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:\HSTRA<'T 

There is growing interest in affixing a hip prosthesis within the femoral canal 

without the use of bonding cements. The alternative to cement is to allow bone 

to grow into the prosthesis which secures the implant in plan'. ( 'urrently, a ce

mentkss prosthesis is designed to maximize the contact l>f'tween the implant and 

femoral canal. :\n alternative design which minimizes the strain energy within the 

bone and implant is considered. The bone and prosthesis are modeled by various 

configurations of one-dimensional rods and two-dimensional bodies. Exact solu

tions for one dimensional problems and numerical results for the two-dimensional 

problem are obtained by solving relevant boundary value problems. Numerical 

results are achieved by implementing the finite element method. 
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CHAPTER I 

1:\'TRODUCTIO~ 

This thesis inn'stigates a problem in mechanics that is motivated by the study 

of prosthetic hip implants. An objective in studying implants is to find a physical 

and geometrical configuration which in some sense minimizes the chance that an 

implant will fail. This study involves determining a system of forces within a 

model of the hip and implant and then computing the resulting strain energy of 

the configuration. The second chapter is centered on the analysis of !-dimensional 

rods subjected to a normal stress. The geometry of the rod is modeled by linear 

and quadratic profiles. Expressions for the strain energy within the rod are derived 

and related to choices of optimal design. The subsequent chapter is devoted tot he 

finite element method (FE~l) analysis of a hi-material, 2-dimensional problem. 

The 2-D system is a model of the prosthesis placed within the femoral canal. The 

stresses and displacements within the bone and implant are calculated by using 

the FEl\1. The strain energy is approximated by utilizing the finite element results 

and various stem configurations are analyzed. The remainder of this chapter is 

dedicated to providing a brief introduction to some necessary concepts of solid 

mechanics. 

Fundamental notions of continuum mechanics include strain, stress, and en

ergy. When forces acting upon an elastic body change part of the body's relative 

position, the body is said to be in a state of strain. The displacement vector, 

u =< u1 • u2 . u3 > where Ui = Ui(x 1 . . r 2 • r 3 , t) for i = 1. 2. :3. is the vector which 

describes displacement at a time t. Strains. in terms of displacements. are gi\·en 

by. 
1 

c:·· = -(u + u). !J 2 !,J ],! ( 1.1) 

Here, ui,j denotes differentiation of the ith component with respect to the /h 

coordinate. In the case of plane strain, one assumes that the displacement vector 

has the form u =< u 1 , u2 , 0 > where u1 and u2 are functions of r 1 and r 2 alone. 

In the case of anti plane strain, the displacements are given by u3 ( r, y). 

Stresses are described by the stress tensor S = [a-iJ]. Here, a- iJ describes forces 

acting on a surface with unit normal in the ith direction that are parallel to the /h 
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directi.on. If i = j, then rT,1 's are called the normal components. For i # j. ai1 's 

are called the shearing components. The relationship between stress and strain, a 

generalized notion Hooke\ La.w, for an isotropic materia.! is gin·n hy, 

( 1.2) 

The parametn I'. called the shear modulus, describes the stiffness of thP body and 

Poisson's ratio v, is the ratio of lateral contractions to longitudinal displacements. 

The shear modulus can be expressed in terms of Young's modulus 1:' and v by 

1-L = 2 + 2v · 

Young's modulus is the ratio of tensile stress to extension produced by the stress. 

;\ ba.lance of linear momentum results in the equation of motion for an elastic 

body and is given by 
82 u· 

divS + Fi = p at 2

1

• ( 1.3) 

Here F; are internal body forces. p is the mass density and ~~t~; is acceleration. If 

there are no body forces and the body is in equilibrium, equation 1.:~ becomes 

divS = O"ij,i = 0. (1.1) 

\Vhen equation 1.2 is substituted into 1 ...!. the equation of equilibrium for a body 

in a state of strain is 

div(!-L\"u) = 0. (1..1) 

The total work done by external forces which causes a solid bod\" to change 

from its natural state at a time t is given by 

f=K..+U. 

Here, K, is kinetic energy and U is the strain energy. The strain energy can be 

thought of as the energy stored within a body due to the change from its natural 

state. If the body is in a state of equilibrium, then A.' = 0 and f = U. For the case 

of an isotropic solid, U is given by 

U - ~ l rT· .c. ·d\/ - 2 vzJ'--!J . 
\' 

( 1.6) 



If equation 1.2 is substituted into the expression above, thf' strain energy is written 

as 

( 1. 7) 

:\ow. we present the formulation for the special problem of determining the 

effects of forces acting along the length of an elastic rod which lies along the .r 1 = .r 

axis. Here, displacement at a timet of a cross-section perpendicular to the x axis 

is denoted by u(.r. t) v\·here .r is the position of the section. The cross-sectional 

area is denoted by A.( .r, t) and the stress acting on this cross-sect ion is denoted by 

a(.r,t). The measure of strain in an elastic rod is given by:~~/ (1- ~~)and the 

stress-strain relationship is given by 

au 
a(.r) = E(.r) Jx au. 

1 - -;:
dx 

In the case of an elastic rod where a balance of linear momentum is maintained 

the equation of motion is given as 

iJ2u f) ( au ) 
p(.r)A(.r) fJt 2 = p(.r)A(.r)F(.r) + fJ.T A(.r)E(.r)

1 
~x~ , ( 1.8) 

where F(.r) describes the internal body forces. In linear theory, it is assumed that 

displacements and their derivatives are small compared to unity. If body forces 

are negligible and density is constant, equation 1.8 becomes 

( 1.9) 

Furthermore, if the rod is in a state of equilibrium the above expression reduces to 

d ( du) - A(.z·)E(.z·)- = 0. 
d.r d:r 

(1.10) 

Finally, the strain energy in the rod is determined by 

1 t (d )2 

U = 2 Jo E(.z·)A(.r) d~ d.z·. (1.11) 



CH.\PTER II 

.\~.\LYSIS OF ONE DIME:\SIO\AL RODS 

The objective in this chapter is to determinP expressions for Young's modulus 

and the cross-sectional area for a model oft he hip prosthesis which will minimize 

the strain energy within the implant. The model used in the following discussion is 

a !-dimensional rod. The solutions are produced by solving the following boundary 

\·alue problem 

d du 
~ ( E ( .r) A ( .r) d :r ) 0 (2.1) 

p B.C. 1 

0. B.('. 2 

Here. E is Young's modulus, lis the length of the rod and pis a known applied 

stress. The boundary \·alue problem arises from introducing a normal stress on one 

end of the rod and fixing the opposite end, which inhibits movement at that end. 

Several expressions for the energy are derived by considering differing geometries 

and physical properties. 

:2.1 Linear Profile 

The first case considered is that of a rectangular rod of unit width, constant 

modulus of elasticity and a profile represented by a linear equation. In particular, 

the profile corresponds to a cross-sectional area described by 

A(.r) 

where t is the width and 

rn = 

(2mx + w0 ) · t 

l(x)·t 

WJ - Wo 

2/ 

(2.2) 
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is taken to be decreasing in order to correspond to the geometry of the femoral 

canal (Figure :!.1) . 

p 

Figure :2.1: One- dimensional rod with linearly varying cross- sectional area. 

Integrating equation :2.1 and employing the first boundary condition yields an 

expression for the strain as a function of .r. 

du ( u) = pw0 t 
d:r El( .r )I 

pwo 
El(.r). 

The strain energy U is given by 

1 t (du) 2 

U = :Z Jo E A( .r) d:r d:r. 

Substituting equation :2.3 into equation :2.-! yields 

u = 
p2wo2t2 t __!!!__ 

2E }0 A(.r) 

p
2
w0

2 t t d:r . 
2£ }0 l(.r) 

(2.3) 

(2.-!) 

(2.0) 

Before computing the strain energy, we nondimensionalize the expression for the 

area by dividing l(x) by w0 and rewriting the expression for cross- sectional area 

in the following way. 

Let 

l(:r) W1- Wo I 
-= -+1. 
Wo wo I 

J' 
s =-

I 



and 
u·1 - Wo = (I! _ 1 ). 

u·o 

6 

From equation :.? . .1 \\T then obtain a non dimensional form of the strain en erg.\· 

U=U - - = 
8 •)£ 11 d 

p2w0 lt 0 ( b- 1 ),.; + 1 · 
(2.6) 

Finally, evaluating 2.6 results in an expression for the nondimensional Pnergy in 

terms of the parameter {:! = ~, 
wo 

In( b) 
b =/1 

~ b- 1 
U= ( •) -) 

-· j 

1 b = 1 

4 

3 

2 

-r--------~--------~------~---------+--------~0 
2 4 6 8 10 

Figure 2.2: U as a function of b for linear profile. 

