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CHAPTER I 

INTRODUCTION 

The objective of this research is to develop and analyze mathematical models 

for the spread of bubonic plague in wildlife communities. These models will study 

three populations: flea vector, rodent host, and predator. The populations will 

then be subdivided into two subpopulations: susceptible (S) and infected (I). 
Bubonic plague is an ancient disease, responsible for an astronomical amount 

of deaths throughout history. At least forty percent of the U.S. is infested by 

plague-infected animals, from the Pacific Ocean to the one-hundredth meridian 

[12]. Plague foci around the world are identified in Fig.1.1 [12]. This is primarily a 

disease of wild rodents; however, there are several ways that man can be infected 

with bubonic plague. These include infection by handling or ingesting an infected 

animal, and transmission from wild rodent fleas, ticks and lice. The plague cycles 

in the United States are shown in Fig.l.2 [19]. The models developed, however, will 

focus only upon the cycle involving a flea vector, rodent host, and canine predator. 

The causative agent of this disease is the bacillus Y ersinia pestis often as

sociated with the rat flea Xenopsylla cheopis. Other efficient plague vectors are 

Opisocrostis hirsutus and 0. tuberculatus associated with prairie dogs (Cynomys 

gunnisoni) and Diamanus montanus associated with rock squirrels (Spermophilus 

variegatus ). Once ingested by the flea, the bacillus reproduces quickly and often 

blocks the proventricular structure of the flea [12]. Once a flea is "blocked," the 

proventricular valve can not be closed because of the masses of Y. pestis and 

blood obstructing it. The bacilli can then be regurgitated, allowing the disease to 

be spread [12). An estimated twelve percent of fleas become "blocked" [20). Since 

fleas can deposit eggs only after a blood meal, once the flea becomes "blocked" the 

model assumes that no more fleas are produced. 

Since the model focuses upon certain animal populations, basic knowledge 

about each species must be obtained. Most of the information known about fleas 

comes from X. cheopis. Normally, X. cheopis lives for three months and pro

duces 300 to 400 eggs in a lifetime, 2 to 6 at each oviposition. Their survival rate, 

however, is unknown. Prairie dogs, C. gunnisoni, and coyotes, Canis latrans, 

are representative species for the rodent host and predator of the model. These 
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two species react very differently to bubonic plague. When an outbreak of plague 

occurs in a prairie dog colony, mortality will typically exceed 99% [5]. In coyotes, 

however, ingestion of plague-infected animals cause little or no morbitity [5]. In 

fact, coyotes will develop a PHA antibody that is detectable in 8 to 14 days that 

will decrease to undetectable levels in 6 to 8 months [5]. Feline predators, unlike 

their canine counterparts, have a high mortality rate when faced with the disease. 

It is interesting to observe the reproductive rates of both the prairie dog and 

coyote. Each species mates only once per year, with the young being born in late 

spring. Prairie dogs have a life span of 7-8 years, producing up to ten young each 

year. Coyotes tend to live longer, 10 to 18 years, but produce an average of six 

pups per year. The estimated survival rate of coyotes is 60.9% [6]. 

Permanent plague in animals, called the "Third Pandemic," began in the 

1850's. Most cases of the latest pandemic originated in New Mexico and San 

Francisco [12]. Some rodents have greater ability to survive plague, thus becoming 

a carrier of the disease and the cause of permanent plague foci. Permanent plague 

foci are dangerous since the disease is constantly spread from these areas. Luckily, 

they presently occur in more remote areas isolated from large human populations. 

For this reason, permanent plague foci do not have a large affect on humans. They 

have, however, been linked to epizootic outbreaks in other animal populations, 

which could involve human contact. There is an estimated 230 species of mam

mals, and 100 species of fleas that perpetuate the disease [12]. With this many 

animals perpetuating the disease, it should not be surprising to discover that since 

1964 there has not been a year free of human plague in the U.S. [12]. 

Since bubonic plague is a disease which has the ability to cause an epidemic, 

it is important to study it and find ways to prevent outbreaks. In the next two 

chapters, the effects of the disease on three animal populations will be studied. In 

Chapter II, the steady-states will be found and analyzed for a three-species disease 

free system. The parameters and variables in this model will be discussed. 

In Chapter III, the above three-species model will be modified to include both 

susceptible and infected subpopulations. New parameters and variables used for 

this model will be identified. The steady-states of the model will be analyzed, and 

two specific cases will be discussed. These are the epizootic case, where the disease 

is introduced but dies off leaving just susceptible subpopulations, and the enzootic 
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case, where both the infected and susceptible subpopulations survive. After these 

specific cases are analyzed, the conclusion and recommendations of this project 

will be made in Chapter IV. 
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PLAGUE CYCLES IN THE UNITED STATES 

PATHWAYS 
Usual 

---- Occasional 
•···•····•··· Rare 

respiratory 
droplet spre!Jd · .. 
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Figure 1.2: Plague cycles in the U.S. This diagram shows how plague is spread 

in the U.S. The model, however, concentrates on the cycle involving fleas, rodent 

hosts, and predators ([19] p.l297). 



CHAPTER II 

INFECTION-FREE MODEL 

When considering how bubonic plague, or any disease, may affect certain pop

ulations of animals, it is always important to first study those populations when 

not affected by the disease. This gives information about how normal interactions 

affect each of the three populations. Most important, however, is the steady-state 

where all three populations co-exist. This steady-state will be found by solving a 

model which represents population changes in each species over time. 

