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ABSTRACT 

This study describes a finite element model for the impact of large tornado 

missiles on reinforced concrete wall panels. The analysis predicts the dynamic 

response of wall panels when impacted by a missile with a large contact area such 

as an automobile. 

The development and current status of tornado-generated missiles and their 

impact effects on concrete wall panels are summarized along with the failure 

criteria for concrete material in the theory of plasticity. Quadratic finite elements 

are used to discretize the domain of the wall panel. Fundamental assumptions are 

based on the Mindlin and Reinsser's plate theories. An "embedded" model is 

employed to account for the reinforcing bars. The nonlinear behaviors of concrete 

and of steel bars are analyzed by means of rate-dependent constitutive 

relationships. A new strain rate-stress relationship is proposed, and the 

relationship between the fluid parameter 7 and the coefficient a is set up. A 

model is proposed to describe the initial and subsequent yield surfaces of concrete 

material, which avoids underestimation of the effect of high hydrostatic stresses on 

the yielding behavior of concrete. Ottosen's four-parameter failure criterion is 

used to define the failure surface of concrete. A crack monitoring algorithm 

accounts for post-cracking and post-crushing behavior of concrete. An exphcit 

t ime integration scheme is used to solve the nonlinear dynamic equations carried 
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out using the finite element discretization of a concrete wall panel. A computer 

program is developed in accordance with the above conditions. 

Several impact tests were conducted in the Civil Engineering Testing 

Laboratory. A steel pipe 3-in diameter by 10-ft long was fired by Texas Tech 

missile cannon. The missile struck at the center of a ^-in thick by 12-in square 

steel plate which is at tached to the center of the reinforced concrete panel so that 

the impact contact pressure is spread over the whole steel plate. Dynamic 

displacements of the concrete panel were measured with a linear variable 

displacement transducer (LVDT). The calculated results from the computer 

program were compared with the test results. The computer program for dynamic 

analysis of reinforced concrete wall panels is verified by the impact test results. 

The new relationship between stress and strain rate for viscoplastic analysis that 

is proposed is proven to be correct, and the formula for the critical time step is 

successfully derived. 

As a practical application of the analysis technique, the contact failure 

pressure for a particular panel geometry is calculated. The contact failure pressure 

and the elapsed t ime to failure after missile contact define an impulse loading to 

produce failure of the panel. Since automobile crashes tend to produce triangular 

impulse loads, the two pulses (failure and impact) can be compared to determine 

if a particular impact will fail a panel. Thus, a particular concrete panel can be 

analyzed to determine if it will fail under a postulated automobile impact . 
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CHAPTER I 

INTRODUCTION 

Tornadoes are among the most destructive phenomena in nature. These very 

intense, short lived wind storms cause damage through wind loads, atmospheric 

pressure (APC) loads and impact loads from windborne debris. The types of 

missiles transported by the winds range from very fight weight objects such as roof 

gravel or sheet metal to heavy objects such as pipes or steel beams. Timber 

planks, pipes, steel rods and poles have been observed in tornado damage paths. 

These missiles are picked up and transported by the winds. On occasion they will 

strike a wall or roof panel as they move along their trajectory. The impact 

produces either partial penetration of the panel or the missile wiU perforate the 

panel and continue with a reduced velocity. 

In addition to flying debris, massive objects such as automobiles, trash 

dumpsters and storage tanks can be rolled and tumbled by the winds. When 

heavy objects strike a wall panel or other structural element, failure may occur as 

a result of excessive structural deformations. Large deformations can result in 

severe cracking of a wall or complete collapse. 

The study reported herein deals with the massive missiles that produce the 

structural response type of failure. The primary objective of the study is to 

develop an analytical model to predict the structural response of reinforced 
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concrete wall panels when impacted by a massive missile with relatively large 

contact area, so that penetration into the wall panel is negfigible. 

Methods have been proposed and used that assume conservation of energy 

and momentum. However, impact tests show that neither the energy balance 

method nor the impulse momentum method predict the structural response with 

reasonable accuracy, even though the results are conservative [132,133]. Using 

these ultraconservative results for design leads to unreasonable construction costs. 

Thus, a better method of analysis to predict the displacement and failure loading 

of reinforced concrete panels is sorely needed. 

The general approach to missile design is to first consider the requirements 

to resist impact of the perforation missiles. Using test results or empirical 

equations, the thickness of a waU panel to resist penetration, cracking, back face 

spaU or perforation is first determined. Then the structural response to a 

postulated massive missile is calculated. If the response is within some tolerable 

limits, the design is accepted. Otherwise, the design must be modified to 

accommodate the massive missile impact. 

1.1 Review of Structural Response Methods 

Traditional studies concerning the overall structural response are based on 

the following assumptions: 

1. The concrete target is simplified to a single degree of freedom system 

which consists of an effective mass body and an effective spring. 



2. Conservation of energy and momentum is kept. 

3. Yield fine theory is used to predict the upper bound of the failure load of 

the concrete target. 

However, overly conservative results are usually produced with the above 

assumptions. A big error will be yielded when predicting the overall structural 

response by simplifying the concrete target as a single degree of freedom system. 

In addition, the crack pattern, the bending moment, and the shear force in the 

concrete target cannot be predicted. The coefficient of restitution is hard to 

determine because both the missile and the target are deformable. With use of the 

conservation of energy, the strain energy in the concrete target is usually 

neglected. On the other hand, yield fine theory is limited to the materials which 

exhibit perfect or ideal plasticity with an associated flow rule that neglects strain 

hardening or softening. 

The following three models are widely used: mass-spring model, Newton's 

Second Law model, and conservation of energy and momentum model. 

1.1.1 Mass-Spring Model 

A lumped-mass spring model of a structure is employed for estimating the 

structural response (displacement). The structural target that is struck by a 

missile is modeled as a mass, M^, backed by a spring with a constant stiffness as 

the load per unit displacement at the impact location. 
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One way to determine the effective mass. Me, is to assume that the impact 

duration is much larger than the stress wave travel time through the thickness the 

target [125]. Then the deflected shape can be approximated by the first mode 

shape, which results in the following expression for Me'. 

—^ 01 Me = ke(—^ Me = ^ or Me = kei^Y (Ll) 

in which ke, (JJ, and Tn are the effective spring constant, the natural frequency, and 

the natural period, respectively. 

For low span/depth ratio flexural members, the value of Me need not be 

taken as less than the lower limit value. 

Me > < 
Pc h (dm + h)^ for panels 

(1.2) 

pc Ab {dm -\-2h) for beams 

in which h, pc, and A^ are the thickness of a panel or a beam, the mass density, 

and the cross-sectional area of a beam, respectively; effective missile diameter 

dm = JAAC/TT in which Ac is the cross-sectional area of a missile. 

Another way to estimate Me is to discretize the target into a number of 

elements [74]. Then, 

1 
Kp — 

A 1 ™ T,'2 J A T ^ " i 

•^e — i 1 '2 i T '2 
o * e 2 e 

= 5 ^ ^ (1.3) 



D 

in which V, = CA, : A^ and A, are the deflection at the impact point and at node 

i caused by a unit load, respectively; m^ is the target mass associated with node i: 

Ve is effective velocity; and n is the number of the nodes in the structural model. 

1.1.2 Newton's Second Law Model 

If the interface force function is defined, Newton's Second Law can be used. 

F{t)^Fo-R{X) = Mek t<U 

Fo - R{X) = Mek t> td for elastic collision (1-4) 

Fo — R{X) = {Me -f m) X t > td for plastic collision 

in which X , F{t), FQ. J R ( X ) , X, m, and td are the displacement, the force-time 

function, the force due to other concurrent loads, resisting spring force, 

acceleration, mass of missile, and the impact duration, respectively. 

The impact duration and constant force are 

2X 
td = — 

rt 

~td 

for a rectangular impulse and non-deformable missiles. 

o 

m = - ^ (1-5) 

F{t) 

Pc 

td 

= 

= 

= 

Pc ̂  Pm 

mVo 

td 
2X 

Ac V; 

(1.6) 
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for deformable missiles, in which 14 and V'ĵ  are the impact velocity and the velocity 

of the undeforming part of the missile, respectively, and pm is the mass density of 

the missile. 

1.1.3 Conservation of Energy and Momentum Model 

The scheme assumes that the local deformation at impact is negfigible and is 

conservative with respect to overall failure. 

m Vo = mVu + MeVe 

\mV: = \mV^'+^-MeK' (1-7) 

in which 14 and 14 are the missile velocity and the target velocity after impact. 

The coefficient of restitution is 

14-K 
e = 

Vu = 

Vo 

Vo{m- eMe) 

m + M, 

7n(l + 

m + Mt 

The maximum displacement of the target is 

;. = ^ - - ( \ + - ) . (1.8) 

h 

in which 

X ^ = ( ^ ) ^ - f X (1.9) 

Eo = - ^ ° 1.10 
2 m + Me ^ 



for elastic response, and for elasto-plastic response 

^" = M ^ ^ + '̂̂ - + °̂̂  ^'-''^ 

and the yield displacement of the target, Xg, is 

_ / Me (1 + e)Vo 

in which ductifity p, = X ^ / X g , and XQ is the displacement associated with a 

concurrent load. 

1.2 Review of Missile Impact Test Results 

A considerable body of test results of the perforation type missile exist in 

the li terature today. Most of these tests were conducted in the late 1970's and 

early 1980's to vafidate certain baUistic impact formulas that were being proposed 

for design. Several impact equations for penetration, back face scabbing or spaU 

were proposed and vafidated by test results. 

Tests for s tructural response of wall panels to impact from massive missiles 

are much more scarce. Bear and Kampfe [9] conducted automobile impact tests of 

typical wall construction. In the tests, three 3000-lb Ford Fairlanes and one 

American Hornet impacted different type walls with impact velocities from 21 

mph to 42 mph. However, these impact tests are used for the evaluation of 

penetrat ion instead of s tructural response. Figure 1.1 shows that a concrete wall is 

subjected to the automobile impact. 



Figure 1.1: Automobile Impact Test 



1.3 Constitutive Relationships of Concrete 

In the past years, the methods of analysis and design for reinforced concrete 

structures were mainly based on elastic analysis combined with various classical 

procedures as well as on empirical formulas developed on the basis of a large 

amount of experimental data. In recent years, the rapid development of modern 

numerical analysis techniques and high speed computers has provided structural 

researchers and engineers with a powerful tool for the nonfinear analysis of 

reinforced concrete structures. However, the finite element method is the only 

feasible technique for this study [25]. 

The first introduction of a concrete material into a finite element program in 

order to produce a system capable of studying the behavior of reinforced concrete 

members was made by Ngo and Scordelis [104] in 1967. The first model included a 

cracking and bond simulation capabiHty so that the stress in the vicinity of the 

crack could be computed and led to the formulation of the discrete crack model. 

Later, Rashid [120] proposed a basically different approach to assist in the design 

of a containment structure for a gas cooled nuclear reactor. The concrete model 

had to locate zones of cracking and determine how crack development affected the 

overall behavior of the structure. The consequence of these demands led to the 

development of a smeared crack model. 

Subsequently, studies were mainly emphasized on the overall behavior of 

special types of reinforced concrete structures. Those studies have one basic idea: 
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reinforced concrete is looked on as a composite material consisting of two major 

components, steel reinforcement and concrete. To model reinforced concrete's 

nonfinear constitutive relationship, the response of each component is studied 

separately. And then, the combined effects are evaluated by imposing the 

condition of material continuity. The nonfinear constitutive relationship for 

concrete itself is developed on the basis of a homogeneous and isotropic 

continuum. However, the constitutive relationship of reinforcing bars in concrete is 

studied on the basis of the type of representation used to take into account the 

effect of the bars. These representations are usually divided into three categories 

[1,128]: the distributed model, the embedded model, and the discrete model. 

A distributed model demands that the reinforcing bars be arranged 

uniformly. The reinforcing bars are assumed to be distributed over concrete 

elements with a perfect bond between concrete and steel. A composite 

concrete-reinforcement constitutive relationship is obtained based on this 

assumption. 

An embedded model assumes that a reinforcing bar is considered as an axial 

member built into a concrete element. With a perfect bond between the bar and 

concrete, the displacements of the bar are consistent with these of the concrete 

element. 

A discrete model assumes that a reinforcing bar can be either an axial or a 

beam element which can carry axial force, shear, or bending moment. The transfer 
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of interface forces must be evaluated so that the displacements of the reinforcing 

bars with respect to the surrounding concrete can be calculated. 

The nonfinear behavior of concrete material is usually modelled by one of 

three nonfinear theories: nonfinear elasticity, plasticity, or endochronic theory [26]. 

1.3.1 Nonfinear Elasticity Theory for Concrete 

Nonlinear elasticity theory has been widely used for the analysis of concrete 

structures [22,29,37,108,110]. This theory for concrete was primarily proposed to 

describe the concrete behavior under monotonic loading [22,29,37,108,110], but it 

also can be used to describe the concrete behavior under the uniaxial [69,135j, 

biaxial [124], and cycfic loading. The theory can be divided into two categories 

based on the secant and tangential approaches. The secant formulation assumes 

tha t the current stress tensor, aij, is a unique function of the current strain tensor, 

El J. The constitutive relation is expressed as 

cr.j = D:^,I eki (1.13) 

in which D^ f^i is a 4th-order material tensor which depends on the current strain. 

The behavior is path-independent and cannot reflect the real behavior of concrete 

material . Thus, this formulation is clearly restricted to the monotonic or 

proportional loading regimes. On the other hand, the tangential approach, which 
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is also referred to as the hypoelastic formulation, is related to an incremental 

constitutive relation 

d<^rj = Dljk! dcki (1.14) 

in which D-^^, is a 4th-order material tensor depending on the current stress and 

strain. Because of its path-dependent behavior, the hypoelastic formulation 

provides a more reafistic description of concrete behavior under general loading 

(monotonic and proportional loading not required). For general stress histories 

involving unloading, a loading function f{(Tij) is introduced to separate the 

loading from unloading. However, both the secant and tangential formulations fail 

to satisfy the requirement of continuity with regard to the stress increment 

direction in the stress space at or near the neutral loading {df = 0) [41]. 

The advantage of the nonfinear elasticity formulation for concrete is its 

simpficity compared with the other constitutive relationships. It adequately 

describes the overall concrete behavior although a close representation cannot be 

obtained as stresses approach the ultimate compression strength of concrete. 

Furthermore, the model cannot describe concrete behavior in tension, which is 

usually the cause of concrete failure. 

1.3.2 Theory of Plasticity for Concrete 

Theory of plasticity for concrete is the most widely used method 

[2,7,19,24,90,96,98,135,146]. It is assumed that concrete deforms fike a ductile 
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material on the yield or failure surface before reaching crushing strains under 

triaxial compression load. Plasticity for concrete can be divided into two 

categories, the perfectly plastic-fracture and the strain hardening plastic-fracture. 

which have been developed to account for the concrete behavior. A complete 

constitutive relationship usuaUy consists of three parts: (1) under elastic fimit, (2) 

during plastic flow, and (3) post-failure. The first part can be obtained from 

Hooke's law. The second part is usuaUy based on the plastic flow rule which can 

be associated or non-associated. The post-failure theory assumes that the current 

stress level does not suddenly drop to zero but gradually approaches zero as crack 

width increases. 

To complete the constitutive relationship, the initial yield surface, the 

hardening rule, and the failure surface must be defined. Both the initial yield and 

failure surfaces always depend on the stress level, which is a function of the stress 

invariant and the deviatoric stress invariant. The hardening rules have usuaUy 

been of three types: isotropic, kinematic, and mixed. An isotropic hardening rule 

assumes tha t the initial yield surface expands uniformly without distortion as the 

plastic flow occurs. The kinematic hardening rule assumes that the initial yield 

surface remains the same and translates fike a rigid body in the stress space. The 

mixed hardening rule assumes that the initial yield surface wiU translate fike a 

rigid body and expand uniformly in aU directions. Once a hardening rule is 
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defined, the subsequent yield surface, which is caUed a loading surface, will be 

defined from the initial yield surface if the stress level is beyond the elastic fimit. 

To define the plastic stress tensor, a so-called plastic flow rule is deflned. A 

widely used flow rule is 

in which ê ^ and ajj are the plastic strain rate and the stress tensor, respectively, Q 

is the plastic potential, and A is a scalar. If the stress function which deflnes the 

shapes of the yield and loading surfaces is identical to the plastic potential, Q. this 

rule is an associated one. Otherwise, it is a non-associated flow rule. 

A strain criterion is required for concrete fracture. It is developed by 

converting the failure function in terms of stresses into one in terms of strains 

because experimental results on the ultimate concrete deformation capacity under 

multiaxial stress states have not been obtained. It is befieved that as the cracks 

accumulate, the failure surface wiU shrink as the plastic work increases. 

1.3.3 Endochronic Theory 

The constitutive relationship of concrete based on plasticity requires a yield 

criterion which defines an initial yield surface which is coupled with a hardening 

rule and defines the loading surfaces. This formulation gives the impression of a 

discontinuous material model. Because real material behavior is continuous in the 

process of loading, unloading, and reloading, this formulation cannot accurately 
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reflect the concrete behavior and usuaUy results in some numerical problems or 

inefficiencies. The endochronic theory originaUy proposed by Valanis [142,143] 

overcomes these problems because a yield criterion and a hardening rule are not 

required. 

By using a pseudo-time scale, a constitutive equation in integral or 

differential form can be employed to describe strain hardening, unloading and 

reloading, cross-hardening, and continued cyclic loading. This theory was 

subsequently introduced for the numerical analysis of rock, sand, plain concrete, 

and reinforced concrete under different conditions by Bazant et al. [5-8]. 

The endochronic theory represents a special type of viscoplasticity in which 

the plastic ra te coefficient (viscosity) depends not only on stress and strain but 

also on the strain rate. According to the endochronic theory, the constitutive 

relationship is defined as 

a,j = l^ E,,ki{t - t)-^{T) dt (1.16) 

in which Eijki is a special function, and t is the time. The intrinsic t ime, C,, is 

introduced from a pseudo-time scale and appears as 

t' di , ^ 
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in which /{L) > 0 and di > 0, / ( t ) is a history-dependent material function, and L 

is a time coordinate. The value of di is a time measure which can be related to the 

strain increment and the real t ime increment for isotropic materials as 

{dif = ki de„ dejj -f ^2 de,j de^j ^ X'{dtf (1.18) 

in which ^ i , ^2, and A' are material constants. 

The micro-cracks in concrete wiU expand as the loading increases. First, the 

concrete yields at a certain stress or strain level. When the stress or the strain 

level reaches a critical value, the concrete faUs. Concrete cracking under a tensile 

stress state and concrete crushing under a compressive stress state are the major 

factors of material nonfinearity. Usually, analytical modefing of concrete cracking 

in the finite element analysis can be made either by following the individual 

discrete cracks between concrete elements (the discrete cracking model), or by 

treating the gross effect of cracks distributed throughout a concrete element (the 

distributed cracking model). However, the discrete model is not widely accepted 

due to the foUowing reasons: difficulty in redefining the crack topology and large 

computation costs. So, the distributed cracking model has been preferred recently 

due to its convenience. 

The interaction effects include the tension stiffening, the shear transfer due 

to so-caUed dowel action, and the bond sfip. Like the tension softening for plain 

concrete, tension stiffening is a global property of reinforced concrete. It is a 

consequence of the presence of steel within the concrete and the fact tha t average 



material properties are used over a finite domain to estabfish the stiffness 

characteristics of the domain. Modefing of the tension stiffening has been 

introduced by various analysts [43,47,48,81]. 

Shear transfer sometimes has to be taken into consideration. Shear can be 

transferred through the transverse component of direct thrust , the aggregate 

interlock and friction, direct tension in web reinforcements, and dowel actions 

across cracked concrete sections [66]. Two kinds of formulations are usually 

employed to deal with the problem. One is to apply some spring elements to the 

finite element analysis, and the other one is to reduce the shear stiffness of the 

cracked concrete [21,51,66]. Due to its simpficity, the later one is often used. 

The location, spacing, and width of cracks in concrete members, the effective 

stiffness of the members , and the concrete strength are all related to the interface 

behavior and the force transfer between the concrete and the reinforcing bars 

which define the bond slip. GeneraUy, the reinforcing bars in a flexural member 

have a tendency to slip through the surrounding concrete. However, the adhesion, 

the friction, and the mechanical interlock between concrete and the bars resist the 

sfip. The interface behavior in the finite element analysis has been described by 

using a constitutive law which is analogous to those used for describing the 

concrete and steel behavior [17,18,59,66,93]. 
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1.4 Bending Problems of Reinforced Concrete Panels 

Because of the complex bending behavior of concrete panels, the finite 

element technique and the Mindfin theory are used. A plate element is divided 

into several layers when the stiffness matrix and the internal resisting force are 

calculated. By means of the layered scheme the effect of reinforcement can be 

taken account for. The distributed model has been used to consider the steel bars 

in concrete panels. In this model, a composite constitutive relationship for both 

concrete and steel bars is assumed for simpficity. Despite the advantage of use of 

C(0) continuity low order polynomial elements appfied to the Mindfin plate 

analysis, which satisfy the requirements of continuity of displacements and 

independent rotations, a phenomenon termed "shear locking" will appear by 

means of fuU Gaussian quadrature when very stiff results are produced, and shear 

stresses are over estimated. Usually, "shear locking" appears for the integration 

over very thin Serendipity and Lagrangian plate elements (eight-node and 

nine-node isoparametric quadratic elements). However, when four-node bifinear 

elements are used, "shear locking" appears even for very thick elements [57]. 

