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NOMENCLATURE 

External radius of the main root (a) or of a lateral root ( ar) ( mm). 

Radius of the conducting vessels of the main root (ax) 

or a lateral root (ax)· 
Flux density into the main root due to lateral at level z (mm s-1 ). 

Flux density into a main root from the soil (mm s-1 ). 

Total flux out of a main root system ( qr) or 

out of a lateral root (qt) (mm3 s-1 
). 

Volume flux along the main root (mm3 s- 1 
). 

Distance from the top of the root ( mm). 

Length of a main root (mm). 

Length of a first-order lateral root ( mm). 

Length of a second-order lateral root (mm). 

Total resistance to flow through a second-order lateral root 

(bars mm3
). 

Radial resistance to water movement into a main root ( RR) 
or a lateral (Rr) form soil to xylem (bar s mm-1 

). 

Total resistance of the root system to flow (bar s mm - 3
). 

Axial resistance per unit length to water movement 

along a main root (Rx) or a lateral (Rx) (bars mm-4). 

Water potential of the surrounding medium (bars). 

Water potential in the xylem of main root (bars) . 

. 
Vl 



CHAPTER I 

INTRODUCTION 

One goal of plant stress research is to develop an understanding of those prop

erties of root systems that can be modified to improve the performance of plants in 

environments with limited water available for plant production. Recent develop

ments in the area of molecular biology have provided the potential for genetically 

engineering the root system of plants to better suit the environment in which they 

are grown. By identifying the sites of major resistance in the root and then modi

fying these through genetic engineering techniques, the overall resistance to water 

flow might be reduced. With a reduced overall resistance, a smaller gradient in 

water potential will be required between the surrounding medium and plant leaves 

to meet the atmospheric demand for water. This will result in a more favorable 

leaf water status with no change in water used by the plant and may result in an 

increased water use efficiency. 

Water uptake by plant roots occurs in response to a gradient in total water 

potential between the root xylem and the surrounding medium. If the total water 

potential in the xylem is lower than the total water potential in the surrounding 

medium, then inward flow will occur. The water flux is proportional to the magni

tude of the water potential gradient and inversely proportional to the resistances in 

the pathway. The resistances in this pathway are not constants. For example, the 

hydraulic properties of the soil vary with water potential and resistances within 

the root vary with temperature and also may be a function of water potential. 

These variable resistances complicate the mathematics involved in modeling the 

process. 

A major ingredient in all models is an accurate set of values for the radial 

and axial resistances in the root systems and a detailed description of the root 

geometry. Landsberg and Fowkes [12) indicate that root resistance, rather than 

soil resistance to water flow, is the major factor limiting water uptake in plants. 

Moreover, this resistance depends on the geometry and hydraulic properties of 

plants. They also note that this does not imply that resistance to water movement 

in soil can be neglected, but must remain a vital component in working models of 

water uptake in plants. 

1 
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The goal of the current project was to develop a model that gives estimates 

for the radial and axial resistances in cotton plants. The simulation model is a 

Landsberg-Fowkes' type model that takes into account the effects of higher order 

laterals and permits the root parameters to vary with distance from root tips. This 

model is particularly well suited for plants grown hydroponically, since in this case 

the potential of the surrounding area of the root can be treated as a constant 

(gravitational effects are ignored). The model was implemented using FORTRAN. 

Simulation of uptake rates was made using a range of values for radial resistances 

for three plants grown hydroponically at USDA-ARS, Lubbock,Texas. 



CHAPTER II 

DATA STRUCTURES FOR ROOT TOPOLOGY 

2.1 Introduction 

The most obvious feature of root systems is their branching structure. Root 

systems function in resource gathering, transport and anchorage: for all these 

functions details of the branching pattern will be fundamental. A description and 

an analysis for branching structures are given by A. H. Fitter[7]. A root system 

consists of several types of roots such as the main (tap) root, first-order laterals, 

second-order laterals, etc. 

Root systems belong to the mathematical class of rooted trees. Many other 

natural branching systems, such as arterial networks, the bronchial tree, botanical 

trees, neuron axes and rivers, belong to this class. A rooted tree has n exterior 

links and n - 1 interior links and nodes. 

