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ABSTRACT 

Condition-Based Maintenance (CBM) is a maintenance policy that 

addresses the problem of managing production equipment through the 

monitoring of variables associated with functional failures. Using CBM 

prognostic techniques, the Remaining Useful Life (RUL) of an asset can be 

forecasted, enabling better maintenance decision making. In this field, a wide 

variety of CBM methodologies have been proposed to estimate RUL; however, 

most of them require a significant amount of pertinent historical failure data to 

train the correspondent models. This situation is not always feasible in practical 

applications. Moreover, techniques that address this issue often ignore 

exogenous variables that affect the degradation process. To address this 

situation, this research evaluates the prognostics capabilities of an adaptive 

autoregressive with exogenous variable model (ARX) and a non-linear 

Autoregressive model (NLAR) to estimate the RUL of an asset. Performance 

was evaluated using a simulated aluminum alloy crack-growth model under 

different scenarios considering processes with constant parameters as well as 

gradual and stepped changes in the parameters. In addition, to illustrate their 

application, ARX and AR models were compared with real data from the IEEE 

2012 Data Challenge. Results showed that, when RLS were used to update 

parameters, ARX performed better when degradation process is linear, and AR 

and NLAR are more suitable for non-linear degradation trends. Furthermore, it 

was found that RUL estimation improved significantly after reaching the 75% of 

degradation threshold, in every scenario. Maintenance practitioners might find 

this approach suitable to manage equipment where no a priori information is 

available to estimate the RUL of an asset. 
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CHAPTER I 

1. INTRODUCTION 

1.1. History and Background  

When an industry’s production or the service provided by a company 

depends highly on a machine or group of capital equipment, the availability and 

optimal functionality of the equipment is a serious issue that requires attention from 

the manager. A machine or equipment becomes essential for a company when the 

performance of the second gets affected by the malfunctions of the first. Every 

break down of equipment carries out a maintenance action which represents a cost 

for the company and, perhaps more important, a loss of income. Therefore, the 

availability and optimal functionality of an asset considered as necessary for the 

company should be taken seriously and should be warranted. Corporate 

maintenance function inside of each industry concerns about the actions taken in 

order to fulfill the requirements of availability and optimal functionality of existing 

equipment.  

Maintenance actions performed before World War II were merely reactive 

to failures and breakdowns. Companies had no time pressure to repair failed 

equipment, and resources spent in correcting these failures were not an important 

issue to consider to maintenance managers. Nonetheless, when World War II was 

taking place, some industries, especially in the United States of America, started 

to worry about the amount of time that machinery spent being repaired. Instead of 

reacting to failures, companies developed maintenance tasks to avoid them. 

Initial approach to Preventive Maintenance was based in the assumption 

that failures are related to equipment’s age: as the equipment ages, the probability 

of failure increases. Hence, preventive maintenance tasks were performed 

periodically, at fixed time intervals or decreasing time intervals, before any 

breakdown could occur.   

By 1960s the concept of bathtub curve appeared, incorporating infant 

mortality into maintenance literature. In 1978, Nowlan and Heap (1978) proved that 
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age-related failures were not as common as it was believed. Moubray (1992) 

presented possible causes for infant mortality, which include unnecessary 

maintenance. After recognizing that failures do not occur abruptly, but that they 

are the result from some condition degradation, Condition-Based Maintenance 

(CBM) appeared. Monitoring the asset’s condition seeks to minimize unnecessary 

maintenance (Mobley, 2002).  

Two maintenance concepts deriving from CBM basis are Total Productive 

Maintenance (TPM) and Reliability-Centered Maintenance (RCM). Both concepts 

include condition monitoring to schedule maintenance tasks. TPM claims that the 

entire company should be involved in maintenance programs. RCM focuses on 

identifying failure modes and their evolution. RCM is a maintenance concept that 

emphasizes the relevance of condition monitoring to avoid failures, especially 

those with drastic consequences to environment, health, safety or several 

economic repercussions to the company.  

Even though CBM offers several advantages to its users, in the practical 

field it is not widely implemented. According to surveys carried out by Plant 

Services Magazine (Dunn, 2009), companies are unwilling to invest on new 

manufacturing technologies, as they are not convinced that the investment can be 

recovered. This situation is reflected as the fact that only 3% of the respondents to 

the surveys were able to achieve a measurable return on the investment made in 

Predictive Maintenance Technologies. Staller (2013) mentions that the growth rate 

of the worldwide CBM sales is calculated, by some authors, between 4-6% and 

others estimate it between 2-4%. Dunn (2009) and Staller (2013) explain the main 

reasons for poor CBM implementation: lack of a systemic view of the equipment, 

complicated techniques for failure prediction, and misleading knowledge about the 

equipment’s failures.  

The lack of a systemic view of the equipment refers to the scarce feedback 

from the production department or the process that the equipment is part of, 

avoiding a proper evaluation of the maintenance action conducted. This deficiency 

refers also to the operating conditions and operating environment being rarely 
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monitored or considered for assessment of real degradation in the equipment. In 

addition, few components of the equipment are monitored while others are only 

inspected until a maintenance action takes place, increasing downtimes.  

CBM  techniques for failure prediction cover a wide variety of techniques, 

some of which might not be easy to implement (fuzzy logic, Artificial Intelligence, 

etc.) due to the inherent complexity of their algorithms, and/or the unavailability of 

the high amount of historical failure data required to train such algorithms. These 

data might not be available, either because they do not exist or because they are 

scarce. In addition, failure prediction techniques, simple or complex, rely on 

knowledge about failures; therefore, if alarm levels, monitoring intervals and failure 

rules are wrongly established, these techniques will not retrieve the expected 

performance.   

The inability to measure the actual degradation process is added to the 

previous reasons for poor CBM implementation. When using vibration analysis, 

acoustic emissions, oil analysis, etc. the actual degradation of the equipment is not 

being measured directly, but indirectly through a symptom of such degradation. 

Measuring this indirect degradation variable could be affected by the operating 

conditions or simply present a measurement error, representing a complication for 

CBM performance.  

This indirect measurement or measurement error is a common situation 

found in Control Systems theory. The “Plant + Disturbance” (Landau & Zito, 2006) 

is a representation of a system where the measured variable is a function of the 

desired controllable variable. Figure 1 shows this system, where 𝑢(𝑡) is the 

observable and measurable input variable that enters a plant or a process. The 

plant/process delivers an output variable 𝑥(𝑡) that might not be directly observable. 

