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CHAPTER I 

INTRODUCTION 

Researchers in the area of sequencing have for many years been 

striving to determine a satisfewtory solution to the general problem of 

sequencing n jobs through m machines, the objective being that of opti

mizing some well defined criterion. The problem, as defined in Progress 

In Operations Research [l], assiomes the following form: 

A number of situations exists in which certain facilities or 
machines are available. A number of commodities or jobs must be 
processed on some or all of these machines. As with other opera
tional problems, the goal is to optimize the use of the facilities 
to effectively process the commodities, effectiveness being mea
sured in terms of minimized cost, maximized profit, Tnlnlmum pro
cessing time, meeting due dates, etc., whichever is most appropri
ate. If it is assumed that the time required to perform the pro
cessing of a particular commodity at a specified machine is given, 
the question of optimizing becomes the question of ordering or 
sequencing the commodities at each facility. "Sequencing is used 
here to refer to the order in which units require service are ser
viced. " (Churchman, 1957, p. 450) 

Saslenl, Yaspan and Friedman [l2] divide the problems associated with 

sequencing into two broad groups. 

In the first group, we have n tasks to perform, each of which 
requires processing on some or all of m different machines. The 
effectiveness of any given sequence of the tasks at each machine 
can be measured, and we wish to select from the (nl) theoreticsLLly 
possible sequences: 



(a) those that are technologically feasible: 
i.e., those which satisfy the restrictions (if any) on the 
order in which each task must be processed through the m 
machines. 

(b) one (or several) of the technologicedly feasible sequences 
which optimize the effectiveness measure. 

In the second type of problem, we have a job shop with a number 
of machines and a list of tasks to perform. Each time a machine 
completes the task on which it is engaged we have to decide on the 
next task to be started. One of the characteristics of this situa
tion is that the list of tasks will change as fresh orders are 
received. 

In the broad sense the factor to optimize, in both groups of 

general interest, is company profits. In research accomplished to date, 

less general criteria have been considered. The most widely used criterion 

has been that of the minimization of total elapsed time, the latter being 

determined by a point in time at which the first job is begun on the first 

machine, and another at which the last job is finished by the last 

machine. Other possible criteria of the sequencing process, as given by 

Sis son CL4], are: 

1. Minimization of total tardiness 

2. Minimization of maximum tardiness 

3« Minimization of in-process inventory cost 

k. Maximization of machine utilization 

5. Minimization of the cost of tardiness* 

The particuleu: criterion selected as the problem for investigation in 

this thesis is the minimization of total, elapsed time. 



Purpose and Scope 

This research deals with a specific problem associated with the 

first group of those defined by Saslenl, et. al., given above. That to 

be investigated can be stated as follows: Given n jobs to be processed 

through m machines (m 2. 3), A,B,C, ,M, in the order ABC M, deter

mine a sequence (one or more) which will minimize totsil elapsed time. 

The problem, therefore, is to determine a sequence (l , 1 , , 1 ), 
.L CU 11 

which is a permutation of the Integers 1 through n, which will satisfy 

the optimal criterion for minimizing total elapsed time. 

The purpose of this research is to develop an algorithm which 

will yield an optimum sequence of n jobs through m machines when no passing 

is allowed. The restriction of no passing simply means that all jobs are 

processed through each of the m machines in the order ABC M, and that 

the problem of Interest has n.', rather than (ni) , feasible solutions. 

The algorithm is to be (i) developed from a mathematical analysis of 

accumulated idle time and (li) empirically verified by compajring solu

tions obtained with the algorithm, with that obtained by enumeration of 

all n.' feasible sequences. 

The assumptions made in the development of the mathematical model 

can be divided into three general groups: 

A. Assumptions made regarding machines: 

1. No machine may process more than one job at any given 

time and each job, once started, must be processed until 



completion. 

2. A known, finite time, is required to perform each opera

tion and the time Intervals for processing are indepen

dent of the order in which the operations are performed. 

B. Assumptions made regarding jobs: 

1. All jobs are known and are completely organized for pro

cessing before the period under consideration begins. 

2. All jobs are considered equal in importance; i.e., there 

are no due dates. 

3. Jobs are processed by the machines as soon as possible 

and in a common order. 

C. Other: 

1. The time required to transport jobs between machines may 

be considered negligible or as part of the processing 

time on the preceding machine. 

2. In-process Inventory is allowable. 

This investigation comprises only the assumptions stated above. 

While these tend to appear somewhat limiting, Sisson, op. clt.. 

Justifies such limitation by stating: 

Even . . . simplified models have no complete solutions, so 

there is some procedural justification for not attempting more 

complex models. 

Secondly, the empirical verification is limited to (l) three machines 

and six Jobs, and (li) five machines and six jobs. In theory. 



verification by enumeration is always possible, but in practice, the 

possible nimiber of feasible solutions for enumeration makes this ap

proach prohibitive, even for moderate values of n. For example, if 

n = 10, there are 10.' = 362,800 cases to enumerate. In this investiga

tion, therefore, n is restricted to 6, the number of cases totaling 720. 

The number of machines is restricted for two reasons. First, to verify 

the algorithm adequately, a large number of problems must be solved, 

using a constant number of machines. Second, the storage positions 

currently available, 60k» on the IBM l620 digital computer in use at 

this college and on which the problems are solved, limit the verifica

tion to five machines. 

Review of Previous Research 

The purpose of research in sequencing is to develop algorithms 

for arriving at optimal solutions based upon the models and criteria 

under consideration. To date, however, relatively few algorithms exist 

in this area. This is primarily due to the fact that there are no known 

solutions to seme of the simple models Investigated in the past. For 

example, no published algorithm exists for the problem of sequencing 

one machine when the criterion is to schedule jobs so as to meet specific 

due dates. 

Past and present research can be divided into three general 

groups. In the first group, the researcher investigates the combina-



torial and statistical aspects of the problem under investigation. In 

most cases, the model is simple and the criterion is that of minimizing 

some function of time. The purpose of this type investigation is to de

termine one or more permutations of items that optimize a specified 

criterion. This type of research is commonly termed combinatorial analy

sis. In the second group, the researcher converts the model into a set 

of equations and constraints which can be solved by a technique known as 

integer-linear-programming. At the present time, however, this technique 

does not appear economically feasible because of the number of equations 

and constraints necessary to describe the model adequately. The third 

group uses the "Monte Carlo" technique in an attempt to approach a 

"near-optimum" solution. With this method, one analyzes a subset of 

feasible solutions rather than all feasible ones. Solutions thus ob

tained are termed as "solutions through simulation". Specific approaches 

made by researchers in each of the above groups are discussed later in 

this section. 

In general, mathematlced analysis of the sequencing problem is 

a relatively new approach to determining optimal solutions based upon 

certain known or assumed conditions and constraints. For example. 

Churchman, Amoff and Ackoff [5] state: 

Mathematical analysis of the sequencing model has just begun. 

Relatively little progress has been made to date. The formulation 

of the problem Itself is still incomplete because it is concerned 

only with minimizing some function of time. The characteristics 

of Operations Research problems which Involves balancing conflicting 



objectives has not yet been brought into the formulation of the 
sequencing problem. Yet these conflicts exist in real situations. 
For example, in sequencing production lots over a series of machines, 
we are not only concerned with minimizing total elapsed time (in 
order to reduce the cost of In-process inventory and to Increase 
output for a fixed Investment) but usually are also concerned with 
providing equal incentive opportunities to the operators of the 
different machines. These and other considerations such as shipping 
priorities (and the associated cost of delay) are generally in con
flict with the objective of minimizing some function of processing 
time. 

The first mathematical analysis of a specific sequencing problem was 

made by Johnson [lO] in 1954. Hare, he considered the well known two-

and three-stage problem. Bellman [3], using the theory of dynamic pro-

gramndng, namely the replacement of the discrete problem by a contin

uous version, investigated the two-stage problem and arrived at the same 

conclusions that Johnson had made only months earlier. 

These remarks are Intended to emphasize the fact that mathematical 

ansdysls in the area of sequencing is still in its Infancy. Many simple 

problems and a few complex ones have been solved but continued research 

in this area is still required. 

The remaining portion of this section is devoted to specific ap

proaches made by researchers in the general areas of sequencing with 

emphasis made on the attempts to solve the problem Investigated in this 

thesis. 

CdciblnatorlcLi Solutions 

The combinatorial approach to analyzing veirlous aspects of the 

sequencing problem was first used by Johnson, op. clt., to Investigate 
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the two- and three-stage problem. He proves that, given a two-stage 

problem, "the production sequence on either machine can be made the same 

as that of the other machine without loss of time" when the effectiveness 

measure is minimum total elapsed time. In addition he states that an 

optimal ordering can be reached for the three stage problem if one as-

s-umes the same ordering of the n Jobs for each machine; however, the op

timal ordering is not always the same on each stage when there are more 

than three stages. 

Johnson gives a simple algorithm for the two-stage case, which is 

given in Chapter II, page 20, and solves a restricted case of the three-

stage problem. The restrictions are given in Chapter II, page 21. As 

stated earlier, Bellman arrived at the same decisions as did Johnson for 

the two-stage case by approximating the discrete sequencing problem with 

a continuous function. However, the only statement he could make re

garding the three-stage problem was "The Importance of this result is 

that It shows the three-stage process presents a genuinely difficult 

problem". 

Another of the simple problems which has a solution is the two 

Job, m-machlne problem solved by Ackers and Friedman [2] in 1955* The 

procedure suggested by the authors initially eliminates a great number 

of non-feasible solutions. Therefore, one has to examine only a small 

percentage of the toted, possible (21) possible sequences to determine 

an optimal one. However, having eliminated the non-feasible solutions. 



it is necessary to enumerate all remaining feasible sequences to deter

mine an optimal one. The criterion used is minimization of total 

elapsed time. 

A number of Investigations have been made on the one machine case 

using various optimizers but they are not discussed here because there 

does not appear to be a direct or indirect correlation of procedures 

between the one and higher ordered machine problems. 

Integer-Linear-Programming Solutions 

The other major approeuih to deriving an algorithm for solving 

a sequencing problem is to use Integer-linear-programming. The princi

ples of Integer-linear-programming are due to Gomory [6]. Wagner [15] 

uses this programming technique to develop a set of equations that per

mits solutlons-ln-princlple of a large number of sequencing problems. 

Ro\ighly, the constraints required by Integer-linear-prograimning 

assume the following forms: (Wagner) 

a. Constraints to Insure that each Job is processed through 

the required number of machines. 

b. Constraints to guarantee that no more than one job be 

assigned the J-th ordered position on a machine. 

c. A set of linear relations to insure that no more than one 

item Is placed on more than one machine at a time. 

The objective function used by Wagner is one which minimizes 

the point in time at which processing of all Jobs is complete. 
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About the three-stage problem, Wagner says: 

Thus we have derived a fundamental set of 4n equations which 
probably can be solved for n ^̂  25 on high-speed computing machinery, 
but it of course remains questionable whether or not such a com
putational proposal for finding an optimal solution is economi
cally sound. 

The kn equations referred to by Wagner contain n unknowns. 

Considering a five-stage problem, Sisson states in [l]: 

Manne (letter, Nov. 3, 1959) has estimated the variables in a 
sequencing situation with ten Jobs which have to be processed on 
each of five machines, but not necessarily in the identical order 
on each machine. For Wagner's linear-programming formulation one 
has 600 variables and for Marine's formulation 275. Wagner's ap
proach will be more efficient where the order of processing on 
each machine is constrained to be Identical. 

Algorithms (Wagner and Manne) for larger cases lead to apparently 
unmanageable numbers of variables. 

With the advent of larger high-speed computing machines of the future, 

linear-Integer-programming will eventually become a more economical ap

proach to a large number of sequencing problems than other systems now 

under consideration. However, at the present time, this method does 

not appear to be economically practicsil. 

Solutions Through Simulation 

Sisson, in [l], lists three approaches toward the "Monte Carlo" 

solution of the sequencing problem in use today: 

In approach A, one first applies combinatorial analysis to re
duce the number of cases which must be studied. Through the pro
per recognition of given routings and the equivalence of various 
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sequences, the totel number of combinations can be reduced to a 
number of feasible cases which contain an optimum solution. One 
then selects (Monte Carlo fashion) at random from thjs number of 
cases instead of from the population of all possible schedules. 
Proofs that the sampling will Indeed approach in some sense an opti
mum solution are given. In this case, one can find an economic 
solution, in the sense of minimizing the total cost, where the to
tal cost is a function of the added cost of a non-optirmm sequence, 
and of the cost of the computations Involved in the Monte Carlo 
process. In case B, no algorithm is used to eliminate non-optimum 
cases, but proofs are given that the sampling procedure does permit 
the selection of a solution as near-optimum as desired. Finally, 
for the more complex models, researchers resort to approach C, a 
general simulation. Hsre, they are essentially modeling the situa
tion with a computer program and then studying the latter. Since 
many trials are possible with the model, it is possible to find a 
sequencing procedure which Is better than the rule-of-thtunb tech
niques now used in an actual shop or other situations. That a "near-
optimum" solution can be found by simulation has not been demon
strated. 

This approach initially received increasing interest by are-

searchers in the area of sequencing primarily because of the problems 

arising in combinatorial analysis and the Increasing availability of 

electronic computers. A large number of problems have been investi

gated with this technique, using simple as well as complex models. One 

of the most interesting reports of results obtained is reported by 

Hsller [9]. The author describes some simple numerical experiments 

carried out on the IBM-704 digital computer to determine the distribu

tion of schedule times over all possible times. Since it has been shown 

that although there are many possible schedules there ai-e far fewer 

different schedule times for any given set of processing times, and since 

one might expect the probability distribution of the schedule times over 



12 

the set of all schedules to have a "simple" form (Heller, [7], [8]), the 

experiments described in the former reference substantiate that the 

distribution of schedule times is normal. 

For a more complete discussion of previous research accomplished 

in this area, the reader is referred to Progress in Operations Research, 

pages 295-326 and Sisson [l4]. 

Related Problems 

Two types of problems related to the sequencing problem, as dis

cussed by Churchman, et. al., are the (assembly) line-balancing problem 

and the traveling-salesman problem. The first type of problem, line-

balancing, Involves the minimization of total elapsed time in a sequence 

of operations. The second, traveling-salesman, involves routing a sales

man through a sequence of geographical locations so as to minimize either 

the distance traveled or cost of travel. 

The (Assembly) Line-Beilancing Problem 

BaslcaGdy, an assembly line is made up of a sequence of work 

stations through which a product must pass in some pre-determlned order. 

The problem here becomes one of breaking down the assembly operations 

Into smaller tasks^ called elements, and assigning a number of these 

elements to each work station. The ideal situation exists when the time 

required to conrplete the group of elements assigned to each station is 

the same for all stations. Theoretically, under this ideal situation no 
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idle time exists at any work station. However, this condition rarely 

exists in practical situations. Therefore, the basic problem becomes 

that of assigning elements to work stations so that the resulting as

signment minimizes total elapsed time. In other words, elements are 

grouped so as to minimize total idle time. 

The grouping of elements is usually complicated by restrictions 

which arise because of the technology of the assembly process. These 

restrictions are commonly termed precedence requirements. As an exanrple, 

an electric motor is completely assembled before it is dynamically 

tested. And it is tested before being packaged for shipment. Clearly, 

it is necessary that a work element which follows another must be as

signed either at the same station at which the preceding element is 

accomplished or at another station which follows later in the sequence. 

Two approaches to this problem have been considered. The first, 

by Bryton [h], assumes that the number of work stations are fixed and 

seeks to minimize the total idle time by minimizing the cycle time at 

the station with the largest work time. The second formulation, by 

Salveson [12], assi;imes a fixed cycle time and involves finding the opti

mal number of work stations. 

The line-balancing problem resembles the sequencing problem when 

one considers work stations to be analogous to the machines of the se

quencing problem. When attempting to balance a line for a specific 

product (n = 1 in this case), the problem becomes one of grouping 
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elements into a sequence of work stations to optimize some function of 

time. The line-balancing problem, therefore, becomes a special m-stage 

sequencing problem where n = 1 and the sequence of machines is determin

ed by both precedence requirements and time considerations. 

For a more detailed discussion of the line-balancing problem, 

the reader is referred to Moore [ ll] . 

The Traveling-Salesman Problem 

The problem considered here is the selection of a route which will 

minimize total distance traveled by a salesman when visiting n geo

graphical locations and returning to a starting point. Saslenl, et. al., 

pose an analogous production problem: 

Suppose that n products are to be made in some order on a con
tinuing basis, and the setup cost for each depends on the preced
ing product made. Given the setup cost when product Al is follow
ed by Aj, , we wish to determine the sequence of products which 
will minimize the total setup cost. 

While this problem closely follows the structure of the se

quencing problem, it is more similisLr to the assignment problem. As 

Churchman states: 

Like the assignment problem, it can be put into matrix form 
but, because loops are not permitted, the requirements for the 
solution are not exactly the same. It is sometimes possible, how
ever, to solve this problem in an optimal way by treating it as 
an assignment problem and then checking to see if the solution con
tains any loops. If it does not have loops, then the solution is 
optimum. If the loops are present, the assignment problem approach 
serves as an initial prepeuration for subsequent computations of the 
traveling- sale sman problem. 
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The loops referred to by Churchman occur when the assignment approach 

generates a perpetual loop between n-1 or a lesser number of cities, thus 

preventing the salesman from ever returning to his starting point. 

An example and solution to a problem of this type is given by 

Saslenl, et. al.. Chapter 9, page 266. 

Both the (assembly) line-balancing and traveling salesman prob

lems have been discussed here to illustrate their relationship to the 

sequencing problem of interest in this thesis. It is the opinion of 

this author that, in the near future, a practical solution of the gen

eral sequencing problem will be forthcoming which will encompass both 

of the above mentioned problems considered as related problems at this 

time. 

Method Of Approach Used In This Investigation 

Of The M-Stage Problem 

The analysis technique selected for this investigation of the 

m-stage problem falls within the area of combinatorial analysis. This 

approach was selected instead of the integer-linear-programming tech

nique for two specific reasons. First, the two- and restricted three-

stage algorithms developed by Johnson are both extremely easy to 

follow. This led the author to believe that higher-ordered algorithms 

would also assume a relatively simple form. Second, because of the lack 

of success achieved by other researchers in reducing the number of 

variables necessary to describe a linear-integer-programming model 
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adequately, and the limited storage available on the IBM-I62O computer 

to be used in verifying an algorithm, the combinatorial approach was 

deemed more practical for the problem to be investigated. 