This chapter is devoted to analyze the branching structure for cotton plants 

which were grown hydroponically. Root structures for the above plants have been 

drawn for given data provided by recent work at the USDA. They provided detailed 

descriptions of the anatomy of cotton roots for those plants grown hydroponically. 

Measured data was available for these plants in tabular form as shown in Table 2.1. 

The table is read by column. 

A computer program has been developed to translate the tabular data into an 

appropriate data structure. Computer programs have been written to analyze the 

data and to generate some graphical comparisons. 

3 
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Table 2.1: Sample Root Data for Cotton Plant-1 

T1- 64 B3.12- 2 C26.B3- 102 B4.4- 3 B7.4 - 10 

Bl- 40 C12.B3- 58 B3.27- 5 C4.B4- 22 C4.l.B7 - 72 

T2- 28 B3.13 - 12 C27.B3- 21 B4.5- 8 Dl.C4.B7- 38 

B2- 13 Cl3.B3- 51 B3.28- 12 C5.B4- 81 C4.2.B7- 43 

T3- 9 B3.14 - 15 C28.B3- 75 B4.6- 1 B7.5 - 19 
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2.2 Description of the Form of Anatomical Data 

Lengths of four different types of root segments were tabulated in the same 

table. A portion of the data for plant-1 is illustrated in table 2.1. Those types 

are: 

1. Tap (main) root, 

2. First-order laterals, 

3. Second-order laterals, and 

4. Third-order laterals. 

Representation of data is explained below. The notation is illustrated in Fig

ure 2.1 

T1 

T2 01.C2.B1 

C2.B1 

T3 

Figure 2.1: Illustration of data 

Tap root: tap root segments are indicated by data beginning with the letter 

"T", for example; "T1 - 64." The letter represents the type of the segment and 
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the number directly after the letter represents the segment member. The num

ber following the hyphen represents the length of the segment. Hence 44Tl - 64'' 

represents the 1st segment of the tap root which is 64 mm in length. 

First-order lateral: Data beginning with the letter "B" represent first-order 

lateral root segments. In the case of first-order laterals there are two kinds of 

tabulated forms, as illustrated by: 

1. "B2 - 13", 

2. "B3.2 - 10". 

1. B2 - 13: The number directly after the letter denotes the tap root segment 

from which the first-order lateral emanate. Then the number following the hyphen 

denotes the length of the segment. No decimal in the number after the letter 

implies that this first-order lateral does not have any higher order laterals. Hence 

"B2 - 13" denotes the first-order lateral root which emanates from the second tap 

root segment, and the length of it is 13 mm. 

2. B3.2 - 10: The number directly after the letter and before the''.'· denotes the 

tap root segment from which the first-order lateral emanates. The number directly 

after the "." denotes the first-order lateral segment. Finally the number following 

the hyphen is the length of this segment. Hence "B3.2 - 10" denotes the second 

segment of the first-order lateral, which emanates from the third segment of the 

tap root, and the length of this segment is 10 mm. 

Second-order lateral: Data beginning with the letter "C" denote second

order laterals. In the case of second-order laterals there are also two types of 

tabular forms. Examples are: 

1. C4.B3 - 125, 

2. C5.l.B3 - 24. 

1. C4.B3- 125: The first letter "C" shows that this is a segment of a second-order 

lateral root. The number after the letter and before the"." denotes the segment of 

the first-order lateral which this second-order lateral belongs to. The letter after 

the "." denotes the type of the root from which this second-order lateral emanates. 

Then the number directly after the second letter denotes the taproot segment from 
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which the first-order lateral emanates. Then the number following the the hyphen 

is is the length. Hence "C4.B3. - 125" denotes the second-order lateral root which 

belongs to the 4th segment of the first-order lateral which emanates from the third 

segment of the main root, and its length is 125 mm. Furthermore, no decimals in 

the number after the first letter implies that the root does not have any third-order 

laterals. 

