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CHAPTER I 

INTRODUCTION 

A primary goal of this thesis is to develop tracking models (observers) for 

moving objects based on the model of human binocular vision. The application of 

this thesis is twofold; the first being robotics and the second opthalmology. 

Monocular vision has the inherent limitation in that it cannot determine dis

tance without some elaborate movement of the vision platform and hence has 

inherent limitation in robotics except when objects are at a fixed distance. Binoc

ular vision, on the other hand, can differentiate distance if the objects are within 

some reasonably short range relative to the distance between the two sensors. 

Thus, in robotics a pair of coordinated sensors is capable of much more precise 

location of objects. Certain reading difficulties are linked to improper or irregular 

eye movement. 

This thesis is organized into six chapters. Chapter I provides an overview of, 

as well as motivation for, the problems to be addressed. Chapter II reviews some 

basic knowledge about the eye. Chapter III builds a simplified physical model of 

the eye, and then this model is used to derive the mathematic model. Chapter IV 

uses computer simulations to find a suitable controller for this model. Chapter V 

extends the model to binocular vision and then the controller found in Chapter IV 

is improved for the binocular model. Chapter VI states the conclusions of the thesis 

and provides suggestions for future research. 

A great amount of research has been done about ocular motion, and there are 

hundreds of papers in this area. For example, for research about depth-vision 

including psychophysics, neurophysiology and computational aspects, there are 

papers written by Bishop and Henry, 1971 [2]; Bishop and Pettigrew, 1986 [3]; 

Foley, 1978 [12], 1980 [13]; Graham, 1951 [15], 1965 [16]; Julesz, 1978 [18]; Poggio 

and Poggio, 1984 [27]; Marr and Poggio, 1979 [21]; Nelson, 1975 [26]; Tyler and 

Scott, 1979 [32]. For discriminating the object and its background, there are papers 

about flies written by Egelhaaf et al. 1988 [8]-[11]; about bees by Srinivasan et al. 

1990 [30]; about locusts by Collett and Paterson, 1991 [4]; about primates by Miles 

and Kawano, 1987 [25]; Regan and Beverly, 1984 [28]. For studies about the speed 

and direction selectivity of neurons there are papers written by Albright, 1984 [1]; 
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Dubner and Zeki, 1971 [7]; Maunsell and Van Essen 1983, [22]; Mikami et al. 1986 

[23], [24]. 



CHAPTER II 

BASIC KNOWLEDGE ABOUT THE EYE 

2.1 Introduction 

This chapter introduces some basic knowledge about the eye. The biological 

structure of the eye, and how does the eye work to see an object are shown in 

the second section [29]. In the third section, the muscles in orbital region and 

the actions of these muscles are shown [17]. The fourth section is about normal 

defections of the eye. After this basic knowledge about the eye is reviewed, the 

model will be constructed in the next chapter. 

2.2 Biological structure of the eye 

The eye is very nearly spherical in shape, and about 1 inch in diameter. The 

essential parts of the eye, considered as an optical system, are shown in Figure 2.1. 

The front portion of the eye is somewhat more sharply curved, and is covered 

by a tough, transparent membrane C, called the cornea. The region behind the 

cornea contains a liquid A called the aqueous humor. Next comes the crystalline 

lens, L, a capsule containing a fibrous jelly hard at the center and progressively 

softer at the outer portions. The crystalline lens is held in place by ligaments which 

attach it to the ciliary muscle M. Behind the lens, the eye is filled with a thin jelly 

V consisting largely of water, called the vitreous humor. The indices of refraction 

of both the aqueous humor and vitreous humor are nearly equal to that of water, 

about 1.336. The crystalline lens, while not homogeneous, has an "average" index 

Figure 2.1: The Eye 
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X • D 

Figure 2.2: Experiment of the blind spot 

of 1.437. This is not very different from the indices of the aqueous and vitreous 

humors, so that most of the refraction of light entering the eye is produced at the 

cornea. 

A large part of the inner surface of the eye is covered with a delicate film of 

nerve fibers, R, called the retina. Nerve fibers branching out from the optic nerve 0 

terminate in minute structures called rods and cones. The rods and cones, together 

with a bluish liquid called the visual purple, which circulates among them, receive 

the optical image and transmit it along the optic nerve to the brain. There is a 

slight depression in the retina at Y called the yellow spot or macula. At its center 

is a minute region, about 0.25 mm in diameter, called the fovea centra/is, which 

contains cones exclusively. Vision is much more acute at the fovea than at other 

portions of the retina, and the muscles controlling the eye always rotate the eyeball 

until the image of the object toward which attention is directed falls on the fovea. 

The outer portion of the retina merely serves to give a general picture of the field 

of view. The fovea is so small that motion of the eye is necessary to focus distinctly 

two points as close together as the dots in a colon (:). 

