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ABSTRACT 

Fractals have been shown to be useful in the analysis of time series data and in 

classification of natural shapes and textures. A Maximum Likelihood Estimator is used 

to measure the parameter H which is directly related to the fractal dimension. The 

robustness of the estimator is shown in the presence of noise. The performance of the 

method is demonstrated on datasets generated using a variety of techniques. Finally 

the performance of the estimator is shown by characterization of homogenous textures 

and by the segmentation of noisy composite images of natural textures. 
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CHAPTER 1 

INTRODUCTION 

Fractals are mathematical sets with a high degree of geometrical complexity that 

can model many natural phenomena such as mountains, coastlines as well as images 

obtained from fractal surfaces [1, 3, 4, 19]. Fractal characterization of signals has been 

shown to be useful in the analysis of time series data and in classification of natural 

shapes and textures [1, 14, 15, 16, 17, 18]. In particular they have been found to be 

useful in describing disordered textures [49]. Fractals have been used for speech 

segmentation and interpolation [1 O], sound classification [1 O], and to describe chaos in 

the capital market (12] and in the electrophysiology of the heart [7]. Fractal modeling 

has been used to generate [13, 52], interpolate [13], and code [8] images. It has also 

been used to describe the roughness of surfaces [5] and to describe the surface area 

of chemical reactants [6]. Fractal probability functions have been applied to Image 

Analysis [9]. Keller et al. [22] show that global characteristics of natural scenes can be 

generated using fractals and demonstrate the method on tree and mountain scenes. 

In this thesis the application of fractal geometry to the analysis of 1-D and 2-D 

signals is examined. Discrete Fractional Brownian Motion (DFBM) is considered to 

characterize the signals. The robustness of the performance of the Power Spectral 

Density (PSD) method, the Relative Dispersion (RD) method and the Maximum 

Likelihood Estimation method (MLE) is evaluated on datasets generated using Spectral 

Synthesis, Midpoint Displacement, Weierstrass-Mandelbrot formula and Cholesky 

Decomposition. 

Images of synthetic polymer membranes and images from the Brodatz album 

[58] have been used for characterization as fractal brownian surfaces. Finally, the 
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estimation algorithm is applied to the segmentation of composite texture polymer 

image and composite Brodatz texture image with and without the presence of noise. 

1.1. Outline of the Thesis 

The thesis is organized as follows : Chapter 2 contains a brief introduction to 

fractal geometry. Chapter 3 deals with the description of DFBM and Discrete Fractional 

Gaussian Noise (DFGN). Chapter 4 describes the various generative algorithms used 

to generate the datasets and Chapter 5 gives the description of the considered 

estimators. Chapter 6 shows the results of the simulations on 1-D data sets~ The 

performance of the estimators in the presence of additive Gaussian noise is shown. 

Chapter 7 describes Texture Analysis and the modeling of fractal brownian surfaces. 

The ML estimator is used for characterization of single textures and for segmentation of 

noisy composite texture images and the results are explained. Finally, chapter 8 

summarizes all the results and conclusions. 
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CHAPTER 2 

FRACTAL GEOMETRY 

2.1. Introduction 

Fractal geometry is a concept introduced by 8.8 Mandelbrot which provides 

both a description and a mathematical model for many complex forms in nature which 

cannot be explained using traditional Euclidean geometry (1 ]. Euclidean geometry 

provides concise and accurate descriptions of man made objects but is inappropriate 

for natural shapes. It yields cumbersome and inaccurate descriptions. Complex shapes 

such as coastlines, mountains and clouds possess a striking simplifying invariance 

under changes of magnification. This self-similarity is quantified by the fractal 

dimension which need not be an integer and which is related to the innate "roughness" 

of the shape. Fractal shapes are said to be self-similar and independent of scale or 

scaling [1, 18]. 

Fractals have blossomed tremendously in the past few years and have 

connected pure mathematics research with natural sciences and computing. Within the 

last 5-1 O years, fractal concepts have been introduced in most of the natural sciences : 

physics, chemistry, biology, meteorology and materials science. It has also found 

application in recent times in diverse engineering disciplines lik~ fracture analysis [54] , 

·analysis of viscous fingering (19] , computer graphics (52), analysis of the cache hit 

ratio [55] in addition to several applications in electrical engineering. 

2.2. Fundamental Concepts and Definitions 

The definition of a fractal is given by Mandelbrot (1] as a set for which the 

Hausdorff- Besicovitch dimension strictly exceeds the topological dimension. In general 
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the Euclidean and the topological dimensions are the upper and lower limits of the 

fractal dimension. 

(2.1) 

The fractal model is used to relate a metric property such as length of a line or 

area of a surface to the elemental length or area, i.e., the ruler used as a basis for the 

calculation. 

The relationship between the ruler size and length is 

L(E) =. F(E)1-0 as E -> O (2.2) 

where L is the total length, F is the scaling constant, E is the elemental ruler 

length, D is the fractal dimension. 

The construction of the Van Koch snow flake curve is illustrative. Figure 2.1 

shows an iterative or recursive procedure for constructing a fractal curve. A simple line 

segment is divided into thirds and the middle segment is replaced by two equal 

segments forming part of an equilateral triangle. At the next stage in the construction, 

each of these four segments is replaced by four new segments with length 1 /3 of their 

parent according to the original pattern. This procedure, repeated over and over, yields 

the Van Koch curve shown in the figure and demonstrates that the iteration of a very 

simple rule can produce complex shapes with highly unusual properties. At each stage 

in its construction the length of the curve increases by a factor of 4/3. Thus, the limiting 

curve crams an infinite length into a finite area of the plane without intersecting itself. 

The curve has det~il on all length scales. The closer one looks, the more detail one 

finds. More important, the curve possesses an exact self-similarity. Each small portion, 

when magnified, can reproduce exactly a larger portion. The curve is said to be 

invariant under changes of scale. 

