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CHAPTER I 

INTRODUCTION 

A neural network is a system composed of massively parallel, highly interconnected 

simple processing elements. Their hierarchical organization is largely based on our present 

understanding of biological nervous systems. Neural networks have received much 

attention in recent years for their ability to handle "human-like" problems, such as speech 

and image recognition, which are difficult or impossible to solve using conventional 

programmable computers [1, 2]. 

One of the most important properties of memory in a biological system is its associative 

nature, i.e., the ability to recall complete information, given only partial information. Many 

neural network models have been developed in an attempt to simulate an associative 

memory (or content addressable memory) [3,4] . In an auto-associative memory, a 

particular set of data (usually a vector) is recalled by addressing the memory with that same 

data (i.e., a probe vector) or data that is close to it, rather than a specific address. This type 

of memory can be used in various applications including data compression [5], pattern 

recognition [6] and error correction in communication systems [7]. 

It is now widely acknowledged that the recent resurgence of interest in neural 

networks is attributed to the work of John Hopfield in his study of a simple recurrent 

network known as the Hopfield model [7], which uses a first-order outer product learning 

algorithm and yet is able to perform as an associative memory. Unlike the conventional 

model for memory in which the information is stored in a localized way and recalled by an 

address code, information in the Hopfield model (usually specified by N-dimensional 

vectors) is stored in a distributive way and is stored as stable states of the network, i.e., a 

stable state corresponding to a fixed point in the state space. The spontaneous state of the 

network is represented by the collective states of each individual neuron, which 
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asynchronously updates its state during the recall process. Thus, the dynamic behavior of 

the network is characterized as a trajectory in time through the state space and the recall 

process can be viewed as the dynamical behavior of the system searching for a stable state 

( also known as convergence ) stimulated by an initial or external input vector. 

The fundamental network model studied in this thesis will have the structure of the 

Hopfield model and utilize the Hebbian-type learning algorithm , but with synchronous 

updating, i.e., all units update simultaneously. This model is called a Hebbian-type 

associative memory, or HAM. 

The thesis reviews a signal/noise analysis method [8] to determine the 

characteristics of HAMs. A signal/noise parameter, C, was defined as a function of 

network parameters (N,M,B) where N is the network size, M is the number of stored 

patterns and B is the number of bit errors in the input. It has been shown that the C 

parameter can be used to characterize the performance of arbitrary order HAMs. 

The thesis addresses the following questions. First, can we develop a simple 

algorithm to find the optimal network structure and minimum size when the number of 

stored patterns, M, and the required one-step recall probability, P, are fixed? Second, how 

can an associative memory network achieve its original [or better] performance while using 

only small fraction of all the connection weights? Third, how is information content 

transferred through HAMs in the view of communication systems ? 

This work contains the following major contributions. It quantitatively describes 

how the information transfer depends on the network structure and input patterns. It also 

shows that by imposing the prior knowledge of HAMs on a feed forward network , the 

training time can be drastically reduced and the number of weights can be set to be 

relatively very small. In addition, this thesis shows that there is a minimum requirement 

for the number of weights used to transfer arbitrary information content at a fixed recall 

ability. 
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This thesis is organized into five chapters. Chapter I provides an overview of, as 

well as motivation for, the problems to be addressed. Chapter II develops an algorithm to 

find the optimal network structure and the minimum requirement for the number of 

weights used to transfer arbitrary information content at a fixed recall ability. Chapter III 

uses computer simulations to show that the performance of a reduced feed forward network 

can be quickly increased by training if we impose the prior knowledge of HAMs on it. 

Chapter IV applies an entropy analysis to HAMs and obtain a relationship between 

signaVnoise ratio and information capacity of the network. Chapter V states the 

conclusions of the thesis and provides suggestions for future research. 
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2.1. Introduction 

CHAPTER IT 

REDUCTIONOF~RCONNECTION 

WEIGHTS IN FIRST-ORDER HANS 

Hopfield Associative Memories (HAMS) based on the outer product rule have been 

studied extensively [7, 9]. Generally, in order to get high probability of correct recall, P, 

the first order HAM's size 11N 11 must be on the order of ten times as large as the 

number of stored patterns 11M 11 for P = 90%. If we increase the number of neurons, 11N, 11 

we can get higher recall capability, but the number of interconnection weighting terms also 

increases very fast because there are 0 (N2) weighted interconnections. 

Here we review a signal/noise analysis method [8] to fmd the effect of each 

value of the weights during one recall iteration. Then we develop a simple algorithm to 

find the optimal network structure and minimum size when the number of stored patterns, 

M, and the required one-step recall probability, P, are fixed. 

2.2. Relationship of weight values to signal/noise parameter, C 

Let v 1, v2 , .... vM, be M prescribed N bit binary patterns to be stored in a first 

order HAM. Hebb's rule is incorporated by a correlation memory matrix II T II where: 

M 

Tij = L vf Vf ; 1 ~ i, j ~ N and i ~ j . 
k=l ( 2.1) 

Each bit of vf in Eq.(2.1) is considered to be an independent identically distributed random 

variable with equal probabilities of being + 1 or -1. 

If M is an even number, Tij can be 0, ±2, ±4, ±6, ... ±M , and if M is an odd 

number, Tij can be ±1, ±3, ±5, ±7, ... ±M . 
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Tij has a binomial distribution which can be determined as follows: 

( 

M ) M+D M-D P ( Tij = D ) = P ( Tij = - D ) = * ~ * qT 
M+D 

2 

= 2 exp (- D2) 
V27tM 2M ( 2.2) 

Thus, in each row of matrix II T , II the number of weights whose absolute value is 

Dis 

4(N-1) ( o2) exp --
Y27tM 2M 

( D :t:O), 

Lo= 
2 ( N -1) 

(D=O). 
Y27tM ( 2.3) 

Here we use two examples to show Eq.(2.2) more directly. Considering a HAM 

with (N, M) = (100, 10) and a HAM with (N,M) = (100, 11), Fig. 2.l(a and b) show 

the histograms obtained using Eq.(2.2). 

Let Vf be the i th bit of input vector q. At this time assume v{ =1. After one step of 

the recall process: 

where i :;t: j. 

If we only use ITij = D and set all other weights equal to zero, then 

Here jl is the index of those Tij whose values are +D or-D. A new variable is 

defmed: 
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lc 

Y= L Tijl '1 
jl=l 

We can find the mean and variance of Y as follows : 

Since we assume Vf =1, 

P(v<! = 1 I T· · = D) = M+D 
]1 ljl 2M ' 

P(v<! = -11 T-· =D)= M-D JI lJl 2M ' 

P(v<J =liT· =-D)=M-D JI lJI 2M ' 

P(v<J = -11 T-· =-D)= M+D Jl lJI 2M . 

From these conditional probabilities, we can obtain: 

P( Tij1~ = D I ITij1l =D) 

= P[ c'1=1 & Tij1=D> 1 rrij11 = D] + P[ cv;1=-1 & Tij~=-D> 1 ITij11 = D] 

= p C'1=1 I Tijl=D) * P( Tijl=D IITijll =D) 

+ p C'1=-1 I Tijl=-D) * P( Tijl=-D I ITijJ =D) 

_ 1 * M+D + .1_ * M+D 
-2 2M 2 2M 

= M+D 
2M 

Similarly we can get : 

So the mean and standard deviation of Tij1VZ are: 

Jl =D2 
M' 

From Eq.(2.4), the mean and standard deviation of Yare: 

Jlo = Lo * ~ , ao = VLo * v D2 
-~ , 
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where Lo is given by Eq (2.3). 