By analyzing 2. 7, the following conclusions are made. If b = 1, the known result 

for rods of constant cross- sectional area is recovered 

For this special rase. energy varies linearly with respect to length, width and 

cross- sectional area. Forb # 1, two subcases arise. First. for 0 < b < 1 the energy 



becomes infinite as b approaches zero. The corresponding geometrical configuration 

would correspond to 11'1 < w0 . Thus. t tw energy increases as the cross~sectional 

area of the rod at :r = l decreases. Secondly. for (1 > 1 or u·0 < 11• 1 • the energy 

decreases as the cross~sectiona.l area at .r = l increases (Figure 2.2). Since the 

implant must conform to the geometry of the femoral canal it is unlikely that 

(1 > 1. Thus for a fixed u•0 • the most suitable configuration for minimizing the 

strain energy would allow w 1 to be large as possible. 

2.2 Quadratic Profile 

The next configuration considered is a rectangular rod with unit width, con

stant modulus of elasticity and a profile described by a quadratic equation (Fig

ure 2.3). Let 

p(.1·) = a.r 2 + bx + c 

denote the quadratic through the following points: 

Wo l w1 
p( 0) = 2. p( 2) = 2. 

w2 
p( l) = ---:; . 

Hence. the coefficients of p( :r) are 

Wo - 2u·l + w2 
a= [2 

p 

-:{leo+ 4wl - 1/'2 
b=-------

21 

-----'-3 

t~~_j 2 

Wo 
c= -. 

·) 

Figure 2.:3: One~dimensional rod with quadratically varying cross~sectional area. 

The rod must have a positive dimensions and hence p( :r) > 0 for 0 ~ :r < l. 

The cross-sectional area for the quadratic profile is 

.4(:r) = 2p(.r) · t. 



substituting for p(.r) we obtain 

.t(.r) = Ui:r 2 + b.r +c). t, 

where 
-:lu·0 + ltc1 - 11'2 

b=-------
1 

c = w0 . 

Following the same procedures as in section 1, we nondimensionalize the prob

lem by defining 

where 81 = ~ and 82 = ~. If s = £
1 

then 
wo wo 

This equation produces admissible quadratic curves (Figure 2.-1). 

1 (S) 

Figure 2.4: Admissible quadratic profiles. 

For the quadratic profile 
du ( .r) = pwo 
d.r El( .r) 

and 



Finally, we obtain the expression to minimize i'ls. 

By utilizing a quadratic to describe the cross- sectional area, the parameter b1 has 

been introduced and the problem is reduced to the following. Given b2 = ~, find 
wo 

b1 = ~ such that l( s) > 0 and U is minimum. For 61 , 62 = L equation 2.8 reduces 

exactly to the case in st>ct ion 1 where the rod has constant cross- sectional area. 

One can see in Figure 2 .. 1 that minimal change in energy occurs when fixing the 

ratio b1 and allowing ~ 2 to vary. A greater change in strain energy is achieved by 

choosing 62 and allowing 61 to vary. In particular, as 61 becomes large, the energy 

becomes smaller. Thus. given a rod with the described load. one would choose to 

make the ratio b1 as large as physically feasible. in order to minimize the strain 

energy. This becomes a viable possibility for minimizing the strain energy since 

the nature of the femur would allow such geometrical configuration. 

Figure 2 .. j: U as a function of 61 and b2. 
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2.3 Smoothly Varying Stiffn~ss 

One assumes that when an implant is present in the femoral canal the total 

rigidity of the femur is affected. In particular. the modulus of elasticity of cancel

lous bone has an average value of 3 x 106 psi, whereas E ~ 36 x 106 psi for the 

average hip prosthesis [4]. In order to analyze the effect upon the strain energy 

due to a change in stiffness, expressions for the strain energy are developed for a 

smooth change in elasticity in a rod of constant cross-section. Young's modulus 

is given by the linear function 

E(.r) = me:r +eo, (2.9) 

where 

me=--~-

Here, e0 and e1 are the values of Young's modulus at x = 0 and x = l, respectively. 

The equation for the strain is 

The strain energy is given by 

du p 
dx (x) = E(x)" 

U - p2A 11 dx 
- -2-

0 
E(x)" 

(2.10) 

(2.11) 

As before, it is useful to nondimensionalize all quantities before computing the 

strain energy. Hence 

where 

and 

Thus, equation 2.11 becomes, 

E(s) =(t-l)s+1 
eo 

X 

s- z· 

p2 A t Ids 
U = -2- }

0 
eoE(s)' 
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and 
a = u :!(I) = 11 ___ d_." __ 

p2 A I 0 (! - 1 ) ·" + 1. 
U.l:!) 

Evaluating equation 2.1:.? yields, 

In(~- ) 

U= 
I - 1 

(2.1:3) 

\\'e observe that if the ratio : 1s 1, the expression for U is exactly that for a 

rod of constant modulus. :\lso, for "f < 1 the rod is becomes less stiff. Thus, 

the applied stress displaces the material more readily and strains become larger. 

Hence, U ----t x as -, ----t 0. For -, > 1 the material becomes stiffer and U ----t 0 as 

2."! Linear Cross- St>ctional :\rea with Smooth \'arying :\lodulus 

In this section the expression for the strain energy is determined by represent

ing both the cross-sectional area and modulus of elasticity with linear equations. 

Recall from section 2.1 that 

A.(x) = (2m.r + u·0 ) · t 

and from section 2.:3. 

where 
t 1 -to 

and TTl = 
U'l - U.'o 

21 
rnF = --

1
-

The equation for the strains and strain energy are, 

du ( pu'o 
- .r) = ----
d.r E(x)A(,r) 

(2.14) 

and 
p2wo2 t dx 

U = 2 }
0 

E(.r)A.(.r)' 
(2.1.)) 



1:! 

respectively. ~ondimensionalization of E( I) and A.(.r) yields. 

(2.Hi) 

It is trivial to compute the integral hy writing 

1 1 1-1 1 <5-1 
-E(-.-; )-/(-.-;) = -E(-s) -, --fJ + -, ( s) -~ ---: . (2.17) 

It follows from equation 2.16 and 2.17 that 

ln(tl) -ln(r) 
b=/=1 (('I - ~,) 

U= (2.18) 

1 r=b=l. 

For equation 2.18, it should be noted that for either b or 1 equal to 1. coincides 

to a rod of constant cross-section or constant stiffness and the results from st>ctions 

2.1 and 2.:3 are recovered. Since b is the ratio which describes geometry and 1 is the 

ratio which describes stiffness, it is not practical to compare these two quantities 

directly. However. if 1 > 1 and b < 1 the corresponding configuration is a rod 

which has increasing modulus and decreasing cross-sectional area as I ---+ l. For 

this special case. the increasing stiffness prevents the strain energy from becoming 

infinite as in the case where E was taken constant (Figure 2.6). 

2 .. 1 Piecewise Constant :\1odulus 

The final configuration to be considered is rod of constant cross--st>ctional area 

and piecewise constant modulus of elasticity. The configuration is a model of a rod 

composed of two materials. The modulus of elasticity in each of the t\\'O materials 

is denoted by £ 1 and £ 2 (Figure 2.7). Thus, a rod of length l is composed of 

material I for 0 < .r < a and material II for a < .r :::; /. This model has been 

used to study stress shielding [5]. A phenomena which promotes atrophy of the 

bone. As before, we will determine the expression for the strain energy for this 

configuration. To solve this problem we consider the displacements in the rod 

which are given by, 

u(I) =Ax+ B, 



Figure 2.6: Strain Energy as a function of tJ and ~, . 

p 

a 

t--l_j 
Figure "2 .I: One~di mensional bi~material rod. 

where A and Bare determined from the boundan· conditions. For the bi~material 

rod the displacements are given by the system, 

Atr + Bt 

A2 .T + B2. (2.19) 

In order to solve "2.19, additional boundary conditions will be imposed. In par

ticular, we will require that displacement and stress at the interface of the two 



materials be continuous, these boundary conditions are described by the following: 

and 
du 1 , du 2 

E1-d (a)= r, 2 -d (a). 
.r .T 

\'ow. solving for .\ 1 , A 2 • B1 • 8 2 in 2.19 yields, 

p p 
-(;r- a)--(!- a) 
E1 E2 
p 
-(x-I) 
£2 

a < .1· < l. (2.20) 

The strain t>nergy in the hi-material rod is determined by, 

which results in. 

(2.21) 

Multiplying 2.21 by Et/l and letting s = :rjl and J = EtfE2 yields the non 

dimensional equation for the strain energy in hi-material rod. 

- 2£1 
U = U P2 AI = s + (1 - s )d. (2.22) 

In equation 2.22. the position of the boundary is given by s for 0 ~ -" < 1. Thus, for 

a fixed s the strain energy is a linear equation of the ratio .J. For s = 0. the strain 

energy is dependent on the properties of material II and for s = 1. the energy 

is dependent on the properties of material I. In particular, if .-J < 1 or E1 < £ 2 • 

the strain energy is reduced as s --+ 0 hence, reducing the amount of the softer 

material. 