The mathematical formulation of the m-stage problem under investi

gation is developed in Chapter II and deals with the minimization of 

idle time accumulated on the last machine to process each job. This 

analysis of idle time follows Johnson's approach to the two- and three-

stage sequencing problem. Because of the assumption that all jobs are 

processed through all machines in the same order, minimization of idle 

time on the last machine will effect minimization of the total elapsed 

time required for the processing of n jobs through m machines. 

In Chapter III the general m-stage algorithm is developed. Chap

ter TV is devoted to the empirical verification of this algorithm, while 

the results and conclusions based upon empirical verification are dis

cussed in Chapter V. 



CHAPTER II 

DEVELOPMENT OF THE M-STAGE DECISION RULE 

Two-Stage Case 

The two-stage problem considers processing each of n jobs 

through two machines, A and B, each job requiring the same seqLuence and 

no passing allowed. The first job processed on machine A must also be 

the first job processed on machine B and the second job processed on 

machine A must also be the second job processed on machine B, etc. For 

this special two-stage problem and the higher ordered problems to 

follow, it is assumed that (i) material can be temporarily stored be

tween machines, (li) there are no due dates and (ill) the object of 

the problem is simply to minimize the total elapsed time from the 

start of the first Job until eill n jobs have been completed. To gen-

ereilize this problem, assume that all Jobs must first be processed on 

machine A. 

Let 

A. = time required by Job J on machine A 
J 

1 Adopted from Churchman, et. al., pi, pp. ̂ 52-^54. 

17 
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B = time required by Job J on machine B 

IB = idle time on machine B from the end of job j-1 to 

start of Job J. 

T = total elapsed time for Jobs 1,2, ,n. 

The problem becomes one of finding one or more permutations of the 

Integers 1 through n which will minimize T. A possible sequence for 

n = 5 can be represented by a Gantt chart as Illustrated in Figure 2.1. 

The figure represents the sequence (1,2,3,4,5) which is only one of the 

5i possible sequences. Throughout the Interval T, machine A is idle 

FIGURE 2.1 — GANTT CHART (2-MACHIKES) 

MACHINE A 

MACHINE B 

Al Ag A3 A^ A 
1 1 1 1 ^ I 

IBi Bi IB2 B2 IB3 B3 Bî  B5 

only after all five Jobs have been processed through this machine. On 

the other hand, machine B can be Idle a maximum of n (n ~ 5 in this 

illustration) times throughout the Interval T. The total time machine 

B Is working is determined by the nature of the Jobs rather than the 

sequence and from Figure 2.1 this tine is ^ Bl. Now 

i«l 

T - i B. + i IBjL 
1-1 i-1 

and the problem of minimizing total elapsed time becomes one of mini

mizing the idle time on machine B^ \ IBl^ since the sum of the 
i-1 
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5 
processing times on machine B, I Bi, is fixed. 

i= l 
Prom Figure 2 . 1 , 

(1 ) IB^ = A^ 

and 

(2 ) m = A , + A - B - I B , i f A + A > B + I B 
2 1 2 1 1, 1 2 1 1 

^ 0, i f Â  + A^ 1 B, + IB, 
1 2 1 1 

The expression for IB can be rewritten as 
2 

(2a) IBg = max [A^ + A - B - IB , O] 

Equation (2a) states that IBg is either positive or zero since nega

tive idle time Is meaningless and impossible. Using the same 

notation, 

(3) IB^ * IB3 = A^ -. A^ - B^, if A^ * A^ > B^ -f IB^ 

« IB^, If A^ + A 1 B^ + IB^ 

Since IB - A^, equation (3) can be rewritten as 

2 2 1 
(3a) J I B « m a x [ j A - I B , Â  ] 

1=1 ^ 1=1 ^ i « l ^ -̂  

S imi l a r l y» 
3 3 2 2 1 

(4) IlB =max [ I A - I B . I A - I B , A ] 
1=1 i 1=1 i 1=1 i 1=1 i 1=1 i -L 

Let 
n 

FB(S) = I IB, 
i=l ^ 

where FB(S) represents the accumulated idle time on machine B during 

the elapsed time T. Then, in general, 
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n n-1 n-1 n-2 

(5) FB(S) = max [ I A. - I B., I A. - I B . — , Â  ] 
1=1 1 1=1 ^ 1=1 ^ 1=1 i -̂  
u u-1 

= max [ I A - I B.] 
liu<n 1=1 i 1=1 1 

Equation (5) means that the expression within the parentheses is 

evaluated separately for each positive value of u (1,2,3> ^n) 

and the maximum of all these values becomes the accumulated idle time 

on machine B, F B ( S ) . 

Starting with a sequence S' and from it obtaining another 

sequence S" by interchanging the J-th and (j+l)-st jobs, Johnson [5] 

shows that the optimal ordering for the two-machine problem is deter

mined as follows: Job J precedes job j+1 if: 

The computing procedure, as given by Bellman [3], precedes as follows 

[here al = Al, bi = Bi]: 

Follow the steps given below: 
1. List the al and bi in two vertical columns 

1 
1 
2 

n 

al 
ai 

. . . 

. . . 

t i 
t l 
^2 

. . . 

. . . 

2. Determine the minimum of all ai and bi. 
3. If it is an ai, place the corresponding item first. 
k. If it is a bi, place the corresponding item last. 
5. Cross off both times for that item. 
6. Repeat the steps on the reduced set of (n-l) items. 
7. In case of ties, order the items with smallest sub

scripts first, for sake of definlteness. If a tie 
between al and bi, order the item according to the 
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a-rule. 

An example using the above rule is given in Chapter III on page 35. 

Three-Stage Case 

For the three-stage case, the same assumptions are made as 

were made for the two-stage problem. The problem remains the same; 

that is, to determine a sequence which minimizes T. In addition to 

the notation used in the previous section, let 

CJ = time required by job J on machine C 

ICJ = idle time on machine C from the end of Job 

j-1 to the start of job J. 

In the discussion which follows, it is assumed that each Job is pro

cessed through machines A,B, and C in the order ABC. 

Johnson, op. clt., presents a special case of this gen

eral problem when mln Al ̂  max Bi or mln 01 >. max Bi. When either or 

both of these conditions hold, the method of the previous section can 

be extended to cover this special case by replacing the problem by an 

equivalent one involving n Jobs and two machines. Hsre AJ is replaced 

by AJ + BJ, and BJ is replaced by BJ + CJ. Another special case is 

given when the two-stage rule applied to the first two stages yields 

the same ordering as that for the last two stages. Here the ordering 

is the optimal for the three-stage case. 

In the discussion which follows, a decision rule will be 
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developed for the general case of n Jobs and three machines which wi l l 

generate a feasible solution without imposing restrictions on the values 

tha t Ai, Bi and CI can assume. 

A possible three machine sequence when n=:5 i s represented by 

the Gantt chart I l l u s t r a t e d in Figure 2.2. 

FIGURE 2.2 — GAOTT CHART (3-MACHINES) 

MACHINE A 

MACHINE B 

MACHINE C 

1̂ A2 A3 A^ Ac 
1 1 1 1 — I 

IBi BT IB2 B2 IB3 B3 Bl̂  Be 
1 1 1 1 \ ± 1 1 — ^ 

'1 Ci ICp Co ICo Co Cl̂  Cc 
1 \ - - -1 1 •?- - I ^ 1 1 — ^ 

For the three-stage problem, 

5 
T = I C + I IC 

1=1 ̂  1=1 ^ 
5 

so the problem becomes one of minimizing \ IC . 
1=1 ^ 

From Figure 2.2, 

(6) IC^ = ^1 + ™i 

an.d 
2 2 

(7) IC, + IC^ = max [ I B + Jj IB - C , B + IB ] 
1 d 1=1 ^ 1=1 ^ -̂  -̂  

Similarly, 
3 3 3 2 

(8) i IC, « ma>c [ X B + I IB - I C , — - , B + IB ] 
1=1 ^ 1=1 ^ 1=1 i=l 

Let 

FC(S) = I IC 
1=1 ^ 
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where FC(s) represents the accumulated id le time on machine C during 

the elapsed time T. Then, in general, 
n n n-1 

FC(S) = max [ j ; B + I TO - I C , B, + IB J 
f . i=l ^ 1=1 i 1=1 i -̂  -̂  

. Y Y v-1 
= max [ j ; B + I IB - I C ] 

l iv^n 1=1 i i=l 1 i=l i 

From equation (5), 

n u u-1 
I IB = max [ I A, - X B J 
i=l ^ l<u<n 1=1 ̂  1=1 ̂  

therefore, 
V u u-1 
I IB .= max [ I A, - I B J 
1=1 ^ l:Su<v i=l ̂  1=1 i 

and equation (9) can be rewritten as 

V v-1 u u-1 
(9a) FC(S) = max [ I B, - I C. + max ( I A. - IB.)] 

l^v^n 1=1 ̂  1=1 1 l̂ û v 1=1 ̂  1=1 ̂  

To determine i f Job J should precede Job J+1, stsurb 

with a sequence S' and from i t obtain another sequence S" by in t e r 

changing the J - th and ( j + l ) - s t Jobs. The two sequences are 

S' = 1,2,3, , J - l , J , J + l , J + 2 , ,n 

S" = 1,2,3, , J - l , J + l , j , J + 2 , ,n . 

Let 
V v-1 u u-1 

KjC) = I B - IC +max ( I A - I B ) 
^ 1=1 ^ 1=1 ^ 1^^ i=l '̂ 1=1 ^ 

and Kv(C)' represent the value of Kv(c) for the sequence S', 

and Kv(c)" represent the value of Kv(C) for the sequence S". 

From equation (9a), 

FC(S) = max K (c) 
lfv<n 
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and Kv(c) ' = KV(c)" for v = 1,2, , J - 1 : bu t , Ko(c ) ' , Ko+l(C) ' , , 

Kh(c) ' need not equal Kj(C)", Kj+l (c)" , ,Kh(C)", r e s p e c t i v e l y . This 

condi t ion might make FC(S') d i f f e r e n t from FC(S") and thereby make S' 

p re fe rab le t o S". 

From the sequence S ' , 

J J -1 u u - 1 j j - 1 
( lOj ) K (C) ' = I B . - I C. + max[ max. ,( I A - I B . ) , I A - I B.] 

^ i=l 1 1=1 1 l̂ u£j-l>i 1 >i 1 iii i >i 1 

J+1 J u u-1 
(lOj+1) K (C) ' = I B - I C + max[ ma^ f I A - I B . ) , 

I A. - I B . I A. - I B J 
1=1 1 i=l i 1=1 1 1=1 i 

j+2 J+1 u u -1 
(lOj+2) K p(C) ' = I B - I C + max[ max ( I A - I B ) , 

J j - 1 j+1 j j+2 j+1 
I A - I B , I A - I B , I A. - I B ] 

1=1 ^ 1=1 i 1=1 1 i=l i 1=1 1 1=1 i 

n n-1 u u -1 j J -1 
( i o n ) K^(C). =U^ - J ^ C ^ + max[3_,m|j^^(J^A^ - J ^ B ^ ) , U , - . I ^ B , , 

T 
From the sequence S", 

J - 1 J - 1 u u -1 
( l l j ) K (C)" = I B + B. . - I C + niax[ max , ( I A - I B ) , 

J 1=1 i J+l i = l i l i U i j - l i = l 1 i=:l 1 
J-1 J-1 
I Â  + Â  , - I B ] 

1=1 i J+1 1=1 1 

Jji J;! ^ ^;^ 
(llJ+1) Kĵ (̂C)" = U^ - U^ - Ĉ ^̂  + -ax[^^m^_^(U^ - U^), 

J-1 J-1 J+1 J-1 
I A + A - I B , I A - I B - B ] 

1=1 1 J+1 i=i i 1=1 1 1=1 1 J+1 

(llJ+2) Kĵ 3(c)" = T B ^ - f^C^ + max[̂ m̂aj_̂ (ĵ Â  - j\^). 

1+1 J n n-1 
I A - I B , —-, I A - I B ] 
.=1 ^ i=l ̂  1=1 ̂  1=1 i 
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•̂ r̂ , J;l JJI Jrl J+2 j+1 

n n;l u u-1 
(11^) K (C)" = I B - I C + max[ Max ( I A - I B ). 

1=1 1=1 -̂  -L-U-J-i. ^_2 1 ĵ_-j_ 1 

J"l j-1 J+1 j-1 

> / i •" ^ + l • ^ ^ ' 5; A. - I B - B . ^ . 
1=1 1 J+1 1=1 i 1=1 1 i=i 1 3+1' 
J+2 J+1 n n-1 

I \ - I B , , I A - I B 1 
i=l ̂  1=1 1 1=1 1 1=1 i 

Note that KJ+2(C)' = Kj+2(C)", Kj+3(c)' = Kj+3(C)",- — , Kh(c)' 

Kh(C)" if 

(12) -[..glJ^J^A^ - J|B^), ĵ Â  - ̂ iV, ̂ l\ - ĵ B̂ ] ̂ 

^-fi-^s^-ij/i - l^i)' J / i - ĵ.i - 'i^^ 
J+2 j-1 

''i "j+l" 
I A - IB. - B. J 
1=1 ̂  1=1 

If, on the other hand, 
u u-1 j j-1 J+1 j 

(13) .e^l^^^jU, -U^). U, - U,, U^ - U,) -

J+2 J-1 
I A - I B - B ] 
i=l i i=l i J*-l 

then. 
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K (C) ' <. K (C)" . 
n^ ' n 

Le t t i ng 
u u -1 

(̂̂ ) y^.{l\ - J^ ' 
K.(B) ' 

J 
= I A - I B 

1=1 1 i=l 1 

J+1 J 

'̂ -̂̂ ^̂ ' - ilA - Ji^ 

j+1 J -1 
K ( B ) " = y A - T B - B 
j+i' >i 1 >i 1 j+1 

(13) can be rewritten as 

(13a) max [^(B), K^(B)', K̂ ^̂ (B)'].-i max [a(B),K^(B)",K^^^(B)"] 

The following statement can now be made: Job j preceeds Job j+1 if: 

(14) max[ Kj(C)',K (C)']^ max [KJ(C)",K ^(C)"] 

and 

max[ Q(B),K (B)',K^^^(B)']^ max[ a(B),Kj(B)",Kj_^^(B)"] 

The above rule is based on the fact that if (13) holds, then K (c)' 

5 K (C)", v^ j, J+1. Subtracting I B - I C from the equivalent 
^ 1=1 ̂  1=1 ̂  

tenns in {ik) yields the following result: if 

max (-B + max[ a(B),K (B)'], -C + max [ a(B),Kj(B)',K^^^(B)']) < 

(15) 

max (-B, + max [a(B),K (B)"], -C^ . + max [a(B),K(B)",K (B)"]) 

then 
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"^ fKj(C)»,Kj^^(C)»] <max [K (C)",K (C)"] 

Miltlplylng (15) by -1 yields the following decision rule for the 

three-stage problem: Job J precedes Job J+1 when 

mln (B - max [Q(B),K.(B)"], C.^, - max [Q(B),K (B)",K ( B ) " ] ) < 

** J d*-'- J J+1 
(16) 

mln (B^^^ - max [Q(B),K^(B)' ], C^ - max [ Q(B),KJ(B)',K (B)']) 

and 

(13a) max[Q(B),Kj(B)SKj^^(B)'] < max [ Q(B),K (B)",K (B)"] 

To make (16) more meaningful, let 

W ^ BJ - max[Q(B),K(B)"] 

X - C^^^ - max[Q(B),Kj(B)",Kj^^(B)"] 

Y - Bj^^ - max [Q(B),KJ(B)» ] 

Z - Cj - max[Q (B),KJ(B)»,KJ^^(B)»] 

Nov W becomee the processing tlise of Job J on machine B minus the 

aAcmmilated idle time on machine B through the J-th Job if Job J+1 

precedes Job J. X becoznes the procesBlng time of Job J+1 on machine 

C minus the acciumilated idle time on machine B through the (j+l)Bt 

Job If Job J't'l precedes Job J. Likewise, Y is the processing time 

of Job J+1 on maohlzie B mlnui the accumulated idle time on machine 

B through the J-th Job If Job J precedes Job J+1 and Z is the pro-

ceseing time of Job J on machine C minus the accumulated idle time 
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on machine B through the (j+l)st job when job 1 precedes job j+1. 

The algorithm for the above decision rule is formula-ted in Chapter III. 

Four-Stage Case 

The development of the four-stage decision rule follows di

rectly from the development of the three-stage case. It is easily 

verified that 
n u u-1 V v-1 

+ .1 ID = max ( I C. - I D, + max [ I E, - I C, 
1=1 i llu^ 1=1 1 1=1 1 l3lu i=l 1 1=1 : 

^ w w-1 

l<w<v 1=1 1 i=il 

where 

D = time required by job j on the fourth machine, machine D. 
J 

ID = idle time on machine D from the end of job j~l to the 
J 

start of Job J. 

Noting that machine D is the last machine to process each job, 

the total, elapsed time becomes 

T = ^ D + i ID 
1=1 ̂  1=1 ^ 

n 
and the problem becomes one of minimizing I IDl 

n i=l 
since I Di is fixed by the technology of the process and Is Indepen-

1=1 

dent of the sequence. 

Using the sequences S' and S" as before, i f 
Y v-1 u u-1 w w-1 

K (D) = I C - I D + max[ I B - I C + max ( I Â . - I B ) ] , 
^ 1=1 ^ 1=1 ^ 1 ^ ^ 1=1 ^ 1=1 ^ ^"^'^ 1=1 -̂  1=1 •"• 

K V ( D ) ' represents the value for S' and KV(D)" r ep r e sen t s tne val.ue for 

S", t ten K V ( D ) ' = Kv(D)" for v = 1 , 2 , 3 , - — , j - 1 , bu t I Q ( D ) ' , K J + 1 ( D ) ' , 
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, I&i(D)' need not equal KJ(D)", KJ+1(D)",—-, M D ) " , respectively. 