There are no rods or cones at the point where the optic nerve enters the eye 

and an image formed at this point cannot be seen. This region is called the blind 

spot. The existence of the blind spot can be demonstrated by closing the left eye 

and looking with the right eye at the cross in Figure 2.2. When the diagram is 

about 10 inches from the eye, the square disappears. At a smaller distance, the 

square reappears while the circle disappears. At a still smaller distance, the circle 

agam appears. 

In front of the crystalline lens is the iris, at the center of which is an opening 

P called the pupil. The function of the pupil is to regulate the quantity of light 

entering the eye, the pupil automatically dilating if the brightness of the field is low, 

and contracting if the brightness is increased. This process is known as adaptation. 

However, the range of pupillary diameter is only about fourfold (hence the range 

in area is about sixteenfold) over a range of brightness which is 100,000 fold. The 
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Figure 2.3: Muscles of the right orbit 

relatively enormous variation in light entering the eye is far from compensated by 

the change in size of the pupil, the receptive mechanism of the retina being able 

to adapt itself to large differences in quantity of light. 

2.3 Muscles of the eye 

From Gray's Anatomy (17), we know that the eye is controlled by a set of 

seven muscles as is indicated in Figure 2.3 1 • They are Levator palpebra superioris, 

Rectus superior, Rectus inferior, Rectus internus, Rectus externus, Obliquus oculi 

superior, and Obliquus oculi inferior. 

• The levator palpebra superioris is thin, flat, and triangular in shape. It arises 

from the under surface of the lesser wing of the sphenoid, above and in front 

of the optic foramen, from which it is separated by the origin of the Superior 

rectus. At its origin it is narrow and tendinous, but soon becomes broad and 

fleshly, and finally terminates in a wide aponeurosis, which is inserted into 

the upper margin of the superior tarsal plate. 

• The superior rectus, the thinnest and narrowest of the four Recti, arises from 

the upper margin of the optic foramen beneath the Lavator palpera, and 

1This graph is copied from Gray's Anatomy [17]. 
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from the fibrous sheath of the optic nerve; and is inserted by a tendinous 

expansion into the sclerotic coat, about three or four lines from the margin 

of the cornea. 

• The inferior and internal Recti arises by a common tendon ( the ligament 

of Zinn), which is attached round the circumference of the optic foramen, 

except at its upper and outer part. 

• The external rectus has two heads: the upper one anses from the outer 

margin of the optic foramen immediately beneath the Superior rectus; the 

lower head, partly from the ligament of Zinn and partly from a small pointed 

process of bone on the lower margin of the sphenoidal fissure. 

• The superior oblique is a fusiform muscle placed at the upper and inner side 

of the orbit, internal to the Levator palpebra. It arises about a line above the 

inner margin of the optic foramen, and, passing forward to the inner angle 

of the orbit, terminates in a rounded tendon, which plays in a ring or pulley 

formed by cartilaginous tissue attached to a depression beneath the internal 

angular process of the frontal bone, the contiguous surfaces of the tendon 

and ring being lined by a delicate synovial membrane and enclosed in a thin 

fibrous investment. 

• The inferior oblique is a thin, narrow muscle placed near the anterior margin 

of the orbit. It arises from a depression on the orbital plate of the superior 

maxillary bone, external to the lachrymal groove. Passing outward, back

ward, and upward between the Inferior rectus and the floor of the orbit, and 

then between the eyeball and the External rectus, it is inserted into the outer 

part of the sclerotic coat between the Superior and External recti, near to, 

but somewhat behind, the tendon of insertion of the Superior oblique. 

Each of the muscles has different action. The Levator palpebra raises the upper 

eyelid, and is the direct antagonist of the Orbicularis palpebrarum. The four Recti 

muscles are attached in such a manner to the globe of the eye that, acting singly, 

they will turn it either upward, downward, inward, or outward, as expressed by 

their names. 
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The movement produced by the superior or inferior rectus is not quite a simple 

one, for, inasmuch as they pass obliquely outward and forward to the eyeball, the 

elevation or depression of the cornea must be accompanied by a certain deviation 

inward, with a slight amount of rotation, which, however, is corrected by the 

oblique muscles, the inferior oblique correcting the deviation inward of the superior 

rectus, and the superior oblique that of the inferior rectus. 

The contraction of the external and internal recti, on the other hand, produces 

a purely horizontal movement. If any two contiguous recti of one eye act together, 

they carry the globe of the eye in the diagonal of these directions-viz. upward and 

inward, upward and outward, downward and inward, or downward and outward. 

The movement of circumduction, as in looking round a room, is performed by the 

alternate action of the four recti. The oblique muscles rotate the eyeball on its 

antero-posterior axis, this kind of movement being required for the correct viewing 

of an object when the head is moved laterally, as from shoulder to shoulder, in 

order that the picture may fall in all respects on the same part of the retina of 

each eye. 

2.4 Defections of vision 

To see an object distinctly, a sharp image of it must be formed on the retina. 