CH.\PTLR lii 

T\VO- DI\IE.NSIO:'\AL \IODEL OF I\IPL.\:\T 

.\ model of the prosthesis and femur is given h.v considering a rectangular solid 

composed of materials I and II. Material I will represent the femur and material II 

represents the prosthesis vYithin the femoral canal (Figure :J.1). Among the forces 

y 

(]' xz 
/ 

I / 

X 

a 1 2 

z 

Figure 3.1: Model of hip placed within the femoral canal. 

which act on a hip are torque, normal pressures. and shearing forces [4]. Here we 

consider the case in which only shearing forces are present and the displacements 

correspond to a case of anti plane strain. In particular, this situation arises if pure 

shearing forces acting in the z direction are applied on the faces at :r = 0 and 

x = 2 for all y given hy. 

O'.rz(O,y) 

O'xz('2.y) 

1:} 

f(y) 

- f(y). 
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All displacements are in the ::: direction and are ant isvmrrwt ric about .r = 1 and 

u =< 0. 0, u(.r, y) >and consequently the equation of equilibrium reduces to 

and the boundary conditions are 

!T.z:z(O,y) 

a yz ( .r. 1) 

ayz{.r,O) 

u(1,y) 

di\·(pvu) = o 

f(y). 0 ~ y < 1 

0, 0 < .r < 1 

0, 0 < .r < 1 

0, 0 < y < 1. 

Finally. the stresses along the interface are required to be continuous, i.e., 

(:3.1) 

The purpose in this chapter is to solve the BVP for different configurations 

of the model which arise by changing the slope of the interface and the material 

parameters in regions I and II. To solve the given boundary value problem, the finite 

element method ( FEM) is employed. The intent ion is to discretize the solid into 

simple geometric shapes on which the matPrial properties and governing equations 

are considered. 

3.1 Finite Element Formulation 

In order to solve boundary value problems using the finitP element method, 

one first formulates the variational or weak form of the givPn problem. The weak 

form of the BVP is then discretized on finite dimensional space that satisfies the 

given boundary conditions. Thus. for a given set of functions V, consisting of 

functions w that satisfy the essential boundary conditions, the weak formulation 

of the elastostatic problem can be written in the following manner: Given the 

internal body forces f. prescribed displacements and stresses g and h, find u (giw'n 

by equations 1.1 and 1.2) such that for all w E V 

{ W(;,j)O";;dfl = 1 wfdfl + i: (i tchdr) for n = 1. 2. :3. (3.2) 
ln n z=l r, 
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For the B\'P given bY equation :3.1 with thf' givf'n boundary conditions. f'qua
tion :3.:! reduces to 

(3.3) 

:\ow, let Vh be a finite dimensional approximation to V. Then the discretizf'd form 

or Galerkin formulation for equation :3.3 is given h!· the following: Given f, g and 

h (as above), find uh = t'h E vh such that for all IL'h E vh 

In wti,j)O"ijdn = i whhdf. 

The domain in which the BVP is to be solved is now considered to be composed 

of elements ne for 1 :::;; f :::;; nel where net denotes the total number of elements 

in n. In two dimensions, elements which make up n can be either triangles or 

quadrilaterals. For the case that ne·s are triangular. we seek solutions t·h. at the 

nodes located at the vertices of each triangle. It is assumed that 1'h, wh E Vh have 

the following form 

h """' h \' d h """' h \' t' = ~ vi • i an w = ~ wJ • J. 

J 

Here. S/s are the shape functions associated with triangular elements. The linear 

system 

Kd=F (:~. 6) 

is the result of substituting for vh and wh in equation 3A. The global stiffness 

matrix K, is composed of elements of the form 

where B contains information related to the shape functions and D is the matrix 

which contains the elastic coefficients usually given in terms of Young's modulus or 

Poisson's ratio. Prescribed stresses and forces are incorporated into the \'f'ftor F. 

Thus, one solves equation 3.6 for d. the approximation to u at each of the nodes. 

Hence. the strain energy is computed by 

U = ~dTKd. 
2 

(:3.7) 

It should be noted that due to the manner in which the global stiffness matrix is 

assembled the following properties are inherent to K. The first of these properties 
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is that K is positive definitr. This fact insures a unique solution to equation :3.6. 

Secondly. K is a banded symmetric matrix. l'he fact that K is banded and sym

metric is utilized in storing the stiffness matrix and in obtaining the solution to 

equation :tb. 

:~.~ Finite Element Computation 

Programs which implement the finite element method usually incorporate the 

following tasks: generation of nodal points and elements (also known as the mesh) 

for which the BVP is to be solved, assembly of the global stiffness matrix K and 

force vector F, computing the solution to Kd = F and finally, presenting the 

solution in a textual and or graphical manner. There are several FEM packages 

with varying degree of options available which perform the above tasks. The 

results presented here were obtained using programs provided in [3]. In particular, 

MESHGEN. FOR was used for the initial mesh generation and HEAT2D. FOR was used 

to calculate the displacement vector d. 

The mesh generating program supplies the nodal coordinates and element con

nectivity information. It also provides a feature for defining multiple regions which 

may represent different materials within a model. Thus. if a FE~l model is com

posed of two different materials, MESHGEN. FOR can assign a material parameter for 

each element. in this case 1 or :2. However, this particular program was unable 

to produce a suitable mesh to account for the fact that material II for this spe

cific problem was triangular. To overcome this problem, the data supplied from 

MESHGEN. FOR for a single rectangular region was altered manually to account for 

the :2 regions of the model. Thus, for each configuration or change in interface, 

the output from the mesh generating program was adjusted. These adjustments 

included changing nodal coordinates and element material parameters. A mesh 

was generated for the model consisting of 121 nodes and 200 triangular elements. 

It should be noted that attempts were made to utilize other mesh generating pro

grams but were also unable to produce a satisfactory results. An example of the 

mesh is seen in Figure :3.2. 
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Figure :3.2: :\lesh produced for interface slope m = -1.2.5. 

The program HEAT2D. FOR was designed to solve boundary value problems in

\·olving fluid flow, torsion and heat conduction. This program was used since the 

problem under consideration has the same characteristics as that of the heat con

duction problem. The applied stress across the surface ( 0. y) for all y is equivalent 

to a heat flux across this surface and u3 ( 1. y) for all y is the same as prescri b

ing a fixed temperature at these points. HEAT2D.FOR was written so that nodal 

coordinates and element connectivity information can be entered interactively for 

problems that have a coarse mesh. a mesh which consist of relatively few elements. 

For a finer mesh, nodal coordinates and other relevant data can be read in from a 

file produced by MESHGEN. FOR. After the mesh data has been input, the program 

prompts for interactive input of the following boundary conditions: magnitude of 

the applied stress and corresponding element sides; nodal coordinates of prescribed 

displacements and internal body forces and their magnitude; and finally, the coef

ficient of elasticity for each defined region. To expedite this process, the boundary 

conditions were appended to element connectivity data file and HEAT2D. FOR was 

modified accordingly. 

The program proceeds by assembling the global stiffness matrix K. Recall that 

the stiffness matrix is banded and symmetric. In addition, the dimension of K is 

.V x X, where ,Vis the number of nodes in the mesh. To facilitate efficient storage. 
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K is stored in compact form in an S x .VHH' array, where .\"BH - is called the 

half- band width and is the number of nonzero diagonals above and including the 

main diagonal. If K" denotes the compact form of the stiffness matrix, then the 

corresponding elements of K are given hy the following, 

K( -· l =K"' - -l ,J 11>• (z.J-z+l)' 

The .\" X 1 force vector F is constructed taking into account all applied loads. 

:~.:~ Results of Calculations 

The displacements and the corresponding strain energy were computed for var

ious scenarios. In particular. for fixed material parameters such that E I < E II, the 

nodal displacements decreased as the slope of the interface decreased. Examples 

of this type of reaction can be seen in Figures :~.:~ and :3.4. In Figure :~.:~, EI = 1 

and EII = 2 and the slope of the interface is indicated by the line from (0,1 ) to 

(1, 0). Here, we see that nodal displacement in material I increases as the position 

of the node moves away from the interface. In Figure :L l, the slope is represented 

X 

0 1 

- 0 1 

- 0 3 

Disp. 

Figure 3.3: ~odal displacements for EI = 1, EII = 2 and slope = -1. 

by a line from (. 7, 1) to ( L 0) and E I and E II are as in the previous example. 

We see here that displacements are much greater accross the overall surface. The 

difference here is attributed to the fact the overall stiffness of the body was reduced 



b~· .decreasing the slope of the intf'rface. The strain energ~· was computeo for 

y 
X 

0 1 

-0 1 

-0 3 

Disp . 

