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ABSTRACT 

Primarily, this is a survey of the ruin probability in risk theory. After intro

ducing the risk model and the definition of the ruin probability, we present some 

important results from the recent articles, including the probability of ruin in some 

specific cases. Then we work on some particular problems such as the probability 

of ruin when the premium rate is a linear function of the recent reserve. 

IV 



CHAPTER I 

INTRODUCTION 

1.1 Risk Theory 

Collective risk theory is concerned with the random fluctuations of the total 

assets, the risk reserve, of an insurance company. Traditionally, risk theory consid

ers stochastic models that may be used to study the risk of an insurance company. 

The state of an insurance company at any given time may be described by its finan

cial reserves, which result mainly from the continuous trade-off between incoming 

premiums to the company, and outgoing claims to its clients. In its simplest form, 

a risk theoretical model can be formulated as a stochastic process involving two 

random variables representing premiums and claims, together with their mutual 

relationship and their joint evolution in time. 

The risk reserve, X{t), is the financial reserve of an insurance company at time 

t, and can be expressed by the surplus equation 

X(t) = X(0) -{- P{t) - S(t) 

where ^ > 0, and X{0) is the initial capital of the company. The function P{t) is 

the company's income process, that is, the premium process, and it represents the 

amount of premiums that the company has collected by time t. The function S{t) 

is the claim process which denotes the total amount that the company has to pay 

to the customers by time t. 

Let {N{t); ^ > 0} denote a stochastic process representing the number of claims 

arising from a portfolio of risks in the time interval (0, t]. If the sizes of successive 

claims are Zi, Z2,... then the aggregate claims in time interval (0,t] is 

Nit) 

s{t)=Y:zi-
t = i 

It is reasonable that, if N{t) = 0, S(t) = 0. 

Usually, P(t) is represented by ct, i.e, P(t) = ct, where c > 0 is interpreted 

as a constant premium income rate. In other words, the premiums flow into the 

company's reserve at a constant rate c. 



Under the classical risk process model, {N{t)} is assumed to be a homogeneous 

Poisson process ( Poisson process with stationary and independent increments ), 

and its parameter is A, and the claim sizes Zi, Z2... are assumed to be independent 

and identically distributed (i.i.d.) random variables with cumulative distribution 

function (c.d.f.) F(-). Furthermore, the processes {N(t)} and {Zi} are assumed 

to be mutually independent. From these assumptions it follows that {S(t),t > 0} 

is a compound Poisson process. 

The classical risk model can be expressed as: 

Nit) 

X{t) = X{0) -\-ct-Y, Zi 
t = l 

where t > 0, Z\,Z2,... are i.i.d. and independent of {N{t)}, the Poisson process. 

1.2 Ruin Probability 

Ruin theory deals with the probability that the risk reserve, X{t), becomes 

negative so that the company is ruined. That is, the probability of ruin is defined 

as 

^p{u) = Pr{X(t) < 0, for some t > 0) 

where u = X{0) is the initial capital of the company. 

The probability of ruin in an insurance business is closely related to some 

classical problems in other fields such as: 

• Branching Process: The state of the process is usually thought of as repre

senting the size of some population at time t, X{t). The probability that the 

population ever dies out is similar to the ruin probability we are considering. 

In this case we are concerned with how the population grows (premiums) 

and how members die (claims). 

• Dam Storage Process: The problem of a dam used for storing water has 

some characteristics similar to the risk problem. Water flows into dam from 

external sources, and is stored in the dam for use at proper time. The process 

X{t), we consider here is the volume of water stored in the dam. A problem 

of primary interested is the probability of the dam drying up at some time t. 
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Here we need to model flow (premiums) into the dam and flow (claims) out 

of the dam. 

• Inventory Problem: A manufacturing firm produces and sells some product 

to make a profit. The stock level process X(t) is considered as a stochastic 

process, and X{t) is related to the number of the product (premiums) made 

by the firm and the number of the product (claims) sold by the firm. The 

probability that the number of items in stock is less than zero parallels the 

ruin probability. 

• Queueing Problem: In a queueing system, as we know, the state X(t) is the 

size of queue. If the length of the queue is equal to zero, then the probability 

of this situation is analogous to the ruin probability in the risk theory. In this 

system, we consider the number of the people (premiums) enter the system 

and the number of the people (claims) leave the system. 

In general, the processes above can be considered as specific cases of random walk 

process in which a particle moves along a path back and forth, up and down and 

so forth, and these ruin probabilities can be summarized as the probability that 

the particle crosses a given absorbing barrier. Here we need to consider the cases 

when the barrier is zero, or an arbitrary number y. 

In this thesis, we are going to focus on the probability of ruin of an insurance 

company. In Chapter II, we will introduce the classical risk model and other 

models. The probability of ruin will be discussed for the models considered. In 

Chapter III, we present a literature survey of the probability of ruin related to 

various risk models, and we discuss the ruin probability in some specific cases. In 

Chapter IV, we study some particular problems. Chapter V contains a summary 

and conclusions, and further work is discussed. In the appendix, there is a glossary 

which contains the technical terms used in the thesis. 



CHAPTER II 

RISK THEORY MODELS 

2.1 Risk models 

The simplest risk model is the classical model, which we have mentioned in the 

introduction, that is. 
Nit) 

x(t) = ;i:(o) -\-ct-J2 Zi 
1 = 1 

where / > 0, X{fS) is the initial capital, and {Nit)} is a homogeneous Poisson 

process (the Poisson process with stationary and independent increments) . The 

random variables Zx.Z^... are i.i.d. and independent of {A''(/)}. Thus {Eil^i^-^t} 

is a compound Poisson process. 

Under this model, since P{t) = ct, the premium rate is a constant so that the 

risk reserve X{t) just involves one stochastic process S{t) = Yl^=\^ Zi. 

The classical model can be generalized, that is, the assumptions of the model 

may be relaxed. For example, {A'̂ (^)} could be a renewal process. On the other 

hand, P{t) may depend on S{t) , such as P(t) = (1 -F c)E{S{t)). P(t) could also 

be assumed to be some function of the current risk reserve. Some experts have 

pointed out that the classical model is applicable only in very special cases of 

insurance. For example, Borch (1967), pointed out: 

The most unrealistic assumptions in the models we have discussed seem to be: 

1. The stationarity assumptions, which imply that the nature of the company's 

business will never change. These assumptions become less drastic than they 

may seen at first sight, if we introduce operational time (see Feller vol. II, 

1971, p . lSl ) . 