When this output variable is not observable, the observable variable 𝑦(𝑡) is the 

measurement of variable 𝑥(𝑡) affected by a disturbance variable 𝑒(𝑡). The 

disturbance variable is commonly known as measurement noise. The observable 

variables 𝑢(𝑡), 𝑦(𝑡) allow inference about the condition of the process. Equation 1 

presents the mathematical representation for Figure 1.  
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Figure 1. Plant + Disturbance system representation 

 

 
𝑥(𝑡) = 𝑓(𝑥(𝑡 − 1), 𝑢(𝑡))  

𝑦(𝑡) = 𝑥(𝑡) + 𝑒(𝑡)  
(1) 

 

If  𝐸(𝑒(𝑡)) = 0, independently from its probability distribution, then the 

expected value of 𝑦(𝑡) is the same as 𝑥(𝑡) allowing decision making based on 

inferences drawn from the measurement variable without knowing the actual 

process variable.  

The present research proposes a prognostic technique that addresses 

some of the objections presented previously in the area of CBM. This technique 

focused on including the process variables that influence the perceived condition 

level, and based on them, being able to predict failures in the situation where 

historical data are not available. This document presents the performance 

comparison among models that use operating context variables (ARX) and models 

that do not use them (AR) and a comparison between the performance of recursive 

parameter estimation, Recursive Least Squares (RLS), and non-recursive 

parameter estimation Ordinary Least Squares (OLS). A comparison between 

assuming future constant operating conditions and a progressive forecasting of 

these conditions was also developed in this research. Model evaluations were 

made using a simulated degradation dataset and an actual degradation dataset.      
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1.2. CBM Assumptions 

This research is derived from the theoretical idea of a company that decided 

to implement a CBM program for the first time for an expensive asset that is 

evaluated as essential in its production process. This asset’s downtimes have an 

economical repercussion, independently if they were scheduled or not. The 

company faces the need of a predictive maintenance program based on 

prognostics that allows anticipating the asset’s failure and helps in the 

maintenance decision-making process. The desired prognostic technique should 

allow maintenance managers to estimate the asset’s Remaining Useful Life (RUL) 

with confidence intervals. This estimation helps maintenance managers to 

generate action-triggering warnings that support maintenance function (example: 

increase inspection rates, begin maintenance process setup, provide immediate 

maintenance, etc.). Assume that: 

a) The monitored asset presents a single dominant failure mode.  

b) The asset’s failure has relevant repercussions for the company 
(safety, environment, and/or economic repercussions). 

c) The failure pattern is not age-related. TBM is not considered an 
adequate strategy.  

d) A single primary measurable variable was identified. This variable 
represents directly or indirectly the asset’s condition through time 
and allows monitoring the asset’s deterioration process. Either this 
variable represents the actual asset’s condition or it is correlated to 
it allowing inference about the deterioration process. The primary 
variable is represented by the observations y1, y2, y3, … , yt 

e) Complementary measurable variables were identified. These 
variables influence the asset’s deterioration process and/or the 
measurement of the primary variable. These variables could be used 
for a better prediction of the actual asset’s deterioration process. The 
complimentary variables are represented by the 

variables ui,1, ui,2, … , ui,t, i = 1,2, … , s. 

f) Historical records about condition evolution through full life cycle of 
the asset (from installation, failures, repairs, and overhauls to final 
replacement) are scarce or inexistent.  

g) If historical data exists, they are not necessarily under the same 
complementary variables that influence condition deterioration 
process. 
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h) Acceptable condition levels for an adequate operation can be 
determined from historical data and/or the knowledge about the 
asset.  

 

For RUL estimation is assumed that the condition of an asset can be 

represented by a sequence of random variables Y1, Y2, … , Yt. The condition 

evolution could present a change point at unknown time r, 1 ≤ r ≤ t, causing that 

observations obtained up to time r follow a different distribution than the 

observations obtained after this change point, meaning that   Yj~F1(y|θ1)( j =

1,2, … , r) and  Yj~F2(y|θ2)(j = r + 1, r + 2, … , t) where F1(y|θ1) ≠ F2(y|θ2) and 

θ1, θ2 are the parameter vectors before and after change point, respectively. In 

addition, some of the asset operating context conditions are known and 

represented by a sequence of variables  Ui,1, Ui,2, … , Ui,t where i = 1,2… , s  stands 

for the available-to-measure number of these variables. A failure threshold L in yt 

is known and well defined.   

1.3. Problem Statement  

The problem faced is to estimate the asset Remaining Useful Life (RUL) 

based on the monitored condition through an ARX model using Recursive Least 

Squares (RLS) algorithm to estimate the parameters. There were no available 

historical data to fit the model, only current degradation measurements. The p 

previous condition observations are assumed to influence the t-th condition 

measurement along with the previous 𝑞𝑖 measurements of the operating-context 

variables. The condition evolution function, 𝐹 (𝑦|𝜃), is modeled by the ARX 

formulation presented in Equation 2. 

The term 𝜇 is the constant term of the ARX model. The residual 𝑒𝑡 is a 

normally distributed random variable with zero mean, constant variance, and 

independent from  𝑌𝑡, 𝑈𝑖,𝑡 and 𝑒𝑗 , 𝑗 ≠ 𝑡. The terms 𝑎𝑖, 𝑏𝑗,𝑞𝑗
, 𝑖 = 1,2, … , 𝑝; 𝑗 = 1,2, … , 𝑠 

are coefficients for autoregressive and exogenous terms in ARX model, 

respectively. The terms with coefficients 𝑐1, 𝑐2, represent any linear and non-linear 

combination among the condition variable and exogenous variables where the only 
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unknown term are 𝑐1, 𝑐2.  

  

𝑦𝑡 = 𝜇 + 

𝑎1𝑦𝑡−1             + 𝑎2𝑦𝑡−2     +         … + 𝑎𝑝𝑦𝑡−𝑝 +  

𝑏1,1𝑢1,𝑡−1−𝑑1
+ 𝑏1,2𝑢1,𝑡−2−𝑑1

+ ⋯ + 𝑏1,𝑞1
𝑢1,𝑡−𝑞1−𝑑1

+ 

𝑏2,1𝑢2,𝑡−1−𝑑2
+ 𝑏2,2𝑢2,𝑡−2−𝑑2

+ ⋯ + 𝑏2,𝑞2
𝑢2,𝑡−𝑞2−𝑑2

+ 

 ⋮ 

𝑏𝑠,1𝑢𝑠,𝑡−1−𝑑𝑠
+ 𝑏𝑠,2𝑢𝑠,𝑡−2−𝑑𝑠

+ ⋯ + 𝑏𝑠,𝑞𝑠
𝑢𝑠,𝑡−𝑞𝑠−𝑑𝑠

+ 

𝑐1𝑢𝑠,𝑡−1 ∗ 𝑦𝑡−1 + 𝑐2𝑦𝑡−1

𝑢𝑠,𝑡−1 
 

𝑒𝑡 

(2) 

 𝑦𝑡 = 𝜃𝑡𝜙𝑡 + 𝑒𝑡 (3) 

 

