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ABSTRACT 

First, several parallel tridiagonal linear system solvers are discussed. For con

venience, a brief description of the ordinary odd-even method and the partition 

method are attached. 

Then, a new block tridiagonal systems solver (BTSS) is given. The BTSS is a 

generalization of the ordinary odd-even method for block tridiagonal systems. 

Finally, a new tridiagonal system solver (TSS) is presented. The algorithm is 

based on the partition method [24]; however, it is oriented in parallel throughout 

all the steps. The new solver is designed for the case where the number of equations 

is much larger than the number of processors, while the classical solver can handle 

only the case where the number of equations is less than or equal to the number 

of processors. 

The two new solvers are suitable for both MIMD(Multiple Instruction streams 

Multiple Data streams) and SIMD(Single Instruction Multiple Data streams) or

ganizations. The BTSS is compared with the Gaussian Elimination Method and 

the TSS is compared with the partition method. Numerical results obtained on 

the MasPar are presented to show the effectiveness of the TSS and the BTSS. 

VI 



CHAPTER I 

INTRODUCTION 

Many technical and scientific problems involve the solution of linear systems of 
equations: 

QX=Y, (1.1) 

where Q is structured as a block tridiagonal matrix of order n: 

At Bt 0 0 0 0 
c2 A2 B2 0 0 0 

Q= 

0 0 0 Cp-t Ap-t Bp-t 
0 0 0 0 Cp Ap 

and X and Y are partitioned as follows: 

Xt Yt 

x2 Y2 
X= x3 Y= Y3 

Xp Yp 

In many applications, the matrices Q are numerically symmetric, symmetric in 

structure only, or nonsymmetric but still block tridiagonal in structure [6). 

In particular, if each block is a 1 by 1 matrix, then the system (1.1) is simply 

a tridiagonal system. In this case, we have 
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where 
a1 b1 0 

c2 a2 b2 

Q= 

0 0 0 

0 0 0 

and 

Qx= y, 

0 0 

0 0 

Cn-1 an-1 

0 Cn 

Y1 
Y2 

y = Y3 

Yn 

2 

(1.2) 

0 

0 

bn-1 

an 

Systems of tridiagonal equations (1.1) and (1.2) arise in practical applications 

related to solving ordinary or partial differential equations by discrete numeri

cal methods. Hence, solving (1.1) and (1.2) are important problems in scientific 

computing. 

Sequential algorithms for solving (1.1) and (1.2) have been well studied. Also a 

variety of parallel methods have been developed for solving ( 1.1) or ( 1. 2) . A good 

survey of those methods can be found in [7], [18) and [21). Among them, the odd

even reduction method (OER) developed by Hockney [22] solves (1.2) in O(log2 p) 
time by using p processors. It is most suitable for solving systems in which the 

number of equations is less than or equal to the number of processors. However, 

the number of processors is often much less than the dimension of the matrix n. 

In this situation, Wang's partition method [24) is a good choice. However, it has 
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an inherently sequential step(22]. In fact the last two steps in Wang's partition 

method fail to be parallel. We will discuss this in Chapter III. 

While much has been written on the parallel solution of tridiagonal systems 

of linear equations (1.2), comparatively little work (14] has been done on the par

allel solution of block tridiagonal systems (1.1). Nevertheless, systems of block 

tridiagonal equations (1.1) frequently arise in scientific computing [6, 1, 23]. 

In this paper we introduces the TSS( a new Tridiagonal System Solver) for 

solving tridiagonal linear systems (1.2) in parallel. And then the BTSS( a new 

Block Tridiagonal System Solver), which is a parallel generalization of the odd-even 

method for block tridiagonal systems of linear equations ( 1.1), is presented. The 

TSS and the the BTSS are oriented in parallel through all steps. The performance 

of the implementations of the algorithms is evaluated in detail later. 



CHAPTER II 

THE ODD-EVEN ELIMINATION 

In this chapter, we will introduce the parallel version of the odd-even elimina

tion method in its most general form. The odd-even elimination is a method for 

solving tridiagonal systems of linear equations. And it is conceptually simple and 

parallel [14]. 
To begin, we consider row i of the matrix Q from (1.2) : 

Q(i) = (0, . . . , 0, ci, ai, bi, 0, 0 0 0, 0). 