This is evident when the KV(D)S are expanded. Let 

then 

j j - 1 
( 1 7 J ) K ( D ) ' = I C - I D + max[Q(c),K (C)' ] 

•J 1=1 ^ 1=1 1 j 

, J+1 j 
(17J+1) K (D)' = I c - I D +max[a(c) ,K.(c) ' ,K. r c ) ' ] 

"^ 1=1 -̂  i=l ^ J J+1 

J+2 j+1 
(17J+2) K (D)' = I C - . I D + m a x [ Q ( c ) , K ( c ) ' , K _ ( c ) ' , K (C)'] 

*̂  1=1 -̂  1=1 -̂  J J'*"-'- j+^ 

n n-1 
(I7n) K ( D ) ' = I C - I D +max[Q(c) ,K(c) ' , 

" 1=1 ^ 1=1 i J 

and 
J-1 j - 1 

( i 8 j ) K ( D ) " = I C + C - I D +max[a (c ) ,K(c )" ] 
J 1=1 1 J+1 i=i i j 

J+1 J-1 
(18J+1) Kj^^(D)" = J Ĉ  - I D^ - Dj^^ + max[a(C),K^(C)",K ^^(C)"] 

J+2 J+1 
(18J+2) K ( D ) " - I c - I D + 

J+^ 1=1 ^ 1=1 ^ 

max[a(C),Kj(C)",Kj^^(C)",K^^^(c)"] 

n n-»l 
(iSn) K ( D ) " . I c - I D +max[«(c) ,K(C)",K (C)", 

1=1 ^ 1"1 ^ J <)*1 

W°)'' '\^'y'^ 
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If 

max [Q(B),K(B)',K (B)'] <. max [ Q(B),K.(B)",K (B)"], 
J J -*• J j+1 

it was shown in the preceding section that 

K (C)' <. K (C)". 
n ' n 

Now, if 

(19) inax[Q(C),K.(C)',K._^ (C)'] < max [Q(C),KXC)",K (C)"] 

J J+J- J J+1 

then 

K (D)' <. K (D)" 
J+2' J+2' ' 

K JD)' < K (D)" 
J+3 J+3 

K ( D ) ' < K ( D ) " 

n n 

Therefore, if 

(20) max [KJ(D)',KJ^^(D)'] < max [KJ(D)",K^^^(D)"] 

and (l3a) and (19) hold, then. Job j should precede job J+1. 

JJi J;i 
Subtracting I Ci - I Di from (20) and multiplying by -1 will 

1=1 1=1 
yield a form slmlllar to that found for the three-stage decision rule 
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M-Stage Case 

A review of the decision rules for the two-, three- and four-

stage problems Indicates that (M-l) conditions have to be satisfied be

fore a definite decision can be made on the preference of the two se

quences, S' and S". Therefore, by the induction process, it follows 

that for the M-stage problem, job j should precede job j+1 if: 

(Condition 1) max[K (M)',K (M)']< max[K (M)",K fM)"] 

J J+1 j J+1 

(Condition 2) max[Q(M-l),K (M-1)',K (M-1)'] < 
J J -̂  

max[Q(M-l),K.(M-l)",K.^ (M-l)"] 
J J+1 

and 

(Condition M-l) max[Q(B),K^(B)',K (B)'] < 
J J •'-

max[Q(B),K^(B)",K^^^(B)"] 

In the formulation of the decision rule for the three- and four-

stage case, it was shown that the four terms comprizing Condition 1 

contained common summations which could be removed by subtraction. When 

these subtraxjtions were made, the resulting inequalities were multiplied 

by -1 which transformed Condition 1 into a form containing minimums 

Instead of maximums. The same mathematical ti^atment applies to the 

M-stage Condition 1 as well. For example, assume that we have n Jobs 

to be processed through machines A,B, ,I,J,K,L,M in the order 
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AB UKLM. Now 

'̂ "̂̂ ' = ii/i - jk A^^-Ah • JA ̂  î a( JA - JA -
k k-1 

l?c%( — - •" lSg^( I A - I B ) ) — ) , K (L)'] 
i=l -̂  1=1 ̂  J 

k k-1 
+ l f | ^ — + i ? f ^ I A - I B ) ) — ) , K (L)-,K ( D - ] 

•̂  1=1 -̂  1=1 ^ J J+1 

K(L)"] 
, , Jj l Jrl a a-1 ^ 

KJ+1(M)" = I L - I M - M,̂ ^ • max̂  f I K - I L + 
i=l ^ 1=1 ^ i*^ l»a*J-li=i ^ 1=1 ^ 

li^i j / i - J A * if^( - ^i^( Vi •!^^^--) ' 
1 - J . 1 - 1 1 = 1 •*• 1 = 1 -̂  

Kj(L)",K^^,(L)"] 

Jj i Jri 
By subtracting Z I^ - i M. from each of the above four terms and 

1=1 ̂  1=1 i 

multiplying by -1, Condition 1, for the M-stage case, assumes the 

following form: 
C a a-1 

mln ) L . - max[ max_( I K̂  - T L +,m9x( + max 
( J 1* aSj-l^^i 1 i^i 1 l^bid iTgii 

k k-1 

^ 1=^ " J ^ A^a^ ^ 2 g i y / i -4B^))-).KJ(L)", 

Kj,,(L)»]j< 



min / L^ . - max[^ maĵ C I K. - I L +^max 
'̂  j+1 lsasj-ij_«3_ 1 ^t-^ i Isb^ 
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a-1 

k k - 1 
+ iSf^ ( I A ^ J;B ) )—) ,K (L) ' ] , M. -

^--^ 1=1 i i=l 1 J J 

a a—1 k k ~1 

f i ?^ i y / i - ,l^\ A?mJ- ^2t5i( J A - J I \ » max 

— ),K(L)',K (L)']] 
j^ ' j+r 

Letting 

Q(M) =̂  max,( I K , - I L. + , max( 
^^ l=a-s3QL̂  jL=l 1 1=1 1 l^^a 

a-1 

k k-1 

^i?tJi(jA- Ji^))-) 
condition 1 can be rewritten as 

(21) min [L^ - max[a(M),K^(L)"], M - max[^(M),K (L)",K^^^(L)"] j 

^ mln [L^ . - max[a(M),K (L)'], M. - max[a(M),K (L)',K (L)' ] J 
J+1 J J J J+1 -̂  

To summarize the dec i s ion ru le for the M-stage problem, job j 

should precede job j+1 i f : 

(Condit ion 1) 

minf l -max[a(M),K ( L ) " ] , M,_̂ , - max[a(M),K ( L ) " , K ( L ) " ] j < 
J J J+1 J J+1 

minf l max[il(M),K ( L ) ' ] , M - max[a(M),K^(L)' ,K^^^(L)'] j 

(Condit ion 2) 

m a x [ a ( L ) , K ( L ) ' , K j ^ ^ ( L ) ' ] ^ max[Q(L),Kj(L) S K ^ ^ ^ d ) " ] 

and 
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(Condition M-l) 

max[Q(B),K (B)', K. .(B)'] ̂  max[Q(B),K.(B)",K.^.(B)" ] 
J J+1 J J+~L 

Before concluding this section, it is iiaportant to rememiber that 

the M-stage rule is valid only if the above (M-l) conditions hold. If 

Condition 1 holds,but one (or more) of the remaining (M-2) conditions is 

not satisfied, then a decision cannot be made on the preferablllty of 

S' or S". The algorithm, presented in Chapter III, lists the necessary 

steps to follow when this situation arises. 



CHAPTER III 

ALGORITHM© AND SOLVED PROBLEMS 

Two-Stage Production Schedules 

The algorithm for solving two-stage problems was presented in 

Chapter II on page 20. To illustrate the mechanics of solving a problem 

of this type, consider the following example: 

Example 1. 

We have six jobs, each of which must go through two machines A 

and B in the order AB. Processing times are given below: 

Processing Time, Hr. 

Job Machine A Machine B 

1 8 11 

2 12 15 

3 6 9 

k 4 8 

5 11 9 

6 8 7 

Determine a sequence for the six Jobs that will minimize the elapsed 

time T. 

35 
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Solution: 

Applying the routine given in Chapter II, page 20, the shortest 

processing time is k hours for Job k on machine A. Thus Job k is 

scheduled as the first Job of the optimal sequence: 

KJ3 
The reduced set of processing times is 

Job 

2 

3 

5 

6 

Machine 

8 

12 

6 

11 

8 

A Machine B 

11 

15 

9 

9 

7 

The shortest processing time, 6, is A . Therefore, job 3 is sche

duled as the second Job of the optimal sequence: 

LJ 

The reduced set now becomes: 

Job 

1 

5 

6 

A 

8 

12 

11 

8 

B 

11 

15 

9 

7 

which leads to: 
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^ 1 3 1 I I 1 6 

since the shortest time is 7 hours for job 6 on machine B. Continuing 

in the same manner yields: 

Job B 

8 11 

2 12 15 

5 11 9 

Job A B 

2 12 15 

5 11 9 

leading to 

leading to 

4 3 1 6 

4 3 1 5 6 

so that the optimal sequence i s 4 3 1 2 5 6 . 

The details for determining the elapsed time T for the optimal 

sequence aj:̂  given in Table 3.1. 

TABIE 3.1 ENUMERATION OF OPTIMAL SOLUTION OBTAINED IN EXAMPLE 1 

Job 

4 

3 

1 

2 

5 

6 

MACHINE 

Time In 

0 

4 

10 

18 

30 

41 

A 

Time Out 

4 

10 

18 

30 

41 

^9 

MACHINE B 

Time In 

4 

12 

21 

32 

47 

56 

Time Out 

12 

21 

32 

hi 

56 

63 
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Thus the minimum elapsed time is 63 hours. Idle time is l4 hours on 

machine A and 4 hours on machine B. 

Three-Stage Production Schedules 

Before proceeding to the algorithm for the three-stage problem, 

the following definitions will apply to this section. 

A. An optimal sequence is one (or more) which yields the minimum 

total elapsed time for the processing times under consideration. 

B. A feasible sequence is one (or more) which is generated by 

the algorithm. If only one feasible sequence is generated, it becomes 

the optimal sequence. 

C. A scheduled job is defined as one which has been selected by 

the algorithm as the 1st, 2nd, 3rd, etc., job of a feasible sequence. 

D. An unscheduled job is defined as one which has not been se

lected by the algorithm to fill a specific position of a feasible se

quence . 

E. Condition 1, as finally derived on page 27 of Chapter II, 

is satisfied for Job J vs. Job j+1 if 

u u-1 J-1 J-1 
mln(Bj - max[̂ ^ma^_3(J^A^ - J^B^), J^A^ . A^̂ ^ - U^l 

ĵ+1 - ^^ .̂gS!-i j i^ - X î̂ ' J A * ĵ+1 - Ji^' 
JJ^ ^r^ 
I A - I B - B ]) < 

1=1 i 1«1 i J+1 

mln (B,^j_ - max 
u u-1 J J-1 

fi^SIJ-i i \ - ih^> M i - i\^> 
•̂  ^ J -̂  1-1 1 i«i 1 i=i 1 i=i 1 



C - max 
u u -1 j j - 1 j+1 J 

^ 1.5^l( 5̂  ^ - ^ ^i^' I A - I B , I A - I B ] 
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F. Condition 2, as der ived on page 27 of Chapter I I , i s s a t i s f i e d 

for job j v s . job j+1 i f 

max 
u u -1 i j - 1 j+1 J 

•^^-J l i = l ^ 1=1 1 1=1 1 i= l i 1=1 ^ 1=1 ^ 

u u - 1 3-1 J - 1 J+1 J - 1 
"^^^.jmi I \ - I B ), I A +A - I B , I A - I B -B ] 

l - u - j - l i ^ l 1 i=i 1 î -L 1 j+1 î -L 1 i^ i 1 i=i 1 j+1 

The algorithm for the three-stage problem i s presented next. For 

def in l teness , assume tha t ( j - l ) jobs have been scheduled for the feasible 

sequence under consideration. 

Step 1. 

List the (j-l) scheduled jobs in their scheduled sequence posi

tions of the sequence table as Illustrated below. 

Sequence Table 

Sequence Position Job 1 Al Bi Ci 

1 ^ \ \ \ 

A A A 

7 7 

(J-l) 2 A^ Bg Cg 

(J) 

(J-l) 
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Sequence Table (Cont'd) 

Sequence Position Job 1 Al Bi Ci 

n 

Step 2. 

Determine the min (Ai+Bl) for all remaining unscheduled jobs. If 

there is a tie, select the one with the max Ci. Place the corresponding 

Job and its processing times in the j-th sequence position of the se

quence table. 

Step 3. 

Place one of the remaining (n-j) unscheduled jobs in the (j+l)st 

sequence position of the sequence table. For the sake of definlteness 

and to insure that no possible sequence is overlooked, select the job 

with the smallest subscript first. 

Step 4. 

Determine if Condition 1 is satisfied. 

a. If Condition 1 is satisfied, repeat steps two through 

four for each remaining sequence, that is, the reduced 

set of (n-l-j), (n-2-j), etc., remaining unscheduled 

Jobs. 

b. If Condition 1 is not satisfied because of an equality, 

repeat steps two through four on the reduced set of 
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(n-l-j), (n-2-j) etc., remaining unscheduled jobs, 

c. If Condition 1 is not satisfied, with the exception of 

an equality, replace the job in sequence position (j) 

with the job currently in sequence position (j+l). 

Step 5. 

Continue steps two through four until one of the following occurs: 

(i) one unscheduled Job satisfies Condition 1 for all remaining unsche

duled Jobs, (11) one unscheduled Job fails to satisfy Condition 1 for eill 

remaining unscheduled jobs because of one or more equalities, or (ill) 

none of the remaining unscheduled jobs satisfies (i) or (ll) above. 

a. If (1) occurs, determine if Condition 2 is satisfied for 

all remaining (n-j) unscheduled jobs. 

1. If Condition 2 is satisfied for all remaining un

scheduled jobs, schedule the job in sequence posi

tion (j) as the next Job of the feasible sequence. 

2. If Condition 2 is not satisfied for 1 remaining 

(n-j) unscheduled jobs, it is necessary to assume 

that the job presently in the j-th sequence posi

tion as well as the remaining 1 unscheduled jobs 

which do not satisfy this condition as the J-th 

Job of (i+l) feasible sequences. 

b. If (li) occurs, it is necessary to assume the Job in 

the J-th sequence position as well as the remaining k 
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\mscheduled jobs yielding an equality as the j-th job 

of (k+l) feasible sequences. 

c. If (ill) occurs, it is necessary to assume all remaining 

(n+l-j) imscheduled Jobs as the j-th job of (n+l-j) 

feasible sequences. 

Step 6. 

Having found or assumed one job to be placed in the j-th position 

of the sequence table repeat steps one through five until (n-2) jobs 

have been sequenced into a feasible solution. 

Step 7. 

To determine the (n-l)-st job of a feasible solution, determine 

which of the two remaining Jobs satisfies Condition 1. Place the re

spective job in sequence position n-1 and the remaining job in sequence 

position n. If ties occur, select either as job (n-l) of the feasible 

sequence. 

Step 8. 

Enumerate the feasible sequence to determine total elapsed time. 

Step 9. 

Repeat steps one through eight, as needed, until all feasible 

sequences have been foimd. 

Step 10. 

Detennlne the sequence (one or more) which yields the minimum 

total elapsed time for the processing times under consideration. This 

file:///mscheduled
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sequence becomes the optimal sequence as it minimizes the total elapsed 

time, T. 

To illustrate the method of solving small problems using this 

technique, consider the following example. 

Example 2. 

We have six Jobs, each of which must go through the three machines 

A, B, and C in the order ABC. Processing times are given below. 

Processing Time, Hr. 

Job 

1 

2 

3 

4 

Machine 

30 

120 

50 

20 

A Machine 

80 

100 

90 

60 

B Machine C 

20 

40 

60 

120 

5 90 30 70 

6 110 10 30 

Determine a sequence for the six jobs that will minimize the elapsed 

time T. 

Solution: 

Applying the algorithm, we see that the min(Ai+Bl) is 80 hours 

for job 4. Thus we place Job 4 in sequence position 1 of the sequence 

table. Placing Job 1 in sequence position 2 yields the following 

Example taken from Saslenl, et.al., [13I, page 268. 
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or 

where: 

c a l c u l a t i o n s as required by Condition 1. 

Sequence Table 

(Job 4 vs Job 1) 

Sequence Pos i t ion Job 1 Ai Bi Ci 

1 4 20 60 120 

2 1 30 80 20 

Job 4 vs job 1 

mln [60-max(0,30),20-max(0,30,-30)] < 

mln [80-max(0,20),120-max(0,20,-10)] 

(-10 < 60) 

Bj = 60 

Cj+1 = 20 

Bj+1 = 80 

CJ = 120 

u u -1 
, max^ n( y Â  - I B J = 0 l*uij-l^^i^l ^i^i' 

Jn^ J;^ 
I A + A - I B̂  = 0 + 30 - 0 = 30 

1=1 1 J+-^ 1=1 1 
J+1 J-l 

I A - I B - B = (20 + 30) - 0 - 80 - -30 
1=1 ^ 1=1 ^ ^ 
i Jri 
I A, - I B, = 20 - 0 = 20 

1=1 i 1=1 i 

J+1 i 
(20 + 30) - 60 = -10 

JJI i 

1=1 ^ 1-1 ^ 

Since Condition 1 i s s a t i s f i e d for Job 4 vs Job 1, we next dev ia te from 
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the algorithm to Illustrate how to deteimine if Condition 2 is satisfied. 

The following calculations are required: 

max(0,20,-10) < max(0,30,-30) 

or 20 < 30. 