Hand et al. first used the layered Mindfin plate theory and the smeared 

model to determining the load-deflection history of reinforced concrete panels and 

sheUs up to failure [51]. A two-parameter failure criterion was used. The ratio of 

span to thickness (flexural ratio) could be as large as 70. Because four-node 

bifinear finite elements were used in the study, "shear locking" would affect the 
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numerical results to a large degree unless the selective or reduced integration 

scheme was introduced. The authors did not discuss this. 

Harmon used the same scheme to determine the load-deflection history up to 

failure of reinforced concrete beams, panels, and sheUs [52]. An octahedral 

constitutive law was used foUowing Murry [97] and Ottosen [107]. The concrete 

failure was judged by the criterion 

in which (j is the hydrostatic stress, and f^ and // are the compressive and the 

tensile strengths of the concrete, respectively. If ^ = h/V^ < (j in which 7i is the 

first invariant of stress, concrete failure is compressive; otherwise, it is tensile. 

Miyamoto et al. conducted nonfinear dynamic analyses of reinforced 

concrete panels under impulsive loads with layered Mindfin plate elements and the 

smeared crack model [94,95]. A special impact facifity was designed to produced a 

sine-wave impulse when a faUing baU hit a reinforced concrete panel. The failure 

loadings and crack pattern were discussed. Because four-node bifinear finite 

elements were used in the dynamic analysis, "shear locking" affected the numerical 

results, especiaUy since an impficit time integration scheme was used. As a result, 

the stiffness matrix would be "over-stiff." 
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1.5 Organization of Dissertation 

issuer's In Chapter II, the fundamental equations based on Mindfin and Reis 

plate theory for orthotropic plates are derived. The basic assumptions of this 

theory are discussed. Total energy and external work expressions are also derived. 

In Chapter III, the faUure criteria for concrete are reviewed. These criteria 

range from two-parameter Mohr-Coulomb, Drucker-Prager, VaUabhan-Mehta, 

MiUs-Zimmerman failure criteria to seven-parameter Boswell-Chen faUure criteria. 

In Chapter IV, a model is proposed to define the initial yield surface and 

subsequent yield surfaces. A non-uniform hardening rule is proposed to represent 

the behavior of concrete after yielding. The post-failure behavior of concrete 

material is also discussed. The constitutive relationship of reinforced concrete is 

discussed. The flow vectors for different plastic potential forms are also derived. 

In Chapter V, both impficit and expficit time integration schemes are 

reviewed. The effect of the choice of the finite element on the numerical results is 

discussed. New formulas of the embedded model used to account for steel rebar in 

a concrete panel are derived. A layered scheme is used to calculate the internal 

resisting forces. The central difference time integration scheme is used to solve the 

dynamic equations based on the Mindfin and Reissner's plate theory. The critical 

t ime step is defined for different reinforced concrete panels. The analytical 

expression for the critical step is derived. Shear stresses and the effect of dynamic 

loadings on the compressive strength of concrete are also discussed. 
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In Chapter VI, the appfication of viscoplasticity to concrete material is 

reviewed. A new strain rate-stress function is proposed to complete the 

appfications of viscoplasticity to the dynamic analysis of steel, aluminium 

6061-T6, and concrete plates. Several examples are calculated to verify the 

proposed strain rate-stress function. 

In Chapter VII, impact tests conducted in the Civil Engineering Testing 

Laboratory, Texas Tech University, are described in detail. Concrete panel casting 

and the laboratory facifity are also introduced. A finear variable displacement 

transducer (LVDT) is used to measure the central displacement response of panels 

subjected to the impact of a steel pipe. The calculated results are compared with 

the test data. 

In Chapter VIII, conclusions are drawn and recommendations are proposed. 



C H A P T E R II 

FUNDAMENTAL EQUATIONS FOR 

ORTHOTROPIC PLATES 

2.1 Introduction 

There are basicaUy three theories which one could use as a basis for elastic 

plate bending. They are the Kirchhoff classical thin plate theory, the Mindfin and 

Reissner's plate theories, and a fuU three-dimensional theory. 

Kirchhoff theory takes no account of transverse shear deformation and is 

usuaUy favored by engineers because of its simpficity. It is the plate bending 

equivalent of Euler-BernouUi beam theory. The Mindfin and Reissner's plate 

theories aUow for transverse shear effects. Mindlin plate theory is the plate 

bending equivalent of Timoshenko beam theory. FuU three-dimensional theory is 

employed for the greatest accuracy. Many three-dimensional hexahedral and 

tetrahedral elements have been presented. However, when the aspect ratio of the 

element is very large, as in thin plates, an ill-conditioned stiffness matrix results. 

Several schemes for avoiding this difficulty have been presented. An analysis based 

on this procedure using sofid elements is the most accurate if properly employed. 

The classical two-dimensional theory of flexural motions for elastic plates 

leads to a Lagrangian equation: 

Dy'w + p'h-^ = q{x,y,t) (2.1) 
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where D, w, h, q, p' and t represent the flexural rigidity, the lateral displacement, 

the thickness of the plate, the lateral loading, the mass density of the plate, and 

t ime, respectively. 

The wave velocity of straight-crested waves is inversely proportional to the 

wave length, and this result is only for waves which are long in comparison with 

the thickness of the plate. At first, Timoshenko [137,138] included the effect of 

transverse shear deformation in one-dimensional theory of flexural motions of bars. 

This theory gives satisfactory results for short waves and high modes of vibration. 

Reissner [121] and Mindfin [92] showed how a more comprehensive, 

two-dimensional theory of flexural motions of plates, analogous to Timoshenko's 

one-dimensional theory for bars, may be deduced directly from the 

three-dimensional equations of elasticity. However, their theories are only for 

isotropic plates. 

Orthotropic plate ideafization has been used to model reinforced concrete. 

An orthotropic material displays direction-dependent properties. Simplest among 

them are those in which the material properties differ in two mutuaUy 

perpendicular directions. A number of manufactured materials are approximated 

as orthotropic. However, here the reinforced concrete panel is modeled as an 

isotropic material, and in addition, the steel reinforcements are modeled, as 

discussed later, to bring out the orthotropic behavior of concrete panel. 
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Presented in this chapter are the basic assumptions for a Mindfin plate and 

the fundamental equations for the smaU deflection theory of bending of thin 

orthotropic plates. 

2.2 Basic Assumptions for a Mindfin Plate 

According to the Kirchhoff hypotheses, plane sections initiaUy normal to the 

midsurface remain plane and normal to that surface after bending. This means 

that the vertical shear strains 7ŷ  and 7^^ are negfigible. This assumption is not 

appficable in Mindfin plate theory in which 7^^ and 7^^ are not negfigible. Thus, 

according to Mindfin plate theory, the main assumptions are that [109,140.141]: 

1. displacements are smaU compared with the plate thickness; 

2. the stress normal to the midsurface of the plate is negligible; 

3. normals to the midsurface before deformation remain straight but not 

necessarily normal to the midsurface after deformation. 

Based on these assumptions, it is assumed that u and v, the displacements in 

the X and y directions, respectively, are proportional to 2, the distance from the 

middle surface, and w, the displacement in the z direction, is independent of z: 

u = -z6^{x,y,t) 

V = -zey{x,y,t) 

w = w{x,y,t) (2.2) 
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where u, v, and w are the displacements in the x, y, and z directions, respectively, 

and 6J: and 6y are the normal rotations in the yz and zx planes, respectively. 

Using the strain displacement equations in finear elasticity, the strains 

appear as foUows by means of Equation (2.2): 

ex = -z 

Cy = -Z 

dx 
dOy 

dy 

^'^ ~ ^^dy ^ dx^ 

^'' ~ dx ^ 

. - ^ - e (2.3) 

2.3 Fundamental Equations for Orthotropic Plates 

Solution of the bending problem of orthotropic plates requires reformation of 

Hooke's law [80,141]: 

Cx = £'x Cx -f Exy Cy 

(Ty = Ey €y 4" Jilxy ^X 

^xy — ^ Ixy 

Tyz = G' 'Jyz 

r,. = C7'7.x (2.4) 

where G' = hG., and /c is a shear correction factor. 
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An alternative representation of Equation (2.4) is: 

^x 

^y 

'"xy 

= 

= 

= 

^i / , : . . , \ 
, \<^x J^yCy) 
1 - l^j,Uy 

E' 
^ (r ' 1' r \ 

1 - V^Vy 

Glxy 

'''yz — Cr 7 y j 

r.x = G"7.x (2.5) 

where z/ ,̂ î y, and E'^. Ey are the effective Poisson's ratios and effective modufi of 

elasticity, respectively. Subscripts x and y relate to the directions. The shear 

modulus of elasticity G is the same for both isotropic and orthotropic materials. 

Clearly, the two sets of elastic constants in Equations (2.4) and (2.5) are 

connected by 

E' 
-t-'x 

Ey 

7 
-/xy 

^ 

— 

1 - ^xJ^y 

E' 
y 

1 - ^xt^y 

E>y 

1 - i^x^y 

E'yU. 

1 - l^xJ^y 
(2.6) 

Substituting Equations (2.3) into Equations (2.4) leads to 

5«x , ^ 9«« 

IF ^ " " ^ F ^^'^ 



dy r„. = G'(^-e„) 

r „ = G ' ( ^ - e . ) . (2.7) 

The bending and twisting moments and the transverse shearing forces, aU 

per unit of length, are defined as 

Mx = / (Tx zdz 
J-h/2 

rh/2 
My = / CTyZdZ 

^ J-h/2 
rh/2 

Mj^y = / r^yzdz 

QT = / T,:rdz 
J-h/2 

Qy = C" Ty.dz (2.8) 
J-h/2 -h/2 

where h is the thickness of the plate. 

Substituting Equations (2.7) into Equations (2.8) leads to 

de, , ^ dey 

,^ dey ^ de,^ 

Qx = G'h{^-ex) 

Qy = o'h{^^-ey) (2.9) 

where 

Dx = -TTT-12 



D,. = 

J-^T1I 
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h'E, 'y 

12 

h Exy 

12 

G,y = ^ (2.10) 

in which D̂ .̂, Dy, D^y and G^y represent the flexural rigidities and the torsional 

rigidity of an orthotropic plate, respectively. 

The stress equations of motion of three-dimensional elasticity, if the body 

forces are ignored, 

dax dTyx dr^x _ , d^u 
'd^'^ "d^ ̂  ~d7 ~ ^ W 
dr^y day dr^y _ , d^v 

dx dy dz dt^ 
dTj,, dvu^ da- .d'^w 

are converted to plate stress equations of motion in the foUowing manner [15,46]. 

The first two of Equations (2.11) are multipfied by z and integrated over the plate 

thickness. These become, after making use of Equations (2.2) and (2.8), 

dMx , dMyx , /•V2 dr.x, p'h' d-e. 
+ - ^ + / z-—dz = 

OV J-h/2 OZ dx dy J-h/2 dz 12 dt'' 

dx dy J-h/2 dz 12 dv ' 

The third terms in Equations (2.12) become, by means of partial integration. 

/ z-^—dz = zr:,x\lh/2~\ '^'-^dz = -Q, 
J-h/2 dz ' J-h/2 

/

h/2 QT . i'h/2 

.n'ir''-'''^\-^'^-Ln''''' = -"5" (2.13) 
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where the foUowing conditions are employed: 

'''zx\±h/2 = 0 

rzy\±h/2 = 0. (2.14) 

Substituting Equation (2.13) into Equation (2.12) leads to 

dM dMy^_ _ p'h^dHx 

dx dy ^"^ 12 df^ 

^ + ̂ _ g „ = _ ^ 5 ^ (2.15) 

dx dy ^ ^ 12 dt^ ^ ' 

where the right-hand sides of Equations (2.15) represent the influence of rotatory 

inertia. 

Now, the third in Equations (2.11) is integrated over the plate thickness and 

becomes, after making use of Equations (2.2) and (2.8), 

dQx ^dQ^^ f^l^ da, ^ ,^ d'w 
n/^ oa. , , , O^w 

dx dy J-h/2 dz 

When the bot tom and the top of the plate are subjected to pressures, qi and ^2, 

(^z\h/2 = -qi{x,y,t) 

crz\-h/2 = -q2{x,y,t) (2.17) 

and 

92 - 91 = 9, (2.18) 

it is deduced that 

/•'»/2 da^ .h/2 

J-h/2 OZ ' 
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= 92 - 91 

= q. (2.19) 

Substituting Equation (2.19) into Equation (2.16) gives 

dQx^dQy d'w 

Again, substituting Equation (2.9) into Equations (2.15) and (2.20) leads to 

8% d% d% d% _ p'h' 8% 8w 

8'e^ 8H 8% 8% _ p' h^ 8% ^ 8w 

^/, / 9 de, de^. ,, d'^w 
G ' , ( v ^ . - - - ^ ) + , = / / . _ . (2.21) 

The above three equations are the dynamic equations of motions for an 

orthotropic plate using Mindfin theory. But these equations can be converted into 

a single equation for an isotropic plate in the foUowing way. For an isotropic plate. 

D, 

-L/xy 

Cjxy 

l^x 

= 

— 

= 

= 

= 

= 

Dy 

Eh^ 
1 2 ( 1 - 1 / 2 ) 

D 

uD 

Gh^ 
12 

^y 

= u. (2.22) 
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Differentiating the first and the second of Equations (2.21) and substituting 

Equations (2.22) into Equations (2.21) lead to 

^^w 
^ a ^ 2 ( r . + - r y ) + - ^ - z ) ( — + ^ = ^ ^ ^ ^ + c ? M r x - ^ ) (2.23) 

and 

» « ) 

^ 9 y 2 ( ' ' r . + r . ) + - ^ — / > ( ^ + ^ = ^ ^ ^ ^ - G M r . - ^ ) (2.24) 

where 

de. 
Fx 

d X 

r„ = 1;^. (2.25) 

Adding Equation (2.24) to Equation (2.23) leads to 

(^D^'-G'h-^^^){T^ + T,) = -G'hv'w- (2.26) 

Substituting the third of Equations (2.21) into Equation (2.26) leads to 

r 2 P' ^\ir,„2 P'h^ d \ ,, Dy' p'h- 8' 

- P ' ' ' ^ - (2-27) 

The above equation is the dynamic equifibrium equation for an isotropic 

plate using Mindfin theory. This equation wiU be sfightly different for an 

orthotropic plate based on Kirchhoff hypotheses. In other words, using Kirchhoff 

hypotheses, 

dw 
^x = -w-dx 



dy 

From Equations (2.15), 

^dM^ dMy^ p'h' d^w 

dx dy ^ 12 dxdt' 
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/I dw 
ey = —-. (2.28) 

_ a M . y aMy ^'/.3 d'w 

Substituting Equations (2.28) into Equation (2.9) leads to 

TIT /7^ ^ ^ ^ r. 9^'^^ 

r\2 

M,y = -2Gxy—^. (2.30) 

Substituting Equations (2.29) into Equation (2.20) leads to 

d'Mx d'Mxy d'My ^ d'w 

dx^ dxdy dy^ ^ dt^ ^ 
p'h' d^ ,dw dw^ , , 

Finally, substituting Equation (2.30) into Equation (2.31) gives 

^ d'^w ^ „ "̂̂  ^ d^w ,, d~w 

p' h' d^ ,dw dw^ 
+ ^ W ^ d i + ^ ^ (2.32) 

where H = Dxy + 2 G^̂ y. 

For reinforced concrete panels with reinforcing steel bars in the x and y 

directions [141], 

1 - i^i Ec 
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Er , , ,Es 

'E'C 
Dy = 

n _ 
^xy — 

•L^xy = 

1/ ^C-

1 J , 
^y/D.Dy 

Vc^jDiDy 

l)/.yl 

^ = V^xi )y (2.33) 

where Vc represents Poisson's ratio for concrete, Ec and Eg stand for Young's 

modufi of elasticity for concrete and steel, respectively, la and Icy are the 

moments of inertia of the panel, and /^x and Isy are the moments of inertia of the 

steel bars about the neutral axis in sections with x = constant and y = constant, 

respectively. From 

G' = hG (2.34) 

and the fourth equation in Equations (2.10), i.e., 

G = i ^ , (2.35) 

the corrected shear modulus is 

G' = 1 ^ ^ . (2.36) 

_ 2 

According to Reissner [121], K = | , but according to Mindfin [92], K = ^ for 

1/ = 0.176 or K is obtained from 

Ay/{1 - i3oR){l - h) = {2 - hY for 0 </c < 1 (2.37) 

in which 

/3o = ^ y (2.38) 
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2.4 Total Energy and External Work 

For the plate analysis using the finite element method, we need the potential 

energy function 

U = T-{U' V) (2.39) 

in which U, T, and V are the strain energy, the kinetic energy, and potential 

energy of external loads, respectively. The strain energy U in the 

three-dimensional theory is given by 

^ ^ 2 J J J ^^''^'' ^ ^^^y ^ ^^^^ ^ "̂ ĵ/Txy + Tyzjyz + T̂ -xT̂ x) dx dy dz. (2.40) 

Substituting Equations (2.4) into Equation (2.40) leads to 

^' = \ 1 1 £ , i^^'l + 2E.ye.ey + Eyel + 0%^ -^ G'{^1 - -^L)] dx dy dz. (2.41) 

Substituting Equations (2.3) into Equation (2.41) leads to 

. G(f.f)v-fe'[(£-^.r+(|-^.n}^x.w. 
= UJ {DA^2DjAf 

2 J J,mf dx dx dy 

+ G'h[{^-6,f + {^-eyf]}dxdy. (2.42) 

The kinetic energy for a three-dimensional body is given by 
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Substituting Equations (2.2) into Equation (2.43) leads to 

The potential energy of external loads is given by 

V = -f[ qwdxdy. (2-45) 
J Jsurf 

Thus, the potential energy of the orthotropic panel is 

$ = T-{U + V) 

2 J Jsurr d^ ^^ ^y 
de o .de, dey.2 

+ G'h[i'£-e.yH%-^f]}'i^'y 

_j_ / / qw dxdy. 
J Jsurf 

(2.46) 



CHAPTER III 

FAILURE CRITERIA FOR CONCRETE MATERIAL 

3.1 Introduction 

The constitutive relationships in concrete plasticity are always based on an 

initial yield surface coupled with a hardening rule from which the subsequent yield 

surfaces can be defined. As the loading increases, the subsequent surfaces wiU 

expand and finaUy match with the failure surface. Many studies have been made 

in defining the failure function which describes the failure surface for the concrete 

material. The analytical studies could be conducted due to the numerous tests 

with concrete [4,16,42,75,79,91,107,122,126,136]. These tests show that the failure 

surface of concrete is curved and has smooth meridians in the Haigh-Westergaard 

stress space [25]. On the basis of these tests, many failure criteria have been 

proposed, which can be divided into four categories according to the number of 

their parameters. In this chapter, basic concepts of plasticity are introduced first. 

Failure criteria with two, three, four, five and even seven parameters wiU be 

discussed in detail. 

3.2 Basic Concepts of Plasticity 

On the basis of homogeneous and isotropic assumptions, a general form of 

the failure or yield criterion for a continuum appears as 

F{I,,J2,J3)-Fo{n) = 0 (3.1) 
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m which / i , J2, and J3 stand for the first stress invariant, the second invariant, 

and the third invariant of deviatoric stresses, respectively, and K represents the 

hardening parameter. 

Experimental results indicate that for metals the yield function only depends 

on the second invariant of the deviatoric stress, but for soU, rock, and concrete the 

faUure function also depends on the first stress invariant and the third invariant of 

the deviatoric stress. 

The three invariants can be expressed in the foUowing convenient way. 

h 

J2 
1 
2 
1 

S{j S{j 

^ij ^jk ^ki (3.2) 

in which aij and Sij denote the stress tensor and the deviatoric stress tensor, and 

the standard Einstein index notation is used in Equation (3.2). 

The stress tensor, a^j., is defined in matrix form as 

W^j] = 

( \ 

C i i cri2 ^\z 

C"21 <'"22 ^22> 

\ <^31 ^ 3 2 <^33 / 

/ 
^ x x ^ xy ^xz 

^yx ^ y y ^yz 

\ a^x ^zy ^zz j 

(3.3) 



and the deviatoric stress tensor, 5,^, is defined in matrix form as 

Uij] - Wij - - 0-kk ^ij] 

( \ 

-Sll S\2 5 i 3 

521 522 -S23 

•S3I 532 533 
/ 

in which the Kronecker delta, (5,̂ , is defined as 
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(3.4) 

^^3 = < 

1 if i = J 

0 i f i ^ i -

(3.5) 

The principal stresses can be derived in the foUowing way [109 i. If the 

principal deviatoric stresses are assumed as 5i, 52, and 53, they are the three roots 

of the foUowing equation. 

{X - s^){X - s^){X - s^) = 0 (3.6) 

or 

X' - {Si -f 52 + 5 3 ) X ^ + ( 5 i 5 2 ^ S2 S3 + S3 Si) X - Si S2 S3 = 0. (3 .7 ) 

From Equations (3.2) and (3.4) the foUowing equations are obtained, 

5i + 52 + 53 = 0 

(51 52 + 52 53 + 53 5i) = J2 

!l 52 53 = J3 (3.8) 
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Substituting Equation (3.8) into Equation (3.7) results in 

X' -J.X -J3 = 0. (3.9) 

Substituting X = R sine into Equation (3.9) leads to 

. o . ., sin e J-x / „ , ^ X 
sm^ ^ - J2 - ^ - - ^ = 0. (3.10) 

However, the foUowing equation is always true, 

3 1 
s i n ^ ^ - - sin^ + - sin 3^ = 0. (3.11) 

4 4 

Thus, comparing Equation (3.10) with Equation (3.11) results in 

A - 5 
'R? ~ I 

- J = J sin 3 .̂ (3.12) 

Thus 

^ = Tz'"'-
sin3« = - ^ ^ . (3.13) 

^ 2 

Since 5i, 52, and 53 are the three different roots of Equation (3.9), and 

Xi= R sin e,X2 = R sin(^ + ^ ) , and X3 = R sm{e -f f) also satisfy the 

equation, where i2 is a stress magnitude, 

5i = Rsm{e^—) 

52 = R sin(^) 

53 = i2sin(^ + — ) . (3.14) 



FinaUy, the principal stresses components can be expressed as 

0-2 

^3 

2 v ^ 
V3 

s i n ( ^ ^ f ) 

sin e 

sin(^ + f ) 

) ^CTm { 

1 

1 

1 
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(3.15) 

in which am — / i / 3 caUed the mean stress. The angle e can be geometricaUy 

represented in the Haigh-Westergaard stress space and is caUed 'Lode' angle [109]. 