We add to row i a multiple of row i - 1 chosen so as to eliminate Ci in row i. This 

process will produce one element of fill-in to the immediate left of Ci . Similarly, 

we add to row i a multiple of row i + 1 chosen so as to annihilate bi in row io This 

generates one fill-in to the right of bi. So we have 

Q'(i) = -ci/ai-1 * Q(i- 1) + Q(i)- bi/ai+l * Q(i + 1) 

= ( 0, ... , 0, c~, 0, a~, 0, b~, 0, ... , 0). (2.2) 

If we perform the above operation on all the rows of Q in parallel, we get a 

new matrix Q' 

a' 1 0 b' 1 

0 a' 2 0 b' 2 
c' 3 0 a' 3 0 b' 3 

Q'= 
I 

cn-2 0 I 
an-2 0 b~-2 

I 
cn-1 0 I 

an-1 0 

c' n 0 a' n 

4 
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This process is then repeated for k = 1, 2, · · · , [ l og2 n] - 1, with i - 2k and i + 2k 

replacing i -1 and i + 1 respectively in equation (2.2), i.e., each iteration will widen 

the gap between the diagonal and off-diagonal elements. After the last iteration, Q 
is a strictly diagonal matrix. For example, considering an 8 x 8 tridiagonal matrix 

and then denoting any nonzero elements with a "*", we have 

* * 
* * * 

* * * 
k = 0, Q= * * * 

* * * 
* * * 

* * * 
* * 

* * 
* * 

* * * 
Q'= * * * k = 1, 

* * * 
* * * 

* * 
* * 
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* 
* 

* 
k = 3, Q"' = * 

* 
* 

* 
* 

If we apply the same operations to the right-hand side, we can get the solution 

x easily. 

In general, the odd-even algorithm can be described as follows. For iteration 

k, 0 <= k <= [log2n] - 1, 

where m = 2k. 

Ci = ci/ai, 

bi = bi/ai, 

Yi = yi/ai, 

ai = 1 - Cibi-m - biCi+m, 

Yi = Yi - CiYi-m - biYi+m, 
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This algorithm solves the linear system (1.2) in log2n stages with 13n floating 

point operation per stage, plus one floating point divide in each processor for the 

final solution in the last step. Standard Gaussian Elimination (without pivoting) 

would require 8n - 7 floating point operation in 2n- 1 stage (14]. 



CHAPTER III 

THE PARTITION METHOD 

In 1982, Wang [24] proposed a partition method of solving the tridiagonal 

equations suitable for both parallel and vector computers. Although the partition 

method has a slightly higher vector operation count than the recursive doubling 

method, it has a smaller scalar operation count. Hence, there should be situations 

for which the partition method ought to be considered. One such situation is that 

the solution of the tridiagonal system on a parallel machine with M processors, 

where M is less than the order of the system of equation. The partition may also 

be preferred on a vector machine over a cyclic reduction method because of its 

versatility and its simple data management requirement. 

We consider the system (1.2) again. To illustrate the partition algorithm we 

have assumed that n = 9, p = 3 and k = n/p = 3. 

Phase 1 

The matrix Q is partitioned into a k by k block tridiagonal form as shown in 

Figure 3.1. 

Phase 2 

Eliminate c2 , c5 , c8 and then eliminate c3 , C(), eg simultaneously. This process 

creates nonzero fill-ins f's as shown in Figure 3.2. 

Phase 3 
Eliminate b1, b4 , b1 and then b3 , b6 simultaneously. This process creates nonzero 

fill-ins g's as shown in Figure 3.3. 

Phase 4 
Eliminate J4 , J5 , f 6 followed by h, J8 , f 9 • No fill-ins are created. See Figure 3.4. 

