 0.06724 m which is exactly the same as the amplitude of the system when the 

lower modulus of elasticity value is employed. 

When the above system is excited at the secondary resonance case, the 

behavior of the system is as shown in Figures 4.23 and 4.24. As a matter of fact, 
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Figure 4.24: Steady state response of the system at the secondary resonance case 

for M=O.l 00 kg. 
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the system response in the transient state closely resembles the response of the 

system when it reaches the steady state which is depicted in Figure 4.24. The 

amplitude of the response is smaller than that of the system when it is excited at 

the primary resonance case. The response has single frequency that is the same as 

the excitation frequency, and the steady state amplitude is 0.01025 m. 

4.4 Effect of the Damping Coefficient on the System Response 

In this section, the effect of the damping coefficient on the system behavior 

is investigated. For the following runs, the modulus of elasticity and the excitation 

amplitude of the system is kept constant, and the value of the damping coefficient 

is varied. The modulus of elasticity of the beam in the following plots is taken to 

be 158.48 109 Pa, and the excitation amplitude is 0.005 m. The initial displacement 

is 0.1 m, and the initial velocity is zero. The tip mass value selected for the next 

set of runs is 0.266 kg 

For a damping coefficient of 0.5 kg/s, the transient response of the system 

is shown in Figure 4.25. As can be seen from the time history of the response and 

the phase plane, the system immediately departs from the initial conditions to 

reach for a limit cycle in a relatively short time. In Figure 4.26, the steady state 

behavior of the system is depicted. One should note that the time needed to reach 

the steady state for this value of damping is seriously reduced compared to the 

previous runs where the steady state response has been obtained around 3000 

seconds. The response of the system is a single period motion whose frequency is 

equal to the excitation frequency. The phase plane shows the limit cycle and the 

Poincare map has one point. The steady state amplitude observed is 0.06858 m. 

Figure 4.27 shows the transient state of the above system when it is excited 

at the subhannonic resonance condition. There are two frequencies observable in 

the frequency spectrum of the response. The time needed to reach the steady state 
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for this run is even shorter that the one that has been discussed above as can be 

seen from Figure 4.28. The system revolves around a limit cycle shown by the 

phase plane, and the Poincare map indicates a single point, implying a single 

period motion. The amplitude of the response at steady state is 0.01529 m. 

In the next four runs, the damping coefficient is reduced from 0.5 kgls to 

0.075 kg/s to comment on the response on the system when it is lightly damped. 

Figure 4.29 shows the transient response of the system for the frrst ten 

seconds. The unsteady behavior of the system is more easily seen in the time 

history compared to the case of higher damping. The Poincare map has scattered 

points, and the phase plane shows the system is trying to reach the limit cycle that 

is shown in Figure 4.30. The response is again periodic with the same period as 

the excitation, and the steady state amplitude is measured to be 0.07160 m. 

Figure 4.31 shows the response of the system under subhannonic 

excitation. The response indicates very unsteady behavior for the first ten seconds 

as testified by the phase plane and the Poincare map. The steady state is reached 

after a period of approximately 50 seconds after when the system possesses a 

single period motion, as shown in Figure 4.32. The phase plane indicates the limit 

cycle. The steady state amplitude in this case is 0.01539 m. 

The damping coefficient of the system is reduced to 0.01 kgls from 0.075 

kg/s. 

In Figure 4.33, the transient state of the system is shown. The Poincare map 

has scattered points, and the phase plane shows no limit cycle yet. After a period 

of approximately 500 seconds, the steady state is reached as indicated by Figure 

4.34. Again, the system has a single period motion whose frequency is indicated 

by the frequency spectrum, and the phase plane shows the limit cycle of the 

response. The steady state amplitude is 0.07171 m. 
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The system is excited at the subharmonic resonance condition for the next 

two runs. The transient behavior of the system is shown in Figure 4.35. The 

response consists of two frequencies as indicated by the Fourier spectrum. One has 

to wait for approximately 490 seconds for the system to reach to the steady state. 