3.3 Two-Parameter Criteria 

3.3.1 Mohr-Coulomb Failure Criterion 

The Mohr-Coulomb criterion is a generafization of the Coulomb (1773) 

friction failure law defined by 

T — c — an tan 0 (3.16) 

in which r is the magnitude of the shearing stress, an is the normal stress, c 

stands for the cohesion, and ^ is angle of internal friction (see Figure 3.1). Also 

based on <TI > cr2 > a3 this criterion can be expressed as 

ai — a3 — 2c cos<^ — (CTI + (J3) sin ^. (3.17) 

Substituting for ai and <J3 from Equation (3.15) into Equation (3.17) results in 

- / i sin (̂  + y J2 (cos e ^ sin e sin <̂ ) — c cos <̂  = 0. 
3 \ /3 

(3.18) 

Rewriting Equation (3.17) by assuming 

/c = 
2 c cos^ 

1 — sin ^ 
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Figure 3.1: Failure Envelope of Mohr-Coulomb Criterion 

/ ; = 
2 c cos (f> 

1 + sin ^ 
(3.19) 

leads to 

f l _ ^ — 1 
fl f'c ~ 

(3.20) 

in which / / and /^ are called the tensUe and compressive strength of concrete. 

By introducing a parameter 

TM = - : : 
fi 
1 -i- sin <̂  

1 — sin ^ 
(3.21) 

the failure criterion wiU be reduced to 

mai - a3 - f^ (3.22) 

which is independent of the cohesion of concrete, c. 

V\ 
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Substituting Equation (3.15) into Equation (3.22) leads to 

[(m + 1) cos ^ + - ^ (1 - m) sin ^] y j2 + - (m - 1) - /^ = 0. (3.23) 
v 3 3 

3.3.2 Drucker-Prager Failure Criterion 

The failure criterion was proposed by Drucker and Prager in 1952 as a 

modification of von Mises criterion. The influence of a hydrostatic stress on 

yielding was introduced, 

a'Ii^JJ2 = k' (3.24) 

in which a' and k' are two material parameters related to the cohesion, c, and the 

angle of internal friction, ^, in the Mohr-Coulomb criterion. The failure surfaces of 

the two criteria can be seen in Figures 3.2 and 3.3. 

When / i = <Ji + (72 + cr3 = 0, which stands for the 7r-plane, the foUowing 

expression is obtained from Equations (3.18) and (3.24). 

c cos (f> 
J21 /i =0 — cos e 7- sin e sin ^ 

= k'. (3.25) 

For ^ = ± 30"̂ , it foUows that 

k'\e=±3o° = Y«^2|/i=o. 0=±3O' 

2 \ /3 c cos <f) 

3 =F sin (̂  
(3.26) 
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- a 
Mohr-Coulomb 

Drucker- Prager 

- ( 7 . 

Figure 3.2: Geometrical Representation of Mohr-Coulomb and Drucker-Prager Fail
ure Surface in Haigh-Westergaard Stress Space 

i Line of Pure Shear 
Drucker-Prager ' 6 = 0 

Mohr-Coulomb 

Figure 3.3: 7r-Plane of Mohr-Coulomb and Drucker-Prager Criteria 

rv 
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When ai = a2 = 0-3, J2 = 0. Then the foUowing expressions are obtained, 

a' = — (3.27) 
11 \j2=0 

and 

I _ 3 c cos (/) 
^i|j2=o — —:—;—• (o.zo) 

s m ^ 
Thus, 

, 2 sin ^ 
Oi = 

\/3(3Tsin<^)* 

For the outer bound of the Drucker-Prager criterion with ^ = 30"̂ , 

2 sin^ 

(3.29) 

a \/3 (3 — sin </>) 
, / 6 c cos d!) 
^ = ^ r ^ - (3-30) 

v 3 (3 — sin ^) 

For the inner bound of the Drucker-Prager criterion with e = —30°, 

, 2 sin (/) 
a = v/3(3 + sin(;6) 
, / 6 c cos <h 
k' = -y=- ^ . 3.31 

v^(3-t-sin(/)) ^ '̂  

Substituting rh from Equation (3.21) into Equations (3.30), we get for the outer 

bound of Drucker-Prager criterion 

m — 1 
a = 

\/3(m -f 2) 

*' = wk- ^'-''^ 
Substituting Equation (3.32) into Equation (3.24) results in 

- y - h + - ^ VJ2 = f'c- (3.33) 
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3.3.3 Leon Failure Criterion 

Concrete strength in triaxial stress is described by the failure criterion of 

Leon proposed originaUy in 1936 for the shear strength of concrete under combined 

tension and compression. Leon failure criterion was developed by Romano [123;: 

( ^ r + C ^ ^ - c = 0 (3.34) 

in which the frictional parameter at the peak, 

C-L ^ c ( / c ) ' - ( / . ' ) ' (3 35) 
Jt Jc 

The relationship between the octahedral shear stress and the normal stress can be 

seen in Figure 3.4. 

It should be pointed out that the octahedral shear stress at failure can be 

expressed as a function of the octahedral normal stress based on Nadai's study 

[99], 

Toct = f{o-oct) (3.36) 

in which 

Toct = ^ 3 ^ 2 

(^oct = -^h- (3.37) 

Thus, many failure criteria have been based on this theory. 
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6=30' 

6=-30' 

oct 

(a) (b) 

Figure 3.4: Failure Envelope and 7r-Plane of Leon Criterion 

3.3.4 VaUabhan-Mehta Failure Criterion 

Based on Richart et al. experimental results [122], the foUowing failure 

criterion was proposed by VaUabhan and Mehta [145] (see Figure 3.5): 

v> Toct = Ci {aoct + C2 ) (3.38) 

in which Cj and C2 are two material parameters, and C2 is given as -0.55 ksi. 

Also, the criterion can be written as 

/^r /=i\' 3 sJJ2 + CI h + €'2 = 0 (3.39) 

C in which C\ = —^ and C] = —C^Cl . The finear relationship between the 

octahedral normal stress and shear stress was assumed. 

3.3.5 MiUs-Zimmerman Failure Criterion 

A two-parameter model was introduced by MiUs and Zimmerman [91] as 

Toct 

f'c 
r - 1̂ 

M (3.40) 
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(a) (b) 

Figure 3.5: FaUure Envelope and 7r-Plane of VaUabhan-Mehta Criterion 

which can also be written as 

cf v/jj + cf/,-/^ = o (3.41) 

in which 

nM C^ = 

C!^ 2 — 

1 

(3.42) 

Figure 3.6 shows the meridian and 7r-plane for this criterion. 

The two groups of values for Cj and C2 are proposed according to the 

failure-modes of the specimens under biaxial compression or triaxial compression 

tests. In the case of Type I mode, failure occurs at the top part of the specimens, 

and in the case of Type II mode, failure occurs in the middle of the specimens. 

The values of these two parameters are shown in Table 3.1. 
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(b) 

Figure 3.6: FaUure Envelope and 7r-Plane of MiUs-Zimmerman Criterion 

Table 3.1: Values of Material Parameters in MiUs-Zimmerman Criterion 

Failure Mode 
Type I 
Type II 

C,^^ 
0.199 
0.147 

C^^ 
0.843 
0.550 

3.4 Three-Parameter Failure Criteria 

3.4.1 Bresler-Pister Failure Criterion 

A quadratic parabola failure criterion was proposed by Bresler and Pister 

[16] for the failure criterion (see Figure 3.7), 

^ - C , - C 2 — - C 3 ( — ) (3.43) 

in which 

Ta = \l v'''oct' (3.44) 

With this relationship Equation (3.43) can be rewritten as 

,B iB B T2 ri cf J J, + cf h - c^ Jt - /; = 0 (3.45) 
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ocl 

(a) (b) 

Figure 3.7: Failure Envelope and 7r-Plane of Bresler-Pister Criterion 

in which 

iB cr = 

c? = 

c? = 

B 

ZC{ B 

cf 
9f^C( B (3.46) 

The values of the three parameters of this criterion are shown in Table 3.2. 

3.4.2 Chen-Chen Failure Criterion 

On the basis that the concrete failure is dependent on the deviatoric stresses 

and the hydrostatic pressure, two functions were proposed by Chen [24] to 

Table 3.2: Values of Material Parameters in Bresler-Pister Criterion 

Type 
Based on 6x12 in 
Cyfinders 
Based on 3x6 in 
Cyfinders 

Criterion 
Parabola 
Straight Line 
Parabola 
Straight Line 

Cf 
0.050 
0.050 
0.045 
0.045 

C2' 
1.224 
0.949 
1.274 
0.941 

C3' 
0.826 
0.000 
1.160 
0.000 

^ 
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simulate the failure surface in the compression region and the tension-compression 

region (see Figure 3.8). 

For the compression region, 

I ̂ ^ ̂ '^h^^- ^^^^' +^J2 = C^, (3.47) 

and for the tension-compression region, 

i Cf / . - ^ (3 + C^)l! + ^J^ = CS, (3.48) 

in which Cf̂ , Cj , and C^ are material parameters. 

It is seen that Equation (3.47) is a parabola when C;f = 3 and describes the 

failure behavior of concrete reasonably weU according to one experimental study 

[75]. On the other hand. Equation (3.48) is a hyperbola in this case. Parameters, 

C^ and C^ are given for the compression zone, 

-oC _ ifbc) ~ (/c) 

nC _ 3/c /be — 2 (/̂ ^J 

^' ~ KfL - n) ^"' 

and for the tension-compression zone 

cf = i (/;-/;) 

CS = Ifcf, (3.50) 

in which /^^ is the compressive strength of concrete under equal biaxial 

compressive loading. 
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oct 

ocl Q 

(b) 

Figure 3.8: Failure Envelope and 7r-Plane of Chen-Chen Criterion 

3.4.3 Lade Failure Criterion 

The proposed criterion by Lade [77] for concrete failure represents an 

expansion of a three-dimensional failure criterion previously developed for soil 

with a curved failure envelope [76], 

(^_27)(^)« = C', (3.51) 

in which I3 is the third invariant of the stress tensor, and pa is the atmospheric 

pressure expressed in same units as the stresses. The parameters, ^' and n, can be 

determined by plotting / f / /a — 27 versus j>alh at failure in a log — log diagram 

and locating the best fitting straight fine. The intercept of this fine with falh is 

27 at the hydrostatic axis so that the failure function is independent of the 

hydrostatic pressure. Typical values of n and C,' for concrete vary over a large 

range and have been given by Lade [77]. 
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3.4.4 de Boer FaUure Criterion 

The criterion was proposed by de Boer 32 for granular materials at first. 

Later, this criterion was simpfified to be a two-parameter criterion for concrete 

[36]. The meridians of this criterion are shown in Figure 3.9. 

^ 3 l ^ C f 4 - C 2 ^ ^ = C3̂  (3.52) 
Jc \ J / Jc 

or 

C^y/J2 VI - Gt sin 3^ + C^ l,-f'^ = 0 (3.53) 

in which C^. C^, and C^ are three material parameters, and Cf, Co, and C^ are 

given as 

2Cf 
C"i 

c. 
3\/3 

Gi = ^d- (3-54) 

The best agreement between the failure condition and the experimental 

results is obtained if C^ = | \ / 3 , and Cf can not be larger than this value [36". 

3.5 Four-Parameter Failure Criteria 

3.5.1 Ottosen Failure Criterion 

This criterion was proposed by Ottosen [107' (see Figure 3.10). The works of 

Newman et al. [103] and Ottosen [106] support the foUowing conclusions which are 

the geometric requirements for a failure surface: (1) the meridians are curved, 

' V 
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6=30' <^l 

X 
X 

f 

^ ^ ^ ^ 

(b) 

Figure 3.9: Failure Envelope and 7r-Plane of de Boer Criterion 

(b) 

Figure 3.10: Failure Envelope and 7r-Plane of Ottosen Criterion 
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smooth, and convex, and g which is y/2J^ increases with increasing hydrostatic 

pressure; (2) the ratio, Qt/gc, in which indices t and c refer to the tensile and 

compressive meridians, respectively, increases from approximately 0.5 with 

compressive stresses, but remains less than unity: and (3) the trace of the failure 

surface in the deviatoric plane is smooth and convex for compressive stresses. To 

meet these geometric requirements, a four parameter failure criterion was 

proposed by Ottosen: 

J c 
(3.55) 

in which Cj and C^ are two material parameters. XQ is a function of sin 3^: 

An = < 
eg cos[| cos-i ( - Cf sin 3^)] for sin 3^ < 0 

eg cos[f - I cos-i (Cf sin 3^)] for sin 3^ > 0 

(3.56) 

in which Cg and Cf are two material parameters. The Ottosen's four-parameter 

failure criterion has been widely used and is also used in this study. 

Table 3.3 shows the values of the material parameters for different ratios of 

the uniaxial tensile strength to the compressive strength. 

Table 3.3: Parameter Values and their Dependence on / / / /^ 

f'r 
0.08 
0.10 
0.12 

G? 
1.8076 
1.2759 
0.9812 

G? 
4.0962 
3.1962 
2.5969 

Gg 
14.4863 
11.7365 
9.9110 

Gg 
0.9914 
0.9801 
0.9647 
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3.5.2 Hsieh-Ting-Chen Failure Criterion 

Hsieh et al. proposed a AQ-function in their failure criterion with the simple 

form Xo{e) = Co cos(^ + f) + C3 for - f < ^ < | in which C. and C3 are two 

constants [61] (see Figure 3.11). Replacing XQ in Equation (3.55) by this 

expression yields a failure function of the foUowing form 

2 

Cij^ {C2 cos(^ + ^ ) + C3) p + C4 E - / ; = 0 (3.57) 

in which Ci, C2, C3, and C4 are four parameters, and 

g = yj2J2 

^ " V3-

Rewriting Equation (3.57) in terms of the stress invariants, / i , J2, and J3 

leads to 

(3.58) 

Gi -f, + C'f sjJ2 + G^ ai + C f h = / : (3.59) 
Jc 

in which Cf̂ , C2 , C'3 , and C4 are four parameters, and their values are given as 

C(^ = 2.0108, C^ = 0.9714, C^ = 9.1412, Cf - 0.2312. And then 

C, = ^ = 1.0054, (72 = y i Cg^ = 7.4638, C3 = ^ = 0.6869, 

C', = v ^ ( C f + ^ ) = 5.6780. 

3.5.3 de Boer-Dresenkamp Failure Criterion 

De Boer and Dresenkamp proposed a failure criterion for concrete [33,361. In 

the range of higher hydrostatic pressures (/j < —6/^) it is necessary to extend the 
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e=30' 

(a) (b) 

Figure 3.11: Failure Envelope and 7r-Plane of H-T-C Criterion 

failure function. Equation (3.52), to catch the nonfinear material behavior: the 

meridian of the failure surface is curved, and the noncircular cross section in the 

deviatoric plane changes from nearly triangular to more circular with hydrostatic 

pressure increasing. In order to describe these effects, two new parameters C^ and 

C5 are introduced (see Figure 3.12): 

G^E 
-^^ ^{g2 ^3C^E^)I - '-g^ sinze + Vz-^ + zct{^r = C, (3.60) 

or 

1 A n 
Gi \KJ2 + CU!)' - 2 '^2 sin 3^ + C2'/i •^Ctj;-K = 0 (3.61) 

in w hich 

ct 2^' 

(3.62) 
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6=30' 

(b) 

Figure 3.12: Failure Envelope and 7r-Plane of de Boer-Dresenkamp Criterion 

3.6 Five-Parameter Failure Criterion 

^.6.1 WiUam-Warnke Five-Parameter Failure Criterion 

WiUam and Warnke proposed a failure criterion which assumes that the 

curved tensile and compressive meridians can be expressed by quadratic 

parabolas, respectively [146], 

m 

7̂  

cr"+c-(|)+cr (̂|)̂  
cr+cr(|)+cr(|)^ (3.63) 

in which am is the mean stress, gt and gc are the stress components perpendicular 

to the hydrostatic axis at ^ = ±30°, respectively, and the five parameters are given 

as: Cl'' = 0.1025, C^'' = -0.8403, C f = -0.0910, C f = -0.4507, and C^' = 

-0.1018. The failure envelope and the 7r-plane of this failure are shown in Figure 

3.13. 
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• ^ ^ 
• 

(b) 

Figure 3.13: Failure Envelope and 7r-Plane of WiUam-Warnke Criterion 

3.6.2 Podgorski Failure Criterion 

Podgorski proposed a failure criterion which assumes that the octahedral 

normal stress is a quadratic function of the octahedral shear stress [117]. 

P Ji CToct — Gi + C2 Xp Toct + C'3 T^i = 0 (3.64) 

m w hich 

Xp = cos[i cos -^ ( -Cf sin3^) - G[] 
o 

(3.65) 

and Cf, G2, G^, Cf, and C[ are five material parameters. The failure envelope 

and 7r-plane are shown in Figure 3.14. 

This criterion is met by the geometric requirements of the failure surface 

iP proposed by Newman and Ottosen. Values of cos ^ C^ and C5 in degrees are 

given in Table 3.4. 
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e=3o' 

(a) (b) 

Figure 3.14: Failure Envelope and 7r-Plane of Podgorski Criterion 

Table 3.4: Values of cos'^ Cf and Cf 

n 
0.06 
0.07 

0.08 
0.09 
0.10 
0.11 
0.12 

Qc 

0.51375 
0.51567 

0.51748 
0.51917 
0.52074 

0.52219 
0.52351 

cos-i C f 

2.034 

2.339 
2.635 
2.922 
3.197 
3.462 
3.717 

G^ 
0.235 
0.261 
0.283 
0.300 
0.313 
0.321 
0.325 

The foUowing relation may be adopted on the basis of Paul's tension cut-off 

hypothesis [112], 

Jvt 

fbc 

f 
J oc 

f[ 

1.1/; 

1.25/; (3.66) 
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m which / ; , , /jj^, and /^^ are the triaxial tensile strength and the biaxial 

compressive strengths, respectively. Table 3.5 shows the results from the tests 

conducted for obtaining the material parameters. A total of five tests are required 

to determine the five material parameters. 

Values of C^ , C2 , and C^ can be calculated using the foUowing equat ions: 

cr = 
cf = V2 

A Po 

Cf = -

1.5^ 
(1--^^^^) 

IL 
•>bc 

2 fi - n 
(3.67) 

in which 

Xpn = A P U - _ p\e=-3o° 

COs(- COS ^ C, V3 4 
p> -GH (3.68) 

Table 3.5: Tests Used for Parameter Determination in Failure Criterion 

Type of tests 
Uniaxial Tension 
Uniajcial Compression 
Biaxial Compression 
Biaxial Compression 
Triaxial Tension 

ai : a2 : as 
1:0:0 
0:0:1 
0:0.5:1 
0:1:1 
1:1:1 

Strength 

/ ; 

fc 
f 
J oc 
fbc 
Jvt 

sin 3^ 
-1 
1 
0 

-1 
Vertex 

A 
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3.7 BosweU-Chen Seven-Parameter Failure Criterion 

BosweU and Chen proposed a failure criterion for concrete faUure which is 

expressed in terms of cr^, g. and e [14]. 

Q_ ^ \/3 

et ^z-A[i-{f^ysm\e^i)] 

6i = ^G? + C2'^^Gi{^y-C^ 

Qc = 'G^ + Gi^ + C?{^y-Ci (3.69) 

in which C^,0^,0^,Cf ,C?,C^,C?,a.ndC^ are eight parameters and are 

defined as 

Cf = (Cff-Cf{j,)-Ci{^f 

and 

c. B Q'U - -Ji nWB - 6UfL - f>B 
f'A^flaB - M<t + n - Jl Q't)] 

ci = ^[6fLUL-f;)+9f',c.fn 
PB 

C! = -^^J,+^^ + \j^^) (3.70) 

o 
C? = (Cf)^-Ci ' ( | )-C?( |)^ 

^B ^ ' {e'.f SB - 2'rB in) f\2 

'6 n an+3/;+^y/iKBrn-tB - SB(.<C+n + ^'^B eoi 

Cf = g[2/; + Cf(/; + 3/,' + 6^^Ks/;)] 

ci = «B[C6^ + 2 ( | ) C S ] (3.71) 
Jc 
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in which 

"B = ( 0 ^ + ^^?i/;-(/;)-' 

0B = iifLr ^ s fi f, - 9{f;f 

^B = \{Kf-z{n? -12 ̂ -.sf, f'c 

IB = Wrncf-iftf-i'^BQ'cf'f (3.72) 

It should be noted that under triaxial compressive with <TI > cr2 = cr3 (^ = — | ) , 

the test da ta on the tensile meridian are 

/ 
Qt 

am = -<T'^f (3.73) 

On the other hand, under triaxial compressive with CTI = <J2 > a3{e = f ) . the test 

da ta on the compressive meridian are 

Q = Qc 

^m = -^'mc- (3.74) 

It can be seen that seven parameters are required for this criterion, and they are 

/c , fi f'bc^ ̂ 'mt^ ^'mc^ Q't^ and g'^. 