In this chapter a model for the interaction between a flea vector, rodent host, 

and predator will be developed based on Lotka-Volterra dynamics. The model 

assumptions will be discussed. Each variable and parameter will be described, and 

the type of steady-state for this model will be revealed. 

2.1 Model Assumptions 

To develop a model that accurately reflects how an animal's population changes 

over time it is first necessary to make some assumptions based on observed ani

mal behavior. Our model involves a flea vector, rodent host, and predator. The 

assumptions made involve normal survival requirements of each species alone, and 

survival due to the interaction of all three species. 

The following assumptions are made. The flea requires the host for survival, 

while the host and predator are able to survive on their own. The host population, 

however, is regulated by several factors. It's numbers are decreased by the flea 

vector, the predator, and a population density factor. Several factors also regulate 

the predator population. Predator numbers increase due to prey consumption, but 

decrease due to a population density factor. In addition, if the per capita growth 

rates of each species are linear, we obtain the following Lotka-Volterra model: 

dV 
dt 

dH 

dt 
dP 
dt 

(2.1) 
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where all of the parameters aii are positive. 

2.2 Variables And Parameters 

The variables and parameters for the model in equations (2.1) will now be 

explained. The population variables V, H, and P represent the number, or density, 

of each species present at time t. For the infection-free model, there are three 

variables: the flea vector (V), rodent host (H), and predator (P). The parameters 

aii are described below. Note that each subscript helps identify the role of that 

parameter. 

a10: The per capita growth rate, (birth rate-death rate) of the flea vector. 

a2o: The per capita growth rate of the rodent host. 

a30: The per capita growth rate of the predator. 

a12: The rate of flea increase due to feeding upon the rodent host. 

a21: The rate of host population decrease due to the flea vector. 

a22: The population density factor of the host. 

a 23 : The rate of host decrease due to consumption by the predator. 

a32: The rate of increase in the predator due to feeding upon the rodent host. 

a33: The population density factor of the predator. 

Note that the flea vector will die out in the absence of its host, ~~ = -a10 V, 

but that the host and the predator will survive in the absence of the other species. 

The host will approach its carrying capacity,~' and the predator will approach its 

carrying capacity, .!!.a.ll.. Since negative populations are not biologically reasonable, 
1133 

the variables V, H, and P must be either positive or zero. Mathematically, solutions 

to (2.1) will be nonnegative. This follows because of the uniqueness of initial value 

problems to this system of ordinary differential equations (solutions are bounded), 
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the fact that (2.1) is an autonomous system, and that V(t) = 0, H(t) = 0, and 

P(t) = 0 are solutions to (2.1) [7]. All parameters are assumed to be positive values. 

How the populations are affected by these parameters (increased or decreased) are 

denoted by use of signs. 

2.3 Steady-States 

To find the steady-states of our model (2.1), it is necessary to find the constant 

solutions to the system of differential equations. The steady-states are found by 

setting each derivative equal to zero. Once this is done, a possible steady-state can 

be found for the model which involves all three species. Hence, it can be shown 

that: 

v -
H 

p 

a33( a2oa12 - a22a10) - a23( a30a12 + a32a10) 

a12a33a21 
a10 

al2 

a30a12 + a32a10 

a12a33 

(2.2) 

Since this solution only makes sense if all the populations are positive, a con

dition on V must be satisfied, i.e., V > 0. The following condition for existence of 

a positive solution to (2.1) is: 

(2.3) 

There are five other steady-states, where at least one of the species is not 

present. They are given below: 

(1) v = 0, H=O, P=O 

(2) v = 0, H=.!!2SI. 
1122' 

P=O 

(3) v = 0, H = 0, p = .!!a.Q. 
1133 

(4) V = 11211 11 l2-112211JII 

11121121 ' 
H=.!!lll.. 

1112' 
P=O 

(5) v = 0, H - 112111133-II:J111123 
- 11221133+11321123' 

P = 112111133 ±1132 11,311 
11221133 +1132 1123 

Note that all of the steady-states are nonnegative, if condition (2.3) holds. In the 

next section, it will be shown that they are not stable, if condition (2.3) is satisfied. 
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2.4 Stability 

Once the positive steady-state is found, the next objective is to determine the 

type of local stability exhibited by the model. The first step in this process is to 

linearize the system about the equilibrium (2.2), i.e., to find the Jacobian matrix 

for the model. Instead of calculating the eigenvalues directly, we use another 

simpler stability test developed by Quirk and Ruppert [8] which is based on the 

signs of the elements of the Jacobian matrix. This test provides necessary but not 

sufficient conditions for local asymptotic stability. Below is the Jacobean matrix 

of the model evaluated at the three-species equilibrium: 

a33 ( a2oa12 -a22 a1o )-a23 ( a3oa12 +a32a1o) 

11331121 
-1122111o 

1112 
1132( 11301112+11321110) 

11121133 

Since each parameter is positive it is simple to develop a sign matrix, Q, of the 

Jacobian matrix. This matrix appears below: 

It is easy to show, using this sign matrix Q=[qi;], that the following Quirk

Ruppert conditions for qualitative stability are satisfied [8]: 

(1) qii < 0 for all i, 
(2) qii < 0 for at least one i, 

(3) qi;q;i < 0 for all i =F j, 

(4) qi;q;~e ... q9rari = 0 for any sequences of three 

or more distinct indices i,j, k, ... , q, r, and 

(5) det Q =F 0. 

