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CHAPTER I 

INTRODUCTION 

Historical Background of the X-Ray Spectrometer 

X-ray diffraction was discovered by von Laue and his exper

imental co-workers in 1912. 1 He used the already known optical 

grating diffraction to show that the diffraction of x-rays occurred 

because of a periodic array of atoms in a lattice structure. 2 In 

1913 W. H. and W. L. Bragg formulated the method for selecting cer

tain frequencies of x-rays by crystal reflections. 3 ' 4 The funda-

mental ideas of x-ray reflection from crystals was treated by 

C. G. Darwin5 and then by A. H. Compton. 6 Compton used Darwin's 

theoretical treatment to place two crystals in tandem so as to ob

tain a monochromatic x-ray beam. Bergen Davis 7 ' 8 then developed 

the two crystal spectrometer into a useful instrument. M. M. Schwarz

schild9 showed the usefulness of the instrument with his theoretical 

treatment. Since that time the instrument has been used for many 

x-ray studies. It has been used to study crystal structure, line-

widths, line shapes, and other properties of the x-ray spectra. 

A two crystal spectrometer with the two crystals set in the 

parallel position is used to study the structure and perfection 

of the crystals and to determine the degree of perfection in the 

10 
alignment of the instrument. The work by Schnopper with a two 

crystal spectrometer gives the most complete analysis of the effect 

of alignment on the results obtained from the instrument. Most of 

1 



the work done on the analysis of the parallel or non-dispersive 

position of the two crystal spectrometer was accomplished with the 

. 11-13 use of calc1te crystals. The full width at half maximum of 

the parallel position rocking curve in early studies was found to 

be near ten seconds of arc. It was later found in a complete study 

14 
by Parratt that quartz crystals gave a narrower width, that is, 

3.4 seconds of arc. The small width gives an indication to the per-

fection of the crystal. These comparative results are given for 

CuKa radiation so that a comparison can be drawn with the data ob-

tained in this investigation. 

I 
A Survey of X-Ray Diffraction at Low Temperatures 

Most of the x-ray work done at low temperatures is in the area 

2 

of x-ray diffraction. Some of the earliest work was done by Barrett 

to study the effects of coldworking on the structure of the crystal. 15 

Slight alterations were made in the cryostats used for other types 

of analysis to allow them to be used as x-ray cryostats. The crystal 

needed to be cooled by conduction through the crystal holder rather 

than by direct contact with the coolant. 16 Many studies have been 

made on the effects of the crystal structure at low temperatures 

17 
with effects such as pressure on the crystal. The Debye-Waller 

factor for the effect of temperature on the intensity of reflection 

from a crystal is also well-known from low temperature diffraction 

work. However, the analysis of x-ray spectral properties and other 

effects have not been investigated. A two crystal spectrometer, 



where both crystals are kept at low temperature, has not been used 

to produce this type of analysis. 

Purpose of Investigation 

In x-ray spectroscopic analysis it is quite apparent to the 

investigator that the shape and size of the data curves are depen

dent on many factors. In preliminary alignment it is seen that the 

size and shape of the data curves are very much dependent upon 

alignment of the instrument. However, as the alignment approaches 

perfection, the data curve will have a maximum intensity and a 

minimum width. With this fact in mind, an attempt was made to find 

other factors influencing the size and shape of the resulting curve. 

The purpose in this case was to lower the temperature of the crystals 

in a two crystal spectrometer to the temperature of liquid nitrogen 

and observe any change in the results. The assumptions in the begin

ning were concerned with what effect the thermal motion of the lat

tice molecules of the crystal have on the reflection of x-rays. 

Due to the thermal vibrations of the molecules, there should exist 

some spread in the reflected beam of x-rays. 

3 



CHAPTER II 

THEORY 

Theory of the Two Crystal Spectrometer 

Since a two crystal spectrometer was used in this investigation, 

it is necessary to derive the equations needed to interpret the re

sults. The two major factors in the determination of the resolving 

power of a two crystal spectrometer arethe geometrical effect and 

the physical effect. 

The geometrical effects of the resolving power of a two crystal 

spectrometer are determined by the alignment of the two crystals in 

relation to each other and to the x-ray beam. 

We assume a geometrical picture of the two identical crystals 

as shown in Figure 1. In this figure AB and CD are traces on the 

x-y, or horizontal, plane of two perfect crystals. The angle S is 

the dihedral angle between the two crystals. The vector r is a 

unit vector in the direction of the incoming beam to the first crys

tal. The vectors n
1 

and n
2 

are unit normals to the first and second 

crystals, respectively. The angle e
1 

is the angle between the x-axis 

and the first crystal. The angle e2 is the angle between EF and the 

second crystal. The angle w is the angle between the x-axis and the 

horizontal projection of r. The angle £ is the angle between EF 

and the horizontal projection of R. We will call ~ the angle be

tween the incoming x-ray beam and its horizontal projection. This 

angle is also a measurement of the vertical divergence of the beam. 

4 
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A 

D 

X 

Figure 1. Variables used in analyzing the effects of 

vertical and horizontal divergence of the 

x-ray beam and imperfect crystal alignment. 



The angle o1 and o2 are the angles between n
1 

and n
2 

respectively 

and their horizontal projections. 

If we first consider the Bragg law in terms of the geometry 

of the first crystal, 

r • n1 = -sin e = -p A/2d 
1 1 

where p1 is the order of the first crystal reflection and d is the 

lattice spacing of the crystal. Also we will notice some other 

geometrical features of the system, 

r • n = -R 
1 

• n 
1 

and 

Also for the second crystal to reflect at order p2 , 

6 

(1) 

(2) 

(3) 

(4) 

If we then take the cross product of n1 and equation (3), and using 

the triple product identity, 

Ax (B x C) = (A • C)B - (A • B)C (S) 



we will obtain 

Now if we take the dot product of equation (6) and n
2 

and using 

equation (4), we get 

• n 
1 

These are the geometrical conditions required for a reflection to 

(6) 

(7) 

occur at both crystals. However, without expressing these equations 

in component form, much algebraic manipulation and certain approxi-

mations, these equations are quite useless. These needed approxi-

18 
mations and manipulations have been done by Merril and DuMond. 

The equations obtained for the dihedral angles are 

for the case of the anti-parallel position of the two crystals, 

and 

(8) 

(9) 

7 
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for the parallel position of the two crystals. 

As the spectrometer is aligned, the 6 angles are set so as to 

be nearly zero. When this is accomplished equations (8) and (9) 

become simply 

el = 28 + ~ 2 tan e (10) 

for the (1,1) position and 

(11) 

for the (1,-1) position. 