C H A P T E R IV 

C O N S T I T U T E MODELS FOR REINFORCED 

CONCRETE 

4.1 Introduction 

In the second half of the nineteenth century, it was found that steel could be 

used to reinforce concrete. These reinforcements, usuaUy round steel bars with 

appropriate surfaces to provide interlocking, are placed in the mixture of cement, 

sand, gravel or other aggregate and water before concrete is formed. When 

completely surrounded by the hardened concrete mass, the reinforcements become 

an integral part of the member. The resulting combination of two materials is 

known as reinforced concrete. Since the combination has many advantages, such 

as relatively low cost, good weather and fire resistance, good compressive strength, 

and exceUent formability, it is widely used in the construction of buildings, 

bridges, dams, tanks, nuclear containment vessels, offshore platforms, etc. These 

structures are subjected not only to the common dead loads and five loads but 

also to a variety of environmental loads, including earthquake motions, wind and 

wave forces, floating ice, and even the impact of tornado generated missiles. 

The constitutive models are mainly based on the plasticity theory which 

assumes that concrete deforms fike a ductile material on the yield or the failure 

surface before reaching crushing strains under triaxial compression load. A 

complete constitutive model usually consists of three parts: (1) under elastic fimit, 

63 
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(2) during plastic flow, and (3) post-failure. The first part can be obtained from 

Hooke's law. The second part is usuaUy based on the plastic flow rule which can 

be associated or non-associated. The post-failure theory assumes that the current 

stress level does not suddenly drop to zero but graduaUy approaches zero as crack 

width increases. To complete the constitutive model, the initial yield surface, 

hardening rules, and the faUure surface must be defined. 

In this chapter, a yield criterion for concrete wiU be set up based on two 

popular failure criteria of concrete, Ottosen's and Hsieh-Ting-Chen's four-

parameter criteria, and the concept of the so-caUed foam model which is similar to 

the critical s tate model for soil and widely used for foam material. An anisotropic 

hardening rule is then proposed. Concrete fracturing or post-failure behavior wiU 

be discussed. AU relevant equations including those that are not used in this study 

are presented for completeness. Specific models and equations such as the critical 

state and foam models, Han and Chen's failure function representation [49,50,, 

and the modified factor equations of viscoplastic work [25] are introduced for 

overviewing the current status in this area although they are not used in this 

study. The embedded model wiU be used to account for the effects of reinforcing 

bars on concrete behavior in which a reinforcing bar is looked upon as a 

one-dimensional element. The maximum strain criterion wiU be used for the 

concrete cracking, and the stress-strain relationship in the cracked concrete wiU be 

discussed. 
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4.2 Yield Criteria for Concrete 

It is weU-known that a yield function for strain hardening materials defines a 

yield surface which is open and wiU expand in the same shape to the failure state 

of the s tructure after the plastic flow occurs. However, experimental results 

indicate that the yield surface of concrete is closed. 

An elastic fimit and crack initiation curve in the hydrostatic stress plane was 

reported by Launay and Gachon [79]. This was the first quafitative description of 

the initial yield surface of the concrete material (see Figure 4.1). 

Uniaxial compression tests of a concrete specimen show that the stress-strain 

curve is linear if the compressive stress is below 30 percent of the compressive 

strength because there is very little extension of the cracks which have already 

existed at the cement-aggregate interface due to bleeding and volume changes in 

the cement during hydration and as a result of drying shrinkage after the concrete 

has hardened. When the compressive stress increases from 30 to 50 percent of the 

compressive strength, the bond cracks will grow slowly, and finally, the matrix 

cracks appear. The matr ix cracks wiU slowly grow until the compressive stress 

reaches about 75 percent of the compressive strength [71]. Thus, in this study the 

concrete material is assumed to have a ductile behavior after the compressive 

stress is greater than 30 percent of the maximum compressive strength. 

On the other hand, uniaxial tension test results indicate that cracks appear 

when the tensile stress is about 60 percent of the tensUe strength [71]. The 
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6 = 30̂  

Failure Surface 

Crack Initiation 

-i i /n 

Quasi-Elastic Limit 

6 = -30 ' 

Figure 4.1: Experimental Obtained Failure and Crack Initiation Curves 

nonfinear behavior of the strain-stress curve becomes obvious when the tensile 

stress is about 70 percent of the tensile strength [20,30,100]. So, in the numerical 

analysis of concrete structures it can be assumed that the initial yielding wiU 

occur once 30 percent of the tensile strength is reached. 

If a similar form of the failure function of concrete is used for a yield 

function, it can be found that the criteria discussed above have two deficiencies: 

excessive dilatancy and unfimited hydrostatic compression without causing 

concrete yielding. These two deficiencies can be removed by means of the so-called 

critical state model [3,127], later developed as a foam model [44,45,84], which 
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assumes that the yield surface comprises two distinct parts: supercritical and 

subcritical. Although those models were proposed for the study of soU and ceUular 

sofids, respectively, they are stiU believed to describe the yielding behavior of 

concrete because of the simUarity of these materials under loadings. 

The basic idea of the critical state model is that two pieces of log spiral or 

eUipse are added to both sides of the Mohr-Coulomb and Drucker-Prager yield 

surfaces to make a continuous yield surface (Figure 4.2). In the figure, 

^d = Wi — CTal 

<Ts = - ( 0 - 1 + 0-3). (4 .1 ) 

It is found from Figure 4.2 that the the yield surface actuaUy has the same shape 

as the failure surface when a^, > ac which is a critical stress value. So the 

hardening behavior of concrete material can be expressed by means of the 

isotropic hardening rule in this region. However, in the region cr̂  < CTC. a 

non-uniform rule other than the isotropic hardening rule must be used. 

The basic idea of the foam model is that a piece of log spiral or eUipse is 

added to right side of the Mohr-Coulomb and Drucker-Prager yield surfaces to 

make a continuous yield surface (Figure 4.3). It is found from Figure 4.3 that the 

yield surface actuaUy has the same shape as the failure surface when 

- / i > | ( /{ + -^i)- So the hardening behavior of concrete material can be expressed 

by means of the isotropic hardening rule in this region. However, in the region 
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Figure 4.2: Critical State Model for the Behavior of SoU 

Figure 4.3: Yield Surfaces for a Foam Model 
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-Ii < 2(/f + /{) , a non-uniform other than the isotropic hardening rule must be 

used. 

A model proposed by Han and Chen [49.50] suggests that the failure 

function of concrete be written as 

f{Q,(Tm,e) = g-gf{am,e) (4.2) 

in which gf{am,e) defines the failure envelope on deviatoric planes and is given 

with different expressions for different failure criteria. A shape factor, -0, is 

introduced into the failure criterion, yielding an expression of the form 

g-il;gf = 0 (4.3) 

in which -0 is a function of the hydrostatic stress, cr^, which modifies the failure 

surface so as to give a proper shape to the initial yield surface. 

The subsequent yield function can be expressed in a similar form if -0 is a 

function of am and the hardening parameter , K.. However, this model lacks 

experimental proof and is far from acceptable until enough test results are 

available to support it. GeneraUy, the closed yield criteria seem reasonable when 

the hydrostatic stress is very large. Therefore, in the present work an efficient 

yield function similar to the foam model is appfied to the concrete material. 

Ottosen and Hsieh-Ting-Chen type functions are used for the supercritical region 

of the yield surface, and a piece of eUipse is used for the subcritical region of the 

yield surface (see Figure 4.4). 
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Failure Surface 
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Yield Surfaces 
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Figure 4.4: Yield Envelope and Hardening Rule of Constitutive Model 

4.2.1 Ottosen Type Yield Function 

The initial yield function for the supercritical region according to the 

Ottosen type function is given as 

fsup = G?^-^ Ao V ^ + C2^/i -fc = 0 
Jc 

(4.4) 

in which fc is the compressive yield strength and is assumed as 

fc = If'c (4.5) 

in which ^ is a coefficient usuaUy taken as 0.3. When —Ii = h — 2 (^i + ff)? 

Ci = l = - ' l ^21- / ,= / 

/ 

2CfK AS + 4(^)(/c 
Jc 

GgIi)-Xo]. (4.6) 

' ^ 
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Then the initial yield function for the subcritical region is proposed in this study: 

If the initial yield strength is /^ = | / ^ , then 

- T ? - ! ] ' (4.7) 

dP _ ^ Jc 

^'~C? (4.8) 

From Figure 4.1, the initial crack curve shows that the hydrostatic stress, 7i, 

approximately - 7 / ^ . Thus it is assumed in this study that 

IS 

er = -7/;. (4.9) 

4.2.2 Hsieh-Ting-Chen Type Yield Criterion 

The initial yield function for the supercritical region according to 

Hsieh-Ting-Chen type function is 

^ J: TT 
fsup = 2 Ci -^ + ([C2 cos(^ + ^ ) + C3] J2J2 -f ^ 7i - / 

f 6 

G, 

Vz 
(4.10) 

SimUarity, when -h = h = \{Ci + i'l), 

Ci = yJ2\-i,=i, 

f 2 ^ { - [ ^ 3 + C2COs(̂ +̂ )] 

+ 
\ 

[c,cos{e + ^) + c,Y + i{^){fc + ^h)} (4.11) 

an( 

•P _ ^^Uc fr = (4.12) 
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4.3 Hardening Rule for Concrete 

When an initial yield surface is defined, the hardening rule defines its 

modification during the process of the plastic flow. The proposed hardening rules 

can be divided into three categories: isotropic, kinematic, and mixed hardening 

rules. In the study of the hardening behavior for metals, the yield surface usually 

has a shape similar to the failure surface with a reduced size, which is caUed the 

isotropic hardening rule. However, for concrete an anisotropic rule other than the 

isotropic hardening rule wiU be used due to the reasons explained before. 

GeneraUy, there are two hardening concepts: working hardening and 

straining hardening. The degree of work hardening can be postulated to be the 

total plastic or viscoplastic work, W'''''. Then the work hardening parameter, —, is 

expressed as 

= W'^P = J {af d{ey^ (4.13) w 

or 

dw = {afd{ey^. (4.14) 

Alternatively, the strain hardening parameter is related to a measure of the plastic 

or viscoplastic deformation with hardening behavior: 

« = ?"̂  = i/5<;e"; (4-15) 

or 

dK = de^'P (4.16) 
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which is caUed the effective viscoplastic strain. The current yield stress, fc. is 

obtained as 

fc = fc^nH''P = if'^ ~nH'P (4.17) 

m which H'^P is the viscoplastic modulus simUar to the plastic modulus in 

plasticity and is given as: 

H"' = ~EZ (4.18) 

in which Ej is the viscoplastic modulus. 

It should be pointed out here that the viscoplastic modulus, H^^^, is usuaUy 

obtained from uniaxial compression tests. In this case, the hydrostatic stress is 

quite low. However, for high hydrostatic compression, this value is not appficable 

[25], and a modified factor, H, is introduced. 

e{am,e) for 0 < 0 < 1 

1 otherwise. 

^ -0.15 

^ ^ " ^ ' ' ^ - (1 .4-cos[^ + | ] ) ( ^ + i ) ( ^ + 2.5)' ('-^^^ 

However, enough test results stiU are lacking for evaluating the modified factor, H. 

Once the hardening rule is defined, the subsequent yield functions are 

proposed in this study: 

/ = fsup{fc) (4.21) 

for -Ii < Kff + O and 

f = a^MgZ,f_f^ (,,.) 

n((7„,«) = < (4.19) 



for -Ii > i(ff + ef), in which 
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^'~2cV^ A?> + 4(^);^ + ^ ( e - a ] - A o } 

for Ottosen criterion, and for H-T-C criterion. 

C = — ^ 1 

TT 
- [C2COs(^+-) + C3]}. 

D 

(4.23) 

[C2 cos(^ + ^) + (73]̂  + 4( J ) [ / . - i ^ ( e f + e ) ] 

(4.24) 

On the other hand, (° behaves fike an exponential function, and ^° —̂  —oc 

when concrete fails according to the foam model [56]. Thus, 

e-P < ( 1 - ^ " ) ^-
Jjvp 

(4.25) 

for concrete pre-failure, and concrete post-failure 

ê-P > (1 - 0 "̂^ 
ffvp 

(4.26) 

IL It is proposed herein in this study that for C'-'P < (1 - 0 jff. 

,vp 

f'c 

e? = ff + Ui-a^^ -̂̂ ^^ -i^p (4.27) 

m w hich 

fr = 
-hy for Ottosen model 

4 ^ for H-T-C model. 

(4.28) 

4.4 Fracturing of Concrete 

The stress state is divided into four zones: zone I. tension-tension, zone II. 

tension-compression, zone III. compression-tension, and zone IV. compression-
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compression (see Figure 4.5). Zones I and IV are also called tension zone and 

compression zone, respectively, and zones II and III are caUed mixed zones. 

The material behavior of concrete is described by means of two surfaces in 

stress space, the initial yield surface. So, and the failure surface, Sf, which can be 

termed as the values of -v/jj corresponding to the initial yield surface and the 

failure surface, respectively. The material behavior is finearly elastic if a stress 

point is within surface SQ; and when the stress point reaches the surface, the 

material at this point begins to yield. When the stress point is outside the surface, 

the material behavior is termed as having strain hardening behavior. If the stress 

point finally reaches the failure surface, Sp, the material at this point fails, and 

the softening regime is initiated. 

Both surfaces So and Sp wiU change if viscoplastic straining takes place. The 

failure surface, Sp, wiU shrink as the amount of the accumulated damage 

increases, or as the viscoplastic work, W^, which is also caUed the dissipated 

energy density, increases. This indicates that the compressive strength of concrete 

wiU be lowered if the material has experienced some damage. Test results show 

tha t the tensile strength of concrete degrades more rapidly than the compressive 

s t rength for the same viscoplastic work. Two different degradation functions, TC 

and Tt, were proposed by Hatano and Tsutsumi [53] as 

rc= 1 - 0.0669 WP for / i < 0 

rt= 1 - 6.724 WP for h > 0. (4.29) 
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Figure 4.5: Different Zones Divided According to Stress State 

The post-failure of concrete consists of two parts: post-cracking and 

post-crushing. The rates of softening for post-cracking and post-crushing are 

different, but the shrinkage rates are assumed to be the same for simpficity. In the 

tension and mixed zones, the subsequent yield surfaces for both pre-cracking and 

pre-crushing behave in the same manner. They increase so as to match the failure 

surface as the viscoplastic work increases. 

The initial yield surface for post-failure degrades in the function, e"^^, in 

which the coefficient ip and the post-failure dissipated energy density x are, 

respectively [89], 

( ^ = < 

at if / i > 0 

OLc if / i < 0 

(4.30) 

and 

X = iy"p - 1 ^ vp (4.31) 
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in which at and ac are two constants, and W"^ is the viscoplastic work for the 

concrete at failure. The value of (p is taken as 10 for concrete [13] for both 

post-cracking and post-crushing (see Figures 4.6 and 4.7). 

The most common method of predicting the tensile behavior of concrete is by 

use of the crack monitoring algorithm [150]. The "smeared crack" approach is used 

1. a crack is assumed to develop after a principal elastic strain exceeds a 

critical value; 

2. a crack develops normal to the direction of the maximum strain in the 

post-cracking region. Stresses normal to open cracks are reduced to zero. 

However, stresses normal to closed cracks are graduaUy reduced with the cracks 

expanding at a certain rate. Thus, the equivalent stress state can be evaluated and 

used to predict the viscoplastic strain rate for the next time step. 

The strain criteria proposed previously for concrete fracture are complex and 

lack experimental proof [23]. For simpficity, the maximum principal strain 

criterion wiU be used, 

e, -ep = 0 for e. > 0 (4.32) 

in which e, is a principal strain, and Cp is the maximum uniaxial tensile strain 

when concrete fails (see Figure 4.8). 

Since the shear strains are smaU when compared with flexural strains in this 

case, only the flexural strains are used to calculate the principal strains. Cracks 

wiU be initiated in the plane which is normal to the direction of principal strain if 
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Sp. - r̂ Sp 

So = S,e-^^^ 

W vp 

y Post-Cracking 

Figure 4.6: Failure Surface and Subsequent Yield Surface in the Tension and Mixed 
Zones (/i > 0) 

Sp - ^cSp 

So = Soe •acx 

W vp 

Y Post-Crushing 

Figure 4.7: Failure Surface and Subsequent Yield Surface in Mixed Zone (/i < 0) 
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Figure 4.8: Uniaxial Tensile Curve Representing Stress-Strain Relation of Concrete 

the strain satisfies the strain criterion. The stresses wiU be reduced when cracks 

are initiated. A cracking parameter, /i, is introduced to take account of the 

reduction of stresses. 

fi = 1 for uncracked state 

fi = 0 for fuUy cracked state. (4.33) 

The principal strains and angle f̂ are calculated by 

ei = 

^2 = 

Cx 

Cx 

+ ŷ 
2 + \iC-^y+C-^y 

2 " V ^ 2 '-^-^y+C-^y, (4.34) 

an( 

tan 2^t = 
Ixy 

2(«x - €„) 
(4.35) 
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Figure 4.9 shows the principal strains and angle ^,. The compfiance matrix 

for partiaUy cracked concrete takes the foUowing special form [129], 

/ 

[c.l ̂  i 
fi ^ —V 

-V 1 

(4.36) 

if 1̂ > fp. 

Thus the matrix of elasticity becomes 

[^.] = — 
E 

fi~^ — w 

1 V 
\ 

V ^ "̂' / 

(4.37) 

in which 

_i ^ -ei E 

Co — ei Et 
(4.38) 

where Et is the tangential modulus after yielding or failure. When p, ^ 0. the 

concrete is fuUy cracked. Thus, for isotropic materials the elasticity matrix 

becomes 

[D,] = E 

( \ 
0 0 

yO l y 
(4.39) 

The uniaxial tensile curve representing the stress-strain relation is shown in 

Figure 4.8. The descending slope is 

- 6 9 . 9 ^ 
Et = 

/ / + 56.7 
(4.40) 

and the strain at negfigible tensile stress is 

fo = ep + ( - - ^ ) / ; . (4.41) 
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^ X 

Figure 4.9: Stress State and Principal Strains 
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The strain, Cp, at peak stress is 

e - f - L 
' - E-

(4.42) 

Thu 

and 

^-i^^^'-^SS^^^) (̂ •̂ )̂ 

^ - 7 : ^TTTT-- (4-44) 
60 - ei 69.9 

Even if both of the principal strains are larger than the tensile strain which 

concrete can bear, e, > Cp for i = 1, 2, the elasticity matrix can be expressed as 

[D,] = ^T^i 2 

( - 1 \ 

\ ^ 1^1^ I 

(4.45) 

corresponding to which 

_, e, / / -f 56.7 
^'=7:^.-"^^- ^'-''^ 

4.5 Constitutive Model for Reinforcing Steel Bars 

There are three alternative approaches that have been used to consider the 

effect of reinforcements of reinforced concrete structures: the distributed model, 

the embedded model, and the discrete model [1,41,128]. The distributed model 

introduces equivalent steel plate properties into the properties of concrete panels 

with an assumption of perfect bond between the concrete and the steel bars. The 

embedded model may be used in connection with higher order isoparametric 

concrete elements. A reinforcing bar is considered as an axial member built in the 
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concrete element. A perfect bond between the bar and concrete is assumed. The 

axial forced members, or bar finks, may be assumed to be pin connected with two 

degrees of freedom at nodal points. On the other hand, the reinforcing bars can be 

looked upon as beam elements which can resist axial force, shear, and bending 

moment. However, in this model, the transfer of forces across the interface by 

bond between concrete and steel reinforcements needs to be defined. For the 

layered theory of concrete panels, the distributed model is convenient and h as 

widely been used [51,52,95]. For the concrete layer containing reinforcing steel 

bars, the steel stress vector is added to the concrete stress vector, and a 

constitutive relationship is derived as 

= {pclD] + [Dl){e} (4.47) 

in which {aY and {a}^ are the stress vectors in the concrete and the steel bars, as 

used in Equations (2.4), respectively, [D] is the matrix of concrete elasticity, p^ is 

the concrete ratio, and [D]a is given as 

/ 

[D]s = E, 

Psx 0 0 0 

0 Psy 0 0 

0 0 0 0 

" " " 2{\+u) 

0 

0 

0 

0 

0 0 0 0 3{psy + Pst) 

2(1+*^) / 

(4.48) 
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in which /o^x, psy and pat are steel ratios in the x and y directions, and for the 

stirrups, respectively. ^ is a factor to account for aggregate interlock and any 

dowel action which provides the shear capacity of cracking concrete. However, this 

model cannot describe the real behavior of the steel bars and is hard to apply to 

nonfinear analysis. Thus, the so-caUed embedded model is used. The basic 

principle used here to develop a finite element model is to represent the reinforcing 

bars, and this model is compatible to the finite element modeling of the concrete 

panel. The finite element modefing of reinforcing steel bars by using the embedded 

model wiU be discussed after the discussion of the finite element discretization of 

the concrete panel. 

4.6 Flow Vector 

Now it is assumed that the plastic potential is a function of the first stress 

invariant, the second invariant of deviatoric stress, and the lode angle, ^, which is 

simUar to the form of the concrete faUure criteria discussed before. 