2. C5.1.B3 - 24: The first letter "C" shows that this is a segment of a second

order lateral root. The number after the letter and before the first "." denotes the 

segment of first-order lateral which this second-order lateral belongs to. Then the 

number in between two "." s denotes the second-order lateral root segment. The 

letter after the second "." denotes the type of the root from which this second

order lateral emanates. Then the number directly after the second letter denotes 

the taproot segment from which that first-order lateral emanates. Then the number 

followed by the hyphen is as in the above cases. Hence "C5.l.B3. - 125" denotes 

first segment of the second-order lateral root which belongs to the 5th segment of 

the first-order lateral which emanates from the third segment of the main root, 

and its length is 24 mm. 

Third-order lateral: Data beginning with the letter "D" denote third-order 

lateral. This is the highest order lateral that we are considering. For example: 

Dl.C5.B3 - 23: The number after the First letter "D", and before the "." de

notes the second-order lateral root segment from which the third order lateral root 

emanates. Then the second letter "C" denotes the type of the root segment which 

the third-order lateral emanates. The number after the letter "C" and before the 

second "." denotes the first-order lateral root segment that the second-order lateral 

root segment belongs to. The third letter "B" denotes the type of the root segment 

from which the first-order lateral root segment emanates. Finally the last number 

before the hyphen denotes the tap root segment. Hence '"Dl.C5.B3" represents the 

third-order lateral root in the 1st segment of the second-order lateral root which 

emanates from the 5th segment of the first-order lateral root and this first-order 

lateral root emanates from the third segment of the main root. The length of the 

above root is the number following the hyphen which is 23 mm. 



2.3 Representation of Data in the Computer and Analysis 

2.3.1 Representation of Data in the Computer 

8 

Data from three plants is stored in three files, so that they can be read by 

computer programs which have been developed. The data is represented in the 

computer in a four dimensional array as in the following example. 
Example: 

T1- 64 ---+ M(1,0,0,0) 64 

B1- 40 ---+ M(1,1,0,0) 40 

B3.12- 2 ---+ M(3,12,0,0) 2 

Cl2.B3- 58 ---+ M(3,12,1,0) 58 

C4.l.B7- 72 ---+ M(7A,1,0) 72 

D2.C4.B7 - 38 ---+ M(7 ,4,2,1) 38. 

Hence, the first column of the matrix 'M' contains lengths of the tap root 

segments. The second column contains lengths of first-order lateral segments. The 

third column contains lengths of second-order lateral segments. The fourth column 

contains lengths of third-order lateral segments. 

2.3.2 Analysis of Data 

We have developed computer programs (in FORTRAN and DISSPLA) to gen

erate detailed drawings of the root systems and to provide statistical analysis 

concerning root length distributions for various orders of laterals based on mea

sured anatomical data. The programs have been implemented using data from the 

aforementioned plants. 

Those detailed drawings contain, 

1. Tap root with first-order laterals for plants plant-1, plant-4, plant-10 

(Figures 2.2, 2.3, and 2.4) (the tick marks along the first-order lateral 
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roots show the places where the second-order laterals emanate.) 

2. A first-order lateral root with second-order laterals (Figure 2.5) (the 

marks along the second-order lateral roots show the places where the 

third-order laterals emanate.) 

3. Two types of bar charts for three different plants: 

(a) Length distribution of first-order laterals (Figure 2.6). 

(b) Distribution of laterals 1st, 2nd, and 3rd (Figure 2.7). 

4. Percentage distribution of root lengths (Figure 2.8). 
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CHAPTER III 

A MATHEMATICAL MODEL FOR PLANT WATER UPTAKE 

3.1 Introduction 

In this chapter, the Landsberg-Fowkes' model is extended to a more general 

case, in which the root geometry is also considered. This will be accomplished by 

constructing a system of nodes at the points where the first-order laterals emanate 

from the taproot. Flow into the taproot from a lateral depends on the potential at 

that point and, as a first approximation, the geometric structure of the lateral will 

be idealized as in the Landsberg-Fowkes' model. The potential drop between nodes 

can be calculated using the differential equation arising in the Landsberg-Fowkes' 

single root model, where the potentials at the upper and lower nodes are assumed 

known. At each node, the total flow upward from the node equals the flow from 

the lateral plus the flow upward from the taproot. Moreover, the xylem potential 

along the taproot must be continuous. An application of these two statements 

of continuity leads to a system of equations (with coefficients depending on the 

axial and radial resistances and the root geometry) that yields the exudation rate 

of water from the root system and thus the hydraulic conductance per unit root 

length for the system 

The mathematical model for water uptake has been developed in three steps. 