Note that these calculations were made previously when determining if 

Condition 1 was satisfied. Therefore only one calculation is necessary 

to determine if both Condition 1 and 2 are satisfied. As an illustration, 

consider 

min [60-max( 0,30), 20-max( 0,30, - 30) 1 < 

min [80-max(0,20),120-max(0,20,-10)] 

max(0,30,-30) > max(0,20,-10) 

Placing Job 2, Job 3, Job 5, and Job 6, respectively, in sequence posi

tion 2 will yield the following results as required by Step 4: 

Job 4 vs Job 2 

min [ 60-max(0,120 ),40-max( 0,120,40)] 

min [100-max(0,20 ),120-max( 0,20,80)] 

Job 4 vs Job 3 

min [6o-max(0,50),60-max(0,50,-20)] 

mln [90-max(0,20),120-max(0,20,10)] 

Job 4 vs Job 5 

min [60-max(0,90),70-max(0,90,80) ] 

min [ 30-max(0,20),120-max(0,20,50) ] 
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Job 4 vs Job 6 

min [60-max(0,110),30-max(0,110,120) ] 

min [10-max(0,20),120-max(0,20,70) ] 

Table 3.2 summarizes the r e su l t s ju s t obtained: 

TABLE 3.2 SUMMARY OF RESULTS OBTAINED FOR JOB 4 vs JOB i 
IN SBJJUENCE POSITION 1 

4 VS Job 1 

4 vs 1 

4 vs 2 

4 vs 3 

4 vs 5 

4 vs 6 

Condition 1 

(-10 < 60) 

(-80 < ko) 

(-10 < 70) 

(-30 < 10) 

(-90 < -10) 

Condition 2 

(20 < 30) 

(80 < 120) 

(20 < 50) 

(50 < 90) 

(70 < 120) 

Since job 4 s a t i s f i e s both Condition 1 and 2 for a l l remaining unsche

duled Jobs, we schedule Job 4 f i r s t : 

4 

Having scheduled Job 4 in sequence position 1, we again scan the vari

ous processing times to determine the min(Al+Bl). Note that we elimi

nate Job 4 from this comparison. Since Job 1 satisfies this step, we 

detennlne if Job 1 satisfies Conditions 1 and 2 when placed in sequence 

position 2. Plaxiing Job 2, one of the remaining (n-j) unscheduled Jobs, 

in sequence position 3 yields 
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Sequence Table 

(Job 1 vs Job 2) 

Sequence Position Job 1 Ai Bi Ci 

1 4 20 60 120 

2 1 30 80 20 

3 2 120 100 40 

Job 1 vs Job 2 

min [ 80-max( 20,80), 40-max( 20,80,10 ) ] 

mln [ 100-max(20,-10),20-max(20,-10,30) ] 

Since 

-40 < -10 (Condition l) 

and 

30 < 80 (Condition 2) 

we procede and place Job 3 in sequence position 3 yielding 

Job 1 vs Job 3 

min [80-max(20,10),60-max(20,10,-50)] 

mln [90-max( 20,-10 ),20-max( 20,-10,-40)] 

When this comparison i s made, note that Condition 1 i s not satisfied 

since (40 > O). Therefore, we remove Job 1 from sequence position 2 

and replace i t by Job 3 as required by Step 4. Comparing Job 3 to 

Job 1, Job 2, Job 5 and Job 6, respectively, we obtain, 
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Job 3 vs Job 1 

min [90-max(20,-10),20-max(20,-10,-40)] 

min [80-max(20,10),60-max(20,10,-50)] 

Job 3 vs Job 2 

min [90-max (20,80),20-max(20,80,30)] 

min [100-max( 20,10), 60-max( 20,10,40) ] 

Job 3 vs Job 5 

min [90-max(20,50),70-max(20,50,70)] 

mln [30-max(20,10),60-max(20,10,10)] 

Job 3 vs Job 6 

mln [90-max(20,70),30-max(20,70,110)] 

mln [10-max(20,10),60-max(20,10,30)] 

It i s eas i ly verified from the above calculations that Job 3 sat i s f ies 

Conditions 1 and 2 for a l l remaining unscheduled Jobs; therefore, we 

schedule Job 3 in sequence position 2: 

ioriiD 
To determine the 3rd Job of the feasible sequence, we again place Job 1 

in sequence position 3 and obtain the following results 

Job 1 vs Job 2 

min [80-max(20,40),40-max(20,40,-30)] 

min [l00-max(20,-50),20,-max(20,-50,-10)1 

Since an equality exists (O » O) for Condition 1, we procede as required 
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by Step 4b, to compare Job 1 with Job 5 and obtain 

Job 1 vs Job 5 

mln [ 80-max(20,10),70-max(20,10,10) ] 

min [30-max( 20,-50), 20-max( 20,-50, -4o)] 

Here, Condition 1 i s not sa t i s f ied (50 > O); therefore, we remove Job 

1 from sequence posi t ion 3 and replace i t by Job 5 and obtain 

Job 5 vs Job 1 

min [30-max(20,-50),20-max(20,-50,-40)] 

min [80-(20,10),70-max(20,10,10)1 

Job 5 vs Job 2 

min [30-max(20,40),40-max(20,40,30)1 

mln [lOO-max(20,10),70-max(20,10,100)l 

Since Condition 1 is not satisfied for Job 5 vs Job 2 (-10 > -30), we 

remove Job 5 from sequence position 3 and replace it with Job 2 and ob

tain 

Job 2 vs Job 1 

min [100-max(20,-50),20-max(20,-50,-10)l 

min [80-max( 20,40),40-max( 20,40,-30)] 

Note that th is comparison yields an equality for Condition 1 (O =« O) 

and that Condition 2 i s not sat isf ied (40 ^ 20). Continuing, as re

quired by Step 4b, we obtain 

TEXAS TECHNOLOGICAL COLLEOC 
LUBBOCK, TEXAS 
LIBRARY 
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Job 2 vs Job 5 

mln [ 100-max( 20,10 ), 70-max( 20,10,100 ) ] 

min [ 30-max( 20,40 ), 40-max( 20,40,30 ) ] 

Job 2 vs Job 6 

min [ 100-max(20,30),30-max(20,30,l40)] 

min [10-max( 20,4o),40-max( 20,40,50)1 

Since Job 2 satisfies Conditions 1 and 2 when compared with Job 5 and 

6 but fails when compared with Job 1, it is necessary to assume both 

Job 2 and Job 1 as the 3rd Job of two feasible sequences (Step 5). For 

example 

Sequence A 4 3 2 

Sequence B 4 3 1 

Continuing this process, first using sequence A and then B, will yield 

the following three feasible sequences. 

Sequence A 4 3 2 5 1 6 

Sequence B 4 3 1 5 2 6 

Sequence C^ 4 3 1 2 5 6 

To determine which of the three feasible sequences i s the optimal one, 

we enumerate each separately. The detai ls are given in Tables 3.3, 

3.4, and 3.5 respectively. 

^^Sequence C was generated when assuming Job 1 as the 3rd job of 
Sequence B« 
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TABLE 3.3 ENUMERATION OF SEQUENCE A 
OBTAINED IN EXAMPLE 2 

Job 

4 

3 

2 

5 

1 

6 

Machine 

Time In 

0 

20 

70 

190 

280 

310 

A 

Time Out 

20 

70 

190 

280 

310 

420 

Machine B 

Time In Time Out 

20 80 

80 120 

190 290 

290 320 

320 400 

420 430 

Machine C 

Time In Time Out 

80 200 

200 260 

290 330 

330 400 

400 420 

430 460 

T (A) = 460 hours. 

TABLE 3.^ ENUMERATION OF SEQUENCE B 
OBTAINED IN EXAMPLE 2 

Job 

4 

3 

1 

5 

2 

6 

Machine A 

Time In Time Out 

0 20 

20 70 

70 100 

100 190 

190 310 

310 420 

Machine B 

Time In Time Out 

20 80 

80 120 

170 250 

250 280 

310 410 

420 430 

Machine C 

Time In Time Out 

80 200 

200 260 

260 280 

280 350 

410 450 

450 480 

T (B) • Wo hours. 
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TABIE 3 . 5 ENUMERATION OF SEQUENCE C 
OBTAINED IN EXAMPIE 2 

Job 

4 

3 

1 

2 

5 

6 

Machine A 

Time In Time Out 

0 20 

20 70 

70 100 

100 220 

220 310 

310 420 

Machine B 

Time In Time Out 

20 80 

80 170 

170 250 

250 350 

350 380 

420 430 

Machine C 

Time In Time Out 

80 200 

200 260 

260 280 

350 390 

390 460 

460 490 

T(C) = 490 hours. 

Since T(A) < T(B) < T(C), sequence A becomes the optimal sequence. 

Four-Stage Production Schedules 

The algorithm for the four-stage problem is very slmlllar to that 

given in the last section for the three-stage problem. The necess6u:y 

changes to convert the three-stage algorithm to a four-stage algorithm 

are listed below. 

1. Definition E for the four-stage problem becomes: 

Condition 1 is satisfied for Job J vs Job J+1 if 

min (C - max[Q(C),K (C)"L 

V l - max[Q(c),Kj(C)'»,K^^^(C)"lj< 

min {C^^- max[Q(c),K (C)»], 
>r 

Dj - max[Q(C),Kj(C)',Kj^^(C)'l] 



53 

2. Definition F becomes: 

Condition 2 is satisfied for Job j vs. job jfl if: 

max[Q(c),K(c)',K rc)']£ max[Q(c),K (C)",K (C)"l 

3« Definition G is added and defined as: 

Condition 3 is satisfied for job 1 vs job j+1 if: 

max[Q(B),K^(B)»,K^^^(B)'l ^ max[Q(B),Kj(B)",K^^^(B)"] 

4. Step 2 is revised to read: 

Determine the min( Al+Bl+Cl) for all remaining unscheduled 

jobs. If there is a tie, select the one with the max Di. 

Place the corresponding job and its corresponding processing 

times in the J-th sequence position of the sequence table. 

5. Step 5 

Substitute Condition 2 and 3 in place of Condition 2. 

To Illustrate the mechanics of solving a four-stage problem, consider 

the fo31owing exacrple. 

Example 3. 

We have three Jobs, each of which must go through the four 

machines A,B,C and D in the order ABCD. Processing times are listed 

below. 



5'̂  

Processing Time, Hr. 

Job 

1 

2 

3 

Machine 

7 

18 

14 

A Machine 

16 

20 

12 

B Machine C 

18 

6 

15 

Machine D 

20 

15 

9 

Deteimlne a sequence for the three jobs that will minimize the elapsed 

time T. 

Solution: 

First we determine the mln(Ai+Bl+Ci) and find that there exists 

a tie between Jobs 1 and 3* Therefore, we select Job 1 as a first choice 

for sequence position 1 since D > D . Comparing Job 1 to job 2 and job 

3, respectively, yields the following computations: 

Job 1 vs Job 2 

min [l8-max(0,204inax(0,l8)) 

15-max(0,20+max(0,l8),3O<-max(0,l8,5)) 1 

min [ 6-max(0,l64max(0,7)), 

20-max(0,l6+max(0,7),l8+max(0,7,9)) 1 

Since 

min(-20,-33) < min(-17,-7) (Condition l) 

max(0,23,27) < max(0,38,48) (Condition 2) 

iiiax(0,7,9) < max(0,l8,5) (Condition 3) 

Job 1 satisfies all 3 conditions when compared with Job 2. 
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Job 1 vs Job 3 

min [l8-max(0,12-Hnax(0,l4)), 

9-max(0,12-Hnax(0,l4),13+max(0,l4,9)) ] 

min [ 15-max(0,l6+max(0,7)), 

20-max( 0, l6+max( 0,7), 104max( 0,7,5)) 1 

Since 

min ( -8,-18) <: mln ( -8,-3) (Condition l) 

max(0,23,17) < max(0,26,27) (Condition 2) 

max(0,7,5) ^ max(0,l4,9) (Condition 3) 

Job 1 is scheduled as the 1st job of the feasible sequence. To 

determine the second job, job (n-l), the algorithm states that only 

Condition 1 need be satisfied. Comparing job 2 with Job 3 yields 

Job 2 vs Job 3 

min [6-max(23,10+max(7,5)), 

9-max(23,10+max(7,5),15-»max(7,5,ll)) 1 

min [15-max(23,l84max(7,9)), 

15-max(23,l8+max(7,9),24+max(7,9,3))l 

Since 

min ( -17,-17) < min ( -12,-l6) 

we schedule Job 2 and the 2nd Job of the sequence yielding the opti

mal sequence 

123 

To verify that the sequence obtedned for this four machine 
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example is the optimal one. Table 3.6 gives the results obtained by 

enumerating the 31 possible feasible sequences. 

TABLE 3.6 ENUMERATION OF THE 3! POSSIBLE 
SEQUENCES OF EXAMPIE 3 

Sequence Total Elapsed Time, Hr. 

1-2-3 81 

1-3-2 85 

2-1-3 101 

2-3-1 104 

3-1-2 95 

3-2-1 106 

M-Stage Production Schedules 

The algorithm for the general case of m-machines, n-jobs and 

no passing is based upon the (M-l) conditions developed in Chapter III. 

Because the terms comprizing Condition 1,2, ,M-1 change from one 

stage to another, the algorithm which follows assumes that the composi

tion of each required condition has been properly foiraulated by the 

interested user. It is also assumed that (j-l) Jobs have been sche

duled for the feasible sequence under consideration. 

Step 1. 

List the (j-l) scheduled Jobs in their scheduled sequence posi

tions of the sequence table as illustrated below. 
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Sequence Table 

Sequence 
Position 

1 

2 

Job 1 

4 

1 

Ai 

\ 

A 

Bi 

\ 

A 

Ci 

A 
A 

Mi 

\ 

A 

(J-I) 2 A_ B. C 
2 -2 -2 " "2 

(J) 

(J-l) 

n 

Step 2. 

Determine the min (Al+Bi+Ci+ +(M-l)l) for all remaining un

scheduled Jobs. If there is a tie, select the one with the max Mi. 

Plaxie the corresponding job and its processing times in the J-th 

sequence position of the sequence table. 

Step 3. 

Place one of the remaining (n-j) unscheduled Jobs in the (j+l)-st 

sequence position of the sequence table. For the sake of definlteness 

and to insure that no possible sequence is overlooked, select the Job 

with the smallest subscript first. 
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Step 4. 

Determine if Condition 1 is satisfied. 

a. If Condition 1 is satisfied, repeat steps two through 

four for each remaining possible sequence, that is, 

the reduced set of (n-l-j), (n-2-j), etc., remaining un

scheduled Jobs. 

b. If Condition 1 is not satisfied because of an equality, 

repeat steps two through four on the reduced set of 

(n-l-j), (n-2-j), etc., remaining unscheduled Jobs. 

c. If Condition 1 is not satisfied, with the exception of 

an equality, replace the Job in sequence position (j) 

with the Job currently in sequence position (j+l). 

Step 5. 

Continue steps two through four until one of the following occurs: 

(i) one unscheduled Job satisfies Condition 1 for 8LL1 remaining \m-

scheduled Jobs, (li), one unscheduled Job falls to satisfy Condition 1 

for all remaining unscheduled Jobs because of one or more equalities, 

or (ill) none of the remaining unscheduled Jobs satisfies (i) or (li) 

above. 

a. If (l) occurs, determine if Conditions 2 through M-l are 

satisfied for ell remaining (n-j) unscheduled Jobs. 

1. If Condition 2 through M-l are satisfied for all re

maining unscheduled Jobs, schedule the Job in sequence 
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position (j) as the next job of the feasible sequence. 

2. If Condition 2 through M-l are not satisfied for 1 

remaining (n-j), unscheduled jobs, it is necessary to assume 

that the job presently in the j-th sequence position as well 

as the remaining 1 imscheduled jobs which do not satisfy 

this condition as the j-th job of (i+l) feasible sequences. 

b. If (li) occurs, it is necessary to assume the job in the J-th 

sequence position as well as the remaining k unscheduled 

Jobs yielding an equality as the j-th job of (k+l) feasible 

sequences. 

c. If (ill) occurs, it is necessary to assume all iremaining 

(n+l-j) unscheduled Jobs as the j-th job of (n+l-j) 

feasible sequences. 

Step 6. 

Having found or assumed one job to be placed in the J-th posi

tion of the sequence table repeat steps one through five until (n-2) 

Jobs have been sequenced into a feasible solution. 

Step 7. 

To determine the ( n - l ) - s t Job of a feasible solution, determine 

which of the two remaining Jobs sa t i s f i e s Condition 1. Place the re

spective Job in sequence position n-1 and the remaining Job in sequence 

position n. If t i e s occur, select either as Job (n- l ) of the feasible 
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sequence. 

Step 8. 

Enumerate the feasible sequence to determine total elapsed time. 

Step 9. 

Repeat steps one through seven, as needed, until all feasible 

sequences have been found. 

Step 10. 

Determine the sequence (one or more) which yields the minimum 

toteO. elapsed time for the processing times under consideration. This 

sequence becomes the optimal sequence as it minimizes the total elapsed 

time, T. 

While the above algorithm is designed primarily for machine 

computations, hand comgputations can be made without much difficulty 

^ e n m < 5 ond n i 10. 



CHAPTER IV 

EMPIRICAL VERIFICATION OF THE ALGORITHM 

Empirical verification of a sequencing algorithm assumes a rela

tively simple form. One need only to enumerate all feasible sequences 

and select one (or more) which optimizes the criterion of interest. Now 

verification becomes a simple matter of comparing the optimal sequence 

(or sequences) found by enumeration, to the sequence (or sequences) pro

duced by use of the algorithm under study. If this process checks for 

a large number of problems, then it can be assumed that the algorithm 

is correct. However, as stated in Chapter I, this method is practical 

only when the number of cases for enumeration is relatively small. Even 

when electronic computers are available to accomplish the enumeration 

process, it is necessary to restrict the number of cases for enumera

tion. For example, it takes an IBM-I62O digital computer approximately 

thirty-six minutes to enumerate all feasible sequences when n = 6 and 

m = 3. By increasing n to 7, the enumeration process takes approximately 

four hours. 

The empirical verification of two special cases of the m-stage 
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algorithm are discussed in this chapter, with emphasis placed on the 

interpretations of results obtained from FORTRAN source programs. 

The two special cases selected were the three- and five-stage problems. 

To make the following discussion more meaningful, the terms "three-

stage algorithm" and "five-stage algorithm" are usedj however, it is 

noted that these are only special cases of the m-stage algorithm 

given in Chapter III. 

The Three-Stage Algorithm 

To verify the three-stage algorithm given in Chapter III ade

quately, two FORTRAN computer programs were written. The first follows 

the steps of the algorithm while the second enumerates all n.' possible 

sequences. The second program therefore serves as a check to determine 

if the algorithm generates an optimal sequence for the general three-

stage problem under investigation. The programs are listed in Appendix 

A and B, respectively. 

Four problems used to verify the three-stage algorithm ejre 

documented in Appendix E*. To enable the reader to follow the logic of 

the interpretation of these results, the following portion of this section 

is devoted to a discussion on the results obtained from the "algorithm" 

*A11 problems used in the empirical verification of the m-stage 
algorithm are on file at Texas Technological College, Department of 
Industrial Engineering. 
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FORTRAN source program, hereafter referred to as Program A, and the 

"enumeration" program. Program B. 

The data required for Program A consists of (l) one card which 

specifies n and (li) 3n cards which specify processing times. For 

example. Figure 4.1 illustrates the data required for a 3-Job, 3-

FIGURE 4.1 ILLUSTRATION OF DATA 
REQUIRED FOR PROGRAM A 

015. 

045. 

098. 

064. 

045. 

015. 

064. 

079. 

043. 

03 

machine problem where: 

n « 

*i-

=1 = 

A-
K = 

3 

043. 