These equations show that with perfect alignment of the crystal 

there is still an effect due to the vertical divergence of the beam 

in equation (10). The effect of this term is to broaden and displace 

the profile of the anti-parallel position. R. L. Shacklett19 

derived the necessary integrals and evaluated them to analyze the 

effect of this term. He indicates that the line will be displaced 

by an amount given by 

oe = -(~2 /12) tan e v m 

where ~ is the maximum vertical divergence of the beam and oe is v 

(12) 

the angular displacement of the line. From this equation it is noticed 



9 

that a maximum vertical divergence of a few minutes of arc will yield 

a line broadening of the order of one half of one percent. Thus if 

the vertical divergence of the beam is limited to very small angles, 

this term may also be neglected. 

It should also be noted at this point that in the parallel posi-

tion of the two crystals, the divergence of the beam makes no difference 

in the width of the line. From equations (8) and (9), it can be seen 

that the minimum width of the (1,1) position occurs when 

o - o - 4o2 
1 2 1 

. 2e 0 s1n = (13) 

and for the (1,-1) position occurs when 

(14) 

This is assumed that the x-ray beam is aligned in such a way that 

the intensity distribution is symmetric about ~ = 0. 

As was seen in the previous section, proper alignment of the 

spectrometer with minimum vertical divergence of the beam will 

minimize the line broadening due to the geometry of the system. 

However, there are also factors contributing to line broadening 

which are not geometrical and cannot be minimized by alignment. 

These physical effects are due to the nature of the crystal itself 

and the radiation having finite frequency spread. 



10 

The mosaic structure in crystals was first proposed by Darwin. 20 

He said that imperfections in crystals could take on two forms; 

warping or cracking: either the atoms were arranged in layers that 

were not quite plane, or the atoms congregated in blocks that are 

not fitted together, each block being a perfect crystal. Zachariason21 

gives the definition of a real crystal as "an aggregate of perfect 

crystal domains in imperfect alignment." Schwarzchild22 used the 

same model with the assumption that the orientation will obey a 

Gaussian distribution law. 

Using these assumptions it is concluded that the spectral measure-

ments obtained are a direct result of the particular crystals used. 

The shape of the x-ray line as measured from a pair or real crystals 

may vary tremendously for different sets of crystals. The portion 

of the curve below the half maximum point will follow the Darwin 

curve (see Appendix II) and the upper portion is a direct result of 

the crystal used and approximately follows either a Lorentzian or 

23 Gaussian shape. 

The Two Crystal Spectrometer in the Parallel Position 

The two crystal spectrometer when operated in the parallel or 

non-dispersive position provides a very good means for examining 

24 25 
mos~ic structure of crystal~. ' The actual ali~nment of the 

instrument will be dealt with in practice in a later chapter. In 

26-29 . several analyses the theoret1cal aspects of the divergence 

of the beam and its effect on the width of thepeak are given by 



11 

w = 0~ /cos e g m (15) 

where ~m is the vertical divergence of the primary beam,e is the 

Bragg angle, and w is the half width at half maximum. g 

If we assume w to be accompanied by physical broadening, g 

several theories predict the total half width due to all factors 

may be defined as 

w2 = w 2 + w 2 
g p 

(16) 

by representing the curve by exp(-ax2). In an explanation by 

Kitaigorodskii,
30 

the above equation is equivalent to the intensity 

distribution 

However, this intensity distribution is only applicable when the 

detector rotates with the same angular rate as the second crystal. 

The intensity of the reflected beam, if it deviates from the hori-

zontal by an angle ~, will be 

I(~,S) 

2 
=I (~) e-ln2[(S-6)/(wp)] 

0 
(18) 

where I (~) is the intensity distribution of the primary beam in the 
0 
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vertical direction. The divergence in the horizontal direction 

does not affect the width. 31 , 32 
If we integrate the previous equa-

tion we get for the reflection curve 

~max 2 
I(S) = f I (~) e-ln2[(S-6)/(wp)] d~ 

0 
-~max 

(19) 

33 According to Lainer, et al. if the beam is collimated either much 

larger or much smaller than the focal size, I = constant and equals 
0 

to I (~ - ~) if there are two stops equal in height. In the case of o m 

two stops we get for the intensity distribution 

~max 2 
I(S) =I J I I e-ln2[(S-6)/(wp)] d,J, o (~max - ~ ) o/ 

-~max 
(20) 

This integral may be approximated and has been done by Lainer 

34 et al. • They showed that the actual geometric broadening in the 

case of the parallel position of two crystals will give only about 

a 10% contribution. 

Thermal Diffuse Scattering 

In the usual treatment of the reflection of x-rays the lattice 

points are 'assumed to be stationary. However, it is well known 

that the lattice points of a real crystal are being displaced irregu-

larly by thermal vibrations. The effect of these thermal vibrations 

35 on the scattering of x-rays has been treated primarily by Debye, 

36 37 38 39 
Waller, Faxen, Laval, and James. 



40 
R. W. James has shown the most complete theoretical develop-

ment of the diffuse scattering. However, a more modern, yet less 

complete, version is given in a book by B. E. Warren. 41 These two 

42 references use the Born-von Karman theory of elastic vibrations 

to define the effect that the thermal motion has on the intensity 

of the x-ray reflection. The intensity of the reflection from a 

13 

lattice in thermal motion can be expressed as the sum of three terms. 

These are 

where I is a function of the wavelength A and S only. S is defined 

as the difference between the incident beam unit vector and the re-

fleeted beam unit vector. f is the atomic scattering factor. 
0 

I (S/A) is the reflected intensity of a beam scattered from lattice 
0 

point that are fixed in position. I
1

(S/A) and I
2

(S/A) are the first 

and second order diffuse scattering intensities. -2M The factor e 

is the familiar Debye-Waller factor. This equation is approximated 

by neglecting the third order and greater diffuse scattering inten-

sities. 

It is seen in this equation that the intensity is decreased by 

the Debye-Waller factor which is a function of temperature. However, 

it is also known that the sharpness of the lines is not affected by 

a change in temperature. The first and second order diffuse scattering 
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intensities show maxima in the directions corresponding to the 

Bragg angle. This scattering will be increased with increasing 

temperature and will go to zero as the temperature approaches 

absolute zero. This diffuse cloud will show a maximum at the same 

place as the Bragg maxima. The intensity of this scattering falls 

off as a function of the inverse of the angular deviation from the 

Bragg interference maximum. A diagram of the sharp interference 

maximum and the diffuse scattering are shown in Figure 2. 

The Borrmann Effect 

The diffraction geometry shown in Figure 3 is known as the 

symmetrical Laue case. A very thin, highly imperfect crystal, whose 

reflecting planes are parallel to the normal of the crystal, are 

radiated with a highly monochromatic beam. The experimental obser-

vations of the reflected and transmitted intensities are shown in 

Figure 3. A slight decrease in the transmitted intensity is: noticed 

exactly at the Bragg angle. This is what one might expect from simple 

reasoning. 

