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ABSTRACT 

Although risk theory originated in the late 1700's, the idea of collective risk 

theory did not come about until the early 1900's. Still, in less than a century, a 

vast amount of literature has been published in the area of collective risk theory. 

Because these papers have been written in various languages and in many different 

forms of notation, it is very difficult for the average person to become familiar with, 

much less gain an understanding of, collective risk theory. In this paper, a survey 

of the development of collective risk theory is performed in an attempt to provide 

the average person with a means to acquire an understanding of and perhaps gain 

an interest in this area of mathematical statistics. 

lV 



CHAPTER I 

INTRODUCTION 

Risk theory originated in the late 1700's; however, the idea of collective risk 

theory did not come about until over a century later. Risk theory is a special case 

of the theory of random or stochastic processes which has grown rapidly in recent 

years and now constitutes a large branch of probability theory. In the area of risk 

theory, there is a vast amount of literature available. Because this literature is 

available in various languages and in many different forms of notation, it is very 

hard for the average person to acquire a true understanding of risk theory. In this 

paper, an attempt will be made to condense the literature of collective risk theory, 

from its very beginning until its present state, into a form which will encourage the 

understanding of the average person and perhaps stimulate the growth of interest 

in this area. Before continuing, note that all technical terms are defined in the 

appendix in order to promote an easy access to a better understanding of the 

material to be covered here. 

In its beginning, risk theory was a part of life assurance mathematics and dealt 

for the most part with deviations expected to be produced by random fluctuations 

in individual policies. It did not deal with questions such as within what limits 

a company's probable gain or loss would lie during different periods. Also, non

life insurance, to which risk theory has its most rewarding applications, was for 

the most part outside the risk theorists' interest. Therefore, risk theory did not 

acquire much attention, and its applications to practical problems of an insurance 

company remained unimportant. 

Due to the studies of Filip Lundberg (1909), a new phase of development, 

known as collective risk theory, began. This phase allows insurance questions 

dealing with the study of the progress of a business from a probabilistic point of 

view to be answered. In addition, it has applications not only to life assurance, but 

also to non-life insurance. The fundamental assumptions of collective risk theory 

and the range of its applications have been significantly enlarged in recent years 

by the use of more general probability models which allow, for instance, for certain 

types of fluctuation in the basic probabilities. 
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Collective risk theory, as a part of actuarial mathematics, deals with stochastic 

models of an insurance business. It entails modelling risk processes in order to 

determine the probability distribution of the global amount of claims paid during 

any given interval of time and resulting from all past subscriptions still active in 

this interval. The occurrence of the claims is described by a point process and 

the amounts of money to be paid by the company at each claim by a sequence of 

random variables. To cover its liability, the company receives a certain amount of 

total premiums. The safety loading is the difference between the premium income 

and the average cost for the claims. Furthermore, the company is assumed to 

have an initial capital at its disposal. An important problem in collective risk 

theory is that of determining the ruin probability or the probability that the risk 

business capital (or assets) ever becomes negative. In general, collective risk theory 

is preferable when an evolving world is considered in which time lags and streams 

of receipts and payments keep changing with time. 

Today the theory of risk generates an interesting and far-reaching field for 

research, and the development of the theory, as is demonstrated by the many pa

pers which continue to be published on the subject, is still far from complete. 

Because studies concerning both its basic foundations and its applications have 

been numerous, there is no reason to assume the development will cease during 

forthcoming years. In fact, risk theory is needed now more than ever. Accord

ing to Lodge (1993), a staff writer of the Dallas Morning News, state regulated 

insurance companies are costing the nation's taxpayers billions of dollars by being 

beset by problems of fraud, insolvency, and unregulated foreign competitors. To 

unscrupulous reinsurance companies that assume a portion of the risk associated 

with insurance policies for a price, even legitimate businesses can fall prey. Still, it 

is a fact that many problems in this field, for instance, problems having to do with 

a company's solvency, reinsurance requirements, safety loadings in the premiums, 

and many others, are such that risk theory alone is not able to provide a definite 

solution, because in practical work it is often necessary to consider many aspects 

which risk theory is unable to handle. In spite of its shortcomings, risk theory 

provides effective tools, when choosing a form of reinsurance and calculating suit

able net retentions and safety loadings, to estimate the fluctuations in the business 
'· 

retained by a company. Obviously, such fluctuations should always be kept within 
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the limits of the company's resources. For example in Martinez-Morales (1991 ), 

we find that risk theory allows us to control the premiums as smoothly as possible 

which in turn stabilizes the risk process close to a given barrier. Therefore, risk 

theory can facilitate important considerations of financial interest and be useful in 

making final decisions. 

As was mentioned above, this paper will condense the literature of collective 

risk theory. In other words, this paper will provide a survey of the development 

of collective risk theory in such a way that the average person will be able to 

understand and hopefully gain interest in the field of risk theory. (Note that the 

literature of collective risk theory is substantial going back to 1909, but that the 

more recent literature contains the significant results.) Due to the large number 

of references listed in the reference section, some of these references are not cited. 

The purpose for including those which are not cited is to provide the reader with 

a list of as many choices of publications as possible so as to promote further 

investigation in the area of collective risk theory. Chapter II will deal solely with 

collective risk theory. It will include a survey of literature covering the entire 

development of collective risk theory. The various models of collective risk theory 

and their generalizations will be included in Chapter III. Chapter IV will deal 

with the probability of ruin with special emphasis on its relation to collective risk 

theory. Finally, Chapter V will provide a summary of the paper along with a list 

of problems, which evolved from the literature survey of collective risk theory in 

Chapter II, to be looked at in the future and a list of conclusions drawn from the 

paper. 



CHAPTER II 

COLLECTIVE RISK THEORY 

2.1 What Is Collective Risk Theory? 

Around 50 years ago Cramer wrote, "The object of the Theory of Risk is to 

give a mathematical analysis of the random fluctuations in an insurance business 

and to discuss the various means of protection against their inconvenient effects 

(Seal, 1988, p. 152)." From Seal (1988), we find that the first known attempt to 

apply mathematics to the risk run by an insurance company was that of Tetens 

(1786), where the insurance company funded pensions paid to widows. For nearly 

a century after that time, all technical articles of risk theory were written in Ger

man. Under the assumption that each contract in a portfolio was independent 

of any other, the idea behind this early research was to calculate the variances 

of life insurance contracts, to sum these variances, and to apply the central limit 

theorem to determine the probabilities of aggregate losses, such as claims minus 

net premiums, over a period of time. 

Filip Lundberg (1909) is responsible for developing a completely novel approach 

to risk theory and for giving birth to discontinuous stochastic processes, in par

ticular the Poisson process. Collective risk theory deals with stochastic models of 

an insurance business. Two problems that have occupied actuaries working with 

Lundberg's theory of risk are: 

(1) Given the point process of claims and the distribution of their sizes, 

find the distribution function of aggregate claims during an interval of 

length t, and; 

(2) Calculate numerically the probability of ruin or its complement, the 

probability of survival, through an epoch t. 

2.2 Literature Survey Of Collective Risk Theory 

According to Philipson (1961 ), collective risk theory was introduced by Filip 

Lundberg (1903, 1909, 1919, 1926-1928, 1930, 1932, 1934) and developed by 

Cramer (1919, 1926, 1928, 1930, 1946, 1954 and other papers), Esscher (1932), 

Laurin (1930), and many others. In these papers, the parameter twas often treated 
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as a time parameter and transformed into a scale, known as the operational time 

scale, depending on the mean of a compound Poisson process and the distribution 

of the size of one change (being defined as the distribution of the amount of one 

claim and called the risk sum distribution, due to the fact that for life insurance 

it is chiefly dependent on the distribution of the risk sum insured). 

An axiomatic derivation of the compound Poisson process was performed by 

Biihlmann (1968). Let Xt, for t E [0, oo) with X 0 = 0, be a stochastic process 

satisfying the following conditions: 

(a) Xt(w) has only step sample functions (except for a set of w's with 

measure zero); 

(b) Xt has independent increments; and 

(c) Xt is homogeneous (stationary increments). 

Then Xt has a compound Poisson distribution if one of the following additional 

conditions is satisfied: 

( d1) Xt takes on only integer values; 

( d2 ) The step sample functions have only jumps of absolute height of 

at least S0 > 0; and 

( d3 ) The expected number of jumps of the process is finite for any finite 

time interval. 

Thus, we have the following characterizations: 

Theorem I: conditions (b), (c), and (dt). 

Theorem II: conditions (a), (b), (c), and (d2). 

Theorem III: conditions (a), (b), (c), and ( d3). 

Biihlmann ( 1968) proved Theorem III and showed that Theorem II is a corollary 

of Theorem III and that Theorem I is a special case of Theorem II. There are 

applications of his work to the collective theory of risk. It is realistic to consider 

that either ( dt) or ( d2) will always hold, since claims in insurance are always 

expressed in monetary units. Therefore, conditions (a), (b), and (c) or even (b) 

and (c) alone characterize the compound Poisson case. 
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The risk reserve Xt, the primary object of risk theory, is the initial reserve X 0 

plus incoming premiums from 0 tot minus outgoing claims from 0 tot. Here, two 

main problems are formulated: 

( i) What is the result of the business at the end of a certain time period 

T, where T is usually equated to 1? 

(ii) What is the result if the observations are extended to a certain set 

of times t~, t 2 , ••• , tm of a prolonged interval 0, T? 

For the second problem cited above, a sum of variables X(t~, t2 ) is studied, one 

for each year between t 1 and t2 , as a sum of increments. There is independence 

between the periods in the case of simple Poisson, but unless a new process is 

started each year, the increments will not generally be independent in the case of 

a compound Poisson process. 

Stochastic approaches are interpreted as essential parts of the theory of risk 

and the practice of dynamic programming applied to the insurance environment. 

Beard, Pentikainen, and Pesonen (1984) will give any reader an excellent insight 

into risk theory without too much mathematical theory. 

Filip Lundberg's ideas on risk theory were well ahead of his time. His works in 

this area were written when no general theory of stochastic processes had been de

veloped and when collective risk theory was entirely unknown to insurance compa

nies. In 1903, the Uppsala University Thesis of Filip Lundberg appeared. Though 

this thesis acquired the reputation of being difficult to understand, the develop

ment that has taken place since its publication has revealed his ability to deal with 

concepts and methods that would wait another thirty years before being put on a 

rigorous foundation. 

Traditionally, collective risk theory is to be considered as a study of the prob

ability of ruin in certain random processes. From Segerdahl (1939), we find that 

collective risk theory arose out of the problem about reinsurance. Cramer (1969) 

states that, according to Lundberg, providing a theoretical basis for practical rein

surance arrangements is the main object of risk theory. He believed reinsurance 

includes any technical arrangement designed to smooth out the random fluctu

ations in the annual financial results of the risk business of a certain company. 

Lundberg emphasized the necessity of judging any reinsurance method from the 



7 

point of view of its efficiency. For instance, he insisted the smoothing power of 

a reinsurance method has to be weighed against the cost of reinsurance and the 

possible decrease of business volume that may be involved. 