079. 

064. 

015. 
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A = °'5 
When the above data is read into the machine, the following printout 

occurs: 

THIS IS A 3-MACHINE 3-jaB PROBLEM 

JOB 1 = JOB 2 = 15. 45. 64. 

JOB 2 = JOB 1 = 43. 79. 64. 

JOB 3 = JOB 3 = 98. 45. 15. 

TOTAL ELAPSED TIME OF THIS SEQUENCE = 2l8. 

The first line of the printout is for informational purposes only. 

The second line gives the first Job of a feasible solution. Job 2, 

and the processing times on machines A,B, and C, respectively. The 

third and fourth lines of the printout give the second and third 

Jobs of the feasible solution. In this particular example, the 

second Job of the feasible solution becomes Job 1,leaving job 3 as the 

third Job of the solution. The last line gives the total elapsed time 

of the feasible solution, 2-1-3, as 218 time units. Because only one 

feasible sequence is generated by the algorithm, the sequence 2-1-3 

becomes an optimal one. 

As a check to determine if the algorithm produced an optimal 

solution, the same data was used with Program B and the following print

out occurred: 
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SEQUENCE TOTAL ELAPSED TIME 

123 265. 

132 295. 

213 218. 

231 301. 

312 350. 

321 331. 

A comparison of the results obtained from both programs verifies that 

the algorithm yielded an optimal solution. 

Not all problems are as easily solved as the one illustrated 

above. Consider the following example: 

JOB 1 Ai Bi Ci 

1 120 60 60 

2 20 20 20 

3 80 80 80 

4 60 120 60 

5 100 60 60 

6 100 60 50 

When this data is used in conjunction with Program A the following 

printout occurs: 
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THIS IS A 3-MACHINE 6-JaB PROBIEM 

JOB 1 = JOB 2 = 20. 20. 20. 

JOB 4 IS POSSIBLE CHOICE FOR JOB 2 

JOB 2 = JOB 3 = 80. 80. 80. 

JOB 3 = JOB 4 = 60. 120. 60. 

JOB 4 = JOB 5 = 100. 60. 60. 

JOB 5 = JOB 1 = 120. 60. 60. 

JOB 6 = JOB 6 = 100. 60. 50. 

TOTAL ELAPSED TIME OF THIS SEQUENCE = 590. 

The above printout is an illustration of what occurs when more than one 

feasible solution is generated by the algorithm. In this particular 

exanqple. Condition 2 was not satisfied for Job 3 vs job 4 when deter

mining the second Job of a feasible sequence. The printout, JOB 4 IS 

POSSIBIE CHOICE FOR JOB 2, therefore tells the console operator that 

Job 4 should be selected as the second Job of another feasible solu

tion. By inserting Job 4 into the program through an ACCEPT statement, 

as the second Job of a second feasible sequence, the following results 

are printed from the keyboard: 

JOB 1 = JOB 2 = 20. 20. 20. 

JOB 2 = JOB 4 = 60. 120. 60. 

JOB 3 = JOB 3 = 80. 80. 80. 

JOB 4 « JOB 5 = 100. 60. 60. 
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JOB 5 = JOB 1 = 120. 60. 60. 

JOB 6 = JOB 6 = 100. 60. 50. 

TOTAL ELAPSED TIME OF THIS SEQUENCE - 590 

Since no other feasible solutions are suggested by the algorithm, one 

can conclude that both sequences, 2 3 4 5 1 6 and 2 4 3 5 16, are opti

mal ones with an elapsed time of 590 time units. Enumeration of the 6l 

(720) possible sequences will verify that 590 time units comprize the 

minimum total elapsed time for the processing times used in this example, 

OccasionfiLlly, all remaining (n-j+l) unscheduled jobs have to be 

assumed as the jth Job of (n-j+l) feasible sequences. The following 

example Illustrates this point. 

JOB 1 Al Bi Ci 

1 60 30 90 

2 80 70 60 

3 30 120 30 

When the above data is read into the machine, the following results are 

given: 

THIS IS A 3-MACHINE 3-JaB PROBLEM 

ALL REMAINING JOBS POSSIBLE AS JOB 1 

By inserting Job 1, Job 2 and Job 3, respectively, as the f i r s t Job 

of a feasible sequence, one obtains: 
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JOB 1 = JOB 1 = 60. 30. 90. 

JOB 2 = JOB 3 == 30. 120. 30. 

JOB 3 == JOB 2 = 80. 70. 60. 

TOTAL ELAPSED TIME OF THIS SEQUENCE = 340 

JOB 1 = JOB 2 = 80. 70, 60. 

JOB 2 = JOB 1 = 60. 30. 90. 

JOB 3 = JOB 3 = 30. 120. 30. 

TOTAL ELAPSED TIME OF THIS SEQUENCE = 330. 

JOB 1 = JOB 3 = 30. 120. 30. 

JOB 2 = JOB 1 = 60. 30. 90. 

JOB 3 = JOB 2 « 80. 70. 60. 

TOTAL ELAPSED TIME OF THIS SEQUENCE = 330. 

A review of these three feasible sequences indicates that sequence 

2-1-3 end 3-1-2 are both optimal since 330 < 340. Enumeration 

yields: 

SEQUENCE TOTAL ELAPSED TIME 

123 360. 

132 3^. 

213 330. 

231 390. 

312 330. 

321 370. 
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Again, enumeration verifies that the sequences 2-1-3 and 3-1-2 are 

optimal ones. 

Twenty-seven three-stage problems were solved and checked by 

this method with n ranging from three to six. In all cases, an optimal 

sequence was generated by the algorithm. In most problems used to 

verify the algorithm, the data were selected at random. This method 

subjected the algorithm to its most severe test. In the remaining 

problems solved, the data were pre-selected to determine how the algorithm 

would function when (l) the processing times of a particular job on the 

three-machines were all the same and (ll) when more than one Job re

quired the same processing times on macliine A,B, and C respectively. 

As stated above, in all cases the algorithm generated one or more opti

mal sequences. 

The Five-Stage Algorithm 

To avoid repetition, it is only necessary to state that the 

verification of the five-stage algorithm was accomplished by the same 

technique used in the preceding section for the three-stage case. Two 

computer programs were used; one following the steps of the algorithm 

and one which enumerated all nl possible sequences. The programs 

are listed in Appendix C and D respectively. The results obtained 

throTigh the use of these programs are slmlllar to that obtsdned for 

the three-stage problem. The following example Illustrates this point. 
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JOB 1 Al Bi 01 Di El 

1 120. 450. 150. 780. 455. 

2 460. 785. 780. 300. 120. 

3 120. 120. 150. 160. 190. 

Using the "algorithm" program, one obtains: 

THIS IS A 5-MACHINE 3-JaB PROBLEM 

JOB 1 « JOB 3 « 120. 120. I50. I60. I90. 

JOB 2 = JOB 1 = 130. 450. 150. 780. 455. 

JOB 3 = JOB 2 = 460. 785. 780. 300. 120. 

TOTAL ELAPSED TIME OF THIS SEQUENCE = 2695. 

From the "enumeration" program, one obtains: 

SEQUENCE TOTAL ELAPSED TIME 

123 2805. 

132 2695.* 

213 3750. 

231 3720. 

312 2695.* 

321 3680. 

(•Optimal Solutions) 

While the algorithm selected only one of the two optimal sequences 

obtained by enumeration, it did select an optimal one. At this point, 
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it is necessary to caution the reader against assuming that the 

algorithm generates all optimum sequences. The algorithm enables 

determination of one (or more) optimal sequences; its use does not 

guarantee that all optimum sequences have been found. 

Twenty-four five-stage problems were solved and checked with 

n ranging from three to six. Again, data were either selected at ran

dom or pre-selected to determine how the algorithm would function under 

certain conditions. The use of the five-stage algorithm resulted in 

the determination of one or more optimal sequences revealed by the 

enumeration process. 



CHAPTER V 

RESULTS AND CONCLUSIONS 

Conclusions Based Upon Results Obtained From 
Verification of the M-Stage Algorithm 

The empirical verification of the m-stage algorithm, discussed 

in Chapter IV, allows a number of conclusions to be made regarding the 

general algorithm presented in this text. Before stating these con

clusions, however, the results of the verification process from 

which they are drawn, are presented. 

Results Obtained When m = 3 

Table 5.I gives the results of thirty-one problems solved by 

the m-stage filgorithm when m = 3» An examination of these data will 

indicate that: (l) on the average the nimiber of optimal solutions per 

problem Increases as n is Increased, (li) the number of feasible solu

tions generated by the algorithm tends to increase as n is Increased, 

and (ill) the algorithm does not generate all optimal sequences. 

Heller [71 states that although there may be many possible sequences 

for a specific problem investigated, there are in fact relatively few 

72 
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TABLE 5 . 1 

RESULTS OBTAINED FROM VERIFICATION PROCESS WHEN m = 3 

n 

3 

4 

5 

6 

7 

Problem 
Number 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

1 
2 
3 
4 
5 
6 
7 
8 
9 

1 
2 
3 
4 

1 
2 

3 
4 

1 
2 
3 

No. of Optimal Solutions 
Generated By 

Enumeration Algorithm 

2 2 
3 1 
1 1 
3 1 
1 1 
2 1 
1 1 
1 1 
1 1 
1 1 
1 1 

1 1 
2 1 
6 2 
1 1 
2 1 
1 1 
1 1 
2 1 
1 1 

2 1 
17 5 
8 2 
2 1 

1 1 

75 1 
92 2 
1 1 

f̂ 1 

* 2 
* 1 

New of Feasible Solutions 
Generated By 

Algorithm 

3 
2 
1 
± 
1 
1 
1 

•1 

JL 

1 
1 
3 

1 
2 
2 
1 
1 
3 
5 
1 
7 

4 
5 
10 
2 

3 
1 
2 
10 

4 
2 
1 

*Not Enumerated 
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d i f fe ren t scheduled times. As a consequence, when n i s increased the 

number of possible sequences Increases very rapidly while the t o t a l 

number of dif ferent scheduled times remains r e l a t ive ly small. Now, 

since the nijmber of different schedu].ed times remains small compared to 

the t o t a l nijmber (n l ) of sequences considered, the number of optimal 

sequences w i l l necessar i ly Increase. 

As n i s Increased, Table 5.I Indicates tha t , on the average, the 

t o t a l niMber of feasible sequences generated by the algorithm wi l l 

Increase. This i s due to ( i ) the increase in the t o t a l nijinber of op t l -

mal sequences available for select ion by the algorithm and ( l i ) , as n 

i s increased, the probabi l i ty tha t Conditions 1 and 2 wi l l be sa t i s f ied 

for any given leve l of the sequence tab le , discussed in Chapter I I I , 

i s i*educed. 

In Chapter IV, i t was made cleeu: tha t the algorithm does not 

generate a l l optimal sequences. This fact i s reflected in TABIE 5 .1 . 

However, t h i s does not reduce the importance of the algorithm because 

of the assumption tha t a l l Jobs are considered equal in Importance. 

In many Instances, i t would be advantageous to have available a l l 

possible optimal sequences from which a selection of a specific optimal 

could be made. Tills se lect ion, however, would have to be based upon 

c r i t e r i a beyond the scope of t h i s invest igat ion. 

Table 5.2 i l l u s t r a t e s some in te res t ing results based upon the 

time required by Program A to generate a feasible solution and the 
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time required by Program B to generate a l l sequences by enumeration. 

From Table 5.2, I t i s clear that the algorithm becomes Increasingly 

valuable in th is respect when n ^ 5- While the verification of the 

TABIE 5.2 

TIME REQUIRED BY PROGRAM A AND B FOR m = 3 

No. of 
Jobs 

3 

4 

5 

6 

7 

Complete 
Enumeration 
(Program B ) 

.25 min 

1 min 

5 min 

32 min 

4 hours 

Algorithm Solution* 
(Program A) 

1 min 

1-2 min 

2-3 min 

3-4 min 

6-7 mln 

*Tlme Required To Determine First Feasible Solution 

three-stage case was limited to n ^ 6, three problems were solved with 

n = 7. From these resii lts, i t i s apparent that a considerable amount 

of time i s saved even for moderate values of n. A further Increase in 

n should make the algorithm even more ef f ic ient . 

Results Obtained When m « 5 

Table 5.3 gives the results of twenty-four problems solved and 

checked using the methods of Chapter IV. Basically the same comments 
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TABLE 5 . 3 

RESULTS OBTAINED FROM VERIFICATION PFIOCESS WHEN m = 5 

n 

3 

4 

5 

6 

Problem 
Number 

1 
2 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

1 
2 
3 
4 
5 
6 
7 

1 
2 
3 
4 

1 

No. of Optimal 
Generated 

Enumeration 

1 
1 
1 
1 
1 
1 
1 
1 
2 
1 
1 
1 

1 
6 
1 
1 
1 
1 
1 

6 
2 
3 
10 

1 

Solutions 
By 

Algorithm 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

1 

3 
1 
1 
1 
1 
1 

2 
1 
2 
1* 

1 

No. of Feasible Solu
tions Generated By 

Algorithm 

1 

3 
3 
1 
1 
3 
3 
2 
1 
2 
2 
1 

3 
7 
t 

11 
1 
2 
3 
3 

14 
12 
9 
1 

32 

i 

•More than one feasible sequence was suggeisted by the algorithm, 
but the f i r s t sequence generated was an cbvlous optimal one, 
since I Ai + mln(Bl + Ci + Di + El) = mln(T). 
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Q-Pply to these resiilts as were given for the three-stage case given 

above. The only additional comment which needs to be made regarding 

the five-stage verification process is that the number of feasible 

sequences generated by the algorithm Increased over that experienced 

with the three-stage problems solved. This phenomenon was expected and 

is due to an increase in the nuciber of conditions which must be 

satisfied. 

Approximate times required by the "algorithm" program and 

"enumeration" programs for various values of n are listed in Table 

5.4. While the times required for both eumeration and enrpirical solu

tions have increased from those given in Table 5.2 for m = 3, the 

TABLE 5.4 

TIME REQUIRED BY PROGRAM A AND B FOR m = 5 

No. of 
Jobs 

3 

4 

5 

6 

1 : : L 
Complete 

Enumeration 
(Program B ) 

.33 min 

1.5 mln 

7.5 min 

52 min 

Algorithm Solution* 
(Program A) 

1.5 - 2 mln 

3-4 mln 

4-5 mln 

6-8 min 

-ĵ Tlme Required To Determine First Feasible Solution 
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relative efficiency of the algorithm remains approximately the same. 

General Conclusions 

Generally speaking, the data obtained from testing two special 

cases of the general algorithm substantiate that the algorithm will 

yield, imder the most severe conditions, an optimal solution in what 

is considered by this author a reasonable length of time. Based upon 

experimentation with the three- and five-stage cases, the following 

conclusions are made: 

(i) The general silgorlthm will generate one or more optimal 

solutions. 

(li) The number of feasible solutions generated by the 

algorithm increases as n, m, or both are increased, but the number of 

computations required to determine all feasible solutions remains 

relatively small, compared to that required for complete enumeration. 

(ill) The time required to obtain an optimal solution in

creases as n, m, or both are Increased, but remains small in relation 

to complete enumeration. 

Some explanation is necessary at this point regarding time re

quired to determine an optimal solution. The time Indicated in Tables 

5.2 and 5.4 is that required to determine a feasible solution utilizing 

the algorithm, and was based upon the results obtained from the al

gorithm programs listed in Appendix B and D. It is the opinion of this 
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author, however, that more efficient programs than those mentioned above, 

which could reduce these times by as much as seventy-five percent, can 

be written. This reduction in time would greatly increase the efficiency 

of the algorithm. 

A General Comment 

Before concluding this section, it is important to mention that 

while the m-stage algorithm assumes all jobs to be equal in importance, 

it will function properly even when jobs have been pre-selected to fill 

the first k positions of a feasible sequence. Under these circum

stances, the algorithm will generate a feasible sequence (one or more) 

which will minimize the elapsed time of all sequences containing the 

common pre-selected jobs in the k positions selected. 

Recommendations For tlirther Research 

The algorithm presented in this thesis was based upon a number 

of assumptions which limit its application to a relatively few 

practical situations. With this in mind, a number of recommenda

tions for further research which, once developed, would extend the 

application of this type sequencing formulation to a larger number 

of practical applications, follow. 

Normally, when operations are performed by machines, the pro

cessing times necessary to accomplish the same repetitive or similar 
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tasks follow some well known probability function. One assumption 

made in this analysis, however*was that a known finite time was re

quired to perform each operation. An extension of the mathematical 

model to encompass situations in which the processing times are not well 

defined, but follow a probability density function, would greatly ex

tend the importance of the m-stage theory of sequencing when passing 

is not permitted. 

A second area of research is suggested when the assumption 

that processing times are independent of the sequence does not hold. 

Situations in which a number of similar products can be processed 

through a machine without the necessity of changes in setup exist 

commonly in job shop industries- In the preceding discussion, however, 

it was assumed that a separate setup time was included in each pro

cessing time. A modification of the model, presented in Chapter II, 

to Incorporate this change appears to be feasible and practical at 

this time. 

Results obtained from this research indicate that a need for 

additional research in the area of "necessary conditions" exists. 

In Chapter II, it was noted that m-l conditions must be satisfied 

before a definite conclusion can be reached regarding the prefer

ablllty of a particular Job to fill a certain position of the feasible 

sequence. A review of twenty-one problems which required two or 

more feasible solutions, indicated that the first feasible solution 
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generated was optimal 80^ of the time. This suggests that, when cer

tain relationships exist between machine processing times, the neces

sity of satisfying all m-l conditions need not obtain. 

Summary of Results Attained From 

This Investigation 

In this investigation, a general m-stage sequencing algorithm 

has been developed and empirically tested for two specific values of 

m. The algorithm, while primarily designed for machine utilization, 

is still a practical method for solving moderate size problems by hand. 

The results attained through combinatorial analysis were somewhat more 

general than first expected, since an extensive review of the literature 

revealed that the only progress made in the area of interest here was 

through the use of integer-linear-prograzmning. The author is pleased 

to state that the primary objective of this investigation has been 

satisfied and it is hoped that the material contained herein will 

stimulate the reader's Interest in this area of sequencing theory. 
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APIENDIX A: 3-MACHINE ENUMERATION PROGRAM 

PURPOSE: 

Enumeration of all possible nl sequences in floating point. 

RESTRICTIONS: 

1. There are no missing machine processing times. 

2. The decimal point must be present, except as noted under 

"Card Preparation". 