Figure :t-!: .:\odal displacements for £1 = 1, Eu = 2 and slope = -:3.3:33. 

m = -1.0, -l.lli, -1.2.5, -1.128.1.667, -2.0 and -3.3:3:3 and E1 = 1 and Eu = 2 

and are presented in Figure :{ . .1. Here we see that the strain energy also decreases in 

the same manner as the displacements. These results correspond to the conclusions 

0 . 5~------~--~---,---,--~ 

. ' 
' ' ' ' ' ···------ ----------------------· · ---------·------ ---------------0.4 

0.3~--~--~~~~~~~~~ 

- 3.5 - 3.0 - 2.5 - 2.0 - 1.5 - 1.0 -0 . 5 

Slope 

Figure :3.5: Strain energy as a function of slope. 

reached for the hi- material rod. In particular, if the ratio .d = ~~ < 1 remained 

fixed. the st rain energy was reduced as the position oft he interface approached 0, 



hence increasing the amount of the stiffer material. \loreover. these results suggest 

that even though that both 11 and u are given as function s of .r. tlw strain energy 

U given by equation 1. 7 is dominated hy 11 • 

. \ second rase arises \vhen the geometry and one oft he material pa.rameters is 

fixed. In particular. the modulus of material I was fixed along with the geometry. 

The strain energy was ploted as the modulus of material II increased form :! to 

20 while the modulus of material I was fixed at 10 and the slope was held fixed 

at -1. In Figure :3.6, we see that the strain energy decreases as the modulus of 

0 .1Lr--------,-, ---, -----, 
0 . 1 ...... ....... .. -f ................ -f-............... +--·- .. ·--·------
0.1 1 -- - ...... -~ ................ f ........... ---+----------------
0 . 0 ------------·---~-----------------t----------- -----t-----------------

0 0 . Ol .......... .. r .. ; ............... ~ ................. ; ................ . 
0 . 0 .............. , .............. , ................. , ............... .. 

0 . 0 - - ----- - --------~-- ~--- - ------- - --~-------- - --------; ________________ _ 

0 . 0 .. ... ........... ~ .......... ~-----~ -................ ; ................ . 
' . : 

a -a - - --------- - -- - -~ - ----------- - ----r- -- -- - -- - ---- ~---t--· --- - - -. - -- - --
0 . 0$--~--'--~-_,__~_..J.._~___j 
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E 2 

Slope = -1 . 0 

E1 = lQ 

Figure 3.6: Strain energy as a function of £ 2 . 

material II increased. Again, this is analogous to the hi - material rod where the 

position of the interface remains fixed and ;3 is allowed to vary. For .-J > 1. t ht> 

strain energy was greater than for 3 < 1 due to the la.rge di splacement s in the 

softer material. Figure 3.7 shows that the displacements in a configuration where 

the modulus of the implant is much greater than that of the bone. Here we note 

that the displacements are contained almost entirely within material I. and though 

the strain energy is very small, it is almost entirely due to the displacement s of 

the softer material. 

The results here suggest that an implant should be composed of a highly rigid 

material in order to minimize the strain energy. However. it should be noted that it 

has been shown that when bonding a highly rigid material to bone causes atroph~

of the bone [5]. Thus, the rigidity of the implant should not heavily influence 



Disp. 

Figure :3.1: ~odal displacements for t'1 = l, En = 100 and slope = -1. 

the design. Ideally. the material should be as close to the rigidity of the bone 

as possible. It is further suggested that a prosthesis designed to minimize the 

strain energy should be designed in such a manner that the volume of the implant 

is maximized. There is evidence that this criteria plays a role in the design of 

implants today [4]. However, it is not conclusive that the implants are designed in 

this manner in order to reduce the strain energy . .\lorPon'r. it is not conclusive that 

a dPsign should be based on strain energy alone. Other considerations and further 

areas of study include material design. stress shielding and pre- and post- operativP 

st rPss distributions within the femur. 
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:\PPE:"JDIX A 

:\IESH GE~ERATI0JG PROGRAM MESHGEN .FOR 



C FORTRAN PROGRAM TO GENERATE A FINITE ELEMENT MESH 
C FOR 2-DIMENSIONAL PROBLEMS 
c 
c 
DIMENSION IDBLK(400),NSD(20),NWD(20) 

DIMENSION NNAR(1000) 
DIMENSION XB(450,3),SR(450,3),WR(450,3),MERG(30,4) 
DIMENSION X(450,3),XP(8,3),NOC(1000,4),MAT(1000),SH(8) 

COMMON/AA/NGCN(450) 
NDIM=2 
WRITE(*,1001) 
1001 FORMAT(1X,'CHOOSE ELEMENT TYPE <!=TRIANGLE, 

+ 2=QUADRILATERAL>:',$) 

READ(*,*)NTMP 
IF(NTMP.EQ.1) THEN 

NEN=3 
ELSE 

NEN=4 
END IF 
WRITE(*,1002) 
1002 FORMAT(1X,' NUMBER OF S-SPANS=?',$) 

READ(*,*)NS 
WRITE(*,1003) 
1003 FORMAT(1X,' NUMBER OF W-SPANS=?',$) 

READ(*,*)NW 
NSW=NS*NW 
NGN=(NS+1)*(NW+1) 

NM=1 
C BLOCK IDENTIFIERS FOR BLOCKS 

c 
DO 10 I=1,NSW 

IDBLK(I)=1 
10 CONTINUE 



WRITE(*,1004) 

1004 FORMAT(1X,' NO. OF VOID BLOCKS OR BLOCKS WITH 
+ MATERIAL # NOT 1 ?'$) 

READ(*,*)NON1BLK 

IF(NON1BLK.NE.O) THEN 
WRITE(*,*)'GIVE THE BLOCK AND MATERIAL# FOR EACH 

+ VOID BLOCK OR ' 

WRITE(*,*) ' BLOCK WITH MATERIAL# NOT=!' 
DO 20 I=1,NON1BLK 

15 READ(*,*)J,IDBLK(J) 
IF(NM.LT.IDBLK(J)) NM=IDBLK(J) 

20 CONTINUE 
END IF 

C SPAN DIVISIONS 
c 
NNS=1 
NNW=1 
WRITE(*,*)' INPUT THE NO. OF DIVISIONS IN EACH S-SPAN' 
DO 30 KS=l,NS 

WRITE(*,1005)KS 
1005 FORMAT(1X,'S-SPAN # =',I3,' NO. OF DIVISIONS=?',$) 
25 READ(*,*) NSD(KS) 

NNS=NNS+NSD(KS) 

30 CONTINUE 

WRITE(*,*)' INPUT THE NO. OF DIVISIONS IN EACH W-SPAN' 

DO 40 KW=1 ,NW 

WRITE(*,1006) KW 
1006 FORMAT(1X,'W-SPAN # =' ,I3,' NO.OF DIVISIONS=?',$) 

35 READ(*,*)NWD(KW) 
NNW=NNW+NWD(KW) 

40 CONTINUE 

. )"""' _/ 



c 
C BLOCK CORNER AND SIDE DATA 
c 
NSR=NS*(NW+l) 
NWR=NW*(NS+l) 

WRITE(*,*)' INPUT THE NO. OF CORNER NODES' 
READ(*,*)NOCN 
C ....... Z-COORDINATES ARE SET TO ZERO, BUT MAY BE READ IN HERE 
WRITE(*,*)' GIVE CORNER NODE NO. AND X , Y COORDINATES 

+ FOR EACH NODE' 

DO 50 I=l,NOCN 

READ(*,*) N,XB(I,1),XB(I,2) 
XB(I,3)=0.0 

50 CONTINUE 
c 
C EVALUATE MID-POINTS OF S-SIDES 

c 
DO 60 I=l,NW+l 

DO 60 J=l,NS 
IJ=(I-l)*NS+J 
SR(IJ,1)=.5*(XB(IJ+I-1,1)+XB(IJ+I,1)) 
SR(IJ,2)=.5*(XB(IJ+I-1,2)+XB(IJ+I,2)) 
SR(IJ,3)=.5*(XB(IJ+I-1,3)+XB(IJ+I,3)) 

60 CONTINUE 

c 
C EVALUATE MID-POINTS OF W-SIDES 

c 
DO 70 I=l,NW 

DO 70 J=l,NS+l 
IJ=(I-l)*(NS+l)+J 
WR(IJ,1)=.5*(XB(IJ,1)+XB(IJ+NS+1,1)) 
WR(IJ,2)=.5*(XB(IJ,2)+XB(IJ+NS+1,2)) 
WR(IJ,3)=.5*(XB(IJ,3)+XB(IJ+NS+1,3)) 



