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CHAPTER I 

INTRODUCTION 

This thesis will present a method for numerically approximating the Laplace 

transform of a function. Given an arbitrary (sufficiently regular) function J( x) of 

one independent variable the Laplace transform of J( x) can be represented as a 
00 

series L:cnPn(x), where {Pn(x)}~=0 , is a prescribed sequence of polynomials. In 
n=O 

other words, the problem is to study the representation 

N 

J (X) = L Cn P n (X) + r N (X) 1 ( 1.1) 
n=O 

and the behavior of the remainder term rN(x ). 

Furthermore, we utilize the exponential probability distribution to generate 

this sequence of polynomials that will approximate the Laplace transform. And 

the class of polynomials generated is in fact just a special subclass of a class 

of Appell polynomials. From this we can develop a relationship bet ween Appell 

polynomials, the exponential probability distribution and the Laplace transform. 

To continue, this paper will present graphical representations of the results 

from approximating the Laplace transform of the Sin function for varying degrees 

of accuracy. These graphical representations also help illustrate and verify the 

effectiveness and viability of the derived computer algorithm. 

Finally, the background rnaterial which comprises the second chapter is based 

on the work of Martin and Shubov(2]. This work will be incorporated into this 

paper to provide the theorems and concepts which the additional work is based. 
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CHAPTER II 

POLYNOMIALS GENERATED BY PROBABILITY 

MEASURES ON THE REAL LINE 

Let f..l be a probability measure on a real line. For any function f, the expec

tation with respect to f..l is 

EJ = Exf(x) = j_: f(x)df..L(x) 

We assume the measure tt has an infinite sequence of finite moments: 

l\4p: = Exk < oo, I< = 0, 1, 2, .... (2.1) 

It is clear that M 0 = 1. 

Consider the following problem: for any positive integer n, determine a function 

v( x) which satisfies the conditions 

(2.2) 

Ev = Ev' = ... = Ev(n- 2 ) = 0, Ev(n- 1 ) = 1, (2.3) 

where v(k) means the kth derivative of v. 

Obviously, the solution of (2.2) is a polynomial of degree n - 1. Denote this 

polynomial by 
n-1 

P ( ) """ (n-1) k 
n-1 X = L....J aK X . (2.4) 

k=O 

Proposition 2.1. The coefficients of the polynomial (2.4) are defined uniquely by 

the condition (2.3). 

Note that the conditions of (2.2) and (2.3) are basically the classical Abel-

Gontschoroff interpolation conditions. The polynomials (2.4) are generated by the 

measure f..l and f..l is the generating measure for these polynomials. 
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The explicit formula for the first several polynomials Pn( x ): 

Po(x) = 1 

Theorem 2 .1. Let { Pn ( x)} ~=O be the sequence of polynomials generated by a 

measure 1-l· Then any c= function f can be represented in the fonn (1.1). 

n 

f(x) = L CnPn(x) + rN(x ). 
n=O 

where 

Cn = E f( n) ' n = 0' 1 ' ... ' N' (2.5) 

and 

(2.6) 

Theorem 2.2. 

E" f Pn-I(x- t + 7J)f(t)dt (2.7) 

(2.8) 

where n = 0, 1, .... 

Proof. We divide the proof into three steps. 
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Step 1. 

Lemma 2.1 The function u(x) == (af)(x) is the unique solution of the problem 

u'(x) == f(x), (2.9) 

Eu == 0. (2.10) 

Proof. The solution of the equation (2.9) can be written in the form u( x) = 

fox f( t )dt + C, where C is an arbitrary constant. Substituting this expression for 

(2.10), we find that C = -EryfoTIJ(t)dt. Therefore, we have 

the lemma is proved. 

Step 2. 

u( X) == fox f( t )dt - ETI loTI J( t )dt 

Ery fox f( t )dt - Ery loTI f( t )dt 

Ery { f(t)dt = (af)(x). 

Using induction, it is easy to derive from the above lemma that the function 

is the unique solution of the problem. 

u(n)(x) == f(x), (2.11) 

Eu == Eu' == ... == Eu(n-l) == 0 (2.12) 

Now (2.8) can be proved. 



If J( x) = 1 then u( x) obviously satisfies 

Eu = Eu' = ... = Eu(n-1) = 0, Eu(n) = 1. 