2. The assumption that the probability laws governing the process are com

pletely known. 

3. The implicit assumption that a decision once it has been made can not be 

changed. 

In order to represent real life situations, risk process should be governed by some 

dynamic laws. Borch (1967) strongly advocated the dynamic programming ap-
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proach to obtain better results adjusted to practical situations. Some dynamic 

models have been developed, such as a premium control model, Martin-16f(1983) 

and an adaptive Markov control model, Martinez-Morales(1991). 

2.2 The Probability of Ruin 

Consider the classical risk process 

Nit) 

X{t) = X{0) -^ct-J2 Zi 
« = 1 

where c is gross risk premium rate, i.e., c = # of units of money per unit time, 

{N{t)} is a homogeneous Poisson process with parameter A, and Zi,Z2,. . . are 

i.i.d., with Zi ~ F(z), E(Zi) = p and Var(Zi) = o^. Let a company have initial 

capital u. The ruin probability of that company is 

^{u) = P{X{t) < 0, for some t > 0}, 

where (p(u) = 1 if u < 0. 

Correspondingly, the non-ruin probability, or survival probability, is 

$(u) = 1 - (p{u) = Pr{X(t) > 0 , for all t > 0) 

Consider X{t) in a small increment of time (0, A). To get an equation for $(u) , 

consider the following four cases, where four events and their corresponding prob

abilities are given: 

1. No claim occurs in (0, A), and the probability of this event is 

Pr(no claim) = 1 - AA + o(A). 

2. One claim occurs in (0, A), but the amount to be paid does not cause ruin. 

The probabihty of one claim in (0, A) is 

Pr(one claim) = AA 4- o(A). 

3. One claim occurs in (0, A) and the amount to be paid does cause ruin. 
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4. Two or more claims occur in (0, A). The probability of two or more claims 

in (0,A) is 

Pr( two or more claims) = o(A). 

Under the above four cases 

$(w) = (1 - AA 4-o(A))$(w 4-cA) 
tu+cA 

4-(AA 4- o(A)) y $(i/ 4- cA - z)dF(z) 

-F(AA + 0(A)) . 0 + o(A) 
ru+cA 

= ( l - A A ) $ ( u 4 - c A ) 4 - A A / ^u-]-cA - z)dF{z)-h o{A) . 
Jo 

Assume that ^(u) is differentiable. Then, expanding $(u 4- cA) about u we 

have: 

$ ( u 4 - c A ) = $ ( u ) 4 - $ ' ( u ) ( u 4 - c A - w ) + $ " ( u ) ^ ^ 

= $(u) 4- cA^'(u) 4- o(A) . 

Thus, 

Then 

$(u) = ( l - A A ) ( $ ( u ) 4 - c A $ ' ( u ) 4 - o ( A ) ) 
fu+cA 

+AA / $(u + cA - z)(fP(2) + o(A) 
Jo 

= $(u)-h cA$'(w) - AA$(u) 
fu+cA 

4-AA / $(w + cA - z)dF(z) 4- o(A) 
Jo 

A , _ X n 
$'(u) = - $ ( t i ) - - r $(w - ^)^F(^) . (2.1) 

c c Jo 

Equation (2.1) can be obtained by another approach. For example, since the 

Poisson process is a specific case of a renewal process, equation (2.1) could also be 

obtained using a renewal argument (see Feller vol. II, 1971, pl83). 

Now, let us integrate equation (2.1) over (0,^): 

^t) - $(0) = - /* ^u)du - - f r ^{u - z)dF[z)du 
c Jo c Jo Jo = - r ^u)du 4- - r r ^{u - z)d(i - F{z))du 
c Jo c Jo Jo 



- / " ( I - F(z))<i$(u - z)}du 
JO 

= 7*(0) j ^ [1 - F{u)]du + \jl[{i~ F{z)]<i'(u - z)dzdu 

= -J\i - F(z)]'i(t - z)dz . 

Then, 
A /•< 

^t) = $(0) + - / ( ! - i^(^))^(^ - z)dz 

That IS. 

$(u) = $(0) 4- - y " ( l - F{z))^(u - z)dz . 

By the monotone convergence theorem it follows that as u —> CXD, 

A r°° 
$(oo) = $(0) 4- - / [1 - F{z)]<^(oo)dz 

A r°° 
= $(0) 4- -$(oo) / (1 - F{z))dz 

c Jo 

= $(0) 4 - - $ ( o o ) ^ ( Z ) 
c 

= $(0) 4- ^ $ ( o o ) . 
c 

Now, £'(Z) = p, and since A'"(̂ ) is a Poisson process, for any given time t, N{t) 

is finite and Zi,Z2,... are finite, hence T!i=^ Zi is finite. Thus for any time t, 

ct - E ! I I ^ Zi is finite. Then 

Nit) 

lim (u -F ĉ  - y ; Zi) > 0. 
t = l 

That is $(oo) = 1, so that 

1 = $(0) 4- ^ , $(0) = 1 - ^ , and (^(0) = 1 - $(0) = ^ . 
c c c 

Now define c — A// to be the safety loading factor, and define 

c— Xp c 

Xp Xp 
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to be the relative safety loading factor. Then 

(^(0) = and $(0) = 1 ^ 
1 + /J ' ' l-\-p l-\-p 

Thus we obtain an initial value problem: 

A _ . X n 
$'(«) = - $ ( u ) - - r $(w - z)dF(z) 

c c Jo 

$(0) = ' ' 
1+p 

A more general model is considered in Petersen(1990) where the premium depends 

on the current reserve: 

Nit) 
rt ^M'; 

X{t) = X(0) -F / piX{s))ds -Y.Z. 

where {N(t),t > 0} is a homogeneous Poisson process with parameter A and 

Zi, Z2,... are i.i.d. with c.d.f. F[-). The premium is received at a continuous rate 

p(r) which depends on the current reserve X[t) = r. 

The ruin probability is defined the same way as in the classical model, i.e., 

(p{u) = Pr{X{t) < 0,for some t > 0) 

where u > 0. 

The ruin probability is found as following: 

1. By using a result from a corresponding dam content process [Asmussen & 

Petersen(1989), Harrison & Resnick(1978) and Petersen(1990)], one gets: 

cp{u) = [ 1 4 - / 9(x)dx]-^ / g{x)dx , u > 0 (2.2) 
Jo Ju 

where 
roo 

g{x) = Pix)-'Q(x) + P{x)-' / Q(x - y)g(y)dy , x > 0 (2.3) 

and Q[x) = X[l - F{x)]. 