70 CONTINUE 
c 
C READ CO-ORDINATES OF CURVED SIDES OR SIDES WITH 
C DISPLACED MID-NODES 
c 
WRITE(*,1015) 

1015 FORMAT(1X,' INPUT THE NUMBER OF S-SIDES WHICH ARE 
+ CURVED OR THOSE WHICH ARE STRAIGHT') 

WRITE(*,1025) 

1025 FORMAT(1X,'BUT HAVE DISPLACED MID-POINTS:',$) 
READ(*,*)NSDP 

IF(NSDP.EQ.O)GOTO 81 

WRITE(*,*)'GIVE THE S-SIDE# AND THE X,Y 
+ COORDINATES FOR EACH SIDE' 

DO 80 I=1,NSDP 

75 READ(*,*)NSS,SR(NSS,1),SR(NSS,2) 
SR(NSS,3) = 0.0 

80 CONTINUE 
81 WRITE(*,1007) 
1007 FORMAT(1X,' INPUT THE NUMBER OF W-SIDES WHICH ARE 

+CURVED OR WITH DISPLACED MID-POINTS:',$) 

READ(*,*)NWDP 
IF(NWDP.EQ.O)GOTO 91 
WRITE(*,*)' GIVE THEW-SIDE# & THE X,Y COORDINATES FOR 

+ EACH W-SIDE' 

DO 90 I=1,NWDP 
85 READ(*,*)NWW,WR(NWW,1),WR(NWW,2) 

WR(NWW,3) = 0.0 

90 CONTINUE 
c 
C MERGING SIDES 

c 
91 WRITE(*,1008) 



1008 f0RMAT(1X,'NUMBER OF PAIRS OF SIDES TO BE MERGED=?',$) 
READ(*,*)NSJ 

IF(NSJ.EQ.O)GOTO 107 
DO 100 I=1,NSJ 
WRITE(*,1009) 

1009 FORMAT(1X,'END NODES OF SIDE 1 <SIDE 1 IS THE ONE 
+ WITH LOWER CORNER NODE NUMBERS>=?',$) 

95 READ(*,*)L1,L2 
CALL TEST(NNS,L1,L2,II1) 
WRITE(*,1010) 

1010 FORMAT(1X,' INPUT END NODES OF MERGING SIDE',$) 

READ(*,*)L3,L4 
CALL TEST(NNS,L3,L4,II2) 
IF(II1.NE.II2) THEN 
WRITE(*,*)'DIVISIONS ON MERGING SIDES DONT MATCH' 
WRITE(*,*)'ERROR IN INPUT DATA;PLEASE CHECK' 
STOP 

END IF 
MERG(I,1)=L1 
MERG(I,2)=L2 

MERG(I,3)=L3 
MERG(I,4)=L4 

100 CONTINUE 
c 
C GLOBAL NODE LOCATIONS OF CORNER NODES 

c 
107 NTMPI=1 

DO 110 I=1,NW+1 

IF(I.EQ.1) THEN 

IINC=O 

ELSE 
IINC=NNS*NWD(I-1) 

END IF 



NTMPI=NTMPI+IINC 
NTMPJ=O 

DO 110 J=1,NS+1 
IJ=(NS+1)*(I-1)+J 
IF(J.EQ.1) THEN 

JINC=O 
ELSE 

JINC=NSD(J-1) 
END IF 
NTMPJ=NTMPJ+JINC 
NGCN(IJ)=NTMPI+NTMPJ 

110 CONTINUE 
c 
C NODE POINT ARRAY 
c 
NNT=NNS*NNW 
DO 120 I=1,NNT 
NNAR(I)=-1 

120 CONTINUE 
c 
C ZERO NON EXISTING NODE LOCATIONS 
c 
DO 130 KW=1,NW 

c 

DO 130 KS=1,NS 

KSW=NS*(KW-1)+KS 
IF(IDBLK(KSW).GT.O) GOTO 130 

C OPERATIONS WITHIN AN EMPTY BLOCK 

c 
K1=(KW-1)*(NS+1)+KS 

N1=NGCN(K1) 

NS1=2 
IF(KS.EQ.1) NS1=1 



NW1=2 

IF(KW.EQ.1) NW1=1 
NS2=NSD(KS)+1 

IF(KS.EQ.NS) GOTO 123 

IF(IDBLK(KSW+1).GT.O) NS2=NSD(KS) 
123 NW2=NWD(KW)+1 

IF(KW.EQ.NW) GOTO 126 

IF(IDBLK(KSW+NS).GT.O) NW2=NWD(KW) 
126 DO 128 I=NW1,NW2 

IN1=N1+(I-1)*NNS 
DO 128 J=NS1,NS2 

IJ=IN1+J-1 
NNAR(IJ)=O 

128 CONTINUE 
IF((NS2.EQ.NSD(KS)).OR.(NW2.EQ.NWD(KW))) GOTO 130 

IF((KS.EQ.NS).OR.(KW.EQ.NW)) GOTO 130 
IF(IDBLK(KSW+NS+1).GT.O) NNAR(IJ)=-1 

130 CONTINUE 
c 
C NODE IDENTIFICATION FOR SIDE MERGING 

c 
IF(NSJ.EQ.O) GOTO 141 
DO 140 I=1,NSJ 

I1=MERG(I,1) 

I2=MERG (I, 2) 
CALL TEST(NNS,I1,I2,IDIV) 
IA1=NGCN(I1) 
IA2=NGCN(I2) 

IASTP=(IA2-IA1)/IDIV 

I1=MERG(I,3) 
I2=MERG(I,4) 
CALL TEST(NNS,I1,I2,IDIV) 

IB1=NGCN(I1) 



IB2=NGCN (12) 

IBSTP=(IB2-IB1)/IDIV 
IAA=IA1-IASTP 

DO 140 IBB=IB1,IB2,IBSTP 
IAA=IAA+IASTP 
IF(IBB.EQ.IAA)THEN 

NNAR(IAA) =-1 
ELSE 

NNAR(IBB) =IAA 
END IF 

140 CONTINUE 
c 
C FINAL NODE NUMBERS IN THE ARRAY 
c 

141 NODE=O 

DO 150 I=1,NNT 
IF(NNAR(I).EQ.O) GOTO 150 
IF(NNAR(I).GT.O) GOTO 145 
NODE=NODE+1 
NNAR(I)=NODE 
GOTO 150 

145 II=NNAR(I) 
NNAR(I)=NNAR(II) 

150 CONTINUE 
c 
C NODAL COORDINATES 
c 
NN=NODE 

NELM=O 
DO 160 KW=1,NW 

DO 160 KS=1,NS 

KSW=NS*(KW-1)+KS 
IF(IDBLK(KSW).EQ.O) GOTO 159 



c 
C EXTRACTION OF BLOCK DATA 
c 

NODW=NGCN(KSW+KW-1)-NNS-1 
DO 160 JW=1,(NWD(KW)+1) 

ETA=-1.+(2.*FLOAT(JW-1)/FLOAT(NWD(KW))) 
NODW=NODW+NNS 
NODS=NODW 
DO 160 JS=1,(NSD(KS)+1) 

XI=-1.+2.*(FLOAT(JS-1)/FLOAT(NSD(KS))) 
NODS=NODS+1 

NODE=NNAR(NODS) 
CALL COORD(NS,KSW,KW,XB,SR,WR,XP) 
CALL SHAPE(SH,XI,ETA) 

DO 155 J=1,3 

C1=0. 
DO 153 I=1,8 
C1=C1+SH(I)*XP(I,J) 

153 CONTINUE 
X(NODE,J)=C1 

155 CONTINUE 

c 
C CONNECTIVITY 

c 

c 

IF((JS.EQ.(NSD(KS)+1)).0R.(JW.EQ.(NWD(KW)+1))) 

+ GOTO 159 

N1=NODE 
N2=NNAR(NODS+1) 

N3=NNAR(NODS+NNS+1) 
N4=NNAR(NODS+NNS) 

NELM=NELM+1 
IF(NEN.EQ.3) GOTO 2600 



C QUADRILATERAL ELEMENTS 

c 

c 

NOC(NELM,1)=N1 

NOC(NELM,2)=N2 
NOC(NELM,3)=N3 

NOC(NELM,4)=N4 
MAT(NELM)=IDBLK(KSW) 

GOTO 159 

C TRIANGULAR ELEMENTS 
c 
2600 NOC(NELM,1)=N1 

NOC(NELM,2)=N2 
NOC(NELM,3)=N3 

MAT(NELM)=IDBLK(KSW) 
NELM=NELM+1 
NOC(NELM,1)=N3 
NOC(NELM,2)=N4 
NOC(NELM,3)=N1 

MAT(NELM)=IDBLK(KSW) 

159 CONTINUE 
160 CONTINUE 
IF(NEN.EQ.4) GOTO 170 

NE=NELM 
c 
C READJUSMENT FOR TRIANGULAR CONNECTIVITY 
c 

NE2=NE/2 
DO 165 I=1,NE2 

I1=2*I-1 
N1=NOC(I1, 1) 