An object normally considered as one-dimensional, a line segment, for example 

also possesses a similar scaling property. It can be divided into N identical parts each 

4 
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of which is scaled down by the ratio r =__!__from the whole. Similarly, a two-dimensional 
N 

object. such as a square area in the plane, can be divided into N self-similar parts each 

of which is scaled down by a factor r = ~ . A three-dimensional object like a solid 

cube may be divided into N little cubes each of which is scaled down by a ratio 

r = , ~ . With self-similarity the generalization to fractal dimension is straightforward. A 
~N 

0-dimensional self-similar object can be divided into N smaller copies of itself each of 

which is scaled down by a factor r_ where r = n~ or . .. R!N 

1 
N=o· 

r 
(2.3) 

Conversely, given a self-similar object of N parts scaled by a ratio r from the 

whole, its fractal or similarity dimension is given by 

D = Iog(N) 

log(~) . 

(2.4) 

The fractal dimension, unlike the more familiar notion of Euclidean dimension, 

need not be an integer. Any segment of the Von Koch curve is composed of 4 sub

segments each of which is scale_d down by a factor of 1 /3 from its parent. Its fractal 

dimension is D ~ log( 
4

) or about 1.26. This non-integer dimension, greater than one 
. log(3) · · . 

. . 

but less than two, _reflects the unusual properties of the curv~. It somehow fills more of 

space than a simple line (0=1}, but less than a Euclidean area of the plane (0=2}. As D 

increases from 1 towards 2 the resulting curves progress from being line-like to filling 

6 



' . 

2.2. The fractal dimension thus provides a quantitative measure of the wiggliness of the 

curves. Although the curves have fractal dimensions between 1 and 2, they all remain a 

curve with a topological dimension of one. The removal of a single point cuts the curve 

in two pieces. 

The concept of fractal (jimension can be applied to statistically self-similar 

objects which upon magnification look like, but not exactly alike, segments at different 

scales. When using a ruler of size r to measure a coastline's length, the total length 

equals the ruler size r times the number of steps of size r, N(r), taken in tracing the 

coast 

L=rN(r). (2.5) 

As with the snowflake, N(r) varies on the average as ~ and 
. r 

1 1 
Loe rD= v.:...1 • 

r r 
(2.6) 

With D> 1, as the size of the ruler used to measure a coast decreases, its length 

increases [1, 3]. The property that objects can look statistically similar while at the 

same time different in detail at different length scales, is the central feature of fractals in 

nature [3, 4]. 

A self-similar fractal set S is composed of N copies of itself (with possible 

translations and rotations) each of which is scaled down by the ratio r in all E 

coordinates from the whole. S here is the union of N distinct subsets each of which is 

congruent to rS [18]. 

A statistically self-similar fractal set S is one whiCh is composed of N distinct 

· subsets each of which is scaled down by the ratio r from the original and is identical in 

all statistical respects to rS [18]. 
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Similarly a bounded set S is self-affine when S is the union of N distinct subsets 

each of which is congruent to r(S) if the set S is transformed to r(S) where r=(r1 .. ... rE). 

S is statistically self-affine when S is the union of N distinct subsets each of which is 

congruent in distribution to r(S) [18). 

2.2.1. Fractal Dimension : Definition 

There are several fractal dimensions which are capable of quantifying the 

degree of fragmentation of curves. They are: 

1. The Hausdorff-Besicovitch Dimension (DH) . 

2. The Minkowski-Bo_yl_igand Dimension (OM)· 

3. The Box counting Dimension (Os). 

4. The Entropy Dimension (DE)-

Mandelbrot [1] defines the fractal dimension as DH. In order to give a measure 

of the size of a set of points, S, in space a test function h(o) = y(d)od (a line, disk, ball or 

cube) is taken and is used to cover the set to form the measure Md= l:h(o). For lines, 

squares and cubes the geometrical factor y(d)=1. For disks, it is n: and for spheres, it 
4 

is ~- In general, as o ->0, the measure Md is either zero or infinity depending on the 
6 

choice of d which is the dimension of the measure. The Hausdorff-Besicovitch 

dimensionDH of the set S is the critical dimension for which the measure Md changes 

from zero to infinity [19]: 

(2.7) 

The value of Md which is called the d-measure of the set for d =DH is normally 

finite but may be zero or infinite; it is the position of the jump in Md as a function of d 

that is important. 
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For estimating the Minkowski-Bouligand dimension, the fractal curve is dilated 

with disks of radius E by forming the union of these disks centered at all points of the 

set thus creating a Minkowski cover. If A( E) is the area of the dilated set at all scales E, 

the infinitesimal order of A is 

A.(A)=limlogA(E). 
E-+0 log E 

(2.8) 

The dimension OM is 2-A.(A). 

For the ·box counting dimension, the plane is partitioned with a grid of squares of 

side E and the number of squares N(e) that intersect the curve are counted. The box 

dimension is obtained by replacing the Minkowski cover area with the box cover area 

E2 N( E) and is equal to lim log N\ e) . 
E-+0 I og-

E 

For the entropy dimension, the curve is covered by disks of radii E and the 

d. · . t d 1· logN . (e) h N ( ) . th II t b f h 1mens1on 1s compu e as e~ mi1 w ere min e 1s e sma es num er o sue 
log-

e 

disks. 

In general, o ~ DT ~DH~ DM = D9 ~ 2 for a curve. 

According to Mandelbrot [1 ], DM is generall_y less desirable than DH. But it is 

often identical to DH and is easier to evaluate, hence it is useful. In general, OM can be 

more robustly estimated than Ds [24]. It is shown in [51] that DE=Ds. Falconer [51] 

gives a good mathematical description. In general, DH is almost impossible to estimate 

in practical cases. 
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CHAPTER 3 

FRACTIONAL BROWNIAN MOTION 

Fractional Brownian motion (FBM) which is a generalization of ordinary 

Brownian motion has been shown to be useful in the analysis of time series data and in 

describing natural phenomena such as characterization of textures. 

FBM is a non-stationary self-affine random process [1, 2] defined as: 

BH(t)-BH(O)= 
1 

[J[(t-s)11-.s-(-s)H-.s]dB(s)+j(1-s)H-.sdB(s)] (3.1) 
r(H+.5) __ o 

where B(t) is Brownian motion and H is the Hurst Coefficient H {O<H <1). 