3. Maximum number of problems (NPROB) is 99. 

4. Minimum number of jobs (NRJ) is 3» 

5. Maximum number of jobs (NRJ) is 7» 

6. IBM data cards are punched as specified under "Card 

Preparation". 

7. Input to the, computer is from punched cards. The program 

is coded in FORTRAN for the IBM I62O. 

CARD PREPARATION: 

1. Header Card. 

Beginning 
In Colximn Punch 

Card 1 1 No. of problems (2 digits w/o decimal) 

85 
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2. Data Cards (l set required for each problem) 

Beginning 
In Column Punch 

Card 1 1 No. of Jobs (2 digits w/o decimal) 

Card 2 1 A (3 digits with decimal) 

Card 3 1 ^i (3 digits with decimal) 

Card 4 1 C (3 digits with decimal) 

Card 5 1 A (3 digits with decimal) 

Last Card 1 C (3 digits with decimal) 
n 

OUTPUT: 

Output for each problem will be punched in the following 

order: 

SEQUENCE TOTAL ELAPSED TIME 

123 n ^°^ ^^^^^' 

n 321 XX XXX. 
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11 

1 2 , 1 2 , 1 3 

; A 3-MACHINE ENUMERATION PROGRAM FOR 3 TO 7 JOBS 
NPNCItsO 

DIMENSION A(7),B(7),C(7),Z1(7),Z2(7),Z3(7) 
READ 01, NPROB 

10 READ 01,NRJ 
PUNCH 07 

07 FORMAT (8HSBQUENCE,28H TOTAL ELAPSED TIME) 
NPNCH=NPNCH+1 

01 FORMAT (12) 
02 FORMAT (F4.0) 

DO 03 1̂ 4=1, NRJ 
READ 02, A(LM) 
READ 02, B(LM) 

03 READ 02, C(LM) 
DO 700 1=1,NRJ 
Z1(I)=A(I) 
Z2(I)=Z1(I)+B(I 

Z3(l)«Z2(l)+C(l 
DO 600 J=1,NRJ 
IF (I-J) 11,600 

11 Z1(J)=Z1(I)+A(J 
IF (Z1(J)-Z2(I) 

12 Z2(J)«Z2(I)+B(J 

GO TO 14 
13 Z2(J)=Z1(J)+B(J 

14 IF (Z2(J)-Z3(I) 
15 Z3(J)-Z3(I)+C(J 

GO TO 17 
16 Z3(J)«Z2(J)+C(J 
17 DO 500 Ifr»l,NRJ 

IF (K-I) 18,500 
18 IF (K-J) 19,500 
19 Z1(K)«Z1(J)+A(K 

IF (Z1(K)-Z2(J) 
20 Z2(K)«Z2(J)+B(K 

GO TO 22 
21 Z2(K)»Z1(K)+B(K 

22 IF (Z2(K)-Z3(J) 

23 Z3(K)«Z3(J)+C(K 
GO TO 25 

24 Z3(K)-Z2(K)+C(K 
25 IF (NRJ-3) 5000 
26 DO 400 L«1,NRJ 

IF (L-K) 27,400 
27 IF (L-J) 28,400 

15,15,16 

18 

19 

20,20,21 

23,23,24 

4015,26 

27 
28 
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28 IF (L-I) 29,400,29 
29 Z1(L)=Z1(K)+A(L) 

IF (Z1(L)-Z2(K)) 30,30,31 
30 Z2(L)=Z2(K)+B(L) 

GO TO 32 
31 Z2(L)=Z1(L)+B(L) 

32 IF (Z2(L)-Z3(K)) 33,33,3^ 
33 Z3(L)=Z3(K)+C(L) 

GO TO 35 
34 Z3(L)=Z2(L)+C(L) 

35 IF (NRJ-4) 5000,4020,36 
36 DO 300 Jt=l,NRJ 

IF (M-L) 37,300,37 
37 IF (M-K) 38,300,38 
38 IF (M-J) 39,300,39 
39 IF (M-I) 40,300,40 
4o ZI(M)=ZI(L)+A(M) 

IF (Z1(M)-Z2(L)) 41,41,42 

41 Z2(M)=Z2(L)+B(M) 

GO TO 43 
42 Z2(M)=Z1(M)+B(M) 

43 IF (Z2(M)-Z3(L)) 44,44,45 
44 Z3(M)=Z3(L)+C(M) 

GO TO 46 
45 Z3(M)=Z2(M)+C(M) 

46 IF (NRJ-5) 5000,4030,47 
47 DO 200 N=1,NRJ 

IF (N-M) 1^,200,48 
48 IF (N-L) 49,200,49 
49 IF (N-K) 50,200,50 
50 IF (N-j) 51,200,51 
51 IF (N-I) 52,200,52 
52 ZI(N)=ZI(M)+A(N) 

IF (Z1(N)-Z2(M)) 53,53,5^ 
53 Z2(N)«Z2(M)+B(N) 

GO TO 55 
54 Z2(N)»Z1(N)+B(N) 

55 IF (Z2(N)-Z3(M)) 56,56,57 
56 Z3(N)«Z3(M)+C(N) 

GO TO 58 
57 Z3(N)=Z2(N)+C(N) 
58 IP (NRJ-6) 5000,4040,59 
59 DO 100 NM=1,NRJ 

IF (NM-N) 60,100,60 
60 IF (NM-M) 61,100,61 
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61 IF (NM-L) 62,100,62 
62 IF (NM-K) 63,100,63 
63 IF (NM-J) 64,100,64 
64 IF (NM-I) 65,100,65 
65 ZI(NM)=ZI(N)+A(NM) 

IF (Z1(KM)-Z2(N)) 66,66,67 
66 Z2(NM)=Z2(N)+B(NM) 

GO TO 68 
67 Z2(NM)=:Z1(NM)+B(NM) 
68 IF (Z2(NM)-Z3(N)) 69,69,70 
69 Z3(NM)=Z3(N)+C(NM) 

GO TO 4000 
70 Z3(NM)=Z2(NM)+C(NM) 

4000 IMIN=Z3(NM) 
PUNCH 6000,I,J,K,L,M,N,NM,FMIN 

6000 FORMAT (11,11,II,11,11,II,I1,8H F20.0) 
GO TO 100 

4015 Bm^Z3(K) 
PUNCH 6001,I,J,K,PMIN 

6001 FORMAT (11,11,II,12H F20.0) 
GO TO 500 

4020 IMIN=Z3(L) 
PUNCH 6002,I,J,K,L,PMIN 

6002 FORMAT ( 1 1 , 1 1 , I I , I 1 , 1 1 H F20.0) 
GO TO 400 

4030 HC[N=Z3(M) 
PUNCH 6003,I,J,K,L,M,FMIN 

6003 FORMAT ( n , II, n , II, II,lOH F20.0) 
GO TO 300 

4040 BaN^Z3(N) 
PUNCH 6004,I,J,K,L,M,N,FMIN 

6004 FORMAT (II, 11,11,11,11, II,9H F20.0) 
GO TO 200 

100 CONTINUE 
200 CONTINUE 
300 CONTINUE 
400 CQNTINTJE 
500 CONTINUE 
600 CONTINUE 
700 CONTINUE 

IF (NTWCH-NPROB) 10,5000,5000 
5000 STOP 

END 



APPENDIX B: 3-MACHINE ALGORITHM PROGRAM 

PURPOSE: 

Determination of one or more optimal sequences when objective 

is to minimize total elapsed time. 

RESTRICTIONS: 

1. There are no missing machine processing times. 

2. The decimal point must be present, except as noted under 

"Card Preparation". 

3« Maximum number of Jobs (NRJ) is 7. 

4. Minimum number of jobs (NRJ) is 3. 

5. IBM data cards are punched as specified under "Card 

Preparation". 

6. Input to the computer is from punched cards. The 

program is coded in FORTRAN for the IBM I62O. 

CARD PREPARATION: 

Data Cards (l set required for eajch problem) 

Beginning 
In Column Punch 

Card 1 1 No. of Jobs (2 digits w/o decimal) 

Card 2 1 \ (3 digits with decimal) 

Card 3 1 B^ (3 digits with decimal) 

90 
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Data Cards (Cont*d) 

Beginning 
In Column Punch 

Card 4 l C (3 digits with decimal) 

Card 5 1 A (3 digits with decimal) 

Last Card 1 C (3 digits with decimal) 

INPUT: 

1. Af1:er the program and first set of data has been loaded, 

instructions are given to the computer by means of the 

typewriter. 

2. After the program reaches the PAUSE statement, additlonjtl 

sequences can be obtained by the following operations: 

a. Depress the START key. 

b. INSERT 1 

c. Depress RS key 

d. When NRJ = 3, INSERT (1st Job) 

When NRJ = 4, INSERT (1st and 2nd Job) 

When NRJ = 5, INSERT (1st, 2nd and 3rd Job) 

When NRJ « 6, INSERT (1st, 2nd, 3rd and 4th Job) 

When NRJ « 7, INSERT (1st, 2nd, 3rd, 4th and 5th Job) 

e. Depress RS key 

3. When the problem i s finished, depress the START key. 
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INSERT 2 and depress RS key. 

4 . Continue 2 and 3 above as needed. 

5« To s top the program a f t e r problems have been f in i shed , 

depress START key, INSERT 3 and depress RS key. 

NOTE: The INSERT opera t ion of 2d above r equ i r e s the console 

opera to r t o type a d i g i t (which may be O) for each Job 

i n d i c a t e d . Once a 0 has been typed, a l l remaining 

d i g i t s must a l so be 0. The Jobs r e fe r red t o in t h i s 

s t ep are those the opera tor d e s i r e s as the 1 s t , 2nd, 

3rd, e t c . . Jobs of a f ea s ib l e sequence. 

OUTPUT: 

Sample outputs are listed in Appendix E. 
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C 3-MACHINE SEQUENCING PROGRAM BY OTTIS F. TEUTON, JR. 

DIMENSION A(7),B(7),C(7),AJ(7),BJ(7),CJ(7),SAME(7),X(7),Z2(7,7) 
DIMENSION Z4(7,7),SUP1(7,7),SUP2(7,7),AJP(7),BJP(7),CJP(7) 

01 FORMAT (F4.0) 
02 PRINT 6021 
03 FORMAT (12) 
04 READ 03,NRJ 

PRINT 17, NRJ 
17 FORMAT (19HTHIS IS A 3-MACHINEI2,12H-jaB PROBLEM) 

DO 05 1=1,NRJ 
READ 01,A(I) 
READ 01,B(l) 
READ 01,C(I) 
AJ(I)=0.0 
BJ(I)=0.0 
CJ(I)«0.0 
AJP(I)=A(I) 
BJP(I)=B(I) 
CJP(l)=C(l) 

05 CONTINUE 
M0P=NRJ-2 
MI=0 
M=0 

06 GO TO 07 
07 DO 301 1=1,NRJ 

IF (A(l)-lOOO.O) 08,300,5000 
08 DO 200 J=1,NRJ 

IF (J-I) 09,200,09 
09 IF (A(J)-IOOO.O) 10,200,5000 
10 DO 15 Nisi, NRJ 

IF (N-l) 5000,11,12 
11 SAME(N)=AJ(N) 

X(I)=SAME(N) 

GO TO 15 
12 SAME(N)«AJ(N)-BJ(N-I)+SAME(N-I) 

IF (SAME(N) - X(I)) 15,15,13 
13 X(I)=SAME(N) 
15 CONTINUE 
16 SUMA=0.0 

SUMB«O.O 

DO 20 K»1,NRJ 
SUMAFSUMA+AJ(K) 

SUMB»SUMB+BJ(K) 

20 CONTINUE 
ui« SUMA+A(J)-SUMB 
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U2=U1+A(I)-B(J) 
vi= SUMA+A(I)-SUMB 
V2= V1+A(J)-B(I) 
IF (X(I)-UI) 21,21,22 

21 Z1=U1 
GO TO 23 

22 Z1=X(I) 
23 IF (Z1-U2) 24,24,25 
24 Z2(I,J)=U2 

GO TO 26 
25 Z2(I,J)=Z1 
26 IF (X(l)-Vl) 27,27,28 
27 Z3=V1 

GO TO 49 
28 Z3=X(I) 
49 IF (Z3-V2) 29,29,30 
29 Z4(I,J)=V2 

GO TO 31 
30 Z4(I,J)=Z3 
31 BST1=B(I)-Z1 

BST2=C(J)-Z2(I,J) 
BST>B(J)-Z3 
BST4=C(I)-Z4(I,J) 
I F (BST1-BST2) 32,32,33 

32 SUP1(I,J)=BST1 

GO TO 34 
33^UP1 (I,J)=BST2 
34 1F"<BST3-BST4) 35,35,36 
35 SUP2(I,J)=BST3 

60 TO 200 
36 SUP2(I,J)=BST4 

200 CONTINUE 
DO 50 M1^1,NRJ 
IF (A(MN)-IOOO.O) 40,5P,5000 

40 IF (I-MN) 4l,50,41 
41 IF (SUP1(I,MN)-SUP2(I,MN)) 50,50,45 
45 MI=MI+1 

IF (MI-(NRJ-M)) 300,2000,5000 
50 CONTINUE 

IF (M-MOP) 59,80,80 
59 NXJ«0 

DO 70 LZ=1,NRJ 
IF (A(LZ)-IOOO.O) 61,70,5000 

61 IF (I-LZ) 62,63,62 
62 IF (Z4(I,LZ)-Z2(I,LZ)) 70,70,63 
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•^ 63 NXJ=NXJ+1 
IF (NXJ-(NRJ-M)) 70,2000,5000 

70 CONTINUE 
80 DO 90 LI&=1,NRJ 

IF (A(LK)-IOOO.O) 81,90,5000 
81 IF (I-LK) 82,90,82 
82 IF (Z4(I,LK)-Z2(I,IJC)) 90,90,83 
83 NQ=Mfl 

PRINT 84,LK,NQ 
84 FORMAT (3HT0B12,27H IS POSSIBIE CHOICE FOR JaBl2) 
90 CONTINUE 

M=Mfl 
PRINT 1000,M,I,A(I),B(I),C(I) 

1000 FORMAT (3HJaBI2,4H=JaBI2,lH=F4.0,F4.0,F4.0) 
MI=0 
AJ(M)=A(I) 
BJ(M)=B(I) 
CJ(M)=C(I) 
A(l)=1000.0 
B(l)=1000.0 
C(l)=1000.0 
GO TO 302 

3000 PAUSE 
ACCEPT 3500,NAT 

3500 FORMAT (II) 
GO TO (4000,02,5000), NAT 

4000 DO 4010 ND=1,NRJ 
A(ND)=AJP(ND) 
B(ND)=BJP(ND) 
C(ND)«CJP(ND) 
AJ(IIID)«O.O 
BJ(ND)=O.O 

4010 CJ(ND)«O.O 

MI»0 
INDEX«NRJ-2 
00 TO (4100,4200,4300,4400,4500), INDEX 

4100 ACCEPT 4101, JOBl 
4101 FORMAT (II) 

GO TO 4600 
4200 ACCEPT 4201, jaBl,JQB2 
4201 FORMAT (ll,Il) 

GO TO 4600 
4300 ACCEPT 4301,JCD31,JaB2,JCB3 
4301 FORMAT (11,11,11) 

00 TO 4600 
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44oo ACCEPT 4401, jaBi,jaB2,jaB3,JaB4 
4401 FORMAT (11,11,11,11) 

GO TO 4600 
4500 ACCEPT 4501, jaBi,jaB2,jaB3,JaB4,jaB5 
4501 FORMAT (11,11,11,11,11) 
4600 AJ(1)=A(J0B1) 

Bj(l)=B(jaBl) 
cj(i)=c(jaBi) 
A(jaBl)=1000.0 
B(jaBl)=1000.0 
C(jaBl):5:1000.0 
J^l 
PRINT 1000, M, JOBl, AJ(1),BJ(1),CJ(1) 
IF (lNDEX-1) 5000,06,4610 

4610 IF (jaB2) 5000,06,4611 
4611 AJ(2)=A(J0B2) 

BJ(2)=B(jaB2) 
CJ(2)=C(J0B2) 
A(jaB2)=1000.0 
B(jaB2)=1000.0 
C(jaB2)=1000.0 
14=2 
PRINT 1000,M,JaB2,Aj(2),BJ(2),Cj(2) 
IF(lNDEX-2) 5000,06,4612 

4612 IF (J0B3) 5000,06,4615 
4615 AJ(3)=A(jaB3) 

BJ(3)=B(jaB3) 
Cj(3)«C(jaB3) 
A(jaB3)=1000.0 
B(jaB3)=1000.0 
C(jaB3)«1000.0 
M-3 
PRINT 1000,M,jaB3,AJ(3),BJ(3),CJ(3) 
IF (INDEX-3) 5000,06,4620 

4620 IF (jaB4) 5000,06,4621 
4621 AJ(4)=A(jaB4) 

BJ(4)«B(jaB4) 
CJ(4)=C(JOB4) 
A(jaB4)»1000.0 
B(jaB4)=iooo.o 
c(jaB4)«iooo.o 
I*«4 
PRINT 1000,M,J0B4,AJ(4),BJ(4),CJ(4) 

IF (lNDEX-4) 5000,06,4630 
4630 IF (JCB5) 5000,06,4631 
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^ 3 1 AJ(5)=A(jaB5) 
BJ(5)«B(jaB5) 
CJ(5)=C(jaB5) 
A(JQB5)=1000.0 
B(jaB5)=1000.0 
C(jaB5)=1000.0 
M:=5 

PRINT 1000,M,jaB5,Aj(5) ,BJ(5) ,Cj(5) 
GO TO 06 . . . . 

2000 MI=0 
MARI&=Mi-l 
PRINT 2001, MARK 

2001 FORMAT (34HALL REMAINING JOBS POSSIBIE AS JCBI2) 
GO TO 3000 

302 IF (M-NRJ) 300,6000,5000 
300 IF (I-NRJ) 301,06,5000 
301 CONTINUE 

DIMENSION D1(7),D2(7),D3(7) 
6000 Dl(l)«AT(l) 

D2(l)=Dl(l)+BJ(l) 
D3(1)=D2(1)+CJ(1) 
DO 6010 MZ=:2,NRJ 
DI(MZ)=DI(MZ-I)+AJ(MZ) 
IF ( D 1 ( M Z ) 0 2 ( M Z - 1 ) ) 6001,6001,6002 

6001 D2(MZ)»D2(MZ-1)+BJ(MZ) 

GO TO 6003 
6002 D2(MZ)«D1(MZ)+BJ(MZ) 
6003 IF (D2(MZ)-D3(MZ-1)) 6004,6004,6OO5 
6004 D3(MZ)«D3(MZ-1)+CJ(MZ) 

GO TO 6010 
6005 D3(MZ)»D2(MZ)+CJ(MZ) 
6010 CONTINUE 

PRINT 6020, D3(NRJ) 
6020 FORMAT (37HTOrAL ELAPSED TIME OF THIS SEQUENCE -FIO.O) 

PRINT 6021 
6021 FORMAT (3H ///) 

GO TO 3000 
5000 STOP 

END 



APPENDIX C: 5-MACHINE ENUMERATION PROGRAM 

PURPOSE: 

Enumeration of all possible nl sequences in floating point. 