N2=NOC (I 1, 2) 
N3=NOC(I1 ,3) 

N4=NOC(2*I,2) 

X13=X(N1,1)-X(N3,1) 
Y13=X(N1,2)-X(N3,2) 
Z13=X(N1,3)-X(N3,3) 
X24=X(N2,1)-X(N4,1) 
Y24=X(N2,2)-X(N4,2) 
Z24=X(N2,3)-X(N4,3) 

XFACT=(X13**2+Y13**2+Z13**2)/ 

+ (X24**2+Y24**2+Z24**2) 
XFACT=SQRT(XFACT) 
IF(XFACT.LE.0.9) GOTO 165 
NOC(I1 ,3)=N4 

NOC(2*I,3)=N2 

165 CONTINUE 

170 CALL OUTPUT(NN,NELM,X,NOC,MAT,NEN,NDIM,NM) 
CLOSE(5) 

END 

C SUBROUTINE TO CALCULATE THE NUMBER OF DIVISIONS 
C FOR SIDES I1 AND I2 
c 
SUBROUTINE TEST(NNS,I1,I2,IDIV) 
COMMON/AA/ NGCN(450) 

IMIN=I1 
IMAX=I2 
IF(I1.EQ.I2) WRITE(*,*)'*****ERROR;I1=I2' 
IF(IMIN.GT.I2) THEN 

IMIN=I2 
IMAX=I1 

END IF 

:36 



IF((IMAX-IMIN).EQ.l) THEN 
IDIV=NGCN(IMAX)-NGCN(IMIN) 
RETURN 

END IF 

IDIV=(NGCN(IMAX)-NGCN(IMIN))/NNS 
RETURN 

END 

c 
C SUBROUTINE TO EXTRACT THE COORDINATES OF EACH OF 

C THE EIGHT NODES OF THE BLOCK FROM THE BULK DATA 
c 
SUBROUTINE COORD(NS,KSW,KW,XB,SR,WR,XP) 
DIMENSION XB(450,3),SR(450,3),WR(450,3),XP(8,3) 

Nl=KSW+KW-1 
XP(1,1)=XB(N1,1) 
XP(1,2)=XB(N1,2) 
XP(1,3)=XB(N1,3) 
XP(3,1)=XB(N1+1,1) 

XP(3,2)=XB(N1+1,2) 
XP(3,3)=XB(N1+1,3) 
XP(5,1)=XB(N1+NS+2,1) 
XP(5,2)=XB(N1+NS+2,2) 

XP(5,3)=XB(N1+NS+2,3) 
XP(7,1)=XB(N1+NS+1,1) 
XP(7,2)=XB(N1+NS+1,2) 
XP(7,3)=XB(N1+NS+1,3) 

XP(2,1)=SR(KSW,1) 
XP(2,2)=SR(KSW,2) 
XP(2,3)=SR(KSW,3) 
XP(6,1)=SR(KSW+NS,1) 
XP(6,2)=SR(KSW+NS,2) 



XP(6,3)=SR(KSW+NS,3) 
XP(8,1)=WR(N1,1) 
XP(8,2)=WR(N1,2) 
XP(8,3)=WR(N1,3) 
XP(4,1)=WR(N1+1,1) 
XP(4,2)=WR(N1+1,2) 
XP(4,3)=WR(N1+1,3) 

RETURN 
END 

c 
C SUBROUTINE TO EVALUATE THE SHAPE FUNCTIONS 
c 
SUBROUTINE SHAPE(SH,XI,ETA) 
DIMENSION SH(8) 

SH(1)=-(1.-XI)*(1.-ETA)*(1.+XI+ETA)/4. 
SH(2)=(1.-XI*XI)*(1.-ETA)/2. 
SH(3)=-(1.+XI)*(1.-ETA)*(1.-XI+ETA)/4. 
SH(4)=(1.-ETA*ETA)*(1.+XI)/2. 

SH(5)=-(1.+XI)*(1.+ETA)*(1.-XI-ETA)/4. 
SH(6)=(1.-XI*XI)*(1.+ETA)/2. 
SH(7)=-(1.-XI)*(1.+ETA)*(1.+XI-ETA)/4. 
SH(8)=(1.-ETA*ETA)*(1.-XI)/2. 

RETURN 

END 

c 
C SUBROUTINE TO SAVE GENERATED MESH DATA 

c 
SUBROUTINE OUTPUT(NN,NELM,X,NOC,MAT,NEN,NDIM,NM) 
DIMENSION X(450,3),NOC(1000,4),MAT(1000) 

CHARACTER*12 OUTFIL 



LOUT = 11 
write(6,107) 

107 FORMAT(1X,'# CONSTRAINED DOF 11 s, #OF LOAD COMPONENTS= ',$) 

READ(5,*) ND,NL 
WRITE(6,109) 

109 FORMAT(1X,'FILE NAME FOR OUTPUT ',$) 

READ(5,108)0UTFIL 

108 FORMAT(A) 
OPEN(11,FILE=OUTFIL,STATUS='UNKNOWN') 
WRITE(LOUT,172) NN,NELM,ND,NL,NM,NDIM,NEN 
172 FORMAT(16I5) 

DO 200 I=1,NN 
WRITE(LOUT,199)(X(I,J),J=1,NDIM) 

199 FORMAT(6(1X,E12.5)) 

200 CONTINUE 

DO 210 I=1,NELM 
WRITE(LOUT,172)(NOC(I,J),J=1,NEN) 

210 CONTINUE 

RETURN 

END 

WRITE(LOUT,172) (MAT(I), I=1,NELM) 

CLOSE(UNIT= 11) 



:\PPEl\'DIX B 

FC·-.'ITE ELEMENT PROGRAM HEAT2D. FOR 

~0 



c ~******* HEAT2D ********* 
C Two Dimensional Conduction with Temperature 

C HeatFlux and Convection BCs 
DIMENSION X(200, 2), NOC(200, 3), MATN0(200), TC(200) 
DIMENSION F(200), S(200, 200), NT(200), U(200),BT(2,3) 
CHARACTER*16 FILE!, FILE2, FILE3,MATOUT 
IMAX = 200 

PRINT *• '=============================================' 
PRINT *• ' TWO-DIMENSIONAL HEAT CONDUCTION 
PRINT 
PRINT 

* ) , 

* ) ' 
* ) , 

Program written by 

T.R.Chandrupatla and A.D.Belegundu PRINT 

PRINT *• '=============================================' 

c ******************************************************* 
C THIS PROGRAM WAS ALTERED IN THE FOLLOWING WAYS: 

c 
C 1) READ BOUNDARY CONDITIONS AND MATERIAL PARAMETERS 

C FROM THE FILE PRODUCED 
C 2) WRITE THE STIFFNES MATRIX TO A FILE TO BE READ 
C BY PROGRAM WHICH CALCULATES THE STRAIN ENERGY 

c ******************************************************** 
c 
C PRINT*, '1. Interactive Data Input' 
C PRINT *• '2. Data Input (Except B.C.s) From File' 

C PRINT *, ' Your Choice <1 or 2> ' 

C READ*, IFL1 

IFL1=2 
IF(IFL1 .EQ. 1) GO TO 100 

~1 

PRINT*, 'INPUT FILE SHOULD CONTAIN CONTROL INFO., COORDINATES,' 
PRINT*, 'CONNECTIVITY, MAT. PROPERTIES (THERMAL CONDUCTIVITY)' 

PRINT*, 'Name of File for INPUT' 

READ '(A)' ,FILE! 
OPEN (UNIT= 10, FILE =FILE!, STATUS = 'OLD') 



cLINP = 10 

READ(LINP,*) NP,NE, ND,NL, NMAT, I, I 
PRINT*,NP,NE,ND,NL,NMAT,I,I 
GO TO 110 

100 PRINT*, 'Number of Elements' 
READ *, NE 

PRINT*, 'Number of Nodes' 
READ*, NP 

PRINT*, 'Number of Materials' 
READ*, NMAT 

C ** NMAT= NUMBER OF MATERIALS 

C ** NP = NUMBER OF NODES =NO. OF DEGREES OF FREEDOM 
C ** NE = NUMBER OF ELEMENTS 
C ** X = X,Y COORDINATES OF EACH NODE 
C ** NOC = ELEMENT CONNECTIVITY 

C ** MATNO=MATERIAL NUMBER OF EACH ELEMENT 

C ** TC = THERMAL CONDUCTIVITY OF EACH MATERIAL 
110 PRINT*, 'Name of File for OUTPUT' 

READ '(A)' ,FILE2 
OPEN (UNIT= 11, FILE = FILE2,status='new') 
LOUT = 11 

IF(IFLl .EQ. 2) GO TO 120 
PRINT*, 'ELEM#, NODE!, NODE2, NODE3, MAT#' 
READ*, (N,(NOC(N,J),J=1,3),MATNO(N),I=1,NE) 