Until now, we assumed v[ =1. If v[ = -1, it can be shown that 

( 2.9) 

Thus we can conclude these equations by this statement: 

Let yt be the i th bit of input vector q. If we only use rriJ = D and set all other 

weights equal to zero, then after one step of the recall process, the absolute mean and 

standard deviation of Y, which is given by Eq.(2.4), are: 

( 2.10) 

These terms have been shown to represent the signal and noise standard deviation 

values of this reduced network. Wang et al. [8] defined a parameter: 

( 2.11) 

which can be used to predict the probability of one - step recall. 

In applying Eqs.(2.10) and (2.11), we need to assume that Lo;;::: 1 . This means 

that in each row of matrix "T ,"there is at least one element whose absolute value is D. 

From Eq.(2.3), using Lo;;::: 1 we can getiTij = D ~Dr where 

D T = y M * Ln ( 
8 

( ~~/ )2 ) ( 2.12) 

Dr is a threshold value determined by parameters N and M. 

Actually, when D gets close toM, the assumption that ITij = D ~Dr may not 

hold. However, the number of such weights is so small that if we just neglect them, we 

still obtain accurate results as shown in the following discussion. 

Assuming ITij = D ~Dr, we can use Eqs.(2.10) and (2.11) to find the relationship 
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between each particular weight value and the signaVnoise ratio in a frrst-order HAM. 

Computer simulations were performed to check the accuracy of Eqs.(2.10) and (2.11), and 

here is an example. 

Consider a linear HAM with 200 neurons and 20 input patterns, (N, M) = (200, 

20). Figs (2.2) and (2.4) compare the theoretical results (T_ *curves) from Eqs.(2.10) and 

(2.11) with computer simulations (S_ *curves). In this case (N, M) = (200, 20), so 

DT =13 [using Eq.(2.12)]. ITij = M =20 is much larger than this threshold DT, so we just 

neglect it in the computer simulations. The rriJ value goes from 0-- 18. From these figures 

we can see directly that our theoretical formulas are very close to these simulations, 

especially when the C parameter value is relatively high. 

From [ 8 ], the C parameter is related to the probability of one-step recall by: 

11 = p (incorrect)= cj>(C) = vilt f exp (- z2/2) dz . 
(2.13) 

where 11 = P ( incorrect ) is the probability of a neuron being in an incorrect state after a 

single step update. The probability that all neurons are in a correct state after a single step 

update is 

(2.14) 

But this analysis is based on the assumption that the C value is large enough to 

make this HAM network have a high recall ability. Usually the C value coming from only 

using one particular value of weight is not large enough to use Eqs.(2.13) and (2.14) to 

obtain the probability of one-step recall. However, in the next section we will combine 

some special parts of all weights to get a high C value and at the same time minimize the 

number of weights which are actually used. 
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2.3. An algorithm to find optimal network size 

From the discussion in Sec.2.2, we know that lTd~ Do for some Do is the tail 

part of the histogram of IT ij (Fig. 2.1) . It contributes only a small fraction of all weights if 

Do is large enough compared toM .Our approach is to examine using only this subset of 

weights to get a smaller network with high recall ability and good generalization 

capabilities. 

In Eq.(2.11), the C parameter (Co) comes from only using one value of weight 

with absolute value ITij = D . As we pointed out in Sec.2.2, usually this is not large enough 

to get high recall capability. Hence we combine the weights in the tail part of the 

histogram. Since different values of weights are statistically independent , the SIN will be: 

( 2.15) 

Now the only thing we do not know is the optimal Do , which we can obtain as 

follows: 

Before we design a network, we assume that we know the desired number of 

stored patterns, M, and the required minimum one-step recall probability, P. For any 

given network size N, and a given neuron i, 11 = P (incorrect)= 1- pliN. From [8] ,we 

know that for each Tl there is a corresponding C value ( let's call it Co ). The relationship is 

shown by Eq.(2.13). Thus we can say Co= cll-
1 

( 11 ) , and only if Csum ~ Co can we get 

the desired or better recall probability P. 

Replacing Csum by Eq.(2.15), we solve this inequality in this way: 
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Replace Do by 0,., Dr -2, Dr -4, ... 2, 0 if M is an even number, (or by 

0,., 0,. -2, Dr -4, ... 3, 1 if M is an odd number). The smallest possible integer value is 

the Do that we need. H the possible solution is less than zero, this means that the network 

size N is not large enough to remember M patterns, even if we use all the interconnection 

weights. 

After we get Do , the total number of weights used in this design is: 

DT 
Number of weights= 2, Lo , 

D=Do (2.16) 

where Lois given by Eq.(2.3) and Dr is given by Eq.(2.12). Varying N for fixed 

M and minimum recall probability P, we can get a theoretical curve showing the number of 

weights used in each case. As an example: forM =10, P = 94% , we get curve "T 

(P=94%)" in Fig. 2.5. We used computer simulations to check the theoretical analysis,and 

the results are shown by the curve "S (P=96%)" in Fig. 2.5. The theory and simulation 

results are very close for the same M value and slightly different P values, as will be 

discussed later. 

From Fig.2.5, theoretically when M = 10 and P = 94%, many different neural 

network sizes, N, can satisfy the requirements on M and P, but there are some cases (e.g., 

N=150, N=275) which need a smaller number of weights (about 7500). In comparison, 

forM= 10, P = 94% and a fully interconnected network, we would need N = 125 and 

15625 interconnections. 

The non-monotonic shape of the curves is due to the discrete property of the Do 

value and the distribution of weight values [Eq.(2.2)]. In Fig. 2.5, when N=125, Do is 

equal to 2, we use all the weights with absolute value greater than or equal to 2. Similarly, 

when 150~N~50, Do is equal to 4; when 275~~500, Do is equal to 6. Every time Do 

increases, we use a smaller fraction of all weights in the recall procedure. 
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and the reduction in number of weights is similar to that in Fig. 2.5 for certain network 

sizes. 

We also investigate changing M for fixed N and P and get a theoretical curve 

showing the number of weights used in each case. Here is an example: for N =200, P = 

96%, we get curve "T (P=96%)" in Fig 2.7. We used computer simulations to check the. 

theoretical analysis,and the results are shown by the curves "S (P=98%)" in Fig 2.7. The 

theory and simulation results are very close for the same N value and slightly different P 

values. 

The non-monotonic shape of the curves is again due to the discrete property of the 

Do value and the distribution of weight values [Eq.(2.2)]. In Fig. 2.7, when M=5, Do is 

equal to 5, we only use all the weights with absolute value equal to 5 and the percentage 

of these weights is P~Tij = 5)=5.8% . When M=6, Do is equal to 4, we only use all the 

weights with absolute value greater than or equal to 4 and the percentage of these weights is 

P~Tij ~ 4)=20.3%. Similarly we can explain all the points of Fig. 2.7. 