Equation 3 presents the vector representation of the model, where  

𝜃𝑡 = [𝑎1, 𝑎2, … , 𝑎𝑝, 𝑏1,1, 𝑏1,2, … , 𝑏𝑠,𝑞𝑠
, 𝑐1, 𝑐2]  parameter vector at time t; and 

         𝜙𝑡 = [𝑦𝑡−1, 𝑦𝑡−2, … , 𝑦𝑡−𝑝, 𝑢1,𝑡−1,𝑢1,𝑡−2, … , 𝑢𝑠,𝑡−𝑞𝑠
] observation vector at time t 

 

1.4. Research Questions  

Maintenance literature proposes different indicators for models 

performance evaluation, in this research, four were considered: Bias, Mean 

Absolute Deviation (MAD), IEEE Performance Indicator (IEEE PI), and Percentage 

of Coverage (PoC). The IEEE PI (Nectoux et al., 2012), this indicator gives smaller 

penalties to early RUL estimations (estimated RUL is smaller than actual RUL) 

than to late estimations (estimated RUL is larger than actual RUL). MAD is used 

to evaluate estimations for the case when the earliness or lateness of an estimation 

is not relevant, only its deviation from actual RUL. Finally, PoC is used to evaluate 

the amount of actual RUL that was covered by the lower RUL confidence interval. 

From the problem explained in the previous section, and considering the indicators 

selected for performance evaluation, the following research questions were drawn:    

1. Does the ARX model with RLS (ARX-RLS) performs better at RUL 
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estimation than AR model with parameter estimation through RLS (AR-

RLS) in terms of bias and standard error over different prediction horizon 

and the presence of a change-point? 

a. Does the ARX-RLS estimation of RUL produce a smaller absolute 

Bias and smaller MAD than the AR-RLS? 

b. Does the ARX-RLS estimation of RUL produce a larger IEEE PI and 

larger PoC than the AR-RLS? 

c.  Does the ARX-RLS estimation of RUL produce a smaller variance for 

Bias, MAD and IEEE PI than the AR-RLS? 

2. Does ARX-RLS perform better at RUL estimation than an ARX model with 

parameter estimation through Ordinary Least Squares (ARX-OLS) in terms 

of bias and standard error over different prediction horizons, the presence 

of a change-point and three different performance indicators? 

a. Does the ARX-RLS estimation of RUL produce a smaller absolute 

Bias and smaller MAD than the ARX-OLS? 

b. Does the ARX-RLS estimation of RUL produce a larger IEEE PI and 

larger PoC than the ARX-OLS?   

c. Does the ARX-RLS estimation of RUL produce a smaller variance for 

Bias, MAD and IEEE PI than the ARX-OLS? 

3. Does the assumption of operating conditions as constant through 

forecasting process perform better at RUL estimation than forecasting them 

along with the condition variable? The Non-linear AR model with RLS 

parameters (NLAR-RLS) performs a forecasting process where operating 

conditions are also forecasted, while ARX-RLS assumes constant operating 

conditions. 

a. Does the NLAR-RLS estimation of RUL produce a smaller absolute 

Bias and smaller MAD than the ARX-RLS? 
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b. Does the NLAR-RLS estimation of RUL produce a larger IEEE PI and 

larger PoC than the ARX-RLS?   

c. Does the NLAR-RLS estimation of RUL produce a smaller variance 

for Bias, MAD and IEEE PI than the ARX-RLS? 

1.5. General Hypotheses 

The general hypothesis of this research is that the approaches presented in 

this document perform better RUL estimations than the model found in CBM 

literature (AR-RLS), evaluated with the four performance indicators described 

earlier: Bias, MAD, IEEE PI and PoC.   

In this section, the hypotheses that emerge from the research questions are 

presented. The following subsection presents the hypotheses statements 

corresponding to each research sub-questions in terms of the estimation 

methodologies presented and the performance indicators described previously.   

1.5.1. Hypotheses statements  

From the previous problem statement and each research sub-questions, the 

following hypotheses arise: 

 Research Question 1, the general hypothesis is that the ARX-RLS 

performs better at RUL estimation than AR-RLS in terms of bias and 

standard error over different individual history length and the 

presence of a change-point evaluated with the IEEE PI, MAD and 

PoC. The specific hypotheses are: 

o Hypothesis 1.a. The estimation of RUL through the ARX-RLS 

methodology produces a smaller absolute value for Bias and MAD 

that the AR-RLS methodology. 

o Hypothesis 1.b. The estimation of RUL through the ARX-RLS 

methodology produces a larger value for IEEE PI and PoC that the 

AR-RLS methodology. 

o Hypothesis 1.c. The estimation of RUL through the ARX-RLS 
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methodology produces a smaller variance for Bias, MAD and IEEE 

PI, that the AR-RLS methodology. 

 For Research Question 2, the general hypothesis is that the ARX-RLS 

performs better at RUL estimation than ARX-OLS in terms of bias and 

standard error over different individual history length and the presence of a 

change-point evaluated with the IEEEPI, MAD and PoC. The specific 

hypotheses are: 

o Hypothesis 2.a. The estimation of RUL through the ARX-RLS 

methodology produces a smaller absolute value for Bias and MAD 

that the ARX-OLS methodology. 

o Hypothesis 2.b. The estimation of RUL through the ARX-RLS 

methodology produces a larger value for IEEE PI and PoC that the 

ARX-OLS methodology. 

o Hypothesis 2.c. The estimation of RUL through the ARX-RLS 

methodology produces a smaller variance for Bias, MAD and IEEE 

PI, that the ARX-OLS methodology. 

 For Research Question 3, the general hypothesis is that the NLAR-RLS 

performs better at RUL estimation than ARX-RLS in terms of bias and 

standard error over different individual history length and the presence of a 

change-point evaluated with the IEEEPI, MAD and PoC. The specific 

hypotheses are: 

o Hypothesis 3.a. The estimation of RUL through the NLAR-RLS 

methodology produces a smaller absolute value for Bias and MAD 

that the ARX-RLS methodology. 

o Hypothesis 3.b. The estimation of RUL through the NLAR-RLS 

methodology produces a larger value for IEEE PI and PoC that the 

ARX-RLS methodology. 

o Hypothesis 3.c. The estimation of RUL through the NLAR-RLS 
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methodology produces a smaller variance for Bias, MAD and IEEE 

PI, that the ARX-RLS methodology. 

1.6. Research Purpose 

The purpose of this research was to study the influence of complimentary 

variables on the performance of RUL estimation when a change-point might be 

present on the data parameters, and no available historical failure data exist. As 

an extra purpose, this research aimed to extend the research developed in the 

field of CBM prognostics by applying an ARX and NLAR models that consider the 

complimentary variables for the asset of interest into the RUL estimation field. This 

investigation was oriented to shift the focus of CBM to a systemic view of the 

equipment, aimed at drawing attention to the equipment’s environment and the 

influence it has on its degradation process. This study had as purpose to provide 

statistical proof of the effect of the operating-context conditions into the prediction 

of degradation, and therefore, on the necessity of considering these variables into 

the RUL estimation process.   