8 



9 

a1 b1 
Proc. 1 C2 & tl2 

Ca Cb ba 

C4 Cl4 b4 
Proc. 2 Cs as bs 

C6 as bs 

C1 a1 b7 

Proc. 3 Ca as ba 
C9 a9 

Figure 3.1: Phase 1 

r-

a1 b1 
Proc. 1 0 & tl2 

0 aa ba 

f4 Cl4 b4 
Proc. 2 fs 0 as bs 

fs 0 as bs 

h a1 b7 

Proc. 3 fa 0 as ba 
fg 0 a9 

Figure 3.2: Phase 2 
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81 0 Q1 
Proc. 1 a2 Q2 

aa 0 ga 
14 a4 0 Q4 

Proc. 2 fs as Qs 

fs as 0 Qs 

17 a7 0 Q7 

Proc. 3 fa as Qs 
fg a9 

Figure 3.3: Phase 3 

r--

a1 Q1 

Proc. 1 a2 Q2 

a3 Q3 

0 a4 Q4 

Proc. 2 0 as Qs 
0 as Qs 

0 a7 Q7 
0 as Qs 
0 a9 

l 

Proc. 3 

Figure 3.4: Phase 4 
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Phase 5 

The matrix can then be diagonalized by the elimination of 96 , 91, 98 ; 93 , 94, 9s; 

and 9t, 92· No fill-ins are created. 

Wang pointed out in his paper that the partition method is stable for diagonally 

dominate system. In particular, for diagonally dominate systems with constant di

agonals, the "fill-ins" become progressively smaller, which leads to an abbreviated 

calculation of the algorithm (24] . 

Also we notice that the last two steps above fail to be parallel in Wang's 

algorithm. In Step 4 of Wang's algorithm, we can eliminate h, f 8 , fg we have to 

remove / 4 , fs, !6 first to avoid generating new fill-ins. For the same reason, in the 

Step 5 of Wang's algorithm we have to eliminate 96 , 91, 9si then 93, 94, 9si and finally 

eliminate 9b 92 . In another words, those fill-ins have to be eliminated sequentially 

in Wang's algorithm. 



CHAPTER IV 

A NEW TRIDIAGONAL SYSTEM SOLVER(TSS) 

Since Wang [24] proposed the partition method for SIMD and vector machines 

m 1981, there has been much effort to improve it. J. S. Kowalik gave a version 

of the partition method which is suitable for the MIMD structure [12]. U. Meier 

generalized the partition method and gave an algorithm for solving the banded 

systems of linear equations [17] . Until now, the partition method has been a very 

important solver of tridiagonal linear systems. Unfortunately, it has an inherent 

sequential step need to remove the fill-ins [22], as we mentioned earlier. Moreover, 

all the above algorithms have at least one step which is not parallel as we have 

seen in Chapter III. 

In order to see why does the partition method fails to be fully parallel. Taking 

a close look at step 4 in the partition method, we find that before h, fs and fg can 

be removed, one must first remove f 6 in order to avoid producing new "fill-ins." 

That is, "fill-ins" have to be removed sequentially rather than in parallel. As a 

result, the partition method fails to be parallel at this point. The same problem 

can be found in [12] and [17]. 

r-

a, Q1 

Proc. 1 Cl2 Q2 
a3 Q3 
f. a. 9• 

Proc. 2 fs as gs 

fs as Qs 

f7 a1 Q7 

Proc. 3 
fa as Qs 
fg ag 

Figure 4.1: A Close look at Phase 3 

12 
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We now form a sub-system by extracting the third, sixth and ninth rows from 

the above matrix as following: 

Notice that the sub-system is again a tridiagonal system and the size of the 

sub-system is at most as big as the processor matrix. A parallel method may be 

applied to the sub-system to obtain the solution: 

[ :: J [ ~n ( 4.3) 

Returning these vectors to the reduced system (4.1), we have a coefficient ma

trix of the form: 

r-

a, g, 

Proc. 1 Cl2 Q2 
1 

f4 a4 Q4 

Proc. 2 fs as gs 
1 

f7 a1 Q7 

Proc. 3 
fa as Qs 

1 
-
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Therefore, the system may be easily solved in parallel. We would like to point 

out that the idea stated above is a very significant contribution to the partition 

method. The new scheme is referred to as TSS in this paper. The TSS is im

plemented in parallel throughout all the steps. The comparison of the partition 

method and the TSS is given in the next chapter. 