If all the elements of the eye were rigidly fixed in position there would be but one 

object distance for which a sharp retinal image would be formed, while in fact the 

normal eye can focus sharply on an object at any distance from infinity up to about 

10 inches in front of the eye. This is made possible by the action of the crystalline 

lens and the ciliary muscle to which it is attached. When relaxed, the normal eye 

is focused on objects at infinity, i.e., the second focal point is at the retina. When 

it is desired to view an object nearer than infinity, the ciliary muscle tenses and 

the crystalline lens assumes a more nearly spherical shape. This process is called 

accommodation. 

The extremes of the range over which distinct vision is possible are known as 

the far point and the near point of the eye. The far point of a normal eye is at 

infinity. The position of the near point evidently depends on the extent to which 

the curvature of the crystalline lens may be increased in accommodation. The 

range of accommodation gradually diminishes with age as the crystalline lens loses 
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(a) (b) (c) 

Figure 2.4: Different Eyes (a) Normal eye (b) Myopic eye (c) Hyperopic eye 

its flexibility. For this reason the near point gradually recedes as one grows older. 

This recession of the near point with age is called presbyopia, and should not be 

considered a defect of vision, since it proceeds at about the same rate in all normal 

eyes. 

A table of the approximate position of the near point at various ages is given 

below. 

Age (years) Near Point (em) 

10 7 

20 10 

30 14 

40 22 

50 40 

60 200 

There are number of common defects of vision which have to do simply with 

an incorrect relation between the various parts of the eye considered as an optical 

system. A normal eye forms an image on the retina of an object at infinity when 

the eye is relaxed, and is called emmetropic. If the far point of an eye is not at 

infinity, the eye is ametropic. The two simplest forms of ametropia are myopia 

(nearsightedness), and hyperopia (farsightedness). These are illustrated in Figure 

2.4(b) and (c). 

In the myopic eye, the eyeball is too long in comparison with the radius of 

curvature of the cornea, and rays from an object at infinity are focused in front 

of the retina. The most distant object for which an image can be formed on the 

retina is then nearer than infinity, or the far point is nearer than infinity. On the 

other hand, the near point of a myopic eye, if the accommodation is normal, is 

even closer to the eye than is that of a person with normal vision. 
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In the hyperopic eye, the eyeball is too short and the image of an infinitely 

distant object would be formed behind the retina. By accommodation, these par

allel rays may be made to converge on the retina, but evidently, if the range of 

accommodation is normal, the near point will be more distant than that of an 

emmetropic eye. These defects may be stated in a somewhat different way. The 

myopic eye produces too much convergence in a parallel bundle of rays for an image 

to be formed on the retina; the hyperopic eye, not enough. 

Astigmatism refers to a defect in which the surface of the cornea is not spherical, 

but is more sharply curved on one plane than another. (It should not be confused 

with the lens aberration of the same name, which applies to the behavior, after 

passing through a lens having spherical surfaces, of rays making a large angle with 

the axis.) Astigmatism makes it impossible, for example, to focus clearly on the 

horizontal and vertical bars of a window at the same time. 

2.5 Conclusion 

The eye is very nearly spherical, with diameter about 1 inch. It is controller 

by a set of muscles. The muscles are in opposing pairs and act in coordination 

with the muscles of the other eye. The eye is rotated by the contraction of the 

appropriate muscle. 



CHAPTER III 

MATHEMATIC MODEL OF HUMAN MONOCULAR VISION 

3.1 Introduction 

This chapter first constructs a simplified physical model of the eye, then de

velops the mathematic model for human monocular vision by using this physical 

model. 

3.2 Physical model of the eye 

We model the eye as a rigid rotating sphere of fixed radius attached at the 

center. The eye is controlled by a set of muscles as is indicated in Figure 2.3. The 

muscles are in opposing pairs and act in coordination with the muscles of the other 

eye. The eye is rotated by the contraction of the appropriate muscle. The muscle 

pair obliquus oculi superior and inferior serve to rotate the eye and to add stability 

(17]. In this paper we do not consider their action. So the eye is assumed to be 

controlled by four muscles attached in opposing points on a diameter by pairs. 

This is shown in Figure 3.1. 

The eye is modeled as a disk, then the dynamics of the disk are given by 

OJ= FR, (3.1) 

where (} is the angle of rotation of the eye, I is the moment of inertia, R is the 

radius of the disk and F is the tangential force due to the two pairs of muscles. 

We choose to model the muscles that control the eye movement as damped 

springs having second order linear dynamics of the form 

x = -k(l- x)- g.:!_( I- x) + v(t), 
dx 

(3.2) 

where l is the length of the unstretched spring, x is the length of the stretched 

spring, k and g are the frequency of the spring and the damping parameter re

spectively, and v(t) is the controller added to the spring. This might not be the 

best model for the muscle, the actual muscle is much more complicated than the 

spring. But this model suffices to simplify our problem, and works satisfactorially 

for the purpose of mathematical calculations. 