From Lundberg (1909), we find the following. There are two kinds of reinsur

ance, reassurance operations within the direct insuring company and agreements 

made with other independent institutions. The first kind refers to principles of 

internal administration of reserve funds, security funds, profit reserves, etc., of the 

direct insurer. Methods of reinsurance are to be judged by: 

(1) the increase of security granted to the direct insurer by way of 

remsurance; 

(2) the importance of reinsurance for fair compensation of profits; and 

(3) costs of reinsurance. 

Lundberg felt that the circumstance that quantitative relations between ben

efits secured by reinsurance and corresponding costs could not be duly examined 

was not considered with the attention due. He developed a special method of 

collective reassurance. The constitution of a reinsurance fund is the distinctive 

feature of this method. It is administrated according to the following principles: 

(1) all net risk premiums, including security loadings, are fully at

tributed to the reinsurance fund which has to pay all compensations 

due in consequence of reinsurance operations; and 

(2) the profit of reinsurance has to be drawn out of the reinsurance 

fund. 

The questions of expenses and interests have no connection with the reinsurance 

operations. 

In order to secure the best possible establishment of profits, two reinsurance 

operations have to be performed. The reinsurance operations should be organized 

as follows: 

( 1) Payments of the direct insurer for reinsurance purposes 



FIRST SESSION 

(a) average amount at risk (to be allotted to the reinsurance 

fund), 

(b) security premiums (to be allotted to the reinsurance fund), 

and 

(c) costs (fees of reinsurance). 

SECOND SESSION 

(a) net reinsurance premiums (to be allotted to the reinsur

ance fund), and 

(b) security premiums (to be allotted to the reinsurance fund). 

(2) Payments of the reinsurer 

(a) amounts at risk which have fallen due, and 

(b) total or partial reimbursement of profits of reinsurance. 

8 

The probability that the reinsurance fund will never fall below zero can be 

considered as a measure for the security of reinsurance. Lundberg (1909) developed 

the economic consequences of reinsurance for the reinsurer as well as for the direct 

insurer. Among other points, Lundberg observed that the combination of several 

reinsurance groups into the same reinsurance fund would considerably diminish the 

costs of reinsurance; however, it would not be necessary to concentrate the fund 

into one hand. Without difficulty, the fund could be apportioned among several 

reinsurers. Due to the accomplishments Filip Lundberg made and recorded in 

Lundberg (1909), he has been given credit for the initiation of the idea of collective 

risk theory. 

The chief aim of all theory of risk is to attain a sort of objective and somehow 

confirmed opinion of how and to which extent an insurance company ought to 

reinsure its risks in order that the probability of ruin by random fluctuations of 

the risk process shall become so small that it can be overlooked in practice. 

It is evident that a successive change of the reinsurance practice has an effect 

on the theories and their results; however, it is a striking feature of papers on 

this subject that they only to a very small extent study such an influence. Ac-
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cording to Segerdahl (1948), Hultman has treated data consisting of the sums of 

risk fallen due during some years in the Thule Life Insurance Company. He has 

studied the changes of the chief parameter of a function majorating the probability 

of ruin under different assumptions as to the degree of reinsurance. Ammeter per

formed similar, less extensive investigations on material from the Schweizerische 

Lebensversicherungs und Rentenanstalt. Finally, Pentikainen studied conditions 

in small Finnish friendly societies. 

The questions of mathematical risk that arise in connection with various eco

nomic activities are particular cases of the general problem of choice from among 

a set of possible probability distributions on a space of sure prospects. Consider 

the case of an individual who contemplates taking out insurance. Each possible 

insurance, from his point of view, corresponds to a certain probability distribution 

on the scale of incomes, and he has to make up his mind which of these he prefers 

if any at all. Looking at the question from the point of view of an insurance com

pany, on the other hand, this company is engaged in a continuous game of chance 

with the totality of its policyholders. During successive periods in the course of 

this game, the gains or losses incurred by the company may be considered as ran

dom variables, and the probability distributions of these variables will depend on 

a number of different factors, such as the number and types of the insurances in

volved, the reinsurance policy of the company, and so forth. To study the effect 

of variations of these factors on the relevant probability distributions should be 

in the interest of the company as well as the organization of its business so as to 

obtain the most favorable probability distributions possible. 

As far as probability distributions connected with insurance problems are con

cerned, one of the main objects of the mathematical theory of insurance risk is 

such a study of the behavior of the distributions. This is true of collective risk 

theory, founded by the Swedish actuary Dr. Filip Lundberg. He studied the risk 

business of an insurance company as a continuous game of chance between the 

company and the totality of its policyholders. In current terminology, the mathe

matical setup used by Lundberg for this purpose would be denoted as a stochastic 

process with independent increments. The generalized Poisson process is the par

ticular process involved. Lundberg has given important results for this process 

concerning the asymptotic behavior of the probability distributions of the gains, 
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and also concerning the ruin problem, which may be regarded as a generalized form 

of the classical problem of the gambler's ruin, adapted to the continuous game of 

an msurance company. 

The work of Lundberg was pioneering; hence, his methods did not always 

conform to modern standards of mathematical rigor. To compare this work with 

the similar pioneering work on the Brownian-movement process due to Bachelier in 

France is very interesting. Both types of processes are concerned with the random 

walk of a certain particle. The path of the particle is almost surely continuous in 

the Brownian-movement process, while the movement is essentially discontinuous 

in the generalized Poisson process studied by Lundberg. Today, we know that the 

Brownian-movement process and the generalized Poisson process form two essential 

building stones of the general stochastic process with independent increments. 

Borch (1967) opens with a review of classical risk theory. This review is con

cerned with problems such as the determination of insurance premiums to be 

charged against claims, the calculation of risks for portfolios of insurance contracts, 

and the computation of probabilities of ruin. Methods of classical probability the

ory are used and include the application of the law of large numbers. Since the 

discussion is limited to the position of a company at a particular instant, the time 

variable appears to play no role. Borch, as a result, suggests that the theory has 

proved inadequate for the study of real-life situations. With the development of 

collective risk theory by Lundberg, the realm of time-dependent stochastic pro

cesses was entered. 

In order to reconstruct the Lundberg theory on solid mathematical foundations 

and extend its results, a considerable amount of work has been done for the most 

part by Swedish authors; however, most of this work is not easily available outside 

of Scandinavia, and some parts of the theory still do not seem to be definitely 

cleared up. Still, from Cramer (1954) we find it is now possible to present the 

whole theory from a unifying point of view and to give rigorous proofs of all its 

main results by means of the modern theory of stochastic processes. 

An insurance company takes over the individual risks of the policyholders at 

the price of a comparatively small stake, the premium. According to statistical 

experience, Arfwedson (1954) states that this is so calculated that the premiums 

from all the policyholders will, on the average, cover the company's payments for 
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claims. In case of unfavorable random deviations from the average, the premiums 

contain security loadings. The company also makes other precautions for the same 

purpose. Of these, the most important are reinsurance and the building up of 

adjustment funds. However, extensive precautions increase the price of the insur

ance. Thus, the objective fixing of the precautions in order to get a satisfactory 

solidity as well as a reasonable price constitutes a weighing problem, demanding a 

measure of the effect of diverse precautions. 

The mathematical theory of risk has grown up out of such matters. Individual 

risk theory is the oldest approach to this subject. In this theory, the total risk 

business is considered as the resulting effect of what happens to the individual 

policies. During a certain period, the total gain or loss is considered as the sum of 

the gains or losses of the individual policies. When the number of policies is large, 

the probability distribution of this sum can as a rule be approximately estimated 

by means of its property of tending to the normal distribution. It is well-known 

that the individual risk theory meets with considerable difficulties. 

In collective risk theory, the total risk business is considered as composed by 

the elementary games of chance played during every element of time between the 

company on the one side and the totality of the policyholders on the other. Indi

vidual policies are not paid any attention. The first author to consider the subject 

from this point of view was Filip Lundberg, who laid the foundation of collective 

risk theory. 

In an insurance company, the risk business is characterized by the occurrence 

of certain random events, the claims. The company has to pay the risk sum of the 

claim when a claim occurs. The company receives risk premiums to cover these 

payments. Let the risk premiums be collected in a certain fund X, from which the 

risk sums of the claims are paid. The amount of X is a function of time t, and 

this function describes the development of the risk business or the risk process. 

Since the claims occur randomly, the risk process is an example of a stochastic 

process. The process is ruled by the conditions for the elementary game of chance 

played during every time element dt. According to Arfwedson (1954), the follow

ing two assumptions are ordinarily made in order to simplify the mathematical 

treatment: 

(1) The probability of a claim during dt is proportional to dt and the 



probability of more than one claim during dt is of a smaller order than 

dt. We assume also that these probabilities are independent of the 

claims that occurred before time t. 

(2) Denoting the probability distribution of the amounts y of the claims 

by P(y) we assume that the function P(y) is independent of t and also 

independent of the claims that occurred before timet. 

12 

Among other things, these assumptions imply the elementary games of chance are 

independent of each other. 

A transformed time related to the size of the company is taken as the indepen

dent variable in collective risk theory. By doing this, the growth of the company 

is made irrelevant. The net risk premium was taken as transformed time in older 

works where only a positive process was considered. However, the resulting net 

risk premium can be negative for a mixed process. According to Cramer, we choose 

here the expected number of claims as transformed time which is never going back

wards. Denoting by x the expected number of claims during a certain period, we 

then have the well known Poisson expression 

xn 
-x e -

n! 

for the probability of exactly n claims during the period. 

The following represents Cramer's points of view on Lundberg's theory of risk. 

The element p(z)dz is the probability that the sum at risk, z, belongs to the 

infinitesimal interval ( z, z + dz) when a claim falls due, where p( z) is the risk p.d.f. 

To simplify the calculations, the sums at risk are measured by using the average 

sum at risk as a unit, so that 

fooo zp(z )dz = 1, 

where p( z) = 0 for z < 0, since the possibility of negative risk sums are not 

considered. Although the distribution of the sums at risk is not continuous in 

practice, it will not be difficult to apply the formulas which in the following were 

deduced by Laurin (1930). 

The time will be measured by the total amount of risk premium P received. 

The quantity dP is the mean value of the sums at risk which at the moment have 



13 

fallen due. As terms of higher infinitesimal order are not considered, only one 

claim can occur during a moment. Letting the probability that one claim occurs 

= s, 

dP = s fooo zp(z)dz = s. 

Therefore, by choosing the average sum at risk as a unit, we obtain that the 

probability that a claim occurs at the moment is identically equal to dP. 

Hence, we see that the amount of risk premium flowing in during the moment 

for sums at risk between z1 and z2 is 

1
Z2 

dP zp(z)dz. 
Zl 

As a result, the amount of risk premium corresponding to sums at risk when the 

total risk premium is received in the interval mentioned above is 

Lp 1~ 1~ dP zp(z)dz = P zp(z)dz. 
0 Zl Zl 

Therefore, the assumptions made include as a correlative the knowledge in every 

instant of the total amount of risk premiums corresponding to various sums at risk. 