These five conditions do not distinguish between neutral stability and local 

asymptotic stability. However, Jeffries [8] showed that if conditions 1, 3, 4, and 5 

are satisfied and the matrix Q "fails the color test," then the steady-state is locally 

asymptotically stable (the conditions are necessary and sufficient). A steady-state 

fails the color test if it is not possible to color each node in the subgraph black or 

white so that the following are true: 



(1) Each self-regulating node is black. 

(2) There is at least one white node. 
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(3) Each white node is connected by a predation link (a pair of species connected 

by a + line and a - line) to at least one other white node. 

( 4) Each black node connected by a predation link to one white node is also 

connected by a predation link to one other white node [8). 
The model fails the color test by conditions 3 and 4 (see Fig. 2.1). 

The five other steady-states mentioned in the previous section can be shown 

directly, through calculation of their Jacobean matrix, to have at least one positive 

eigenvalue. The eigenvalues were calculated and a positive one for each of the five 

steady-states is given below: 

(1) 

(2) 

(3) 
(4) 
(5) 

The eigenvalues given above for steady-states (3) and (5) are positive if con

dition (2.3) holds. Therefore, steady-states (3) and (5) are locally unstable if the 

steady-state (2.2) (with all three species surviving) exists. However, steady-states 

(1), (2) and (4) are locally unstable, independent of condition (2.3). 

Once asymptotic stability of the three-species steady-state was proved using 

Quirk-Ruppert conditions, it was necessary to consider global stability. One way 

to show global stability is to find a Lyapunov function. Gob ([10], [11]) has shown 

that functions of the form Ei':1 ui(Xi-xi-~~;) may be used as Lyapunov functions 
• 

for some Lotka-Volterra systems, where Xi is the population variable and xi its 

equilibrium, or steady-state value. 

First consider the steady-state values found earlier; they will be denoted by V*, 

H*, and P*. Using these values, the equations from (2.2) become the following: 

H* 
a10 

a12 

P* 
a30 + a32H* (2.4) 

a33 

V* 
a2o - a22H* - a23P* 

a21 
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The Lyapunov function, as suggested by Goh ([10], [11]), for this model is 
written below: 

L(V,H,P) cr1 [ V - v· - v· ln ;. ] + u 2 [ H - H* - H* In :. ] 

+u3 [P- P*- P*ln~] P• , 

where CTt, cr2, and CT3 are positive constants to be determined. 

To show global stability three conditions must be met by the Lyapunov function 
([15]): 

1) L(V, H, P) > 0, and (2.5) 

L(V, H, P) = 0 only for (V, H, P) = (V*, H*, P*) (2.6) 
dL 

2) dt (V, H, P) < 0. (2. 7) 

If in addition: 

dL 
3) dt(V, H, P) < 0, and 

~~ (V, H, P) = 0 only for (V, H, P) = (V*, H*, P*), (2.8) 

then the steady-state has global asymptotic stability ([15]). 

To prove (2.6) and (2. 7) are true, take the partial derivative of the Lyapunov 

function (L) with respect to V, H, P. This will determine the minimum of L. After 

a few algebraic manipulations these partial derivatives are: 

8L (v- v·) av cr1 V = 0 

8L (H- H*) (2.9) 
8H cr2 H = 0 

8L ( p- p*) 
8P 

- lT3 p = 0. 

Hence from (2.9) there exists a critical point when V = V*, H = H*, and 

P = P*. It can be shown that this is a local minimum by taking the second partial 

derivatives. This gives the following results: 
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{)2L 
(11 (~:) {)V2 -

{)2L 
(12 (~:) {)H2 

{)2L 
(13 (~:). {)p2 

Each of the derivatives, however, are clearly positive since only the positive popula

tion values are being considered. The Hessian is positive definite. This shows that 

the critical point is a local minimum [18), but it is the only minimum; therefore, it 

is a global minimum. At the same time, if V = V*, H = H*, and P = P* are sub

stituted into L, it is easy to show that L(V, H, P) = 0 for (V, H, P) = (V*, H*, P*). 
Thus (2.6) and (2. 7) are satisfied. 

Next it is necessary to prove (2.8). The parameters Ut, u2, and u3 will be 

chosen to satisfy (2.8). This involves some algebraic manipulations. First it is 

easy to show that: 

dL 
dt(V, H, P) u1( -a10 + a12H)(V- V*) + u2(a2o- a21 V- a22H- a23P) 

(H- H*) + u3(a30 + a32H- a33P)(P- P*). (2.10) 

Substituting H* = ~, (2.10) becomes: 

dL 
dt(V, H, P) 

Then choose u1=a21 and u2=a12 in (2.11) to produce: 

dL 
dt(V,H,P) at2a2t(H- H*) [a23(P*- P) + a22(H*- H)]+ 

a21 · a21 

(2.11) 

u3a33 [:: (H- H*) + (P- P*)] (P- P*). (2.12) 

Finally, choose UJ = ~: 
1132 
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(2.13) 

Hence by (2.13), clj:(V,H,P) < 0 and ~7(V,H,P) = 0 only if H = H*, and 

P = p•. Let M be the set of all points in the positive octant satisfying ~7 = 0. 