In Figs. 2.5-2.7, the simulation recall probability,P, is higher than in the 

corresponding theoretical cases by about two percentage points, and the number of 

weights used is also slightly larger. This constant bias ( due to the simplicity of the model ) 

for high performance networks can be built into the design process for obtaining a 

minimum interconnection network for given M and P. 

Combining the techniques used in developing Figs. 2.5-2.7, we can find a curve 

showing the minimum requirement for the number of weights vs. the number of stored 

patterns, M, for a fixed one step recall ability, P. An example is shown in Fig. 2.8. 
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In Fig. 2.8, one step recall ability is set to be P=95%, M goes from 10 to 30, curve 

"T_weight" is the minimum requirement for the number of weights from our theoretical 

calculation, and curve" lOM_square "comes from square of 10M. They are so close that 

we think that the total number of interconnections needed to store M patterns with high 

recall probability is on the order of (10M)2, independent of N. This is consistent with the 

" rule - of- thumb" that a network with N neurons can store approximately M =.IN 

patterns. 

So far we have shown that a reduced large network can provide a good recall 

ability and in some cases use less weights than a smaller fully connected network. 

2.4. Error correction ability 

To check the error correction ( i.e., generalization ) capability of the HAM when 

only a small number of weights are used, we did further computer simulations. Some 

results are shown in the following figure. 

- Error Correction Capability ( M:10) 
~ - 100 
>-:: 
.0 98 
ca 
.0 
0 96 ~ 

N=125 a.. m 

ca 94 • N=175 
(,) • N=325 G) 
~ 

92 
a.. 
G) 

90 -., 
CD 88 
r:: 0 1 0 20 30 40 0 

B ( number of bit errors In Input ) 

Fig. 2.9 Error correction capability versus B (M=lO) 
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In Fig. 2.9, when N=125, Do=2 and the number of weights used is 11686; when 

N=175, Do=4 and the number of weights used is 10461;when N=325, Do=6 and the 

number of weights used is 11509. These correspond to the minima of Fig. 2.6. Note that 

B is plotted up to 10% N for each case. 

From Fig. 2.9, we can see that the error correction capability holds constant (in 

terms of percent of input bits in error) at a high level when we only use a subset of the 

possible interconnection weights in the one-step recall iteration. This implies that the 

basins of attraction maintain the same relative widths as the network size N increases and 

the fraction of possible interconnections decreases. 

2.5. Conclusion 

We have used theoretical analysis and computer simulations to show that a frrst

order associative memory can be realized with an optimal (minimum) set of specially 

selected interconnection weights, given the number,M, of patterns to be stored and given a 

prescribed probability of one-step recall, P. There are also several near-optimal solutions 

with about the same number of interconnections required, but different numbers of 

neurons,N. All these networks have essentially the same generalization capability, i.e., 

their basins of attraction scale linearly with N. 

It is interesting to see that to make the network provide a good performance, the 

critical point is not the network size but the actual number of weights used. It looks as if 

there is a lower bound on the number of weights (about 7500 in Fig. 2.5, 10000 in 

Fig. 2.6) that we can not be below for prescribed M and P values. In other words, there 

is a minimum-number-of-weights requirement to represent a certain information content at 

fixed recall capability. From our simulations, it appears that the number of weights is 

17 



approximately (10M)2, which is consistent with the" rule- of- thumb" that M =.IN for a 

good performance in a fully connected network. 

18 



3.1. Introduction 

CHAPTER ill 

INCREASING 1HE PERFORMANCE OF REDUCED 

HAMS BY TRAINING 

In Chapter ll, we developed the relationship between weight values and the SIN 

parameter, C. There we used only the weights in the tail part of the weight distribution to 

construct a reduced HAM network. This reduced network will have a much smaller number 

of weights compared with the original network if the network size N is fixed. Obviously 

the recall and generalization capabilities will also decrease. In this chapter, we will talk 

about how to increase the performance of reduced HAMs by training, and not by increasing 

the network size N as we did in Sec.2.3. 

3.2. Training model and algorithm 

A model is developed to train the reduced HAMS. It is shown in Fig. 3.1. In this 

model , X is an Nxl vector which is one of the prescribed associative patterns, Y is an 

Nxl output vector which is the result after one step recall iteration. All the connection 

weights come from the reduced HAM's weight matrix, T. 

The operation of this model consists of three phases: (1) form the weight matrix T 

by calculating the sum of outer products of the prescribed associative vectors to be stored; 

(2) determine the threshold weight value Do and only keep the weights whose absolute 

values are greater than or equal to Do and set all other weights to zero; (3) train the reduced 

network using the delta rule learning algorithm until satisfactory recall accuracy is 

achieved. 
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From this model we fmd that the ith bit of output vector Y is given by : 

(3.1) 

where the differentiable sigmoid function Sig = (1 -e-x) I (1 +e-x), j 1 is the index 

number of the "Ti( components whose absolute value is greater than or equal to Do and L 

is the number of weights used to recover Yi . L depends on the histogram of the T matrix, 

as is detailed in Sec 2.1. 

The learning algorithm for weight Tij is: 

(3.2) 

Here Xj is the jth input, 11 is the learning rate (11<1) and oi is the error signal at the 

ith output node which is defined as: Oi = Ycorrect- Yi. In our computer simulations, if 

loil ~ 0.1 we say the ith output is correct. Using this criterion, we can compare the 

performance of the network before and after training. 

3.3. Computer simulations of training reduced HAMs 

In this section, several simulation results are presented to investigate the effect of 

training. First, we consider clean training where training patterns contain the exact stored 

patterns. Here is an example. 

A linear HAM with 60 neurons and 6 prescribed patterns [(N,M)=(60,6)] was 

constructed. If we set Do= 4, then from Eq.(2.2) we can obtain P( ITij ~Do)== 20.4%. 

By only using this small set of weights and setting all other weights equal to zero, we 

began our training iterations with learning rate 11=0.5. Fig 3.2 shows the curve of recall 

ability versus number of iterations. Within an iteration, we use all stored patterns to train 

the network, each for one time. 
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From Fig. 3.2, before training the recall ability of this reduced HAM is about 91% 

because we used only approximately 20% nonzero weights, but after three training 

iterations, the recall ability is raised to 99.3% very quickly . At the same time the 

generalization ability also increases, as is shown in Fig. 3.3. 

The histogram ofT matrix values is shown in Table 3.1.We find that there is only a 

very slightly change in the histogram after the training iterations. However, this small 

change results in a significant increase of the reduced network's performance. 

We did similar simulations for different networks. Another example is as follows. 

A linear HAM with 100 neurons and 10 prescribed patterns [(N,M)=(100,10)] was 

constructed. If we set Do= 4, then from Eq.(2.2) we can obtain P( ITij ~Do)= 34%. 

Again , the learning rate was set to 11=0.5. Fig. 3.4 and Fig. 3.5 show how the 

performance of this reduced network is increased. 

The computer simulation in this case shows a similar result in increasing the 

performance of the reduced network. 

Until now we only considered the clean training case. In the next step, we did some 

simulations where patterns with discrete noise were used in training. Here is an example. 