1. For a single root (the Landsberg-Fowkes' Model), 

2. Main root with first-order laterals, 

3. Main root with the presence of first-order and second-order laterals. 

The root structure which had been reconstructed in Chapter II has been used 

in this chapter to verify the validity of the model which we derive in this chapter. 

3.2 Theoretical Development 

Water moves into plant roots down water potential gradients between the root 

surface and the root xylem. These gradients are the results of flux of water out 

of the plants, caused by evaporation from leaves in response to potential energy 

gradient between plant leaves and the atmosphere. 

17 
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The work of Bolger et al. provides flow data in the form 

(3.1) 

where Q is exudation rate (m3 /sec) from the root system, Kp is hydraulic conduc

tance per unit length of root (m3m-1sec-1 ), Lp is total root length (m), and Ll\11 is 

the applied pressure (MPa). Q and consequently J(P were measured as functions 

of temperature over the range 7.5- 30° C for the plant root systems. Anatomical 

data obtained in mapping the plants shows that for the laterals, radius is primarily 

a function of distance from root tip and that variation with order of lateral can be 

ignored. 

The analysis of Landsberg and Fowkes [12] treats a taprooted plant with first

order laterals. The model assumes a constant radius for the taproot, a uniform 

branching intensity along the taproot, and that all laterals are of equal length and 

radius. Using their results as a first approximation, one obtains 

(3.2) 

where Li = Litanh(o:iLi)/(o:iLi), where Lo denotes the length of the taproot and 

L1 denotes the length of the first-order laterals, N1 is the number of first-order 

laterals per unit length, ax is the effective radius of the conducting vessels in the 

root and the o:/s depend on the ratio of axial resistance to radial resistance. By 

estimating ax and using average root lengths and branching intensities, one can 

use the above equation to get an approximate value of the radial resistance, Rr, 
from measured values of K P. 

The analysis can be extended to include variable radii, non-uniform branching 

intensities, and non-uniform lengths of laterals. The first step was taken by Ari

yaratna [2] for the case of first-order laterals, where he assumed uniform branching 

intensities but with radii that depended on distance from root tip. This led to a 

system of two first-order linear differential equations that were solved numerically. 

3.2.1 A Single Root (Landsberg-Fowkes' Model) 

We begin with a single root in a medium having a uniform and constant water 

potential 1/Js(see Figures 3.1, and 3.2). Movement into the root conducting tis

sue(xylem) is along a potential gradient 1/Js -1/Jx (where 1/Jx is the potential in the 
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main root xylem) through a radial resistance RR (bars mm-1
), the exact nature 

and location of which is not an issue here. There is an axial resistance ( Rx, bars 

mm - 4
) to movement along the xylem towards the base of the stem. 

0 0 

: ax . 
!... ...! 

0 • 

'~'· 

········································ 

Figure 3.1: Section of a Main Root 

L 

Figure 3.2: A Single Root 
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If qx(z) (mm3 s- 1 ) is the flux up the root and qR(z) (mm s-1
) the flux per unit 

area into the root from surrounding area, where z is distance from the top of the 

root, then we have from the Hagen-Poiseulle equation 

The equation 

d¢x(z) = -Rxqx(z). 
dz 

(3.3) 

(3.4) 

describes the flux response to the potential difference between xylem and the sur

rounding medium. Throughout this analysis radial resistance is taken to be con

stant along the root. 

Water conservation requires that 

(3.5) 

where a (mm) is the external radius of the root. 

Eliminating qx from equations 3.3 and 3.5 and substituting for qR into equa

tion 3.4 gives, 

from 3.3 

qx(z) 
1 dt!Jx(z) 

--
Rx dz 

dqx(z) 1 d2t/Jx(z) 
21raqR(z ), --

dz Rx dz 2 

from 3.5 

and, from 3.4 
1 d21/Jx(z) ~:(,P, - ~x(z)). --

Rx dz 2 

This gives the second-order differential equation, 

2 where, am 

(3.6) 
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The general solution to equation 3.6 is given by, 

A 

It is convenient to make the change of dependent variable t/Jx( z) 
Then the general solution can be written, 

A 

tPx( z) = AxcoshO:'mZ + BxsinhO:'mZ. (3.7) 

The boundary conditions for the above system are: 

1. tPx( z) = t/Jo, at z = 0, where t/Jo is given, 

2. qx(z) = 0, at z = L, 

where L is the length of the root. Boundary condition 2 assumes no flow through 

the end of the root. 