10 
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Object 

F2 

c 

Figure 3.1: Schematic for Planar Eye Motion 
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In general the object being tracked is not a point source and such processes 

as edge detection and averaging are required to determine distance to an object. 

These are difficulties that arise in determining the distance to an object if its size 

and configuration are unknown. In this thesis we will assume that the object 

being tracked is of known size and contains a single distinguishing point. So it is 

reasonable to assume that the object is a point source. 

3.3 Mathematic model of a single eye 

We start by deriving an equation that can describe the movement of a single 

eye. The angle () is chosen to be the system state variable. From Figure 3.1, it 

can be seen that the eye is driven by two springs attached on the diameter. So the 

movement of the eye is decided by the difference of two tangential forces F1 cos f3 
and F2• Thus, according to Equation 3.1, 

(F2 - F1 cos f3)R = IB, 

where I, the moment of inertia of the disk is 

2 2 l=-mR. 
5 

(3.3) 

(3.4) 

By the model of the spring, Equation 3.1, the left spring in Figure 3.1 is con

tracted. So it can be described by 

d 
- - k( 1 - X) - 9 · dx ( 1 - X) + V ( t) 

- -k(1- x) + 9x + v(t). (3.5) 

where 1, x, k, 9 and v(t) are as defined in Equation 3.2. 

While the right spring is stretched, it is described by 

y 

-k(y - l)- 9Y, (3.6) 
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where y is the length of the stretched spring, and we assume that the controller is 

only added to the stretched spring. 

By Equations 3.3-3.6 

9 
(F2- F1 cos {3)R 

I 

- l~R { -k(y -1)- giJ- [-k(l- x) + gx + v(t)] cos{3}. 
5 

(3.7) 

We want 9 to be expressed as a function about 9. So x, y, x, y, and cos {3 in 

Equation 3.7 all need to be expressed in terms of 9. According to Figure 3.1, the 

relations between x, y, l, R, and () can be found. First, x can be solved by using 

Law of Cosines in triangle ABC. 

X 

12 + (2R sin~ )2 
- 2l(2R sin~) cos~ 

4R2 sin2 ~ + 12 
- 21R sin B, 

R( R sin() - l cos B)B 
X 

Rv R2 + 12 sin( B - "')0 
X 

(3.8) 

(3.9) 

The variable y is simply the length of the part of spring that wrapps on the 

circular portion of the disk plus the length of the unstretched spring. 

y - R9 + l, 
y RB. 

From Figure 3.1 we can find 

l cos () - R sin 9 
cos {3 = -----

X 

by using some basic geometry. 

From Equations 3.7, 3.10 and 3.11, 

(3.10) 

(3.11) 

(3.12) 
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1 . 
0 - 1mR[-R(kO +gO)- cos f3 · ( -k(l- x) + gx + v(t))] 

5 

kO +gO 1 
- - 2 - r-R cos f3 · [-k(l- x) + gx + v(t)]. (3.13) 

sm sm 
Now, define 

h( O) = x
2
cos f3, 

-mR 5 

(3.14) 

and 
g(O) = _ h(O)' 

X 
(3.15) 

where cos f3 is given by Equation 3.12. 

Thus from Equations 3.13-3.15, 

0 - - kO +gO- h(O) [-k(l- x) + gx + v(t)] 
1m x 
5 

_ - kO +gO + h(O) kl- k. h(O)- h(O) · g · ~ - h(O) · v(t) 
~m X X X 

__ kO +gO_ kl· g(O) _ k. h(O) _ h(O). g. gRvr:::::.R-;;-2 +~i2sin(O- r;,)O 
1m [2 + 4R2 sin2 !!.- 2lR sin 0 5 2 

+v(t)g(O) 

- J(O, 0) + v(t)g(O). (3.16) 

Summarizing, 

0 = f(O, 0) + v(t)g(O) 
where, 

and 

. kO +gO gRJR2 + [2 sin(O- r;,)O 
J(O,O) =- 2 - klg(O)- h(O)[k + [2 

4
R2 • 2 9 21R . 0], (3.17) 

. Sm + Sin '2- Sin 

g(O) = -h(O)[ 
1 

], (3.18) JP + 4R2 sin2 ~ - 2lR sin(} 

h(O) =~(I cosO- RsinO). 
-mR 
5 

(3.19) 
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Thus the equations of motion are cast as an affine control system in the plane. 

Affine systems have been studied extensively in the literature, see for example W. 

Dayawansa, G. Knowles and C. Martin,1990 [6]. This is advantageous because 

it allows the use of techniques that have been used in control theory in the last 

decade. 

3.4 Conclusion 

A model for human monocular vision is constructed in this chapter. 