In another case where the thickness of the same type of crystal 

is large, ~t = 20, all transmitted and reflected effects should be 

cancelled because of the absorption factor. However, the observed 

effect in this case is shown in Figure 4. This effect is known as 

the Borrmann effect or the anomalous transmission effect. It was first 

43 44 
observed by Borrmann and interpreted by von Laue. It is also 

found that the two beams emerge from the same point, directly opposite 
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' 

Figure 2. Showing the sharp interference maximum 

and the diffuse scattering. 



(A) 

e 
( 8) 

T 

'2! 

Figure 3. (A) The experimental setup for observation of 

the symmetrical Laue case. (B) The observation 

of the symmetrical Laue case. 

16 
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(A) 

I 

e 
(B) 

Figure 4. (A) The experimental setup for the observation 

of the Borrmann effect. (B) The observation of 

the Borrmann effect. 
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the point of entry on the opposite side of the crystal. This result 

is also shown in Figure 4. In the Borrmann effect, the emerging beams 

are both highly polarized, highly monochromatic, and highly parallel.
45 



CHAPTER III 

THE LOW TEMPERATURE INSTRUMENT 

Precision measurements of x-ray wavelengths, linewidths, 

line shapes, and crystal structure by a two crystal spectrometer 

where the crystals are kept at low temperature has not been reported 

to date. This is primarily due to the difficulty in the design of 

the instrument. The spectrometer needs to be operable by the same 

methods at all temperatures investigated. In the case of this spec

trometer, the system needs to be operable from 78°K to room tempera

ture. 

In the design of this specific instrument several important 

factors need to be considered. The crystal holder must support 

the crystal with negligible tension or compression on the crystal; 

otherwise it would tend to cause severe distortion of the crystal 

planes. The crystal holder must also serve as the conductor by 

which the crystal is cooled. The crystal must not be submerged in 

the liquid nitrogen because of the scattering of x-rays by liquid 

nitrogen. 

External portions of the low temperature chamber are also im

portant design considerations. The low temperature of the inner 

chamber and the high temperature and humidity of the room require 

the use of double windows with some sort of insulation between them. 

A method of measuring the amount of liquid nitrogen is also a con

sideration. 

19 



The Crystal Holder 

The crystal holder, shown in Figure 5, was constructed entirely 

from copper. Since copper has a high thermal conductivity (k = 4.83 

watts/em-Kat 100 K),
46 

the inner· chamber and crystal holder are 

able to reach the temperature of liquid nitrogen quickly. A solid 

copper cylinder (A) was silver-soldered concentrically to a larger 

diameter, thin copper plate (B) to form a pedestal. A small groove 

(C) was cut across the center line of the top of the pedestal. A 

0.25 inch copper rod (D) was silver-soldered into this groove. 

The crystal holder (E) was constructed from 1 inch O.D. copper. 

The bottom part of this piece had a groove (F) matching the one on 

the pedestal portion. The crystal holder is thus allowed to tilt 

on the axis of the rod (D). This produces the major flaw with this 

20 

design. The tilt axis of the crystal holder should lie on reflecting 

plane of the crystal. In this design the axis lies a finite distance 

below the crystal; therefore translational adjustments in the crys-

tal holder must be made until the tilt of the crystal is nearly cor-

rect. A l-inch I.D. copper tube (G) was soldered to the crystal 

holder. This provided for a method of conducting the heat out of 

the crystal holder into the liquid nitrogen. 

The actual tilt adjustment was a spring-loaded lever. A hole 

was drilled in both the pedestal and the crystal holder. The hole 

in the pedestal was threaded to match the threads on a steel rod (H). 

A washer was anchored on the rod just above the threads to provide 

the pushing action on the lever. A steel spring (J) was anchored to 
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Figure 5. The crystal holder (top and front views). 



each portion of the crystal holder to eliminate as much backlash 

in the tilt adjustment as possible. 

The Cryostat 

The requirements in the design of the cryostat were to provide 

an inner chamber to contain the crystal and to keep the crystal at 

22 

the temperature of liquid nitrogen. There are actually four different 

parts of the cryostat, the inner chamber, the outer chamber, the insu

lation layer, and the lid (see Figure 6). 

The inner chamber (D) consisted of the crystal holder and a 

cylinder surrounding it. Since it was stated before that the inner 

chamber should be constructed of a metal of high thermal conductivity, 

this inner chamber was also made from copper. The cylinder was silver

soldered to the bottom of the crystal holder (G) to allow it to hold 

a quantity of liquid nitrogen without leaking. Two windows (B) 

3/8 inch high were also cut in the cylinder. These windows were cut 

so that the bottom of each window was at the same height as the top 

of the crystal holder. The windows were made to allow either a 

direct x-ray beam or any angle of reflected beam up to approximately 

45°. 

The outer chamber (A) as stated before needed to be made from a 

metal of low thermal conductivity. In this case, it was made from 

stainless steel. The major purpose of this outer layer was for in

sulation purposes. The stainless steel cylinder was attached so 

that it was concentric to a larger diameter circular brass base (E). 
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Figure 6. A cross~sectional view of the cryostat with the lid 

partially removed. 
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The base had three holes (F) near the outer edge 60° apart drilled 

to match holes in the rotating plate connected to the axis of the 

spectrometer. However, these holes were made somewhat larger than 

those tapped in the bottom plate to allow for an adjustment in aligning 

the entire chamber apparatus so that all parts of the chambers are 

concentric. Windows of the same size were cut in the stainless steel. 

The insulation layer (C) was the layer between the inner and 

outer chambers. There was approximately 1/2 inch between these two 

chambers. One of the best and most readily available materials for 

this was found to be type of packing polyurethane foam. This material 

was quite flexible at room temperature and maintained the consistency 

of ordinary styrofoam at liquid nitrogen temperature. However, since 

this material is a very strong central scatterer, the foam had to be 

removed from the window area. 

The lid of the chamber (H) was used to provide an insulation 

layer on the top and also an access to the chamber. The lid was made 

of brass. A brass solid cylinder with an outside diameter the same 

as the inside diameter of the inner chamber was hollowed out to be 

similar to a small cup. A circular brass piece with a diameter some

what larger than that of the outer chanber was made. Grooves were 

cut in this larger piece at diameters of the inner and outer chambers 

so this piece would fit tightly on top of the chambers. The cup was 

silver-soldered concentrically to the larger piece. Several holes were 

drilled in this piece. First, a hole was drilled for a length of 

standard 1/2 inch diameter copper tubing (M) to be silver-soldered 



to the lid. This copper tubing provided a filling tube for pouring 

of liquid nitrogen. Next, a piece of 1/4 inch copper tubing (J) 

was attached to the larger tubing at a point 1/2 inch above the top 

of the lid and allowed to connect to an opening in the lid. This 

opening 1/4 inch in diameter went through the rim of the cup to the 

bottom of the inner chamber without an opening into the cup itself. 