Applying the boundary conditions to the general solution 3. 7 gives 
A 

Ax t/Jo 
Bx -AtanhamL 

hence, 

or, 

0 < z < L. 

Then, by using equation 3.3, the flux out of the root is found to be 

qx(O) 

Rx 

Om A 

- t/Jo tanh am L 
Rx 

z=O 

(3.8) 

(3.9) 
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and the total resistance, Rr of the system is, 

A 

Rr 
t/Jo Rx 
qy 

h L' tanh am L L w ere = . 
amL 

In the next section, this theory is applied to analyze more complicated systems 

such as a system containing not only the main root, but also several types of lateral 

roots. 

3.2.2 Main Root with First-Order Laterals 

In this analysis it is assumed that no higher order lateral roots are present. 

Hence, first-order laterals can be treated as single roots which emanate from the 

nodes of the main root. The main root is assumed to have several nodes (see 

Figure 3.3). 

As an example, consider the case with n first-order laterals, where radial and 

axial parameters are independent of distance from the tip of the root. Let Zi, i = 
1, 2, ... , n denote the locations of the laterals (nodes) along the taproot, measured 

from top of the root. Let Z 0 = 0 denote the top of the root, and Zn+I = L denote 

the tip of the taproot. Then the xylem potential at a point z between two nodes 

along the taproot is given by the general solution given in equation 3. 7. That is, 

A 

1/Jx(z) = Axcoshamz + Bxsinhamz. (3.10) 

Hence, potentials at the ith node and the ( i + 1 )st node, respectively are given by 

(3.11) 

(3.12) 

Solving equations 3.11, and 3.12 for Ax, and Bx yields 
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Figure 3.3: Main Root Structure with First-Order Laterals 

¢i(sinham(Zi+l - Zi) + coshamZi+lsinhamzi)- ¢i+lcoshamzisinhamZi 

coshamzisinham(Zi+l - Zi) 

" " 
'l/Ji+l coshamZi - 'l/JicoshamZi+I 

sinh am ( Zi+ 1 - Zi) 

A A 

where 'l/Ji = 'l/lx(zi)· 

Hence the potential at any point between two nodes is given by, 

(3.13) 
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where, J;i J;(zi), and am is a parameter that depends upon axial and radial 

resistances of the root. In addition, at node i (see Figure 3.3), we have q1(zi) (flux 

density into a main root due to lateral). 

Water conservation at node i requires that 

(3.14) 

The first-order lateral root can be treated as in the single root model. Thus, 

qil = q1(zi) is found as in the development leading to equation 3.9. Thus 

al A 

qil = -,Pitanha,L,, 
Rx 

l 
. 21ra1Rx 

where 1 1s the length of the lateral root and a1 = In this formula a1 is the 
Rr 

radius of the lateral, Rx is the axial resistance of the lateral and Rr is the radial 

resistance of the lateral. 

Equations 3.14 and 3.9 give, 

(3.15) 

(3.16) 

where, 

Using equation 3.13, 

A _ J;isinham ( z - Zi-t) + ,J;i-1 sinham ( Zi - z) 
,Px( Z ) = . h ( ) ' 

Sln Ctm Zi - Zi-1 



Substituting these results into equation 3.16 gives the equation 

-J,icosham(z- Zi-d- -J,i-1cosham(Zi- z) 
O'm . 

stnham(Zi- Zi-t) 

= O'm .J,i+tcosham(~- zi)- .,Z,icosham(Zi+t - z) _ Rx .,j,i· 
stnham(Zi+1 - Zi) Ri 

Letting z = Zi, the above equation takes the following form at a node i 

" " " 
ai(i-1)1/Ji-1 + aii'l/Ji + ai(i+1)'l/Ji+1 = 0, where 1 < i < n; 

n is the number of nodes of the main root; and 
1 

ai(i-t) 

cosham(Zi- Zi-t) cosham(Zi+1 - Zi) Rx 
sinham(Zi- Zi-t) + sinham(Zi+l - Zi) + Riam' 

1 

sinham ( Zi - Zi-1). 