1.7. Research Objective 

1.7.1. General Objective 

The specific research problem is to estimate the RUL of the asset of interest 

with confidence intervals. For this kind of problem, Autoregressive (AR) time series 

models have been proposed  to predict condition evolution, estimate RUL and its 

confidence interval  with parameter estimation through RLS (Escobet, Quevedo, & 

Puig, 2012). The objective of the present research was to develop a prognostic 

technique that can be used to estimate RUL of an asset and supports maintenance 

decision-making, based on its complimentary variables and external variables that 

influence the asset’s condition measurement or deterioration process, assuming 

scarce historical data usually found in practical cases.   

NASA (2008) presents an image of the objective of CBM that illustrates the 

objective of the present research. Figure 2 presents the concept of predicting RUL 

at an opportune time to trigger an alarm that alerts maintenance managers for 

maintenance actions. The objective of this research was to estimate the RUL at an 
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appropriate time.  

 

Figure 2. Conceptual degradation detection graph (NASA, 2008) 

 

1.7.2. Specific Objectives 

1. To evaluate the effect that incorporating complimentary variables has into 
RUL estimation, by comparing the performance of an AR-RLS and an ARX-
RLS models.  

2. To evaluate the effect of assuming constant operating condition variables 
through condition forecasting process against consider such variables as 
constant, by comparing the performance of NLAR-RLS and ARX-RLS 
models at RUL estimation.  

3. To evaluate the performance of the RLS on adapting to a change point, by 
comparing the RUL estimation using an ARX-OLS model against the RUL 
estimation provided by an ARX-RLS.  

4. To evaluate a case study with available data obtained from physical 
experiments to study the performance of the ARX-RLS methodology on real 
degradation datasets. 

1.8. Delimitations 

This research was developed inside of the boundaries that the following 

limitations and assumptions imposed. 

No estimate of Remaining Useful Life 

Confident Greater than Critical Detection Horizon 

Can’t Give Operator Useful Information 

Know Remaining Useful Life Limited 
Inadequate PRECISION of Prediction 
Don’t Tell Operator (Unless Asked) 

Inside Error Bound of Remaining Useful Life 
Failure Imminent 
Action SHOULD HAVE Been Taken 

Predicted End of Remaining Useful Life 
At Time Failure Evolution Detected 

Magnitude of Failure 
State Vector 

Remove 
 
 
 

Alert 
 
 

 

Detect 

Critical 
Prediction 

Horizon 

Critical Detection Horizon 

Operational  
Time 

Confident Remaining Useful Life Prediction 
Confident Safe Operation           
Alert Operator and Recommend Action 

Prediction Error Bounds 
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1.8.1. Limitations  

In the present document, the term RUL was limited to the life related to the 

physical deterioration of an asset and not to its depreciation nor its obsolescence. 

This research was limited to study the effect that complimentary variables have on 

RUL estimation against not considering them. Therefore, only AR and ARX models 

were studied. Only two parameter estimation methodologies were compared in this 

document: the OLS and its recursive and adaptive version, the RLS, to capture the 

possible change in the models’ parameters. This research did not aim to estimate 

the change in parameters, neither to estimate the change point, and focused only 

on estimation RUL when the failure threshold is known and well defined. 

 For the case study, besides the limitations imposed for the theoretical 

model, some limitations had to be imposed to the asset. For the purpose of this 

research, no structural, economical or failure dependence among failure models 

was considered. Developing a new condition monitoring technique was not the 

purpose for this research nor the development of a technique to analyze the data 

obtained from the monitoring technique. The prognostic technique was not 

developed to work with changing monitoring intervals, only with fixed and periodic 

monitoring intervals.  

1.8.2. Statistical Assumptions 

For the ARX, AR, and NLAR models, the residuals 𝑒𝑡, 𝑡 = 1, 2, …  were 

assumed independent random variables identically distributed with 𝐸(𝑒(𝑡)) = 0. 

The complimentary variables 𝑢𝑖,𝑡 𝑖 = 1,2, … , 𝑠 were assumed as known, 

measurable and independent from 𝑒𝑡. The condition variables 𝑦𝑡 were considered 

as measurable, known, and independent from 𝑢𝑖,𝑡 and 𝑒𝑡.  

To validate this methodology on a practical situation, a case study of 

aluminum crack evolution from Sun et al. (2014) was used as the bases of an 

extensive Monte Carlo simulation. The simulation model is presented in Equation 

41. Equation 4a, represents crack length evolution on aluminum specimens, and 

                                                           
1 The mathematical nomenclature has been changed to match it with Equations 2-3 and the rest of the 
document.  
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Equation 4b, represents measured crack length with its correspondent 

measurement noise.  

 𝑥𝑡 = 𝑥𝑡−1 + 𝛼(𝑥𝑡−1)
𝛽 + 𝑤𝑡                             𝑤𝑡~𝑁(0, 𝜎2) (4a) 

 𝑦𝑡 = 𝑥𝑡 + 𝑣𝑡                                                   𝑣𝑡~𝑁(0, 𝜏2) (4b) 

 

For the case study’s equipment, the asset of interest was assumed to have 

a defined functional failure with a well-established failed state. For such functional 

failure, the asset presented one dominant failure mode that can be related to a 

measurable condition; such condition could be monitored using the appropriate 

monitoring technique; this research assumed that the retrieved data from sensors 

was correct and required no further treatment. Derived from the measurable 

condition and the failed state, a threshold to define the asset as failed could be 

defined and was known.  

This research focused on single-unit systems, therefore, the economic, 

structural, or statistical dependency between the asset components were assumed 

zero or non-existent.  

1.9. Relevance of this Study 

Research work in Predictive Maintenance has been developing for almost 

three decades; however, its implementation is not as wide as expected. Among 

the reasons for poor CBM implementation is the lack of historical data to formulate 

probability distributions for failure times or failures due to usage. This research 

aimed to fill the gap in the CBM research area for models that do not require 

previous failure times.  

The measurement obtained through condition monitoring, was expected to 

present a trended behavior (either increasing or decreasing) towards the level 

where a functional failure is declared. The expected outcome for this research was 

a prognostic model that adapts itself to this trended behavior as an attempt to 

perform a better RUL prediction.  
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1.9.1. Need for this research 

The study presented in this document was motivated by the lack of an easy-

to-understand methodology for RUL estimation that does not require a large 

amount of historical failure data and the inclusion of complimentary variables that 

influence the deterioration process. The inclusion of complimentary variables was 

motivated by the wide literature on engineering materials that explains the 

influence that operating conditions such as speed, load, and materials properties 

have on the degradation process. 