H describes the roughness of the curve B(t) and the value of D for the graph will 

be 2-H [2] . H relates the incremental change in B to the time difference: 

(3.2) 

Both ordinary and fractional brownian motions have variances of increments 

that diverge with time [19]. In FBM, past increments are correlated with future 

increments and it has infinitely long run coefficients [19]. 

Given the increment Bn(O)-Bn(-t) from -t to O the probability of having an 

increment BH (t)-BH(O) averaged over the distribution of past increments is 

(3.3) 

Assuming Bn (0) = 0 the correlation function of future increments Bn (t) with 

past increments -BH(-t) may be written as: 

{3.4) 
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I . h For H = - , the correlation of past and future increments C(l) vanis es for all t 
2 

as is required for an independent random process. This is as expected as at H = _.!._, 
2 

I 
FBM is the same as ordinary brownian motion. For H ~ - we have C(t) :t:- 0, 

2 

independent of t For H > .!. we have persistence which means that if for some time in 
2 

the past we have an increase, we also on the average have an increase in the future. 

Conversely, a decreasing trend in the past implies on the average a continued 

decrease in the future. For H < .!. we have anti-persistence in which an increasing 
2 

trend in the past implies a decreasing trend in the future and vice versa. 

It has been shown [2] that the Power Spectral Density (PSD) of FBM is related 

to the frequency as 

S(f) = 1-(2H+I) . (3.5) 

Flandrin [23] describes the spectrum of FBM based on time frequency analysis 

as well as time scale analysis. 

FBM is a time varying process but the increments of FBM known as Fractional 

Gaussian Noise (FGN) form a strict sense stationary process [2]. 

The properties of FGN are [2] : 

1. It is a zero. ~ean process. 

2. It is a strict sense stationary process. 

3. Var[B(ti;H)"-B(t1;H)] = VH(t2 -t1)211 where V11 is the variance given by 

V: = 1 [Jo {(1-s)11--0.5_(-s)H-o.5}2ds+-l] (3.6) 
11 r(H +o.s)2 __ 2n: 

12 
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I 

I 

I 

P 
{

B(l2 ;H)-B(l1;/-/) } F( ) 
4. r < y = y 

(!2 - c, )1' 

where F(y) is a cumulative Gaussian distribution function with zero mean . 

5. B(t + k; H)- B(t; H) is distributed identically as h-11 [B(t + kh;H)- B(t; H)] 

The power spectrum of FGN [2] [23] can be written as: 

S(/) = kf-c211-1> - (3.7) 

Discrete FBM (DFBM) and Discrete FGN (OFGN} are the sampled versions of 

FBM and FGN. DFGN X[] is a strict sense stationary zero mean process with a 

correlation structure 

2 . 

r[k]= ~ [lk+Jl211 -2lkl2.'f +lk-Jl2H] (3.8) 

where a2 is the variance of X[], r[k]=E{X[n+k;H]X[n;H]} and 

X[k; H] = B[k; H]- B[k - I; H]. This can be shown by considering 

r[k] = E{X[n + k]X[n)} = E{(B[n+ k + 1]-B[n+ k]}(B[n+ 1]-B[n])} where the second 

arguments have been dropped. This can be written as : 

r[k] =..!.{ E[(B[n + k + 1]-B[n + k])2
] + E[(B[n + k]- B[n])2 J- E[(B(n + k + 1)- B[n + 1]}2

]- E[(B[n + k]- B[n])2
} 

2 

to which the direct application of the property 3 of FGN gives Equation 3.8. 
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CHAPTER 4 

GENERATIVE METHODS 

Various generative methods have been developed with varying degrees of 

complexities for FBM generation [18, 27, 38]. Four popular methods have been used to 

generate FBM so that the performance of the estimators of H can be compared. 

The generative methods used are: 

1. Midpoint Displacement, 

2. Spectral Synthesis, 

3 .. Weierstrass-Mandelbrot Formula, and 

4. Cholesky Decomposition. 

4.1. Midpoint Displacement method 

This method is described in detail in reference (18] and makes use of the 

property of FBM Var(B(t2 )-B(t1))=1t2 -tJHa2 and the midpoint displacements are 

D that have variances /1,.n
2 = a2w (t-22

H-
2
). Although this process produces a 

n . (2n) 

fractal, it is not stationary for all H (18]. FBM samples of length 256 were generated for 

different values of H . Figure 4.1 shows FBM samples for H=0.1, 0.4 and 0.9. Figure 4.2 

shows the corresponding FGN samples. As expected the FBM graph for H=0.9 is very 

smooth and the one for H=0.1 is rough and the one for H=0.4 shows the transi~ion. The 

FGN samples do not differ much from each other. Figures 4.3 and 4.4 are the 

corresponding figures in the presence of noise at 30 db. The noise adds fragmentation 

to the FBM curves. 
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4.2. Spectral Synthesis 

This method uses the strict power law of the PSD of FBM (3.5). Hence, FBM 

samples can be obtained by constructing a random function with tile desired spectral 

density. Assuming that the output of a pseudo-random number generator produces a 

white noise W(t), filtering W(t) with a transfer function T(f) produces an output V(t) 

whose spectral density is: 

(4.1) 

Thus to generate a )j13 noise from a W(t) process requires T(f) oc 
1
!!.. Hence 

f 2 

a reasonably good approximation to FBM can be obtained by multiplying the Fourier 

coefficients of a white noise sequence by Y ~. To avoid the periodicity inherent in 

. ~ f 2 

the FFT and to offset boundary constraints a longer sequence was generated and a 

truncated portion of it was used. Extending the same concept to two dimensions, fractal 

surfaces can be produced by multiplying the Fourier coefficients of a two-dimensional 

1 
white noise matrix by P+i • Figure 4.5 shows 64x 64 fractal brownian surfaces 

Cl2 + J,2)<2> 

generated using this method for H=0.11, 0.4 and 0.99. As expected, the surface for 

H=0.99 is very smooth and the one for H=0.11 is very rough and the surface for H=0.4 

shows the transition. 