A linear HAM with (N, M, Do)= (60, 6, 4) was constructed. From the previous 

discussion, we knew that only about 20% nonzero weights were used in the recall 

iterations. For each training pattern, we randomly selected 3 bits ( b=3=5% of the vector) 

and changed their signs to get a noisy input pattern. With learning rate set to 11=0.5, we got 

the results which are shown in Fig. 3.6 and Fig. 3.7. 

From Fig. 3.6, we can see that it took about 5 iterations to raise the one step 

correct recall probability from 88.5% to 99%. It took slightly longer to converge than with 

clean training (compared with Fig. 3.2), but Fig. 3.7 shows that the increase of 

generalization ability is more than with clean training (compared with Fig. 3.3). 
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Table 3.1 Comparison the changes of the T value histogram 

Tvalue Histogram Histogram 

(before training) (after itrations = 3 ) 

-6.500000 0.000000 0.004444 

-6.000000 1.530000 1.525556 

-5.500000 0.000000 0. ()()()()()() 

-5.000000 0. ()()()()()() 0.017222 

-4.500000 0.000000 0.021111 

-4.000000 9.318889 9.226667 

-3.500000 0.000000 0.028889 

-3.000000 0.000000 0.019444 

-2.500000 0. ()()()()()() 0.000000 

-2.000000 0.000000 0.004444 

-1.500000 0.000000 0. ()()()()()() 

-1.000000 0.000000 0.000000 

-0.500000 0.000000 0. ()()()()()() 

0.000000 78.513333 78.513333 

0.500000 0.000000 0.000000 

1.000000 0.000000 0.000000 

1.500000 0.000000 0.000000 

2.000000 0.000000 0.002222 

2.500000 0.000000 0. ()()()()()() 

3.000000 0.000000 0.021111 

3.500000 0.000000 0.020556 

4.000000 9.197778 9.119444 

4.500000 0.000000 0.021111 

5.000000 0.000000 0.012222 

5.500000 0.000000 0.000000 

6.000000 1.440000 1.433333 

6.500000 0.000000 0.003333 
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Fig. 3.4 Recall ability versus iteration numbers, (N, M, Do)= (100,10, 4) 
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Fig. 3.5 Comparing the generalization ability, (N, M, Do) = (100,10, 4) 
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Fig. 3.6 Recall ability versus iteration number, (N,M,D0,b) = (60,6,4,3) 

Fig. 3.7 Comparing generalization ability, (N,M,D0,b) = (60,6,4,3) 
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The histogram of T matrix weight values is shown in Table 3.2. Compared with 

Table 3.1, it can be seen that noise training results in relatively larger changes in the weight 

histogram. A similar simulation was done for another linear HAM with (N,M,D0,b) = 

(100,10,4,5) . Figs. 3.8 and 3.9 show the results ( 11=0.5) . 

Comparing Fig. 3.8 with Fig. 3.4 and Fig. 3.9 with Fig. 3.5 , we come to the 

same conclusion that noise training results in better generalization ability and the cost is 

slightly more training iterations. 

3.4 Random training of a reduced network 

From all the computer simulations in Sec 3.3, we find that preprocessing the 

prescribed associative vectors to be stored, i.e., choosing a subset of principal weights, is 

very helpful in reducing training time. To show this more clearly, we will train a network 

which has exactly the same number of weights as before but without preprocessing. Then 

we can make a comparison. 

The operation of random training consists of three phases: (1) preprocess the 

prescribed associative vectors to be stored; (2) determine the threshold weight value Do and 

only replace the weights whose absolute values are greater than or equal to Do by small 

random numbers and set all other weights to be zero; (3) train the network using the delta 

rule learning algorithm until satisfactory recall accuracy is achieved. 

After phases (1) and (2), we can make sure that random training is being 

performed and at the same time exactly the same number of weights are used as in the 

simulations of Sec. 3.3. The training algorithm is the same as before, which was detailed in 

Sec. 3.2 [by using Eqs.(3.1) and (3.2)]. The only difference is that when we use Eq.(3.2) 

to update weights , error signal Oi is defined as: Oi = (Ycorrect - Yi)*Sig'(yi) . 
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Table 3-2 Comparison the changes of the T value histogram in noisy training 

Tvalue Histogram Histogram 

(before training) (after 5 iterations) 

-12.()()()()() 0.000000 0. ()()()()()0 

-11.50000 0.000000 0.000556 
-11. ()()()()() 0.000000 0.001111 

-10.50000 0.000000 0.002222 

-10.00000 0.000000 0.005833 

-9.500000 0.000000 0.005833 

-9.000000 0.000000 0.009167 

-8.500000 0.000000 0.009444 

-8.000000 0.000000 0.023889 

-7.500000 0.000000 0.031944 

-7.000000 0.000000 0.126389 

-6.500000 0.000000 0.104167 

-6.000000 1.544444 1.391111 

-5.500000 0.000000 0.124722 

-5.000000 0.000000 0.461667 

-4.500000 0.000000 0.405278 

-4.000000 9.320556 7.445833 

-3.500000 0.000000 0.250000 

-3.000000 0.000000 0.309167 

-2.500000 0.000000 0.071111 

-2.000000 0.000000 0.062500 

-1.500000 0.000000 0.016111 

-1.000000 0.000000 0.005000 

-0.500000 0.000000 0.000000 

0.000000 78.495556 78.495556 

0.500000 0.000000 0.000000 

1.000000 0.000000 0.006389 

1.500000 0.000000 0.016389 

2.000000 0.000000 0.055278 
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Table 3-2 continued 

Tvalue Histogram Histogram 

(before training) (after 5 iterations) 

2.500000 0.000000 0.071667 

3.000000 0.000000 0.324722 

3.500000 0.000000 0.263889 

4.000000 9.157778 7.301111 

4.500000 0.000000 0.403889 

5.000000 0.000000 0.444722 

5.500000 0.000000 0.109444 

6.000000 1.481667 1.348889 

6.500000 0.000000 0.089167 

7.000000 0.000000 0.107778 

7.500000 0.000000 0.032500 

8.000000 0.000000 0.024167 

8.500000 0.000000 0.016667 

9.000000 0.000000 0.006667 

9.500000 0.000000 0.003333 

10.000000 0.000000 0.003611 

10.500000 0.000000 0.002500 

11.000000 0.000000 0.002222 

11.500000 0.000000 0.000000 

12.000000 0.000000 0.001389 
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Fig. 3.8 Recall ability versus iteration number, (N,M,D0,b) = (100,10,4,5) 
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Fig. 3.9 Comparing generalization ability, (N,M,D0,b) = (100,10,4,5) 
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The multiplication of this derivative term is helpful to get rid of oscillations which 

usually occur in random training. Again if IBil ~ 0.1 we say the ith output is correct. 

We will also deal with clean random training and noise random training separately. 

The first example will be clean random training of a network with (N,M,Do)=(60,6,4). 

The learning rate 11 is still 0.5. Figs. 3.10 and 3.11 show the simulation results. 

Comparing Fig. 3.10 with Fig. 3.2, it is easy to see that clean random training 

required a much longer training time ( P(correct)=94% after 50 iterations) than that for the 

network with preprocessed initial weights. The worst thing is that the generalization ability 

after training is very low (Fig. 3.11). Other simulations also showed similar results. 