Q = Q{Ii,Vj2,ey (4.49) 

Thus the flow vector is 

dQ 
{a} = 

d{a} 
d^_dli_ dQ_VJ^ dQ^_dO_ ,4 3Q̂  
dli d{a} ^ dVT2 d{a} "̂  de d{a} 

m w hich 

de v/3 1 dJ3 3J3 dyj^. ,^^^. 

d{a} 2cos3^^(J2)^/2 d{a} (J2)2 d{a} 
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Assuming 

81, 
{«i} = 

5{<T} 

= {1,1,0,0,0,1}^" 

{aj} = 
8^2 

d{a} 
1 J. 

2 yTJ^ 1*̂ 3:5 ^y, i r ^ y , ZTja-, 2 ry2 ,52} 

{^3} = { ( ^ y 5 . - ^ y . + y ) , ( 5 x 5 . - r , 2 , + ^ ) , 2 ( r y , T , , - 5 , r , y ) , 

2(r^yry2 - SyT^,), 2{T^yT^, - s^Ty,), {s^Sy - rly + y ) } ^ (4.52) 

corresponding to 

{a} = {a^,ay,T^y,Tj:^,Ty^,a,y (4.53) 

wiU result in 

{a} = Ci{ai} + C2{a2} + C3{a3} (4.54) 

in which Ci , C2, and C3 are given as 

dQ 
Gi = 

dli 

^ ag 3x/3 J3 dQ 
dy/T2 2C0S3^(J2)2 ^^ 

^« - t a n 3 . ' "^ 
dVT2 VT2de 

^ _ VS 1 dQ 
^' - ~2^^73^(J2)^W ^̂ '̂ ^̂  

The coefficients, Ci , C2, and C3, can be derived for different types of plastic 

potent ials . 



4.6.1 Mohr-Coulomb Type Plastic Potential 

The plastic potential for Mohr-Coulomb criterion is 

1 . . . .- /T- rh-1 

V3 

and 

and 

Ci = ^ - ' 

C2 = 

3 
2m + 1 

4.6.3 Bresler-Pister Type Plastic Potential 

The plastic potential for Bresler-Pister criterion is 
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(? = [(m + 1) cos ^ + —=(1 - rh) sin ĵ - / ^ -f ^ ^ ^ A (4.56) 

Ci = ^ ^ 
3 

G2 = —^ [ ( m - l ) s i n 2 ^ + \/3(m-f l)cos2^] V 3 cos ze 

4.6.2 Drucker-Prager Type Plastic Potential 

The plastic potential for Drucker-Prager criterion is 

^ m — 1 2m + l rr ,, ^r.^ 
Q = ^ - ^ 1 + — ^ A (4.58) 

v/3 

G3 = 0. (4.59) 

Q = Cf JJ2 + C^ h - C^ II (4.60) 



and 

4.6.4 Ottosen Type Plastic Potential 

The plastic potential for Ottosen criterion is 

'O -^ , \ . / T , ^ O 

and 

Ci — C2 

2^1 rr nnd>^ o 

in which, for sin 3^ < 0 

and for sin 3^ > 0 

de ^'^33 yji-{c^ys\n'3e 
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Gi = C^-2C^Ii 

G2 = C^ 

G3 = 0. (4.61) 

Q = G]'j^^Xo yJJ. + G^ h (4.62) 
J c 

G2 = Ao H TTvh - tan 3^ 
Jc dd 

_ y/2> I dXo 

^ = -C-CO s i n [ i c o s - ( - C f s i n 3 ^ ) ] - ^ = ^ £ g L ^ , (4.64) 
^^ 3 ^ l - ( C f ) 2 s i n 2 3^ 

<iAo jr>,n ^ n . rTT 1 1 / ^ n . ^ST COS 3 ^ , ^ , 

"̂  = -G^ G^ s in [ - - - cos-^(Cf sin 3 ^ ) ] - 7 = (4.65) 
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4.6.5 Hsieh-Ting-Chen Type Plastic Potential 

The plastic potential for Hsieh-Ting-Chen criterion is 

Q = ^ ^ 1 + [G2 cos(^ + ^) + (73] ̂  + - ^ /i (4.66) 

and 

c - ̂ ' 

C. = i^C.+V2C3.-^-(t-^^)g^ 
/^ COS 3 a 



CHAPTER V 

DYNAMIC ANALYSIS OF REINFORCED 

CONCRETE PANELS 

5.1 Introduction 

There are actuaUy three theories which can be appfied to the plate analysis: 

the classical Kirchhoff thin plate theory, the Mindfin and Reissner's theories, and 

the three dimensional theory. Elements based on the classical Kirchhoff thin plate 

theory require C(l) continuity; in other words, | ^ and | ^ as weU as w must be 

continuous across element interfaces unless non-conforming C(0) plate elements 

are used. On the other hand, although fuU three-dimensional theory gives more 

accuracy, an iU-conditioned stiffness matrix usuaUy results if the aspect ratios of 

any elements are very large. In addition, the amount of computation for the 

discretization based on three-dimensional theory increases greatly. Thus, this 

study is based on the Mindfin and Reissner's plate theories. The dynamic analysis 

of thick plates such as reinforced concrete panels is usuaUy conducted by means of 

the finite element method. If the study of thick plates is based on the Mindfin and 

Reissner's theories, the transverse shear effects are taken into consideration. 

The choice of the bending plate element is among four-node quadrilateral. 

Serendipity, and Lagrangian elements. Since only C(0) continuity of displacements 

and independent rotations needs to be satisfied, according to the finite element 

analysis based on the Mindfin and Reissner's plate theories, these low-order 

89 

^ > ^ 
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polynomial elements can be appfied to the plate analysis. However, sometimes 

very stiff results are produced when fuU Gaussian quadrature is appfied to the 

numerical integration. This phenomenon is termed "locking." UsuaUy, locking 

appears in the integration over very thin plate elements when Serendipity and 

Lagrangian elements are used. But when bifinear elements are used, locking 

appears even for the integration over thick elements [57]. Thus, the so-caUed 

reduced and selective integration schemes are employed to efiminate the effect of 

"locking." 

It is also required to define the critical time step when an expficit time 

integration scheme is employed. Engineering structures are usuaUy subjected to 

time-dependent loadings such as impulse, blast, projectile impact, and earthquake 

loading. A so-caUed pseudo-static analysis for dynamic problems cannot usuaUy 

predict the real responses of variables which are necessary for engineering analysis 

and design. Nonlinear transient dynamic analysis has been conducted by means of 

a time stepping procedure through a form of mode-superposition which is very 

convenient and stiU widely appficable [105]. Three algorithms are usuaUy appfied 

to the transient dynamic analysis: expficit, impficit, and combined 

impficit/expficit schemes. 

In the expficit scheme, the amount of computation is much less than in 

impficit schemes because no formal matrix factorization is necessary. Even a 

stiffness matrix is unnecessary to conduct the dynamic analysis. However, this 

-f~x 
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scheme is only conditionaUy stable, and very smaU time steps are required to keep 

the scheme stable. 

In impficit schemes, the use of large time steps is permitted because these 

schemes are unconditionaUy stable. The length of the time step is only governed 

by the consideration of accuracy. A matrix factorization is required so that the 

amount of computation will increase greatly. In addition, larger computer core 

storage and more operations per time step are required than the expficit scheme. 

The dynamic governing equation for a Mindfin plate appears at time step tn+i as 

[M] {d}"^' + [Cl{4"+> + {?/}"+• + {?,}"+' = {/}"+' (5.1) 

in which [M] and [C] are mass and damping matrices which wiU be discussed later, 

{d} and {d} are acceleration and velocity vectors, [pj} and {ps} are the internal 

resistant flexural and shear force vectors, and {/} is the external force vector. 

The Newmark-/? time integration scheme is usuaUy employed to solve 

Equation (5.1) 

{dy-^' = {dy+'^ i3 {iy^'{Aty 

{4"+i = {dy^'^siiy'-'At (5.2) 

in which /3 and 6 are constants, and 

{<i}"+> = {dr + {drAt+C--i3){dr{AtY 

{j}"+' = {d}" + (\ - S){d}''At. (5.3) 
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Since {dy+' = {dy+^ and {'dy+' = {dy+\ the acceleration and the 

velocity at the {i -f l ) th iteration from Equations (5.2) and (5.3) are 

13 {At) 

Wi^ = j^^{{dy:i-{dy^') + {dy^' 

^ A{dy^' + {dy^\ (5.4) 
0At 

Usually, three kinds of Newton type and other iterative procedures are 

employed to define the displacement, velocity, and acceleration vectors for the 

current time step, and they are: Newton-Raphson, modified Newton-Raphson. and 

Quasi-Newton schemes; conjugate gradient schemes, and dynamic relaxation 

schemes. 

5.1.1 Newton-Raphson Scheme 

For the internal resistant force vectors at the {i -|- l)th iteration with Taylor 

expansions appear as 

{p.s),+i - iPsh + QSdy+^ ^ ^ ' ~d\Iy^ 

= { P j r ' + [Ks]?-"' A{dy^' + [GsT' Mdy^' (5.5) 



93 

m which {p/}"+^ and {pj"+^ are the internal resisting force vectors at the zth 

iteration, [Kf\;^^ and [iCj^^^ are the flexural stiffness matrix and the shear 

stiffness matrix at the ith iteration, respectively, and [C/]"+^ and [GLL^^^ are the 

flexural damping matrix and the shear damping matrix at ith iteration, 

respectively. Substituting Equations (5.4) and (5.5) into Equation (5.1) leads to 

[iTI AWr^ = { ÎJ'+i (5.6) 

in which the modified stiffness matrix 

and the residual force is 

{*}r • = {/}"*' - {P!)r' - {pjr' - [cmr' - wmr • (5.8) 

From Equations (5.5) the displacement, velocity, and acceleration increments are 

obtained and added to the values at the last time step, 

{d}::,' = {dr+' + At5{d}::,\ (5.9) 

The iteration wiU continue until the displacement increment approaches zero and is 

less than the tolerance. The next time step wiU be taken if the iteration converges. 
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5.1.2 Modified Newton-Raphson Scheme 

Although the Newton-Raphson iterative scheme converges fast, the 

tangential stiffness matrix [K"] has to be evaluated at each iteration step. 

Moreover, for a perfectly plastic or a strain-softening material, the tangential 

stiffness matrix may become singular or iU-conditioned. So, the stiffness matrix is 

replaced using a constant stiffness matrix as 

r^.n ^ jMh + — [ C ] . (5.10) 
^ ^ (3{Aty^ pAt^^ ^ ^ 

However, the internal resistant force wiU remain the same. 

5.1.3 Quasi-Newton Scheme 

The Quasi-Newton scheme was introduced to the finite element techniques 

by Matthies and Strang [88]. UsuaUy two vectors are introduced 

{vy+' = mr'- {1-r c,)m^^i' 
/ w r + i = ^ ^ r (5-11) 
^^^' A{d^y^'A{^y^' ^ ^ 

m w hich 

n + l / A{d^y^' Am\ 

The inverse stiffness matrix is modified as 

[K-']r' = [Â ]r_V [K-']^^i' [A]r_Y (5.13) 

l«^•^•»••••^\ 
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in which 

[A]tl = [I] + {y}r.V {W^Y;:I , (5.14) 

and the increment displacement is defined as 

A{i}r ' = [/ir-^]r'{*}r'- (5-15) 

Geradin and Hogge [40] used a stiffness matrix rather than the inverse form 

I J'-> A{^T}^+'A{d}r' A{dr}r'[K]:^,'A{dyr' ^ ' 

which can be used in a frontal solution scheme. 

5.1.4 Conjugate Gradient Schemes 

The conjugate gradient scheme assumes that [55] 

{d}::,' = {d}r'+a,A{d}r' 

A{d}r' = {*}rvAA{4r-V (5.17) 

in which a^ is chosen using a line search with the criterion that the total potential 

energy should be minimized [65], and (3i is given as (with the exception that 

/3o = 0) 

r ^ T i " + i / $ \ " + i 
JVI/T("-H fj.!Ui for Fletcher-Reeves algorithm [39] 

/9, = <̂  ^^ ^-1 ^''^•-i (5.18) 

/d;r|"+^ i\b\"+^ ^^^ Polak-Ribiere algorithm [118]. 

In addition to the Newton type and the conjugate gradient schemes the 

dynamic relaxation schemes are popular. They are not as powerful as the various 

•mMwaaaiBaBBHi^X 



96 

Newton and conjugate gradient schemes, but they require very fittle computer 

core storage. 

Impficit-expficit schemes were introduced by Belytschko et al. [10-12] and 

were given an alternative form by Hughes et al. [62-64] and by Park [111] due to 

their significant computational advantages. The expficit and the impficit schemes 

are combined together so that the finite element mesh consists of two groups of 

elements, the impficit and the expficit groups, respectively. The various solution 

schemes mentioned above can stiU be used for this case. 

In this chapter, the finite element modefing of concrete panels is first 

discussed. And then the finite element modefing of steel bars in concrete panels 

using the embedded model is studied. The layered plate theory wiU be appfied to 

the plate analysis. The expficit scheme wiU be used for the time integration, and 

critical time step will be discussed. The effect of plate bending elements wiU also 

be considered. FinaUy, the high loading rate effect and the shear stresses wiU be 

discussed. 

5.2 Plate Bending Elements 

Bifinear, Serendipity, and Lagrangian elements are the three isoparametric 

elements widely employed for Mindfin plate analysis. According to the finite 

element analysis based on Mindfin and the related Reissner plate theories, only 

C(0) continuity of displacements and independent rotations needs to be satisfied 

so that the lower order polynomial elements can be appfied to the plate analysis. 

^ 



However, when the typical plate bending elements described before are appfied, 

very stiff results wiU be produced. This phenomenon is termed ''shear locking" 

which wiU be explained later in this chapter. Here, Serendipity elements are used 

in this study. 

5.3 Discretization by Means of Finite Elements 

An isoparametric finite element representation for displacement appears fike 

{u} = ElAK^} (5.19) 
2 = 1 

in which m is the number of nodes for each element, and {di} and [A,, stand for 

the nodal values and the matrix of shape functions, respectively: 

{d,} = {w^,e^,,eyi) T (5.20) 

and 

[A] = 

( \ 

N, 0 0 

0 N, 0 

^ 0 0 N^ J 

= N. [I] (5.21) 

in which [I] is an identity matrix of order 3, and N, is a shape function. 

The 8-node Serendipity quadrUateral element with curved sides is seen in 

Figure 5.1. This element can be transformed into a square plate element in 

Gaussian coordinates by using 

1(1+ a . ) ( i + ^^0(^6 + ^^ . -1 ) 
N^{i,v) = 

i = 1,3,5,7 

{l + U^){l-v')+'i{l+Vr},){l-e) i = 2,4,6,8. 

(5.22) 

^ 
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Figure 5.1: 8-node Serendipity Element 

in which (f,, ?/,) are nodal coordinates as given in Table 5.1. In this study, 8-node 

Serendipity quadrUaterial elements are used to discretize the domain of plates and 

the Gaussian transformation is conducted. 

It is more convenient to employ ^^ and ŷ for this study rather than the 

right-hand rotations, 61 and ^y, and their relation is 

e. 

e. 

( \ 
0 1 

V 1 0 
/ 

e. 

e. 
(5.23) 

The sign convention for the Mindfin and related Reissner plate theories can be 

seen in Figure 5.2. 

Table 5.1: Nodal Coordinates of Serendipity Element 

Local No. 

6 
Vt 

1 
-1 
-1 

2 
0 

-1 

3 
1 

-1 

4 
1 
0 

5 
1 
1 

6 
0 
1 

7 
-1 
1 

8 
-1 
0 
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Figure 5.2: Sign Convention for Mindfin Plate Theory 

According to the Mindfin and related Reissner plate theories the 

displacement of a point in a concrete panel is 

/ 

W = u 

{x,y,z) 

{x,y,z) 

\ 

\ 
v{x,y,z) 

f 
w {x,y) 

\ 

J \ 

-zej,{x,y) 

-zey{x,y) 

(5.24) 

The strain vector is 

\ ^ J — \^x,^yi ^xy I^xz , ^yz J 

T\T = {{^sYA^sY} (5.25) 



in which the flexural and the shear stains are. respectively. 

100 

r 1 _ r de^. ^dey (9̂ x , dey j-
dx dy dy dx 

= -ih} 

Us} = 
dw dw - J 

= { e j . (5.26) 

So the flexural strain is 

m 

{̂ /} = EI-B/.1W} 
1 = 1 

in which 
/ 

[Bf.] = 

0 

0 

0 

dx 

0 

dh'i 

0 

dNi 
dy 

dy dx I 

And the shear strain is 

R} = E[5>.lW} 
1 = 1 

in which 

\Es^ = 
^ -N^ 0 
dx 

\ dy I 

(5.27) 

(5.28) 

(5.29) 

(5.30) 

The flexural and shear stress vectors, {af} and {aL\ are given, respectively, 

{^,} = z[Ds\{k!) 

{<7j = {D.\{i,} (5.31) 

^ v 
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in which 

and 

[Ef] = 
E 

1 - 1 / 2 

1 1/ 0 

1/ 1 0 

0 0 l-u 

m = E 

2.4(1-fi/) 

' 

1 
< 

0 

\ 

0 
> 

1 

(5.32) 

(5.33) 

5.4 Finite Element Modefing of Reinforcing Bars 

The reinforcing bars in concrete panels are modeled by means of the finite 

element technique, and their effects are considered by using the embedded model. 

Here the bar elements are assumed to be in the directions of the global Â  and Y 

axes, respectively. The virtual work for a bar element in the direction of the 

X-axis corresponding to the internal resisting force in the j t h layer of a concrete 

panel (see Figures 5.3 and 5.4) is 

{8U)) = AsJ8e,-a, dl (5.34) 

in which A, is the cross-sectional area of a steel bar. 

However, the axial strain is 

de. 
'" ~ ^' dx 

(5.35) 

• ? \ 
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Figure 5.3: A Bar Element in Concrete Plate Element 

-1 0 1 
^ f 

Figure 5.4: A Bar Element and Its Coordinates 



in which Zj is the 2-coordinate of the bar, and the rotation is 

^ x l 

k = {f^l,f^2,f^3) e x2 

\ ^ x 3 / 

in which the shape functions for a bar element are 

103 

(5.36) 

Ni 

N2 

N3 = f(^ + l). (5.37) 

Thus, the axial strain can be obtained by substituting Equation (5.36) into 

Equation (5.35): 

/ - \ 

exi 

^x = -Zj{Nl,x,N2,:r,N3,x) e x2 

^x3 

(5.38) 

The nodal rotations e^^t can be expressed in terms of the nodal rotations e^. in a 

plate element as 

^ x l 

^ x 2 

\ ^ x 3 / 

Nl JVj Nl 

N? Nl Nl 

i N^ Nl Nl 

= {T]{QA 

Nl 

m 
Nl 

I \ 

I 

e I 2 

\ ^ " / 

(5.39) 
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in which N] (i = 1, 2, and 3, and j = L 2, • • •, and 8) is the values of shape 

functions of the plate element given in Equation (5.22) at nodes of the bar 

element. Thus, the axial strain of a bar element can be obtained by substituting 

Equation (5.39) into Equation (5.38) 

ex =-z,( iVi .„iV2,„iV3.O[T]{0J, (5.40) 

and the virtual work for this bar element can be obtained by substituting 

Equation (5.40) into Equation (5.34) and using a^: = Es {e, - e^^) 

{6U)] = E,As j^6{Qy[TY{-z,) 

( - \ 

^X.x 

N2.X 

\ ^3,x J 

(̂ x - el^dl (5.41) 

in which Eg is Young's modulus of the steel bar, and e^f is the viscoplastic strain 

of the steel bar. 

On the other hand. 

- di 

1 

Efc=i ^k Nk,^ 
(5.42) 

for i = 1, 2, and 3, and 

dl = 
dx 

di di 

= (E»*^w)<ie 
A : = l 

(5.43) 
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So, 

/ - \ 

{8U)^^ = EAs6{Q,f[Tf Jj-z,) N-2,^ 

V ^ 3 . / 

{ex - e7)di. (5.44) 

The internal resistant force for a bar element can be obtained by using 

Gaussian quadrature 

{p^y^^EAsiTYY.'^^^-h) 

( - \ 

V 

{ex - e7)k (5.45) 

/ 

which should be added to the nodal force corresponding to rotation ^j. . In 

Equation (5.45), Wk is the weighting values of Gaussian quadrature. 

The internal resistant force corresponding the bars in the direction of the 

y-axis can also be obtained in a similar technique: 

{P,Y = E,A.\Tf Y.-^^^-^>) 
k-\ 

N2,, 

N3.^ 

i^y - ^7)k (5.46) 

which should be added for the nodal force corresponding to rotation ^y. 

5.5 Layered Scheme for Concrete Panels 

The dynamic analysis of concrete panels is made by assuming that each layer 

of a layered plate behaves fike a Mindfin plate. The basic difference between the 

monotonic plate analysis and the layered plate analysis is that the former requires 

«^v 
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a moment yield or failure criterion but the latter requires a stress yield or failure 

criterion. The monotonic plate analysis assumes that the whole cross-section of a 

plate becomes plastic instaneously if the level of the bending moments reaches the 

yield moment, Mo. However, the layered analysis requires that the plate be 

divided into several layers, and a so-caUed mid-ordinate rule is used for the 

integration over the thickness of the plate. Since the stresses in the yield or failure 

criterion of the nonlayered analysis are replaced by the moments, it is convenient 

to use this scheme in studies of homogeneous and isotropic plates fike steel or 

metal plates. However, for reinforced concrete panels, the layered scheme is much 

more convenient to evaluate the contributions of the reinforcing bars to the 

stiffness matrix and the internal resistant force vector. 