4.3. Weierstrass Sine function 

The Weierstrass Sine function is a parametric fractal signal and is the imaginary 

part of the Weierstrass-Mandelbrot fractal function [34]. 

15 



; 
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W (t.) = "~~ (I - c'r"' )c'~'. ( 1 <!) <2, y > 1, <I> == arbitrary phases) {4.2) 
L..., (2-J))n n 

n=-~ Y 

which is continuous everywhere but differentiable nowhere. 

The function W(t) possesses no scale and the graph has a fractal dimension 

D = 2 - H (34]. Since W is complex both the real and imaginary parts of it exhibit these 

properties. y is a parameter and the phases <D n can be chosen to make W(t) exhibit 

deterministic or stochastic behavior. Taking the imaginary part of W(t) we can write the 

following fractal function: 

n=-
\.Vi ( t) = LGn'YnH sin(21t)'-nt+cj>J (4.3) 

n==--

where Gn is a Gaussian random variable with the same variance for all n and <Jin 

is a random phase uniformly distributed in 0-21t. The spectra! density of \.Vi can be 

shown to be proportional to ftzH+tl [34]. A point to be noted here is that Wi has D as 

a box dimension, but only approximately as Hausdorff-Besicovitch dimension (19]. 

4.4. Cholesky Decomposition method 

As described by reference [38], to generate FBM samples independently, it is 

preferable to uncorrelate the samples by a transform, realize the samples and 

transform back again to get the c6variance matrix. Using Cholesky decomposition [35] , 

the covariance matrix R can be written as: 

R=u!. (4.4) 

The samples can be realized as X where X = LY and Y is a Gaussian 

distributed vector. 

Even though computationally more complex than the other approaches, this 

rigorous approach produces a very good approximation to FBM. 
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CHAPTER 5 

ESTIMATION METHODS 

5.1. Introduction 

The methods used to measure H for FBM signals can be classified as : 

1. Methods exploiting the PSD law of FBM, 

2. Methods using the self-affinity properties of FBM, and 

3. Maximum Likelihood Estimation methods. 

The PSD method is popular because of the simplicity of computing spectra 

using FFT. This has been improved by the use of Gabor filters (for the 2-0 case) by 

Bovik and Super [46) and also by using wavelet decomposition [25). The relationship 

between the dimension and the power law index and the problems therein were 

investigated by Higuchi (26). This method has been applied to texture analysis [13, 16, 

46]. 

The methods using the self-affinity properties exploit the property of the power 

law of its moments. This method also is fairly robust [14] and has· been successfully 

applied to texture analysis [42]. 

The MLE method is shown to be asymptotically efficient and asymptotically 

optimal as it attains the Cramer-Rao lower bound [38, 39]. Reference [38] reports 

degraded performance in.the noisy case. Ogata et al. [21] obtain the spectral likelihood 

estimate (based on the distribution of the periodogram) of the fractal dimension for 

random point patterns and planar curves. 

In addition to these methods Maragos [1 o, 24] estimates the fractal dimension 

of time series data using morphological covers and iterative optimization and reports 

good results for estimating the Minkowski-Bouligand dimension. 
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5.2. PSD of FGN 

This estimation method uses the strict power law of the PSD of FBM [2]. As 

OFGN is the process formed by the increments of DFBM, the PSD of FGN is given by 

Equation 3.7. From this we can write: 

log(Sv(f)) = -(2H-l)log(f)+ log(k). (5.1) 

Hence, the slope of a least squares straight line fit of the log-log plot of the PSD 

versus frequency gives the estimate of the fractal dimension. Different window 

functions were tried but the differences in the estimates were negligible. The results 

shown in the tables are for a Hamming window. 

5.3. Relative Dispersion 

This method makes use of the dependence of the variance of a variable on the 

resolution. The RD analysis method compares the variance of a variable as the 

measurement resolution increases. The RD coefficient equals the ratio of the standard 

deviation and the mean. At the highest level of resolution, the variance of the signal 

over its whole length is measured. After that the signal is averaged over increasing 

number of consecutive values and the variance measurements are taken for each 

case. Bin sizes taken here are 2, 4, 8, 16 and 32. The mean should remain the same. If 

the signal is white noise, the standard deviation should decrease by ,,V,:o.s if n is the bin 

size or time resolution intervat. But for a: fractal signal 

RD = RDr ( !!._ iH-1> (5.2) 
nr 

n 
log(RD) = (H -l)log(-)+ log(RDr) . (5.3) 

nr 
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where RD, is RD for the reference bin size n, [20, 28]. The slope of the least 

squares straight line fit of the log-log plot of the RD coefficient versus n will give the 

value of H. 

RD analysis is especially suited for short signals as the first four components 

mainly determine the slope of the graph. Because of the averaging inherent in the 

algorithm it is suitable for noisy signals too. In addition to this it is not demanding 

computationally. 

5.4. Maximum Likelihood Estimation 

5.4.1. Introduction 

The theory of statistical inference [31, 32], consists of two parts, tests of 

significance and estimation theory. In a test of significance, a given set of data is 

examined to see whether it is consistent or not consistent with a specific hypothesis 

about a random variable. In estimation theory, the data is used to estimate the values 

of the parameters in some assumed probability density function for the random. variable 

and to determine the accuracy of the estimates. 

5.4.2. Maximum Likelihood Estimation 

Let x1 , ... ,x~ be a set of n independent random samples drawn from a given 

population. The population is characterized by a probability .oensity function 

f,.(x;0) = f,.(x1, ... ,xn;0). 0 is a parameter of the population distrib.ution. The likelihood 

function L is defined in this case by the relation: 

" 
L(x1, .. ,xn;0) = f..(.xi, .. ,xn;0) = ITf(x;;0) . (5.4) 

i=l 

If the population consists of discrete elements, the likelihood function is 
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" 
L(x,, ... ,x,,;8) = [JJJ,(8), (5.5) 

i=1 

where p,(8) is the probability associated with the i th sample. 