PRINT*, 'GIVE NODE NUMBER AND ITS TWO COORDINATES' 
READ *• (N, X(N, 1), X(N, 2),I=l,NP) 
PRINT *,'MAT# THERMAL CONDUCTIVITY' 
READ*, (N, TC(N),I=l,NMAT) 
GO TO 130 

C ** FILE INPUT FOR CONNECTIVITY, COORDINATES AND MATERIAL#** 
120 READ(LINP,*) (X(I,l), X(I,2),I=l,NP) 

READ(LINP,*) (NOC(I,l), NOC(I,2), NOC(I,3),I=l,NE) 
READ(LINP,*) (MATNO(I),I=l,NE) 



C **NO, NL NOT RELEVANT if b.c.'s are read in interactively 
C IF(ND.NE.O)READ(LINP,*)(II,UI,I=1,ND) 
C IF(NL.NE.O)READ(LINP,*)(II,UI,I=1,NL) 

READ(LINP,*)(TC(I), I=1,NMAT) 

C ** PRINT DATA ** 
130 WRITE(LOUT,*)'NO. OF NODES, NO. OF ELEM, NO. OF MATERIALS' 

WRITE(LOUT,'(3I5)') NP, NE, NMAT 
WRITE(LOUT,*) 'NODE# X-COORD Y-COORD' 
WRITE(LOUT,'(I5,2E12.4)')(I, X(I,1), X(I,2), I=1,NP) 
WRITE(LOUT,*)'ELEMENT#, 3 NODES, MATERIAL#' 
WRITE(LOUT,'(5I5)')(I,(NOC(I,J),J=1,3),MATNO(I),I=1,NE) 
WRITE(LOUT,*)'MAT# THERMAL CONDUCTIVITY' 
WRITE(LOUT,'(I5,E12.4)')(I,TC(I),I=1,NMAT) 

C ** BAND WIDTH CALCULATION 

IDIFF = 0 
DO 150 K = 1, NE 
DO 140 I = 1, 2 
I1 = I + 1 
DO 140 J = I1, 3 
II = ABS(NOC(K, J) - NOC(K, I)) 
IF(II .GT. IDIFF) IDIFF = II 

140 CONTINUE 
150 CONTINUE 

NBW = IDIFF + 1 
WRITE(LOUT,*)'THE BAND WIDTH IS' 

WRITE(LOUT,'(I5)') NBW 
C ** INITIALIZATION OF CONDUCTIVITY MATRIX AND HEAT RATE VECTOR 

DO 160 I = 1, NP 

F(I) = 0. 

DO 160 J = 1, NBW 
S(I, J) = 0. 

160 CONTINUE 



PRINT*, 1 GIVE BOUNDARY CONDITION DATA BELOW 1 

WRITE(LOUT,*) 1 **BOUNDARY CONDITION DATA** 1 

C ** ND = NUM. OF SPECIFIED NODAL TEMPERATURES 

C **NT(.)= CORRESP. NODE NO., AND U(.) =VALUE OF SPEC. TEMP. 
PRINT*, 1 NUM. OF NODES WITH SPECIFIED TEMPERATURES 1 

READ (LINP,*) ND 

WRITE(LOUT,*) 1 NO. OF NODES WITH SPEC. TEMP. 1 

WRITE(LOUT, 1 (I5) 1
) ND 

IF(ND .EQ. O)GO TO 170 

PRINT*, 1 GIVE NODE#, SPECIFIED TEMPERATURE 1 

WRITE(LOUT,*) 1 NODE# SPEC. TEMPERATURE 1 

READ(LINP,*) (NT(I), U(I),I=1,ND) 
WRITE(LOUT, 1 (I5,E12.4) 1 )(NT(I), U(I),I=1,ND) 

170 PRINT *, 1 NO. OF EDGES ON BOUNDARY WITH SPECIFIED HEAT FLUX 1 

READ(LINP,*) NHF 

4l 

WRITE(LOUT,*) 1 NO. OF EDGES ON BOUNDARY WITH SPEC. HEAT FLUX 1 

WRITE(LOUT, 1 (I5) 1
) NHF 

IF(NHF .EQ. 0) GO TO 190 
PRINT*, 1 GIVE TWO NODES OF EDGE AND SPEC. HEAT FLUX(>O IF OUT) 1 

WRITE(LOUT,*) 1 TWO NODES OF EDGE, SPEC. HEAT FLUX 1 

DO 180 I = 1, NHF 
READ(LINP,*) N1, N2, V 
WRITE(LOUT, 1 (2I5,E12.4) 1

) N1, N2, V 
ELEN = SQRT((X(N1,1)-X(N2,1))**2+(X(N1,2)-X(N2,2))**2) 

F(N1) = F(N1) - ELEN * V I 2 
F(N2) = F(N2) - ELEN * V I 2 

180 CONTINUE 
190 PRINT*, 1 NO. OF EDGES ON BOUNDARY WITH SPECIFIED CONVECTIDN 1 

READ(LINP,*) NCONV 
WRITE(LOUT,*) 1 NO. OF EDGES ON BOUNDARY WITH SPEC. CONVECTIDN 1 

WRITE(LOUT, 1 (I5) 1
) NCONV 

IF(NCONV .EQ. 0) GO TO 215 
PRINT *,'NODE! NODE2 CONV.COEFF AMBIENT TEMP. 1 



. WRITE(LOUT,*)'TWO NODES OF EDGE, SPECIFIED CONVECTION' 
DO 200 I= 1, NCONV 

READ *, N1, N2, H, TINF 

WRITE(LOUT,'(2I5,2E12.4)')N1, N2, H, TINF 

ELEN = SQRT((X(N1,1)-X(N2,1))**2+(X(N1,2)-X(N2,2))**2) 
F(N1) = F(N1) + ELEN * H * TINF I 2 
F(N2) = F(N2) + ELEN * H * TINF I 2 
S(N1, 1) = S(N1, 1) + H * ELEN I 3 
S(N2, 1) = S(N2, 1) + H * ELEN I 3 
IF(N1 .LT. N2) GO TO 200 
N3 = N1 

N1 = N2 
N2 = N3 

200 S(N1, N2 - N1 + 1) = S(N1, N2 - N1 + 1) + H * ELEN I 6 
210 CONTINUE 

C ** READ HEAT SOURCE VECTOR 
215 PRINT *• 'NUMBER OF NODAL HEAT SOURCES ' 

READ(LINP,*) NQ 
WRITE(LOUT,*)'NUMBER OF NODAL HEAT SOURCES' 
WRITE(LOUT,'(I5)')NQ 
IF(NQ .EQ. 0) GO TO 230 

PRINT *• 'GIVE NODE# HEAT SOURCE (>0 IF SOURCE)' 
WRITE(LOUT,*) 'NODE# HEAT SOURCE' 
DO 220 I = 1, NQ 

READ *, N, Q 
WRITE(LOUT,'(I5,E12.4)') N, Q 

220 F(N) = F(N) + Q 

230 PRINT*, 'NO. OF ELEMENT HEAT SOURCES' 

READ(LINP,*) NEQ 
WRITE(LOUT,*)'NO. OF ELEMENT HEAT SOURCES' 
WRITE(LOUT,'(I5)') NEQ 
IF(NEQ .EQ. 0) GO TO 250 
PRINT*, 'GIVE ELEM#, AVERAGE HEAT RATE PER UNIT VOL.' 



c 

. WRITE(LOUT,*) 'ELEM#. AND AVERAGE HEAT RATE PER UNIT VOL.' 
DO 240 I = 1, NEQ 
READ *• N, EQ 
WRITE(LOUT,'(I5,E12.4)') N, EQ 
I1 = NOC(N, 1) 
I2 = NOC(N, 2) 
I3 = NOC(N, 3) 

X32 = X(I3, 1) - X(I2, 1) 
X13 = X(I1, 1) - X (!3, 1) 
X21 = X(I2, 1) - X(I1, 1) 
Y23 = X(I2, 2) - X (!3, 2) 
Y31 = X(I3, 2) - X(I1, 2) 
Y12 = X(I1, 2) - X(I2, 2) 

AREA = .5 * ABS(X13 * Y23 - X32 * Y31) 
C = EQ * AREA / 3 
F(I1) = F(I1) + C 
F(I2) = F(I2) + c 
F(I3) = F(I3) + c 

240 CONTINUE 
CLOSE(LINP) 

** CONDUCTIVITY MATRIX 
250 DO 290 I = 1, NE 

I1 = NOC(I, 1) 
I2 = NOC(I, 2) 

I3 = NOC(I, 3) 

X32 = X(I3, 1) - X(I2, 1) 

X13 = X(I1, 1) - X(I3, 1) 

X21 = X(I2, 1) - X(I1, 1) 

Y23 = X(I2, 2) - X(I3, 2) 

Y31 = X(I3, 2) - X(I1, 2) 

Y12 = X(I1, 2) - X(I2, 2) 

DETJ = X13 * Y23 - X32 * Y31 
AREA = .5 * ABS(DETJ) 



·. BT( 1, 1) = Y23 
BT(1, 2) = Y31 
BT(1, 3) = Y12 
BT(2, 1) = X32 
BT(2, 2) = X13 
BT(2, 3) = X21 
DO 260 II = 1, 3 

DO 260 JJ = 1, 2 

260 BT(JJ, II) = BT(JJ, II) I DETJ 
DO 280 II = 1, 3 
DO 280 JJ = 1, 3 
II1 = NOC(I, II) 
II2 = NOC(I, JJ) 

IF (II1 .GT. II2) GO TO 280 
SUM= 0 

DO 270 J = 1, 2 
270 SUM= SUM+ BT(J, II) * BT(J, JJ) 

II21=II2-II1+1 
S(II1,II21) = S(II1,II21)+SUM * AREA * TC(MATNO(I)) 

280 CONTINUE 

290 CONTINUE 
IF(ND .EQ. 0) GO TO 320 

C ** MODIFY FOR TEMP. BOUNDARY CONDITIONS 
SUM= 0. 