The latter conditions coincide with (2.2), (2.3) where n is replaced by 

n + 1. Therefore, u(:r) = (anl)(x) = Pn(x) by the definition of the 

polynon1ials Pn ( x). 

Step 3. 

It remains to be proved that the solution of the problem (2.11), (2.12), is given 

by the formula (2.7), where Pn(x) are defined by (2.2), (2.3). Since the solution of 

(2.11), (2.12) is unique, we can simply verify that 

u(x) = E" { Pn-t(X- t + 'J)f(t)dt 

satisfies (2.11) and (2.12). 

We have 

u'(x) d 1x ETJ- Pn-1 (x- t + 1] )J(t)dt 
dx TJ 

The first term here is equal to zero, because ETJ Pn-1 ( 1]) 0 due to the first 

condition (2.3). So, 

u'(x) = E" { P~_1 (x- t+ '7 )f(t)dt. 
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We can repeat the same calculation n- 1 times, using on each step the first n- 1 

conditions (2.3). As a result we obtain · 

u(k)(x) = E" { p~:_\ (x- t + ry)f(t)dt, k = 1, ... , n- 1. (2.13) 

Before taking the nth derivative of u notice that p~::_~I) ( x) = 1. It is obvious 

because Pn-l ( x) is a polynomial of degree n - 1 and, therefore~ p~::_~ 1) ( x) is a 

constant. But E p~::_~l) = 1 due to the last condition (2.3) and, consequently, this 

constant must be equal to 1. So (2.13) with k = n- 1 has the form 

u(n-l)(x) = E" [ f(t)dt = (af)(x). 

and 

(2.11) is proved. 

Equation (2.12) follows immediately from (2.13). 

Eu(k) = ExE" { P~kJ1 (x- t + ry)f(t)dt 

ExE" [[ P~kJ, (x- t+ 'f/ )J(t)dt- f P~k), (x- t +'I ).f(t)dt] = 0, 

for k = 1, 2, ... n - 1. The theorem is proved. 

Notice that now we can give a new definition of the polynomials Pn ( x). Namely, 

these polynomials are uniquely characterized by the conditions 

Pn-l(x),n = 1,2, .... (2.14) 

1, (2.1.)) 

0, n = 1, 2, .... (2.16) 
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Equations (2.15) and (2.14) follows (2.8) and the relation ba =I. Equation (2.16) 

is simply the first of the conditions (2.3). On the other hand, it follows from (2.15) 

and (2.14) that all coefficients of Pn(x) can be expressed through the free terms. 

(n) _ 1 (n-k) (0) 
ak - k!ao n=0,1, ... , k=0,1, ... ,n,a0 =1. (:2.17) 

It is clear now that (2.16) allows us to determine uniquely the coefficients 

(n) 
a0 , n=0,1, .... 

The fact that a function can be represented as a convergent series of polynomials 

does not imply that the representation is unique. However, it easily follows that for 

the polynomials of (2.2) and (2.3) that the representation is unique. For suppose 

we have 
(X) 

0 = L CnPn(x), 
n=O 

and that the convergence is uniform. Then by calculating, 

= Ck = 0. 

Thus the sequence { Cn} is identically zero. 

Summarizing this section, we consider the following question. For which n1ea

sures flare the corresponding polynomials Pn(x) orthogonal in the space L2 (R~ It)? 

In other words, when is the decomposition given by the Theorem 2.1 a decomposi

tion with respect to an orthogonal set of functions? It is clear, that the Gaussian 

distribution and the Hermite polynomials give an example of such decomposition. 

The following theorem shows this example is unique. 
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Theorem 2.3. Let {Pn(x)}~0 be the sequence of polynomials generated by a 

probability measure f.-L· If these polynomials are orthogonal in L2
( R. f.-L) then 

du(x) = _1_e-~(x-M1)2 dx 
r ..j2-ff ' 

(2.18) 

1 
Pn(x) = -

1
Hen(x- Mt), 

n. 
(2.19) 

where M 1 = Ex is the first moment of 1-l· 



CHAPTER III 

POLYNOMIALS GENERATED BY USING THE 

EXPONENTIAL PROBABILITY DISTRIBUTION 

In this section we consider the construction of generating functions for the 

polynomials that will approximate the Laplace transform of a given function. 