2. It is hard to find the exact solution for equations (2.2) and (2.3), but the 

system can be solved numerically; c.f., Petersen(1990). This method will be 

discussed in Chapter III. 



2.3 The Probability of Severity of Ruin 

Often, one is interested not only in finding the probability of ruin, but also 

in studying how serious the situation is when ruin occurs. That is, one might 

be interested in the probability of ruin and that the deficit is no greater than 

a preselected amount. To handle this situation, it is natural to introduce the 

probability of severity of ruin (Gerber(1987)), 

G{u, y) = Pr(-y < X{t) < 0 , for some t > 0 ) , y > 0, u > 0, 

where G{u, y) denotes the probabihty that ruin occurs and that the deficit at the 

time of ruin is less than y. 

Consider the classical model 

Nit) 

X{t) = u + ct-J2Zi, u = X{0) 
t = i 

where {N{t)} is homogeneous Poisson process, Z\,Z2,... are i.i.d. with c.d.f. F(-) 

and Zi, Z2,... are independent of {7V(^)}. 

We shall also consider the corresponding probability density function (p.d.f.) 

giu^y) = ^<^(^ ,y ) -

Thus g{u, y)dy is the probability that ruin occurs and that X{t) will be between 

—y and —y 4- dy. Theorem 12.4 of Bowers et al. (1987) tells us that 

g{0,y) =-[1 - F(y)] . 
c 

The probability that the reserve will ever fall below the initial level u and will be 

between u — x and u — x -\- dx when it happens for the first time is 

- [ 1 - F{{x)]dx . 
c 

By using this and the law of total probabihty, one gets (Gerber,1987) 

G{u, y) = - r G{u - X, y)[l - F{x)]dx -\- - ^'[1 - F{x)]dx . (2.4) 
C Jo C Ju 

Note that 

(/?(u) = G{u, 00) . 
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Differentiating (2.4) with respect to y. It can be shown that 

g(u,y) = - rg{u - x,y)[l - F{x)]dx+-[1 - F{u + y)] . (2.5) 
c Jo c 

In the next chapter, we will study some specific cases of the classical model and 

present the corresponding expressions for the probability of ruin. In some cases, 

we will also present the expressions of the probability of severity of ruin. 



CHAPTER III 

THE PROBABILITY OF RUIN AND THE RISK MODELS 

3.1 Survey of The Probabihty of Ruin 

In the last chapter, we considered the simplest classical model for a risk process 

and obtained a differential equation for the probability of ruin, namely, 

$'(u) = -<^{u) - - r $ (« - z)dF{z), (3.1) 

$(0) = 1 - ^ , ip{u) = 1 - $(u) . 

Unfortunately, it is hard to solve for (f(u) in general. Some experts have done a lot 

of work in finding the ruin probabihty for some specific claim size distributions. 

The ultimate ruin probability (fi{u) has been found when the claim amount 

random variable Zi, Z2,... are exponentially distributed (e.g., Gerber 1979, p. 116). 

The combination of exponential-distributed claim sizes and the combination of 

gamma-distributed claim sizes have been considered by Gerber (1987). An al

ternative expression for (p(u) has been given by Shiu (1988). By using Shiu's 

expression, Willmot(1988) found (fi{u) when the claim size has a continuous uni

form distribution. On the other hand, the probabihty of severity of ruin, G(u,y), 

has been introduced. Gerber(1987) has found the expression for G{u,y) when the 

claim size has a distribution which is exponential, a combination of exponential 

distributions or a combination of gamma distributions. Furthermore, the model 

where the premium depends on the current reserve has been considered by Pe-

tersen(1990). Dickson (1991) considered a special case when the safety loading 

varies according to the insurer's surplus. Some other algorithms have been applied 

to compute the probability of ruin by Asmussen (1991); and Dickson and Waters 

(1992). 

In this chapter, we give a detailed summary of some papers concerning the 

probability of ruin. 

3.2 The Probabihty of Ruin in Some Cases 

Let us find the probability of ruin in the following specific cases. In some of 

these cases, we will also get the probability of severity of ruin. 

11 
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3.2.1 Exponential Distributions 

In this case, we consider a classical model 

Nit) 

X(t) = X{0) -\-ct-J2 Zi 
1=1 

where X{0) = u, c is a, constant premium rate, {A^(^)} is a homogeneous Poisson 

process, and Zi ,Z2, . . . are i.i.d. with c.d.f. F(-), and Zi,Z2,. . . are independent of 

{A^(t)}. If Z, has an exponential distribution 

f(x) = -e"M , x>0 , 

where p = E{Zi). Then from (3.1) 

A _ . A 
^'(u) = - $ ( u ) - - r ^u - z)dF{z) 

c c Jo 

= —$(u) / $(u — z)—e~'t^dz , 
c c Jo p 

= - $ (w) / $ ( y ) e " V ( - ( f y ) . 
c cu, Ju 

That is. 

^'(u) = -^(u) r^{z)e-'^dz . (3.2) 
c cp Jo 

Differentiating (3.2) we get 

$ » = -i^'{u)-—[^{u)-\-r^{z)t-'^[—)dz] 
^ c cu Jo P c cp Jo p 

= -$'(u) - —^u) 4- A r ^{^y'^dz 
c cp cp^ Jo 

From (3.2) we have 

cp 

Thus, 
l.A 

r $ (z )e" Vc?2 = -$ (w) - ^'{u) 
Jo c 

^ ' c cp p c 

c ^ ' cp ^ ' cp p 

= (A_i)$'(^,) . 
c p 

file://-/-ct-J2
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By solving this, one gets 

Hu) = ci 4- C 2 e ^ " , {Xp-c<0) . 

Since $(oo) = 1, then ci = 1, and $(0) = 1 - ^ So, 1 - ^ = 1 4- C2, i.e., 

C2 = - ^ . 