After many studies in the CBM research area, it still presents some needs 

to estimate RUL. Few models consider the operating-process context in the 

prediction algorithm, even though some authors, Moubray (1992) among them, 

recommend to include measurement variables that represent this context. VBM 

techniques require also that the model considers the inherent trended behavior of 

the measured condition, and that it does not need historical data to determine its 

parameters, as these data might be scarce.  

This research attempted to fulfill the previous need through a time series 

model that considers the operating-process context and implements a recursive 

parameter estimation. The recursive estimation helps the model to adapt to 

possible changes in the parameter estimates.  

1.9.2. Benefits of this Research 

This research sought to make a scientific contribution in the area of CBM 

prognostic techniques. This research area benefited with development of 

prognostic techniques not previously developed. While for practitioners, the benefit 

lays in a more precise RUL estimation that allows a better decision making in 

predictive maintenance that leads to a more cost-efficient asset management.  

1.10. Research Outputs and Outcomes 

The main outcome of this research was the methodology to predict an 

asset’s RUL based on time series models that incorporate process-operating 

conditions and adapts to not steady behavior of the condition degradation’s 

measurement.   
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CHAPTER II 

2. LITERATURE REVIEW 

2.1. Definition of Maintenance 

Moubray (1992) defines maintenance as the action of ensuring “that 

physical assets continue to fulfill their intended functions” (p. 6); The Military 

Standard Definitions establishes that maintenance comprises “all the actions 

necessary for retaining an item in or restoring it to a specified condition” 

(Department of Defense, 1981). Pintelon and Parodi-Herz (2008) say that 

maintenance literature defines, mostly, maintenance as a “set of activities required 

to keep physical assets in the desired operating condition or to restore them to this 

condition”(2008, p. 22), but for them this definition may imply that maintenance is 

an easy task, when in practice it is not. Brown and Sondalini (2013) give an 

updated definition which is more representative of the current maintenance 

situation inside the company: “Maintenance describes the management, control, 

execution and quality of those activities which will reasonably ensure that design 

levels of availability and performance of assets are achieved in order to meet 

business objectives” (p. 2).  

Mobley (2008, p. 1.9) describes the complexity and importance of 

maintenance inside any company: 

“Maintenance is a science since its execution relies, sooner 
or later, on most or all of the sciences. It is an art because 
seemingly identical problems regularly demand and receive 
varying approaches and actions and because some 
managers, supervisors, and maintenance technicians 
display greater aptitude for it than others show or even attain. 
It is above all a philosophy because it is a discipline that can 
be applied intensively, modestly, or not at all, depending 
upon a wide range of variables that frequently transcend 
more immediate and obvious solutions. Moreover, 
maintenance is a philosophy because it must be as carefully 
fitted to the operation or organization it serves as a fine suit 
of clothes is fitted to its wearer and because the way it is 
viewed by its executors will shape its effectiveness”  

In order to establish a maintenance program inside any company, some 
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terms should be consistent and not ambiguous, Pintelon and Parodi-Herz (2008, 

pp. 57–44) give definitions for maintenance action, maintenance policy and 

maintenance concept that allow any reader to get a better understanding of 

maintenance terms. In this document, this terminology is adopted.  

Maintenance action is any basic intervention carried out by a technician. 

Maintenance actions are classified in corrective, preventive, predictive, proactive, 

and passive actions. Corrective actions are performed to fix a failure, while the 

other four actions take place before a failure occurs. Preventive actions are 

performed whether the equipment requires them or not; predictive actions aim at 

predicting a failure and avoid unnecessary maintenance; proactive actions are 

performed at early life stages, aiming to avoid failures into the relatively distant 

future; finally, passive actions are only performed at downtimes that were planned 

for other components of the equipment.  

Any good maintenance program requires the four precautionary actions if it 

really wants to avoid corrective actions. Preventive and predictive actions help to 

avoid most of critical failures. Proactive actions are widely used by maintenance 

concepts like TPM, as they require every equipment operator to get involved in the 

monitoring process to identify potential failures. Passive actions, if properly 

executed, help to minimize downtimes and to extend the equipment’s useful life.  

A maintenance policy is defined as a set of rules describing any triggering 

mechanism for the different maintenance action. Literature describes a wide 

variety of them, some quite simple to understand and apply and others more 

complex, but all of them responding to the changing necessities of industry.  

Pintelon and Parodi-Hertz (2008) present a generic classification of 

maintenance policies. The classification includes: Failure-Based Maintenance 

(FBM) that is carried out only if a failure occurs; Time-Based Maintenance (TBM) 

and Used-Based Maintenance (UBM) that are conducted after a specified amount 

of time or usage; Condition-Based Maintenance (CBM) that is carried out each 

time the value of a given system parameter reaches a predetermined threshold; 

Opportunity-Based Maintenance (OBM) that consists on maintaining a component 
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until equipment is stopped to conduct maintenance in another more critical 

component; and Design-Out Maintenance (DOM) that focuses on improving the 

design in order to make maintenance easier. 

Wang (2002) gives a different classification for maintenance policies of 

deteriorating systems, based primarily on the system’s configuration, one-unit (or 

several units working as one) or multi-unit systems (when economic or structural 

independency are present in the system). Other maintenance policy classifications 

have been presented in maintenance literature. McCall (1965) presents two types 

of policies: preventive and preparedness policies, where preparedness policies 

detect failures only at inspections; preventive policies, assume that failures are 

immediately detected. Nakagawa and Mizutani (2009) give a summary of policies 

for a finite planning horizon. Sherif and Smith (1981) present a classification of 

maintenance policies grouping them into deterministic and stochastic models.  

Maintenance Concept is a set of maintenance policies and actions of 

various types and the general decision structure in which these are planned and 

supported. A maintenance concept is explained as the “maintenance recipe” used 

in the program. A maintenance concept determines the company philosophy 

towards maintenance. Pintelon & Parodi-Herz  (2008) present a description of 

maintenance concepts evolution, and information about maintenance concept 

development can be found in Gits (1992). In the work developed by Waeyenbergh 

& Pintelon (2002) a framework for concept development is given, with advantages 

and disadvantages of the most recognized maintenance concepts. 

One of the most known maintenance concepts is Reliability-Centered 

Maintenance (RCM). Moubray (1992, p. 7) defines RCM as “a process used to 

determine what must be done to ensure that any physical asset continues to do 

whatever its users want it to do in its present operating context”. Smith and 

Hinchcliffe (2003) explain that reliability is not an aspect that can be fabricated, is 

the product definition (design, operation and maintenance rules) who determines 

the reliability level that the device can achieve. Operation and maintenance can 

only degrade the reliability of the equipment, but never increase its level beyond 



Texas Tech University, Diana Barraza-Barraza, December 2015 

19 

the limit established by the product definition. RCM focuses on retaining the 

device’s reliability established by its design, and preserving the equipment’s 

function by prioritizing the failures that might affect it. RCM analyzes the whole 

equipment, its components, its failures, the evolution of each possible failure (from 

its detection as potential failure to its appearance), and assigns relevance 

according to the severity of its consequences. RCM provides a holistic view of the 

asset, from the input to the output variables. Implementing RCM principles 

combined with the appropriate condition monitoring technique could help to 

promote CBM as a successful maintenance policy. 