Because the generalization ability is so low, clean random training is not very helpful to 

increase a network's performance. 

Next we will consider noisy random training where we add some noise bits to the 

training patterns as we did in the noisy training of Sec. 3.3. Simulation results of training a 

network with (N,M,D0,b) = (60,6,4,3) are shown in Figs. 3.12 and 3.13 ( 11=0.5) . 

Comparing Fig. 3.12 with Fig. 3.6, we find that noisy random training also 

required more training iterations ( P(correct)=99.5% after 50 iterations). Although the 

generalization ability (Fig. 3.13) is much better than that for clean random training, it is still 

not as good as noisy training with preprocessed initial weights (Fig. 3.7). 

Another example is training a network with (N,M,D0,b) = (100,10,4,5). Fig. 3.14 

and Fig. 3.15 show the simulation results (11=0.5). 

Comparing Figs. 3.14-3.15 with Figs. 4.8-4.9, noisy random training again is not 

as powerful as noisy training with preprocessed initial weights. 
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Fig. 3.10 Recall ability versus iteration number in clean random training 

(N,M,D0) = (60,6,4) 
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Fig. 3.11 Comparing generalization ability in clean random training, 

(N,M,D0) = (60,6,4) 
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Fig. 3.12 Recall ability versus iteration number in noisy random training 

(N,M,D0,b) = (60,6,4,3) 

Fig. 3.13 Comparing generalization ability in noisy random training, 

(N,M,D0,b) = (60,6,4,3) 
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Fig. 3.14 Recall ability versus iteration number in noisy random training 

(N,M,D0,b) = (100,10,4,5) 

Fig. 3.15 Comparing generalization ability in noisy random training, 

(N,M,D0,b) = (100,10,4,5) 
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3.5 Conclusion 

It has been shown that preprocessing the prescribed associative vectors to be 

storedcan drastically reduce the training time of a reduced network. The number of 

weights used usually can be set to be relatively very small (about one-third of the full 

interconnections case). The generalization ability is much better after training, especially 

when noisy inputs are used for training. 
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4.1. Introduction 

CHAPTER IV 

ENTROPY ANALYSIS OF HEBBIAN-TYPE 

ASSOCIATIVE MEMORIES 

From the previous chapters, we know the relationship between signal-to-noise ratio 

and probability of direct recall.ln this chapter, we apply an entropy analysis to HAMs and 

obtain a relationship between signal to noise ratio and information transfer. 

4.2. A communication channel for modeling HAMs 

Let V 1, V2, ... V m be M prescribed N bit binary patterns to be stored in a frrst order 

HAM of size N. From the SIN discussion we know that the probability of direct recall is : 

P ( correct ) = ( 1 - 11 ) N , ( 4.1 ) 

where 11 is given as a function of the parameter C = IS/onl by : 

11 = -1Jx f exp ( - z2f2 ) dz . 
( 4.2) 

Assuming at frrst that there are no error bits in the test patterns, we can model the HAM 

as a communication channel as shown in Fig. 4.1. 

In Fig. 4.1, W includes all possible wrong outputs which do not belong to the M 

prescribed patterns. Pc is the probability of getting a correct output in one iteration and it is 

given by: 

Pc = P(correct). 

q is the probability of getting an incorrect output where the output is one of the 

prescribed patterns. q 1 is the probability of getting an incorrect output which belongs to 

theW group. 
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Xm 

Output patterns 
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Yl 

Y2 

Ym 

Ym+l 

Fig. 4.1 Communication Channel Model of a HAM 
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Because there are 2N possible output patterns, we fmd that 

and 

q = Nl (1 - Pc) = P(yi I Xj), i, j=1,M; i;t:j 
2 - 1 

q1 = 2N- M (1 - Pc) = P(w I Xi), i=1,M. 
2N- 1 

Now that we know all the probability connections between each input and output 

pattern in our model, we can begin our entropy calculations. Assuming that input patterns 

have a uniform distribution (a constraint that will be released later), the source information 

content is defmed as: 

M 

H (X) = - L P(xi) log 2 P(xi) 
i = 1 

= - M * _l_ * log 2 1/M 
M 

=log 2M . ( 4.3) 

The average uncertainty of the source given the received output is defined as the 

conditional entropy function: 

M M+l 
H (X I Y) = - L L P(xh Yj) log 2 P(xi I Yj) . 

i=lj=l 

Because YM+l = W , we can rewrite Eq. ( 4.4 ) as: 

M M M 

( 4.4) 

H(X I Y) = -LL P(xi, Yj) log2 P(xi I Yj) -L P(xh w) log2 P(xi I w). 
i=l j=l i=l ( 4.5 ) 

For 1:::;; i, j :::;; M, i;t:j, we obtain : 

P(x· I y·) = P(xi, Yi) =----P_(_x_h ....:....Y_i) __ = Pc 
1 1 P(yi) M Pc + (M-1)q 

L P(yi I xic) * P(xic) 
k=l 
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Also, P(xi, Yj) = P(yj I Xi) P(x0 = _s_ , from which 
M 

P(x· I y·) = P(xi, Yj) 
t J P(yj) 

P(xio Yj) = q 
M Pc + (M-1)q 
L P(yj I x0 * P(x0 
k=l 

Finally, P(xi. w) = P(w I Xi) P(xi) = ~ , so 

P( . I ) = P(xi, w) 
x. w P(w) 

P(xi, w) = _1_ 
M M 
L P(w I x0 * P(x0 
k=l 

Substituting Eqs. ( 4.6 ) - ( 4.11 ) into ( 4.5 ) , we find that 

H(X I Y)= - M*~ * log2P(xi I Yi) - M(M - 1 )* ~ *log2P(xi I Yj) 

- M*~ * log2P(xi I w) . 

( 4.8) 

( 4.9) 

( 4.10) 

( 4.11) 

( 4.12) 

If N is sufficiently large, i.e., 2N >> M, q~O. q1~1-Pc, P(xi I y0~1 and 

P(xi I Yj)~O simultaneously, so H(X I Y) can be simplified as: 

H(X I Y) = (1- Pc) log2 M = (1 -Pc) H(X) . ( 4.13) 

Mutual information is defmed as : I( X, Y) = H(X) - H (X I Y) , 

so in this channel model the mutual information is given by: 

I( X, Y) = Pc * H(X) = P(correct) * H(X) . ( 4.14) 

Thus we obtain a direct relationship between the C parameter value and information 

transfer by using Eqs. ( 4.14 ), ( 4.1 ) and ( 4.2) . 

4.3. Computer simulations of the communication channel model 

Many computer simulations were performed to check the probability assumptions 

of this model. Here is an example. 
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Consider a linear HAM with 50 neurons and 5 input patterns, (N, M) = (50, 5). 

Using 

C = IS/a ' = iN - 1 
n l'M-1 ' [ 8] ( 4.15) 

we find that C=3.500, from which P(correct)=0.99 [using Eqs. (4.1) and (4.2)]. The 

simulation results for the probability values P(yi I Xi), P(yi I Xj) and P(w I xi) are shown in 

Table 4.1. 