0 = !(0,0) + v(t)g(O), 
where (} is the angle of rotation of the eye, f and g are as defined in this chapter 

and v(t) is the controller add to the model. 

The next chapter uses this model to simulate the eye tracking a point object 

in two dimensions. Chapter V extends this model to binocular vision. 



CHAPTER IV 

SIMULATION OF ONE EYE TRACKING A POINT 

SOURCE IN TWO DIMENSIONS 

4.1 Introduction 
The mathematic model for human monocular vision has been developed in the 

previous chapter. In this chapter, appropriate parameters for this mathematical 

model are chosen. Then computer simulations are performed to find a suitable 

controller for this model. 

4.2 Choice of the parameters for the model 

The parameters of the eye model need to be determined first. There are four 

parameters; m, the mass of the disk; l, the length of the unstretched spring; K, the 

angle of rotation at which the spring has minimum length; and R, the radius of 

the disk. 

Gray's Anatomy [17] gives that the diameter of the eye is 1 inch, so the radius 

of the disk is 

R = !inch~ 1.27cm. 
2 

The volume of the eye is calculated in Equation 4.2. 

v 4 
-7r _83 
3 ' 
4 
-1r · 1.253 ~ Sec. 
3 

{4.1) 

{4.2) 

The indices of refraction of the eye is approximately 1.336. So the mass of the 

eye 1s 

m = 1.336 · V ~ 10.7gram. (4.3) 

From [17], the length of the unstretched spring, l, is found to be 

l ~ 3cm. {4.4) 

16 
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Re 

Figure 4.1: Graph of poles 

Refering to Figure 3.1, K., the angle of rotation at which the spring has minimum 

length is 

l 
arctan R 

3 
- arctan -

2
-

1. 5 
67° 

1.17rad. (4.5) 

The next task is to choose the frequency of the spring, k; and the damping 

parameter, g. These two parameters should satisfy the following relation in order 

to bring the system to stabilize. 

where 

A2 + gA + k = 0, 

A = __;:_g_±_-/....:.....::...g2 __ 4_k 
2 ' 

g2
- 4k < 0. 

(4.6) 

(4.7) 

(4.8) 

because the damping ratio ~ = '27k is desired to be ~ < 0. 707, so the two 

roots(poles) can locate in the left plane as shown in Figure 4.1. Therefore the 

response of the system will have a little overshoot and settle very quickly. 

The following sets of k and g are calculated according to this relation. 

Let g = 2, then -Jg2 - 4k = 1, which implies k = ~· Let g = 8, then -Jg2
- 4k = 4, 

which implies k = 20. 

We do not want to take g be larger than 8, since it will make the spring too 

stiff, and that is not realistic for human muscles. 
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Input 9, 

~ 
Output 9 

CONTROllER EYE 

Figure 4.2: The desired model 

4.3 Choice of the controller and simulations 

At the beginning, the ocular axis of the eye makes an initial angle 00 with the 

point object. When the controller has been added, the eye is being controlled to 

track the object, so that the angle between the ocular axis and the object becomes 

0. Figure 4.2 shows the desired model. 

We need to find the controller to stabilize this nonlinear system. There are 

usually many ways to stabilize a system. There are two goals, the first of which 

is to construct a control law that mimics the human process. We make extensive 

use of what is known about visual perception and use this to construct a control 

law. The second goal is to construct a control law that stabilizes the system in 

an exponential manner. Any stabilizing law will provide asymptotic tracking. But 

for a practical problem it is essential that the system "lock on" in as short a time 

as possible. It is important for purposes of robotics that the process be fast and 

robust. 

We begin with a fixed object. The initial angle the ocular axis of the eye makes 

with the object is 00 • First, a linear control law that uses only positional error is 

applied 

v ( t) = a · ( 0 - Oo), 
where a is a constant to be chosen. 

Choose k = ~ and g = 2. Figure 4.3 shows the response of adding the controller 

v = 5(0-00 ). In the experiments, the system was highly oscillatory and the settling 

time were more than 40 units of time. 

We repeat the experiment when the coefficients k and g are increased to k = 20 

and g = 8. Figure 4.4 is the trace of 0 when adding v = 5(0- 00 ), and Figure 4.5 
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is the trace of 0 as result of adding v = 10(0- 00 ). Compared with the first graph, 

the settling time are much shorter. In Figure 4.4, the system needs about 25 units 

of time to settle and the overshoot is about 0.03 rad (1.72°); while in Figure 4.5, 

the system need about 21 units of time to settle and the overshoot is about 0.12 
rad (6.9°). 

We can find that when a, the coefficient in the control is larger, the rising time 

and the settling time of the system are lower, but the overshoot is larger. 

If the model needs 24 units of time to track a fixed point object and makes 7° of 

overshooting, it is too slow and inaccurate compared to real eye. These simulations 

show that the linear controller using only position error does not work very well. 

This is not a surprise, because our system is highly nonlinear. 