The cases i = 1 and i = n are handled separately. When i = 1, 

Since -J,0 = -J,x(O) this equation can be rewritten as 

with an, a12 as in equation 3.18. 

This can be written as 
... ... 

an 'l/J1 + a12'l/J2 == b1, 

25 

(3.17) 

(3.18) 

(3.19) 
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A 

h t/Jo w ere b1 = . 
sinh om ( Z1 - Zo) 

For the nth node, the last segment of the main root can be treated as in case 1 

or, 

where, 

an(n-1) 

Om ~ncoshom(Zn- Zn-d- ~n-1 
Rx sinh om ( Zn - Zn-1) 

A A 

an(n-1) tPn-1 + ann tPn = 0, 

(3.20) 

(3.21) 

Hence, we will have n unknowns which are the potentials at each node of the 

main root. After solving the above system for tPi (i = 1, 2, ... , n) the total flux at 

the top of the root is given by, 

1 A 

--dt/Jx(z) 
Rx z=O 

Om ~1 - ~ocoshom ( Z1 - Zo) 
--

Rx sinham(zi - zo) 

and the total resistance, RT is given by 

RT 
Rx 

h ( )' tanh(om(Z1- zo)) ( ) 
w ere z1 - z0 = ( ) Z1 - zo . 

O:'m Zt- Zo 

(3.22) 
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3.2.3 Main Root with First- and Second-Order laterals 

We will extend the above theory one more step. That is, the presence of higher 

order lateral roots will also be taken into account (see Figure 3.4). 

///Ill//////// 

'~too 

~ 

.,__ ....... ~___. ________________ _ 

····----------......_ ___ .,. 'lt2o 
i'-21 

._ ___ _... __ ........ ___ -----------

Figure 3.4: Main Root Structure with First- and Second-Order Laterals 

It is assumed that all the laterals have the same radial and axial resistances. 
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'l/Jio denotes the potential at the ith node of the main root, and 'l/Jii denotes the 

potential at the jth node of the lateral root which emanates from the ith node of 

the main root. 

As in the previous cases, water conservation at the ith node of the main root 

gives, 
1 d'lj;(z;) 1 d'lj;(zt) 

- Rx dz = - Rx dz + Qil' 
(3.23) 

where, Qil is the flow into main root from the ith lateral. 

Hence we get, 

Om -J,iocoshom ( Zi - Zi-d - -J,(i-1)0 

Rx sinhom(zi - Zi-d 

(3.24) 

Qil can be obtained from equation 3.22. Substituting for Qil into equation 3.24, 

we have for any node of the main root 

Om { A 1 ,/, coshom(Zio - Z(i-1)o)} 
-R- - 'l/J ( i -1 )o . h ( ) + '1-"iO -. -h-____;_( __ ____:._..:._.;_) 

X Sill Om Zio - Z(i-1)0 Sill Om Zio - Z(i-1)0 

Om { A coshom(Z(i+1)o-Zio) ,7. 1 } 
- -'l/Jio . h ( ) + '1-"(i+1)o . h ( ) Rx sin Om Z(i+1)0 - Zio Sin Om Z(i+1)0 - Zio 

o 1 { A 1 ,/. cosho1 Zii } + R 'l/Jii . h - '1-"iO . h ' 
x Sill Ol Zil Sill 01 Zil 

(3.25) 

where, zi1 is the distance to the 1st node of the ith lateral from the main root. 

Rearranging this equation we get, 

0 (3.26) 

l<i<n 

where, 
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ai(i-1) 
Rxsinham(Zio- Z(i-1)o)' 

a·· u 
am [cosham(Zio- Z(i-1)o) cosham(Z(i+1)0- Zio)] 
Rx sinham(Zio- Z(i-1)o) + sinham(Z(i+1)o- Zio) 

------

For the first and the last nodes, coefficients can be calculated using boundary 

conditions as in the previous case. 