The steady state behavior of the system is as shown in Figure 4.36. The amplitude 

of the response is 0.01533 m. 

As a consequence of the above set of runs using a different damping 

coefficient, one can conclude that the steady state amplitude of the response shows 

an increasing trend as one reduces the damping coefficient. The time needed for 

the system to reach the steady state increases as the damping gets smaller. In 

addition to the above, in all the runs, the steady state amplitude obtained for the 

subharmonic excitation case is always appreciably smaller than the amplitude 

possessed by the system when it is run at the primary resonance case. 

4.5 Numerically Obtained Frequency-Response Curve 

The steady state response curves that have been obtained by means of the 

analytical results can be extracted by using the numerical simulation results as 

well. In obtaining the plot, the following parameters are assumed: 

E = 158.48 109 Pa I= 8.669 10-12 m4 p = 7860 kg/ m3 A= 4.064 10-5 m2 

L = 0.336 m c = 0.075 kg/s Yo= 0.003 m. M = 0.266 kg. 

In Figure 4.37, the steady state response amplitude of the system versus the 

excitation frequency is plotted. From the figure, it is possible to see the softening 

type of behavior of the system. In fact, the curves obtained numerically and by 

means of the multiple scales results are in close agreement. The amplitude of the 

response, when the system is excited at the fundamental natural frequency, is 

0.0590 m as given by the analytical results. The amplitude obtained from the 
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numerical curve for the same excitation frequency is 0.5960 m, which is very close 

to the result of the analytical curve. 

4.6 Comparison of the Numerically Obtained Results 
with Theoretical Results 

In this section, the numerically obtained results and the results obtained 

through the multiple scales solution of the system are compared. 

As shown in the previous sections, the system responds in different 

manners as the parameters of the system are changed. Various system parameter 

values have been selected and the response of the system for each set of 

parameters has been plotted for both the perturbation solution and the numerical 

integration of the differential equation of motion of the dynamical system. The 

results of the theoretical analysis and the numerical solution show close 

agreement. 

In the following tables, the steady state amplitude of the system predicted 

by the perturbation solution and by the numerical time integration are compared as 

far as the primary resonance case is concerned. 

In Table 4.1 is shown the steady state amplitude of the system for different 

system parameters. The steady state amplitudes obtained by the perturbation 

solution and the numerical solution are shown in the far right two columns. One 

should note the very close agreement between the theoretically and numerically 

obtained steady state amplitude values. This fact leads to the conclusion that the 

numerical scheme used in this study proves to be an efficient one. 
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Table 4.1 The comparison of the theoretical and numerical results. 

M[kg] E [ Pa] c [ kg/s] a [ m] a [ m] 

(Theoretical) (Numerical) 

0.266 158.48 109 0.001 0.07200 0.07237 

0.266 158.48 109 0.100 0.07170 0.07143 

0.266 158.48 109 0.500 0.06870 0.06858 

0.200 158.48 109 0.001 0.06990 0.07007 

0.200 158.48 109 0.100 0.06970 0.06983 

0.200 158.48 109 0.500 0.06900 0.06673 

0.100 158.48 109 0.001 0.06700 0.06724 

0.100 158.48 109 0.100 0.06900 0.06912 

0.100 158.48 109 0.500 0.06450 0.06437 

0.266 201.00 109 0.001 0.07180 0.07200 

0.266 201.00 109 0.100 0.07170 0.07150 

0.266 201.00 109 0.500 0.06940 0.06924 

0.200 201.00 109 0.001 0.06990 0.06991 

0.200 201.00 109 0.100 0.06970 0.06976 

0.200 201.00 109 0.500 0.06760 0.06745 

0.100 201.00 109 0.001 0.06700 0.06724 

0.100 201.00 109 0.100 0.06690 0.06706 

0.100 201.00 109 0.500 0.06510 0.06519 
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CHAPTERV 

CONCLUSIONS 

The nonlinear dynamics of an elastic beam with a tip mass attachment is 

investigated in this study. The beam is given an arbitrary harmonic excitation at 

the clamped end, and the subsequent motion of the beam and the mass is 

considered. The beam is presumed to be inextensible, and the torsional effects and 

the rotatory inertia of any beam element are neglected in the derivation of the 

equation of motion. The equation of motion of the system is derived employing 

D'Alembert's Principle. The resulting equation of motion is in the form of a 

nonlinear integro-differential equation that does not admit a closed form solution. 