Two more 1/4 inch holes were drilled through the rim of the cup 

to provide places for the tilt adjustment rod (L) and electrical 

connections (K) to exit the chamber. These holes also provided 

a means by which the nitrogen gas boiling off could escape the cham

ber. 
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This method is inefficient because heat is transferred into the 

cryostat through the insulation. However, nitrogen gas will be con

tinually boiling off, and thus providing a circulation of the cold 

gas within the chamber. This eliminated the problem of frost accumu

lating on the crystal and allowed only nitrogen gas in the chamber. 

The Window System 

It was already mentioned that the insulating foam itself would 

not be suitable for a window. It was found that many thicknesses 

of ordinary saran would not effect the experiment appreciably. Each 

window was constructed from two thicknesses of saran with a temperature 

controlled, dry nitrogen atmosphere between them. 

Since the two windows were cut in the chamber, it was necessary 

to attach the saran to each of these windows. However, the problem 
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of injecting nitrogen gas into the space between the saran necessi

tated the use of an outer window housing. This housing was made from 

a soft plastic material that was easily. machined. This piece was 

made to slide snugly around the entire outer chamber. Windows were 

cut to match the windows in the chamber. The outer piece of saran 

was attached to this plastic. The inner piece of saran was attached 

to the copper inner cylinder. 

Two 1/4 inch holes were drilled in each side of every window. 

These holes were used as the entry and exit of nitrogen gas for each 

window. Lengths of flexible plastic tubing were fit into each of the 

holes so that each of the four windows was connected in series. The 

ends of this tubing were attached to a closed blower housing. A 

schematic of this arrangement is shown in Figure 7. 

Inside the blower housing (F) was mounted a low output blower (E) 

and a small heater (G). The blower, Ripley model number UK-2000, 

was a 10 cubic feet per minute squirrel-cage type blower. The 

circular output aperture was mounted on the inside of the housing 

so as to force all gas into one of the ends of the plastic tubing. 

The other end of the tubing was allowed to open into the open portion 

of the housing. This arrangement allowed for the continuous circu

lation of nitrogen through the windows (A). The small heater was 

a 50 watt small heater used to regulate the temperature of the gas. 

It was found that a system of valves was needed to add nitrogen 

to the system and to regulate the flow. The three valves were used 

for nitrogen inlet (B), nitrogen exit (C), and flow regulation (D). 
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Figure 7. A schematic diagram of the nitrogen circulation system. 



The heater mentioned above was used to keep the temperature in 

the windows between about 10° and 25°C. This was accomplished with 

the heater control circuit (H). The heater control circuit47 is 

shown in Figure 8. A small glass bead thermistor (J) was placed 
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in the last window in the gas circulation series. As this thermistor 

reached a temperature preset by the adjustment of the biasing variable 

resistor R1 , the transistor amplifier circuit fired the silicon con

trolled rectifier SCR
1

• This allowed the heater to be turned on. 

Since the thermistor was placed at the last window the heater would 

not shut off until the heated gas reached the thermistor. This 

method allowed for an approximately constant temperature in the win

dows. Since the temperature was kept above the freezing point.of 

water the problem of ice formation on the outside window was elimi

nated. 

The Nitrogen Level Indicator 

Since the chamber was completely closed during operation of 

the instrument, it was necessary to have a level indicator (see 

Figure 9) for the liquid within the chamber (A). This was accom

plished with the use of ordinary carbon composition resistors (D). 

Each resistor was encased in a thin section of copper tubing. This 

allowed for the immediate cooling of the resistor upon contact with 

the liquid nitrogen. The resistors were anchored in the inner chamber 

so as to be insulated from the inner chamber. The two resistors in 

each chamber were placed at levels just below the top of the crystal 



120 VAC 

6.8 Kn 

10 MF ~.___ 

475 

1N3254 

1.2 Kn 
thermistor 

2N404 

50 watt heater 
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s.1 Kn 
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Figure 8. Temperature control heater circuit. 
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holder (B) and about 1 em from the bottom of the chamber. Each 

resistor was connected to one leg of a Wheatstone Bridge circuit. 

With a fine adjustment of the variable resistor on the opposite 

leg of the bridge, it was possible to record any unbalance in the 

bridge on the galvanometers (C). 

48 According to Chari's data, estimation of the approximate 

change in resistance with temperature was determined. It was 

noticed that a carbon resistor will increase in resistance by about 

50% at liquid nitrogen temperatures. As a carbon resistor approaches 

the surface of liquid nitrogen, the resistance would change gradually 

until it touched the liquid. The resistance would then increase by 

a great amount. This allowed for the monitoring of the nitrogen 

level when it approached the bottom of the crystal and also when the 

level neared empty. As the level of liquid neared the top resistor, 

the galvanometer (G) would show a gradual decrease in negative cur-

rent. When the liquid touched the resistor, the galvanometer would 

show a large, immediate change to positive current. The lower re-

sistor circuit was adjusted to read zero current when the resistor 

was submerged in the nitrogen. As the level became lower than this 

resistor, the galvanometer would show a~ change in current after a 

delay of approximately 10 seconds. 



CHAPTER IV 

PRESENTATION OF DATA 

In this analysis the spectrometer was set in the non-disper-

sive position. A diagram of the arrangement is shown in Figure 10. 

With a finite width of the vertical slits, s
1 

and s
4

, the source 

beam would diverge by some finite angle to the first crystal c
1

. 

Since the beam from the source contains all of its characteristic 

energies, most of these frequencies will be Bragg reflected from 

the crystal. Also this beam of x-rays will be reflected from the 

second crystal, c2 , because it is parallel to the first crystal. 

The resulting beam that reaches the detector will be a series of 

lines corresponding to the characteristic energies of the source. 

The Instrument Alignment 

The alignment of the spectrometer was discussed in detail by 

49 50 51 
Welch, Shah, and Schnopper. Alignment of this spectrometer 

was made using the same method they describe. 

The axes of rotation of both crystal holders were made parallel 

to within thirty seconds of arc, fifteen seconds on each side of 

parallel, with the use of a spirit level (Tamaya and Co., No. 1281). 

After alignment of the axes, the crystal holders were adjusted so 

that the crystal reflective surface were contained in the axis of 

rotation of the spectrometer. This was done by placing a stationary 

scribe above the crystal holder. A low power microscope was used 

to improve the resolution of the sighting. With adjustment of the 
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position of the scribe and the position of crystal holder with respect 

to the axis of rotation, the crystal reflective surface was contained 

in the axis of rotation of the crystal. 