Solutions of the model tend to the largest invariant set in M[15]. However, the only 

invariant set is the steady-state (V*, H*, P*). Thus, the steady-state is a globally 
asymptotically stable point. 

2.5 Numerical Simulation 

Using a fourth-order Runge-Kutta method (see Appendix), it is possible to 

numerically simulate specific cases of the model (2.1) over time. The solutions can 

be graphed so that fluctuations and steady states are easy to observe. 

Consider the following parameter values: 

a1o = .1, a12 = .12, a2o = 1.1, a21 = .3, a22 = .1, a23 = .6, a30 = 1, a32 = 1, a33 = 6. 

It is easy to verify that the steady-state (2.2) exists. The steady-state for this 

specific case is below: 

V ~ 2. 7778, H ~ .8333, and P ~ .3056. 

The graphs Fig.2.2, Fig.2.3, and Fig.2.4 show the population fluctuations of 

the flea vector, rodent host, and predator, respectively, when no disease is present. 

Because the steady-state is globally asymptotically stable, solutions will eventually 

converge to the steady-state. 

2.6 Summary 

In this chapter, the model assumptions are given and a model is developed 

for an infection-free state based on Lotka-Volterra dynamics. The variables and 

parameters are identified and discussed. 
The positive steady state of the model is found and is shown to be locally 

asymptotically stable using the Quirk-Ruppert conditions and the "color test." 
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Global asymptotic stability is shown using a Lyapunov function. Finally, a specific 

example is numerically simulated. 

In Chapter III, this basic model will be extended to include subpopulations of 

susceptibles and infectives for each of the three populations. 
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Figure 2.1: The directed sign graph of the matrix Q. Tl1is is used to determine 
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CHAPTER III 

EPIZOOTIC MODEL 

In Chapter II, the model that was developed and analyzed focused upon inter

actions between three disease-free populations. That model, which was proved to 

be globally, asymptotically stable, will be the basis of the model developed in this 

chapter. The new model will divide each population, flea vector, rodent host, and 

predator into the subpopulations: susceptible (S) and infected (/). There is an

other subpopulation, the removed group denoted as R which will not be included 

explicitly in the epizootic model. The removed group represents the animals that 

have died or become immune to the disease and are no longer susceptible. These 

types of disease models are often referred to as SIR models and have been used 

frequently to model the progression of disease in a population (e.g., [1], [2), [3), 

[17], [4], [13], [14]). In particular, Anderson and May [2) and Holt and Pickering 

[14] analyzed the local stability of two-species Lotka-Volterra SIR models when 

the pathogen was transmitted directly to one of the species. Our SIR model is for 

the spread of the disease through indirect transmission of the pathogen by a flea 

vector. 
In this chapter the epizootic model will be developed based on Lotka-Volterra 

dynamics. New model assumptions will be introduced to define behavior of the 

subpopulations. It will be shown that there exist at least two possible outcomes. 

They will be referred to as the epizootic and enzootic cases. In the epizootic case, 

the disease causes an epizootic which is short term. In the enzootic case, the 

disease remains in all three populations. All new variables and parameters will be 

described, and the steady-states for this model will be found. 

3.1 Model Assumptions 

By introducing infected subpopulations into the original model, it is neces

sary to make some new model assumptions based on the observed behavior of 

each infected species. These new assumptions, combined with the original model 

assumptions used to obtain {2.1) will be essential in creating the epizootic model. 
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The following assumptions are made. The fleas and host die from the disease 

while the predator recovers from it. For plague this is the case for rodents such 

as prairie dogs and for predators such as coyotes (5]. Infected fleas and hosts die 

before reproducing; however, infected predators produce non-infected offspring. In 

fleas the birth rate is smaller than the death rate, but the birth rate is larger than 

the death rate in both hosts and predators. A factor p will be included, which 

denotes the proportional reduction of healthy animals eaten in relation to sick 

animals (2] (more sick animals are eaten than healthy animals). Finally, it will be 

assumed that infected fleas live only on infected hosts, and healthy fleas live only 

on healthy hosts. The following Lotka-Volterra 8 I R model is obtained: 

d8t 
dt 
dit 
dt 

d82 
dt 
di2 
dt 

d83 
dt 
di3 
dt 

3.2 Variables And Parameters 

Many of the parameters found in equations (3.1) were explained in Chapter II. 

There are however new variables and parameters which must be defined. Below 
' ' each new item is identified and explained. Note, once more, that each subscript 

helps identify the role of that variable or parameter. 
Since each population was divided into two subpopulations, it is necessary to 

distinguish between these two groups. Hence, 817 82 , and 83 will now represent 

the number, or density, of susceptible flea vectors, rodent hosts, and predators, 

respectively, and I 1 , I 2 , and I 3 will represent the respective number, or density, of 

the infected subpopulations. 

c10: The per capita natural death rate of the flea vector. 
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C2o: The per capita natural death rate of the rodent host. 

c30: The per capita natural death rate of the predator. 

bao: The per capita birth rate of the predator. 

c1: The rate of contact between a susceptible flea and an infected rodent host. 

c2: The rate of contact between a susceptible rodent host and an infected flea. 

c3: The rate of contact between a susceptible predator and an infected flea. 

b3: The rate of susceptible predator infection due to consumption of an in

fected rodent host. 

d1: The death rate of an infected flea vector due to the disease. 

d2: The death rate of an infected rodent host due to the disease. 

r3: The recovery rate of predators infected by the disease. 

p: The proportional reduction of healthy animals S2 eaten in relation to the 

sick animals / 2• (If p=O no healthy animals are eaten, if p=1 then the same 

proportion of healthy and sick animals are eaten.) 