DO 300 I = 1, NP 
300 SUM = SUM+ S(I, 1) 

SUM = SUM I NP 

CNST = SUM * 1000000. 

DO 310 I = 1, ND 
N = NT(!) 
S(N, 1) = S(N, 1) + CNST 

310 F(N) = F(N) + CNST * U(I) 

c ********************************************************* 

..!I 



C PROMPT FOR THE OUTPUT FILE FOR WHICH TO WRITE 
C THE STIFFNESS MATRIX IN COMPACT FORM ALONG WITH 
C NODAL DISPLACEMENTS. 

c ********************************************************* 
PRINT*,'ENTER NAME FOR THE OUTPUT FILE OF THE ABBREVIATED 

+ FORM OF THE STIFFNESS MATRIX AND NODAL DISPLACEMENTS' 
READ'(A)',MATOUT 
open(unit=86,file=MATOUT,status='new') 

do 96 i=1,np 
write(86,1000) (s(i,j),j=1,NBW) 

1000 format(1x,8(1x,e11.4)) 

96 continue 

C ** EQUATION SOLVING 
320 CALL BAND(S, F, IMAX, NBW, NP) 

WRITE(LOUT,*) 'NODE# TEMPERATURE' 
WRITE(LOUT,'(I5,E15.4)')(I,F(I),I=1,NP) 

C PRINT *,'1. Store Data for Plotting Isotherms' 

C PRINT *,'2. Skip Storage of Data' 

C PRINT *,'Your Choice' 

C READ*, IANS 

IANS=1 
IF(IANS.EQ.2) GO TO 330 

C PRINT *,'Enter file name for nodal temperature data' 

C READ '(A)', FILE3 
C OPEN (UNIT = 12, FILE = FILE3) 

WRITE(86,'(E15.4)') (F(I),I=1,NP) 

C CLOSE (12) 
330 WRITE(LOUT,*) 'CONDUCTION HEAT FLOW PER UNIT AREA IN EACH ELEM' 

WRITE(LOUT,*) 'ELEM# QX=-K*DT/DX QY=-K*DT/DY ' 

DO 350 I = 1, NE 
I1 = NOC(I, 1) 
I2 = NOC(I, 2) 



. I3 = NOC(I, 3) 
X32 = X(I3, 1) - X(I2, 
X13 = X(I1, 1) - X(I3, 
X21 = X(I2, 1) - X(I1, 
Y23 = X(I2, 2) - X (I3, 
Y31 = X(I3, 2) - X(I1, 
Y12 = X(I1, 2) - X(I2, 
DETJ = X13 * Y23 - X32 
BT( 1, 1) = Y23 
BT(1, 2) = Y31 
BT(1, 3) = Y12 
BT(2, 1) = X32 
BT(2, 2) = X13 
BT(2, 3) = X21 
DO 340 II = 1, 3 

DO 340 JJ = 1, 2 

1) 
1) 
1) 
2) 
2) 
2) 

* Y31 

340 BT(JJ, II) = BT(JJ, II) I DETJ 

QX = BT(1, 1) * F(I1) + BT(1, 2) * F(I2) + BT(1, 3) * F(I3) 
QX = -QX * TC(MATNO(I)) 
QY = BT(2, 1) * F(I1) + BT(2, 2) * F(I2) + BT(2, 3) * F(I3) 
QY = -QY * TC(MATNO(I)) 
WRITE(LOUT,'(I5,2E15.4)') I, QX, QY 

350 CONTINUE 

c ********************************************************* 
C CALL THE STRAIN ENERGY CALCULATING ROUTINE 

c ********************************************************* 
PRINT*, 
PRINT*, "CALCULATING THE STRAIN ENERGY" 

CALL STFMAT(NBW,NP) 
END 
SUBROUTINE BAND(A, B, IMAX, NBW, N) 
DIMENSION A(IMAX,NBW), B(IMAX) 

N1 = N - 1 

-l ~) 



PRINT*, '***FORWARD ELIMINATION***' 
DO 2100 K = 1, N1 
NK = N - K + 1 

IF (NK .GT. NBW) NK = NBW 
DO 2100 I = 2, NK 

C1 = A(K, I) I A(K, 1) 
I1 = K + I - 1 

DO 2000 J = I, NK 
J1 = J - I + 1 

2000 A(I1, J1) = A(I1, J1) - C1 * A(K, J) 
2100 B(I1) = B(I1) - C1 * B(K) 

PRINT*, '*** BACK SUBSTITUTION***' 
B(N) = B(N) I A(N, 1) 
DO 2300 KK = 1, N1 
K = N - KK 

C1 = 1 I A(K, 1) 
B(K) = C1 * B(K) 
NK = N - K + 1 
IF (NK .GT. NBW) NK = NBW 
DO 2200 J = 2, NK 

B(K) = B(K) - C1 * A(K, J) * B(K + J - 1) 
2200 CONTINUE 
2300 CONTINUE 

RETURN 

END 
SUBROUTINE STFMAT(NBW,NODES) 

c ******************************************************* 
C THIS PROGRAM IS MEANT FOR CALUCULATION OF THE 

C STRAIN ENERGY 1I2*QT*K*Q 
C WRITTEN BY: YANCY NUNEZ 

C DATE: 7124192 

C REVISED: 

c ******************************************************* 

."){) 



.) 1 

'DIMENSION A(200,200),B(200,200),QT(1,200),Q(200,1),TEMP(1,200) 
CHARACTER*20 MATFILE,INFILE 

DATA A,B,QT,Q /40000*0,40000*0,200*0,200*0/ 
PRINT*,'INPUT FILE NAME' 
READ'(A)',INFILE 

OPEN(UNIT=5,FILE=INFILE,STATUS='OLD') 
DO 10 I=1,NODES 

READ(5,*)(A(I,J),J=1,NBW) 
10 CONTINUE 

DO 20 I=1,NODES 
DO 25 J=1,NODES 

IF(J.GE.I)THEN 
B(I,J)=A(I,J-I+1) 

END IF 
B(J, I)=B(I, J) 

25 CONTINUE 
20 CONTINUE 

PRINT*,'ENTER NAME FOR OUTPUT' 
READ'(A)',MATFILE 
OPEN(UNIT=6,FILE=MATFILE,STATUS='NEW') 

WRITE(6,*)'ELEMENT STIFFNESS MATRIX' 
DO 30 I=1,NODES 

WRITE(6,35)(B(I,J),J=1,NODES) 

35 FORMAT(1X,49(1X,E11.4)/) 

30 CONTINUE 
DO 1200 J=1,NODES 
READ(5,*)Q(J,1) 
QT(1,J)=Q(J,1) 

1200 WRITE(6,*)Q(J,1) 
C WRITE(6,*)(QT(1,J),J=1,NODES) 

DO 1300 I=1,NODES 

SUM=O.O 
DO 1400 J=1,NODES 



1400,SUM=SUM + QT(1,J)*B(J,I) 
TEMP (1, I) =SUM 

1300 CONTINUE 

WRITE(6,*) 
WRITE(6,*) 

WRITE(6,*)'QT*K' 
DO 1500 J=1,NODES 

1500 WRITE(6,*)TEMP(1,J) 
SUM=O.O 

DO 1600 J=1,NODES 
SUM =SUM+ TEMP(1,J)*Q(J,1) 

1600 CONTINUE 

STENG=.5 * SUM 
WRITE(6,*) 
WRITE(6,*) 

WRITE(6,*)' .5*QT*K*Q' 
WRITE(6,*)'CALCULATED STRAIN ENERGY IS: ',STENG 
RETURN 

END 
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