The next step in the alignment of the spectrometer was to align 

the beam with respect to the spectrometer. The beam must be parallel 

to the plane of dispersion, that is, the plane normal to the axis of 

rotation of the crystal. Two vertical beam limiting slits and two 

horizontal beam limiting slits were placed at the x-ray source. The 

vertical slits were 2.5 rom wide. The horizontal slits were 1 mm wide. 

A 1 rom horizontal slit was placed at the detector. The slits were 

adjusted until maximum intensity was observed at the detector. This 

procedure insured that the beam lay in the plane of dispersion. 

This alignment also insured another condition required in the beam 

alignment, that is, that the beam was symmetric about ¢ = 0 where 

¢ is defined in Chapter II. 

The last condition in the alignment procedure that must be 

satisfied is the condition for the intersection of the beam with 

the axes of rotation of the crystal. The crystal was placed in the 

first crystal holder. With a nickel filter over the beam source, 

the direct beam intensity was noted. The first crystal was trans

lated until the detection unit showed approximately half of the 

unobstructed beam intensity. The crystal was rotated exactly 180°. 

The intensity should be exactly the same. This alignment was con

tinued until rotation of the crystal by 180° yielded the same in

tensity. When this was done, the first crystal rotating axis of 



intersected the central portion of the beam. 

The first crystal was then turned to the Bragg angle. With the 

detector slit at the height of the central portion of the beam, the 

tilt adjustment of the crystal was made until maximum intensity and 

minimum width of the reflected beam was observed. All the alignment 

conditions of the first crystal were satisfied. 
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The second crystal was aligned in much the same way. The crys

tal was brought into the beam until half the intensity was observed. 

The crystal was set to the Bragg angle in the non-dispersive position. 

The tilt adjustment was made until the minimum width and maximum 

intensity was observed. This completed the alignment of the two 

crystal spectrometer in the non-dispersive position. 

A summary of the effects of the tilt adjustment on the width, 

the intensity, and the asymmetry index of the Ka1 peak where the 

spectrometer was set in the dispersive position is shown in Table 1 

and Figures 11, 12, and 13. 

Specific Operating Procedure 

This instrument was designed for use both at room temperature 

and at liquid nitrogen temperature. This section will attempt to 

show the operation of both portions of the experiment. 

Even though data were taken for relatively short periods of 

time in this case, all equipment was activated several hours before 

compiling data. The high voltage unit for the x-ray unit and the 

high voltage unit for the detector bias were turned on. Also, 
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Table 1. Summary of the effects of the tilt adjustment on the width, 

the peak intensity, and the asymmetry index* of the Ka1 

peak of the (1,1) rocking curve of copper for quartz (1010). 

Deviation from Width Peak Intensity Asymmetry 
Zero Tilt (sec of arc) (counts/second) Index 

-2°15' 80 410 2.1 

-20 73 460 1.9 

-1°45' 61 520 1.7 

-1°30' 59 580 1.6 

-1°15' 57 630 1.6 

-10 51 700 1.2 

-0°45' 42 780 1.1 

-0°30' 34 850 1.1 

-0°15' 28 890 1.1 

oo 28 900 1.0 

0°15' 33 870 1.0 

0°30' 36 850 0.9 

0°45' 39 790 0.9 

10 40 740 0.9 

1°15' 45 690 0.9 

1°30' 55 620 0.9 

1°45' 73 550 0.8 

(half width of peak on short wavelength side) 
* Asymmetry Index = long wavelength side) (half width of peak on 
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Figure 11. A graph of the effect of the tilt of the crystal 

on the width* of the peak. 

* The width was measured in units on the chart record paper 
where one unit equals 8.61 seconds of arc. 
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nitrogen gas was allowed to circulate throughout the window system 

in an attempt to force all air from the system. 
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After an elapsed time the nitrogen circulation system was changed 

to its operation stage. The incoming gas pressure was reduced. The 

outgoing valve was closed. The blower was turned on. The heater 

circuit was activated. The nitrogen level gauge voltage was turned 

on, and each circuit was activated. The variable resistor was ad

justed until deflection was full scale on the negative current side 

of the galvanometer. 

Liquid nitrogen was then poured into the entry tubes on each 

crystal holder. The nitrogen was poured slowly at first to allow 

for relatively slow cooling of the crystal and for air to be forced 

from the inner chamber. When the level gauge indicator for the 

lowest level showed a slow increase, nitrogen was poured more rapidly. 

Both gauges would react to the gradual cooling of the entire appara

tus up to a point. However, a sudden increase was noted as soon as 

liquid nitrogen actually came into contact with the level gauge re

sistor. As the gauges indicated that liquid nitrogen had reached 

the level of the upper resistor, the x-ray unit was turned on. The 

peak was located and the variation of temperature was noted by the 

continuous movement of the peak position. As the nitrogen reached 

the upper level the peak would move toward a smaller angle. As the 

nitrogen boiled away, the peak would shift toward a larger angle. 

After a time the temperature would stabilize for a period of time 

until the liquid had completely boiled from the inner chamber. At 
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this point the alignment was checked and found still to be at max-

imum intensity and minimum width. It was also assumed that the 

temperature of the crystal had reached the approximate temperature 

of the liquid nitrogen because of the stabilizing of the peak posi-

tion. 

Experimental Results 

In the theoretical treatment of the non-dispersive position of 

a two crystal spectrometer by Darwin52 the width of the rocking 

curve will be independent of the temperature. It also is stated 

53 earlier that according to Debye that the reflection intensity 

of a crystal will increase as the temperature decreases. Also, 

the thermal diffuse scattering should decrease slightly at low 

temperature. These theories were being investigated by this exper-

iment. 

Copper x-rays were used for this experiment because of the sym-

metry of the linewidth. Copper Ka x-rays have a characteristic 

energy of approximately 8 Kev. The window on the single channel 

analyzer for the detector was set at this value of energy. The high 

voltage detector bias unit and the gain on the amplifier were cali-

brated to give maximum intensity. In this way it was possible to 

accept only photons of the characteristic energy of the copper x-rays. 

The crystals used were quartz crystal cut on the 1010 plane. 

These crystals had been used repeatedly in other spectral measure-

ments and were found to be of very high quality. Data taken by 

other investigators for the non-dispersive position of these two 



crystals were measured somewhat greater than those obtained in this 

investigation. The narrowest (1,-1) rocking curve width measured 
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to date on these crystals was 5.2 seconds of arc. 54 A minimum width 

of the (1,-1) rocking curve obtained on this apparatus was 3.9 ± 0.75 

seconds of arc. This result showed that the alignment procedure had 

produced a nearly perfect alignment at both temperatures (Figs. 14 

and ls). 