RESTRICTIONS: 

1. There ai'e no missing machine processing times. 

2. The decimal point must be present, except as noted under 

"Card Preparation". 

3. Maximum ntimber of problems (NPROB) is 99. 

4o Mnlraum number of Jobs (NRJ) is 3. 

5» Maximum number of Jobs (NRJ) is 6. 

6. IBM data cards are punched as specified under "Card 

Preparation". 

7. Input to the computer is from punched cards. The program 

is coded in FORTRAN for the IBM I62O. 

CARD PREPARATION: 

1. Hsader Card. 

Beginning 
In Column Punch 

Card 1 1 No. of problems (2 digits w/o decimal) 

98 
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2. Data Cards ( l se t required for each problem) 

Beginning 
In Column Punch 

Card 1 

Card 2 

Card 3 

Card 4 

Card 5 

Card 6 

Card 7 

1 

1 

1 

1 

1 

1 

1 

No. of Jobs (2 digits w/o decimal) 

A 
B, 

E. 

3 digits with decimal) 

3 digits with decimal) 

3 digits with decimal) 

3 digits with decimal) 

3 digits with decimal) 

3 digits with decimal) 

Last Card 1 E (3 digits with decimal) 
n 

OUTPUT: 

Output for each problem will be punched in the following 

order: 

SEQUENCE TOTAL ELAPSED TIME 

123—n XX XXX. 

n—321 XX XXX, 
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0 A 5-MACHINE ENUMERATION PROGRAM FOR 3 TO 6 JOBS 
C BY OTTIS F. TEUTON, JR. 

DIMENSION A(6),B(6),C(6),D(6),E(6),Z1(6),Z2(6),Z3(6) 
DIMENSION Z4(6),Z5(6) 
NPNCH=0 
READ 01, NPROB 

01 FORMAT (12) 
02 PUNCH 03 
03 FORMAT (8HSBQUENCE,27H TOTAL ELAPSED TIME) 

READ 01, NRJ 
04 FORMAT (F4.0) 

DO 05 D^1,NRJ 
READ 04, A(LM) 
READ 04, B(LM) 
READ 04, C(IJ4) 
READ 04, D(D4) 

05 READ 04, E(LM) 
DO 700 I«1,NRJ 
ZI.(I)-A(I) 
Z2(I)«Z1(I)+B(I 

Z3(I)»Z2(I)+C(I 
Z4(I)-Z3(I)+D(I 
Z5(I)«Z4(I)+E(I 
DO 600 J«1,NRJ 
IF (I-J) 11,600,11 

11 Z1(J)«Z1(I)+A(J 
IF (Z1(J)-Z2(I)) 12,12,13 

12 Z2(J)«Z2(I)+B(J 

GO TO 14 
13 Z2(J)=Z1(J)+B(J 

14 IF (Z2(J)-Z3(I)) 15,15,16 
15 Z3(J)=Z3(I)+C(J 

GO TO 17 
16 Z3(J)«Z2(J)+C(J 
17 IF (Z3(J)-Z4(I)) 18,18,19 
18 Z4(J)«Z4(I)+D(J 

GO TO 20 
19 Z4(J)-Z3(J)+D(J 
20 IF (Z4(J)-Z5(I)) 21,21,22 
21 Z5(J)-Z5(I)+E(J 

GO TO 26 
22 Z5(J)-ZMJ)+E(J) 

26 DO 500 Ifr»l,NRJ 
IF (K-I) 27,500,27 

27 IF (K-J) 28,500,28 
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28 Z1(K)=Z1(J)+A(K) 
IP (Z1(K).Z2(J)) 29,29,30 

29 Z2(K)=:Z2(J)+B(K) 
GO TO 31 

30 Z2(K)=Z1(K)+B(K) 
31 IF (Z2(K)-Z3(J)) 32,32,33 
32 Z3(K)=Z3(J)+C(K) 

GO TO 34 
33 Z3(K)=Z2(K)+C(K) 
34 IF (Z3(K)-Z4(J)) 35,35,36 
35 Z4(K)=Z4(J)+D(K) 

GO TO 37 
36 Z4( K)=Z3( K)+D( K) 
37 IF (Z4(K)-Z5(J)) 38,38,39 
38 Z5(K)=Z5(J)+E(K) 

GO TO 43 
39 Z5(K)=Z4(K)+E(K) 
43 IF (NRJ-3) 5000,4015,44 
44 DO 400 Lai,NRJ 

IF (L-K) 45,400,45 
45 IF (L-J) 46,400,46 
46 IF (L-l) 47,400,47 
47 Z1(L)=Z1(K)+A(L) 

IF (Z1(L)-Z2(K)) 48,48,49 
48 Z2(L)=Z2(K)+B(L) 

GO TO 50 
49 Z2(L)=Z1(L)+B(L) 
50 IF (Z2(L)-Z3(K)) 51,51,52 
51 Z3(L)«Z3(K)+C(L) 

GO TO 53 
52 Z3(L)«Z2(L)+C(L) 

53 IF (Z3(L)-z4(K)) 5^,5^,55 
54 Z4(L)»Z4(K)+D(L) 

GO TO 56 
55 Z4(L)«Z3(L)+D(L) 
56 IF (Z4(L)-Z5(K)) 57,57,58 
57 Z5(L)«Z5(K)+E(L) 

GO TO 62 
58 Z5(L)-Z4(L)+E(L) 
62 IF (NRJ-4) 5000,4020,63 
63 DO 300 M-l, NRJ 

IF (M-L) 64,300,64 
64 IF (M-K) 65,300,65 
65 IF (M-J) 66,300,66 
66 IF (M-I) 67,300,67 
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67 Z1(M)=Z1(L)+A(M) 
IF (Z1(M)-Z2(L)) 68,68,69 

68 Z2(M)=Z2(L)+B(M) 
GO TO 70 

69 Z2(M)=Z1(M)+B(M) 
70 IF (Z2(M)-Z3(L)) 71,71,72 
71 Z3(M)=Z3(L)+C(M) 

GO TO 73 
72 Z3(M)=Z2(M)+C(M) 

73 IF (Z3(M)-z4(L)) 7̂ ,7̂ ,75 
74 Z4(M)=Zi»(L)+D(M) 

GO TO 76 
75 Z4(M)=Z3(M)+D(M) 

76 IF (Z4(M)-Z5(L)) 77,77,78 
77 Z5(M)=Z5(L)+E(M) 

GO TO 82 
78 Z5(M)=Z4(M)+E(M) 

82 IF (NRJ-5) 5000,4030,83 
83 DO 200 N=1,NRJ 

IF (N-M) 84,200,84 
84 IF (N-i) 85,200,85 
85 IF (N-K) 86,200,86 
86 IF (N-J) 87,200,87 
87 IF (N-I) 88,200,88 
88 ZI(N)«ZI(M)+A(N) 

IF (Z1(N)-Z2(M)) 89,89,90 
89 Z2(N)«Z2(M)+B(N) 

GO TO 91 
90 Z2(N)-Zl(N>fB(N) 
91 IP (Z2(N)-Z3(M)) 92,92,93 
92 Z3(N)-Z3(M)>C(N) 

GO TO 9^ 
93 Z3(N)-Z2(N)+C(N) 

9k IF (Z3(N).Z4(M)) 95>95>96 
95 Z4(N)-Z4(M)+D(N) 

GO TO 97 
96 Z4(N)-Z3(N)+D(N) 

97 IF (Z4(N)-Z5(M)) 98,98,99 
98 Z5(N)-Z5(M)+B(N) 

00 TO ^00 
99 Z5(N)-Z4(N)4-E(N) 

4000 PMIN-Z5(N) 
PUNCH 6000,I,J,K,L,M,N,HC[N 

6000 FORMAT (11,11,11,11,II,II,9H 
00 TO 200 

F20.0) 
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4015 IMIN=Z5(K) 
PUNCH 6001,I,J,K,iMIN 

6001 FORMAT (I1,I1,I1,12H F20.0) 
GO TO 500 

4020 IMIN=Z5(L) 
PUNCH 6002,I,J,K,L,IMIN 

6002 FORMAT (I1,I1,I1,I1,I1H F20.0) 
GO TO 400 

4030 IMIN=:Z5(M) 
FUNCE 6003,1,J,K,L,M,HON 

6003 FORMAT (11,11,11,11,II,lOH F20.0) 
GO TO 300 

200 CONTINUE 
300 CONTINUE 
400 CONTINUE 
500 CONTINUE 
600 CONTINUE 
700 CONTINUE 

NPNCH=NPNCH+1 
IF (NPNCH-NPROB) 02,5000,5000 

5000 STOP 
END 



APIENDIX D: 5-MACHINE ALGORITHM PROGRAM 

PURPOSE: 

Determination of one or more optimal sequences when objective 

is to minimize totsil elapsed time. 

RESTRICTIONS: 

1. There are no missing machine processing times. 

2. The decimal point must be present, except as noted under 

"Card Preparation". 

3* Maximum number of Jobs (NRJ) IS 7. 

4. Minimum number of Jobs (NRJ) is 3. 

5. IBM data cards are punched as specified under "Card 

Preparation". 

6. Input to the computer is from punched cards. The program 

is coded in FORTRAN for the IBM I62O. 

CARD PREPARATION: 

Data Cards (l set required for each program) 

Beginning 

In Column Punch 

Card 1 1 No. of Jobs (2 digits w/o decimal) 

Card 2 1 A^ (3 digits with decimal) 

Card 3 1 B^ (3 digits with decimal) 

104 
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Data Cards (Cont'd) 

Beginning 
In Column Punch 

Card 4 1 c^ (3 digits with decimal) 

Card 5 i D^ (3 digits with decimal) 

Card 6 1 E (3 digits with decjjnal) 

Card 7 1 A (3 digits with decimal) 

Last Card 1 E (3 digits with decimal) 

INPUT: 

1. After the program and first set of database been loaded, 

instructions are given to the computer by means of the 

typewriter. 

2. After the program reaches the PAUSE statement, additional 

sequences can be obtained by the following operations: 

a. Depress the START key 

b. INSERT 1 

c. Depress RS key 

d. When NRJ=3, INSERT (1st Job) 

When NRJ=4, INSERT (1st and 2nd Job) 

When NRJ=5, INSERT (1st, 2nd and 3rd Job) 

When NRJ=6, INSERT (1st, 2nd, 3rd and 4th Job) 

When NRJ=7, INSERT (1st, 2nd, 3rd, 4th, and 5th Job) 

e. Depress RS key 
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3» When the problem i s finished, depress the START key, 

INSERT 2 and depress RS key. 

4. Continue 2 and 3 above as needed. 

5̂  To stop the program after problems have been solved, 

depress START key, INSERT 3 and depress RS key. 

NOTE: The INSERT operation of 2d above requires the console 

operator to type a digi t (which may be O) for each 

job indicated. Once a 0 has been typed, a l l remaining 

d ig i t s must also be 0. The jobs referred to in this 

step are those the operator desires as the 1st, 2nd, 

3rd, e t c . , Jobs of a feasible sequence. 

OUTPUT: 

Output is slmlllar to that listed in Appendix E. 
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5-MACHINE SEQUENCING PROGRAM BY OTTIS F. TEUTON, jR. 
DIMENSION A(7),B(7),C(7),D(7),E(7),AJ(7),BJ(7),CJ(7),DJ(7),EJ(7) 
DIMENSION AJP(7),BJP(7),CJP(7),DJP(7),EJP(7),MP(7) 
DIMENSION Z1(7,7),Z2(7,7),Z3(7,7),Z4(7,7),Z5(7,7),Z6(7,7) 
DIMENSION Z7(7,7),ZB(7,7),D1(7),D2(7),D3(7),D4(7),D5(7) 

01 FORMAT (F4.0) 
02 PRINT 03 
03 FORMAT (3H ///) 
04 FORMAT (12) 
05 READ 04,NRJ 

PRINT 06,NRJ 
06 FORMAT (19HTHIS IS A 5-MACHINEI2,12H-jaB PROBLEM) 

DO 07 1=1,NRJ 
READ 01, A(I) 
READ 01, B(l) 
READ 01, 0(1) 
READ 01, D(l) 
READ 01, E(l) 
AJ(I)=0.0 
BJ(I)=0.0 
CJ(I)=0.0 
DJ(I)=0.0 
EJ(I)=0.0 
AJP(I)=A(I) 
BJP(I)=B(I) 
CJP(I)=C(I) 
DJP(I)=D(I) 
EJP(I)=E(I) 

07 MP(I)=0 
M0B=NRJ-2 
MI=0 
M=0 

10 DO 501 1=1,NRJ 
IF (A(I)-IOOO.O) 11,500,9000 

11 DO 200 J=1,NRJ 
IF (I-J) 12,200,12 

12 IF (A(J)-IOOO.O) 15,200,9000 

15 DO 30 JV=1,NRJ 
IF (JV-1) 9000,16,17 

16 SPAD1=CJ(JV) 
GO TO 18 

17 SPAD1«CJ(JV)-DJ(JV-1)+SPAD1 

18 DO 29 JW=1,JV 
IF (JW-1) 9000,19,20 
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19 SPAD2=BJ(JW) 
GO TO 21 

20 SPAD2=BJ(JW)-CJ(JW-1)+SPAD2 
21 DO 28 JX=1,JW 

IP (JX-1) 9000,22,23 
22 SPAD3=AJ(JX) 

GO TO 24 

23 SPAD3=AJ(JX)-BJ(JX-1)+SPAD3 
24 IF (JV-l,ĵ ,9000,25,26 
25 SAMED=CJ'(1)+BJ(1)+AJ(1) 

XD=SAMED 
GO TO 30 

26 SAMED=SPAD1+SPAD2+SPAD3 
IF (SAMED-XD) 28,28,27 

27 XD=SAMED 
28 CONTINUE 
29 CONTINUE 
30 CONTINUE 

DO 4l JW=1,NRJ 
IF (JW-1) 9000,31,32 

31 SPAC1=BJ(JW) 
GO TO 33 

32 SPAC1=BJ(JW)^CJ(JW-1)+SPAC1 
33 DO 40 JX=1,JW 

IF (JX-1) 9000,34,35 
34 SPAC2=AJ(JX) 

GO TO 36 
35 SPAC2=AJ(JX)-BJ(JX-1)+SPAC2 
36 IF (JW-1) 9000,37,38 
37 SAMEC=BJ(1)+AJ(1) 

XC=SAMEC 
GO TO 41 

38 SAMEC=SPAC1+SPAC2 
IF (SAMEC-XC) 40,40,39 

39 XC-SAMBC 
40 CONTINUE 
41 CONTINUE 

DO 48 JX«1,NRJ 
IP (JX-1) 9000,42,43 

42 SPAB1«AJ(JX) 
GO TO 44 

43 SPABl«AJ(jX)-BJ(JX-l)-fSPABl 
44 IF (JX-1) 9000,45,46 
4^ SAMEBsAJ(l) 

XB-SAMEB 



109 

GO TO kS 
46 SAMEB=SPAB1 

IF (SAMEB-XB) 48,48,47 
47 XB=SAMEB 

48 CONTINUE 
SUMA=0.0 
SUMB=0.0 

SUMC=0.0 
SUMD=0.0 
SUME=0.0 

50 DO 51 K=1,NRJ 
SUMA=SUMA+AJ(K) 

SUMB=SUMB+BJ(K) 

SUMC=SUMC+CJ(K) 

SIIMD=SUMD+DJ(K) 

51 SUME=SUME+EJ(K) 

52 XBI=SUMA-SUMB+A(J) 

XB2=SUMA+A( I ) + A ( J) -SUMB-B( J) 

IF (XB-XBl) 53,54,5^ 
53 GB1=XB1 

GO TO 55 
54 GB1=XB 
55 XC1=SUMB+B(J)-SUMC+GB1 

IF (XB2-GB1) 56,57,57 
56 GB2=GB1 

GO TO 58 
57 GB2=XB2 
58 XC2=SUMB+B(I)+B(J)-SUMC-C(J)+GB2 

IF (XC-XCl) 59,60,60 
59 GC1=XC1 

GO TO 61 
60 GC1=XC 
61 XD1=SUMC+C(J)-SUMD+GC1 

IF (GC1-XC2) 62,63,63 
62 GC2=XC2 

GO TO 64 
63 GC2=GC1 
64 XD2=SUMC+C(I)+C(J)-SUMD-D(J)+GC2 

IF (XD-XDl) 63,66,66 
65 GD1=XD1 

GO TO 67 
66 GD1=XD 
67 SUP1=D(I)-GD1 

IF (GD1-XD2) 68,69,69 
eQ GD2=XD2 
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GO TO 70 
69 GD2=GD1 
70 SUP2=E(J)-GD2 