When the sample values are given as well as the functional form of the 

population probability density function, the likelihood function can be regarded as a 

function of the distribution parameter 8. The method of maximum likelihood is one of 

selecting an estimate e for 8 which will maximize the likelihood function [29, 30]. Since 

the logarithm is a monotonic function, the solution to the MLE problem can be obtained 

by: 

a a n 

··· -Iog(L) = 0 =-:Llog(f(x;;S). 
a0 ae i=I 

(5.6) 

Any solution G for 8 which satisfies [5.6] and is not identically a constant is 

called an ML Estimate of 8. Equation [5.6] is called the likelihood equation. 

5.4.3. Application of MLE to DFGN 

Since the samples of FGN are jointly Gaussian distributed, the probability 

density function of DFGN can be written as 

(5.7) 

where x is the dataset and R is the covariance matrix which can be obtained 

from the autocorrelation function [33] as 

[Rl; = r[li - jl] . (5.8) 

The MLE is considered to be an optimal estimator as the estimate is 

asymptotically unbiased and asymptotically efficient and it obtains the Cramer-Rao 

bound [38, 39]. 
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The objective is to find the value of H that maximizes P( x; 1-1). Since the 

logarithm is a monotonic function, the log of P(x; H) can be maximized instead of 

P(x; H) itself. The log likelihood function can be written as 

-N 1 1 
log(P(x;H)) =-log(2rc) - - logjRl - -xTR-1x. 

2 2 2 
(5.9) 

Writing R = cr2R1 the likelihood function can be written as : 

-N N 2 1 I I 1 T -I log(P(x;H)) =-log(2n)--log(cr )--log R1 --x R1 x 
2 2 2 2 

(5.10) 

which can be minimized over cr2. 

This yields cr2 = xr R,x . The final likelihood fu~ction which has to be maximized 
N . 

. -N N (xrRx) N 1 I I over H 1s log(P(x;H)) =-log(2x)--log 1 ----log R1 2 2 N 2 2 
(5.11) 

Levinson-Durbin algorithm [35] can be used to decompose R1• This simplifies 

the MLE solution. Then the golden search method [35] yields the maximization result. 

5.4.4. MLE for noisy data 

Reference [38] reports degraded performance in the presence of noise. It is 

proposed in references [38] and [39] that the noise should be either filtered out or 

included in the estimation model. 

. . . . .. An attempt was made to study the effect of noise on the data and on the .. . , . 

performance -of the MLE. It was suspected that the noise might be affecting the 

distribution of the samples. Hence non-parametric tests (29] were used on the data sets 

to detect the degraded performance and to specify the noise level at which the 

performance is unacceptable by studying the distribution. The tests used were the 

Lilliefors test [29, 36], and the Cramer-Von Mises test [29, 37]. 
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5.4.4.1 . Lilliefors test 

Let the data consist of a random sample x1 , ... ,Xn of size n associated with 

some unknown distribution function, denoted by F(x). Computing the sample mean and 

x-x 
variance, the normalized sample values zi can be computed as .z; = -'-- where x 

s 

and sare the sample mean and standard deviation. The test statistic is computed from 

the Zi s instead of from the original sample. The assumption is that the sample is a 

random one. The hypotheses are: 

Ho : The random sample has the normal distribution, with unspecified mean and 

variance. 

H1 : The distribution function is non normal. 

The test statistic is the two sided Kolmogorov test statistic, which is the 

maximum vertical distance between the empirical distribution function of the Xi s and 

the normal distribution function. In other words the Lilliefors test statistic T is defined by: 

T == s.p) ( (x)- Qx)j 
x 

(5.12) 

where ( ( x) is the standard normal distribution and S: x) is the empirical 

distribution function. 

The decision rule is : Reject Ho at the approximate level of significance a. if T 

exceeds the 1-cx. quantile as given in the table in Appendix B. 

5.4.4.2. Cramer-Von Mises test 

This goodness of fit statistic is given by: 

- 1 N[ (2" 1)]
2 

wN
2 = NJ ~(x)-Fa(x) 2

dFa(x)=-+ I Fo(x)- ,_ 
_ 12N ;=1 2N 

(5.13) 
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where FN (x) is the empirical cumulative distribution function, N is the sample 

size and x1 ~- • • ~ x" are the sample values [37]. The decision rule is the same as before 

and the table is given in Appendix A. Even though degradation of performance was 

observed at S/N 20 db and below, the tests failed to produce any level of significance 

which might be fixed after which the MLE fails . It can also be observed (from the tables 

6.1-6.5) that the percentage errors of estimation are higher for higher values of H. It 

may be due to subtle changes in the long time correlation structure which cannot be 

detected in the statistical model. This effect may not be affecting the distribution of the 

data much but might make the MLE converge to a wrong estimate. 

5.4.5. MLE for the Gaussian Noise Model 

The filtering of noise in this case is difficult as it may spoil the inherent 

roughness of the graph. If the noise is modeled as white Gaussian noise N[k] , as 

FGN is a Gaussian process and since the samples of noisy FGN are 

XJk]=BJk+I]-BJk] where BJk]=B[k]+N[k], the noisy FGN is the sum 

of two Gaussian processes. The structure of the new covariance matrix R
0 

is 

Rn(i,j) =R(i,j)+Nn(i,j) where N
0 

is the noise covariance matrix. 

This is simple to estimate from the knowledge of the noise process [33]. If no 

knowledge about the noise process is assumed, the search becomes a two 

dimensional maximization over H and variance of the noise. The computational effort 

for this case especially in applications like automated inspection of textured images, 

can be prohibitive. 
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CHAPTER 6 

RESULTS FOR ONE-DIMENSIONAL DATA 

All results are shown on FBM data sets of length 256. Table 6.1 shows the 

results of the estimation of H done on data sets generated using the midpoint 

displacement method . The fractal produced is not stationary for all H. Points generated 

at different stages have different statistical properties in their neighborhoods. The effect 

is more pronounced as H tends to 1. This may be the reason for the relatively higher 

error for the MLE. 