Thus the solution of this differential equation is 

$(„) = 1 _ hEe^u . 
c 

Recall that the relative safety loading is 

c — Xp 
P = • 

cp 
Then 

1 — pu 

$(u) = 1 e^^n+^ , 
^ ^ l-\-p 

and 
1 - p " . a?(w) = 1 — $(w) = 6*^^1+7 

3.2.2 Combination of Exponential Distributions 

This case has the same assumptions as in section 3.2.1 except that Zi, Z2,... is 

a combination of exponential distributions. That is: 

n 
f(x) = Y: Aj^je-^^^ , ^ > 0 

i=i 

with /3j positive and Ai -|- ^2 -F ... 4- An = 1 

In this case, we are going to calculate G(u,y) first, and then evaluate <^{u) by 

usine 

'PM = / 9(y',y)dy • 
Jo 

Recall that, 

G{u, y) = Pr{-y < X(t) < 0 , for some t>0) . 

It has been found by Gerber (1987) that 

G{u, y) = - r G{u - X, y)[l - F(x)]dx 4- - /"""'[l - F[x)]dx . (3.3) 
c Jo c ''y-
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9(y-, y) = - f 9{u- X, y)[l - F{x)\dx + - [ 1 - F(u -h y)] . (3.4) 
c Jo c 

Differentiating (3.3) one gets 

A r 
9{u-x,y)[l-F{x)\dx^ 

c 
Define a transform ^{r,y), Gerber(1987), as 

l{r,y)= e'''g{u,y)du . (3.5) 
JO 

From (3.4) and (3.5) 

/ X ^e-^y f°° €'-''[1 - F(x)]dx 

1 - 7 / 0 ^ [^ - F{x)]dx 

the next step is to invert this transformation to get g(u,y). Now 

F{x) = 1 - X^ A,e-^>" , a: > 0. 
i=i 

Substituting F{x) into (3.6) we get 

_ A " e-ftM,7(^j - r) 

= EE^ '̂̂ -̂ (3-7) 

Here r i , r2, ...rn are the roots of equation 

and the coefficients (7jjk can be calculated by 

A J 

Cik = 
Pj-Tk 

3^ v^n Al 

By inverting (3.7), one gets 

n n 

9{n,y)-^ECi^^''"'"'''- (3.8) 
i=i fc=i 
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This is the p.d.f. of the severity of ruin. The c.d.f. of severity of ruin is 

ry 

G{u,y) = / g{u,x)dx 
Jo 

, _ i i ._i J o 3=1 k=\ 
n n ^ 

j=ik=i Pi 

Then 

fOO 

(p{u) = / g(u,y)dy 
Jo 

n n Q 
HLp-TkU 

= 1 A ; = l f^J 

= EE-^e 

3.2.3 Combination of Specific Gamma distributions 

This case has the same assumptions as in section 3.2.1 except that Zi, Z2,... are 

i.i.d. according to a combination of gamma distributions. The gamma distributions 

here are specific ( the shape parameter a = 2). That is: 

fix) = J2 AiP]xe-P^^ , X > 0 
j = i 

with ^j positive and Ai -\- A2-\- ••• -\- An = 1. The results for this special case are 

due to Gerber(1987). 

From (3.6) one gets 

^ ~ c ^j=l "^HPj-r)^ 

Using the method of partial fractions, one gets: 

7(̂ y) = E E % ^ (3-9) 
7=1 k=i ^^fc ') 
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where r i , r2, ...r2n are the roots of equation 

1 A J ^ 28^ — r 

and 
A (^7^(^>-Aj / r , -F2f t - r , ) 

^i^(^)="^-"^ ::. ; . : . ^ ^ ^ - ^ • (3.10) 

Inverting (3.9), one obtains 

n 2n 

9(«.!/) = EECi*(y)e-'''»e-''V 
i = l Jk=l 

Then 

J
ry 
' g(u,x)dx 
0 
n 2n .y 

= E E « ' " " / q.We-ft'^dx . (3.11) 
J = l Jt=l *̂ ° 

The integration J^ Cjk{x)e~^^''dx in (3.11) is not hard to evaluate since Cj^iy) is 

a linear function of y. According to equation (3.10), 
roo 

^M = / 9{u,y)dy 
Jo 
2n 

= Y.ci 
k=\ 

k^ 

where 
n 

En /I 3-2rfc//3j 

En /i ^Pj—i'k 
j=-^ ^HP,-rk)^ 

3.2.4 Gamma Distributions 

This case has the same assumptions as in section 3.2.1 except that Zi,Z2,. . . 

are i.i.d. according to a gamma distribution, i.e., 

(3((3x)^-'e-^^ 

^(^) = Tia) • 
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Then the p.d.f. of Z)?=i Zi is the k-fold convolution, namely, 

^ (̂ ) = f ( M ~ • ' ^ ^ 
In this case, we are going to present a different way by Willmot(1988) to find the 

probability of ruin. 

First, let us introduce an alternate expression for the probability of ruin intro

duced by Shiu(1988). 
TU OO (_^\k 

^(u) = 1 - ^ { 1 + E ^-^9k{u)}, (3.13) 
1 + ^ ik=l ^' 

where 
a,(u) = \\u - tfe-^'dF'\t\ (3.14) 

Jo 
T = (M(1 + />))-^ 

and p is the relative safety loading. 

From (3.12), (3.14) becomes 

/ ^ ^ " / " " / „ ^\k^ka-l-iP+T)ti^ 

T{ka) 
}ka 

'dt 

T(ka) 

It turns out from Abramowitz and Stegun (1965, pp. 504-505) that 

_ _ ^ ^ M « + i ) / ' ( I _ t)*"-^e-"(^+")^ 
T(ka) Jo ^ ^ 

^'^""^ = r{fc(«-Fl) + l} ' 

^fea^Mc^-H)r(A:4-l)^_^^^^^) 

r{A;(«4-l) + l} 
xM{k-^l,k(a-\-l)-\-l,x(^-\-T)} 

where a series expansion for M(a, b, z) is 

^ a ( a + l)...(a + i - l )^^" 

substitute ^(^(li) into (3.13) yields 

MjA; + 1, ib(a -Fl) + 1, ^a^[l + (a(l + p))'']}. 
^ r[ifc(a4-l) + l] 

This expression is given by Willmot (1988). 
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3.2.5 Continuous Uniform Distribution 

This case has the same assumptions as in section 3.2.1 except that the claim 

sizes Zi , Z2,... have a continuous uniform distribution, i.e., 

fM = ^ , 0 < X < ^ . 

Willmot(1988) has found the probability of ruin in this case by using Shiu's ap-

proach(1988) 

Define x^ by 

„ _ f x" if X > 0 

"̂ •̂  ~ I 0 if X < 0 . 