For any node of a lateral we have, 

al { " 1 " coshal(Zij - Zi(j-1))} 
-R- - 1/J i U -1 > . h ( ) + 1/J ij -.-h-....:....( ----=-------!::_...._!....:...) 

x Sill Ol Zij - Zi(j-1) Sill Oz Zij - Zi(j-1) 

where, Ls is the length of the second-order lateral. Rearranging this equation we 

get, 

0 (3.27) 

where, N = n + n1 + n 2 + ... +ni-l ( ni is the number of nodes of the ith first-order 

lateral) 
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a(N +i)(N +i) 
0:1 [cosho:t( Zij - Zi(j-1}) cosho:t( Zi(j+I) - Zij) ] 

Rx sinho:t ( Zij - Zi(j -1)) + sinho:m ( Zi(j+ 1) - Zij) 

+ 

For the first node of the lateral we have, 

A A 

7/Ji(j-t) = 1/Jio, 

and nith node can be treated as in the case of a single root. 

Hence, the potentials of the laterals depend on the potentials of the main root, 

and vice versa. 

The above derivations yield a set of equations in each case (i.e., cases 1, 2, and 
A 

3) for the unknowns 1/Ji which are potentials at each node of the main root and 

the lateral roots. After finding the potentials at each node the total flow from the 

system is given by 
1 d~x(zo) 

qT=--
Rx dz 

and the total resistance, RT is calculated as 

A 

1/Jo RT = --. 
qT 

Hence the radial and axial resistances can be calculated as in step 2. 

(3.28) 

(3.29) 



CHAPTER IV 

SOLVING THE SYSTEM OF EQUATIONS AND EXISTENCE 

OF THE SOLUTION 

4.1 Solving The System of Equations 

Our problem leads to a large system of equations having the form 

a11x1 + a12X2 + a13X3 + ... + atnXt = b1 

a21X1 + a22X2 + a23X3 + ··· + a2nX2 = 0 

a31X1 + a32X2 + a33X3 + ··· + a3nX3 = 0 

where x~, x2, x3, ... , Xn denote the potentials at nodes. This system has the form 

Ax= b 

Ax can be writ ten in the matrix form below, 

* * 0 0 0 0 * 0 0 0 

* * * 0 0 0 0 0 0 0 
0 * * * 0 0 0 0 0 0 

0 0 0 0 0 * * 0 0 0 0 

0 0 0 0 0 * * 0 0 
0 0 0 0 0 * * * 0 
0 0 0 0 0 

0 0 0 0 0 

0 * 0 0 0 
0 0 0 0 0 

0 0 0 0 0 

0 * * * 

0 0 0 0 0 * 
0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 
0 0 * 0 0 
0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 
0 0 0 0 0 

* 0 0 0 0 

0 * * 0 0 
0 * * * 0 

0 * * * 

0 
0 
0 

0 

0 

0 

0 

0 

0 

0 

0 

1/Jto 
'l/J2o 
'l/;30 

0 0 0 0 0 . . . 0 0 0 0 0 0 0 0 0 0 0 * * 'l/Jtm2 

31 
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'l/Jio ( i = 1, ... , n) denote the potentials at the main root where n is the number 

of nodes in the main root, and 1/Jij (j = 1, ... , mi) denote the potentials at the 

nodes of the ith first order lateral where mi is the number of nodes of this root. 

Moreover, nonzero coefficients of the above matrix depend on root parameters and 

lengths of the root segments. Most of the coefficients, aij are zero. Hence it 

easy to store the matrix in computers. In vector b, bi = 0 for i = 2, 3, ... , n, and 

bt can be computed using given values of 1/Jx(O), 1/J3 , and equation 3.19 in Chapter 

III. The first n elements of x denote the potentials at nodes of the main root, and 

the next set is for the 1st first order lateral root and so on. Dimensions of the 

matrix depend on the number of nodes in each root. 

As we mentioned in Chapter III this system which is obtained by using the 

mathematical model developed (Section 3.2.3) can be solved numerically. We are 

using "LU decomposition" together with "back solving" and "forward solving". 