The internal resistant forces which is for a Mindfin plate element [109] 

in which [Bfi] and [Bgi] are the matrices of strain-displacement relations. The 

flexural stress, {^/}, and the shear stress, {ag}, can be expressed as 

{<r,} = [D,)({eJ _ { e n ) (5.48) 

in which [Df] and [Ds] are the two elasticity matrices, respectively, and {e}''} and 

{e"^\ are the viscoplastic flexural and shear strain vectors, respectively. 

^ 
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When a concrete panel is divided into L layers, and the coordinates of the 

top and bottom of the j th layer are Zj^i and Zj, respectively, the internal resistant 

forces can be written as 

i = i "J 

3 = 1 

L 

{Pi'^} = j j^^^^Y.p^\Bg,]{aL}dzdS 
j=i -^ 

= 11,^, E(^.+i - ZJ)[Bs^]{as}dS (5.49) 
j = i 

where {<T/} and {ag} are assumed to be constant at a point in each layer. 

For reinforced concrete panels the reinforcing bars in a panel can be 

discussed separately from the concrete layers. Assuming no sfip between the 

concrete and the reinforcing bars, contributions of the bars to the internal 

resistant forces are evaluated. 

5.6 Dynamic Equilibrium Equations 

By using Equations (5.26) the variation of virtual work corresponding to 

strain energy is 

r r r Wf) 
SU = J J jiz6{eff, 6{esy} I dV dt. (5.50) 

M 
The kinetic energy is 

^ = ^///>'^^4)^-^(t«-^'(|)^>^^ 



in which 

and 

Also, 

in which 

and 

\I JL ^^^"^ [̂ 1 {̂ > ̂ ^ 

[m] = 

' ẑ ' 0 0 

0 p' 0 

î  0 0 p' j 

{u} = {w,-ze:,,-zeyy 

( \ 
/o' 0 0 

- = Mllfi^ 0 p'z' 0 {u}dzdS 

y 0 0 /o'z^ y 

= \j j^{iLY[rn]{ii}dS 

{u} = {w,e,,ey} T 

( \ 
p'h 0 0 

[m] = 0 
' » , 3 p'h 
12 

v 0 0 

Thus the variation of the kinetic energy 

0 

' J,3 p'h 
12 / 

6T = j j {iiY[m]{iL}dS. 
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(5.51) 

(5.52) 

(5.53) 

(5.54) 

(5.55) 

(5.56) 

(5.57) 

•N 
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The total variation of external and internal work is 

*^ = -JUU^yib}dzdS-Y.{{uf{P})k-[f{u}L^.Af}dS 
2 k=l J JS ^ 

= - / / , W ^ W r f 5 - ^ ( { i f {/>}),-/y^{ii}^{5}d5 (5.58) 

in which 

{6} = {Kh,0,Of 

{P} = {P,,M,,My}^ 

{q} = {9,0,0}^. (5.59) 

According to Hamilton's principle, the total variation of virtual work is 

8U = I 8{T -{U + V))dt (5.60) 
JtQ 

and since 

f I I 6{iLY[rn]{ii)dS dt = f j j 8{u\[rn]{iL}dS dt (5.61) 

for stationary initial conditions, it foUows that 

Jto J JS if-i 

-J I l \ {^HhfUf} + Hesf{<Ts})dz dS}dt. (5.62) 

Thus the foUowing dynamic equifibrium equation is obtained: 

J J^ S{uf{lm]{i} - {6} - {q})dS - '£{S{uy{P})k 

^1 I J \ {^HejVicTf} + 8{e,f{a,})dzdS = 0. (5.63) 



no 

If the domain of a concrete panel is discretized with Nf elements, and 

Equations (5.19), (5.27), and (5.29) are substituted into Equation (5.63), it foUows 

that 

I IL m 

E{ / X,., /_', E S{d.y{z[Bj.f{a,} + [B.,f{a,})dz dS 

+ J L E S{d.V{lM^HlX,]{d,} - {h} - {q})dS 
'*•' • > = i 

'k rn 

-Y.Y,i^{d.V\'M{Pm = f> (5-64) 
k-\ !=1 

in which N^ and Nk are the number of elements and the number of concentrated 

loads on each element, respectively, and S^^^ is the area of one element. Assuming 

{dM} = { { d i } , R } , . . . , { 4 } } ' ' , (5.65) 

[Bf] = [[Bn]AB„],...,\B„]Y, (5.66) 

£<')] = [[£,,], [5,2],..., [B^sf, (5.67) 

and 

[A(')] = [[A,],[.4.],...,[A8]f (5.68) 

leads to 

e = i '^—^ 

I I [AW]̂ ([m][AWl{.i''̂ '} - {6} - {i))dS} = 0. (5.69) + 
' 'si' 

Thus, for each element by using Equations (5.47) 

{pW} = JlJ_\{z[BfrM + [Bi'r{''>}dzdS 



I l l 

= {pf} + {pi'''} 

m 

= EWK^'J (5.70) 
8=1 

in which [M,] is the lumped mass matrix at the ith. node of an element. The 

proportionally lumped mass matrix [58] at the ith node of an element is 

^^^^_JIsi4^]dS!Jsi.AArnrh]lA,]dS 

^ '^ Er=i//5(e)[A,f[m][A.]rf5 ^ ' - ' ' ^ 

which is diagonal. 

After superposition of {p^^^, {/^^^}, and {/ĵ ^̂ } the dynamic governing 

equation appears as 

[M]{d} + {p} - {/} = 0 (5.72) 

in which [M] is the lumped mass matrix, and {d}, {p}, and {/} are the 

acceleration, the internal resistant force, and the external force vectors, 

respectively. 

If the damping of the concrete panel is considered, the above equation wiU be 

[M]{i} + [C]{d} + {p} - { / } = 0 (5.73) 

in which [C] is the damping matrix, and {d} is the velocity vector. 

i ^ v 
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At time tn, employing a central difference approximation to represent the 

acceleration and velocity 

^^^" = (Zo^«4""'-2{<ir + {dr-) 

id}" = ^ ( { < i r ' - W - ) , (5.74) 

the dynamic governing equation becomes 

[ ^ 1 ' ' ' " ' ' - \ % ' '''"-' . [ C ] i ^ > : : ; ^ i ^ , , , , . _ , , y . 0, (5.75) 

and the individual displacement and rotations are 

d^' = {m^. + Y ^»)" ' t ( -^0 ' ( / r - P D + 2m„ d^ - (m„ - ^ c„) (^r ' ] (5-76) 

in which At is the time step length. 

If the initial velocity, displacement, and rotations are known. 

then. 

d;' = -2Atd^^d] 

d] = ^ ( / ° - r f ) + ^ + A ^ ( l - f ^ M ? (5.78) 
z ma I TTii, 

for i = 1, 2, • • •, number of nodes. Note that dj is a vector defined in Equation 

(5.20). 

" ' ^ •^ •^ • • • • • • • • • •^^ •^ • tv 
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5.7 Critical Time Step Length 

There are three kinds of error sources in the dynamic response of structures 

using numerical analysis methods: (1) error from the spatial discretization, which 

depends on the mathematical techniques chosen for modefing a continuous 

structure with a finite number of variables fike the finite element technique; (2) 

error from the time discretization, which depends on the time integration scheme 

and is also caUed a truncation error; and (3) error from finite arithmetic, which 

depends on the time step length and is an accumulation of roundoff errors. 

Obviously, a large number of time steps wiU cause a large accumulation of 

roundoff errors. Thus, the time step length should be as large as possible unless 

the time integration becomes unstable. Therefore, a stability analysis must be 

conducted to determine the critical time step length if an expficit time integration 

scheme is employed. 

5.7.1 Stabifity Analysis 

The stabifity analysis is conducted for the dynamic equation for entire plate, 

[M]{d}^[G]{d} + [K]{d} = {fy (5.79) 

Firstly, the free vibration of the system is considered, that is. Equation (5.79) is 

reduced to 

[M]{d} + lK]{d} = 0. (5.80) 

f ^ i ^ r - " ' ' ^ ^ " ^ * ^ ^ 
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Assuming 

{d} = {(!>} sm{u;t^e) (5.81) 

in which {(j)} is a vector of the mode shape, cu stands for the angular frequency of 

the mode, and e denotes the phase angle. Equation (5.80) becomes an eigenvalue 

equation: 

\[K]-u;'[M]\ = 0. (5.82) 

This equation has n eigenvalues u;^, and corresponding n eigenvectors {(f)} where n 

is the total number of unknowns. Also the foUowing relation is found 

[KM = [MM[co'' (5.83) 

in which 

[4>] = [<t>li(t>2,—^(l>n] (5.84) 

and 
/ 

[^'] = 

J\ 0 0 

0 a;2 0 

V 
0 0 

... 0 

... 0 

. . . UJ. 
" / 

Multiplying [(̂ ]~^ on both sides of Equation (5.79) leads to 

(5.85) 

[<^]-M^]MM"'{^} + [̂ l"'[̂ l[<? ]̂[< l̂"'{^} + [̂ ]"'[̂ ][</'l[</'l"M^} = W { / } - (5.86) 
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Assuming 

[C] = a , [M]-f/3, [iT] (5.87) 

and substituting Equation (5.83) into Equation (5.86), one obtains 

[m] {}} + [m] (a , + ^ , u;'){d} + [m] u;' {d} = {/} (5.88) 

in which 

[mj = [<t>]-'lM][<l,] 

= [m,] 

{d} = [<f,]-'{d} 

= w 
{/} = W-'if} 

= {/.}• (5.89) 

Thus the following equation is obtained 

d, -f {as + I3gu;-)d, + Lv^ d, = / , . (5.90) 

By using a central difference scheme at time tn 

^ {d^:^' -2d^ + dr') + ^^44T^id^^' -<"')+^'^"r = /r- (5.91) 
{At)^' • t ' « / • 2A^ 

A stability analysis is conducted by means of von Neumann theory [38] with 

the assumption 

d"^ = d'^ + e'^ (5.92) 
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in which dJ^ is the exact solution, and e" represents the roundoff error. Thus. 

Equation (5.91) becomes 

,n + l <^ ^n , n-\\ , O^s-^Ps^ ^n + l n-l 
^^_{er-2e: + er')+^j^(er-er)-u'e^ = 0. (5.93) 

Assuming 

e] = Ge'^' (5.94) 

leads to 

[2 + At{as -f l3gU;')]G'^ + 2(u;2 - 2 ) ^ -f 2 - At{ag + /Sgu;^) = 0. (5.95) 

The roots of the above equation are 

^ (2 - ^'-'At') ± ^ (2 - c.^AC-y + [At^ia. -t ff.^^-f ^ 

^ " 2 + Ai(a,+/3,c..-') • ^'•^''^ 

The stabifity condition for this time integration scheme requires that 

\G\ < 1. (5.97) 

If the foUowing condition is satisfied 

{u;'At' - 2) ' < 4 - At'{as + ^.u;-) ' , (5.98) 

then 
_ J 4 - Ai2 a, +/5,a;2 2 

ICI = -̂^ 7̂  , , / < 1. (5.99) 

Thus the stabifity condition is from expression (5.97) 

At < -^^ — -^--- (5.100) 
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m which the expression on the right side is a positive monotonicaUy decreasing 

function if a^ ^^ < 2 and 

Ois 

which are true if /Sg is smaU. 

Thus the formula for defining critical time step length is proposed in this 

study: 

2Jl-\{-;^+^,U;max)' 
Atcr = -^ ^-^^^^ (5.102) 

UJr 'max 

in which iVmax is the maximum circular frequency of the system. In this study, it is 

assumed that /3s = 0, so the critical time step length is 

Atcr = -^ ^̂ ^̂ ^̂ ^̂ .̂ (5.103) 
^max 

If damping is not considered, ag = /3g = 0, and 

2 
Atcr = . (5.104) 

^max 

5.7.2 Wave Propagation Criterion 

Irons et al. [65] proposed that the maximum circular frequency of the finite 

element mesh is always less than that of individual elements. So in practice a;̂  

is substituted with the maximum circular frequency of the smaUest element. 

'max 
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On the other hand, a number of formulas were proposed based on the wave 

propagation theory which assumes that the shear wave should not be aUowed to 

travel through the thickness of a plate within the time step length [78] 

h 
At < — (5.105) 

in which the shear wave velocity 

K = \ - . 5.106) 

However, the wave propagation criterion wiU overestimate the critical time step to 

a large degree even if a coefficient which is less than 1 multipfies to the above 

formula. 

5.7.3 Maximum Circular Frequency of Plate Elements 

It used to be required to determine the time step length by experience before 

expficit time integration schemes were employed. The most widely used method 

was to obtain the maximum circular frequency of the smallest element. The 

frequency can be applied to Equations (5.102). (5.103). and (5.104) to determine 

the length of critical step. In this study, 8-node Serendipity elements are used. 

The maximum circular frequency of an 8-node Serendipity element is 

.<=) = A 1 ^ 
max 

in which ag is the length of the edge of a square plate element or the width of a 

rectangular element, D is the flexural rigidity, and h and p' stand for the thickness 
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and the mass density of a plate, respectively. The 24 x 24 mass and stiffness 

matrices are assumed to be [M^'^] and [K^^^, respectively. The eigenvalues of the 

element can be obtained using 

det\lK^'^] - {J'^)'[M^'^]\ = 0. (5.108) 

The maximum circular frequence, uj^l^, is found to be dependent on only the 

ratio, tte/Zi, and to be independent of the ratio, tg/ag, for a rectangular element 

where be is the length of the plate element. For square elements, the values of A 

are calculated and given in Table 5.2, and for rectangular elements, the values of A 

are calculated and given in Table 5.3. 

From Tables 5.2 and 5.3 it is easily found that the values of A wiU decrease 

as the ratio — increases, but the values change less and less as the ratio ^ 

increases. So the values of A can be assumed to be independent of ratio ^ , and it 

is much safer to obtain A from elements with ^ = 1 than those with — > 1. 
ae at 

Three formulas are proposed for the value of A. For 5 < ^ < 50, 

A = 2 3 . 4 ( ^ ) ^ (5.109) 
h 

which allows only 4% error. In this case. 

6.75 

h V/^'(i-^') 

which is independent of the element size but depends on the thickness. 

(5.110) 
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Table 5.2: Values of A for Different Size Square Elements 

1 
2 

3 
4 

5 

6 
8 
10 

A 

40.1485 
110.565 

223.896 
381.928 
584.938 
832.996 
1464.33 
2276.01 

h 

12.5 

15 
20 

25 
30 
35 
40 
50 

A 

3544.25 

5094.28 
9039.80 
14112.6 
20312.7 

27640.2 
36094.7 
56386.2 

Table 5.3: Values of A for Different Size Elements 

h 

5 
5 
5 
5 
10 
10 
10 
10 

k 
a^ 1.0 
1.2 

1.5 
2.0 
1.0 
1.2 

1.5 
2.0 

A 

584.938 
582.342 

580.983 
580.001 
2276.01 
2273.37 
2271.97 
2270.96 

h 

20 
20 
20 
20 
50 
50 
50 
50 

1.0 
1.2 
1.5 
2.0 
1.0 
1.2 

1.5 
2.0 

A 

9039.80 
9037.16 
9035.75 i 
9034.73 
56386.2 
56383.5 
56382.1 
56381.1 

For 0 < 1/ < 0.5, 

u; 
(e) _ ^ (5.111) 

in which Â . = 6.75 ~ 7.80. Figure 5.5 shows the comparison between the 

analytical frequency coefficients and the calculated frequency coefficients using 

Equation (5.109). 

For 1 < ^ < 5, 

a a. X = 22.1618(-^)' + 3.2265(-^) + 14.7602 (5.112) 

which produces an error less than 1%. 
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Figure 5.5: Curve of Minimum Size/Thickness Ratio-Frequency Coefficient of Plate 
Elements 

For 5 < ^ < 50, 

de y.2 - ' ^ ' A = 22.5457(-^)2 + 0.015362(-f) -f- 21.2192, 
h h 

(5.113) 

which produces an error less than 0.01%. 

The foUowing example is used to compare the above criteria for determining 

critical time step length. A quarter of a square metal plate is discussed. The 

material parameters are given as: E = 1092000.0 psi, v = 0.3, and 

p' = 7.2242 X 10""* Ib-s^/in"*. The time step length is determined by means of the 

foUowing four formulas 
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Atcr2 

Atcr3 

At 

G 

= h 
\ 

{l^u){l-2u)p' 

cr 
^max 

(5.114) 

in which a;^^^ is calculated by means of the formulas proposed before. Th( 

longitudinal wave, shear wave, and P-wave velocities are used in the first three of 

the above equations, respectively. Comparison of different criteria for critical time 

step length is shown in Table 5.4. 

It is found that the wave propagation criteria cannot predict correctly the 

critical time step length so that a coefficient, which is related to the size of the 

element and less than 1, is multiplied by the predicted values. So the wave 

propagation criteria are not appficable to the evaluation of the critical t ime step 

length for the dynamic analysis using expficit integration schemes. 

The formula derived from the stabifity analysis is conservative for predicting 

the critical time step length if the maximum circular frequency of the smaUest 

Table 5.4: Comparison of Criteria for Critical Time Step Length 

(in) 
4 
12 
1.2 
6 
2 
3 

h 
(in) 
1.0 
1.0 
0.5 
1.0 
0.5 
0.5 

A^crl 

{p,s) 
25.7 
25.7 
12.8 
25.7 
12.8 
12.8 

Atcr2 
{fis) 

41.5 
41.5 
20.7 
41.5 
20.7 
20.7 

Atcr3 
{fis) 

22.2 
22.2 
11.1 
22.2 
11.1 
11.1 

Atcr 
{ps) 
7.1 
7.5 
2.8 
7.3 
3.6 
3.7 

Real critical 
time step length {p s) 

13 < Atcr < 14 
15 < Atcr < 16 

5 < A^cr < 6 
14.5 < Atcr < 15 
6.5 < Atcr < 7 

7.0 < A^cr < 7.5 
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element is used instead of that of the system. UsuaUy. the critical time step length 

calculated from this formula can be increased by 80% for an elastic analysis. 

However, for a plastic analysis it is experienced by the author that the value can 

only be increased by 20% to 50%. It is very convenient to employ Equations 

(5.104), (5.110), (5.111), (5.112), and (5.113) to determine the maximum circular 

frequency of individual elements rather than calculating this value by means of a 

dynamic mode analysis. 

5.8 Shear Locking 

The strain energy in a plate element consists of the bending strain energy 

and the shear strain energy. Since the shape functions of a thin element impose 

large amounts of shear strain energy for the element, overstiff results are obtained. 

This phenomenon is termed "locking." Doherty et al. pointed out that the effect 

of locking can be reduced by using a lower-order quadrature for evaluation of the 

strain energy [35]. 

So, the so-called selective and reduced integration schemes are proposed to 

reduce the restraints on the term of the shear strain energy or less Gaussian points 

are used for this term. 

For example, 2x2 Gaussian points are usuaUy used for integration of both 

terms of the shear strain energy and the bending strain energy of a bifinear 

element, which is called fuU integration. When 2x2 Gaussian points are used for 

the integration of the bending strain energy, while one Gaussian point is used for 
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the integration of the shear strain energy, this scheme is caUed selective 

integration. If one Gaussian point is used for both the shear strain energy and the 

bending strain energy, this is caUed reduced integration. SimUar to bifinear 

elements, tha t 3 x 3 Gaussian points are for both the bending and the shear strain 

energy of a Serendipity or Lagrangian element is interpreted as fuU integration. If 

3 x 3 Gaussian points are used for the bending strain energy, and 2 x 2 Gaussian 

points are used for the shear strain energy, this is interpreted as selective 

integration, while a reduced integration is introduced when 2 x 2 Gaussian points 

are used for both the bending and the shear strain energy. Since the locking 

mechanism was first noticed [113,152], the explanation of the mechanism has stiU 

been insufficient. 

5.8.1 Discussion of Plate Elements 

As discussed before, for a plate analysis, shear locking exists for 4-node 

bilinear elements and Lagrangian and Serendipity elements if they are very thin. 

So, the selective and the reduced integration schemes have to be employed. 

However, for this analysis, a simple integration scheme is employed for the 

evaluation of the kinetic energy, the bending strain energy, and the shear strain 

energy, and the results are found to be acceptable as explained later. The 

distributions of central displacement, bending moment, and shear force with the 

flexural ratio (span to thickness ratio), a/ / i , are discussed, respectively, on basis of 
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calculations performed by the author. The ratio a//i varies from 5 to 100. It ii IS 

found from Figure 5.6 that the fuU integration scheme produces results closest to 

the analytical results using Mindfin plate theory when a/h < 50. When a/h > 50. 

the central displacement becomes smaUer and smaUer and the plate becomes 

stiffer and stiffer due to "shear locking." If a/h < 20. the results using thin plate 

theory are far from the analytical results. But when a/h > 50, results using thin 

plate theory are best among aU other results. There is no difference between the 

results using the selective integration scheme and the reduced integration scheme. 

These two schemes avoid "shear locking," but their results are not so good as the 

results using the fuU integration scheme for a/h < 50. 

From Figures 5.7 and 5.8, the analytical results of thin plate theory are best 

for a/h > 20 but for a/h < 20 the results have some more error. The results using 

the fuU integration scheme are more accurate than those using the selective 

integration scheme and the reduced integration scheme. It can be found from the 

three figures tha t the minimum size/thickness ratio of a plate element affects the 

numerical results. When a quarter plate is discussed, a/h < 12.5 for four elements 

and a/h < 15 for both nine and sixteen elements are good enough to produce 

accurate results. 