Therefore, one needs to recourse to approximate solutions. In this study, a 

perturbation method, multiple scales, is used to approximate the solution 

analytically. Also, a numerical time integration package, IMSL subroutine 

DGEAR, is used to solve the problem numerically. For both the perturbation 

method and numerical method, the results are plotted and compared. 

The equation of motion includes nonlinear terms up to the cubic order. 

First, the derivation is performed cutting off the nonlinear terms of higher order at 

the beginning of the derivation. Second, the truncation of higher order terms is 

done at the end of the derivation. Looking at the resulting equations, one can 

conclude that there is no difference between the equations. Consequently, the 

truncation of terms at the beginning or at the end of the derivation has no 

determining effect on the response of the system. In fact, there is absolutely no 

distinction in terms of the amplitude of the response of the system between the two 

ways. 

Using the perturbation method of multiple scales, the primary excitation 

resonance condition, the subharmonic resonance of order 2, the superharmonic 
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resonance of order l/2, and the supersubharmonic resonances of orders 3/2 and 213 

are investigated. Examining the results of the primary resonance case, it is 

observed that the response shows a resonance of softening type. For the rest of the 

resonance conditions analyzed, the bifurcation diagrams indicate that there exist 

pitchfork bifurcations for each of the cases. For the superharmonic resonance case 

and the supersubhannonic resonance excitations, the diagrams indicate that the 

bifurcations are of subcritical type. On the other hand, for the subharmonic 

resonance case, the bifurcation turns out to be of supercritical type. 

In chapter IV, the numerical solution of the problem is presented. The 

effects of the tip mass, damping coefficient and the modulus of elasticity of the 

beam on the system response are studied. The conclusion is that the amplitude of 

the response is found to grow as the tip mass is increased regardless of the 

modulus of elasticity of the beam. Also, the amplitude of the system tends to 

decline as the damping of the system is increased. There is not an appreciable 

difference between the responses of the system for damping coefficients of 0.001 

and 0.100 kg/s. However, if one aims to decrease the amplitude of the system by a 

moderate amount, the damping of the system should be kept higher than this value. 

The numerical results and the perturbation solution results are in very close 

agreement as shown in Table 4.1. 

As regards to the future work, the stability analysis of the dynamical system 

can be carried out, and the stability boundaries of the system can be determined. 

In addition to the above, it is suggested that the system is investigated 

experimentally. The results of the experiments should be compared with those of 

the analytical and numerical solutions. 

117 



SELECfED BffiLIOGRAPHY 

Abu-Arish, A.M. and Nayfeh, A.H. "The Response of One-Degree-of-Freedom 
Systems with Cubic and Quartic N onlinearities to a Hannonic Excitation," 
Journal of Sound and Vibration, Vol. 103(2), 1985, pp. 253-272. 

Bennet, J.A. and Eisley J.G. "A Multiple Degree-of-Freedom Approach to 
Nonlinear Beam Vibrations," AIAA Journal, Vol. 8, 1970, pp. 734-739. 

Bisshopp, K.E. and Drucker, D.C. "Large Deflection of Cantilever Beams," 
Quarterly of Applied Math, Vol. 3(3}, 1945, pp. 272-276 

Busby, H.R. and Weingarten, V.I. "Nonlinear Response of a Beam to a Periodic 
Loading," International Journal of Nonlinear Mechanics, Vol. 7, 1972, pp. 
289-303. 