It turns out that: 

n^) = (^E(:)(-ir(^-^"^)t-. 
Thus T = 2 / (^(1 4- p)) and equation(3.14) would be 

X r (u- t)\t - ^mf-\-^'dt . 
J^m 

Expressing the integral (in terms of M(a,b,z)) one finds that 

k) ,^0 "^'(^ — "^)' 
x(u- /3m)fM{k 4-1,2A: 4-1,T(U - ^m)} 

substitution of the into equation (3.13) would yield (f{u). 

3.2.6 The Renewal Point Process 

Suppose that {N{t)} is a renewal process with interarrival times Yi,Y2..., and 

the claim sizes Zi ,Z2, . . . are i.i.d. with c.d.f. F{-), and Zi,Z2,. . . are independent 

of {A^(^)}. On the other hand, as in the above sections we suppose that premium 

rate is a constant c > 0. 
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The model in this case is 

Nit) 

X(t) = X{0) +ct-J2 Zi 
1=1 

where {iV(t)} is a renewal process. 

Since the interarrival times are Yi, I2,..., we have 

Nit) Nit) 

x(t) = u-\-cj2yi-EZi-
» = 1 t = l 

Also define the probability of ruin <̂ (w) to be 

(p{u) = Pr{X(t) < 0, for some t > 0}. 

If E(Z) > cE{Y), it can be shown that (f{u) = 1. 

To do this, first assume that E{Z) > cE(Y). Then 

EiXit)) = u + cE{N{t))E{Yi)-E[N(t))E{Zi) 

= u-^E{Nit))[cE{Y)-E(Z)] . 

Since {N{t)} is a renewal process then 

lim E{N{t)) = 4-cx) 
t—•oo 

This implies that 

lim E{X{t)) = u + [cE(Y) - E{Z)] lim E{N(t)) . 
f—•oo t—•oo 

Thus 
lim E(X(t)) = - 0 0 . 

t-*oo 

Then there exist a ^ > 0 such that X{t) < 0. 

Thus 
(̂ (w) = Pr{X{t) < 0 , for some t > 0} - 1 

andifE(Z)=cE(Y), 

E{X{t)) = u-\- E(NmcE{Y) - E{Z)] = u 
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and 
Nit) 

X(t) = u-^J^(cYi-Zi). 
t= i 

Let Sn = T>7=i(cYi - Zi), and let T„ = j:7=i Wi, where Wi is the greatest integer 

which is less than cYi - Zi. From theorem 7.3.1 and its proof in Ross(1983 p. 233), 

Pr(Tn <-u-l) = l . 

Thus 
Nit) 

Pr('Z{cYi-Zi)<-u) = l, 
t= i 

so 

(p{u) = 1. 

The case when E{Z) < cE(Y) can be handled from a theorem in Ross (p. 238): 

Theorem 3.1 If E{Z) < cE{Y) then 

1. The probability of an insurance company ever being ruined is 

ip{u) < e-^" 

where 6 is such that 

^[g^(z,-cr.)] ^ 1 . 

2. If the claim values are exponentially distributed with rate p, then 

ipiu) = e 
P-

where 0 is such that 

^(e-^^^) = -OcY^ _ P'-^ 

P 

3. If the arrival process of claims is a Poisson process (i.e.,{N{t)} is a Poisson 

process) with rate X, then 

m - ̂ . 
Obviously, the case in section 3.2.1 is a special case which satisfies both (2) and 

(3) of this theorem. 
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3.2.7 The Premium Rate Related to The Reserve 

If the premium rate depends on current reserve, and the other conditions are 
the same as in section 3.2.1 , the model is 

rt Nit) 
X{t) = X(0) -F / p(X{s))ds - E Zi 

•^° t=i 

where p = p(r) represents the premium rate, a function of the current reserve, r. 

In Chapter II, we have mentioned that, by Petersen (1990), the ultimate ruin 

probability is 

roo ^oo 

ip{u) = [1 -F / g(x)dx]-^ / g{x)dx , u>0 (3.15) 
Jo Ju 

where 
roo 

g{x) = \p{x)]-'Q(x)-{-lp(x)]-' Q(x - y)g(y)dy , x > 0 (3.16) 

and 

Q{x) = X[l - F(x)] . 

Since g{x) is hard to find, the most feasible approach seems to solve (3.16) numer

ically for g{-) and compute (p{u) as in (3.15). 

To do this, choose an upper limit K for the domain of integration, then solve 

(3.16) for X < K and calculate 

rK rK 

(p(u) = [1 -\- g(x)dx] ^ / g{x)dx , 0 < u < K . 
Jo Ju 

This idea is to evaluate the integral in (3.16) with some standard quadrature rule 

corresponding to steps h = K/M (M is the maximum claim), 2h, ...kh, when x is 

of the form kh. With gi = g{ih), Qij = Q{ih — jh)/p{ih) and the quadrature rule 

on [0, x] being given by the weights Wok,wik, •••'Wkk for k = Q, ...M. 

Equation (3.16) is approximated by 

gk = Qko + wokQkogo + mkQkigi + ... + WkkQkkgk (3.17) 

where 

go = Qoo = Q(0)/p(0) . 

Equation (3.17) can be solved recursively for the gk (as long as WkkQkk 7̂  0 which 

will in general be the case if h is smaU enough). A theorem related to the error 

made by the <^(u) is given by Petersen(1990). 
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L e m m a 3.1 For all u G [0, K] 

(f>{u) < (^(u) < (p{u) -F 6k 

where for x > 0, 6^ = [1-\- fS 9{y)dy]~^S^, and 

roo 

6, = ( l - m ) - ' [ / p{y)-'Q(y)dy 
Jx 

rx roo 

+ / / P{y)~^Q{y - z)g{z)dydz 
JO Jx 

Sx only depends on g{-) via the values g{x) for x < k, 

' o o O ( x - y ) 
= sup{ r ^ i^—^cfo:} = m < 1 

y>0 Jy P{X) 

This recursive method, (3.17), has a great practical advantage since M and K 

can be changed during the calculation in order to get the probability of ruin as 

precisely as possible. 

In chapter IV, we will solve (3.15) and (3.16) exactly in a special case. 

Now, let us discuss the relationship between (f(u) and G[u,y). According to 

the definition, ^{u) is defined as 

V?(w) = Pr(X(t) < 0 , for some ^ > 0) . 

However, G{u,y) is 

G{u, y) = Pr{-y < X(t) < 0 , for some t > 0) . 