For thin plates with a/h > 50, the classical thin plate theory can yield the 

exact same results as the Mindfin plate theory. The fuU integration scheme yields 

more accurate results than the selective integration scheme or the reduced 



126 

(C 

c 

O 

CO 

CO 

.4-> 

U 

5.0 20.0 35.0 50.0 65.0 

Flexural Ratio a /h 
80.0 95.0 
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Figure 5.8: Flexural Ratio-Central Displacement Curves Using Sixteen Elements 

integration scheme. When the bending moments of different schemes are 

compared, a certain point (Gaussian point) near the center of a plate is chosen, 

which is at (0.472a, 0.472a). At this point, the bencfing moments are compared 

among the selective integration scheme, the fuU integration scheme, and thin plate 

theory. It is seen from Figure 5.9 that the bencfing moment obtained from a four 

element discretization over a quarter plate and the fuU integration is most 

inaccurate among the three schemes when a/h > 20. Results using the selective 

integration scheme are almost the same for different flexural ratios. 

Figures 5.10 and 5.11 show the bending moments obtained from nine and 

sixteen elements and thin plate theory. 
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Figure 5.9: Flexural Ratio-Bending Moment Curves Using Four Elements 
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Figure 5.11: Flexural Ratio-Bending Moment Curves Using Sixteen Elements 

It can be found that the calculated results from the fuU integration scheme 

and the selective integration scheme are very close to the analytical results of thin 

plate theory. The effects of "shear locking" are small on the results from the fuU 

integration scheme. It is also concluded from the three figures that the minimum 

size/thickness ratio of plate elements largely affects bending moments. The "shear 

locking" can be seen easily from Figures 5.12 and 5.13. As the flexural ratio ^ 

increases (the plate becomes thin), the shear force increases. An increase in the 

number of plate elements wiU reduce the shear force. 

On the contrary, the selective and reduced integration schemes can yield 

reasonable values of shear forces. The comparisons between shear forces are made 

at Gaussian points (0.028a, 0.472a) and (0.053a, 0.447a) for four elements and 



130 

4.0 

O 3 .0-

CO 
Oi 
Q) 
O 

U 
CO 

CO 

5.0 20.0 35.0 50.0 65.0 80.0 
Flexural Ratio a /h 

95.0 

Figure 5.12: Flexural Ratio-Shear Force Curves Using Four Plate Elements 

4.0 

O 3.OH 

CO 

a; o u 
<2. 

CO 

CO 

2.0 -

0.0 

A A A Full 
I I I Selective 
)( )( K Reduced 
0 0 0 Thin Plate 

5.0 20.0 35.0 50.0 65.0 80.0 
Flexural Ratio a / h 

95.0 

Figure 5.13: Flexural Ratio-Shear Force Curves Using Nine plate Elements 



131 

Gaussian points (0.019a, 0.481a) and (0.051a, 0.465a) for nine elements. However, 

since accurate displacements and bending moments can stiU be obtained by means 

of the full integration scheme, the effect of shear stresses on the results is very 

smaU. In fact, the maximum shear stresses, r^j. and r^y, are smaU compared with 

maximum shear stress r^-y and maximum flexural stresses according to the 

calculations performed by the author. Even though the error of shear stresses for 

large flexural ratios appears to be high, the actual shear stresses are relatively 

smaUer than flexural stresses. 

According to the Building Code Requirements for Reinforced Concrete and 

Commentary, it is found that the maximum value of the ratio, | , is about 40 for 

either one-way panels or two-way panels. Thus, there is no difference between the 

numerical results using Lagrangian and Serendipity elements [28,152]. The shear 

locking does not exist in this case. In this study, 8-node Serendipity elements wiU 

be used. 

5.9 High Loading Rate Effect 

Test results indicate that at high strain rates the uniaxial compressive 

strength and the stiffness of concrete increase, as do the yield and ultimate 

strength of steel [72,83,147]. According to those results, an increase in strain rate 

from 0.000005 to 0.05 1/sec wiU result in the average increase of the compressive 

strength of concrete by 34 percent and the yield strength of steel by 27 percent. So 

when concrete panels are subjected to blast or missile impact actions, the material 
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constitutive relations must be modified to account for the high strain rate. Also, 

the tensile strength of concrete wiU increase as the strain rate increases [73,131]. 

The compressive strength of concrete under high strain rate (e > 1.6 x 10"^) 

is given as [70] 

/ ; = / ; (1.38+ 0.08 log e) (5.115) 

in which e is the strain rate. It can be seen that the viscoplastic strain rate 

dominates the total strain rate. Thus, the strain rate, e, is replaced by the 

effective strain rate, e , for the dynamic analysis of concrete panels, and 

f" = f^ (1.38 + 0.08 log f ^). (5.116) 

5.10 Shear Stresses 

The real behavior of the transverse shear stresses cannot be determined since 

only the average value through the thickness of the plate is computed. So, the 

foUowing method is used to get those shear stresses. The variation of the 

transverse shear stresses r̂ ^ and Tyz with z is parabofic [139] 

3 0 ^ 4 ^ 2 

"̂̂  " 2h ^ h^ ^ 

T„ = ^ ( 1 -
Az 

( 1 - T ^ ) - (5.117) ^̂  2h '' h' 

Harmon and Ni proposed a method to determine the shear stresses [52], by use of 

the foUowing equifibrium equations 

dax dr^y dTj.^ _ 

dx dy dz 
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day dr^cy dr^., 

1 ^ + 1 7 + ^ = "• (̂ -iî ) 

By means of the layered theory. 

Since the partial derivatives of the stresses cannot be computed directly, 

stresses are computed at an integration point as weU as at nearby points on either 

side in the direction of the derivative variable. These three points are then used to 

determine the three constants of a second-order polynomial that can be used to 

obtain the required derivative. 

Another method was also proposed for determining the shear stresses [94], 

- = - 4 [ ^ + ^ ] [ i - 4 ( r f l ' xz 2h dx dy h 

However, Gaussian points in different elements must be used to compute the 

derivatives. Thus, the most convenient way to calculate the shear stresses is to 

make use of the shear forces, Q^ and Qy, which remain independent of the 

thickness of the plate and can be obtained at each Gaussian point. 



CHAPTER VI 

VISCOPLASTIC ANALYSIS OF PLATES 

6.1 Introduction 

Most structural materials are sensitive to strain rate. Metals, concrete, and 

soUs aU exhibit a sensitivity to strain rate. Many authors have shown that a much 

higher stress level is necessary to reach the yield fimit of a metal for an impact 

loading compared with that for a slow one [27,54,82,85,87\ 

For concrete material, test results indicate that at high strain rates the 

uniaxial compressive strength and the stiffness of concrete increases as weU as the 

yield strength and compressive strength of steel [34,83,147]. According to the 

results, an increase in strain rate from 5 x 10~^ to 0.05 1/sec will result in an 

average increase of the compressive strength of concrete by 34%. Thus, when 

concrete panels are subjected to blast or missile impact, the material constitutive 

relations must be modified to account for the high strain rate. The tensile 

strength of concrete also increases as the strain rate increases [131,147]. 

Under static loading and normal temperature conditions, the strain rate has 

very fittle influence on the properties of steel and concrete so that the constitutive 

models based on conventional plasticity theory are good enough to describe the 

material behaviors. In fact, most finite element analyses of metal, soil, and 

concrete structures are conducted with constitutive models based on conventional 

134 
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plasticity theory. Under high temperatures, the structural materials exhibit two 

behaviors: creep and viscoplasticity. Both are time-dependent deformations. In 

static analysis, both behaviors can be described simultaneously. However, in 

dynamic analysis, only viscoplasticity of materials can be described. 

The basic concepts of time-dependent material behavior were first 

introduced by Hohenemser and Prager [59]. The theory was developed and appfied 

to the analysis of the one-dimensional bar problems by Sokolovskii [130] and 

Malvern [85]. 

6.2 One-Dimensional Rheological Model 

The concept of viscoplastic material behavior is introduced by means of a 

one-dimensional rheological model iUustrated in Figure 6.1. The friction sfider 

component develops a stress, ap., becoming active only li a > ao, where a is the 

total appfied stress, and CTQ is the uniaxial yield stress. The excess stress 

CTj = cr — (jp is carried by the viscous dashpot. An instantaneous elastic response 

is, of course, provided by the finear spring. 

The total strain in the model is given by the sum of the elastic and 

viscoplastic components as 

e = ê  + e'̂ P. (6.1) 
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d p 

A, .vp 

Figure 6.1: One-Dimensional Rheological Model 

The stress in the finear spring is equal to the total appfied stress and is related to 

the elastic strain by 

a^ = a = Ee' (6.2) 

in which E is the Young's modulus of the finear spring. 

The stress level in the friction sfider depends on whether or not the 

threshold or the current yield stress, F , has been reached. The onset of 

viscoplastic deformation is governed by the uniaxial yield stress. The stress level 
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for continuing viscoplastic flow depends on the strain-hardening characteristics of 

the material. Based on a finear strain-hardening assumption, the current yield 

stress at any stage is given by 

r = ^0 + H'^' e vp (6.3) 

in which H^^ is the viscoplastic modulus of the material. The stress in the friction 

sfider is 

(Tp = < 

a for ap <Y 

Y for ap > Y. 

(6.4) 

The stress in the viscous dashpot, ad, is related to the viscoplastic strain by 

ad = Te vp (6.5) 

in which F is a viscosity coefficient. So, from 

ad = a — a. (6.6) 

it foUows that 

e'" = ^ (<r - <r,). (6.7) 

Assuming that 

7 
(6.8) 

the viscoplastic strain rate is expressed as 

a — ar, 
^vp ^ ^ P 

7 Y 

= 7 < ^{a) > (6.9) 
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which from Equations (6.4) and (6.9), 

< $(o-) > = < 
^ ioi a> ap>Y 

' (6.10) 

0 ioi a = ap < Y. 

6.3 Viscoplasticity for Three-Dimensional Sofids 

The present viscoplastic model can also be generafized to three dimensions. 

For a sofid, the total strain rate vector, {e}, is composed of the elastic strain 

vector, {e}^, and the viscoplastic strain rate vector, {e}'^'', according to Perzyna 

[114,116]. 

At a certain time step, tn, the total strain can be expressed as 

{ey = {ey + {ey (6-12) 

in which {e}n, {e};,, and {e};;^ stand for the total strain, elastic strain, and 

viscoplastic strain vectors, respectively. 

The total stress vector, {a}n = {o-:r,(^y,rxy,rxz,ry,}n, is related to the elastic 

strain vector, {e}„ = {e ,̂, ey,7xy,7xz,7yjn, at time step, tn, by 

{cTy = lD]{ey (6.13) 
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in which [D], the elasticity matrix, is given according to Reissner [121] as 

/ \ 
1 1/ 0 0 0 

î  1 0 0 0 

[D] = 
E 

1 - u' 
0 0 1 - 1 / 0 0 

0 0 0 ^ 0 

(6.14) 

v 0 0 0 0 ^ j 

in which E and v stand for Young's modulus of elasticity and Poisson's ratio, 

respectively. 

On the assumption of homogeneous and isotropic material, the general form 

of yield function may be assumed as 

f(/l,J2,J3)-i^o(K) = 0 (6.15) 

which is simUar to the failure function given by Equation (3.1), and FQ is the yield 

stress and a function of the hardening parameter, K. 

When the stress function, F , is greater than the equivalent yield stress, Fa. 

viscoplastic flow wiU occur. The viscoplastic strain rate vector, {e}|^^, at time step, 

tn, is defined by a specific function which depends on the stress vector, the 

temperature, the hardening parameter, and the damage parameters for rupture 

theories. Here, a simple function is introduced which has wide appfication 

[114,116] 

{e}7 = 7 < ̂ F) > 
dQ 

(6.16) 
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in which 7 is the fluid parameter, Q is the so-caUed plastic potential, the term 

$ ( F ) is a positive monotonicaUy increasing function for f' > 0, and the notation 

< > impfies in Equation (6.16) 

< $ ( F ) > = < 
$ ( F ) for F > 0 

0 for F < 0 

(6.17) 

in which 

F 
F-Fo 

(6.18) 

From experimental investigations of metals, the function, $ ( F ) , has been 

assumed as [115] 

$ ( F ) = E ^a [expF- - 1] 
Q = l 

$(F) = Y^BcF- (6.19) 
a = l 

In the case of a uniaxial stress, A^ and Ba for mild steel are given in Table 

6.1 [27] 

Table 6.1: Parameters AQ and Ba for Mild Steel 

a 
1 

2 

3 
4 

5 

Aa 
217.56 
-654.11 
874.52 

-484.15 
93.56 

Ba 
337.53 

-1470.56 
3271.71 

-3339.98 
1280.06 
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A single term of the expressions for $ ( F ) is used for the nonfinear finite 

element analysis by Zienkiewicz et al. [151], 

$ ( F ) = e" — 1, or simply 

$ ( F ) = / - " (6.20) 

in which a is an arbitrary constant usuaUy taken as 1. 

For static analysis the fluid parameter, 7, has no effect on the final 

steady-state results. GeneraUy, the steady-state solution using viscoplastic 

constitutive relation is the same as using conventional static elasto-plastic 

constitutive relations [109]. Different values of the fluid parameter, 7, wiU produce 

the same steady-state results even if the value of A varies by a factor of 100 

[148,149]. The only difference is that large 7 values accelerate the achievement of 

the steady-state solution. Thus, 7 is not an important parameter in the static 

analysis. Cormeau [31] proposed specific forms to control time steps for the 

associated viscoplasticity, Q = F., and a finear function, ^{F) = F. as 

At< I 

{i+u)Fo £^j. 'pj.gsca yield criterion 

'^(^+y° for von Mises yield criterion (6.21) 

4{i+^){i-2u)Fo f̂ ^ Mohr-Coulomb criterion. 
7(l-2i / - | -s in^ (P)JE; 

The fluid parameter is related to the material properties and the time step. 

For dynamic analysis of structures, the value of the fluid parameter does have a 

large effect on the dynamic response, the magnitude and the period, as weU as the 
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constant a. It is almost impossible to define the real value by means of 

experiments because it largely depends on the strain rate or the loading rate. 

Bicanic et al. [13] assumed that 7 depends only on the strain rate and for a 

concrete gravity dam is given by 

7 = lO''̂  (ee)'^ (6-22) 

in which bo and 61 are two material constants 

60 = -2 .93 

61 = 0.76. (6.23) 

The upper and lower fimits of 7 are 

IH = l{e%) 

IL = l{el), (6.24) 

for 7L < 7 < 7//' 

^ = 10 

el = 10-^ (6.25) 

Although many expressions for $ ( F ) have been proposed previously, most of 

them are exponential or polynomial functions [153]. In this study a logarithmic 

function is proposed for the function $ ( F ) . The relation of 7 and a for the 

dynamic analyses of mUd steel plates, aluminium plates, and reinforced concrete 

panels are also proposed. 
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The increment of viscoplastic strain can be defined in the time interval, 

Atn = tn+i - tn uslug au Impficlt time step scheme [68], 

A{e}:;^ = Atn [(1 - ^){kyn' -r ^ {ky\i] (6.26) 

in which T? is a constant. For simpficity, the Euler time integration scheme is used 

when 1? = 0, 

{47+, = {e}7 + A{e}l' 

= {e}:;''+ At„ {e}7- (6.27) 

The stress vector at time tn is 

{<T}„ = [D]{t}l 

= [ ^ K W n - H D . (6.28) 

GeneraUy, the associated flow rule is appficable to metals. However, for 

concrete, soil, or rock, a so-called non-associated flow rule is suggested to describe 

the material behavior. The basic idea of a non-associated flow rule is that 

Fi^Q (6.29) 

where F and Q are the stress function defining yield surfaces and the plastic 

potential, respectively. 

Experimental results indicated that inelastic volume contraction occurs at 

the beginning of yielding, and the volume dilatation occurs under compressive 
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loading. This sort of behavior usuaUy violates the associated flow rule. Therefore. 

a plastic potential is selected rather than the stress function. F. Here 

Drucker-Prager function form is recommended [25,94, 

Q = a'li + JJ2. (6.30) 

6.4 Function $ ( F ) for Dynamic Analysis of Plates 

The foUowing function is proposed for the ^{F) 

$ ( F ) = ln(F" + 1). (6.31) 

Thus the viscoplastic strain rate is 

{e}"^ = 7 < ^F) > ^ . (6.32) 

Figure 6.2 shows the difference between theory and test results for different 

0 (F) . The relation between 7 and a is proposed in this study: 

^ = io^-95-+i-"6 (6.33) 

which can be used for mild steel plates (see Figure 6.3). 

For plates made from Aluminium 6061-T6, the formula is modified according 

to this study as: 

7 = lQ0.95a + l.0e^^>ja. (534) 

E 

in which E and Eg are Young's modulus of Aluminium 6061-T6 and steel, 

respectively; cte varies from 2.5 to 3 based on simple calculations. For concrete 
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Figure 6.2: Comparison between Test Results and Assumed <I>{F) Functions 
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panels the values of 7 are much smaUer than that given by Equation (6.34) 

because of use of crack monitoring algorithm. Fluid parameter is suggested for 

concrete according to this study as 

1 n0.95a—a. 7 = 10 (6.35) 

in which a« ranges from 0.5 to 1.5. These relations are verified by the foUowing 

numerical examples for steel plates, aluminium plates, and concrete panels. The 

material properties of steel and Aluminium 6061-T6 are given in Table 6.2. 

6.4.1 Example: Square Simply Supported Steel Plate 

Consider a simply-supported square steel plate subjected to a uniform step 

loading. The pressure q is 1875 psi. The ratio of span to thickness, J, is 12. By 

means of the elastoplastic constitutive relation, the ratio of the maximum dynamic 

to static displacement under the same pressure, ^ = 4 [119]. Now logarithm-type 

(l>{F) functions with different a and 7 values are used for viscoplastic constitutive 

relations and compared with elastoplastic results. Since the values of ^ and a are 

difficult to obtain from test results, the relation between 7 and a is studied (see 

Table 6.2: Material Properties of Steel and Aluminium 6061-T6 

Parameters 
E 
u 

O-Q 

Ps 
Et 

Steel 
29x10^ P52 
0.3 
36000 psi 
0.0007224 Ib-s^in^ 
0 

Aluminium 
11x10^ P5Z 
0.3 
41400 psi 
0.0002558 Ib-s^/in' 
E 
20 
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Figure 6.3). Only a quarter of the plate is discretized by means of nine 8-node 

Serendipity elements. According to the time step study in Chapter V, the time 

step is taken as 2p,s. From Equation (6.33) 7 = 8100 for a = 3, and 7 = 650000 

for a = b. The displacement responses with a = 3 and a = 5 are plotted in Figure 

6.4, in which 8 is the central displacement, and 

8 

8y 

D 

= 

= 

8 
8y 

0.00406 

Eh^ 

4 qa 

D 

12(1 _ ^2)- (6-36) 

6.4.2 Example: Clamped Steel Plate Subjected to 
Uniform Step Loading 

A clamped square steel plate subjected to a uniform step loading is studied. 

The value of the pressure is q = 2800 psi. The steel plate is the same as above. A 

quarter of the plate is discretized by nine 8-node Serendipity elements. The same 

relation for 7 and a is used. The time step is also taken as 2 ps since the plate size 

and the discretization of the plate remain the same. 

Numerical results with different a values are calculated and compared in 

Figure 6.5 which are consistent with the results from the elastoplastic analysis 

[119]. The central displacement responses with a = 2 and a = 6 are plotted and 

compared in Figure 6.6. In the two figures. 
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Figure 6.6: Central Displacement Response of a Clamped Plate 

8y = 0 . 0 0 0 7 6 4 ^ (6.37) 

in which 6y is the central displacement of the plate subjected to a static contact 

pressure, and 8 is the central displacemnet ratio of the dynamic analysis to the 

static analysis. 

6.4.3 Example: Clamped Steel Plate Subjected to 
Initial Velocity 

A clamped rectangular steel plate subjected to an initial uniform impulse is 

studied. Two different initial impulses, one with initial velocity VQ = 836 in/sec, 
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and the other Vo = 1066 in/sec, are considered. The size of the plate is 5^^ in x3 

in X0.173 in. The material properties of the plate are 

E = 29 X 10^ psi 

ly = 0.3 

ao = 36800 psi 

Pg = 0.7224 X 10"^ s- • Ib/in^ (6.38) 

According to the experimental study conducted by Jones et al. [67], the 

permanent central displacements corresponding to the initial velocities, 836 in/sec 

and 1066 in/sec, are 0.0535 in and 0.0890 in, respectively. The logarithm function 

is used for $(-F), and the fluid parameter 7 is dependent on the value of a and 

determined from Equation (6.33), but a < 6. It is seen from Figures 6.7 and 6.8 

that the numerical permanent central displacements are the same as the 

experimental values. 

6.4.4 Example: Clamped AL 6061-T6 Plate Subjected 
to Initial Velocity 

Consider a clamped rectangular aluminium 6061-T6 plate subjected to an 

initial uniform impulse. The tests were done by Jones et al. [67]. Initial impulses 

are velocities, 1790 in/sec and 2300 in/sec. The size of the plate is 5 ^ in x 3 in x 

0.244 in. Ordy a quarter plate is studied, and nine plate elements are employed. 

The permanent central displacements of the plate subjected to the two different 
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velocities are 0.052 in and 0.109 in, respectively. These values are consistent with 

the test results (see Figures 6.9 and 6.10). 

6.5 Appfication of Viscoplasticity to Concrete Panels 

When a reinforced concrete panel is subjected to a uniform step pressure, 

the behavior of the panel is different from that of a metal plate. As discussed 

before, cracks wiU appear on the tensile side of the panel and expand as the 

pressure increases. If the pressure reaches a critical value, these cracks wiU become 

unstable, and the panel wiU fail. The fluid parameter for concrete panels should 

be much smaUer than that for steel plates. Otherwise the viscoplastic flow is too 

large for the panel to exhibit a faUure behavior. However, the fluid parameter 

cannot be too smaU either because the solution wiU be unstable. This special 

unique behavior of concrete is due to the introduction of the crack monitoring 

algorithm explained before. As discussed before. Equation (6.34) can be used to 

determine the fluid parameter for concrete panels. 