In what ways does this point of view differ from usual insurance techniques? 

The most noticeable difference is that the number of policies is altogether left 

out of consideration. The problem is usually the following: we have a certain 

number of policies for such and such amounts and at such and such conditions 

during a certain time period-what is the probability the insurance business yields 

a certain profit? In Lundberg's theory, on the contrary, a life assurance for which 

the force of mortality is 1% (meaning 1% of the population under study dies out) 

and for which the length of observation is one year is equivalent to two equally long 

observed assurances for the same sum for which the force of mortality is 0.5% or 

to one assurance for which the force of mortality is 2% and for which the length of 

observation is half a year. The amount of risk premium received in all these cases 

for the sum at risk in question is evidently the same. As Cramer (1954) does, we 

shall call the former point of view individual and the latter, where the insurances 

as individuals are vanished, collective. 

To illustrate both the individual and the collective points of view, we will 

apply them to a simple case: all the sums at risk are identical and equal to 1. 



14 

According to the individual point of view, what is the probability that n claims 

occur assuming N insurances with the claim probability q? The answer is 

(2.1) 

According to Lundberg's collective point of view, what is the probability f(n, P) 
that n claims have occurred when the risk premium P has been received? The 
answer IS 

pn 
f(n,P) = e-P-

1
. 

n. 
(2.2) 

A representation much more similar to (2.1) is the Poisson distribution's approxi

mation to the binomial distribution which is obtained by answering the following 

question. What is the probability that during N years of observation n claims will 

happen assuming the force of claims is q? Since in this case P = N q, the answer 

IS 

f(n, Nq) = e-Nq (Nq)n 
n! 

(2.3) 

While (2.1) goes to zero for n > N, (2.3) is positive (even if very small) for great 

values of n. This results from the fact that the collective point of view assumes 

nothing about the number of policies having been at risk N years; this number may 

have been indefinitely large. For values deviating slightly from the mean value, 

both formulas produce basically the same results. This is due to the fact that both 

formulas can be approximated by the normal distribution for large values of Nor 

P. 

Neither of these points of view, collective nor individual, is more correct than 

the other. Since it assumes no knowledge about the number of policies, the collec

tive method is merely a more general approach. Efficiency and expediency should 

be the deciding factors when choosing which of the two methods to use. As a rule, 

the collective method leads to simpler problems and more flexible formulas as one 

can see by comparing (2.1) and (2.2). 

In regards to Lundberg (1930), Esscher (1932) found another way of deducing 

some of Lundberg's formulas which gives the results in a form that directly eludes 

to a fairly simple approximation of the probability function, F(x, P). 
A group of policies in an insurance company is observed with regard to the 

occurrence of claims. s( x) denotes for every policy the probability that the sum 
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at risk when a claim occurs is < x. Assuming s(x) is a known function, we want 

to find the probability F(x, P) that the total amount of the sums at risk under all 

claims during the period of observation is equal toP. When the expected number 

of claims is equal to P, the probability that n claims have occurred is given by the 
Poisson p.d.f. 

e-Ppn 

n! 
Thus, we get the following expression for the probability sought by denoting by 

Wn ( x) the probability that the total amount of the sums at risk under n claims is 

<x 
oo e-P pn 

F(x,P) = ~n 
1 

wn(x), 
o n. 

(2.4) 

where wn(x) is defined by the recurrent formula (only positive sums at risk are 

considered) 

and the conditions 

wn(x) = fooo Wn-l(x- z)ds(z) 

( ) 
_ { 0 when x < 0 

Wo X -
1 when x > 0. 

It should be noted that formula (2.4) is also valid in cases where the risk function 

varies from one policy to another or from one part of the period of observation 

to another. Also, it should be pointed out that the asymptotic expression for the 

frequency function given by Lundberg (1930) can be directly obtained from the 

formulas which Esscher (1932) deduced. 

One is very often confronted with the problem of making some kind of as

sumptions about the form of the distribution functions underlying the frequency 

as well as the severity of claims in practical applications of collective risk the

ory. From Biihlmann (1964), we find that the approaches of Lundberg (1930) and 

Cramer (1955) are essentially based upon the hypothesis that the number of claims 

occurring in a certain period obey the Poisson distribution whereas the exponen

tial distribution is very often used for the conditional distribution of the amount 

claimed upon the occurrence of such a claim. According to Biihlmann (1964), one 

should always ask the question: "How much information do we want from the 

mathematical model which describes the risk process?" The answer will be that 
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it is sufficient to determine the mean and variance of this process in many prac

tical cases; therefore, the problem of determining mean and variance of the risk 

process while trying to make as few assumptions as possible about the type of the 

underlying probability distributions was attacked by Biihlmann (1964). Because 

De Finetti (1940) had already proposed an approach to risk theory based solely 

upon the knowledge of mean and variance, Biihlmann's (1964) approach was not 
original. 

According to Davidson (1969), the corresponding stochastic process could be 

described as follows when we suppose, in the collective theory of risk, the safety 

loading of the risk reserve to be variable. If the size of the risk reserve is x during 

the element of time of length dt at the time point t, net risk premium and safety 

loading of the total sum (1 + A(x))dt is received by the insurer. The risk reserve 

is increased by this total amount if no claim occurs. The probability of this event 

is 1- dt + o(dt). The probability that a claim occurs during the element of length 

dt is dt + o(dt), and the probability that more than one claim occurs during such 

an element of time is o( dt). 

Collective risk theory is concerned with the random fluctuations of the risk 

reserve, the total assets, of an insurance company. In a company which only writes 

ordinary insurance policies such as accident, disability, fire, health, and whole life, 

the policyholders pay premiums regularly and at certain random times make claims 

to the company. A policyholder's premium, the gross risk premium, is a positive 

amount composed of the net risk premium (the component calculated to cover the 

payments of claims on the average) and the security risk premium or safety loading 

(the component which protects the company from large deviations of claims from 

the average and also allows an accumulation of capital). The company pays the 

policyholder a positive amount called the positive risk sum when a claim occurs. 

An insurance company which only writes life annuity policies, on the other 

hand, represents the mirror image of the situation described above. While the 

death of a policyholder places the corresponding reserve at the company's disposal, 

the company pays out an annuity regularly to the policyholder. In this case, we 

speak of negative risk premiums and negative risk sums. 

For many insurance companies, one finds both positive and negative premiums 

and risk sums present. Iglehart (1969) assumes that claims occur at the jumps of 
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a renewal process, {N(t) : t > 0}, as a mathematical model for this situation. 

Although most work in collective risk theory has assumed that N(t) is a Poisson 

process, assume that N(t) is a general renewal process. The successive risk sums 

form a sequence of independent, identically distributed random variables, {xi : i = 

1, 2, ... }, with E[Xi]=p > 0 according to Iglehart (1969). Furthermore, the initial 

risk reserve of the company is u > 0 and the policyholders pay a gross risk premium 

of a > 0 per unit time. If the risk reserve at time t is X(t), 50 =0, and Si = 

xl + ... +xi, then 

X(t) = u +at- SN(t), t > 0. 

Also, the first time the company has a non-positive risk reserve, T, is defined by 

T = inf{t > 0: X(t) < 0}. 

The principal problems of collective risk theory have been to calculate the dis

tributions of X(t) and T, usually for the case where {N(t) : t ~ 0} is a Poisson 

process. For these distributions, many of the results are complicated expressions 

which have been obtained by involved analytical methods. Iglehart (1969) ob

tains approximations for the distribution of X(t), T, and other functionals of X(t) 
by applying the theory of weak convergence of probability measures on function 

spaces. 

An overview of the main mathematical developments in insurance and invest

ment theory from the perspective of insurance companies is presented in Tremolieres 

and Page (1990). The problems of insurance and investment risk diversification 

are outlined, and models are proposed under the two approaches of classical and 

collective risk theory. Decisions are generally taken for activities at a specific time 

and are concerned with the problem of reaching a given return under minimum 

risk in the classical theory context. It is proved that insurance and investment 

activities depend on each other. It is shown, in the classical theory, that the insur

ance risk for the most part is linear, and a quadratic form arises only from external 

factors. The risk is quadratic in market-share investments but may be linear in 

the case of real-estate investments. A bridge is set up with ruin theory if one adds 

to the various models a constraint that the probability of return must be higher 

than some given value. However, since it is concerned only with decisions taken at 

a given point of time, one may question the significance of this constraint. 



18 

The main problem, in collective risk theory, is the determination of the global 

amount of claims paid during any given time interval in which subscriptions have 

been collected. Although this problem is related to that of determining the correct 

premiums to avoid ruin, De Finetti (1957) has shown that this cannot be done if 

dividend policies are neglected. 

Since it is by no means certain that ruin is the essential problem of insurance 

companies, this last approach can also be questioned. Also very important is 

the problem of maximizing profit or minimizing loss by an adequate choice of 

underwriting lines, and of investments, with good diversification, or appropriate 

risk pooling. It is clear that insurance modelling leaves many problems still open, 

and that, as they do in all probabilistic and stochastic areas, it is probable that 

new formulations will pose new mathematical problems. 

In Page and Tremolieres (1991), a model of insurance and investment risk di

versification and an in-depth analysis of the mathematical formulation of the risk 

are presented. To formulate the model rigorously, a new concept, the substitu

tion principle is introduced. It is shown that the insurance risks are linear in 

nature if the investment risks are normally non-linear. Therefore, the well-known 

diversification principle has to be viewed differently in insurance and in finance. 

A problem of great interest in insurance mathematics, according to Saxen 

(1948), is the determination of the probability that an insurance company will 

be brought to ruin at some point in the future. Not only does it give us a possibil

ity of estimating the stability of the insurance company if we know this probability, 

but it also allows us to decide which precautions, such as reinsurance and loading 

of the premiums, should be taken in order to make the probability of ruin so small 

that in practice no ruin is to be feared. 

The determination of the probability of ruin belongs to risk theory which is the 

branch of insurance mathematics treating the effects of the random variations in the 

loss progress of insurance companies. In treating the questions of the theory of risk, 

collective risk theory, introduced by the Swedish mathematician Filip Lundberg, 

has proved especially productive when determining the probabilities of ruin. In 

the domain of collective risk theory, the ruin problem has been treated in different 

contexts by a number of well-known, mainly Swedish authors such as Cramer, 

Laurin, Esscher, and Segerdahl. 
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The knowledge of the probability that an insurance company will be brought to 

ruin at some point in the future is interesting; however, it may also be important 

to know when the ruin will occur or to know the probability of ruin before a 

certain time point. In Saxen (1948), the fundamental principles of collective risk 

theory are recapitulated for the sake of readers who are not familiar with this 

theory. Also, the question of the probability of ruin at some point in the future 

for insurance companies with only negative risk sums is briefly treated. Finally, a 

large amount of consideration is devoted to the question of the probability of ruin 

before a certain time point. 