Table 4.1 Probability connections in the communication model 

~ V1 V2 V3 V4 vs w 
t 

V1 0.993 0 0 0 0 0.007 

V2 0 0.993 0 0 0 0.007 

V3 0 0 0.993 0 0 0.007 

V4 0 0 0 0.993 0 0.007 

vs 0 0 0 0 0.993 0.007 

From this table we can see that : 

Pc = P(yi I xJ---+ P(correct), 

q=P(yi I Xj) ---+ 0, 

and ql=P(w I xJ---+1-P(correct). 

This means that all the assumptions that we made in the derivation ofEq. (4.14) agree with 

this practical case and thus it supports the accuracy ofEq. (4.14). 

Based on Eq.(4.1), Eq.(4.2) and Eq.(4.14), we can use a graph to show how the 

mutual information varies versus C value. The following computer simulation was 

performed. 
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A HAM with 5 prescribed input patterns was constructed and the number of 

neurons was varied from 30 to 60. Fig. 4.2 compares the theoretical analysis and the 

simulation results. 

Theoretically ,when the number of neurons increases, from Eq. (4.15) the C value 

also increases. From Eqs. (4.1) and (4.2), P(correct) will also increase. Then from Eq. 

(4.14) the mutual information I(X, Y) will keep increasing and approaching H(X). 

Fig. 4.2 shows that our theoretical analysis is quite close to the computer 

simulations. Note that the theory performs best for networks with high recall capability 

( P de> 95% ). That is because this is the region in which the theoretical C value itself is 

most accurate. 

4.4. Generalization to noisy inputs 

In Sections 4.2 and 4.3, we only dealt with the no - input- error bit case. If error 

bits are present in the test patterns, the recall procedure can be modelled as shown in 

Fig.4.3. 

Input Noisy input Output 
HAM 

Error bits 

Fig. 4.3 HAM network with input error bits 

In order to calculate the information transfer, we need to change the previous 

channel model (Fig. 4.1) slightly. The new model is shown in Fig. 4.4. 

In this model , the number of elements of each noise subset is equal to B = ~ , 

where b is the number of error bits in each test pattern and ct'" = N! I b!(N-b)! . There is a 
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M=5, N= 30 -- 60 
Mutual information versus C value 

235,-------------------------------~ 

230 

225 

2.20 

2.15 

2.10 

B H(X) 

• I(X, Y)_T 

• I(X, Y)_S 

2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0 

C value 

I(X, Y)_S is the mutual information from computer simulations. 

I (X, Y)_ T is the mutual information from theoretical calculations. 

H(X) is the source information. 

Fig. 4.2 Mutual information versus C value 
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Fig. 4.4 Communication channel model with input error bits 
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uniform distribution inside each subse~ so the probability connection between each input 

pattern and an element of its subset is 1/B. Pc is the connection between an element of the 

ith input subset and the ith remembered pattern, q is the connection between an element 

of the ith input subset and the jth stored pattern and q1 is the connection between an 

element of the ith input subset and the wrong output group, W. 

As in Sec.4.2, Pc = P(correct), which is determined by the C parameter, 

C = N::b. N-2b -1 + _h_ N-2b + 1 [8], 
N V(N-1)(M-1) N V(N-l)(M-1) 

and 

By deductions similar to the previous case we get the following. 

Source information content is given by 

M 
H (X) = - :2, P(xi) log 2 P(xi) 

i = 1 

= - M * l * log 2 1/M 
M 

=log2M . ( 4.16) 

The average uncertainty of the source given the received output is defined as the 

conditional entropy function: 

M M+l 
H (X I Z) = - :2, :2, P(xit Zj) log 2 P(xi I Zj) . 

i=l j=l 

Because ZM+l = W, we can rewrite Eq.(4.17) as: 

M M M 

( 4.17) 

H(X I Z) =- L L P(xi, Zj) log2 P(xi I Zj) - L P(xi, w) log2 P(xi I w) . 
i=l j=l i=l ( 4.18) 

For 1 ~ i, j ~ M , i:t:j, we obtain : 
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B 

= L P(Zi I~) P(Yf I Xi) P(xi) 
k=l 

=B*Pc *_l_ *_1._ 
B M 

=Pc 
M 

where ~ is the kth element in the ith input noisy subset, and thus 

P( . 1 '7., = P(xi. Zi) =---P_(,;_x..::....i._z.::.:...i) __ = Pc 
x. ~ P(zi) M Pc + (M-1)q 

Also, 

L P(zi I xk) * P(xk) 
k=l 

B 

= L P(zj I Yf) P(Yf I xJ P(xi) 
k=l 

=B*q *_l_ *_1._ 
B M 

=_9_ 
M' 

from which 

P(xi, Zj) P(xi. Zj) q 
P(xi I Zj) = P(zj) =-M-----=----= Pc + (M-1)q 

L P(zj I xk) * P(xk) 
k=l 

ql 
Finally, P(xi. w) = P(w I Xi) P(xi) = M , so 

P( . I ) = P(xio w) 
x. w P(w) 

P(xi. w) = _1_ 
M M 
L P(w I xk) * P(xk) 
k=l 

Substituting Eqs. (4.19) -- ( 4.24) into ( 4.18), we find that 
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If N is sufficiently large, i.e., 2N >> M, q-*l, ql~l-Pc, P(xi I Zi)~l and 

P(xi I Zj)-*l simultaneously, so H(X I Z) can be simplified as: 

•• J H(X I Z) =(1 - Pc )* log2 M , and thus 

I(X, Z) = H(X) - H(X I Z) 

=Pc* log2M. ( 4.25) 

Again I(X,Z) = P(correct) * H(X). This is exactly the same form as Eq.(4.14). 

Computer simulations were performed to check this relationship. Here is an 

example. 

A HAM with 30 neurons (N), 4 prescribed patterns (M) and one error bit in each 

test pattern (b=l) was constructed. The experimental result is shown in Table 4.2. 

From this data we find: 

Pc = P(Zj I Yf) ~ P(correct), 

q=P(zj I Yf) ~ 0, 

ql=P(w I Yf)~l-P(correct), 

and here Yf is an element from the ith input subset, Zj is the ith stored pattern. 

This again means that all the assumptions that we made in the development of 

Eq.( 4.25) agree with this practical case. 

4.5. Entropy analysis in higher order HAMs 

It has been shown that the performance of higher order HAMs can also be 

characterized by a C parameter [8]. Thus the previous entropy analysis can be applied 

directly to higher order HAMs. 