Obviously <^{u) > G(u,y). 

Furthermore 
roo 

V?(w) = G{u,oo) = / g(u,y)dy . 

On the other hand, according to Dickson(1988), 
^{u-\-y) = ^u)-\- I g{u,x)^y-x)dx 

JQ 
ty 

l-^{u^y) = l - c ^ ( u ) + y g{u,x){l-<^[y-x))dx 
rv fy 

(f(u)-ip{u-\-y) = / g{u,x)dx- g[u,x)ip(y - x)dx . 
Jo •'O 
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From this, we can find the bounds of G{u,y): 

y:>{u) - (p(u-\-y) \ ^ r \ 
l _ ^ ( j , ) <G(u,y)<^{u). 

In this chapter, we have discussed several specific cases about the probability of 

ruin, including the severity ruin. In the next chapter, we will look at some other 

problems related to the probability of ruin. 



CHAPTER IV 

SOME PARTICULAR PROBLEMS 

4.1 The Probability of Critical Situation 

We have discussed the probability of ruin, that is: 

(p(u) = Pr(X{t) < 0, for some t > 0) 

and we also have discussed the probability of severity of ruin, i.e. 

G(u, y) = Pr{-y < X(t) < 0, for some t > 0) . 

Usually, an insurance company will be in a critical situation before it gets ruined. In 

that critical situation, the company has not been ruined but may be close to ruin. 

It is very important to consider this kind of situation because, when somebody 

realizes the danger of ruin, they can do something to save the company, such as, 

buying reinsurance or changing the policies. Thus, it is of interest to determine 

the probability that the company will be in a critical situation. 

Given a small positive number a, X{0) > a > 0. If the financial reserve of 

the company X{t) is greater than 0 and less than a, we say that the company is 

in critical situation. Letting X{0) = u , the probabihty that a company will be in 

this situation is defined as: 

D{u, a) = Pr{0 < X(t) < a, for some t > 0 } 

= Pr{-a < X{t) - a < 0, for some t > 0 } . 

Let us consider X{t) — a, we have known that 

X{t) = X(0) -F P{t) - S{t) . 

So 

X{t)-a = X{0)-^P{t)-S{t)-a 

= {u-a)-\-P{t)-S{t). 

Since a is fixed, P{t) and S{t) are not going to change when the initial capital is 

u-a. According to the definition of the probability of severity of ruin, 

Pr(-a < X(t) -a<0, for some t > 0) = G{u - a, a) . 

24 
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So 

D{u, a) = Pr(-a < X{t) - a < 0, for some t > 0) 

= G{u — a,a) . 

In Chapter II, the formula of G{u, y) has been given, and some specific formulas 

for some special conditions have been given in Chapter III. Those formulas can be 

used to find D{u,a). 

4.2 The Probabihty of Ruin 

Let us summarize Chapter III briefly. When the model is 

X{t) = X(0) 4- P{t) - S(t) 

we have found the formulas of calculating the probability of ruin in the following 

cases: 

• P(^t) = ct, S{t) = YliJi Zi, Zi,Z2,. . . is i.i.d. and {A'̂ (^)} is a homogeneous 

Poisson process with parameter A. 

1. Z, has an exponential distribution. 

2. Zi has a combination of exponential distributions. 

3. Z, has a combination of gamma distributions. 

4. Zi has a continuous uniform distribution. 

• P{t) depends on X(t), S{t) = E S ^ Zi, where Zi, Z2,... are i.i.d. and {N(t)} 

is a homogeneous Poisson process. We gave the numerical solution for this 

case in section 3.2.7. 

We will find the exact solution of the probabihty of ruin when P(t) depends on 

X{t), under some special assumptions. 

Assume that the model is 

X{t) = X(0) -f / p{X{s))ds -Y.Zi-
Jo 1=1 

Considering the premium rate as a function of current reserve is reasonable, be

cause: 
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• If we consider the interest (with interest rate 6) as an income, then the 

classical risk process is modified as, 

rt Nit) 

x(t) = x(o) 4- / 6x{s)ds + ct - y; z,-
•̂ 0 t = l 

Nit) 

= X(0) 4- / {SX{s) 4- c)ds -TZ, 
•̂ 0 , = 1 

Thus, we can take the premium rate iohe p = SX{s) -f c, which is a linear 

function oi X{s). 

• The assumption of linearity between p and X{t) is practical in terms of easy 

calculation, and reasonable when the reserve is high and in a safe range, that 

is, when the the insurance company is in relatively good shape; in which case 

the company might want to consider giving the customers a rebate. Thus 

the assumption p{x) = bx -\- d (b is a. small negative number) can be applied 

to reflect this situation. 

• An alternative relationship between p and X{s) could be the positive part 

of some hyperbohc functions, such as p{x) = ax~^ + c, a, b, c, are positive. 

When the reserve X{s) is close to zero, the threat of ruin wiU cause the 

premium rate to rise rapidly. 

Now, consider the most useful and simplest case, the hnear form. Let p{x) = bx-\-d, 

and let Zi, Z2,... be i.i.d. according to an exponential distribution. That is, 

f(x) = —e"** where p = E(Zi) . 
P 

So 

F(a;) = l _ e " ^ , x > 0 . 

We have discussed the formula of (f(u) in Chapter II and Chapter III. That formula 

^^ roo fOO 

ip{u) = [ 1 + y 9{x)d^]~^ j ^ 9{xy^ « > 0 
where .3. 

9{x) = p{x)-^Q{x) 4- p{x)-^ / Q{^ - y)9{y)dy (4.i) 
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Q{x) = X{1 - F(x)) . 

In this case, since Z, has an exponential distribution 

Q(x) = A ( l - F ( x ) ) = Ae"M . 

From equation (4.1) we get 

p{x)9{x) = Q(x) 4- / Q(x - y)g{y)dy 
Jo 

and since p{x) = bx -\- d, we get 

(6x 4- d)g(x) = Q(x) -F / Q{x - y)g{y)dy, 

^ rx x—y 

(6x 4- d)g{x) = Ae"^ -f / Ae" /̂  (̂y)<^y 

(bx 4- %(a:) = Ae~^ + Ae"^ / e^g{y)dy 

( * i ± ^ ) ^ = 1 + r ê s(y)<iy 
Ae '̂  -̂ 0 

^^^^[g{x)e^ = 1 + / J e^/-(/(y)rft/ . (4.2) 

Let ^ 
y = / e^l^g{z)dz . 