A large linear system containing thousands of equations, iterative methods 

often have decisive advantages over direct methods in terms of speed and demands 

of computer memory. Another advantage of iterative methods is that they are 

usually stable, they will actually dampen errors (due to roundoff or minor blunders) 

as the process continues. Since in our case the maximum number of unknowns 

is 407 it is not disadvantageous even though we use a direct method to solve 

the system as far as the speed and the demands of the computer memories are 

concerned. 

4.2 Existence of The Solution 

The existence of solution of the matrix equation discussed in the previous para

graph is assured by an application of the following theorem from numerical analysis 

[11]. 

Theorem 1 Every strictly diagonally dominant matrix is nonsingular and has an 

L U-factorization. 

We have from Chapter III, 



ai(i-1) 

a·· u 

and, 

a(N +i)(N +i-1) 

a(N +i)(N +i) 

a(N +i)(N +i+l) 
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am [cosham(Zio- Z(i-I)o) cosham(Z(i+I)O- Zio)] 
Rx sinham(Zio- Z(i-I)o) + sinham(Z(i+I)O- Zio) 

al 1 
------

Rx sinhal Zit 

al [coshal(Zij- Zi(j-t)) coshal(Zi(j+I)- Zij)] 
Rx sinhal(Zij- Zi(j-t)) + sinham(Zi(j+I)- Zij) 

+ 

We have, coshx > 1 for all x, and coshx = 1 only if x = 0. Since x denote the 

lengths of root segments, x > 0. Hence coshx > 1 in each case. 

Hence, since coshx > 1 for all x and all terms in aii are positive~ equation 3.27 

gives, 

and, using the same argument as above, equation 3.28 gives 

Hence the matrix A is strictly diagonally dominant. Therefore by Theorem 1 

the system Ax = b has a unique solution. 



CHAPTER V 

SIMULATION RESULTS AND CONCLUSIONS 

5.1 Simulation Results 

Reconstructed root structures for three plants have been used as samples to 

verify the model which has been developed. Values of 1/;0 = -20.5 and 1/;/J = -.5 

bars, Rx = 6.512 x 10-2 and Rx = 41 bars mm-4 , a= 0.25 and a, = 0.05 mm were 

used. The total flow and the total resistance for each case were calculated with 

varying radial resistance (the radial resistance was varied from 105 to 6 x 108 bars 

mm-1 for the main root, and from 3 x 103 to 3.9 x 108 bars mm-1 for the laterals). 

Total flow is graphed (see Figure 5.1). Table 5.1 contains the total resistance in 

each case. 

34 
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Figure 5.1: Variation of Total Flow with Radial Resistance 
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Table 5.1: Variation of Total Resistance versus Radial Resi stance 
Radial Total Resistance 

Resistance (Bars mm3) 

(Bars mm3
) PLANT-I PLANT-4 PLANT-10 

l.Oe+05 5.9721049 5.5201484 5.5205446 
2.0e+05 5.9793843 5.5268146 5.5269994 
4.0e+05 5.9831908 5.5301537 5.5302378 

6.0e+05 5.9846661 5.5312687 5.5313222 

8.0e+05 5.9854237 5.5318256 .5.5318638 

l.Oe+06 5.9858554 5.5321591 5.5321882 

2.0e+06 5.9865148 5.5328279 5.5326244 
4.0e+06 5.9868463 5.5331632 5.5331601 

6.0e+06 5.9869610 5.5332749 5.5332688 

8.0e+06 5.9870201 5.5333315 5.5333239 

l.Oe+07 5.9870524 5.5333637 5.5333560 

2.0e+07 5.9871151 5.5334311 5.5334203 

4.0e+07 5.9871456 5.5334647 5.5334525 

6.0e+07 5.9871564 5.5334770 5.5334632 

8.0e+07 5.9871617 5.5334816 5.5334678 

5.2 Conclusions 

1. Length distribution of first-order lateral roots for Plant-1 and Plant-4 are 

almost uniform. Plant-10 has a large number of first-order laterals with 

shorter lengths (0- 20 mm). Distribution is non-uniform. 

2. All three plants have a similar distribution of laterals. All have a larger 

number of second-order laterals and a smaller number of third-order laterals. 

3. Total flow is highly dependent on the length of the main root. 
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