Crespo Da Silva, M.R.M. "Flexural-Flexural Oscillations of Beck's Coulumn 
Subjected to a Planar Hannonic Excitation," Journal of Sound and Vibration, 
Vol. 60(1}, 1978, pp. 133-144. 

Crespo Da Silva, M.R.M. "On the Whirling of a Base-Excited Cantilever Beam," 
Journal of Acoustical Society of America, Vol. 67(2}, 1980, pp. 704-707. 

Crespo Da Silva, M.R.M. and Glynn, C.C. "Nonlinear Flexural-Flexural-Torsional 
Dynamics of Inextensional Beams," Journal of Structural Mechanics, Vol. 
6(4), 1978, pp. 437-448. 

Crespo Da Silva, M.R.M. and Glynn, C.C. "Nonlinear Nonplanar Resonant 
Oscillations in Fixed-Free Beams with Support Asymmetry," International 
Journal of Solids Structures, Vol. 15, 1979, pp. 209-219. 

Crespo DaSilva, M.R.M. and Glynn, C.C. "Nonlinear Resonances in a Coulumn 
Subjected to a Constant End Force," Journal of Applied Mechanics, Vol. 47, 
1980, pp. 409-414. 

118 



Dugundji, J. and Mukhopadhyay, V. "Lateral Bending-Torsion Vibrations of a 
Thin Beam Under Parametric Excitation," Journal of Applied Mechanics, 
1973, pp. 693-698. 

Eisinger, K. and Merchant, H.C. "Clamped Beam Parametric Amplifier," Journal 
of Applied Mechanics, Vol. 46, 1979, pp. 197-202. 

Eringen, Cemal A. "On the Nonlinear Vibration of Elastic Bars," Journal of 
Applied Mechanics, Vol. 9(4}, 1952, pp. 361-369. 

Evensen, David A. "Nonlinear Vibrations of Beams with Various Boundary 
Conditions," AIAA Journal, Vol. 6(2), 1968, pp. 370-372. 

Francis, P.H. "Parametric Excitation of a Nonhomogeneous Bernoulli-Euler 
Beam," Journal Mechanical Engineering Science, Vol. 10(3), 1968, pp. 205-
212. 

Gurgoze, M. "Parametric Vibrations of a Restrained Beam with an End Mass 
Under Displacement Excitation," Journal of Sound and Vibration, Vol. 
108(1), 1986, pp. 73-84. 

Gurgoze, M. "On Clamped-Free Beams Subject to a Constant Direction Force at 
an Intermediate Point," Journal of Sound and Vibration, Vol. 148(1), 1991, 
pp. 147-153. 

Haight, E.C. and King, W.W. "Stability of Nonlinear Oscillations of an Elastic 
Rod," The Journal of the Acoustical Society of America, Vol. 52(3), 1972, 
pp. 899-911. 

Hale, J. and Kocak, H. Dynamics and Bifurcations, 1991, Springer-Verlag Inc., 
New York. 

Ho, C.H., Scott, R.A. and Eisley J.G. "Nonplanar, Nonlinear Oscillations of a 
Beam-1. Forced Motions," International Journal of Nonlinear Mechanics, 
Vol. 10(2), 1975, pp. 113-127. 

119 



Ho, C.H., Scott, R.A. and Eisley J.G. "Nonplanar, Nonlinear Oscillations of a 
Beam-IT. Free Motions," Journal of Sound and Vibration, Vol. 47(3}, 1976, 
pp. 333-339. 

Hu, Kuo-Kuang and Kirmser, Philip G. "On the Nonlinear Vibration of Free-Free 
Beams," Journal of Applied Mechanics, 1971, pp. 461-466. 

Huang, J .S. and Hung, L.H. "Dynamic Stability for a Simply Supported Beam 
Under Periodic Axial Excitation," International Journal of Nonlinear 
Mechanics, Vol. 19(4}, 1984, pp. 287-301. 