The new solver may be described as follows. 

Step 1 

Processor i, 1 <= i <= p, 

!(i-I)k+I := C(i+l)k+l, not computed for t 1, 

for j : = ( i - 1) k + 2 to i k do 

begin 

t; := c;/a;-1 

c; := a; - t;b;-1 

!; := -t;!;-1 , not computed for z 1 

Yi := Yi - t;Yi-1 

end 

Processor i, 1 <= i <= p, 

9ik-1 := bik-b 

Step 2 

for j := ik- 2 downto (i- 1)k + 1 do 

begin 

t; := b;/ai+l 

9i := -t;9i+1 

!; := fJ til;+ I, not computed for i 1 

Yi := Yi - t;Yi+I 

end 

If i is not 1, do the following: 



ti := b(i-I)k/ a(i-I)k+ll 

9(i-I)k := -mi9(i-t)k+b 

a(i-I)k := a(i-t)k - md(i-t)k+l· 

Step 3 

Call the odd-even subroutine to solve the sub-system by using p processors: 

fix;-k + a;x; + g;xi+k = y;, 
where j = k, 2k, 3k, ... , pk and fk = 9k = 0. 

Step 4 

Processor i, 1 <= i <= p, 

for j := (i- 1)k + 1 to ik- 1 do 

Xj := (Yi - Jix(i-l)k - 9iXik)/a;. 

In the formula for x; the product Jix(i-l)k is not computed for i = 1. 

15 

As we mentioned earlier in this paper, the TSS is based on the partition method, 

however, it is superior to the Wang's partition method. The TSS is implemented 

in parallel. We will see later that the TSS can solve a 1 million by 1 million 

tridiagonal linear system in just 1 second. 



CHAPTER V 

COMPUTATIONAL RESULTS FOR THE TSS 

For the purpose of our computational analysis, the part it ion algorithm and 

the TSS were programmed using C and was executed on the MasPar computer. 

The programs were written so that execution time could be determined for various 

values of p and n. The generated matrix Q was made diagonally dominant to 

ensure numerical stability. Table 5.1 presents the results. 

Based on the Table 5.1. Four figures have been constructed for analysis purpose. 

Figure 5.1 shows that the partition method is sensitive to the number of equations 

since the execution time is directly proportional to the number of equat ions due to 

the sequential steps in the method. For the TSS , the execution t ime is proportional 

to the k value; which is the size of the main loop in a processor. 

Comparison when P= 1 00 
40~--~-----r----.-----.---~-----r----.----, 

5 
TSS 

Poo 150 200 250 300 350 400 
k(t of equations per processor) 

450 500 

Figure 5.1: Comparison when p=lOO 

16 
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Table 5.1: Comparison of the Partition Method and the TSS 

Number of Equations p K Partition Method TSS 

( seconds ) ( seconds ) 

10000 100 100 7.836000 0.21400 

20000 100 200 15.468000 0.378000 

30000 100 300 23.101000 0.571000 

40000 100 400 30.743000 0.743000 

50000 100 500 38.374000 0.926000 

20000 200 100 15.602000 0.203000 

40000 200 200 30.770000 0.386000 

60000 200 300 45.977001 0.567000 

80000 200 400 61.171001 0.747000 

100000 200 500 76.371002 0.926000 

30000 300 100 23.355000 0.214000 

60000 300 200 46.085999 0.394000 

90000 300 300 68.831001 0.563000 

120000 300 400 91.601997 0.754000 

150000 300 500 114.362999 0.930000 

40000 400 100 31.121000 0.203000 

80000 400 200 61.397999 0.386000 

120000 400 300 91.719002 0.571000 

160000 400 400 122.030998 0.747000 

200000 400 500 152.363998 0.925000 

50000 500 100 38.862999 0.211000 

100000 500 200 76.695999 0.390000 

150000 500 300 114.579002 0.571000 

200000 500 400 152.468002 0.746000 

250000 500 500 393.269989 0.930000 



Comparison when k"' 100 
40r----.----.----.----.----.----.----.--~ 

35 

30 

5 

foo 150 200 250 300 350 
p(# of processors) 

TSS 

400 

Figure 5.2: Comparison when k= lOO 

450 500 
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Figure 5.2 shows that the partition method is sensitive to the number of pro

cessors. Due to the sequential steps, there is clearly a linear relationship between 

the execution time and the number of processors. For the TSS, the number of 

processor has no effect on the execution time at all. 