Table 6.2 shows the results of the estimation on data sets generated using the 

Weierstrass Cosine formula. The MLE is not shown here as the data sets do not 

preserve a good Gaussian distribution and hence the MLE values are not very 

accurate. Table 6.3 shows the results on data sets generated from the SS method. The 

MLE values are not shown for the same reason mentioned before. The above two 

methods yield comparable performance for both these generative algorithms. 

Table 6.4 shows the performance on data sets generated by the Cholesky 

Decomposition method. This method of FBM generation is a very rigorous one and the 

ability of the MLE can be demonstrated. 

Table 6.5 shows the results of the estimation on noisy data sets. The 

robustness of the MLE in the presence of significant noise is shown . 

It is proposed that the MLE be used to~. relatively short signals . When the data 

length becomes long; the computation toad becomes large and the relative dispersion 

method can be used. A point to be mentioned here is that when a signal generating 

algorithm produces a signal with a different fractal dimension from the one 

corresponding to H, it cannot be expected that the estimation procedures will be 
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unbiased with respect to the present parameter value. Hence the generative algorithm 

even if computationally more complex should be a rigorous one. 
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Table 6.1. Results of estimation on data sets generated using Midpoint 
Displacement 

Actual MLE Percent PSD Percent RD Percent 
Values Values Error Values Error Values Error 

1.9 1.650 13.16 1.9119 0.63 1.8906 0.49 

1.8 1.795 0.28 1.7890 0.61 1.7907 0.52 

1.7 1.685 0.88 1.6770 1.35 1.6915 0.50 

1.6 1.583 1.06 1.5853 0.92 1.5996 0.025 

1.4 1.408 0.57 1.4224 1.60 ' 1.4327 2.34 

1.3 1.315 1.15 1.3244 1.80 1.3593 4.56 

1.2 1.228 2.33 1.2213 1.86 1.2536 4.47 

1.1 1.119 1.73 1.2220 2.02 1.2364 2.40 

Table 6.2. Results of estimation on data sets generated using Weierstrass method 

Actual PSD Values Percent RD Values Percent 
Values Error Error 

1.9 1.791 5.79 1.8595 2.13 

1.8 1.770 1.67 1.7878 0.68 

1.7 1.631 4.06 1.6769 1.36 

1.6 1.530 4.38 1.5804 1.23 

1.4 1.297 7.36 1.3305 4.96 -
1.3 1.180 9.23 1.2414 4.51 

1.2 1.092 9.00 1.1821 1.49 

1.1 0.90 18.2 1.1121 1.10 
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Table 6.3. Results of estimation on data sets generated by Spectral 
Synthesis 

Actual PSD Values Percent RD Values Percent 
Values Error Error 

1.9 1.846 2.84 1.8389 3.22 
1.8 1.822 1.22 1.8354 1.97 
1.7 1.731 1.82 1.7469 2.76 
1.6 1.625 1.56 1.6150 0.94 
1.4 1.370 2.14 1.3760 1.71 
1.3 1.282 1.38 1.2753 1.90 
1.2 1.175 2.08 1.2150 1.25 
1.1 1.1124 1.13 1.2050 9.55 

Table 6.4. Results of estimation on data sets generated by Cholesky 
Decomposition 

Actual MLE Percent PSD Values Percent 
Values Values Error Error 

1.9 1.912 0.63 2.070 8.95 
1.8 1.809 0.50 1.885 4.72 
1.7 1.714 0.82 1.737 1.76 
1.6 ·1.611 0.69 1.6563 3.52 
1.4 1.415 1.07 1.3855 1.04 
1.3 1.292 0.62 1.2675 2.50 
1.2 1.208 0.67 1.2326 2.72 
1.1 1.107 0.64 1.0677 2.94 

Table 6.5. Results of estimation on noisy data sets generated by Cholesky 
Decomposition S/N=30db . 

Actual MLE Percent PSDValues Percent 
Values Values Error Error 

1.9 1.936 1.89 1.96 3.16 
1.8 1.821 1.17 1.60 11.0 -
1.7 1.727 1.59 1.8318 7.75 
1.6 1.628 1.75 1.6701 4.38 
1.4 1.472 5.14 1.5337 9.50 
1.3 1.355 4.23 1.3393 3.02 
1.2 1.404 17.0 1.5156 26.3 
1.1 1.671 51.9 1.7918 62.9 
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CHAPTER 7 

TEXTURE ANALYSIS 

7.1. Introduction 

Texture classification and analysis play an important role in image processing 

and computer vision. Besides being an intrinsic feature of realistic objects, texture gives 

important information on depth and orientation of an object. Most existing texture 

recognition approaches can be broken down into components which are based on 

statistical or structural properties of the image (40]. The statistical approach assumes 

that second-order probability distributions are enough for human discrimination of two 

texture patterns. Structural approaches describe a texture by rules governing the 

placement of the primitive elements of the texture. These primitives are local patterns of 

varying or standard shapes and they form the texture by certain placement rules such 

as orientation and size [43]. In the stochastic formulation, texture is considered as a 

sample from a probability distribution on the image space (44]. The image space is an 

Nx N grid and each grid point is considered as a random variable in the range {0-256}. 

Features of the stochastic and deterministic viewpoints have been combined in 

"mosaic" models [45] which involve repetition of random pattern generation processes 

in order to provide image structure. 

Rao [49] provides a taxonomy for texture description where textures are divided 

into Strongly Ordered, Weakty Ordered and Disordered textures. The textures for which 

a statistical model is appropriate are classified as Disordered textures. They show 

neither repetitiveness nor orientation and can be described by a roughness measure. 

Textures which are amenable to structural description by virtue of repetitiveness are 

classified as Strongly Ordered. Textures which are characterized by a dominant local 

orientation at each point of the texture which can vary arbitrarily are Weakly Ordered. 
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Disordered textures can be effectively described by the concept of surf ace roughn'ess 

and the fractal model is especially suitable for this description [14, 49). In addition to 

this, Pentland [14] has shown that the fractal dimension correlates well witt1 a human's 

assessment of surface roughness. 