Jones, Norman. "Consistent Equations for the Large Deflections of Structures," 
Bull. Mech. Engng. Educ., Vol. 10, 1971, pp. 9-20. 

Kim, C.S. and Dickinson, S.M. "On the Analysis of Laterally Vibrating Slender 
Beam Subject to Various Complicating Effects," Journal of Sound and 
Vibration, Vol. 122(3}, 1988, pp. 441-455. 

Lau, J .H. "Vibration Frequencies and Mode Shapes for a Constrained Cantilever," 
Journal of Applied Mechanics, Vol. 51, 1984, pp. 182-187. 

Maltbaek, J .C. "The Influence of a Concentrated Mass on the Free Vibrations of a 
Uniform Beam," International Journal of Mechanics and Science, Vol. 3, 
1961, pp. 197-218. 

Meirovitch, Leonard. Elements of Vibration Analysis, 1986, McGraw Hill, Inc., 
New York. 

Nageswara Rao, B., Shastry, B.P. and Venkateswara Rao, G. "Large Deflections 
of a Cantilever Beam Subjected to a Tip Concentrated Rotational Load," 
Aeronautical Journal, 1986, pp. 262-266. 

Nayfeh, Ali H. and Pai, Pernjgin F. "Nonlinear Nonplanar Parametric Response of 
an Inextensional Beam," International Journal of Nonlinear Mechanics, Vol. 
24(2}, 1989, pp. 139-158. 

120 



Nayfeh, A.H. Perturbation Methods, 1973, John Wiley and Sons, Inc., New York 

Nayfeh, A.H. and Mook, D.T. Nonlinear Oscillations, 1979, John Wiley and Sons, 
Inc., New York. 

Nayfeh, A.H. "The Response of Single-Degree-of-Freedom Systems with 
Quadratic and Cubic Nonlinearities to a Subharmonic Excitation," Journal of 
Sound and Vibration, Vol. 89(4), 1983, pp. 457-470. 

Nayfeh, A.H. "The Response of Multidegree-of-Freedom Systems with Quadratic 
Nonlinearities to a Harmonic Parametric Resonance," Journal of Sound and 
Vibration, Vol. 90(2), 1983, pp. 237-244. 

Nayfeh, A.H. and Asfar, K.R. "Response of a Bar Constrained by a Nonlinear 
Spring to a Harmonic Excitation," Journal of Sound and Vibration, Vol. 
105(1), 1986, pp. 1-15. 

Nayfeh, A.H. and Zavodney, L.D. "The Response of Two-Degree-of-Freedom 
Systems with Quadratic Nonlinearities to a Combination Parametric 
Resonance," Journal of Sound and Vibration, Vol. 107(2), 1986, pp. 329-
350. 

Nayfeh, A.H. and Zavodney, L.D. "Experimental Observation of Amplitude and 
Phase-Modulated Responses of Two Internally Coupled Oscillators to a 
Harmonic Excitation," Journal of Applied Mechanics, Vol. 55, 1988, pp. 
706-710. 

Pielorz, A. and Nadolski, W. "Nonlinear Vibration of a Cantilever Beam of 
Variable Cross-Section," Math. Mech., Vol. 66, 1986, pp. 147-154. 

Prathap, G. and Varadan, T.K. "Nonlinear Vibrations of Tapered Cantilevers," 
Journal of Sound and Vibration, Vol. 55(1), 1977, pp. 1-8. 

Rosen, A. and Neer, A. "Investigation of the Nonlinear Behavior of Beams," 
Journal of Structural Mechanics, Vol. 13(2), 1985, pp. 155-179. 

121 



Rotenberg, A. "Vibration Frequencies for a Uniform Cantilever with a Rotational 
Constraint at a Point," Journal of Applied Mechanics, Vol. 45, 1978, pp. 
422-423. 

Srinath, L.S. and Das, Y.C. "Vibrations of Beams Carrying Mass," Journal of 
Applied Mechanics, 1967, pp. 784-785. 