The Figure 5.3 is based on p, k and the time, which gives a three- dimensional 

overview of the partition method and the TSS. In the first picture, it clearly shows 

that execution time is directly proportional to the k and p. The second one shows 

that the TSS is independent of p and linear in k. 

By analysis the data given in the Table 5.1 and those figures given above, we can 

conclude that the partition method is sensitive to the number of equations and the 

number of processors used. In fact, an operation count shows that the execution 

time of the partition method is proportional to the product p * k. T he TSS is 

implemented completely in parallel, and, for values of p less t han the number of 

processor available, has an execution time proportional to the block size k. 
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An Overview of Partition Method 

200 

_150 
Cl) 

"2 
§ 100 
Cl) -G) 

E 
I= 50 

0 
500 

500 

p(# of processors used) 100 100 
k(# of equations per processor) 

An Overview of TSS 
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8 -Cl) 

"2 6 
8 
G) 
Cl) 

;'4 
E 
I= 

2 

0 
600 

500 

p(l of processors used) 0 0 
k(# of equations per processor) 

Figure 5.3: An Overview of Partition Method and the TSS 



CHAPTER VI 

NEW BLOCK TRIDIAGONAL SYSTEM SOLVER(BTSS) 

Recall that in Chapter II we have presented a parallel Odd-Even method [14) 

as it is normally applied in solving tridiagonal linear systems. Now we present a 

generalization of this method for solving a block tridiagonal linear system. We 
now consider the system (1.2) again, 

At B1 0 0 0 0 

c2 A2 B2 0 0 0 

Q= 
0 0 0 Cp-1 Ap-1 Bp-1 
0 0 0 0 Cp A'P 

Here and throughout the paper, p is the numbers of processors. And for our 

convenience, we assume that the n = m * p. 

In the BTSS, we regard Q as a tridiagonal matrix with elements being subma

trices of order n = m * p, so that, by row i we mean them * n submatrix: 

Q(i) = (o, ... ,o,ci,Ai,Bi,o, .. . ,o). 

We ignore the vector y in the computation that follows.lt will suffice to say that 

all operations applied to the rows of Q should be applied to the rows of y. We add 

to Q(i) a "multiple" of Q(i - 1) chosen so as to eliminate C1 in row i. This process 

will produce one nonzero element of fill-in to the immediate left of Ci. Similarly, 

we add to Q(i) a "multiple" of Q(i + 1) chosen so as to annihilate Bi in row i. 

This generates one fill-in to the right of B,. So we have 

Q'(i) = -Ci * Ai_\ * Q(i- 1) + Q(i) - B, * Ai_;1 * Q(i + 1) 

= (o, ... ,o,c:,o,A~,o,Bt,o, ... ,o). 

If we do the above operation to all the rows of Q in parallel, we get a new matrix 

Q' 

20 
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A' 1 0 B' 1 
0 A' 2 0 B' 2 

C' 3 0 A' 3 0 B' 3 

Q'= 

CL2 0 Al.-2 0 Bk-2 
CL1 0 AJ._I 0 

ck 0 A' k 

This process is then repeated for k = 1, 2, · · ·, [log2p] - 1 with i - 2k and 

i + 2k replacing i - 1 and i + 1 respectively in equation (2.2), i.e., each iteration 

will widen the gap between the diagonal and the off-diagonal elements. After the 

last iteration, Q is an identity matrix except for the first and the last submatrix. 