Jo 

Then equation (4.2) would be 

(bx-\-d) , . ^ 
^ ^ y = 1 + y 

dy = ji j \ ^ * ^ • 14-y ^ (6x4-c?) 

By solving this differential equation we get 

ln{l-{-y) =-^ln(bx-\-d)-\-C 

1 + y = C{bx -F d)^^^ . 

Since 
y= r e'l^g{z)d'. 

Jo 
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if X = 0 then y = 0, and then 1 = d^^^C This imphes 

c = d-^f 

so that 

y = (6x 4- d)^f^d-^f' . 

Differentiating this equation we obtain 

y' = d-'^'^{bx -f d)'^'-H = d-^l'X{bx 4- d)^f'-' 

9{x)e''f^ = d-^^'X{bx + J)^/^-i 

^(x) = d-^'^X{bx -F J)V*-ie-^/'^ . 

We need to find the probabihty 

J
roo ^oo 

' 9{x)dx]-^ / g{x)dx ti > 0 . (4.3) 

0 Ju 

Let us consider 

roo roo 

y g{x)dx = y rf-V''A(6x4-</)^/''-^e-^/'^(ix 
roo 

= Xd-^f^ {bx + d)^'^-^e-^f^dx . 
Jo 

Let z = bx -\- d, then x = ^ , and c?x = lc?2r and then 
roo roo 

/ g{x)dx = Xd-^"'I {bx + d)^"-'e-''''dx 

= Xd-^/^ r z^'^-^e-'^hz 
Jd b 

Xd-^l^e'^ roo ^\/b-i^—^ „ , A , , , , , » 

_ Ad2^^W(|K6^ A 1 

= <i-^/'e*r(^ + I)(6M)^/'[I - r,(^, l^)] 

where Td(^^ ^ ) is the value of gamma c.d.f. at point d. 
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Similarly 

/

oo I d \ \ 1 

9{x)dx = d -V'e5: r (^ + 1)(6^)V'[1 - r , „ + , ( | , i - ) ] . 
Substitute f^ g{x)dx and f^ g{x)dx into the equation(4.3), we get 

^(u) = {n-d-v»eAr(| + i)(6p)Vi[i_r,(^, i.)]}-i 

xd-'''e^^T(j + 1)(6^)^/'[1 - r i „ w ( | , i - ) ] . 

Since the ruin probability ip{u) here depends on the parameters u, X, p b, d, we 

may compute <p(u) by setting (u, /i. A, b, d) to be some values. The probability of 

ruin (p{u) can be computed by selecting values for p, X, b, and d and considering 

(̂  as a function of u only. Doing this for several values of p and A for fixed 

values of b and d gives us information about the effect of p and A on v?(w). These 

computational considerations would involve a substantial computing effort and will 

be deferred to a later study. 

If p{x) is not a linear function of X{t), or if Zi,Z2,. . . are not i.i.d. with 

exponential distribution, it is hard to obtain a nice form for (^{u). However, we 

may find the numerical solution by using the method ( Petersen 1990 ) in section 

3.2.7. 



CHAPTER V 

SUMMARY AND FURTHER RESEARCH 

In risk theory, the probability of ruin is a very important subject. Although, 

we know that the ruin probability is related to the initial capital, or sometimes it 

is also related to the deficit at the time of ruin, it is very hard to find the exact 

solution in general. We need to work on specific problems with specific methods. 

Sometimes the numerical work becomes necessary. 

After studying a lot of recent papers, we found some important results on the 

probabihty of ruin in risk theory. We have summarized those results in this thesis. 

Then we considered the probability of the situation which is not ruin but close 

to ruin, and then studied on the probability of ruin when the premium rate is a 

function of the recent reserve. 

This study may be continued by the following directions. First, since some 

related subjects such as branching process, queueing theory and random walk 

processes also have long histories, it will help if we can apply some results of those 

theories to the ruin probability of the risk theory. Second, it is important to apply 

more numerical methods and computer calculations in this subject. 

30 
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accumulated claim process - risk process. 

amount at risk - the excess of insured sums over premium reserves. 

assurance - life coverage provided by contracts of life insurance companies, as 

contrasted with insurance for contracts of fire and casualty insurance compa

nies. Formerly, the term was often used for insurance, especially in maritime 

law. This has the same meaning as insurance in Canada and England. This 

means to inspire confidence. 

assured - one who has been insured by a company or underwriter in accordance 

with the policy of insurance. 

claim - a demand, request or notice submitted to an insurance company by an 

insured person or company. 

claim process - a compound random process in the sense that the time of oc

currence and the number of occurrences is a random phenomenon, and the 

amount of each claim is also a random variable. 

classical risk theory - establishing probability distributions of the total amount 

of claims related to one or several contracts all written at the same time, and 

occurring in the time interval of their validity. 

collective risk theory - modelling risk processes in order to determine the prob

ability distribution of the global amount of claims paid during any given 

interval of time and resulting from all past subscriptions still active in this 

interval. 

compound Poisson process - let {M(t),t > 0} be a stochastic process such 

that each M{t) takes values on the nonnegative integers. Let Yi,Y2,... be 

i.i.d. random variables, and assume that (1^1,^2, •••) and {M{t),t > 0) are 

independent. Define X{t) = EfJi^Yj,t > 0 (take X(t) = 0 if M(t) = 

0). Think of M{t) as the number of customers who have arrived on or 

before time t. If customer j makes a purchase costing Yj dollars (Yj < 

0 corresponds to a refund), then X{t) is the total amount of money received 
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up to time t. If {M(t),t > 0} is a Poisson process, {X{t),t > 0} is called a 

compound Poisson process. 

dividend policy - according to de Finetti, the dividend policy states that once 

the reserves have reached a given limit any excess capital should be redis

tributed as dividends. 

dividend policy criterion - maximizes the expected discounted sum of divi

dends paid to the shareholders over a given time period. 

excess of loss reinsurance - an insurance company gives a part of a premium 

to a reinsurance company and in counterpart, if a claim exceeds a give n 

amount, the reinsurer pays the excess. 

exclusion of multiple events - the probability that more than one even t will 

occur at the same time and the probability that an infinite number of events 

will occur in some finite time interval are both zero. 

homogeneous Markov process - a Markov process which has stationary incre

ments. 

independence of increments - events occurring in two disjointed time intervals 

are independent. 