In Segerdahl (1948), a general theoretical investigation of the probability of 

ruin is performed, and an instructive example is demonstrated. The main purpose 

of Cramer (1954) is to give a simplified account of the results so far obtained in the 

case of the ruin problem. Also, a brief sketch of the mathematical proofs involved 

1s g1ven. 

In Norberg (1990), an attempt is made at relating risk theory to mathematical 

statistics. One similarity is obvious; the very notion of risk involves randomness, 

and so probability theory is the tool box of risk theorists as much as of statisticians. 

Furthermore, upon the occurrence of a random event like death, disability, fire, a 

car accident, etc., the idea of risk involves consequences such as the loss suffered by 

the insured and/or the insurer. Formally, this situation fits into statistical decision 

theory based on loss functions. 

A major concern of insurers, insurees, and supervisory authorities is preventing 

insolvency, and the study of the probability of eventual ruin is a central issue in 

risk theory. First proved for the generalized Poisson process by Filip Lundberg at 

the beginning of this century is that there exists an R > 0, called the adjustment 

coefficient, such that 

w(Xo) < e-RXo' Xo > 0. 

This handy upper bound, which in most situations turns out to be a close approx

imation, allows for an easy assessment of the riskiness of a given business. 

In Anderson (1957), when the collective theory of risk is developed for the case 

of contagion, by which is meant the case where the intensity of claims depends on 

the time elapsed since the last claim occurred, many results from the collective risk 

theory can be obtained in a simpler way than usual if the method is used in the 
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case where the intensity of claims is a constant. This method defines operational 

time as the amount of risk premiums which the company has received since the 

beginning of the investigation. Therefore, the development of a risk business is 

completely determined if we know the risk reserve at time zero and for each claim 

the operational time of the occurrence of the claim and the size of the claim. By 

using this method, the following is proved: 

( 1) The probability of ruin <I>(Xo) exists, X 0 being the initial risk re-
serve; 

(2) <P(Xo) < eRXo; and 

(3) <P(Xo) is the solution of an integral equation. 

In Grandell (1979), estimates of Lundberg's constant R are derived based on 

an observation of the insurance business and the statistical properties of those esti

mates are investigated. Also, bounds and confidence intervals for ruin probabilities 

are derived. 

In general, it is hard to solve for w(X0 ), the probability of ruin. Some experts 

have put tremendous effort into finding the ruin probability for some specific claim 

size distributions. The ultimate ruin probability w(Xo) has been found when 

the claim amount random variables Z1 , Z 2 , .•• are exponentially distributed by 

Gerber (1979). The combinations of exponentially distributed claim sizes and the 

combinations of gamma distributed claim sizes have been considered by Gerber 

(1987). An alternative expression for w(Xo) has been given by Shiu (1988). By 

using Shiu's expression, Willmot (1988) found w(Xo) when the claim size has a 

continuous uniform distribution. 

In Shiu (1989a), two series formulas for the probability of eventual ruin in the 

collective risk model with a Poisson claim process are derived by the method of 

operational calculus. Also, recent results of H. U. Gerber are discussed. 

Several formulas for the probability of eventual ruin in discrete-time model are 

derived in Shiu (1989b ). (The number of claims process is assume premium rate, 

and initial surplus are integer-valued.) 

On the other hand, the probability of severity of ruin, G(X0 , y), has been 

introduced. Let the function G(Xo, y) be the probability that ruin occurs from 

initial reserve level Xo and that the deficit at the time of ruin is less than y 
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m the classical model of collective risk theory. In two recent papers, Gerber, 

Goovaerts, and Kaas (1987) and Dufresne and Gerber (1988), explicit solutions for 

G(Xo, y) have been found when the claim amount distribution is a combination of 

exponential or gamma distributions. In Dickson (1989), an alternative approach 

to the problem of calculating G(X0 , y) by deriving an equation which can be used 

to calculate approximate values of G(X0 , y) by a recursive method is considered. 

Delbaen (1990) proves that the pth moment of the ruin time in a classical risk 

process exists if and only if the (p+ 1 )th moment of the claim size exists. The proof 

is computational and shows the link between the limit behavior in the (continuous 

time) compound Poisson process and in the usual (discrete time) limit theorems in 

probability theory. Finally, the model where the premium depends on the current 

reserve has been considered by Petersen (1990). 

Now that a great deal of the literature on the development of collective risk 

theory has been summarized and hopefully a feel for the meaning and for the 

purpose of collective risk theory has been acquired, we will continue. In the next 

chapter, the various models of collective risk theory and their generalizations will 

be discussed. 



CHAPTER III 

COLLECTIVE RISK THEORY MODELS 

Collective risk theory is used when dealing with stochastic models of an in

surance business. Of these stochastic models, the simplest model is known as the 

classical risk model. It can be roughly described as follows: 

( 1) The point process is a homogeneous Poisson process. 

(2) The costs of the claims are described by random variables which 

are independent and identically distributed. 

(3) The Poisson process and the claims random variables are indepen

dent. 

( 4) The premiums are described by a constant rate of income. 

The classical risk model can be generalized in many ways. Some examples of how 

it can be generalized are as follows: 

(1) The premiums may depend on the state of the risk business. For 

example, it is natural to let the safety loading at a time t be small if 

the risk business attains a large value at that time and vice versa. 

(2) The model may include interest and inflation. 

(3) The occurrence of the claims may be described by a point process 

which is more general than the Poisson process. 

3.1 The Classical Risk Model 

In collective risk theory, the usual approach is to consider a model of the risk 

business of an insurance company and to study the probability of ruin. In doing 

this, the simplest model to consider is the classical risk model. The classical risk 

model is based on the following assumptions: 

(1) {N(t)} is a homogeneous Poisson process. 

(2) {Zi}f is a sequence of independent and identically distributed ran

dom variables. 
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(3) {N(t)} and {Zi}f are independent. 

( 4) The premium c is constant. 

The mathematical representation of the classical risk model is 

where 

N(t) 

X(t) = Xo + ct- L zi, 
i=l 

0 

(L: zi = o), 
i=l 

X(t) is the risk process during the interval (O,t], 

Xo is the initial capital, 

c is a positive real constant, 

Zi's are the amounts of claims on the company during the interval (0, t], 
and 

N(t) is the number of claims on the company during the interval (0, t]. 
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The company has to pay a stochastic amount of money at each point of N; the 

company receives c units of money per unit time. The constant c is the gross risk 

premium rate. 

Assume that N has intensity ,\, i.e., E[N(t)] = ,\t. The profit of the risk 

business over the interval (0, t] is X(t), and thus the expected profit is 

E[X(t)] = Xo + ct- E[N(t)]E[Zi] = Xo + (c- AJl)t. 

The relative safety loading p is mathematically represented as 
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The risk process X is said to have positive safety loading if p > 0. Hence, X(t) has 

a drift to +oo when p > 0 [60). Also, the probability of ruin \II(Xo) for a company 

facing the risk process X and having initial capital X0 can now be defined as 

\II(Xo) = P{Xo + X(t) < 0 for some t > 0}. 

The non-ruin probability ~(Xo) = 1 - \II(Xo) is sometimes convenient to use. For 

Xo < 0, it follows from the definition that \II(Xo) = 1. 

3.2 Generalizations Of The Classical Risk Model 

In order to become a reasonable realistic description of the actual behavior of 

a risk movement, there are many directions in which the classical risk model needs 

generalization. There are, at least, two very different reasons for using other models 

for the claim occurrence than the Poisson process. First, the Poisson process is 

stationary, which implies that the number of policyholders involved in the portfolio 

cannot increase or decrease. Few insurance companies would accept a model where 

the possibility of an increase or decrease of the business is not taken into account. 

This case is referred to as size fluctuation. Second, there may be fluctuation in the 

underlying risk such as with automobile insurance and fire insurance. This case is 

referred to as risk fluctuation by Grandell (1991 ). 

3.2.1 Models with allowance for size fluctuation 

The easiest way to take size fluctuation into account is to let N be a nonhomo

geneous Poisson process and to let L(t) be a continuous non-decreasing function 

with L(O) = 0 and L(t) < oo for each t < oo. A point process N is a nonhomoge

neous Poisson process with intensity L if the following hold: 

(1) N(t) has independent increments. 

(2) N(t)- N(s) has a Poisson distribution with mean L(t)- L(s). 

Note that L(t) is the distribution function corresponding to the measure L. Also, 

the inverse L-1 of L is defined by Grandell (1991) as 

L-1 (t) = sup(siL(s) < t). 
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It is assumed that L has the representation 

L(t) =lot ,\(s)ds, 

where ,\( ·) is called the intensity function. It is further assumed that ,\( s) is 

proportional to the number of policyholders at time s. It is also assumed that 

the gross risk premium is proportional to the number of policyholders when the 

premium is determined individually for each policyholder. If the relative safety 

loading p is constant, c(t) = (1 + p)p,\(t) and the corresponding risk model as 

defined by Crandell (1991) is 

N(t) 

X(t) = Xo + (1 + p)pL(t)- L Zi, 
i=l 

where N is a Poisson process with intensity measure L such that L( oo )=oo. 

3.2.2 Models with allowance for risk fluctuation 

Risk fluctuation means the gross risk premium cis not allowed to fluctuate. The 

purpose of this section is to discuss the choices of the point processes describing 

the occurrence of the claims. Any point process is either a Cox process, a top 

process, or a thinning or a top process according to Crandell (1991). It is natural, 

from an analytical point of view, to generalize the classical risk model so that the 

model obtained describes the occurrences of the claims by a renewal process. A 

characteristic of the interoccurrence time distribution is the coefficient of variation 

CV, defined by 
CV = standard deviation. 

mean 
According to Crandell (1991 ), a renewal process with f-distributed inter-occurrence 

times is a Cox process if CV > 1 and a top process if CV < 1. A practical aspect 

of using a renewal process rather than a Poisson process is in deciding whether or 

not ruin occurs only when it can be observed. Another more important aspect is 

mathematical clarity. By explicit use of an inter-occurrence time distribution, a 

better insight is achieved in how the ruin probability depends on the risk process. 

We are now ready to advance even deeper into the area of collective risk theory. 

A problem of great interest which belongs to risk theory in general is the determi-
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nation of the probability of ruin. In the next chapter, the probability of ruin with 

special emphasis on its relation to collective risk theory will be covered. 



CHAPTER IV 

THE PROBABILITY OF RUIN 

The probability of ruin is an integral part of various areas of study such as risk 

theory, branching processes, dam theory, queueing theory, inventory models, and 

reliability theory. In general, these areas of study can be considered as specific 

cases of the random walk process in which a particle moves along a path back 

and forth, up and down, and so forth. The ruin probability associated with each 

of these areas of study can be summarized as the probability that the particle 

crosses a given absorbing barrier. For the most part, we will focus on how the 

probability of ruin is related to collective risk theory; however, we will also look 

into the relationship between branching processes and the probability of ruin. 