Data were taken for the rocking curve by rotating a micrometer 

by .0005 inches per data point. With the use of a Nikon Autocol

limator it was found that a change in the micrometer of 0.03 inches 

produced a rotation of 62 seconds of arc on the crystal holder. 

Therefore the movement of the micrometer by 0.0005 inches produced 

a rotation of 1.033 seconds of arc. Rotation of the second crystal 

was made at approximately 1 second intervals. The crystal was ro

tated toward the shorter wavelength end. Since the intensity of 

the non-dispersive position was so great, the total number of counts 

was taken for ten seconds for each data point. The count rate was 

high enough to provide good statistical data. With several complete 

alignments of the spectrometer, the width of the (1,-1) rocking curve 

ranged from 3.9 seconds of arc to 5.2 seconds of arc, all of which 

are smaller widths than had been obtained at any time with these two 

crystals. 

The rocking curve data was taken for the best alignment pos

sible at room temperature. The crystal was cooled to liquid nitrogen 
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Figure 14. Graph of the intensity profile of the (1,-1) 

position for quartz (1010) for best alignment 

at room temperature. 
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temperature. The rocking curve was again taken. Results of these 

data are plotted in Figure 16. It is pointed out at this time the 

importance of the intensity difference between the curves. In the 

60 
Debye-Waller theory the intensity of the x-ray reflection should 

increase with a temperature decrease. This effect is observed in 

the reflection from one crystal. Since the Debye temperature of 
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quartz is well above room temperature, the intensity change is almost 

negligible at liquid nitrogen temperature. However, the intensity 

from the second crystal decreases appreciably at liquid nitrogen 

temperature. In this particular case the room temperature width 

(curve A) was 4.6 ± 1.0 seconds. The width of the low temperature 

curve (curve B) was 4.5 ± 1.0 seconds. The ratio of peak heights 

was approximately 21.8. 

Another set of data was taken to analyze the similarities 

between the two curves. The low temperature data points were mul-

tiplied by a constant to obtain a new set of data where the peak 

intensity of both curves were equal. The two sets of data points 

are plotted in Figure 17 and tabulated in Table 2. These two 

curves coincide within experimental error except in the tail portion. 

The tail portion of the low temperature curve is reduced signifi-

cantly. This observation shows the reduction of the thermal dif-

fuse scattering at liquid nitrogen temperature. 

Because of the significant intensity change at the two tempera-

tures, an attempt was made at obtaining a plot of the intensity 

change with temperature. The system was taken to liquid nitrogen 
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Table 2. Results of the (1,-1) rocking curve at room temperature 
and at liquid nitrogen temperature for quartz (1010). 

Room Temperature Liquid Nitrogen Temperature 

Deviation Intensity Deviation Intensity Corrected 
from Peak (counts/10 sec) from Peak Intensity* 

(sec of arc) (sec of arc) (counts/10 sec) 

-10 564 + 30 -9.7 61 ± 8 108 + 11 

-9 720 + 34 -8.7 190 ± 16 365 ± 23 

-8 838 ± 37 -7.7 520 ± 28 941 + 40 

-7 1045 ± 43 -6.7 731 ± 34 1358 ± 51 

-6 1386 + 51 -5.7 851 + 38 1538 ± 55 

-5 1949 + 64 -4.7 1550 + 55 2929 ± 84 

-4 3627 + 97 -3.7 3329 + 92 6023 + 39 

-3 7851 + 169 -2.7 4443 + 112 8031 ± 172 

-2 11673 + 227 -1.7 6808 + 152 12319 + 237 

-1 14253 ± 265 -0.7 8368 + 177 15140 + 277 

0 16280 + 294 0.3 8775 + 183 15860 + 288 

1 14739 + 272 1.3 7920 ± 170 14326 ± 266 

2 10955 + 216 2.3 4400 + 111 7959 + 170 

3 5056 ± .123 3.3 1680 ± 58 3039 + 86 

4 2431 ± 74 4.3 803 ± 37 1447 + 53 

5 2197 + 69 5.3 324 ± 21 579 + 30 

6 1578 + 56 6.3 152 ± 14 242 ± 18 

7 1216 ± 47 7.3 41 ± 7 74 + 9 

8 1125 ± 45 8.3 40 ± 7 72 ± 9 

9 841 + 38 9.3 45 + 7 81 ± 10 

* Multiply intens~ty by a factor to make the two peaks equal in magnitude. 



temperature. A 1/12 rpm motor was attached to the micrometer for 

the second crystal rotation. The nitrogen inside the cryostat was 

allowed to boil completely away. The (1,-1) rocking curve was plot-

ted on a Heathkit Chart Recorder by allowing the motor to rotate 

the crystal through the Bragg peak. The peak values of these curves 

are plotted linearly against temperature. The results are shown in 

Figure 18. One must realize at this point that the temperature will 

not change at a linear rate. It is probably close to linear at first; 

but as the crystal approaches room temperature, the heat exhange 

will decrease. Therefore the only temperatures indicated on the plot 

are the temperature of liquid nitrogen and room temperature. 

Statistical Treatment of the Data 

The two major sources of error in the data collection of this 

investigation were in the uncertainty of the angle measurement and 

the statistical uncertainty in the count rate. When random events 

are occurring for a short time interval, the total number of events 

will vary statistically. Also, with the hand movement of the micro-

meter error will occur in the position of the micrometer setting. 

For a total number N events, the standard deviation of the 

counts is given by 

In the case of this investigation, all data were collected by counting 
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the total number of counts for a period of 10 seconds. In the half 

maximum portion of the curve the number of counts for the ten second 

period ranged from 2000 counts to 30,000 counts. This gives an error 

range from approximately 2 percent to 0.6 percent due only to the 

count rate. 

In the measurement of the angle of rotation of the crystal, 

error occurred in the placing of the micrometer position. Each ro

tation of the micrometer was by 1/2 of a small division. The error 

in measurement was thus assumed to be of the order of ±0.5 seconds 

of arc, that is, an error of one-half the distance moved on the 

micrometer. 

Also, a small error due to the fluctuations in the voltage and 

current in the x-ray unit would occur. The current regulation of 

the high voltage supply was 0.02 percent. The voltage regulation was 

1 percent. The error due to these factors when the x-ray unit was 

run at 40 kV and 1 rna was 1.02 percent of the count rate. 

For the error in the measurement of the full width at half max

imum, a combination of all of these errors was used. The total error 

in the count rate at half maximum was determined by adding the stan

dard deviation error and the error due to the voltage and current 

fluctuations at both full maximum and half maximum. The addition 

of the full maximum error to the half maximum error gave the total 

error in the measurement of the half maximum position. With this 

error one finds the error in the width measurement by using the plot

ted graph. This error added to the angle measurement error gives 
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the total appreciable error in the measurement of the widths in this 

investigation. 