2.1.1. Function and Failure 

One of the main objectives of maintenance is to avoid failure, Moubray 

(1992) gives a basic definition of failure: “the inability of any asset to do what its 

users want it to do” (p. 46). The Military Standard Definitions for Reliability and 

Maintainability (Department of Defense, 1981) states that failure is “the event, or 

inoperable state, in which any item or part of an item does not, or would not, 

perform as previously specified” (p. 3). Moubray’s definition leads to a subjective 

statement of  failure, one person could think that a printer has failed because it is 

out of color ink but not black, and other could consider that it has not failed since 

it is still printing, even though is not in color. From these descriptions, it should be 

noticed that the exact definition of a specific asset’s failure is determined by the 

operating context of the asset. This context involves the following concepts that 

are necessary for the proper definition of equipment’s failure2: 

 Function is defined as what users expect any asset or equipment to do. 

 Functional Failure is defined as the inability of any asset to fulfill a function 
to a standard of performance acceptable to the user. This definition implies 
that the asset could be still working but its performance lays outside of 
acceptable limits. Figure 3 explains this situation where it is shown, how the 
asset has margin to deteriorate before being declared as failed. This 
deterioration is what CBM has, somehow, to monitor to keep the asset into 
its desired performance. 

  

                                                           
2 All the definitions were taken from (Moubray, 1992, 1997) 
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Figure 3. Margin for deterioration before declared as failed (Moubray, 1992, p. 48) 

 

Every failure should be linked to a failure mode in order for maintenance 

programs to avoid such failure. Moubray defines failure mode as “any event which 

causes a functional failure” (1992, p. 53). Identifying every failure mode leads to 

know the evolution of a failure and hence do what is necessary to prevent it.  

Preventive Maintenance (PM) assumed that the probability of failure was 

dependent on time or usage; however, by studying failure patterns, it was found 

that this assumption was not supported for most of the equipment. The failure 

pattern concept is built upon conditional probability of failure where “the conditional 

probability of failure reflects the overall adverse effect of age on reliability” (NASA, 

2008, p. 45). Nowlan and Heap (1978) presented six categories of patterns to 

classify conditional probability of failure. NASA (2008) presents a comparative 

diagram for these six known failure patterns (Figure 4). The diagram includes 

findings from three studies: Nowlan and Heap (1968), Bromberg (1973) and U.S. 

Navy3 (1982).  

 

                                                           
3 Bromberg and U. S. Navy are mentioned in (NASA, 2008), the original source for such studies was not 
found.   
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Figure 4. Conditional Probability of Failure Curves (NASA, 2008). 

 

The three studies found almost the same percentages of conditional 

probability of failure correspondent to each failure pattern, and support the 

statement that age-related failures are not as common as suspected, and hence, 

TBM or UBM should not be commonly used in real life. 

2.2. Condition-Based Maintenance 

CBM is a maintenance policy that specifies when to perform a maintenance 

action based on information acquired through condition monitoring of the targeted 

asset and its components. Instead of conducting maintenance actions based on 

the time elapsed since last maintenance action, CBM conducts maintenance 
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actions only when there is evidence of abnormal behavior of the asset, attempting 

to avoid unnecessary maintenance tasks (Jardine, Lin, & Banjevic, 2006; Peng, 

Dong, & Zuo, 2010). 

Maintenance management requires a full understanding of how machines, 

plant equipment, and systems operate. Definitions for functional failures and failure 

modes are also required for the most critical assets in the company. After these 

definitions have been established, three decisions have to be made for each failure 

mode: select the parameters to monitor, determine the inspection frequency, and 

establish a warning limit. Each equipment possesses a unique failure mode, 

knowing and understanding such failure mode, will enable maintenance 

management to select the parameter that reflects the asset’s condition better. 

Moubray (2002; 1992) and Tsang (1995) suggestions on how to select the most 

appropriate parameter to monitor is given in by.  The warning limit is established 

to give notice or alert once the condition variable reaches it. This limit should be 

established based on the failure mode and the monitored parameter. The interval 

between inspections needs to be long enough to avoid over inspection, but short 

enough so maintenance tasks can be scheduled to prevent failures, or minimize 

consequences if it cannot be prevented (Tsang, 1995). If the interval is too long, 

CBM techniques will fail to avoid functional failures. If rate of change indicates 

rapid degradation in asset’s condition, then inspection interval needs to be shorter 

to prevent failures (Moubray, 1992). 

The previous definitions act as a setup for a CBM policy. Such policies 

consist in three general steps: data acquisition, data processing and maintenance 

decision-making (Jardine et al., 2006). Figure 5 summarizes the data flow in a 

CBM policy, from its acquisition to decision making based on it. Data acquisition 

consists in gathering information to obtain important data for system health 

assessment; data processing is handling and analyzing data or signals obtained 

in previous step, the objective of this step is to understand and to interpret the 

collected data; maintenance decision-making step consists on recommending 

maintenance actions.  
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Figure 5. CBM policy general steps (Barraza-Barraza, Limón-Robles, & Beruvides, 2014). 

 

In CBM, decision-making is grouped into two categories: diagnostics and 

prognostics. Since this research focuses in prognostics, a small literature review 

on diagnostics is presented here. The objective of Diagnostics is to detect the 

deviation from normal condition. As defined by Peng et al. (2010): “Diagnostics 

deals with fault detection, isolation, and identification, when abnormity occurs” (p. 

298). Sikorska et al. (2011) explain that “diagnostics involves identifying and 

quantifying the damage that has occurred, is thus retrospective in nature” (p. 

1805). Jardine et al. (2006) present a classification for Diagnostics techniques: i) 

Statistical Approach; ii) Artificial Intelligence approach; iii) Other approach.  

i. Statistical Approach. An approach where fault detection is described as a 

hypothesis-test problem. With the available data, the null hypothesis is either 

accepted or rejected, meaning, the machine is working under faulty conditions or 

not. The techniques under this classification are as diverse as there are statistical 

tools. Some of these tools found on CBM were Statistical Control Process (W. 

Wang, 2012; You, Liu, & Meng, 2011), Markov Chains (Çekyay & Özekici, 2010; 

Zhao, Fouladirad, Bérenguer, & Bordes, 2010);  Hidden Markov Models (M. J. Kim, 

Makis, & Jiang, 2010); and decision trees (Baek, 2007). Probability distributions 

are used to model the probability of reaching a failed state at any given time. The 

most common distributions used are Gamma Process (Grall, Berenguer, & Dieulle, 

2002), Poisson Process (van der Weide, Pandey, & van Noortwijk, 2010) and 

Bayesian Distributions (W. Wang, 2012). 