4.1 The Probability Of Ruin In General 

When considering the theory of risk applied to an insurance company, the 

probability of ruin can be defined as the probability that the risk business ever 

will be below some specified value. On the other hand, the probability of ruin can 

be defined as the probability of surname extinction when considering branching 

processes applied to a population of people. 

According to Ross (1983), branching processes can be described as follows. 

Consider a population consisting of individuals able to produce the same kind of 

offspring. By the end of its lifetime, suppose each individual will have produced j 

new offspring with probability Pj, j > 0, independently of the number produced 

by any other individual. The number of individuals initially present, S0 , is called 

the size of the zeroth generation. All offspring of the zeroth generation constitute 

the first generation and their number is denoted by S1 • In general, let Sn denote 

the size of the nth generation. The Markov chain {Sn, n > 0} is called a branching 

process. Suppose So = 1 and Sn = L:f::11 Ci, where Ci represents the number of 

offspring of the ith individual of the ( n - 1 )st generation. Then the mean of Sn is 

where J.l is the mean number of offspring per individual. 
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Starting with one individual, let 7ro denote the probability that the population 

ever dies out. By conditioning on the number of offspring of the initial individual, 

an equation determining 7ro may be derived as follows: 

00 

7ro = P{population dies out} = L P{population dies outiS1 = j}Pj. 
j=O 

The population will eventually die out, given S1 = j, if and only if each of the j 

families started by the members of the first generation eventually die out. Since 

each family is assumed to act independently, and the probability that any partic

ular family dies out is 1r0 , then 

00 

7ro = L 1r~Pi. 
j=O 

Although we have only looked at risk theory and branching processes, we have 

grasped the following ideas. The probability of ruin comes into play in many 

different situations. The definition and the calculation of the probability of ruin 

depends on the situation being dealt with at a particular time. Also, the probability 

of ruin is a critical, meaningful number which provides us with an idea of whether 

or not ruin will occur. 

4.2 The Probability Of Ruin Related To Collective Risk Theory 

Let the risk process, X(t), be defined as follows 

N(t) o 

X(t) = ct- L Zi, (LZi = 0), 
i=l i=l 

where 

c is the gross risk premium rate; 

{ z}r are independent and identically distributed random variables 

having the common distribution function F with F(O) = 0, mean value 

J.l, and variance o-2
; and 

( 4.1) 
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N(t) is a point process {N(t); t > 0}, N(O) = 0. 

Note that X(t) is a classical risk process if N(t) is a homogeneous Poisson process. 

The ruin probability 'li(Xo) of a company facing the risk process (4.1) and having 

initial capital X 0 is 

'li(Xo) = P{Xo + X(t) < 0 for some t > 0}. 

Hence, the non-ruin probability ci>(Xo) is 

~(Xo) = 1 - 'li(Xo). 

Note that \li(Xo) = 1 for Xo < 0. 

Suppose X(t) is a classical risk process. An easy way to get an equation for 

~(Xo) is to use a differential argument according to Grandell (1991 ). Consider 

X(t) in a small time interval (0,~) and separate the four possible cases as follows: 

(1) no claim occurs in (0,~); 

(2) one claim occurs in (0,~), but the amount to be paid does not cause 

rum; 

(3) one claim occurs in (0,~), and the amount to be paid does cause 

ruin; and 

( 4) more than one claim occurs in (0,~]. 

Because X(t) has stationary and independent increments we get, assuming ci>(Xo) 

is differentiable, 

A A 1Xo ~'(Xo) = -ci>(Xo)-- ~(Xo- z)dF(z). 
c c 0 

(4.2) 

Note that another approach to obtain ( 4.2) is to use a renewal argument, see 

Grandell (1991 ). Integrating ( 4.2) over (0, t) gives 

A 1Xo ~(Xo) = ci>(O) +- (1 - F(z))ci>(Xo- z)dz. 
c 0 

Due to the pioneering works by Filip Lundberg and Harold Cramer, we have 

the following basic results: 
1 

'li(Xo) = -, 
1+p 



where p is the relative safety loading; and 

1 ~ w(Xo) = --e,.(l+P> 
1 + p ' 

when the claim costs are exponentially distributed with mean J..L· 

4.3 A Ruin Problem In Collective Risk Theory 
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In Ross (1983), we find the following example of a ruin problem. Let N(t), 
the number of claims received by an insurance company by time t, be a Poisson 

process with rate .-\. Suppose also that the dollar amount of successive claims are 

independent and have distribution F. If we assume that cash is received by the 

insurance company at a constant rate of c = 1 per unit time, then its cash balance 

at time t can be expressed as 

N(t) 

cash balance at t = u + t- L Yi, 
i=I 

where u is the initial capital of the company and }i, i > 1, are the successive 

claims. We are interested in the probability, as a function of the initial capital u, 

that the company always remains solvent. In other words, we want to find the 

probability of non-ruin which can be expressed as 

N(t) 

~ ( u) = P { u + t - L Yi > 0 for all t}. 
i=l 

We shall use the backward approach (the approach of Kolmogorov's backward 

equation as opposed to his forward equation) and condition on what occurs during 

the first h time units to obtain a differential equation for ~( u ). If no claims are 

made, the company's assets are u + h; however, if a single claim is made, they are 

u + h - Y. Hence, 

<P(u) = <P(u + h)(l- ,\h)+ E[<I>(u + h- Y)].-\h + o(h), 

and so 
<P(u +h)- ~(u) = ,\~(u +h)- .-\E(~(u + h- Y)] + o(h). 

h h 
Letting h --+0 yields 

~'(u) = .-\<I>(u)- .-\E(<I>(u- Y)] 
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or 

<P'(u) = -\<I>(u)- A lou <P(u- y)dF(y), 

which is the same as ( 4.2) with c = 1 and with different notation. As we saw in the 

previous section, this differential equation can sometimes be solved for <P, under 
certain conditions. 

4.4 The Probabilities Of Severity Of Ruin And Of Critical Situation 

Often one is interested not only in finding the probability of ruin, but also in 

studying how serious the situation is when ruin occurs. That is, one might be 

interested in the probability of ruin and in the fact that the deficit is no greater 

than a preselected amount. To handle this situation according to Gerber (1987), 

it is routine to introduce the probability of severity of ruin, 

G(Xo, y) = Pr( -y < X(t) < 0, for some t > 0), where y > 0 and X 0 > 0. 

G(X0 , y) denotes the probability that ruin occurs and that the deficit at the time 

of ruin is less than y. Note that <I>(Xo) = G(X0 , oo ). 

Consider the probability of critical situation for an insurance company. Usually, 

an insurance company will be in a critical situation before it gets ruined. In other 

words in that critical situation, the company is not ruined, but it is almost ruined. 

It is very important to consider this kind of situation, so that when the danger 

of ruin is realized something can be done to save the company, such as buying 

reinsurance or changing the policies. Therefore, it is of interest to determine the 

probability that the company will be in a critical situation. 

Given a small positive number a, X 0 > a > 0. If the financial reserve of 

the company X(t) is greater than 0 and less than a, we say that the company is 

in critical situation. The probability that a company will be in this situation is 

defined as: 

D(Xo, a) = Pr{O < X(t) <a, for some t > 0} 

= Pr{-a < X(t)- a< 0, for some t > 0}. 

Let us consider X(t)- a, we have known that 

X(t) = X 0 + P(t)- S(t), 
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so 

X(t)- a= Xo + P(t)- S(t)- a= (Xo- a)+ P(t)- S(t). 

Since a is fixed, P(t) and S(t) are not going to change when the initial capital is 

Xo - a. According to the definition of the probability of severity of ruin, 

Pr( -a < X(t)- a < 0, for some t > 0) = G(Xo- a, a), 

so 

D(Xo, a) = Pr( -a< X(t)- a < 0, for some t > 0) = G(Xo- a, a). 

Again, the determination of the probability of ruin is a vital component of risk 

theory in general. In the later part of the survey of literature in Chapter II, many 

articles are mentioned which focus on the ruin problem. A summary of this paper 

and a list of conclusions can be found in the next and final chapter. 



CHAPTER V 

SUMMARY AND CONCLUSIONS 

Again, risk theory is a special case of the theory of random or stochastic pro

cesses which has grown rapidly in recent years and now constitutes a large branch 

of probability theory. In its beginning, risk theory dealt for the most part with 

deviations expected to be produced by random fluctuations in individual policies. 

Questions such as within what limits a company's probable gain or loss would lie 

during different periods were not dealt with early on in risk theory. Also, non-life 

insurance, to which risk theory has its most rewarding applications, was for the 

most part ignored. Therefore, not only did risk theory not acquire much attention, 

but also its applications to practical problems of an insurance company remained 

unimportant. 

In Lundberg (1909), a new phase of development, known as collective risk 

theory, which allows questions of insurance dealing with the study of the progress 

of a business from a probabilistic point of view to be answered was created. Once 

more, collective risk theory has applications not only to life assurance, but also 

to non-life insurance. Therefore, the creation of collective risk theory generated a 

great deal of interest in the area of risk theory and led to many applications of risk 

theory. 

In this paper, a survey of the development of collective risk theory is presented. 

The purpose of the research performed in developing this paper was not to obtain 

original mathematical results, but to somehow compile the vast amount of litera

ture available in the area of collective risk theory in such a way as to lend to the 

understanding of the average person in this area of study and to perhaps stimulate 

the growth of interest in this area of study. It is sincerely hoped that this paper 

will prove to be only a first step to each reader in his or her introduction to the 

theory of risk and that sufficient interest will be stimulated to provoke a more 

extensive and profound investigation. An extensive bibliography and a detailed 

glossary of all technical terms have been included in this paper to assist the reader 

in this direction. 

In conclusion, recent results which have led to the ongoing development of 

collective risk theory include, but are not limited to the following. 
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(a) Borch (1967) suggested that classical risk theory is inadequate for 
real-life situations. 

(b) Iglehart (1969) obtained approximations for the distributions of the 

risk reserve, X(t), the first time the company has a non-positive risk 

reserve, T, and other functionals of X ( t) by applying the theory of 

weak convergence of probability measures on function spaces. 

(c) Crandell (1979) derived bounds and confidence intervals for ruin 

probabilities, derived estimates of Lundberg's constant R based on an 

observation of the insurance business, and investigated the statistical 

properties of those estimates. 

(d) Gerber (1979) found the ultimate ruin probability w(Xo) when the 

claim amount random variable ZJs are exponentially distributed. 

(e) Shiu (1988) found an alternative expression for w(X0 ). 

(f) Willmot (1988) found w(Xo) when the claim size has a continuous 

uniform distribution. 

(g) Let the function G(Xo, y) be the probability that ruin occurs from 

initial reserve level X 0 and that the deficit at the time of ruin is less than 

y in the classical model of collective risk theory. In Gerber, Goovaerts, 

and Kaas (1987) and Dufresne and Gerber (1988), explicit solutions 

for G(X0 , y) were found when the claim amount distribution was a 

combination of exponential or gamma distributions. 