Therefore, the solution vector x is easily obtained. The BTSS algorithm may be 

then described as follows: 

For each stage k(k = 1, 2, · · ·, [log2p] - 1) , we do the following for all rows of 

Q: 

For implementation we would like to point out that we need only to store the 

nonzero "elements," i.e., we store only the old ( Ci, Ai, Bi), the new ( c:, A~ , BI) and 

several temporaries. 
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We refer this new method as BTSS (block tridiagonal system solver). It is 

a generalization of the odd-even method, designed to solve a block tridiagonal 

system. The BTSS has been implemented on a MasPar computer. It is written in 

the language C. In the next chapter, we will present some computational result to 

show the effectiveness of the BTSS. 



CHAPTER VII 

COMPUTATIONAL RESULTS FOR THE BTSS 

For the purpose of our computational analysis, the Gaussian Elimination Method 

and the BTSS were implemented using C and executed on the MasPar machine. 
Table 7.1 are the results. 

Table 7.1· Comparison of the Gaussian Elimination and the BTSS 

Number of Equations Gaussian Elimination p m BTSS 
(n) (seconds) (seconds) 

100 1.449000 10 10 0.282000 
200 5. 743000 20 10 0.633000 

300 12.86000 30 10 1.105000 

400 22.816999 40 10 1.680000 

500 35.592999 50 10 2.347000 

600 51.202999 60 10 3.124000 

700 69.648003 70 10 4.003000 

800 90.914001 80 10 4.973000 

900 115.014999 90 10 6.058000 

1000 141.953995 100 10 7.242000 

1100 171.705994 110 10 8.523000 

1200 203.015015 120 10 9.918000 

1300 239.738007 130 10 11.407000 

1400 277.993011 140 10 16.419001 

1500 319.074005 150 10 17.358999 

23 
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Comparison when m= 1 0 
350r--------------.--------------~------------~ 

300 

250 -U) 

-g 

~ 200 -CD 
E 
i= 
c: 150 .Q -:::l 
~ 
X 
w 

100 

50 

Gaussian 

BTSS 

500 1000 1500 
# of equations 

Figure 7.1 : Comparison for Gaussian Elimination and the BTSS 

Based on the Table 7.1, we have Figure 7.1. It becomes clear that the execution 

time of the Gaussian Elimination method is proportion to n 2
. For the BTSS, the 

execution time is linear in the number of equations at a very slowly increasing rate. 



CHAPTER VIII 

SUMMARY AND CONCLUSION 

In conclusion, in this paper we first have introduced the parallel version of odd

even method. It is a generalization of the ordinary odd-even elimination. Using n 

processors an n by n tridiagonal can be solved in time proportional to log2n . But 

it is not suit for the case where the number equations are greater than the number 
of the processors [14]. 

Then the partition method is presented. In 1982, Wang [24] proposed a par

tition method of solving the tridiagonal equations suitable for both parallel and 

vector computers. Although the partition method has a slightly higher vector op

eration count than the recursive doubling method, it has a smaller scalar operation 

count. Hence, there should be situations for which the partition method ought to 

be considered. One such situation is that the solution of the tridiagonal system 

on a parallel machine with M processors, where M is less than the order of the 

system of equation. The partition may also be preferred on a vector machine over a 

cyclic reduction method because of its versatility and its simple data management 

requirement. The partition method is also suit for the case where the number 

equations are greater than the number of the processors. However ,it has an inher

ent sequential property to remove the "fill-ins" in parallel [22]. We have shown 

that the last two steps in Wang's method fail to be parallel. 

As a contribution, the TSS is presented. The TSS is based on the partition 

method, however, we have seen in Chapter V that it is superior to the partition 

method. The new tridiagonal solver is oriented totally in parallel throughout all 

the steps and also suitable to the case where the number of processors is smaller 

or perhaps much smaller than the number of equations. When the the sub-system 

is formed, any tridiagonal solver existed can obviously be applied to it. In our 

implementation we simply use the odd-even method for getting the computational 

results. The reader should not restrict himself within this assumption. 

Finally, the BTSS is discussed. It is a generalization of the ordinary odd-even 

method. It is designed for the solutions of a block tridiagonal system. The BTSS 

25 
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is theoretically oriented in parallel throughout all steps. Although the compu

tational results are not so fascinating, however, it is very important improvement. 

Especially when there is little work has been done comparatively (14] in this field . 
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