Markov process - a process satisfying the condition that the conditional dis

tribution of a future state X{t 4- s) given the present X{s) and the past 

X{u), 0 < u < s, depends only on the present. 

mixed Poisson process - compound Poisson process. 

negative risk sums - a general type of risk process in which, with immediate 

annuity business, the initial fund is continuously depleted until an annuitant 

dies and the reserve released gives rise to an increase in the initial fund. 

non-stat ionary increments - the distribution of the change in value between 

any two points does not depend only on the distance between those points. 

operational t ime - time measured in variable units such that the expected num

ber of claims per unit remains constant. 
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Poisson distribution - a random variable X which has a p.d.f. of a discrete type 

of the form 

f{^) = j - , a: = 0,1,2,. . . 
x! 

= 0 elsewhere, where A > 0 

is said to have a Poisson distribution. 

Poisson process - let the number of changes that occur in a given continuous 

interval be counted. We have an approximate Poisson process with parameter 

A > 0 if the following are satisfied: (i) the number of changes occurring in 

nonoverlapping intervals are independent, (ii) the probability of exactly one 

change in a sufficiently short interval of length t is approximately Xt, and 

(Hi) the probability of two or more changes in a sufficiently short interval is 

essentially zero. 

portfolio - refers to a plurality of risks. The investments held by a person or 

company. Insurance companies invest funds in a portfolio of stocks, bonds, 

real estate loans, and other investments. 

posit ive risk sums - a general type of risk process in which any occurrence giving 

rise to a downward step represents a loss, this being the case in classes such 

as fire, marine, and life. 

premium - the amount an insured pays in exchange for the protection provided 

by a pohcy. The total, or gross premium consists of the net premium plus 

load for commission and administrative expenses. Most forms of insurance 

contracts include a provision for a level premium payment, either for the 

entire length of the contract or for a specified term. Others, notably in 

the health and property and casualty fields, include provisions per periodic 

experience modification. Premiums generally are assessed on an annual basis, 

but may also be paid under semiannual, quarterly or monthly modes. 

quota share reinsurance - a form of automatic reinsurance, in which a pre

scribed portion of all income is paid from the direct writer to the reinsurer; 

the same portion of losses are absorbed by the reinsurance company. The 
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quota share applies to all insurance written within a specified category of 

business. 

relative safety loading - the relative safety loading p is defined by 

c — Xp 
P = Xp 

reinsurance - insurance for insurers. The practice of sharing risks with other 

insurers. 

renewal process - a generalized Poisson process for which the interarrival times 

are independent and identically distributed with an arbitrary distribution. 

retention l imit - the amount for which a company will not assume the risk on 

any one policy that exceeds that level. For example, one company Establishes 

its retention limit at $20,000. An individual applies for a policy for $100,000 

of life insurance. The company approves the policy, but cedes $80,000 to 

a reinsurance company. All premiums received are split on a 20/80 basis 

with the reinsurance company, and all claims are also to be paid on the same 

basis. 

retention problem - consists in determining for a given risk mass the portion 

which it is to the insurance carrier's advantage to retain itself, and the re

maining portion which should be passed off (ceded) to another risk carrier, 

the reinsurer. The problem is decisively influenced by the price which the 

reinsurer demands for taking over the ceded portion. 

r e se rve - a habihty estabhshed for the purpose of paying future claims. The 

present value of the amount established as a reserve is estimated to be equal 

to the present value of all future claims. 

risk business - an ideahzed insurance business in which only an aggregate of 

sums at risk and incoming risk premiums with certain safety loadings are 

considered. Thus, the consideration of expenses, interest etc. is left out 

altogether. 

risk m a s s - the sum of the various portfolios held by the insurance carrier. 
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risk premium - the mean value of the sums at risk which may fall due during the 

period of observation. The risk premium is assumed to flow in continuously. 

Risk premium may also be referred to as net premium. 

risk process - the risk process, X, is defined by 

Nit) 

x(t)=ct-Y: Zk, 
k=l 

where Ylk=i Zk = 0,cis a. positive real constant called the gross risk premium 

rate, and N(t) is the number of claims on the company during the interval 

(0,t]. The company has to pay out a stochastic amount of money at each 

point of N, and the company receives c units of money per unit time. 

risk reserve - the net premium together with a safety loading is continuously 

accumulated in a risk reserve of an initial amount. The claims, which can be 

regarded as negative income, are paid out from this reserve. 

risk theory - a special case of the theory of random or stochastic processes which 

has grown rapidly in recent years and now constitutes a large branch of 

probability theory. 

ruin probability - ruin probabihty ^(u) is the probabihty that the risk business 

will ever be below some specified (negative) number. For a company having 

initial capital u and facing the risk process X(t), 

^ (u ) = P{u 4- X{t) < 0 for some t > 0}. 

safety loading - the safety loading is defined hy s = c - Xp. 

solvency margin - the reserves to be held by insurance companies. 

stationariness of increments - the number of events in a time interval is de

pendent only on the length of the interval and not on the initial value. 

stochastic process - a stochastic process is a family of random variables {Xf, t> 

0}, where time is the index variable. 
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stop loss reinsurance - a form of agreement between an insurance company and 

a reinsurer, limiting the aggregate amount of losses that must be shared 

during a specified period of time. While the reinsurance company accepts 

individual risks, it will not be required to pay claims above the aggregate 

limit. For example, a company cedes insurance above its retention limit, 

and also provides a stop loss limitation. If actual losses reach that level, the 

reinsurer will not be required to pay any further claim. 

sums at risk - sums with certain probabilities of falling due. 

surplus reinsurance - an agreement creating a form of automatic reinsurance. 

The writing company agrees to cede risks above a predetermined retention 

limit, and the reinsurer agrees to accept those risks. For example, an insurer 

has a retention limit of $25,000, so that it will not assume risks above that 

level. An apphcation for a $100,000 pohcy is approved. The company cedes 

the $75,000 above its retention hmit, under a surplus reinsurance agreement. 

utility function - a function constructed in an intuitive or other way to describe 

and measure numerically the degree to which the result of some economic 

operation is desirable. For example, the capital available at the end of the 

year for an insurance company might be the result under consideration. 

waiting t ime - let W denote the waiting time until the first change occurs when 

observing a Poisson process in which the mean number of changes in the 

unit interval is A. Then T^ is a continuous-type random variable with the 

exponential distribution function 

F{w) = 1 - e-^", w>0 

= 0, w <0. 
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