(h) In Dickson (1989), an alternative approach to the problem of cal

culating G(X0 , y) was considered. 

(i) Delbaen (1990) proved that the pth moment of the ruin time in a 

classical risk process exists if and only if the (p + 1 )th moment of the 

claim size exists. 

(j) In Tremolieres and Page (1990), an overview of the main math

ematical developments in insurance and investment theory from the 

perspective of insurance companies was presented. 
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(k) In Page and Tremolieres (1991), a model of insurance and invest

ment risk diversification and an in-depth analysis of the mathematical 

formulation of the risk were presented. 

35 



REFERENCES 

[1] Aase, K.K. (1985). Accumulated claims and collective risk in insurance: 
Higher order asymptotic approximation. Scandinavian Actuarial Journal, 65-
85. 

[2] Almer, B. (1957). Risk analysis in theory and practical statistics. Transactions 
of the 15th International Congress of the Actuaries, 11, 314-370. 

[3] Ammeter, H. (1948). A generalization of the collective theory of risk in regard 
to fluctuation basic probabilities. Skandinavisk Aktuarietidskrift, 31, 171-198. 

[4] Anderson, E.S. (1957). On the collective theory of risk in the case of contagion 
between the claims. Transaction XVth International Congress of Actuaries, 
11, 219-229. 

[5] Apsimon, H.M., & Wilson, J. (1991). The application of numerical models to 
assess dispersion and deposition in the event of a nuclear accident. Journal of 
Forecasting, 10, 91-103. 

[6] Arfwedson, G. (1954). Research in collective risk theory. Part 1. Skandinavisk 
Aktuarietidskrijt, 37, 191-223. 

[7] Arfwedson, G. (1955). Research in collective risk theory. Part 2. Skandinavisk 
Aktuarietidskrift, 38, 53-100. 

[8] Assmussen, S. (1989). Risk theory in a markovian environment. Scandinavian 
Actuarial Journal, 66-100. 

[9] Assmussen, S. (1991 ). Computational methods in risk theory: A matrix
algorithmic approach. Insurance: Mathematics and Economics, 10, 259-274. 

[10] Beard, R.E. (1959). Three R's of insurance - risk, retention, and reinsurance. 
Journal /nst. Acts. Students' Soc., 15, pt. 6., 399-421. 

[11] Beard, R.E., Pentikainen, T , & Pesonen, E. (1969). Risk theory. London: 
Methuen. 

[12] Beekman, J.A., & Fuelling, C.P. (1987). A collective risk comparative study. 
Insurance: Mathematics and Economics, 6, 57-62. 

[13] Beekman, J.A., & Fuelling, C.P. (1977). Refined distributions for a multi-risk 
stochastic process. Scandinavian Actuarial Journal, 175-183. 

36 



37 

[14] Berger, J.O. (1985). Statistical decision theory and bayesian analysis. New 
York, NY: Springer-Verlag. 

(15) Bhat, U.N. (1972). Elements of applied stochastic processes. New York, NY: 
John Wiley & Sons, Inc. 

(16] Bohman, H. (1979). Insurance protection for large risks with a low claim 
frequency. Proc. 42nd Session lSI, 48, 125-135. 

(17) Bohmann, H., & Esscher, F. (1963). Studies in risk theory with numerical 
illustrations concerning distribution functions and stop loss premiums. Skan
dinavisk Aktuarietidskrift, 46, 173-225. 

(18) Boogaert, P., & De Waegenaere, A. (1990). Macro-economic version of a clas
sical formula in risk theory. Insurance: Mathematics and Economics, 9, 155-
162. 

(19) Borch, K. (1960). The safety loading of reinsurance premiums. Skandinavisk 
Aktuarietidskrift, 43, 163-184. 

(20) Borch, K. (1967). The theory of risk. J. Roy. Statist. Soc. Ser. B, 29, 432-452. 

[21) Borch, K. (1961). The utility concept applied to the theory of insurance. 
ASTIN Bulletin, 1, 245-255. 

[22] Borch, K. (1986). Risk theory and serendipity. Insurance: Mathematics and 
Economics, 5, 103-112. 

[23] Broeckx, P., Goovaerts, M., & DeVylder, F. (1986). Ordering of risks and ruin 
probabilities. Insurance: Mathematics and Economics, 5, 35-39. 

[24) Biihlmann, H. (1964). A distribution free method for general risk problems. 
ASTIN Bulletin, 3, 144-152. 

[25] Biihlmann, H. (1967). II, Kollekive Risikotheorien. Mitteilungen der Vereini
gung Schweizerischer Versicherungs-mathematiker. 

[26] Biihlmann, H. (1968). Note on the collective theory of risk. Skandinavisk Ak
tuarietidskrijt, 51, 174-177. 

[27] Biihlmann, H. (1970). Mathematical methods in risk theory. Berlin, Germany: 
Springer-Verlag Berlin. 



38 

[28) Cramer, H. {1919). Bidrag till utjamningsforsakringens teori. Forsakringsin
spekt, Stockholm. 

[29] Cramer, H. {1926). Review of F.Lundberg. Skandinavisk Aktuarietidskrift, 9, 
223-251. 

[30] Cramer, H. {1928). On the composition of elementary errors. Skandinavisk 
Aktuarietidskrift, 11, 13-141. 

[31) Cramer, H. {1930). On the mathematical theory of risk. Skandia-Festskrift, 
Stockholm. 

[32] Cramer, H. {1946). Mathematical methods of statistics. Princeton, Math Se
nes. 

[33] Cramer, H. {1954). On some questions connected with mathematical risk. 
Univ. Calif. Pub/. Statistics, 2, 99-124. 

[34] Cramer, H. (1955). Collective risk theory, a survey from the point of view of 
the theory of stochastic processes. Skandia Jubilee Volume, Stochholm. 

[35) Cramer, H. (1969). Historical review of Filip Lundberg's works on risk theory. 
Skandinavisk Aktuarietidskrift Supplement, 52, 6-12. [B 

[36) Davidson, A. (1969). On the ruin problem in the collective theory of risk under 
the assumption of variable safety loading. Skandinavisk Aktuarietidskrift, 52, 
70-83. 

[37] Davis, M.H.A., & Vinter, R.B. (1985). Stochastic modeling and control. New 
York, NY: Chapman and Hall. 

[38] De Finetti, B. (1940). 11 problema dei pieni. it Giorn. 1st. Ital. Attuari, 11, 
1-88. 

(39] De Finetti, B. (1957). Su un'impostazione alternativa della teoria colletiva del 
rischio. Trans. XV Int. Congr. Act., 2, 433-443. 

[40] Delbaen, F. (1990). A remark on the moments of ruin time in classical risk 
theory. Insurance: Mathematics and Economics, 9, 121-126. 

[41] Delbaen, F, & Haezendonck, J. (1987). Classical risk theory in an economic 
environment. Insurance: Mathematics and Economics, 6, 85-116. 



39 

[42) Delbaen, F, & Haezendonck, J. (1986). Martingales in Markov processes ap
plied to risk theory. Insurance: Mathematics and Economics, 5, 201-21. 

[43) De Vylder, F. (1977). Martingales and ruin in a dynamical risk process. Scan
dinavian Actuarial Journal, 217-225. 

[44] De Vylder, F. (1978). A practical solution to the problem of ultimate ruin 
probability. Scandinavian Actuarial Journal, 114-119. 

[45) Dickson, D.C.M. (1989). Recursive calculation of the probability and severity 
of ruin. Insurance: Mathematics and Economics, 8, 145-148. 

[46) Dufresne, F., & Gerber, H.U. (1991). Risk theory for the compound Pois
son process that is perturbed by diffusion. Insurance: Mathematics and Eco
nomics, 10, 51-59. 

[47] Dufresne, F., & Gerber, H.U. (1988). The probability and severity of ruin for 
combinations of exponential claim amount distributions and their translations. 
Insurance: Mathematics and Economics, 7, 75-80. 

[48] Dufresne, F., & Gerber, H.U. (1988). The surpluses immediately before and 
at ruin, and the amount of the claim causing ruin. Insurance: Mathematics 
and Economics, 7, 193-199. 

[49] Emanuels, D.C., Harrison, J.M., & Taylor, A.J. (1975). A diffusion approxi
mation for the ruin function of a risk process with compounding assets. Scan
dinavian Actuarial Journal, 240-247. 

[50) Embrechts, P., & Veraverbeke, N. (1982). Estimates for the probability of ruin 
with special emphasis on the possibility of large claims. Insurance: Mathemat
ics and Economics, 1, 55-72. 

[51) Embrechts, P., & Villasenor, W. (1988). Ruin estimates for large claims. In
surance: Mathematics and Economics, 7, 269-274. 

[52] Esscher, F. (1932). On the probability function in the collective theory of risk. 
Skandinavisk Aktuarietidskrijt, 15, 176-195. 

[53) Gerber, H.U. (1979). An introduction to mathematical risk theory. Philadel
phia: S.S. Heubner Foundation monograph series 8. 

[54) Gerber, H.U., Goovaerts, M.J., & Kaas, R. (1987). On the probability and 
severity of ruin. ASTIN Bulletin, 17, 151-163. 



40 

[55] Goovaerts, M. (1985). A review of risk theory. ASTIN Bulletin, 15, 69-70. 

[56] Coovaerts, M.J., & De Vylder, F. (1983). Upper and lower bounds on infi
nite time ruin probabilities in case of constraints on claim size distributions. 
Journal of Econometrics, 23, 77-90. 

[57} Grandell, J. (1977). A class of approximations of ruin probabilities. Scandi
navian Actuarial Journal Supplement, 38-52. 

[58] Grandell, J. (1978). A remark on "A class of approximations of ruin proba
bilities." Scandinavian Actuarial Journal, 77-78. 

[59] Crandell, J. (1979). Empirical bounds for ruin probabilities. Stochastic Proc. 
Applic., 8, 243-255. 

[60] Crandell, J. (1991 ). Aspects of risk theory. New York, NY: Springer-Verlag 
New York Inc. 

[61} Grandell , J., & Segerdahl, C.-0. (1971). A comparison of some approxima
tions of ruin probabilities. Skandinavisk Aktuarietidskrift, 54, 144-158. 

[62] Guldberg, A. (1931). On Poisson's frequency function. Skandinavisk Aktuari
etidskrift, 14, 43-48. 

[63] Hagstroem, K.-G. (1932). Contribution formula, integral methods, and risk 
theory. Skandinavisk Aktuarietidskrift, 15, 1-44. 

[64} Harrison, J.M. (1977). Some stochastic bounds for dams and queues. Mathe
matics of Operations Research, 2, 54-63. 

(65} Heijnen, B. (1989). Perturbation calculus in risk theory: Application to. In
surance: Mathematics and Economics, 8, 97-104. 

[66} Heijnen, B., & Gerber, H.U. (1986). On the small risk approximation. Insur
ance: Mathematics and Economics, 5, 151-157. 