Again since negative populations are not biologically reasonable, the variables 

81 , 82 , S3, / 1, / 2, and / 3 must be either positive or zero. Mathematically, solutions 

to (3.1) with nonnegative initial conditions will be nonnegative; the positive cone 

is invariant. All parameters are assumed to have positive values. 

3.3 Steady-States 

To find the steady-states of model (3.1 ), it is necessary to find the constant 

solutions to the system of differential equations. This is done by setting each 

derivative equal to zero. We make the assumption that the infection-free steady

state exists, i.e., 
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This assumption eliminates some possible steady-states. Examining model (3.1) 

for positive steady-states, it is helpful to notice the following: 

(1) It = 0 <:==} I2 = 0 

(2) 82 = 0 ::::::::? St = 0 and I2 = 0 ::::::::? It = 0 ::::::::? I3 = 0 

(3) s3 = o ::::::::? I3 = o 

(4) I3 = 0::::::::? S3 = 0 or It= 0 and I2 = 0. 

Hence, the only possible positive steady-states are the twelve listed in the table. 

Table 3.1: Possible positive steady-states for the epizootic model. (The* represents 

a positive steady-state value.) 

Case Number positive St s2 s3 It I2 I3 
1 0 

2 1 * 
3 1 * 
4 2 * * 
5 2 * * 
6 3 * * * 
7 3 * * * 
8 3 * * * 
9 4 * * * * 

10 4 * * * * 
11 5 * * * * * 

12 6 * * * * * * 

The steady-state for s;, Si, and s; (case 6 in the table) was found earlier in 

Chapter II. The stable steady-states will be determined for both the epizootic and 

enzootic cases. As seen above, a possible steady-state can be found for the model 

which involves all six subpopulations. For this case, it can be shown that: 
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St 
-c2/1 + a2o- a22(S2 + /2)- a23p(S3 + /3) 

a21 

/1 
c1S1/2 

-
c1o + dt - a12/2 

s2 
c1/2 + a10 

al2 

/2 - S3[-c3/1 + a30 + a32PS2- a33(S3 + /3)] + (r3 + bao)/3 
(3.2) 

baS3 

s3 -
/3(c30 + r3 - a32(pS2 + /2) - a33/3) 

c3/1 + ba/2 - a33/3 

/3 -
c2S2/1 + /2[-c2o- d2- a21/1 - a22(S2 + /2)- a23S3] 

a23/2 

Unfortunately, this system of equations is extremely difficult to solve in terms 

of the parameters. Therefore, we consider some numerical examples, where it is 

straightforward to determine existence and stability of particular steady-states. It 

is always the case that the infection-free steady-state exists under the condition 

a2oa12a33 > a23p(a30a12 + a32a10) + a22a10a33, 0 < p < 1. However, the zero-, one-, 

and two-species steady-states will not be stable because they are not stable in the 

infection-free model. (Cases 1-5 in the table). After some analysis, it was found 

that, cases 7 and 9 do not exist since / 3 would have to be negative for the other 

populations to be nonzero. We consider the infection-free state first. 

3.4 Epizootic Case 

Since the equations in this chapter have some new parameters, values must be 

assigned. The values chosen in Chapter II will remain the same so that a three

species model will still be guaranteed. However, to those values the following will 

be added to obtain the epizootic case: c1o=.102, c2o=l.4, c30=.6, bao=l.6, c1=.75, 

c2=.8, c3=. 7, /Ja=.2, d1 =. 75, d2=.8, r3=.2, p=l. 
Using the parameter values that have been assigned. It is found that S1 ~2.7778, 

S2 ~.8333, S3 ~.3056, / 1 =0, / 2=0, and / 3 =0 is a solution. To determine the sta

bility of the equilibrium or steady-state, the Jacobean matrix for this case is found. 

Using the assigned parameter values and the solutions above, the eigenvalues of 

the resulting Jacobean matrix will be found. If all the eigenvalues of the Jacobean 
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are negative, or have negative real part, the steady-state is locally, asymptotically 

stable. The following is the Jacobean matrix used for this model: 

as1 as1 as, as1 as, asl 
a~~ a~2 8~3 8{1 8{2 8{3 
as2 882 ~ ~ ~ ~ 
a~~ a~2 a~3 8{1 8{2 8{3 
8Sa as3 8Sa 8Sa 8Sa as3 

J= a~~ a~2 8~3 8ft 8{2 8{3 
81t 81t 81J £h. £h. £h. 
a~~ a~2 a~3 8{1 81:2 8{3 
812 812 812 !th.. !th.. !th.. 
8~1 8~2 a~3 8{1 81:2 8{3 
813 81a 81a !& !& !& 
8St as2 883 811 8h 813 

where S and i represent ~~ and ~i. 
By evaluating each partial derivative at the parameter values and the previously 

mentioned solution, it is possible to obtain the Jacobean: 

-.4* lo-s .33336 0 0 -2.08350 0 

-.2499 -.08342 -.49998 -.66664 -.08333 -.49998 

J= 
0 .3056 -1.8339 -.21392 -.06112 -.0336 

0 0 0 -.852 2.08350 0 

0 0 0 .66664 -2.46669 0 

0 0 0 .21392 .06112 -1.8003 

with the following characteristic polynomial: 

P 1.000000278x6 + 7.036309586x5 + 16.8912236lx4 + 16.24944961x
3 

+5.84459952x2 + 1.52125444x + .1960884097. 