52 



CHAPTER V 

DISCUSSION OF RESULTS 

The experiments described in this paper were to determine the 

effects of low temperature of the crystals on the reflection of x

rays from two crystals. Most of the earlier data on this subject 

either confirms the Debye-Waller temperature dependence or tests the 

effects of various stresses or pressures and low temperatures on 

x-ray diffraction photographs. 

The results obtained in this investigation do confirm several 

existing theories. The reflection of x-rays from one crystal shows 

the direct proof of the Debye-Waller intensity formula. As the 

temperature decreased, the intensity showed a slight increase. Only 

a slight increase was obtained because the Debye temperature of quartz 

is so far above room temperature that the exponential term becomes 

nearly linear. Another easily observed fact is the change in the 

lattice spacing at low temperature. There was a definite change in 

the Bragg angle at different temperatures. 

The instrument used in these investigations proved to be a good 

design for the type of experiment conducted. The alignment proved 

to be quite satisfactory. The alignment was among the best obtained 

in this type of investigation. The relatively short time needed to 

take a set of data at low temperature made the design of the instru

ment simple and inexpensive. 

The remaining portion of the data obtained in this investigation 

has not been obtained previously. The theory of thermal diffuse 
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scattering predicts the shape of the parallel position rocking curve 

as the sum of the sharp interference maximum and the broad diffuse 

peak. The low temperature results in this case show a small decrease 

in the diffuse peak in the tail portion of the curve. They also show 

that the width at half maximum of the curve is not a function of tem

perature within the experimental error of the experiment. 

54 

The results obtained in reference to the peak height as a function 

of temperature was not expected. According to the Debye theory, 

the peak intensity should increase as the temperature decreases. 

This effect, as stated earlier, is true for a single crystal reflec

tion. However, if the spectrometer is set for two crystals in the 

parallel position, the intensity decreases greatly as the temperature 

decreases. A check of a possible decrease rising from the increase 

in density of the cold nitrogen gas in the chambers yielded a null 

result. Another possible explanation for the decrease in peak in

tensity lies in the Borrmann effect. If the thermal vibrations of 

the lattice points decrease with temperature the lifetime of the x-ray 

state should increase. A vibrating molecule will tend to diverge the 

reflected beam without shifting the wavelength. This diverged ray 

will not be reflected again in .the crystal because the Bragg condi

tion is no longer satisfied. As the thermal motion decreases the 

thermal scattering will be less frequent, and the photons will have 

a greater probability of "walking" down the crystal planes parallel 

to the surface. These photons, for a large crystal, would eventually 

be absorbed, and thus, not detected. This explanation does not rule 



out the Debye theory; however, it does confirm it. The increase 

in the coefficient of reflection must accompany this explanation. 
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CHAPTER VI 

SUGGESTIONS FOR FURTHER STUDY 

Now that such surprising results have been obtained by using 

a two crystal spectrometer where the crystals are kept at low 

temperature, many more studies should be made. A low temperature 

two crystal spectrometer should be constructed with a vacuum insu

lation layer and a liquid nitrogen insulation layer to provide 

studies at liquid helium temperature. Constant level filling valves 

should be used to keep the liquid level constant at all times. 

This would provide for the study of the changes in the observed 

spectra at low temperatures of the crystals. The mounting of a 

thermocouple into the crystal should give a more accurate study of 

the temperature dependence of the peak intensity and give us a 

better idea as to what is actually happening. 

By taking the reflection on the surface of the second crystal 

near the edge, where the edge is an etched surface should give an 

indication or proof of the Borrmann effect. Also, by observing 

different orders of reflection, especially close to 90°, one should 

observe a smaller decrease in the intensity as the temperature de-

creases. 
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APPENDIX I 

A CLASSICAL ESTIMATE OF X-RAY LINE WIDTH 

' 55 Using Maxwells electrodynamics, J. J. Thompson and A. H. 

Lorentz
56 

showed using classical electron theory that an electron 

in accelerated motion should radiate energy in the form of a trans-

verse electromagnetic wave. If an electron e is accelerated with 

an acceleration a in the x-direction, a electromagnetic wave will 

be propagated in all directions with velocity c. (Figure 19) 

This wave will reach a point P(r,~) after a time r/c. The 

electric field lies in the plane POX and the magnetic field is 

normal to POX. The magnitudes of E and H are given by 

E = H = ae 
2 rc 

sin e (Al) 

if v/c << 1 where v is the velocity of the electron. E is in elec-

trostatic units and B is in electromagnetic units. 

The rate at which energy flows past a point P is calculated 

by knowing that the energy per unit volume of the electromagnetic 

field is given by 

(A2) 

or in this case when E = H 

• 
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Figure 19. The electromagnetic field at a point P due 

to a point charge being accelerated in the x 

direction from 0. 
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• 

However, the field is propagated with velocity c, so the energy 

per second across a unit area taken perpendicular to the direction 

of propagation is given by 

E2 
I= c-

4n 

where I is the intensity of the radiation at one instant. 

If this intensity is integrated over a sphere surrounding the 

electron, we will find the rate at which the electron loses energy 

dw 1T 

p = -= J I(2nr sin8)rd8 dt 
0 

2 2 2 a e 
= -

3c3 

If we now consider that the acceleration is the time derivative of 

the velocity and integrate this expression over a time interval, 

dw d - t 
tl dt 

The right side of the equation will integrate by parts. The first 

term of the integration by parts may be set to zero because we may 
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(A3) 

(A4) 

(AS) 

choose the acceleration to be zero at t
1 

and t 2 . We also notice by 

units analysis of the left side of equation that dw has the units 
dt 



power, or (force) x (velocity). Therefore, we will make that sub-

sitution and obtain 

F v dt 

Comparing the two sides of the equation we find a force which is 

called the electromagnetic damping force, Fd. 

If we now consider the unforced oscillations of the vibratory 

electron the restoring force is simply 

F 
r 

2 2 
= -mk c x • 

0 

(A6) 

(A7) 

(A8) 

Considering these two forces, we will use Newton's law of motion to 

solve for the displacement 

· d2v/dt
2 = x or, s~nce 

2 2 
-mw 2 + ~ d v = dv 

o x 3c3 dt2 m dt 

2 •• 2 2e ••• 
x=-wx+ 3x 3mc 

(A9) 

(AlO) 
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Since we know that the electron is a damped harmonic oscillator we 

will choose a solution of the form 

x = x exp(-bt) cos(w t-8) 
0 0 

where b is the damping factor. Since this equation is real we 

will write the complex form 

x = x exp(-bt) exp[i(w t-8)] 
0 0 

If we now substitute this solution into the equation of motion we 

get 

(iw -b)
2 = 

0 
-w 

0 

2 2e2 3 + 3 (iw -b) 
3mc 0 

(All) 

(Al2) 

(Al3) 

We will now drop all terms of second order or more of b and get the 

following value for b. 