XB>SUMA+A( I)-SUMB 
IF (XB3-XB) 71,72,72 

71 GB>XB 
GO TO 73 

72 GB3=XB3 
73 XB4=XB3-^A(J)-B(I) 

IF (XB4-GB3) 74,75,75 
74 GB4=GB3 

GO TO 76 
75 GBWXB4 

76 XC3=SUMB+B(I)-SUMC+GB3 
XC4=SUMB+B( I ) + B ( J)-SUMC-C( I)+GB4 

IF (XC-XC3)77,78,78 
77 GC3=XC3 

GO TO 79 
78 GC3=XC 
79 IF (GC3-XC4) 80,81,81 
80 GC4=XC4 

GO TO 82 
81 GC4=GC3 
82 XD3=SUMC+C(l)-SUMD+GC3 

XD4-SUMC+C( l)+C( J)-SUMD-D( I)+GC4 
IF (XD3-XD) 83,84,84 

83 GD>XD 
GO TO 85 

84 GD3=XD3 
85 SUP3=D(J)-GD3 

IF (XD4-OT3) 86,87,87 
86 GD4=GD3 

GO TO 88 
87 GD4=XD4 

88 SUP4=E(I)-GD4 
IF (SUP1-SUP2) 89,90,90 

89 AMIN=SUP1 
GO TO 91 

90 AMIN=SUP2 
91 IF (STJP3-SUP4) 92,93,93 
92 BMIN«SUP3 

GO TO 9^ 
93 BMIN=SUP4 

94 Z1(I,J)«AMIN 
Z2(I,J)=BMIN 



in 
Z3(I,J)=GD2 
Z4(I,J)=GD4 
Z5(l,J)=GC2 
Z6(I,J)=GC4 
Z7(I,J)=GB2 
Z 8 ( I , J ) = G B 4 

200 CONTINUE 
DO 204 MN=1,NRJ 
IF (A(MN)-IOOO.O) 201,204,9000 

201 IF (l-MN) 202,204,202 
202 IF (Z1(I,MN)-Z2(I,MN)) 204,204,203 
203 MI=MI+1 

IF (MI-(NRJ-M)) 500,2000,9000 
204 CONTINUE 

IF (M-MOP) 205,300,300 
205 NX3=0 

DO 209 LZ=1,NRJ 
IF (A(LZ)-IOOO.O) 206,209,9000 

206 IF (I-LZ) 207,208,207 
207 IF (Z3(I,LZ)-Z4(I,LZ)) 208,209,209 
208 NX3=NX3+1 

IF (NX3-(NRJ-M)) 209,2000,9000 
209 CONTINUE 

NX2=0 
DO 213 LZ=1,NRJ 
I F (A(LZ)-IOOO.O) 210,213,9000 

210 IF (I-LZ) 211, 2 1 2 , 2 n 
211 IF (Z5(I,LZ)-Z6(I,LZ)) 212,213,213 
212 NX2=NX2+1 

IF (NX2-(NRJ-M)) 213,2000,9000 
213 CONTINUE 

NX1=0 
DO 217 1^1, NRJ 
IF (A(LZ)-IOOO.O) 214,217,9000 

214 IF (I-LZ) 215,216,215 
215 IF (Z7(I,LZ)-Z8(I,LZ)) 216,217,217 
216 NX1«NX1+1 

IF (NXl-(NRJ-M)) 217,2000,9000 
217 CONTINUE 

DO 230 LZP«1,NRJ 

IF (A(LZ)-IOOO.O) 222,230,9000 
222 IF (I-LZ) 223,230,223 
223 IF (Z3(I,LZ)-Z4(I,LZ)) 227,224,224 
224 IF (Z5(I,LZ)-Z6(I,LZ)) 227,225,225 
225 IF (zr(l,LZ)-Z8(l,LZ)) 227,230,230 
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227 MP(LZ)=1 
230 CONTINUE 

NSUMP=0 
DO 231 MZ=1,NRJ 

231 NSUMP=NSUMIM-MP(MZ) 

IF (NSUMP) 9000,300,232 
232 IF (NSUMP-(NRJ-M)) 233,2000,9000 
233 DO 240 NP=1,NRJ 

IF (MP(NP)) 9000,240,234 
234 NQ=M*-1 

PRINT 235,NP,NQ 
235 FORMAT (3HJaBI2,27H IS POSSIBLE CHOICE FOR J O B K ) 
240 CONTINUE 

DO 245 NP=1,NRJ 
245 MP(NP)=0 
300 M=Mf 1 

PRINT 301,M,I,A(l),B(l),l?tl),D(l),E(l) 
301 FORMAT (3HJaBI2,4H=JaBI2,3B= ,P6.0,P6.0,P6.0,F6.0,P6.0) 

MI«0 
AJ(M)=A(I) 

BJ(M)=B(I) 

CJ(M)=C(I) 

DJ(M)=D(I) 

EJ(M)=E(I) 

A(I)=IOOO.O 

B(I)=IOOO.O 

C(I)«IOOO.O 

D(l)«1000.0 
E(I)«IOOO.O 

GO TO 502 
3000 PAUSE 

ACCEPT 3500, NAT 
3500 FORMAT ( n ) 

GO TO (4000,02,9000),NAT 
4000 DO 4010 N=1,NRJ 

A(N)=AJP(N) 
B(N)=BJP(N) 
C(N)«CJP(N) 

D(N)=DJP(N) 

E(N)=EJP(N) 
AJ(N)=0.0 
BJ(N)=O.O 

CJ(N)«O.O 

DJ(N)»O.O 

4010 EJ(N)»0-0 
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MI=0 
INDEX=NRJ-2 
GO TO (4100,4200,4300,4400,4500),INDEX 

4100 ACCEPT 4101,JOBl 
4101 FORMAT (11) 

GO TO 4600 
4200 ACCEPT 4201,jaBl,JaB2 
4201 FORMAT (ll,Il) 

GO TO 4600 
4300 ACCEPT 4301, JOBl, JQB2,JQB3 
4301 FORMAT (11,11,11) 

GO TO 4600 
4400 ACCEPT 4401, JOBl, J0B2,J0B3,jaB4 
4401 FORMAT (ll,Il,Il,Il) 

GO TO 4600 
4500 ACCEPT 4501,JOBl,JaB2,JaB3,JQB4,jaB5 
4501 FORMAT (11,11,11,11,11) 
4600 Aj(l)=A(jaBl) 

BJ(l)=B(jaBl) 
CJ(1)=C(J0B1) 
DJ(1)=D(J0B1) 
EJ(l)=E(jaBl) 
A(jaBl)=1000.0 
B(jaBl)=1000.0 
C(j0Bl)=1000o0 
D(jaBl)=1000.0 
E(jaBl)=1000.0 
M=l 

PRINT 301,M,JaBl,Aj(l),BJ(l),CJ(l),Dj(l),Ej(l) 
IF (INDEX-I) 9000,10,4610 

4610 IF (J0B2) 9000,10,4611 
4611 AJ(2)=A(jaB2) 

BJ(2)=B(jaB2) 
CJ(2)«C(jaB2) 
Dj(2)=E(jaB2) 
Ej(2)=E(jaB2) 
A(jaB2)=1000.0 
B(jaB2)=1000.0 
C(jaB2)=1000.0 
D(JQB2)=1000.0 

E(jaB2):s: 1000.0 
M«2 

PRINT 301,M,JaB2,AJ(2),BJ(2),Cj(2),Dj(2),EJ(2) 
IF (INDEX-2) 9000,10,4612 

4612 IF (JaB3) 9000,10,4615 
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4615 Aj(3)=A(jaB3) 
Bj(3)=B(jaB3) 
CJ(3)=C(jaB3) 
DJ(3)=D(jaB3) 
EJ(3)=E(JQB3) 
A(JOB3)=1000.0 
B(jaB3)=1000.0 
c(jaB3)=iooo.o 
D(J0B3)=1000.0 
E(J0B3)=1000.0 
M=3 
PRINT 301,M,jaB3,Aj(3) ,BJ(3) ,CJ(3) ,DJ(3) ,Ej(3) 
IF (INDEX-3) 9000,10,4620 

4620 IF (JQB4) 9000,10,4621 
4621 AJ(4)=A(J0B4) 

BJ(4)=B(J0B4) 

cj(4)=c(jaB4) 
DJ(4)=D(JOB4) 

EJ(4)=E(JQB4) 

A(JOB4)=IOOO.O 

B(jaB4)=1000.0 
c(jaB4)=iooo.o 
D(jaB4)=1000.0 
E(jaB4)=1000oO 
M=4 
PRINT 301,M,JaB4,AJ(4),BJ(4),Cj(4),DJ(4),Ej(4) 

IF (ir3DEX-4) 9000,10,4630 

4630 IF (jaB5) 9000,10,4631 
4631 AJ(5)=A(jaB5) 

BJ(5)-B(JGB5) 

CJ(5)=C(JQB5) 
Dj(5)-D(jaB5) 
Ej(5)=E(jaB5) 
A(JQB5)=1000.0 
B(jaB5)'=1000.0 
c(jaB5)=iooo.o 
D(jaB5)-iooo.o 
E(jaB5)«iooo.o 
M=5 
PRINT 301.M,JCB5,AJ(5),BJ(5),CJ(5),DJ(5),EJ(5) 
GO TO 10 

2000 MI=0 
MARK=Mt-l 
PRINT 2001, MARK 

2001 FORMAT (3^HALL REMAINING JOBS POSSIBIE AS J0BI2) 
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GO TO 3000 
502 IF (M-NRj) 500,6000,9000 
500 IF (I-NRJ) 501,10,9000 
501 CONTINUE -

6000 D1(1)=AJ(1) 
D2(1)=D1(1)+BJ(1) 
D3(1)=D2(1)+CJ(1) 
D4(1)=D3(1)+DJ(I) 

D5(1)=D4(1)+EJ(1) 
DO 6015 MZ=2,NRJ 
DI(MZ)=DI(MZ-I)+AJ(MZ) 
IF (D1(MZ)-D2(MZ-1)) 6001,6001,6002 

6001 D2(MZ)=D2(MZ-1)+BJ(MZ) 

GO TO 6003 
6002 D2(MZ)=D1(MZ)+BJ(MZ) 
6003 IF (D2(MZ)-D3(MZ-1)) 6004,6004,6005 
6004 D3(MZ)=D3(MZ-1)+CJ(MZ) 

GO TO 6006 
6005 D3(MZ)=D2(MZ)+CJ(MZ) 
6006 IF (D3(JC;)-D4(MZ-I)) 6007,6007,6008 
6007 D4(MZ)=D4(MZ-I)+DJ(MZ) 

GO TO 6009 
6008 D4(MZ)=D3(MZ)+DJ(MZ) 
6009 IF (D4(MZ)-D5(MZ-1)) 6010,6010,6011 
6010 D5(MZ)=D5(MZ-1)+EJ(MZ) 

GO TO 6015 
6011 D5(MZ)=D4(MZ)+EJ(MZ) 

6015 CONTINUE 

PRINT 6020,D5(NRJ) 

6020 FORMAT (37HTOTAL ELAPSED TIME OF THIS SEQUENCE -FIO.O) 

PRINT 03 
GO TO 3000 

9000 STOP 
END 



APIENDIX E: SEIECTED PROBIEMS SOLVED BY 

3-MACHINE ALGORITHM PROGRAM 

Generetl Discussion 

The problems contained in t h i s Appendix m u s t r a t e the necessary 

s t e p s r equ i r ed t o obta in an optimal sequence when more than one f eas ib l e 

s o l u t i o n i s generated by the algori thm. The problem numbers, referred 

t o i n the next section^ correspond t o those given in Table 5 . I , Chapter 

V. In the following sec t ion , the problem i s presented in tabular fonn 

fonowed by the so lu t ion as typed from the IBM-I62O keyboard. 

Selected Problems 

Problem 3 . I 

Job i Ai Bi Ci 

1 60 30 90 

2 80 70 60 

3 30 120 30 

THIS IS A 3-MACHINE 3-JaB PROBLEM 

ALL REMAINING JOBS POSSIBLE AS JOB 1 
PAUSE AT S. 3000+00 L. 
IRS 
IRS 
JOB 1 = JOB 1 = 60. 30. 90. 
JOB 2 - JOB 3 = 30. 120. 30. 
JOB 3 - JOB 2 » 80. 70. 60. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 3^« 
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PAUSE AT S. 3000 + 00 L. 
IRS 
2RS 
JOB 1 = JOB 2 = 80. 70. 60. 
JOB 2 = JOB 1 = 60. 30. 90. 
JOB 3 = JOB 3 = 30. 120. 30. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 33O. 

PAUSE AT S. 3000 + 00 L. 
IRS 
3RS 
JOB 1 = JOB 3 = 30. 120. 30. 
JOB 2 = JOB 1 = 60. 30. 90. 
JOB 3 = JC© 2 = 80. 70. 60. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 33O. 

Problem 5.2 

Job Ai Bi Ci 

1 75 55 16 

2 67 26 26 

3 12 62 1 

4 87 25 28 

5 80 3^ 53 

THIS IS A 3-MACHINE 5-JaB PROBLEM 
JOB 1 IS POSSIBIE CHOICE FOR JOB 1 
JOB 3 IS POSSIBLE CHOICE FOR JOB 1 
JOB 1 = JOB 5 = 88. 3̂ « 53. 
JOB 2 = JOB 3 = 12. 62. 1. 
JOB 3 = JOB 1 = 75. 55- 16. 
JOB 4 = JOB 4 = 87. 25. 28. 
JOB 5 = JOB 2 = 67. 26. 26. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 38I. 
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PAUSE AT S. 3000 + 00 L. 
IRS 
lOORS 
JOB 1 = JOB 1 = 75. 55. 16. 
JOB 3 IS POSSIBLE CHOICE FOR JOB 2 
JOB 2 = JOB 5 = 88. 34. 53. 
JOB 3 = JOB 3 = 12. 62. 1. 
JOB 4 = JOB 4 = 87. 25. 28. 
JOB 5 = JOB 2 = 67. 26. 26. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 38I. 

PAUSE AT S. 3000 + 00 L. 
IRS 
I3ORS 
JOB 1 = 
JOB 2 = 

JOB 3 = 
JOB 4 = 

JOB 5 = 

JOB 1 = 
JOB 3 = 
JOB 5 = 
JOB 4 = 
JOB 2 = 

75. 
12. 
88. 
87. 
67. 

55. 
62. 
34. 
25. 
26. 

16. 
1. 

53. 
28. 
26, 

TOTAL ELAPSED TIME OF THIS SEQUENCE = 38I. 

PAUSE AT S. 3000 + 00 L. 
IRS 
3OORS 
JOB 1 = JOB 3 = 12. 62. 1. 
JOB 1 IS POSSIBLE CHOICE FOR JOB 2 

JOB 2 = JOB 5 = 88. 3^. 53. 
JOB 3 = JOB 1 = 75« 55» 16. 
JOB 4 = JOB 4 = 87. 25. 28. 
JOB 5 = JOB 2 = 67. 26. 26. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 381. 

PAUSE AT S. 3000 + ' 
IRS 
3IORS 
JOB 1 = JOB 3 = 12. 
JOB 2 = JOB 1 = 75» 
JOB 3 = JOB 5 = 88. 
JOB 4 = JOB 4 = 87. 
JOB 5 = JOB 2 = 67. 

00 L. 

62. 
55. 
34. 
25. 
26. 

1. 
16. 

53. 
28. 
26. 

TOTAL ELAPSED TIME OF THIS SEQUENCE = 38I. 

PAUSE AT S. 3000 + 00 L. 

3RS 
STOP END OF PROGRAM AT S. 5000 + 00 L, 
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Problem 6.̂  

Job Ai Bi Ci 

1 120 60 60 

2 20 20 20 

3 80 80 80 

^ 60 120 60 

5 100 60 60 

6 100 60 50 

THIS IS A 3-MACHINE 6-JOB PROBLEM 
JOB 1 = JOB 2 = 20. 20. 20. 
JOB 4 IS POSSIBIE CHOICE FOR JOB 2 
JOB 2 = JOB 3 = 80. 80. 80. 
JOB 3 = JOB 4 = 60. 120. 60. 
JOB 4 = JOB 5 = 100. 60. 60. 
JOB 5 = JOB 1 = 120. 60. 60. 
JOB 6 = JOB 6 = 100. 60. 50. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 590. 

PAUSE AT S. 3000 + 00 L. 
IRS 
2400RS 
JOB 1 = JOB 2 = 20. 20. 20. 
JOB 2 = JOB 4 = 60. 120. 60. 
JOB 3 = JOB 3 - 80. 80. 80. 
JOB 4 = JOB 5 = 100. 60. 60. 
JOB 5 * JOB 1 = 120. 60. 60. 
JOB 6 « JOB 6 = 100. 60. 50. 
TOTAL ELAPSED TIME OF THIS SEQUENCE « 590. 

PAUSE AT S. 3000 + 00 L. 
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Problem 7.1 

Job Ai Bi 01 

1 620 830 650 

2 95 200 375 

3 100 300 600 

^ 80 600 375 

5 120 180 470 

6 630 900 800 

7 720 800 75 

THIS IS A 3-MACHINE 7-JCB PROBLEM 
JOB 4 IS POSSIBLE CHOICE FOR JOB 1 
JOB 1 = JOB 2 = 95. 200. 375. 
JOB 2 = JOB 5 = 120. 180. 470. 
JOB 3 = JOB 3 = 100. 300. 600. 
JOB 1 IS POSSIBLE CHOICE FOR JOB 4 
JOB 4 IS POSSIBLE CHOICE FOR JOB 4 
JOB 4 = JOB 6 = 630. 900. 800. 
JOB 5 = JOB 1 = 620. 830. 650. 
JOB 6 = JOB 4 = 80. 600. 375. 
JOB 7 = JOB 7 « 720. 800. 75« 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 4l50. 

PAUSE AT S. 3000 + 00 L. 
IRS 
253IORS 
JOB 1 = JOB 2 = 95. 200. 375. 
JOB 2 = JOB 5 « 120. 180. 470. 
JOB 3 = JOB 3 = 100. 300. 600. 
JOB 4 = JOB 1 = 620. 830. 650. 
JOB 5 = JOB 6 = 630. 900. 800. 
JCB 6 = JOB 4 = 80. 600. 375. 
JOB 7 « JOB 7 = 720. 800. 75. 
TOTAL ELAPSED TIME OF THIS SEQUENCE « 4l40. 
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PAUSE AT S. 3000 + 00 L. 
IRS 
25340RS 
JOB 1 = JOB 2 = 95. 200. 375. 
JOB 2 = JOB 5 = 120. 180. 470. 
JOB 3 = JOB 3 = 100. 300. 600. 
JOB 4 = JOB 4 = 80. 600. 375. 
JOB 5 = JOB 6 = 630. 900. 800. 
JOB 6 = JOB 1 = 620. 830. 650. 
JOB 7 = JOB 7 = 720. 800. 75. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 398O. 

PAUSE AT S. 3000 + 00 L. 
IRS 
40000RS 
JOB 1 = JOB 4 = 80. 600. 375. 
JOB 2 = JOB 5 = 120. 180, 470. 
JOB 3 = JOB 2 = 95. 200. 375. 
JOB 4 = JOB 3 = 100. 300. 600. 
JOB 5 = JOB 6 = 630. 900. 800. 
JOB 6 = JOB 1 = 620. 830. 650. 
JOB 7 = JOB 7 = 720. 800. 75. 
TOTAL ELAPSED TIME OF THIS SEQUENCE = 4025. 
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