(67) Herkenrath, U. (1986). On the estimation of the adjustment coefficient in risk 
theory by means of stochastic approximation procedures. Insurance: Mathe
matics and Economics, 5, 305-313. 

(68) Hoem, J.M. (1984). A flow in actuarial exposed-to-risk theory. Scandinavian 
Actuarial Journal, 187-194. 



41 

[69] Horvath, L., & Willekens, E. (1986). Estimates for the probability of ruin 
starting with a large initial reserve. Insurance: Mathematics and Economics, 
5, 285-293. 

[70] Hurlimann, W. (1987). A numerical approach to utility functions in risk the
ory. Insurance: Mathematics and Economics, 6, 19-31. 

[71] Hurlimann, W. (1990). Pseudo compound Poisson distributions in risk theory. 
ASTIN Bulletin, 20, 57-79. 

[72] Hsiao, C., Kim, C., & Taylor, G. (1990). A statistical perspective on insurance 
rate-making. Journal of Econometrics, 44, 5-24. 

[73] Hultman, K. (1942). Einige numerische Untersuchungen auf Grund Der 
Kollektiven Risikotheorie, Erster Teil. Skandinavisk Aktuarietidskrift, 25, 84-
139. 

[74) Hultman, K. (1942). Einige numerische Untersuchungen auf Grund Der 
Kollektiven Risikotheorie, Zweiter Teil. Skandinavisk Aktuarietidskrift, 25, 
167-199. 

[75) Iglehart, D.L. (1969). Diffusion approximations in collective risk theory. Jour
nal of Applied Prob., 6, 285-292. 

[76) Janssen, J. (1982). Some numerical aspects in transient risk theory. ASTIN 
Bulletin, 13, 99-113. 

[77) Jensen, A. (1981 ). Risk reserves and solidarity: Some views on technical, 
economic and social decision processes. Statistics in Insurance, 49, 1501-1525. 

[78] Jensen, A. (1983). Subjective assessments and objective yardsticks: A contri
bution to risk theory inspired by the philosophy of the East. The Journal of 
the Operational Research Society, 34, 713-718. 

[79] Jung, J., & Lundberg, 0. (1969). Risk processes connected with the compound 
Poisson process. Skandinavisk Aktuarietidskrijt, 52, 118-131. 

[80] Kaas, R., & Goovaerts, M.J. (1986). General bounds on ruin probabilities. 
Insurance: Mathematics and Economics, 5, 165-167. 

[81] Kingman, J.F.C. (1964). On doubly stochastic Poisson processes. Proc. Camb. 
Phil. Soc., 60, 923-930. 



42 

[82] Laurin, I. (1930). An introduction into Lundberg's theory of risk. Skandinavisk 
Aktuarietidskrift, 13, 84-111. 

[83] Lehmann, B.N. (1990). Residual risk revisited. Journal of Econometrics, 45, 
71-97. 

[84] Lodge, B. (1993, July 18). Insurance company failures on rise. The Dallas 
Morning News, pp. 1A, 28A-29A. 

[85] Lundberg, F. (1903). I. Approximerad franstallning af sannolikhetsfunktionen. 
II. Aterforsakring af kollektivrisker. Almqvist and Wiksell, Uppsala, Sweden. 

[86] Lundberg, F. (1909). Uber die Theorie der Ruckversicherung. Berichte VI Int. 
Kong. Versich. Wiss., 1, 877-948. 

[87] Lundberg, F. (1919). Teorin for riskmassor. Forsakringsinspekt, Stockholm. 

[88] Lundberg, F. (1926). Forsakringsteknisk riskutjamning. I Theori., England, 
Stockholm, Sweden. 

[89] Lundberg, F. (1930). Uber die wahrscheinlichkeitsfunktion einer risikenmasse. 
Skandinavisk Aktuarietidskrift, 13, 1-83. 

[90] Lundberg, F. (1932). Some supplementary researches on the collective risk 
theory. Skandinavisk Aktuarietidskrift, 15, 137-158. 

[91] Lundberg, F. (1934). On the numerical application of the collective risk theory. 
De Forenade Jubilee Volume, Stockholm. 

[92] Lundberg, 0. (1984). Review of risk theory: The stochastic basis of insurance. 
Scandinavian Actuarial Journal, 256-258. 

[93] Martin-Leof, A. (1986). Entropy, a useful concept in risk theory. Scandinavian 
Actuarial Journal, 223-235. 

[94] Martinez-Morales, M. (1991 ). Adaptive premium control in an insurance risk 
process. Unpublished doctoral dissertation, Texas Tech University, Lubbock, 
TX. 

[95] Michel, R. (1989). Representation of a time-discrete probability of eventual 
ruin. Insurance: Mathematics and Economics, 8, 149-152. 

[96] Mumpower, J.L. (1991). Risk, ambiguity, insurance, and the winner's curse. 
Risk Analysis, 11, 519-522. 



43 

[97] Norberg, R. (1990). Risk theory and its statistics environment. Statistics, 21, 
273-299. 

[98] Page, D., & Tremolieres, R. (1991). A general model of insurance and in
vestment risk diversification. Applied Stochastic Models and Data Analysis, 7, 
361-370. 

[99] Panjer, H.H. & Willmot, G.E. (1983). Compound Poisson models in actuarial 
risk theory. Journal of Econometrics, 23, 63-76. 

[100] Petersen, S.S. (1990). Calculation of ruin probabilities when the premium 
depends on the current reserve. Scandinavian Actuarial Journal, 147-159. 

[101] Philipson, C. (1961). Note on the background to the subject: Theory of risk, 
fundamental mathematics and applications. ASTIN Colloquium, 256-264. 

[102] Philipson, C. (1962). On the difference between the concepts compound and 
composed Poisson processes. ASTIN Bulletin, 2, 445-451. 

[103] Philipson, C. (1968). A review of the collective theory of risk. Skandinavisk 
Aktuarietidskrift, 51, 45-68. 

[104] Pentikainen, T. (1982). Solvency of insurers and equalization reserves: Vol
ume I Report and general aspects. Helsinki: Insurance Publishing Company 
Ltd. 

[105] Pressacco, F. (1989). A managerial approach to risk theory: Some suggestion. 
Insurance: Mathematics and Economics, 8, 47-56. 

[106] Rachev, S.T., et al. (1990). Approximation of sums by compound Poisson 
distributions with respect to stop-loss distances. Advances in Applied Proba
bility, 22, 350-37 4. 

[107] Ramsay, C.M. (1986). Ruin probabilities and the compound Poisson-Markov 
chain. Scandinavian Actuarial Journal, 3-12. 

[108] Ramsay, C.M. (1990). On a fundamental identity for stopping times and its 
application to risk theory. Insurance: Mathematics and Economics, 9, 149-

153. 

[109] Ramsay, C.M. (1991). On blocked Poisson processes in risk theory. Insurance: 
Mathematics and Economics, 10, 1-8. 



44 

[110) Rantala, J. (1982). Review of solvency of insurers and equalization reserves. 
Scandinavian Actuarial Journal, 243-248. 

[111) Rantala, J. (1982). Solvency of insurers and equalization reserves: Volume 
II Risk theoretical model. Helsinki: Insurance Publishing Company Ltd. 

[112] Rosenlund, S. (1989). Numerical calculation of the Cramer-Lundberg ap
proximation. Scandinavian Actuarial Journal, 119-122. 

[113) Ross, S.M. (1983). Stochastic Processes. New York: John Wiley & Sons. 

[114) Ruohonen, M. (1980). On the probability of ruin of risk processes approxi
mation by a diffusion process. Scandinavian Actuarial Journal, 113-120. 

[115) Saxen, T. (1948). On the probability of ruin in the collective risk theory for 
insurance enterprises with only negative risk sums. Skandinavisk Aktuarietid
skrift, 31, 198-228. 

[116) Seal H.L. (1969). Simulation of the ruin potential of nonlife insurance com
panies. Trans. of the Soc. of Actuaries, 21, 563-585. 

[117) Seal, H.L. (1978). Survival probabilities: The goal of risk theory. New York: 
John Wiley & Sons. 

[118] Seal, H.L. (1983). The Poisson process: Its failure in risk theory. Insurance: 
Mathematics and Economics, 2, 287-288. 

[119] Seal, H.L. (1988). Risk theory. Encyclopedia of Statistical Sciences, Vol. 8, 
Editors-in-chief: Kotz, S. & Johnson, N.L., 152-156. 

[120] Segerdahl, C.-0. (1939). On homogeneous random processes and collective 
risk theory. Theses, Stockholm. 

[121] Segerdahl, C.-0. (1942). Uber einige risikotheoretische fragestellungen. Skan
dinavisk Aktuarietidskrift, 25, 43-83. 

[122] Segerdahl, C.-0. (1948). Some properties of the ruin function in the collective 
theory of risk. Skandinavisk Aktuarietidskrift, 31, 46-87. 

[123] Segerdahl, C.-0. (1955). When does ruin occur in the collective theory of 
risk. Skandinavisk Aktuarietidskrift, 38, 22-36. 

[124] Segerdahl, C.-0. (1959). A survey of results in the collective theory of risk. 
Probability and Statistics, The Harald Cramer Volume, Uppsala. 



45 

[125] Shiu, E.S.W. (1977). Moments of two distributions in collective risk theory. 
Scandinavian Actuarial Journal, 185-187. 

[126] Shiu, E.S.W. (1988). Calculation of the probability of eventual ruin by Beek
man's convolution series. Insurance: Mathematics and Economics, 7, 41-47. 

[127] Shiu, E.S.W. (1989). Ruin probability by operational calculus. Insurance: 
Mathematics and Economics, 8, 243-249. 

[128] Shiu, E.S. (1989). The probability of eventual ruin in the compound binomial 
model. ASTIN Bulletin, 19, 179-190. 

[129] Simar, L. (1976). Maximum likelihood est. of a compound poisson process. 
Annals of Statistics, 4, 1200-1209. 

[130] Smith, J.Q. (1983). Forecasting accident claims for an assurance company. 
The Statistician, 32, 109-115. 

[131] Takacs, L. (1970). On risk reserve processes. Skandinavisk Aktuarietidskrijt, 
53, 64-75. 

[132) Tapiero, C.S., & Zuckerman, D. (1982). Optimum excess-loss reinsurance: A 
dynamic framework. Stoch. Processes Appl., 12, 85-96. 

[133] Taylor, G.C. (1980). Probability of ruin with variable premium rate. Scan
dinavian Actuarial Journal, 57-76. 

[134] Taylor, G.C. (1986). Discussion of 'Ordering of risks and ruin probabilities' 
by F. Broeckx, M. Goovaerts and F. De Vylder. Insurance: Mathematics and 
Economics, 5, 41-44. 

[135] Tetens, J.N. (1786). Einleitung zur Berechnung der Leibrenten und An
wartschaften. Zweyter Teil. Weidmanns, Erben and Reich, Leipzig, Germany. 

[136) Thorin, 0. (1970). Some remarks on the ruin problem in case the epochs of 
claims form a renewal process. Skandinavisk Aktuarietidskrijt, 53, 29-50. 