Hence, to find the eigenvalues of J, all that is required is to solve P = 0 for 

all possible x. Once this is done, using Maple [21], the following eigenvalues are 

obtained: 

-3.087740291,-1.803449286,-1.741457666,-.2308177613, 

-.2308177613 ± .2830822546i. 

Since all of the eigenvalues have negative real parts, this epizootic model has a 

locally stable steady-state for the given parameters. 
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There were two other positive solutions found using Maple [21]. These were 

studied to determine if they were stable. The Jacobean matrix was found for each 

of the solutions, and the eigenvalues were computed. The first positive steady-state 

occurred when St :::::::::3.3889, S2 :::::::::.8333, S3=0, It =0, I2=0, and I3=0. This had the 
following eigenvalues: 

-3.053108361,-.2476355137,-.08216284404,.03331903306, 

.1642252134, 1.833299995. 

Since there are positive eigenvalues for this solution, the steady-state is not stable. 

This is case 4 in the table and is unstable because it is unstable in the infection

free model. The other positive solution found is St :::::::::.87265, S2 :::::::::4.2265, S3=0, 

It :::::::::.4516, /2 :::::::::.5429, and I3=0 (case 10). This had the following eigenvalues: 

-3.762805654,-.3830567717,.03482802980 ± .6647735808i 

3.417276958, 5.353937043. 

This solution also has positive eigenvalues in its Jacobean matrix, J. Hence the 

only stable, positive steady-state found using Maple [21] is St :::::::::2.7778, S2 :::::::::.8333, 

S3 :::::::::.3056, It =0, I2=0, and 13=0. This is the infection-free steady-state. 

3.5 Numerical Simulations for the Epizootic Case 

In the epizootic case the disease is present initially, however, it eventually dies 

out leaving just the susceptible subpopulations. Again, a fourth-order Runge

Kutta method is used to find the values of each subpopulation over time. These 

values can be graphed so that fluctuations in populations, and the eventual die-off 

of the infected groups are easily observed. 

The graphs Fig. 3.1, Fig. 3.2, and Fig. 3.3 show the population fluctuations of 

the flea vector, rodent host, and predator, respectively, when these values are used. 

As can be seen, the populations approach the steady-state so that St ::::::::: 2. 7778, 

S2 ::::::::: .8333, and S3 ::::::::: .3056, while limt-+oo It = 0, lirnt-oo I2 = 0, and limt-+oo I3 = 

0. It appears globally asymptotically stable from the numerical simulations. 
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3.6 Enzootic Case 

The parameters used to find the epizootic case were varied to determine if 

another type of behavior could be obtained. The contact rates, c;, and the disease

related death rates, di, were varied. Increasing the contact rates or decreasing the 

disease-related death rates resulted in an enzootic steady-state, where the infected 

states persisted. We present a particular case. Only two values were changed, the 

death rates due to disease of the flea vector, d1 , and of the rodent host, d2 • The 

original values were . 75, and .8, respectively. 

It is reasonable that the infected states remain if contact rates are high or 

disease-related death rates are low. The animals which become infected and survive 

may become carriers of the disease. Therefore, if contact rates are high, occasional 

transmission of the disease to the susceptible populations will occur. This will 

cause the infected state to remain in the system. Low disease-related deaths can 

cause a similar result. If survival is high, there will be a large number of carriers 

of the disease. With so many carriers, the disease will remain in the system even if 

contact rates are low. In the case presented, the death rates were reduced to d1 =.2, 
and d2=.2. (Many cases were tested. These values were chosen for illustrative 

purposes.) 

Once new values are determined, it is still necessary to solve the system. If the 

steady-state is enzootic, all subpopulations should be present in tangible, positive 

amounts. When solved using the new parameter values, the solution S1 ::::::.3672, 

s2 ::::::2.883, s3 ::::::.5466, 11 =.3438, 12=.3279, and 13=.1096 is obtained. 

Since an enzootic steady-state was found, we can prove that this solution is a 

locally, asymptotically stable. This will be done in the same way as it was in the 

previous sections. Again, the Jacobean matrix, J, is used. 

The next step is to substitute the parameter and variable values into the partial 

derivatives of matrix J. Since the solution for the enzootic steady-state is different 

from that of the epizootic steady-state, the constant Jacobean matrix, J, is also 

different. Therefore, J is shown below: 



.000035 .044064 0 0 -.275400 0 
.34596 -.28831 -1.7298 -2.3064 -.2883 -1.7298 

J= 
0 .5466 -3.64004 -.38262 - .10932 -1.4796 

.245925 0 0 -.262652 .316656 0 
0 .24225 -.19674 2.20803 -2.45074 -.19674 
0 .1096 -.35136 .38262 .21892 -2.1839 

The following is the characteristic polynomial of J: 

P 1.000000139x6 + 8.825604663x5 + 26.84910644x4 + 32.48330336x3 

+13.5670152x2 + 2.86619703x + .9630631506. 