Srinivasan, A.V. "Nonlinear Vibrations of Beams and Plates," International 
Journal of Nonlinear Mechanics, Vol. 1, 1966, pp. 179-191. 

Sunakawa, M. and Higuchi, K. "Nonlinear Behavior of Thin Columns Under a 
Parametrically Excited Load," AIAA Journal, Vol. 22(12), 1984, pp. 1791-
1796. 

Tezak, E.G., Mook, D.T. and Nayfeh, A.H. "Nonlinear Analysis of the Lateral 
Response of Columns to Periodic Loads," Journal of Mechanical Design, 
Vol. 100, 1978, pp. 651-659. 

Watanabe, T. "Forced Vibration of Continuous System with Nonlinear Boundary 
Conditions," Journal of Mechanical Design, Vol. 100, 1978, pp. 467-476. 

Wiggins, S. Introduction to Applied Nonlinear Dynamical Systems and Chaos, 
1990, Springer-Verlag New York, Inc. 

Woodall, S.R. "On the Large Amplitude Oscillations of a Thin Elastic Beam," 
International Journal of Nonlinear Mechanics, Vol. 1, 1966, pp. 217-238. 

Zavodney, L.D. and Nayfeh, A.H. "The Nonlinear Response of a Slender Beam 
Carrying a Lumped Mass to a Principal Parametric Excitation: Theory and 
Experiment," International Journal of Nonlinear Mechanics, Vol. 24(2), 
1989, pp. 105-125. 

Zavodney, L.D. and Nayfeh, A.H. "The Response of a Single-Degree-of-Freedom 
System with Quadratic and Cubic Nonlinearities to a Principal Parametric 
Resonance," Journal of Sound and Vibration, Vol. 129(3), 1989, pp. 417-
442. 

122 



APPENDIX A: GALERKIN'S COEFFICIENTS 

123 



When the truncation of the higher order terms is done at the beginning of 

the derivation, the following integral terms are obtained: 

rL 2 
s11 = pA Jo 'I' ds 

sn = -pA I: [ :s ('I'' t I: '1''
2 drttt;) f m 

S = -M rL(~'P'jL'P'2drl \vds 
12 Jo as 0 ) J. 

s13 = pA JoL {'I'"''" J.q,d~}Pds 

1L 2 
s3t = o 'I' ds 

1
L . 

s51 = EI 
0 

'l''"'l'ds 

s6t = -pA I:[ :J '~''t fo'~''2drttt;) }m 
S = -M1L(~'I''rL'I''2dr1 \vds 

Q 0 as Jo ) J. 

s71 = pA J:['P"''"(L-s)]'l'ds 

s12 = M J
0
q,q,"P" ds 

1 1L 2 s13 = --pA 'I'' 'l'ds 
2 0 
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s =.!. EilL'Pi"'P'l'Pds 
81 2 0 

Galerkin's coefficients are obtained as follows: 

On the other hand, when the truncation of higher order terms are done at 
the end of the derivation, the following integral terms are recovered: 

lL 2 
t11 = pA 

0 
'P ds 
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tn = -M .r:( ;s 'I'' J:v'21hlfm 
t13 = pA J: ( 'P"P" J.~~}Pm 

rL 2 
t31 = Jo 'P m 

t11 = pA J
0
L['P"P"(L-s)]'Pm 

tn = M foqnp"P"m 

Sn = -3pA JoL'P'2'Pm 

t81 = 2El J:'Pi"'P'2'Ptb 

t82 = 3EI f~"P'"P"' m 

Galerkin's coefficients are obtained as follows: 
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bl = tll 
b2 = t21 +t22 +t23 +t24 +t25 

b3 = t31 

b4 = t41 +t42 

hs = tst 

b6 = t61 +t62 

b1 = t71 +t12 +t13 

bg = t8l + t82t83 

b9 = t91 
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REPONSE CURVES FOR DIFFERENT 
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