7.2. Fractal Characterization of Textures 

Several papers have been devoted to fractal brownian model for texture 
.. 

analysis led by Pentland [14, 15, 16, 17]. Pentland shows the use of fractal modeling 

not only in texture classification and segmentation but also in obtaining shape 

estimates. Nguyen and Quinqueton (11] had already shown texture analysis based on 

the irregularities of space filling Peano curves (1] obtained by transforming windows of 

2-0 surface images to 1-D Peano curves. Medioni and Yasumoto [42] mention some 

problems encountered during texture classification by fractal modeling and compare the 

segmentation achieved with the model to one using conventional intensity based 

method. Peleg et al. [41] derived a set of features based on the £-blanket method and 

used these as global characteristics to recognize large texture patches. Keller and 

Chen (47] use the concept of lacunarity along with the fractal dimension to describe 

and segment natural texture images. Super and Bovik [46] used Gabor filters for 

obtaining accurate localized measurements of the fractal dimension. Dennis and 

Dessipris [48] suggest the idea of differentiating locally determined fractal dimensions 

and call it the 0-signature of the texture. Sarkar and Chaudhuri (57] describe an 

efficient covering method to compute the fractal dimension of textures. 

In this thesis we try to characterize natural textures using the fractal brownian 

surface model. A surface is fractal if the fractai dimension is stable over a wide range of 

scales. According to Pentland, "A 3-0 surface with a spatially isotropic fractal brownian 

shape produces an image whose fractal dimension is identical to that of the 
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components of the surface normal, given a Lambertian suriace reflectance function and 

constant illumination and albedo" (14]. 

7.2.1. Texture Classification 

Initially single texture homogenous polymer membrane images have been 

modeled as images formed from a fractal Brownian surface. Each of these is 128x 128 

pixels digitized to 8 bits. Figure 7.1 shows the distributions of intensity differences at 

one, two, four and eight pixel distances for a sample texture path and it can be 

observed that they are approximately Gaussian distributed. Hence we can assume that 

the intensity surface is approximated by a FBM function at least over the 8:1 ·range of 

scales measured. The fractal dimension was computed in 16x 16 windows with an 

increment of 4 pixels between the windows. Within each window, line to line formulation 

is used and the fractal dimension is normally the average of the values obtains from the 

rows and the columns. Another method in which the mode of the values gives the 

fractal dimension was tried. If two high frequency components were found, the average 

was taken. This method yielded better results for the textures used and the results 

presented are for this method. This method is particularly useful for natural textures as 

they may have one or two values of H within each window described previously which 

are totally different from the ones obtained from the other rows and columns. In such 

cases this method ensures that the value that occurs the most is the one representing 

the texture patch as averaging may introduce errors here:-The histograms of the fractal 

dimensions should show ideally a single peak at one value of the fractal dimension. But 

as the real images are an approximation to a fractal brownian surface, a spread is 

invariably seen around the peak. The texture is shown in Figure 7.2. The histogram 

values plotted are for D1 =128-SOH for clarity (Figure 7.3). It can be seen that the 

texture is characterized well by the value of H by looking at the histogram. 
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Figure 7.1 Histograms of pixel differences for a typical textured path. 
Differences are 1, 2, 4 and 8. 
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Figure 7.2 Single homogenous texture polymer image 
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Figure 7.3 Histogram of fractal dimensions for the homogenous texture image 
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Texture images from the Brodatz album [58] were selected for testing the 

characterization . Figure 7.4 shows a single homogenous texture from the album 

(Burlap). The histogram of fractal dimensions for this is shown in the Figure 7.5. It has a 

single peak with a slight spread around the peak and hence it can be concluded that 

the texture is characterized by its fractal dimension. 

7 .2.2. Texture .Segmentation 

Texture segmentation is an important step in the analysis and interpretation of 

scenes in machine vision applications, satellite imagery, etc. Texture segmentation is 

achieved by the process of feature extraction, followed by segmentation based on 

classification of these features [56]. Segmentation algorithms are typically divided into 

region-based and boundary-based algorithms. Reference [56] describes the problem of 

texture segmentation and discusses the shortcomings of region-based and boundary

based approaches. To demonstrate the ability of the method to segment textures, four 

homogenous regions were taken from the images of the polymer membranes. The 

composite image is 128x128 pixels digitized to 8 bits (Figure 7.6). As explained before 

the fractal dimension was computed in 16x 16 windows with an increment of 4 pixels 

between windows leading to a 32x32 pixel picture. Since the composite image 

contains four different textures, the edges of the textures pose a problem. One way to 

solve it is to detect the edges initially and then compute the dimension within the 

edges. The other way is to detect the edge by noting that the fractal dimension will be 
.......... 

less than the topological dimension in such cases. Hence H is not in the range of o to 1 

and the texture edge is detected. The histogram of the fractal dimensions should ideally 

give four peaks corresponding to the dimensions of each of the textures. But as said 

before as these are only approximately fractal brownian surfaces, there is a spread 

around the peaks of the histogram. In addition to this, two of the textures had closely 
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Figure 7.4 Homogenous Brodatz texture (Burlap) 
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Figure 7.5 Histogram of fractal dimensions for Burlap 
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Figure 7.6 Composite texture polymer image (128x128) 
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Figure 7.7 Histogram of fractal dimensions for the composite texture 
image 
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separated fractal dimensions. The histogram for the whole image is shown in Figure i 7 

and the segmentation was done interactively to give the best results. Figure 7.8 shows 

the result of the segmentation. Comparing with the original image, we can see that 

most of the misclassifications occur at the edges. 