Solving for the eigenvalues, the following six eigenvalues are found: 

-3.585345254,-2.760026443,-1.884780502,-.5866681774, 

- .004391529790 ± .2966408783i. 

27 

Recall that if the eigenvalues of J are negative, then the steady-state is locally, 

asymptotically stable. Therefore, the solution S1 ~.3672, S2 ~.2.883, S3 ~.5466, 

/ 1=.3438, /2=.3279, and / 3=.1096 is stable. With only two parameter changes, 

the model went from an epizootic to an enzootic state. 

Two other solutions were also found using Maple [21] which will be shown to 

be unstable. The first is S1 ~3.3889, S2 ~.8333, S3=0, /1 =0, /2=0, and /3=0, 

which has the following eigenvalues: 

-2.466241810, -.2475579239, .03330940682, .1642145167' 

.4809093108, 1.833300012. 

This is case 4 in the table which is unstable because it is unstable in the infection

free model. The other positive solution is sl ~.1265, s2 ~6.3365, S3=0, II ~.4254, 

/ 2 ~.8805, and / 3=0 (case 10 in the table). This solution has the following eigen

values: 
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-2.812604476,-.6206059977,.03292296404 ± .3962653158i 

5.689695241,7.589876774. 

Each of these solutions produced positive eigenvalues for its Jacobean matrix. 

These two positive solutions, therefore, are unstable. 

3. 7 Numerical Simulations for the Enzootic Case 

Using the fourth order Runge-Kutta program already developed, only two 

changes are needed to graph this model. The values d1 , and d2 both must be 

changed to .2. Once this is done, the program calculates the value of each sub

population with respect to time. These values are graphed so that population 

fluctuations and steady-states may be observed. The graphs Fig.3.4, Fig.3.5, and 

Fig.3.6 show the behavior of this enzootic case. 

Note that from the graphs, it is clear that the infected subpopulations do not 

die out, instead each remains. Since the disease is always present, the possibility 

of an infection of another species that may eventually contact them, such as man, 

is increased. 

3.8 Summary 

In this chapter, the author added some model assumptions based upon the 

conditions involving an infected subpopulation. Using these new assumptions, 

the model from Chapter II was changed. These changes produced the Lotka

Volterra, epizootic model. This model was used to find the general equations for a 

steady-state. By assigning some parameter values, a specific model was obtained, 

the epizootic case. A steady-state solution proved to be stable since each of the 

eigenvalues of the model's Jacobean matrix had negative real parts. Finally, the 

solutions were graphed so that fluctuations and steady-states could be easily seen. 

In this case there is a short-term epizootic. Eventually, the infection dies out. 

By making a few parameter changes in the epizootic case the enzootic case 

was developed. The author explained the reasons for changing some parameter 

values. The resulting steady-states were found. The Jacobean matrix for this 
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case was developed, and then solved for it's eigenvalues. Since the eigenvalues 

were negative, or had negative real parts, the steady-state proved to be locally, 

asymptotically stable for this case. Finally, the solutions were graphed so that 

population behavior could be easily viewed and analyzed. 
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Figure 3.1: Epizootic flea population fluctuations. The disease dies out, - sus
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Figure 3.2: Epizootic host population fluctuations. The disease dies out, - sus

ceptible- - - infected. 
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CHAPTER IV 

CONCLUSION 

The goal of this research is to develop a model which can be used to help 

prevent epizootics in animal populations that can spread to humans. Analysis of 

the model using actual parameter values can give important information about a 

disease as it occurs in the animal population. This information can be used to 

predict outbreaks and prevent the spread to human populations. The importance 

of the results of this research will be discussed and recommendations for further 
study will be made. 

4.1 Conclusion 

This research proved that the original three-species, infection-free model had 

a positive steady-state. This steady-state existed if the parameters met condition 

(2.3). It was then shown that the steady-state was globally, asymptotically stable 

using the Quirk-Ruppert conditions [8], the Jeffries "color test" [8], and by show

ing that there existed a Lyapunov function that satisfied all conditions for global 

stability [10]. The co-existence of all three species is important when discussing 

plague. When all three species are present and plague is introduced, conditions 

are perfect for a plague cycle. Once plague is introduced to the model there are 

several possibilities. Two such possibilities are the epizootic and enzootic cases 

seen in Chapter III. 
Using parameter values such as the actual birth rates, death rates, contact 

rates, etc., it would be easy to predict normal population fluctuations using a 

model. Deviations from the expected pattern could then be analyzed. If plague 

were suspected, the epizootic and enzootic simulations could be run. These would 

help predict the path the disease might take, and guide researchers in preventing 

its transmission to humans. Hence, analysis of these models will help interpret 

observed epizoological trends in plague cycles. The models will also guide in the 

collection of data which will help in further understanding of the plague cycle. 

By identifying the critical parameters which force the system to change from one 

state to another (disease-related death rates and contact rates), researchers will 

36 
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be allowed to focus on the data that produces those relevant parameters. Overall, 

a thorough analysis of these models will help in the design of programs for the 

prevention and control of plague. 