We can still use the same model of Sec. 4.2 . It is easy to see that Eq.(4.14) still 
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Table 4.2 Experimental data of the simulation in Sec.4.4 

Connections between subset i1 and output patterns 

Pc q q q q1 
0 0.959900 0.000000 0.000000 0.000000 0.040100 

0.963500 0.000000 0.000000 0.000000 0.036500 

0.962900 0.000000 0.000000 0.000000 0.037100 

0.963300 0.000000 0.000000 0.000000 0.036700 

0.962800 0.000000 0.000000 0.000000 0.037200 

0.963100 0.000000 0.000000 0.000000 0.036900 

0.963500 0.000000 0.000000 0.000000 0.036500 

0.962400 0.000000 0.000000 0.000000 0.037600 

0.963200 0.000000 0.000000 0.000000 0.036800 

0.962500 0.000000 0.000000 0.000000 0.037500 .-
0.965600 0.000000 0.000000 0.000000 0.034400 

0.964800 0.000000 0.000000 0.000000 0.035200 

0.963000 0.000000 0.000000 0.000000 0.037000 

0.963000 0.000000 0.000000 0.000000 0.037000 

0.962700 0.000000 0.000000 0.000000 0.037300 

0.962100 0.000000 0.000000 0.000000 0.037900 

0.962400 0.000000 0.000000 0.000000 0.037600 

0.962800 0.000000 0.000000 0.000000 0.037200 

0.961000 0.000000 0.000000 0.000000 0.039000 

0.963900 0.000000 0.000000 0.000000 0.036100 

0.962900 0.000000 0.000000 0.000000 0.037100 

0.962400 0.000000 0.000000 0.000000 0.037600 

0.964700 0.000000 0.000000 0.000000 0.035300 

0.961200 0.000000 0.000000 0.000000 0.038800 

0.962600 0.000000 0.000000 0.000000 0.037400 

0.962800 0.000000 0.000000 0.000000 0.037200 

0.963300 0.000000 0.000000 0.000000 0.036700 

0.963400 0.000000 0.000000 0.000000 0.036600 

0.962100 0.000000 0.000000 0.000000 0.037900 

0.961000 0.000000 0.000000 0.000000 0.039000 
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Table 4.2 continued 

Connections between subset #2 and output patterns 

q Pc q q q1 

0.000000 0.964600 0.000000 0.000000 0.035400 

0.000000 0.964600 0.000000 0.000000 0.035400 

0.000000 0.962300 0.000000 0.000000 0.037700 

0.000000 0.965400 0.000000 0.000000 0.034600 

0.000000 0.965400 0.000000 0.000000 0.034600 

0.000000 0.965500 0.000000 0.000000 0.034500 

0.000000 0.966300 0.000000 0.000000 0.033700 

0.000000 0.962500 0.000000 0.000000 0.037500 

0.000000 0.965700 0.000000 0.000000 0.034300 

0.000000 0.966600 0.000000 0.000000 0.033400 

0.000000 0.967700 0.000000 0.000000 0.032300 

0.000000 0.964500 0.000000 0.000000 0.035500 

0.000000 0.963600 0.000000 0.000000 0.036400 

0.000000 0.964200 0.000000 0.000000 0.035800 

0.000000 0.965700 0.000000 0.000000 0.034300 

0.000000 0.966800 0.000000 0.000000 0.033200 

0.000000 0.964900 0.000000 0.000000 0.035100 

0.000000 0.965700 0.000000 0.000000 0.034300 

0.000000 0.965100 0.000000 0.000000 0.034900 

0.000000 0.963600 0.000000 0.000000 0.036400 

0.000000 0.966100 0.000000 0.000000 0.033900 

0.000000 0.964500 0.000000 0.000000 0.035500 

0.000000 0.965400 0.000000 0.000000 0.034600 

0.000000 0.965100 0.000000 0.000000 0.034900 

0.000000 0.965200 0.000000 0.000000 0.034800 

0.000000 0.965700 0.000000 0.000000 0.034300 

0.000000 0.965500 0.000000 0.000000 0.034500 

0.000000 0.965400 0.000000 0.000000 0.034600 

0.000000 0.968400 0.000000 0.000000 0.031600 

0.000000 0.965400 0.000000 0.000000 0.034600 
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Table 4.2 continued 

Connections between subset #3 and output patterns 

q q Pc q q1 

0.000000 0.000000 0.967800 0.000000 0.032200 

0.000000 0.000000 0.966200 0.000000 0.033800 

0.000000 0.000000 0.967600 0.000000 0.032400 

0.000000 0.000000 0.966400 0.000000 0.033600 

0.000000 0.000000 0.963900 0.000000 0.036100 

0.000000 0.000000 0.965300 0.000000 0.034700 

0.000000 0.000000 0.966300 0.000000 0.033700 

0.000000 0.000000 0.965900 0.000000 0.034100 

0.000000 0.000000 0.963800 0.000000 0.036200 

0.000000 0.000000 0.965200 0.000000 0.034800 

0.000000 0.000000 0.965500 0.000000 0.034500 

0.000000 0.000000 0.967500 0.000000 0.032500 

0.000000 0.000000 0.966100 0.000000 0.033900 

0.000000 0.000000 0.967700 0.000000 0.032300 

0.000000 0.000000 0.965300 0.000000 0.034700 

0.000000 0.000000 0.965100 0.000000 0.034900 

0.000000 0.000000 0.965200 0.000000 0.034800 

0.000000 0.000000 0.966700 0.000000 0.033300 

0.000000 0.000000 0.968100 0.000000 0.031900 

0.000000 0.000000 0.964600 0.000000 0.035400 

0.000000 0.000000 0.964900 0.000000 0.035100 

0.000000 0.000000 0.967000 0.000000 0.033000 

0.000000 0.000000 0.965200 0.000000 0.034800 

0.000000 0.000000 0.965600 0.000000 0.034400 

0.000000 0.000000 0.965400 0.000000 0.034600 

0.000000 0.000000 0.968900 0.000000 0.031100 

0.000000 0.000000 0.966100 0.000000 0.033900 

0.000000 0.000000 0.964600 0.000000 0.035400 

0.000000 0.000000 0.967500 0.000000 0.032500 

0.000000 0.000000 0.963300 0.000000 0.036700 
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Table 4.2 continued 

Connections between subset t4 and output patterns 

q q q Pc q1 

0.000000 0.000000 0.000000 0.962400 0.037600 
0.000000 0.000000 0.000000 0.961900 0.038100 
0.000000 0.000000 0.000000 0.962700 0.037300 

0.000000 0.000000 0.000000 0.963700 0.036300 

0.000000 0.000000 0.000000 0.962500 0.037500 

0.000000 0.000000 0.000000 0.962300 0.037700 

0.000000 0.000000 0.000000 0.965200 0.034800 

0.000000 0.000000 0.000000 0.961400 0.038600 

0.000000 0.000000 0.000000 0.962100 0.037900 

0.000000 0.000000 0.000000 0.961500 0.038500 

0.000000 0.000000 0.000000 0.962600 0.037400 

0.000000 0.000000 0.000000 0.965400 0.034600 

0.000000 0.000000 0.000000 0.964700 0.035300 

0.000000 0.000000 0.000000 0.962900 0.037100 

0.000000 0.000000 0.000000 0.962700 0.037300 

0.000000 0.000000 0.000000 0.962000 0.038000 

0.000000 0.000000 0.000000 0.960900 0.039100 

0.000000 0.000000 0.000000 0.963800 0.036200 

0.000000 0.000000 0.000000 0.963000 0.037000 

0.000000 0.000000 0.000000 0.964800 0.035200 

0.000000 0.000000 0.000000 0.964300 0.035700 

0.000000 0.000000 0.000000 0.962600 0.037400 

0.000000 0.000000 0.000000 0.963500 0.036500 

0.000000 0.000000 0.000000 0.963000 0.037000 

0.000000 0.000000 0.000000 0.961800 0.038200 

0.000000 0.000000 0.000000 0.961300 0.038700 

0.000000 0.000000 0.000000 0.961500 0.038500 

0.000000 0.000000 0.000000 0.961600 0.038400 

0.000000 0.000000 0.000000 0.964600 0.035400 
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holds in the higher order case. Computer simulations were performed to check the 

accuracy. Here is an example. 