[137) Thyrion, P. (1969). Extension de la theorie collective de risque. Skandinavisk 
Aktuarietidskrijt, 52, 84-98. 

[138) Tremolieres, R., & Page, D. (1990). Insurance and investment risk diversifi
cation: An overview. The Mathematical Scientist, 15, 74-113. 



46 

{139] Von Bahr, B. (1975). Asymptotic ruin probabilities when exponential mo
ments do not exit. Scandinavian Actuarial Journal, 6-10. 

{140] Wagner, K. (1898). Das Problem vom Risiko in der Lebensversicherung. Jena: 
Verlag von Gustav Fischer. 

{141] Wikstad, N. (1975). A numerical investigation of Bohman's rule of thumb for 
the determination of a sufficient risk reserve. Scandinavian Actuarial Journal, 
119-120. 

[142] Willmot, G.E. (1988). Further use of Shiu's approach to the evaluation of 
ultimate ruin probabilities. Insurance: Mathematics and Economics, 7, 275-
281. 

(143] Wolff, V.K.-H. (1964). Der Begriff des Nutzens in der Versicherungsmathe
matik. Unternehmensforschung, 8, 195-203. 



APPENDIX 

GLOSSARY 

47 



48 

accumulated claim process - risk process. 

amount at risk - the excess of insured sums over premium reserves. 

assurance - life coverage provided by contracts of life insurance companies, as 

contrasted with insurance for contracts of fire and casualty insurance compa

nies. Formerly, the term was often used for insurance, especially in maritime 

law. This has the same meaning as insurance in Canada and England. 

assured - one who has been insured by a company or underwriter in accordance 
with the policy of insurance. 

claim - a demand, request or notice submitted to an insurance company by an 
insured person or company. 

claim process - a compound random process in the sense that the time of oc

currence and the number of occurrences is a random phenomenon, and the 

amount of each claim is also a random variable. 

classical risk theory - establishing probability distributions of the total amount 

of claims related to one or several contracts all written at the same time, and 

occurring in the time interval of their validity. 

collective risk theory - modelling risk processes in order to determine the prob

ability distribution of the global amount of claims paid during any given 

interval of time and resulting from all past subscriptions still active in this 

interval. 

compound Poisson process - let {M(t), t > 0} be a stochastic process such 

that each M(t) takes values on the nonnegative integers. Let Yi, Y2, ... be iid 

random variables, and assume that (Yi, }'2, ... )and (M(t), t > 0) are indepen

dent. Define X(t) = L,~\t) }j, t > 0 (take) X(t) = 0 (if) M(t) = 0. Think of 

M(t) as the number of customers who have arrived on or before timet. If cus

tomer j makes a purchase costing }j dollars (}j < 0 corresponds to a refund), 

then X(t) is the total amount of money received up to timet. If {M(t), t > 0} 

is a Poisson process, {X(t), t > 0} is called a compound Poisson process. 
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contagion - the direct or indirect transmission of an influence from one thing to 
another. 

dividend policy - according to de Finetti (1940), the dividend policy states that 

once the reserves have reached a given limit any excess capital should be 
redistributed as dividends. 

dividend policy criterion - maximizes the expected discounted sum of divi

dends paid to the shareholders over a given time period. 

excess of loss reinsurance - an insurance company gives a part of a premium 

to a reinsurance company and in counterpart, if a claim exceeds a given 

amount, the reinsurer pays the excess. 

exclusion of multiple events - the probability that more than one even t will 

occur at the same time and the probability that an infinite number of events 

will occur in some finite time interval are both zero. 

gross risk premium - the total value of the sums at risk which may fall due 

during the period of observation. 

homogeneous Markov process - a Markov process which has stationary incre

ments. 

independence of increments - events occurring in two nonoverlapping time in

tervals are independent. 

Markov process - a process satisfying the condition that the conditional dis

tribution of a future state X ( t + s) given the present X ( s) and the past 

X(u), 0 < u < s, depends only on the present. 

mixed Poisson process - compound Poisson process. 

negative risk sums - a general type of risk process in which, with immediate 

annuity business, the initial fund is continuously depleted until an annuitant 

dies and the reserve released gives rise to an increase in the initial fund. 

non-stationary increments - the distribution of the change in value between 

any two points does not depend only on the distance between those points. 
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operational time - time measured in variable units such that the expected num

ber of claims per unit remains constant. 

Poisson distribution - a random variable X which has a p.d.f. of a discrete type 
of the form 

>.xe-.x 
f(x) = 

1 
, x = 0,1,2, ... 

X. 

= 0 elsewhere, where,\ > 0 

is said to have a Poisson distribution. 

Poisson process - let the number of changes that occur in a given continuous 

interval be counted. We have an approximate Poisson process with parameter 

>. > 0 if the following are satisfied: ( i) the number of changes occurring in 

nonoverlapping intervals are independent, ( ii) the probability of exactly one 

change in a sufficiently short interval of length t is approximately >.t, and 

(iii) the probability of two or more changes in a sufficiently short interval is 

essentially zero. 

portfolio - refers to a plurality of risks. The investments held by a person or 

company. Insurance companies invest funds in a portfolio of stocks, bonds, 

real estate loans, and other investments. 

positive risk sums - a general type of risk process in which any occurrence giving 

rise to a downward step represents a loss, this being the case in classes such 

as fire, marine, and life. 

premium - the amount an insured pays in exchange for the protection provided 

by a policy. The total, or gross premium consists of the net premium plus 

load for commission and administrative expenses. Most forms of insurance 

contracts include a provision for a level premium payment, either for the 

entire length of the contract or for a specified term. Others, notably in the 

health, property, and casualty fields, include provisions per periodic experi

ence modification. Premiums generally are assessed on an annual basis, but 

may also be paid under semiannual, quarterly or monthly modes. 
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quota share reinsurance - a form of automatic reinsurance, in which a pre

scribed portion of all income is paid from the direct writer to the reinsurer; 

the same portion of losses are absorbed by the reinsurance company. The 

quota share applies to all insurance written within a specified category of 
business. 

reassurance - assurance for insurers. The practice of sharing risks with other 
Insurers . 

. 
reinsurance - insurance for insurers. The practice of sharing risks with other 

Insurers. 

relative safety loading - the safety loading p is defined by 

C- CXJ.L C 
p= =--1. 

CXJ.L CXJ.l 

renewal process - a generalized Poisson process for which the interarrival times 

are independent and identically distributed with an arbitrary distribution. 

reserve - a liability established for the purpose of paying future claims. The 

present value of the amount established as a reserve is estimated to be equal 

to the present value of all future claims. 

retention limit - the amount for which a company will not assume the risk on 

any one policy that exceeds that level. For example, one company establishes 

its retention limit at $20,000. An individual applies for a policy for $100,000 

of life insurance. The company approves the policy, but cedes $80, 000 to 

a reinsurance company. All premiums received are split on a 20/80 basis 

with the reinsurance company, and all claims are also to be paid on the same 

basis. 

retention problem - consists of determining for a given risk mass the portion 

which is to the insurance carrier's advantage to retain itself, and the re

maining portion which should be passed off (ceded) to another risk carrier, 

the reinsurer. The problem is decisively influenced by the price which the 

reinsurer demands for taking over the ceded portion. 
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risk business - an idealized insurance business in which only an aggregate of 

sums at risk and incoming risk premiums with certain safety loadings are 

considered. Thus, the consideration of expenses, interest etc. is left out 
altogether. 

risk mass - the sum of the various portfolios held by the insurance carrier. 

risk premium -the mean value of the sums at risk which may fall due during the 

period of observation. The risk premium is assumed to flow in continuously. 

Risk premium may also be referred to as net premium. 

risk process - the risk process, X, is defined by 

N(t) 

X(t) = ct- L Zk, 
k=l 

where 2:::::~=1 zk = 0, cis a positive real constant called the gross risk premium 

rate, and N(t) is the number of claims on the company during the interval 

(0, t]. The company has to pay out a stochastic amount of money at each 

point of N, and the company receives c units of money per unit time. 

risk reserve - the net premium together with a safety loading is continuously 

accumulated in a risk reserve of an initial amount. The claims, which can be 

regarded as negative income, are paid out from this reserve. 

risk theory - a special case of the theory of random or stochastic processes which 

has grown rapidly in recent years and now constitutes a large branch of 

probability theory. More specifically, risk theory provides effective tools used 

to estimate fluctuations in the business retained by an insurance company. 

ruin probability - ruin probability w( u) is the probability that the risk business 

will ever become negative. For a company having initial capital u and facing 

the risk process X ( t), 

'll(u) = P{u + X(t) < 0 for some t > 0}. 

security loading - see relative safety loading. 
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solvency margin - the reserves to be held by insurance companies. 

stationarity of increments - the number of events in a time interval is depen

dent only on the length of the interval and not on the initial value. 

stochastic process -a stochastic process is a family of random variables {Xt; t > 
0}, where time is the index variable. 

stop loss reinsurance - a form of agreement between an insurance company and 

a reinsurer, limiting the aggregate amount of losses that must be shared 

during a specified period of time. While the reinsurance company accepts 

individual risks, it will not be required to pay claims above the aggregate 

limit. For example, a company cedes insurance above its retention limit, 

and also provides a stop loss limitation. If actual losses reach that level, the 

reinsurer will not be required to pay any further claim. 

sums at risk - sums with certain probabilities of falling due. 

surplus reinsurance - an agreement creating a form of automatic reinsurance. 

The writing company agrees to cede risks above a predetermined retention 

limit, and the reinsurer agrees to accept those risks. For example, an insurer 

has a retention limit of $25,000, so that it will not assume risks above that 

level. An application for a $100,000 policy is approved. The company cedes 

the $75,000 above its retention limit, under a surplus reinsurance agreement. 

utility function - a function constructed in an intuitive or other way to describe 

and measure numerically the degree to which the result of some economic op

eration is desirable. For example, the capital available at the end of the year 

for an insurance company might be the result under consideration. Accord

ing to Berger (1985), to begin, it is necessary to clearly delineate the possible 

consequences which are being considered. The set of all consequences of in

terest will be called the set of rewards, and will be denoted by R. Quite 

frequently R will be the real line, but often the elements of R will consist 

of nonnumerical quantities. Often there is uncertainty as to which of the 

possible consequences will actually occur. Thus the results of actions are 

frequently probability distributions on R. Let P denote the set of all such 
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probability distributions. It is usually necessary to work with values and 

preferences concerning probability distributions in P. This would be easy to 

do if a real-valued function U(r) could be constructed such that the value 

of a probability distribution PEP would be given by the expected utility 

EP[U(r )]. If such a function exists, it is called a utility function. 

waiting time - let W denote the waiting time until the first change occurs when 

observing a Poisson process in which the mean number of changes in the 

unit interval is .A. Then W is a continuous-type random variable with the 

exponential distribution function 

F(w)=l-e-,Xw, w>O 

= 0, w < 0. 
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