2 2 
e w 

0 b = --~-
3mc3 

(Al4) 

We must now consider radiation scattered from this oscillator. 

If we consider an observer at some distance r from the oscillator 

and let ~ be the angle between the direction of motion of the electron 

and the_ line from the center of oscillation to the observer, the 

observer will measure an electric field E 
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E = 
a~ sin<P 

2 
rc 

(Al5) 

Since in our solution of the force equation we may obtain the value 

of the acceleration 

•• 
X = -1{ W 

0 0 

2 -bt iw0 t 
e e 

for b << w • This equation is correct when t is measured from the 
0 

electron's position. If we transform the time to that of the ob-

(Al6) 

server such that there is a time lag (t-r/c) since the electric field 

is propagated at the velocity of light. Using this value for the 

time we will get for the electric field 

2 . ,f.. 

E 
-exowo s~n~ -b[t-(r/c)] iw

0
[(t-(r/c)] 

= 
2 

e e 
rc 

If we consider the observer's position fixed we may simplify the 

preceding expression to be 

where E is a constant. 
0 

E = E 
0 

-bt 
e 

iw0 [t-(r/c)] 
e 

(Al7) 

(Al8) 

The length of time for the amplitude of the oscillations to de-

crease to 1/e of their initial value will be 1/b. During this time 

the wave front has traveled a distance of c/b. Therefore the number 



of waves in this part of the wave train is c/b. 

We will now deduce the shape and width of the spectrum line 

produced by such an oscillator. This wave train extends from zero 

to infinity. Therefore, we will use Fourier analysis to analyze 

the problem. A common form of the Fourier integral is as follows: 

F(t) 
00 00 

= l jdw J F(T) cos w(t-T) dT 
1T 

0 -00 

Again in this case we will use the complex form of the Fourier 

integral 

F(t) 
00 00 

= l f dw f F(T) 
1T 

iw(t-T)d e T 
0 -oo 

which simplifies to 

00 

F(t) = l J ¢(w)dw 
1T 

0 

where 

00 

J 
-iWT 

¢(w) = F(T) e dT 
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(Al9) 

(A20) 

(A21) 

(A22) 

We will assume that the disturbance starts at t = 0 and then takes 

on the value of E. Now we will calculate the value of ¢(w). 
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~(w) E { 1 } -iw0 (r/c) 
o i(w-w )+b e 0 0 

If we substitute this into the Fourier integral equation we get 

E oo iwt 
F(t) = 1To e-iwo(r/c) [ --:--e;....._-=-- dw 

6 i(w-w )+b 
·o 

(A23) 

(A24) 

The right side of this equation may be thought of as series of cosine 

waves with frequencies ranging from zero to infinity. These waves 

are represented by 

[ 1 ] ei[wt-w0 (r/c)] 
i(w-w )+b 

0 

(A25) 

To find the amplitude of these waves we need the value of the ampli-

tude to be entirely real. Therefore we will multiply numerator and 

denominator by [i(w-w ) + b] and use an identity for complex numbers 
0 

and obtain 

Since we know that the intensity is proportional to the square of 

the amplitude and the maximum intensity will come at w = w
0 

we may 

write 

I 
w 

I 
max 

1 
= -------

l+{(w-w )/b}
2 

0 

(A26) 

(A27) 



This is the classical expression for the shape of the spectrum line. 

1 By setting I /I equal to -
2 

we may deduce the half width at half 
w max 

maximum in frequency units (wv) and in wavelength units (wA). 

2 2 
21Te v 

0 
w = ----

v 3mc3 
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21re
2 

2 
3mc 

• (A28) 



APPENDIX II 

THE DARWIN TREATMENT FOR BRAGG REFLECTION 

Consider the case of a reflection from a single layer of atoms. 

This is shown diagrammatically in Figure 20. The path length SO + OP 

is taken to be the minimum path length. The plane of atoms lies in 

the X-Y plane. We will let E be the amplitude of the primary beam 
0 

at the origin. 

Us1. th" . 1 . . D . 57 b . d h . d f ng 1s s1mp e approx1mat1on arw1n o ta1ne t e 1n ex o 

refraction: 

n = 
2 N'2Z 

1 - (~) 1\ 

L. 2TI me 

where Z is the atomic number of the scattering atom and N is the 

number of atoms per unit volume. 

In the case where a highly polarized, monochromatic beam is 

(Al) 

incident on the surface of the crystal whose atomic planes are parallel 

to the surface, the ratio of the incident radiation to the reflected 

intensity is 

I(b) = I 
b-iS/6 

(D+iBl/6 1 2 

+ {(b-iS/6) 2 - [(D+iB)/6]
2

}
1

/
2 

for the electric vector of the incident radiation parallel to the 

reflecting planes. The variable b is given by 

b = (<j>-8) 
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sin 28 
26 

(A2) 

(A3) 



• 
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z 

S _______ R".f ..... __ _ p 

Figure 20. Representation of x-rays from a point source S 

falling on a single layer of atoms in the X-Y 

plane. The scattered radiation is at point P. 



where ~ is the angle as measured in the plane of the crystal, a is 

the Bragg angle, and 6 is the unit difference from the refractive 

index, i.e. 6 = 1 - n. The Bragg angle in this case is the corrected 

Bragg angle given by 

71 

sin (A4) 

where d is the lattice spacing of the crystal, n is the order of the 

reflection and A is the wavelength of the incident radiation. S is 

given by 

A 
S = (4n) ~b (AS) 

where ~b is the linear absorption coefficient of the crystal. The 

term 

D + iB = (o + iS) F/Z (A6) 

where Z is the number of electrons in a unit cell of the crystal 

and F is the atomic structure factor. By making the approximation 

of negligible absorption, equation (A2) reduces to 

I(b) (A7) 

Figure21 shows a plot of this equation for a calcite crystal radiated 
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-3 

Calcite 
0 

). = 0.707 A 

-2 

-5 

incorrected 
Bragg angle 

-1 

0 

Correcte 
Bragg 
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0 

5 

<P-6 (sec of arc) 

1.0 

ID(b) 

0.5 

Figure 21. The Darwin curve as calculated for a calcite 

crystal . 
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58 with MoKa
1 

x-rays. When the effects of absorption are included, 

there is a distinct change in the diffraction pattern, as shown in 

Figure 22. 



., 
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1.0 

no absorption 

0 

A = 0.707 A 

0 

A = 1.54 A 

0 

A = 2.29 A 

0.5 

-1 0 b 1 

Figure 22. Comparison of single crystal diffraction 

patterns with and without absorption. 
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