Consider a second-order HAM (QAM) with 20 neurons and 12 input patterns, (N, 

M) = (20, 12) using [8], 

(N 2b)2 
C = IS/crJ = ---;:::::::::=;::::=-======= 

,.j (3N2- 2N)(M- 1) (4.26) 

We find that, for b=O, C=3.54, from which P(correct)=0.996 [using Eqs. (4.1) 

and (4.2)]. The simulation results for the probability values 

P(yi I xJ, P(yi I Xj) and P(w I xJ are shown in Table 4-3. From this table we can see that: 

Pc = P(yi I Xi)~ P(correct), 

q=P(yi I Xj) ~ 0, 

and q1=P(w I xJ~1-P(correct). 

This means that all the assumptions that we made in the derivation of Eq. (4.14) 

agree with this new higher order case and thus it supports the accuracy of Eq. (4.14) for a 

QAM network. 

4.6 Cases for arbitrary input distributions 

Until now, we assumed that the input patterns had a uniform distribution. When 

this assumption does not hold, we fmd that the relation I(X,Y) = P(correct) * H(X) still 

holds. We will give a detail proof based on the communication channel model without input 

error bits (Fig. 4.1). When error bits are present in the input patterns (Fig. 4.4), the proof 

is almost the same and we neglect it here. 

The source information content is defined as: 

M 
H (X) = - L P(xJ log 2 P(xi) 

i = 1 
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The average uncertainty of the source given the received output is defined as the 

conditional entropy function: 

M M+l 
H (X I Y) =- L L P(xit Yj) log2 P(xi I Yj). 

i=lj=l 

Because YM+l = W, we can rewrite Eq.(4.28) as: 

M M M 

( 4.28) 

H(X I Y) = - L L P(xit Yj) log2 P(xi I Yj) - L P(xit w) log2 P(xi I w) . 
i=l j=l i=l ( 4.29 ) 

For 1:5: i, j :5: M , i~j. we obtain : 

P(x· I y·) = P(xi, Yi) =----P_(,;_x=-i·-=-Y..:.:..i) __ = Pc 
1 1 P~J M M 

L P(yi I xic) * P(xic) Pc + L q* P(xic) 
k=l k=l,b!:i P(xi) 

Also, P(xit Yj) = P(yj I xJ P(xi) = q*P(xJ , from which 

P(xi, Yj) P(xi, Yj) q 
P(xi I Yj) = P(yj) =-M----=-~--= M 

~ P(yJ· I xic) * P(xic) Pc + ~ q* P(xic) 
Ll Ll P(x·) 
k=l k=l,k,tj 1 

Finally, P(xit w) = P(w I xJ P(xJ = q1 *P(xJ, so 

P(xi I w) = p~~~~) =--M __ P_(,;_X=.it_w.....:..) __ = P(xi) 

L P(w I xic) * P(xic) 
k=l 

Substituting Eqs. ( 4.30 ) -- ( 4.35 ) into ( 4.29 ) , we find that 

M M M 
H(X I Y) = - L P(Xi,Yi) log2P(xi I Yi) -L L P(Xi,Yj) log2P(xi I Yj) 

i=l i=l j=lJ,ti 

M 

-L P(xi,w) log2P(xi I w) 
i=l 
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(4.30) 

( 4.31 ) 

( 4.32) 

. . ( 4.33) 

(4.34) 

( 4.35) 



M M M 
=- L Pc*P(xi) log2P(xi I yi) -L, L q*P(xi) log2P(xi I Yj) 

i=l i=l j=l.j~i 

M 

-L ql *P(xi) log2P(xi I w) 
i=l 

H N is sufficiently large, i.e., 2N >> M, q~O. ql~l-Pc, P(xi I yi)~l and 

P(xi I Yj)~O simultaneously, H(X I Y) can be simplified as: 

M 

H(X I Y) =- (1- Pc) L P(xi) log2P(xi) 
i=l 

= (1 -Pc) H(X) ( 4.36) 

Thus the mutual information is : 

I( X, Y) = H(X) - H (X I Y) , 

= Pc * H(X) = P(correct) * H(X) 

as in the form of uniformly distributed inputs. 

4. 7 Conclusion 

In this chapter, we have shown theoretically the relationship between signal/noise 

parameter C and information transfer in linear and higher order HAMs. Computer 

simulations were performed to check the results in linear and second-order HAMs and the 

results were quite satisfactory. Since the signal/noise parameter C is a function of the 

network parameters (N, M) and the number of error bits in the input patterns (B), we can 

now quantitatively describe how the information transfer depends on the network structure 

and input patterns. 
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CHAPTER V 

CONCLUSION 

In this thesis, we have investigated, both qualitatively and quantitatively, several 

aspects of synchronous Hebbian-type associative memories ( HAMs ). The results have 

been presented in three main chapters. 

In Chapter II, we have used theoretical analysis and computer simulations to show 

that a frrst-order associative memory can be realized with an optimal (minimum) set of 

specially selected interconnection weights, given the number,M, of patterns to be stored 

and given a prescribed probability of one-step recall, P. There are also several near-optimal 

solutions with about the same number of interconnections required, but different numbers 

of neurons,N. All these networks have essentially the same generalization capability, i.e., 

their basins of attraction scale linearly with N. 

It is interesting to see that to make the network provide a good performance, the 

critical point is not the network size but the actual number of weights used. It looks as if 

there is a lower bound on the number of weights that we cannot be below for prescribed 

M and P values. In other words, there is a minimum-number-of-weights requirement to 

represent a certain information content at ftxed recall capability. From our simulations, it 

appears that the number of weights is approximately (10M)2, which is consistent with the 

"rule- of- thumb" that M:::: .IN for a good performance in a fully connected network. 

In Chapter III, we found that it is very useful to use the weights found in Chapter 

II as initial weights for feed forward networks to reduce training time drastically and keep 

the number of weights relatively very small (about one-third of the full interconnections 

case). The generalization ability is much better after training, especially when noisy inputs 

are used for training. 
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In Chapter IV, we have shown theoretically the relationship between signaVnoise 

parameter C and information transfer in linear and higher order HAMs. Computer 

simulations were performed to check the results in linear and second-order HAMs and the 

results were quite satisfactory. Since the signal/noise parameter Cis a function of the 

network parameters (N, M) and the number of error bits in the input patterns (B), we can 

now quantitatively describe how the information transfer depends on the network structure 

and input patterns. 

Our results lead us to believe that there is a minimum requirement for the number 

of weights used to transfer arbitrary information content at a fixed recall ability. A future 

task is to investigate how the information is distributed among these weights. With this 

knowledge, information theory could be used as a design criterion to further reduce the 

number of weights used in associative memories. 
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