Consider the exponential probability distribution, 

Then 

Define 

E(f) fooo )..j(t)e->.tdt 

).. fooo f(t)e->.tdt. 

ext 00 

( xt) = L en(x)tn, 
Ex e n=O 

(3.1) 

(3.2) 

(3.4) 

where Ex( ext) is the moment generating function of the probability measure f.l· 

Then (3.4) simplifies to 

ex(t->.) 00 

A-
t-).. 

0 

).. 

).. - t 

t-)..<0 

( 
).. - i ) xt ~ ( ) n e =~en X t . 

).. n=O 

9 

(3.5) 
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Since 

we get 

(X) ( xn+l 1 xn) 1 + L ___ tn+l 
n=O ( n + 1)! A n! · 

Therefore, 
xn 1 xn-1 

en ( x) = -;J - A ( n _ 1)! n > 1 

(:3.6) 

and 

eo(x) = 1. 

By using Theorem 2.1 with Cn = E(f(n}) and Pn(x) = en(x) we haYe 

(3.7) 

From (3.2) 

E(f) = A£(f)(A), 

where £(f) is the Laplace transform of the function f. 



Then 

- - f(O) + A£(j), 

£(f")(A) - - J'(O) +A£(!') 

- -J'(O)- Aj(O) + A2£(f). 

Continuing this process leads to 

therefore, 

EJ(n+1) - A£(f(n+1))(A) 

_ ,\ [ -1=
0 

,\I< J(n-K -1) (0) + ,\ n £(!)( ,\)] . 

Then substituting into (3. 7) we have 

where 

E en(X) [- fo ,\K+1 J(n-K-1)(0) + ,\n+I £(!)(,\)] 

=f(x)-R, 

With (3.6), we have 

11 

L X I X-- An+1£(j)(A)- L AK+1j(n-K-1)(0) + A£(j) = J(x)- R. N n-1 ( 1) [ n-1 ] 
n=1 (n- 1). n A K=O 
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Factoring out £(t)(A) gives 

[ ( 
N X n-l (X 1 ) ) l 
:; (n- 1)! n- A An+l +A £(f) 

= f.~ >,K+I J(n-K-1)(0) xn-1 I (X-_!_) + J(x)- R, 
n=l K =O ( n - 1). n A 

then solving for £(f) (A) results in 

£(f)(A) (3.8) 

+ f(x) 
t Xn-l (X - _!_) An+1 +A. 
n=1 ( n - 1)! n A 

Evaluating functions such as ex, Sin x, cosx, where J(n-K-l)(O) = 1 or 0 for each 

I< value allows (3.8) to be simplified as follows 

£(f)(A) ~ 
~ 

+ 

t I: AK+l xn-1 (x - _!_) 
n=1 K =O ( n - 1)! n A 

N n-1 ( 1) L X X -- An+l +A 
n=1 ( n - 1)! n A 

f(x) 
N n-1 ( 1) L X X -- An+l +A 

n=1 ( n - 1 )! n A 

(3.9) 



CHAPTER IV 

APPROXIMATING LAPLACE TRANSFORMS 

This section will discuss the results obtained from approximating the Laplace 

transforms of such functions as et, tet, sin(t), cos(t), sin(t -1). We will specifically 

look at the function sin( t) and its results. But any of the above functions could 

be studied and similar conclusions drawn from them. 

By utilizing the (3.9) derivation, approximations could be obtained to vary

ing degrees of accuracy. But as the graphs illustrate on the following pages, the 

results are reassuring. Figure 4.1 represents the actual data superimposed over 

the approximated data. The tolerance in this case was only tested to 5 decimal 

places. Figures 4.2 and 4.3 begin to show some deviation in the approximated 

values. Also, Figure 4.3 illustrates the subtle difference that exists when only 3 

decimal place accuracy was required. 
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CHAPTER V 

CONCLUSION 

In this paper, we have developed the means to generate a sequence of polynomi

als, utilizing the exponential probability distribution, to approximate the Laplace 

transform of a function. The sequence of polynomials is a special case of the 

classical Appell polynomials. 

\,Yith access to more computing power and existing software, we hope to develop 

techniques that will allow us to determine the optimal values in order to minimize 

the error. Work continues in this direction so functions such as the Bessel functions 

can be numerically approxirnated using the Laplace transform. 
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