Texas Tech University, Diana Barraza-Barraza, December 2015 

24 

ii. Artificial Intelligence Approach. Techniques grouped in this approach, 

perform fault diagnosis trough trained Artificial Intelligence (AI) algorithms. Among 

the AI algorithms used are Artificial Neural Networks (ANNs), Fuzzy-Neural 

Networks (FNNs), and Expert Systems (ESs). Jardine et al. (2006) present a 

review of Diagnostics methods based on AI developments. 

iii. Other Approach. Jardine et al. (2006) include in this category what other 

authors call model-based techniques. These procedures employ physics specific 

knowledge and explicit mathematical models to determine the asset’s degradation 

state. A model-based diagnostics technique can be more effective than non-

model-based techniques, if the model built is correct and accurate.  

Statistical-approach tools can be easier to apply, but they require historical 

data or knowledge about the degradation process to define probability 

distributions, transition matrices, control limits, etc. The AI approach might show a 

better performance when compared against statistical approach, but it carries the 

impossibility of working without data to train algorithms or specific knowledge to 

develop the tool. This limitation leads researchers to use experimental data to train 

the AI method (Jardine et al., 2006). The model-based approach can be more 

effective than the other two approaches, but they are the most difficult to build 

since they require knowledge of the specific physics ruling the system’s 

degradation process. Building these analytical models becomes harder as the 

system becomes more complex.  

Diagnostics techniques aim to identify when equipment is in a faulty state. 

In CBM Diagnostics, maintenance tasks have to take place when the equipment 

has reached the faulty state; therefore, Diagnostics’ decision-making is reactive to 

the asset’s state, since replacement or repair takes place when the asset has 

reached some predetermined level. In most Diagnostics techniques, no prediction 

or forecasting is made.  

2.2.1. Prognostics  

While Diagnostics presents a retrospective nature, Prognostics is a 

predictive methodology. Peng et al. (2010) established that maintenance 
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strategies should migrate from diagnosing to predicting the future state of a 

system. Some efforts in the area had been done before they came up with this 

conclusion.  

Sikorska et al. (2011) collect definitions proposed for prognostics in 

maintenance literature. From these definitions, the authors conclude that: 

a) Prognostics should be performed at the component or sub-component 
level. 

b) Prognostics is concerned with predicting the time progression of a failure 
mode, from its beginning to the moment of failure.  

c) Prognostics requires an appreciation of component’s future operation.  
d) Prognostics is related to diagnostics, but is not the same.  

 
In simpler words, “prognostics deals with fault and degradation prediction 

before they occur” (Peng et al., 2010, p. 298). Prognostics is the key of CBM since 

it is critical for maintenance managers to improve safety, and reduce maintenance 

costs and downtimes (Peng et al., 2010). 

For prognostics models, two general approaches were identified by Jardine 

et al. (2006): Remaining Useful Life (RUL), which implies estimating how much 

time the equipment has before failing, given the current and past machine 

condition; secondly estimating the equipment’s probability of performing without 

failure for the next time interval considering its current and past condition. This 

research focuses on RUL estimation; hence, probability of surviving a determined 

period will not be presented. Estimation of RUL gives the opportunity to plan 

maintenance tasks, if time to failure is estimated.  

2.2.2. Previous work on Remaining Useful Life 

RUL is defined as “the time left before observing a failure given the current 

machine age and condition, and the past operation profile” (Jardine et al., 2006). 

Mathematically speaking, RUL is defined as 𝑇 − 𝑡|𝑇 > 𝑡, 𝑍(𝑡), where T is the 

random variable that determines the time of failure, t is the current age and Z(t) is 

the past condition up to time t. The previous mathematical notation defines RUL 

as a conditional random variable. Engel et al. (2000) conclude that the essence of 

prognostics is to estimate the RUL in useful terms for maintenance decision 
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making, but this estimation requires to measure the uncertainty associated with 

the condition of the asset and also, the uncertainty associated with the process 

that estimates RUL based on past observations.  

A literature review on RUL estimation field was conducted for this research. 

Literature pieces were searched for using Google Scholar and the digital Texas 

Tech Library search engines. The key words in these searches were “remaining 

useful life estimation”, “prognostics”, “prognosis”, and “condition-based 

maintenance RUL”. The search was narrowed to literature pieces from the last 15 

years. From all the found papers, 41 were studied and considered in this literature 

review. The references for such papers are presented in Appendix A, Table A.1. 

The RUL literature analyzed was classified according to the type of research 

presented. The criteria for literature classification are given in Table 1. From the 

literature pieces analyzed, five were classified as review, thirty-three as applied 

research, and seven as case study. Details about pieces classification are 

presented in Table A.2, located on Appendix A. The five review papers suggest 

the great amount of literature pieces on RUL estimation area since, in the last 15 

years, at least five journal papers on this topic have been produced (Jammu & 

Kankar, 2011; Jardine et al., 2006; Peng et al., 2010; Xiao-Sheng Si, Wang, Hu, & 

Zhou, 2011; Sikorska et al., 2011).  The case-study papers indicate the tendency 

to develop general models instead of case studies, while the amount of applied 

research papers suggests the interest on the RUL estimation field.  

Table 1. RUL literature classification according to type of research 

Classification Operational Definition 
Review “An attempt by one or more writers to sum up the current 

state of the research on a particular topic”(Libraries, 2010) 

Applied Research “Research designed for the purpose of producing results 
that may be applied to real world situations” (Beruvides & 
Omachonu, 2001) 

Case of Study “A method for learning about a complex instance, based 
on a comprehensive understanding of that instance, 
obtained by extensive description and analysis of the 
instance, taken as a whole and in its context”(Beruvides & 
Omachonu, 2001) 
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The literature pieces concerning with applied research or case study, were 

classified according to the model used to predict the RUL. Maintenance literature 

present different model classification, although, three main categories prevail: 

model-based methods, data-driven methods and knowledge-based methods. The 

categories used to classify papers according to the RUL estimation model were 

those suggested by Sikorska et al. (2011): knowledge-based, life expectancy, 

artificial neural networks and physical models. These authors give a summary of 

model classification found in their literature review, they also formulate a specific 

model groups for RUL estimation (Figure 6). In Appendix A, Table A.3 shows the 

category assigned for each paper.  

The most common category of RUL prediction model is the Life Expectancy 

Models, as twenty-five of these models were found. The least common category 

was the Knowledge-based model; only one paper was classified under this 

category. Tobon-Mejia, Medjaher, & Zerhouni (2012) present a Venn diagram for 

prognostics approach combinations and four assessment criteria for these 

approaches. According to them, data and experience-based models are the most 

applicable. The models based on a mixture of experience and physical phenomena 

tend to be the most precise, costly, and complex to apply.  