4.2 Recommendations 

There are many parameters in this model. Therefore, it is recommended that 

many simulations be run using parameter values which fit the particular system 

studied. From these simulations, it will be possible for researchers to determine 

which parameters have the greatest effect on their system. The values of the 

disease-related death rates and contact rates will determine the difference between 

an epizootic and an enzootic. In addition, the system should be carefully mon

itored and changes in parameter values recorded and simulated. These changes 

could be caused by environmental factors that are not included in the models pre

sented. Probably one of the most important environmental factors is the effect 

of temperature changes on the three-species system. Hence, studies should focus 

not only on the constant parameters presented in this model, but also on variable 

parameters and other factors not included here that could extend this model. 

Temperature fluctuations and seasonal variations have a significant effect on 

population behavior. Flea populations may decrease during winter months since 

adult fleas can stay in the cocoon until they are stimulated to leave (16]. Therefore, 

large deviations from the expected population may occur in the flea population due 

to temperature conditions. At the same time, occurrences of plague are suspected 

to be regulated by seasons. Most incidence of plague occurs in the summer and 

early autumn months [20]. Coyotes and prairie dogs also have seasonal behavior 

which should be considered. They each produce one litter per year in the spring

time when the flea population is also increasing. Therefore, extending this model 

to include parameters representing population changes due to seasonal variations 

would help interpret plague cycles. 
Other factors which could influence the three-species system are extreme envi

ronmental fluctuations (e.g., floods and droughts). Floods and droughts are two 

factors which could cause serious deviations from expected population behavior. 

Studying the effects these changes would create on a disease-free model, and an 

epizootic model could be informative. 
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Further study could also be done with models involving more than one prey 

or predator. These models could become very complicated. They would, however, 

present better information about the spread of disease through a multi-species 

community. These could be adapted to fit an area that supports several species of 

predators or prey. 

The model presented here is a simple model that considered a limited number 

of species and parameters. It shows the ideal behavior of a three-species system. 

It is recommended that the model be extended and studied further. The exten

sions mentioned above are only a few of the possible extensions that could be 

presented. It is possible that further study could help provide a better under

standing of bubonic plague, or other diseases, transmitted to people from animals. 

If so accurate models of this disease will be required. 
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Runge Kutta Program for a Vector, Host, 
and Predator model - steady-states 

Dimension y (10, 1000), z (10), f1 (10), f2 (10), f3 (10), f4 (10) 
common al0,al2,a20,a21,a22,a23,a30,a32,a33,p,cl,c2,c3,dl,d2, 

* b3,r3,b30,c20,c30 
nf•6 
data y(l,l), y(2,1), y(3,1), y(4,1), y(5,l),y(6,1)/10.,3.,5.,3., 

* .3, .3/ 
data a10,a12,a20,a21,a22,a23,a30,a32,a33,p,c1,c2,c3,d1,d2,b3,r3, 

* b30,c20,c30/ .1, .12,1.1, .3, .1, .6,1.,1.,6.,1., .75, .8, .7, .75, .8, 
* .2,.2,1.6,1.4,.6/ 

ntt•1000 
ant•ntt 
time•100. 
h-time/ant 
t-0. 
write(6,200) t, (y(j,1),j•i,nf) 

200 format(E8.3,6(1X,E10.4)) 
Do i•1,ntt 

do k•1,nf 
z(k)•y(k,i) 
enddo 

call funct(t,z,f1) 
do k•l,nf 
z(k)•h*f1(k)/2.+y(k,i) 
enddo 

t•t+h/2. 
call funct(t,z,f2) 

do k•l,nf 
z(k)•h*f2(k)/2.+y(k,i) 
enddo 

call funct(t,z,f3) 
do k•l,nf 
z(k)•h*f3(k)+y(k,i) 
enddo 

t•t+h/2. 
call funct(t,z,f4) 

do k•l,nf 
y(k,i+l)•h*(fl(k)+2.*f2(k)+2.*f3(k)+f4(k))/6.+y(k,i) 
enddo 

write(6,200) t, (y(j,i),j•l,nf) 
enddo 
stop 
end 

subroutine funct(t,z,f) 
dimension z(lO), f(l0) 
common alO,a12,a20,a21,a22,a23,a30,a32,a33,p,cl,c2,c3,dl,d2,b3, 

* r3,b30,c20,c30 
f(1)•z(l)*(-cl*z(4)-al0+al2*z(3)) 
f(2)•c1*z(1)*z(4)+z(2)*(-cl0-d1+a12*z(4)) 
f(3)•z(3)*(-c2*z(2)+a20-a2l*z(1)-a22*(z(3)+z(4))) 
f(3)•f(3)-z(3)*a23*p*(z(5)+z(6)) 
f(4)sc2*z(3)*z(2)+z(4)*(-c20-d2-a21*z(2)-a22*(z(3)+z(4))) 
f(4)-f(4)-a23*z(4)*(z(5)+z(6)) 
f(5)-z(5)*(-c3*z(2)+a30+a32*p*z(3)-b3*z(4)-a33*(z(5)+z(6))) 
f(5)=f(5)+z(6)*(r3+b30) 
f(6)=c3*z(5)*z(2)+b3*z(5)*z(4)+z(6)*(-c30-r3+a32*(p*z(3)+z(4))) 
f(6)cf(6)-z(6)*a33*(z(5)+z(6)) 
return 
end 

42 
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