Then we use another simple feedback v = vo. vo is chosen to make the final 

position error be zero when the system is stable. In the Equation 3.16, let 0 = 00 , 
. -
0 = 0 so that 0 = 0, we get 

(o) =_f(Oo,O) 
v g(Oo) · (4.9) 

Figure 4.6 is the graph of the error signal and controller feedback. Figure 4. 7 shows 

the result of adding this control law. This time the system becomes stable in about 

12 units of time, the overshoot is 0.21 rad (11°). 

Based on the controller v = v0 , we try to improve it by using 

v(t) = (1- e-tf0·1)v0 . 

Figure 4.8 is the graph of the error signal and controller feedback. Figure 4.9 shows 

the trace of 0. Figure 4.9 is very close to Figure 4. 7. 

Since the previous type of controller does not work satisfactorily, the controller 

v = vo[l- 5(0- Oo)] 
is applied to the system. Figure 4.10 is the graph of the error signal and the 

controller feedback. Figure 4.11 shows the trace of 0. The system takes about 1 

unit of time to response, and need about 12 units of time to be settle. Comparing 

with Figure 4. 7 and Figure 4.9, we see that the system takes less time to respond, 

almost the same amount of time to settle, but overshoots more and oscillates more. 

We will improve this control by adding a term which makes the controller 

output large at the beginning of the tracking and becomes close to 0 when 9 is 

close to 90 • The controller is 

v = v0[1- 5(9- 90 )- 2(9- 90)el8- 8ol]. 
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When the system is stable, by choosing v0 appropriately we can minimize the final 

position error. Figure 4.12 is the graph of the error signal and controller feedback. 

Figure 4.13 shows that the system now takes about 1.5 units of time to rise, 10 

units of time to settle and its overshoot is about 0.09 rad less than in Figure 4.11. 

We have only used control laws involving position feedback so far , and the 

results are not satisfactory, the graphs of trace of 0 show that there are large 

oscillatories, large overshoots, and settling times are quite long. So we improve the 

control law by adding a differential control to the controller which can reduce the 

overshoot and settling time. 

v = vo[1- 5(0- Oo)- 2eiB-Boi(O- Oo)- 50]. 
Figure 4.14 is the graph of the error signal and controller feedback. Figure 4.15 

gives the trace of 0. The system takes less than 1.6 units of time to rise, it 

overshoots a little bit and quickly becomes stable. This result is what we expected 

to get. 
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All the simulations have been done so far are for a fixed initial angle, 80 = ~· If 
the initial angle is smaller or larger, the controller with the same coefficients does 
not work as good as before. 

When the angle is smaller, i.e., (J = ~' the coefficients of the controller need 
to be adjusted.The trace of (J is shown in Figure 4.16. On the other hand, if the 

angle is larger, the coefficients also need to be adjusted to get good results. The 
trace of (J is shown in Figure 4.17. 

To construct a control law that will track both small angles and large angles, 

the coefficients ought to be changed into functions of () - 00 • We use the control 
law 

where the coefficients are chosen to be 

400 

1 + 500y/IB - Bol' 

5, 

( 4.10) 

(4.11) 

(4.12) 

( 4.13) 

Figures 4.18-4.21 show how this control works for a wide range of angles. If the 

angle is bigger than i = 60°, the result is close to a singularity. That is because 

it is close to K., the maximum angle the disk can rotate. And for the angle too 

small, less than ~ = 3°, the control cannot work very well. The reason is that the 

eye is able to recognize the object within the range of()~ 2° without moving the 

eyeball, and we do not consider this case at this stage. 

All the simulations have been done so far are about an object which does not 

move. Now the simulations for an moving object can be performed. The same 

control law as Equation 4.10 are used in the following experiments. First simulate 

the model tracking a moving object whose locus is a straight line. Figure 4.22 is 

the graph of error signal and controller feedback, and Figure 4.23 is the trace of 0. 

Figure 4.23 shows that the system is able to response, but always with a delay. 

Then simulate a moving object whose locus is a sine wave. Figure 4.24 is the 

graph of the error signal and controller feedback. Figures 4.25, 4.26 and 4.27 are 
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(} - 1!" 
0 - 3 .5 

the trace of (} when the initial angles are ~, ~ and ;0 , respectively. The system 

has a better control when the initial angle is not too small. It is able to response 

in a short time, but the delay always exists. That is due to the nonlinearity of the 

actual model. 
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Trace of B, B = ~ 
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Figure 4.22: Graph of error signal and controller feedback when the locus of the 

object is ~ + O.lt 

Figure 4.23: Trace of 0 when the locus of the object is ~ + O.lt 
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Figure 4.24: Graph of error signal and controller feedback when the locus of the 

object is i + 0.2 sin ~t 

Figure 4.25: Trace of() when the locus of the object is i + 0.2 sin ~t 
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Figure 4.26: Trace of(} when the locus of the object is ~ + 0.2 sin ~t 
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4.4 Conclusion 

In this chapter the control for the monocular vision model has been developed. 