6.5.1 Example: Effect of Fluid Parameter on Reinforced 
Concrete Panels 

A 12 ft X 12 ft X 1 ft reinforced concrete with a steel ratio, p = 1.909%. is 

discussed. The material properties are 

Ec = 3.6 X 10^ psi 

/ ; = 4000 psi 
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/ ; = 480 psi 

^'^^ = 3.14 X 10^ psi 

Pc =0.000217 Ib-sVin ' (6.39) 

for the concrete material, and 

Eg = 29 X 10^ psi (6.40) 

ao = 40000 psi (6.41) 

Pg = 0.0007224 lb . sVin' (6.42) 

for steel bars. 

A quarter panel with nine plate elements is analyzed. The solution varies 

very fittle over a wide range of fluid parameter. Figure 6.11 shows the effect of the 

solution for different fluid parameters. The panel pressure is 40 psi. As shown in 

the figure, a very smaU fluid parameter (7 = 0.05) makes the solution unstable. 

6.5.2 Example: Effect of Boundary Conditions 

Consider the same panel subjected to a uniformly distributed pressure of 30 

psi. Panels with simply supported condition and clamped condition are studied, 

respectively. Figure 6.12 shows the central displacement response. It can be seen 

from the figure that the displacements of the panel with simply supported 

boundary conditions are much larger than those of the panel with clamped edges, 

and the period of the former is also larger than that of the latter. 
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6.5.3 Example: Effects of Steel Ratios on Displacement 

Consider the same 12 ft x 12 ft x 1 ft reinforced concrete panel. Steel 

reinforcing bars are placed at 10 in on center, each way, back face and on front 

and back faces, respectively. TensUe steel ratios are, respectively, 

p = 0.848%, 1.326%, and 1.909% by using different bars. For the flrst panel, the 

compressive steel ratios, pi = 0, and the compressive steel ratios are exactly the 

same as the tensile steel ratio. A quarter panel has nine plate elements and eight 

layers. A uniformly distributed impulse pressure of 40 psi is appfied. 

Figures 6.13 and 6.14 show a quarter panel with steel bars on only one face 

and the effect of different steel ratios on the response of the panel, respectively. 

Figures 6.15 and 6.16 show a quarter panel with steel bars on each face and the 

effect of different steel ratios on the response of the panel, respectively. As the 

steel ratio increases, the displacement decreases. Displacement of the panel with 

steel bars on back and front faces is smaller than that of the panel with steel bars 

on only back face. 

6.5.4 Effects of Impact Contact Areas 

Panels with p = pi = 1.909%, and different impact contact areas of 144 ft*, 

81 ft^, 36 ft^, and 9 ft^ are considered (see Figure 6.17). A quarter panel in this 

case contains sixteen plate elements and eight layers. Each panel was subjected to 

a uniformly distributed step pressure. The total step loading was (10 xA) psi in 
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Figure 6.17: Central Displacement Response for Different Contact Areas 

which A is the frontal surface area. Figure 6.17 shows that the displacement 

increases as the impact contact area decreases. 

6.6 Contact Triangular Failure Impulse for Automobile 

Different reinforced concrete panels with /^ = 4000 psi and p = pi = 0.848% 

are considered. The typical impulse of an automobile crush onto a rigid target is 

triangular with an impact duration of about td = 120 msec. The peak value of 

loading tends to occur at ta = 40 msec. Now, by assuming that the impulse 

remains the same for a particular reinforced concrete panel with a certain 

thickness, the maximum failure pressure of the impact, g/, which wiU fail the 

panel, can be calculated. 



160 

Calculated values of the failure pressure for different contact areas and the 

same steel ratio are plotted in Figure 6.18. The comparison between the failure 

pressure and the calculated contact pressure is shown in Figure 6.19. The 

maximum contact pressure of an automobile impact onto a reinforced concrete 

panel can be determined by means of the impulse principle, 

2 1 ^ 1̂  
qm = . ^ (6.43) 

where the impact is assumed to be plastic, g is gravity acceleration, W'm and VQ 

are the weight and the impact velocity of the automobile, respectively, td is the 

impact duration, and Sc is the impact contact area. 

Suppose a 3000 lb automobile impacts a 12 ft x 12 ft x 1 ft reinforced 

concrete panel at 50 mph. The impact contact area is approximately 16 ft . The 

triangular impulse has an impact duration of 120 msec. The peak contact pressure 

from this impact is 49 psi which is much smaUer than the failure pressure shown in 

Figure 6.18 (a) when the flexural ratio is 12. Therefore, the panel is safe. The 

failure contact pressure of 600 psi and the calculated contact pressure in this case 

are compared in Figure 6.19. It can be easily seen from Figure 6.19 that the 

calculated contact pressure is much smaUer than the failure contact pressure. 
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CHAPTER VII 

IMPACT TESTS 

7.1 Introduction 

The analytical procedure reported herein was developed for estimating the 

panel response to large missile impact such as automobiles. The procedure needs 

to be vafidated with experimental impact test results. 

Because the scope of the project did not include automobile crash testing, 

and because test results of the type needed to vafidate the procedure could not ht 

found in the technical fiterature, an alternate experiment was designed. The 

major feature of an automobile crash is the relatively large contact area of the 

automobile. The impact is characterized by structural response as opposed to a 

penetration by pipes, planks, and other smaU contact area missiles. The Texas 

Tech Tornado Missile Impact facifity is capable of firing a 75 lb pipe missile at 

speeds up to 75 mph. In order to spread out the contact area, a rigid steel plate 

0.5-in thick and 12.0-in square was attached to the face of the concrete test panel. 

The steel plate is positioned at the center of the concrete panel. The pipe missUe 

is fired and strikes the center of the steel plate. The uniform contact pressure is 

spread over the area of the steel plate. To avoid stress concentration, a thin foam 

plate 11-in square is placed between the steel plate and the concrete panel. Four 

163 
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bolts held the plate securely to avoid the loss of the energy. The plate also 

prevents the pipe from cutting into the concrete. 

This chapter describes the missile impact test facifities, the details of the 

concrete panels and the procedure for determining missile contact pressure and 

impact duration time. 

7.2 Test Facifity 

The Tornado Missile Impact Facifity of the Department of Civil Engineering, 

Texas Tech University, can simulate the impact of tornado-generated missiles onto 

reinforced concrete wall panels and roof components. The facifity consists of: (1) 

the missile launcher (cannon), (2) a control panel, (3) a reaction frame, (4) timing 

gates, and (5) a data acquisition system. The facifity is located in the basement of 

the CivU Engineering Testing Laboratory. Elevation and plan views of this facifity 

are shown in Figures 7.1 and 7.2. The chamber containing the cannon is 60 ft 

long, 9 ft wide, and 7 ft high. 

7.2.1 Missile Launcher 

The missile launcher (Figure 7.3) is an air cannon that can propel a missile 

to a desired velocity. Air pressure is built up in a 60-gaUon tank (Figure 7-4) 

which has a pressure capacity of 200 psi. A 4-in manifold finks the air tank to the 

back-end of a 4-in sofid core baU valve (Figure 7.5), which can be operated 

remotely from the control panel. 
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Figure 7.3: Missile Launcher 

* F 

Figure 7.4: Air Tank 
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Figure 7.5: BaU Valve Assembly 

The baU value attaches to a 20 ft long, 4-in diameter PVC pipe barrel. Test 

missiles are muzzle loaded into the barrel which is held by two supports, one at the 

mi 
ddle of the barrel and one at the breech end. A wooden sabot is attached to the 

back-end of the missile to prevent air in the barrel from flowing past the missile. 

7.2.2 Control Panel 

The control panel (Figure 7.6) is used to fire the missile and measure its 

velocity. For safety reasons, it is located outside the test chamber. The control 

panel contains foUowing components: (1) valves for pressurizing and releasing air 

in the tank; (2) a "trigger" that opens the ball valve to fire the missile; (3) 
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Figure 7.6: Control Panel 

electrical switches for control of high speed movie camera; (4) several indicator 

fights that indicate the firing sequence has been properly executed. 

7.2.3 Reaction Frame 

The reaction frame provides a rigid support for the reinforced concrete 

panels (Figure 7.7). The frame consists of two vertical members (W 8x18), which 

are supported at the ceifing and at the floor by two horizontal beams that extend 

across the width of the test chamber. Two horizontal beams are bolted between 

the pair of vertical beams to for a rectangular frame that supports the edges of the 

concrete panels. 
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Figure 7.7: Back Side of Reaction Frame 

A hand wench ("come-along") attached to the top horizontal beam fifts the 

reinforced concrete panels for mounting in the frame. Four C-clamps attached at 

the corners hold the concrete panels in place. 

7.2.4 Missile Velocity Measurement System 

The missile velocity measuring system is a photoelectric timing gate that is 

activated by pa.ssage of the traifing end of the missile as it exits the barrel 

(Figures 7.8 and 7.9). 
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Figure 7.8: Timing Gates at End of Cannon Barrel 

Figure 7.9: Timers Used to Measure Missile Wlocity 
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Two photoelectric sensors are mounted on the end of the barrel three feet 

apart. When the traifing end of the missile passes the first sensor, the fight beam 

starts the electronic clock. When the traifing end of the missile passes the second 

sensor, the fight beam stops the clock. The resulting measurement in miUiseconds 

IS the time for the missile to travel the distance between the two sensors. The 

impact velocity is obtained by dividing the distance by the time interval time to 

obtain ft/sec. The missile velocity measuring system has been cafibrated for 

accuracy within ± one ft/sec by several independent measuring systems, including 

an osciUoscope and analysis of high speed movie film. The barrel of the cannon is 

placed so the missile impacts the concrete panel within 3--5 ft after passing the 

timing gates. 

7.2.5 Displacement Measuring System 

The central displacement of a panel is measured during impact by means of 

a linear variable displacement transducer (LVDT). The LVDT is a Trans-Tek Inc. 

DC-DEC Series 240 model. It measures displacement of the concrete panel 

relative to the reaction frame. Any displacement of the reaction frame is not 

included in the displacement measurement of the panel. 
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The tip of the LVDT rod is epoxyed to the center of back face of the test 

panel (Figure 7.10). The position of the LVDT is measured and recorded as zero 

reference before each test. An analog-to-digital (A/D) converter provides a digital 

signal to the computer data acquisition system (Figure 7.11). The internal clock 

on the IBM computer provides the time information. 

The software used to control the data acquisition system is Labtech 

Notebook. The data files created by Labtech Notebook software are processed 

using Lotus 123. Lotus 123 permits the user to analyze the data and generate 

graphic plots of the response. Pressure versus time and displacement versus time 

charts are generated for each test. 

7.3 Missiles and Targets 

Five 39 in x39 in x5.375 in reinforced concrete panels were cast in the CivU 

Engineering Testing Laboratory. No.4, Grade 60 reinforcing bars were placed in 

the panel at 6 in on center, each way, each face. A 12 in x l 2 in xO.5 in steel plate 

was mounted at the center of the front face of each panel (see Figure 7.12). Figure 

7.13 shows the placement of the rebar. 

A 11 in x l l in xO.25 in thick foam plate was placed between the reinforced 

concrete panel and the steel plate to avoid the stress concentrations. Four bolts 

hold the steel plate in place. The average compressive strength of four concrete 

cyfinders is /^ = 2865 psi. The average mass density of the four concrete cyfinders 

is Pc = 0.000217 lb • sVin'*. A typical value of Poisson's ratio v = 0.15 is obtained 
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Figure 7.12: Reinforced Concrete Panel for Impact Test 
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Figure 7.13: Placement of Reinforcing Bars in Test Panel 
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from Reference [102]. According to ACI Code, Young's modulus of the concrete 

panels is dependent on the compressive strength of concrete: 

E, = 57000^/^ = 3.05 x 10"^ psi. The tensile strength / / = 4.3^/ / ; = 230 psi 

[1021. The viscoplastic modulus of concrete H^'P can be calculated as 

Ej 
if'̂ P = 

i-ft 
ET = ^ ^ (7.1) 

^" Ec 

in which the initial yield stress fc = 0.3/^ in this study and the failure strain 

6 = 0.002 [102] for /^ = 2865 psi. So, the viscoplastic modulus H'^ = 1.9 x 10^ psi. 

According to ACI Code, the Young's modulus for rebar is E, = 29 x 10^ psi. 

The mass density of No.4 rebar is pg = 0.000734 lb • s^/in^. The pipe missiles. 3-in 

inner diameter steel pipes, have a mass density of 0.000723 lb • s"/in"^. 

7.4 Calculation of Impulsive Pressure 

7.4.1 Rebound Velocity of Steel Pipes 

The rebound velocity of a steel pipe is calculated by assuming the pipe is a 

point mass which is projected after impact at a velocity, V'l. The height of the 

impact point, ho, and the distance from the panel to where the impact end of the 

pipe lands on the floor, /, can be measured after impact. If the pipe takes time t 

to faU to the floor, the foUowing equations can be evaluated, 

I = Vit 

ho = Igt' (7.2) 
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m which g is the gravity acceleration. Thus, the rebound velocity is 

which can be used to calculate the contact impulse. 

7.4.2 Impact Duration 

By assuming the test panel is rigid, and the impact is elastic, the impact 

duration td is given by 

U=^^T- (7.4) 
^ sw 

where Lm is the length of the steel pipe and KIL is the impulse wave velocity in 

steel 

Vsr. = J— = 2 X 10^ in/sec. (7.5) 
V Ps 

If the impact is elasto-plastic, and the panel is deformable, the impact 

duration is fittle longer than an elastic impact. However, there were no further 

investigations on the effect in this study. 

7-4.3 Impulsive Pressure 

Figure 7.14 shows a typical triangular impulse whose maximum contact 

pressure wiU be evaluated. Now the impulse principal is used to determine the 

impulse force acting on the reinforced concrete panel. 

C nt)dt=~{V„-V,) (7.6) 
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Figure 7.14: Contact Pressure 

in which F{t) is the impact contact force; t is the time, W is the weight of the 

steel pipe, and Vo and Vi are impact velocity and rebound velocity, respectively. 

Assuming that the shape of the impulse is triangular, the maximum contact 

pressure. 

im 

2W{Vo-V) 
gtdSc 

(7.7) 

in which Sc is the contact area. 

7.5 Test Data 

Three tests were conducted to obtain the central displacement response of 

reinforced concrete panels subject to missile impact. Tables 7.1 and 7.2 summarize 

the vital facts of the tests. 

7.5.1 Test 1 

A 120-in long 75-lb steel pipe was loaded and fired at the reinforced concrete 

test panel. The measured missile velocity at impact was 111.5 ft/sec. The rebound 
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Table 7.1: Experimental Impact Tests 

Test 
No. 

1 

2 
3 

Missile 
Weight 
(lb) 

75.0 

67.0 
64.4 

Missile 
Length 
(in) 

120 

107 

103 

Impact 
Velocity 
(ft/sec) 

111.5 

73.0 

81.0 

Rebound 
Velocity 
(ft/sec) 

0.0 

7.0 
5.7 

Contact 
Area 
{in-) 

121 

115 

115 

Impact 
Duration 
(msec) 

1.20 

1.07 

1.03 

Contact j 
Pressure 
(psi) 

3580 

2710 

2930 • 

Table 7.2: Impact Test Results 

Test 
No. 

1 

2 

3 

Measured 
Maximum 
Displacement 
(in) 

0.49 
0.36 

0.37 

Calculated 
Maximum 
Displacement 
(in) 

0.38 
0.28 
0.29 

Measured 
Permanent 
Displacement 
(in) 

0.10 
0.11 

0.065 

Calculated 
Permanent 
Displacement 
(in) 

0.075 
0.060 
0.065 

velocity of the missile was not measured. Contact area Sc = 121 in". The 

calculated impact duration from Equation (6.4) was 1.2 msec. Assuming impulsive 

pressure to be an isoceles triangle, maximum contact pressure from Equation (6.7) 

was qm = 3580 psi. The panel was divided into eight layers and nine Serendipity 

plate elements. Comparison between test results and calculated results is shown in 

Figure 7.15. 

From Figure 7.15, the frequency of experimental response is consistent with 

the frequency of calculated results. The dash fine is measured displacement and 

the sofid fine is calculated displacement. The maximum measured displacement is 

0.49 in while the maximum calculated displacement is 0.38 in, which is 22% less 

than the maximum measured displacement. The minimum measured displacement 
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Figure 7.15: Displacement Comparison between Experimental Response and Cal
culated Response 
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is -0.125 in while the minimum calculated displacement is -0.088 in, which is 30% 

larger than the minimum measured displacement. The measured permanent 

displacement is 0.1 in while the calculated permanent displacement is 0.075 in 

which is 25% less than the calculated permanent displacement. The ampfitude of 

the measured response attenuates more slowly than the ampfitude of the 

calculated response but the difference is not large. 

7.5.2 Test 2 

A 107-in long and 67-lb steel pipe was loaded and fired at the reinforced 

concrete panel. The measured missile velocity is 73 ft/sec. A 10.75 in x 10.75 in 

xO.25 in foam plate was placed between the steel plate and the concrete panel in 

this case. Thus the contact area ^c = 115 in^. The calculated impact duration 

from Equation (6.4) was 1.07 msec. The steel pipe impacted the panel at a height 

of 25 in and then landed 2.44 ft away from the panel. So / = 2.44 ft and 

ho = 25 — ̂  = 23.5 in. The calculated rebound velocity is 7.0 ft/sec from 

Equation (6.3). Assuming the impact pressure to be an isoceles triangle, the 

maximum contact pressure from Equation (6.7) is qm = 2710 psi. The panel was 

divided into eight layers and nine Serendipity plate elements. Comparison between 

test results and calculated results is shown in Figure 7.16. 

From Figure 7.16, the frequency of the experimental response is consistent 

with the frequency of the calculated response. The maximum measured 



182 

CO 

d 

d 

O H 
I 

d 
I 

0.0 

Calculated 
Experimental 

Y4 

V 71 
Z2 

q^ = 2710 psi 

5.0 10.0 15.0 20.0 
Time (msec) 

25.0 30.0 

Figure 7.16: Displacement Comparison between Experimental Response and Cal
culated Response 



183 

displacement is 0.36 in while the maximum calculated displacement is 0.28 in, 

which is 22% less than the maximum measured displacement. Both the minimum 

measured displacement and the minimum calculated displacement are -0.065 in. 

The measured permanent displacement is 0.11 in while the calculated permanent 

displacement is 0.06 in, which is 45% less than the measured permanent 

displacement. The ampfitude of the experimental response attenuates much more 

slowly than the ampfitude of the calculated response. 

7.5.3 Test 3 

A 103-in long, 64.4-lb steel pipe was loaded and fired at a reinforced concrete 

panel. The measured missile velocity was 81 ft/sec. The 10.75 in x 10.75 in xO.25 

in foam plate was placed between the steel plate and the concrete panel. The 

contact area was Sc = 115 in'^. The calculated impact duration from Equation 

(6.4) is 1.03 msec. The pipe impacted the panel at a height of 25.7 in and then feU 

down 15 in away from the panel. The calculated rebound velocity is 5.7 ft/sec. 

Assuming the impulse pressure to be an isoceles triangle, the maximum calculated 

contact pressure from Equation (6.7) is 2930 psi. The panel was divided into eight 

layers and nine Serendipity plate elements. Comparison between the test date and 

the calculated results is shown in Figure 7.17. 

From Figure 7.17, the frequency of the experimental response is consistent 

with the frequency of the calculated response. The maximum measured 
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displacement is 0.37 in while the maximum calculated displacement is 0.29 in. 

which is 22% less than the maximum measured displacement. The minimum 

measured displacement is -0.16 in while the minimum calculated displacement is 

-0.106 in, which is 34% larger than the minimum calculated displacement. The 

measured permanent displacement is the same as the calculated permanent 

displacement and they are 0.065 in. The ampfitude of the experimental response 

attenuates more slowly than the ampfitude of the calculated response. 



C H A P T E R VIII 

CONCLUSIONS AND RECOMMENDATIONS 

8.1 Conclusions 

From above studies and impact test results, the foUowing conclusions are 

drawn: 

1. This study provides a more accurate approach for the evaluation of the 

overaU structural response of reinforced concrete waU panels subjected to large 

tornado missUe impact , especiaUy automobile impact, than the mass-spring model. 

Newton's second law model, and conservation of energy and momentum model. 

2. This study also provides a tool for design of reinforced concrete waU 

panels subjected to automobile impact. Failure pressure curves can be plotted for 

certain concrete panels and compared with the contact pressure of automobile 

impact to judge if these panels fails, or how large an impulse the panels can resist. 

3. A logarithmic strain rate-stress relationship is proposed in this study, 

which can be used for viscoplastic dynamic analyses of concrete and metal 

structures. 

4. New formulas of the embedded model used to account for the effect of 

steel rebar in a concrete panel are derived in this study. 

186 
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5. The formulas for defining and controUing the time step length are 

proposed for expficit t ime integration of dynamic equations over Serendipit} 

elements based on the Mindfin theory. 

8.2 Recommendations 

This study is fimited to impact of large tornado missiles such as fumbfing 

automobile with relatively low impact velocities. Verification of the analytical 

model was made on simulated automobile impact tests. Impact tests of actual 

automobiles are needed to verify the approach. More complete test systems are 

required to measure the impact duration, the time-dependent contact pressure, 

and the t ime-dependent displacement response. 
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