Another composite image (Figure 7.9) formed by four textures from the Brodatz 

album is used for testing the segmentation results with and without the presence of 

noise. The textures used are cotton canvas, burlap, raffia looped to a high pile and 

expanded mica in that order. It should be noted that no care was taken in arranging the 

texture to avoid misclassifications. Figure 7.1 O shows the 3-0 plot of the fractal 

dime_n~ions for the composite image. The histogram of the fractal dimensions for the 

composite is shown in Figure 7.11 and the results of segmentation shown in Figure 

7 .12. The results for 1-0 data shows that the estimators tend to under estimate the 

value of the fractal dimensions as H approaches 1 and degraded performance is 

obtained in the presence of noise. Even though expanded mica has this property, the 

segmentation achieved is good. 

The image was then corrupted by adding Gaussian noise with S/N 30db. Figure 

7.13 shows the histogram of fractal dimensions for this image and it can be noticed that 

some of the higher values of fractal dimensions have been under estimated. The 

segmentation result is shown in Figure 7 .14 and the performance. is acceptable. The 

comparatively poorer performance in the expanded mica section can be attributed to 

the fact that the {approximation to) FBM graph is very smooth in this case and the noise 

adds fragmentation to the curve. Figures 7.15 and 7.16 show the result of 

segmentation of the composite and the noisy composite image as 3-D plots. 

It can be concluded that the fractal model is a powerful mechanism to describe 

textures and the application of the fractal dimension feature if coupled with even a 

simple additional feature like variance would yield excellent results. It may be 
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successful even in cases where the textures have the same fractal dimensions but 

different lacunarities. 
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Figure 7.8 Result of segmentation of the composite polymer image 
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Figure 7.9 Composite Brodatz texture image 

Rgure 7 .1 o 3-D plot of the fractal dimensions for the composite image 

42 



I 

I 
I 
I 

I 

I 
I 
I 
I 
I .\ 

·, \ . 

I • 
' ' 
l~ -

1. 

70 -- ---,--,--~- I--.--.---,--....------, 

60 

50 

40 -

30 

20 

10 -

8.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 7.11 Histogram of fractal dimensions for the composite Brodatz texture 
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Figure 7.12 Results of segmentation of the Brodatz image 

43 



70 

60 

50 

40 

30 

20 

10 

o.__ _ _. 
0.2 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 7.13 Histogram of fractal dimensions for the noisy Brodatz texture 
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Figure 7.14 Result of segmentation of the noisy Brodatz composite image 
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Figure 7.15 Result of segmentation of composite image shown as a 3-0 plot 

Figure 7.16 Result of segmentation of noisy" image shown as a 3-0 plot 
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CHAPTER 8 

CONCLUSIONS AND FUTURE WORK 

The robustness of the MLE estimator has been shown on different 1-0 data sets 

and has been compared with the RD and the PSD methods. Characterization of a 

single texture image and segmentation of a compo,site texture image has been 

achieved using line to line formulation yielding good results even when the processes 

are unsupervised. It can be concluded that fractal modeling is a powerful tool in texture 

analysis. If it is used in conjunction with another appropriate texture feature (second 

moment for example) it has the potential to become .a very powerful method in image 

processing/machine vision applications. 

The degradation of the MLE performance in the presence of high noise power 

even when knowledge of the noise process is assumed has to be investigated. The 

estimation performance in the presence of multiplicative noise has to be investigated 

also. The performance of the estimation using the wavelet transform should be 

compared with this method. The estimation process should also be made faster for real 

time applications like automatic semiconductor wafer inspection. 
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APPENDIX A : CRAMER-VON MISES TEST 

Table A.1 Lower tail percentage points for wN2 tor the Cramer-Von Mises test 

0.005 0.01 0.25 0.05 0.10 
N 

0.0426 0.0433 0.0457 0.0496 0.0576 
2 

0.0312 0.0332 0.0377 0.0436 0.0529 
3 

0.0273 0.0300 0.0354 .0415 0.0509 
4 

0.0258 0.0287 0.0342 0.041 0.051 
5 

0.025 0.027 0.033 0.039 0.048 
8 

0.024 0.027 0.032 0.038 0.047 
10 

0.022 0.025 0.031 0.037 0.047 
20 

oc - 0.025 - 0.037 0.046 
00 

Table A. 2 Upper tail percentage points for wN2 for the Cramer-Von Mises test 

N a 0.05 0.025 0.01 0.005 
0.10 

2 0.424 0.490 0.550 0.583 
0.343 

\ 
\ 

3 0.423 0.509 0.622 0.707 
0.337 

4 0.435 0.529 0.653 0.747 
0.341 

5 .0.441 0.540 0.671 0.771 
0.343 

8 0.451 0.556 0.698 0.806 
0.346 

10 0.454 0.562 0.707 0.818 
0.347 

20 0.459 0.572 0.724 0.841 
0.349 

oc 0.461 0.581 0.743 0.870 
0.347 
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APPENDIX 8 

LILLIEFORS TEST 

Table B. 1 Level of Significance for D for Lilliefors test 
D =Max I F*(X) - SN(X) I 

0.2 0.15 0.1 0.05 

0.300 0.319 0.352 0.381 
0.285 0.299 0.315 0.337 
0.265 0.277 0.294 0.319 
0.247 0.258 0.276 0.300 
0.233 0.244 0.261 0.285 
0.223 0.233 0.249 0.271 
0.215 0.224 0.239 0.258 
0.206 0.217 0.230 0.249 
0.199 0.212 0.223 0.242 
0.190 0.202 0.214 0.234 
0.183 0.194 0.207 0.227 
0.177 0.187 0.201 0.220 
0.173 0.182 0.195 0.213 
0.169 0.177 0.189 0.206 
0.166 0.173 0.184 0.200 
0.163 0.169 0.179 0.195 
0.160 0.166 0.174 0.190 
0.149 0.153 0.165 0.180 
0.131 0.136 0.144 0.161 
0,736/ . 0.768 0.805/ 0.886/ 

-.JN /-.JN -.JN -.JN 
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0.01 

0.417 
0.405 
0.364 
0.348 
0.331 
0.311 
0.294 
0.284 
0.275 
0.268 
0.261 
0.257 
0.250 
0.245 
0.239 
0.235 
0.231 
0.203 
0.187 
1.031/ 

-.JN 
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