This control law works satisfactory for angles from :0 up to ~. For angles bigger 

than~' the result is close to a singularity. Since() is close to"'' the maximum angle 

the disk can rotate. And for angle less than :0 = 3°, the controller can not work 

very well. That is because the eye is able to recognize object within the range of 

() ~ 2° without moving the eyeball, and we do not consider this case at this stage. 



CHAPTER V 

SIMULATION OF TWO EYES TRACKING A POINT 

SOURCE IN TWO DIMENSIONS 

5.1 Introduction 

In Chapter IV, appropriate parameters of the mathematic model for monoc

ular vision have been chosen, and a number of computer simulations have been 

performed to find a good controller for the model. In this chapter, we are going 

to extend the model to binocular vision and then improve the controller found in 
Chapter IV for the extended model. 

5.2 Extend the model to binocular vision 

The model for monocular vision in the plane built in Chapter III is 

M o 

0 = f(O, 0) + v(t)g(O), (5.1) 

where f and g are as defined in Chapter III, and v(t) is the controller added to 

the system. 

For binocular vision, eye movement is viewed as a process controlled by two 

servomechanisms. The first servo, v, controls the gross movement of the two eyes 

and is highly nonlinear, this is what we have found in Chapter IV. The eyes move 

together in parallel when tracking a moving object at a distance, the movement is 

controlled by v. If the object is close then the movement is more complicated but 

we can still think of it in the same manner. The first servo, v, still controls the 

gross moment. But a second servo, u, controls the fine movement that brings the 

eyes out of parallel to obtain focus. This servo can be thought of as a linear loop 

around the nonlinear gross movement. It is this movement that enables an animal 

with binocular vision to determine distance to an object. 

The model for binocular vision in the plane is then given by 

0 f(O, 0) + (v(t) + u1(t))g(O), 

f3 - f(f3,P)+(v(t)+u2(t))g({3). 

35 

(5.2) 

(5.3) 
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Where we adopt the convention that (} is the angle of rotation of the left eye 

and f3 is the angle of rotation of the right eye. The controller v(t) is the controller 

for the gross movement, it is designed as a function of the difference of angles (}- (}0 

and f3- f3o to obtain a nonlinear feedback control law of the form 

v(t) = K(O- Oo,f3- f3o), (5.4) 

where Oo and {30 are the initial angles the ocular axis of the eye make with the 
point source. 

The controllers u1(t) and u2(t) are added for the purpose of bringing the eyes 

out of parallel to obtain focus. So they are assumed to be small, and the dynamics 

can be linearized when they are applied. They are set to be linear functions of the 
angles (} and {3 respectively; 

k1 x (0- Oo), 

k2 x ({3- f3o). 

(5.5) 

(5.6) 

The angle of rotation of the left eye and the right eye, (} and {3, are related by 

the angle of ocular vergence, 1, as shown in Figure 5.1. Where 1 is defined to be 

the angle subtended between the two visual axes. 

For the angle of vergence 1 we can write, 

I b 
tan 2 = 2d' (5.7) 

where b is the interocular distance, the distance between the center of left eye, 

C,, and the center of right eye, Cr. Normally choose b = 64mm [5]. And d, the 

distance of an object, is the length of AM where M is the midpoint of b. 

For relatively small angles, tan 1 is approximately equal to 1 measured in ra

dians; therefore 

or, if 1 is measured in degrees, 

b 
I= d' 

57.3b 
~---- d . 

(5.8) 

(5.9) 

From [5] we see that the approximation in Equation 5.9 leads to a slight over

estimation of d on the basis of 1, increasing with the shortening of target distance 
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Figure 5.1: Angle of vergence 1 
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but not exceeding about 3% at distances of 10cm. At this distance ; is of the 

order of 36°, close to the maximum obtainable for most subjects. 

About 90% of the vergence range is used for distances less than 1 m. At 

a distance of 2 m, a difference of ±0.5 deg in vergence corresponds to a range in 

distance of more than 1m, and at larger distances the sensitivity of any calculation 

of distance to minute errors of vergence or its estimated value becomes prohibitive. 

Then we have the relation between the distance and the angle of vergence, 

b 6.4 d 
i = d = d >1m, 

b 3.2 d 
; = 2 arctan 

2
d = 2 arctan d 0.1m < < 1m, 

and 

(5.10) 

(5.11) 

{3 = () + i (5.12) 

as shown in Figure 5.1. 

In Figure 5.1(a), the object is on MA, so () < 0 and {3 > 0, and 101 = lf31, 

; = 2101 = 2{3, thus the relation {3 = () +; is satisfied. 

In Figure 5.1(b ), the object is to the left of both eyes, so () > 0 and {3 > 0, 

their relation is also {3 = () + ; . 
In Figure 5.1( c), the object is to the right of both eyes, so () < 0 and {3 < 0, 

and {3 = () + i. 

5.3 Simulations for binocular vision 

First, a linear controller that uses only positional error is added to the system. 

The response is shown in Figure 5.2, the system takes about 10 units of time to 

stabilize. This controller does not work very well. This result is the same as what 

we obtained in Chapter IV. 

Then we use another controller v = Vo where 

(0) 
__ f(O, 0) 

v - g(O) . (5.13) 

Figure 5.3 shows that the rising time for the system is less that 2 units of time. 

This controller is much better than the first one, but still not very satisfactory, 

because the overshoot is quite large. 
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Next, the controller which worked quiet well in monocular vision for angles in 
a wide range is applied to this binocular vision system. 

where 

400 

1 + 500119- Bol' 
5, 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

Figures 5.4-5.6 show the result when the object makes ~' ~ or ~ with the ocular 
axis of left eye, respectively. 

These figures show that this controller is able to work satisfactorily for both 

small angles and large angles when the object is fixed. If the angle is larger than 

~ = 60°, the result is close to a singularity. That is because it is close to K., the 

maximum angle the disk can rotate. And for angle too small, less than :o = 3°, 

the controller cannot work very well. The reason is that the eye is able to recognize 

object within the range of(}~ 2° without moving the eyeball. 

All the simulations have been done above are about an object which does not 

move. Now we can do the simulations for an moving object. First do simulations 

for a moving object whose locus is a straight line. The trace of(} is given in Figure 

5.7. It shows that the model is able to response in about ~ unit of time, and the 

delay is about ~ unit of time. 

Then do simulations for a moving object whose locus is a sine wave. Figures 

5.8- 5.10 show the result when the initial angle is !, ~ and ;0 , respectively. The 

system can response in about ~ units of time, and delay about ~ units of time. 
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5.4 Conclusion 

In this chapter we use the controller found in Chapter IV and extend it to 

binocular vision. In Chapter IV, the control law only involves the first servomech

anism v. While in this chapter, we also use the second servomechanism u1 and u2 • 

So we can control the fine movement that brings the eyes out of parallel to obtain 

focus by u 1 and u 2 . 

Our model is able to work for angles ranging from :o up to ~. For angles larger 

than ~, or smaller than :o = 3°, the result is similar to what we get in Chapter 

IV. 



CHAPTER VI 

CONCLUSION 

In this thesis, we have developed a tracking models for moving objects based 

on the model of human binocular vision in two dimensions. 

Chapter II reviews some basic knowledge about the eye. The eye is very nearly 

spherical, with diameter about 1 inch. It is controlled by a set of muscles. The 

muscles are in opposing pairs and act in coordination with the muscles of the other 

eye. The eye is rotated by the contraction of the appropriate muscle. 

In Chapter III a simplified physical model of the eye is built, and then this 

model is used to derive the mathematic model. 

0 = f(O, 0) + v(t)g(O), 
where () is the angle of rotation of the eye, f and g are as defined in this chapter 

and v(t) is the controller add to the model. 
Chapter IV uses computer simulations to find a suitable controller for this 

model. 

where 

400 
a1 

1 + 500\JlO- Ool' 

a2 5, 

a3 -a1. 

Chapter V extends the model to binocular vision, 

0 - f(O,iJ)+(v(t)+ut(t))g(O), 

{3 - f({3,/3) + (v(t) + u2(t))g({3). 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

where () is the angle of rotation of the left eye and {3 is the angle of rotation of the 

right eye. The control v( t) is the control for the gross movement and is common 

46 
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to both eyes. The controls u1 ( t) and u2 ( t) are added for the purpose of bringing 

the eyes out of parallel to obtain focus. Then computer simulations are done to 

improve the controller found in Chapter IV for the binocular model. 

In this thesis a large body of techniques for stabilizing nonlinear systems espe

cially in low dimensions are used to construct the feedback controller v(t). Simu

lations play an important role in the development of the parameter identification 

techniques for the system. Any control law will provide asymptotic tracking, but 

for practical problems it is essential that the system "lock on" in as short a time 

as possible. 

Formulating the model in three dimensions leads to more complexity in the 

model for the eye movement but does not create any additional difficulty. This 

model is sufficiently complete to model the movement of the eye and the tracking 

problem. The weakest part of the model is the modeling of the muscle as a second 

order actuator. The true vision problem is much more complex when the source is 

considered to not to be a point source. The problem then involves two dimensional 

image processing. This thesis may be extended to the following set of problems. 

• Formulate the problem in three dimensions. 

• Determine realistic values of the parameters modeling the muscles controlling 

the eye. 

• Develop simulations of binocular eye movement for testing of various control 

algorithms. 

These problems have potential applications in the automated screening of large 

numbers of patients for eye muscle disorders. 
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