Knowledge-based models include ESs and Fuzzy Systems (FSs) that 

require a set of rules to obtain outputs. The advantages of this category consist in 

the easy understanding of such rules. FSs methods do not require precise inputs; 

they can work with imprecise, noisy, or incomplete input data, unlike ESs methods, 

which require precise data. The disadvantage of Knowledge-based models strives 

in the high amount of expert knowledge that they require. Hence, these models 

should not be considered when no human experts on failure progression are 

available to develop a set of rules, or when high accurate RUL estimation is 

required. Sikorska et al. (2011) state that ESs are a good tool when operating 

conditions are stable and predictable, while FSs should be avoided if data is limited 

to a small number of options or if the data is discrete. Under the assumptions, 

limitations and objectives for this dissertation, Knowledge-Based models are not 
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the best tool to develop a prognostic technique, since historical data is not 

available, and for the models RUL and confidence limits cannot be estimated in 

most cases. 

 

Figure 6. Model classification for prediction of RUL (Sikorska et al., 2011, p. 1811) 

 

The ANN models consist in “a mathematical representation of the 

component/system derived from observation data rather than a physical 

understanding of the failure processes” (Sikorska et al., 2011, p. 1827). These 

models are useful to model non-linear, complex systems, but they require a large 

amount of data to train the algorithm, and they require time to perform this training. 

Hence, for the purpose of this dissertation, Artificial Neural Networks approach is 

not a good option, since data are not available. Physical models require a complete 
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understanding of the system’s behavior to formulate a mathematical model that 

represents degradation and failure progress, a hard goal to achieve. These models 

are deterministic (Sikorska et al., 2011) and often offer a better performance for 

RUL estimation, but its formulation is hard to accomplish. Therefore, when no 

physical model is available, this approach should not be followed.  

For stochastic models, the main disadvantages reside in the large amount 

of data required to train the models and the impossibility of modelling unanticipated 

failures. The disadvantage when using hidden, semi-hidden, semi and regular 

Markov models is that as the amount of states increases, the computational 

complexity also increases. If the Bayesian models are chosen, then modelers have 

to deal with the underlying complexity and the inherited disadvantages from these 

techniques. On the other hand, the benefits of using stochastic models lie in the 

opportunity of modelling non-linear degradation processes; the fact that 

confidence limits are available in almost all methods; not expert-knowledge in 

physical degradation process is required, and there are a wide software options 

available to fit models.  

The benefits of using statistical models lie on the simplicity of applying trend 

extrapolation. In the case of ARMA models, they do not require historical failure 

data or understanding of failure mechanisms. In addition, confidence limits can be 

calculated. Proportional Hazard Models (PHM) presents the advantage of simple 

development. Statistical models have their weaknesses such as assuming 

stationary processes, the lack of physical meaning, the requirement of historical 

data required for some methods (when PHM are constructed) and long term 

predictions are less reliable (for the case of ARMA models). 

2.2.2.1. RUL and Historical Data 

As stated in the introductory section of this research, one of the biggest 

obstacles to overcome in CBM, and therefore prognostics, is the necessity of 

historical data. From the reviewed papers, most of them require historical data to 

fit a model. The models developed by Chen & Tsui (2013) and Lao & Zein-Sabatto 

(2001) require data to train the algorithms used on RUL prediction. Medjaher et al. 
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(2012) and Tobon-Mejia et al. (2012) use historical data to fit their models. Sutrisno 

et al. (2012) claim that their model would perform better if more historical data were 

available.  

Historical data availability is not the only data-related issue on RUL 

prediction. The algorithm developed by Cheng & Pecht (2007) requires data under 

normal and failure conditions to predict RUL, however, these authors explain that 

training data might not match the real data retrieved from a real equipment. Real 

data could exceed the data range used to train algorithms. Maintenance actions 

performed between monitoring intervals change data behavior and produce a 

requirement of retraining the multivariate state estimation technique (Cheng & 

Pecht, 2007).  

2.2.2.2. RUL and Complimentary Variables 

Input variables, operating context variables or complimentary variables, as 

defined in this research, represent all the same concept: variables that affect the 

degradation process or the condition variable measurement. Moubray (1992) 

explained that since functionality and failure threshold are defined by the user’s 

requirements and operating context, these variables should be considered on 

RCM. Few authors have used complimentary variables on their RUL prediction 

models.  

J. Zhang & Lee (2011) acknowledge the relevance and influence of 

operating conditions and environmental impacts on RUL prediction. According to 

conclusions obtained by Lao & Zein-Sabatto (2001), RUL depends on operating 

conditions. In their work, Edwards et al. (2010) consider information about 

operating conditions (stress), their expected value and their limits. These 

characteristics about complimentary variables help determine how they affect 

RUL. These operating conditions are used to schedule preventive maintenance 

actions than should extend the RUL (Edwards et al., 2010). 

Medjaher et al. (2012) use constant complimentary variables in their model, 

while Sankararaman et al. (2013) consider a variable amplitude distributed through 

li-ion batteries. Orchard et al. (2011) and Nystad et al. (2010) do not specify in their 
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studies the nature (constant/variable) of the complimentary variables they 

considered in their models.  

2.2.2.3. RUL Estimation Challenges 

From the literature review, some challenges in the RUL estimation field can 

be described. Uncertainty is one of the biggest challenges in RUL estimation. If 

complimentary variables are considered, these variables might come with their 

own level of uncertainty. Edwards et al. (2010) consider uncertainty in their 

complimentary variables monitored. However, other authors acknowledge the 

necessity to incorporate complimentary variables and their variability into RUL 

estimation future work (Sankararaman et al., 2013; Tobon-Mejia et al., 2012). The 

uncertainty on observations should also be taken into account. Sankararaman et 

al. (2013) propose as future work, dealing with uncertainty on the observation 

variables, the noise inherent to the process, and the uncertainty related to the 

condition monitored model. Therefore, with the different sources of uncertainty, 

Sankararaman et al. (2013) claim the necessity of sensitivity analysis for different 

sources of uncertainty.  

CBM relies on the data retrieved by the monitoring equipment. Dealing with 

the measurement errors produced by faulty sensors is other challenge in RUL 

estimation (Cheng & Pecht, 2007; Sankararaman et al., 2013). X.-S. Si et al. 

(2012) propose working with state-space models if it is suspected the existence of 

measurement errors. These state-space models are also proposed if degradation 

data is partially observed or unobserved. Si et al. (2013) proposed a model that 

requires directly observed degradation data. Their future work, and RUL estimation 

challenge, consists on using unobserved or partially unobserved degradation data.  

Chen & Tsui (2013) work with data that presents a point that changes their 

behavior, producing at least two degradation phases. These authors found that 

when the change point occurs at a late stage on operating life, the degradation in 

second phase occurs faster. According to Tobon-Mejia et al. (2012) maintenance 

actions also change data behavior, which is the reason why they should be 

incluided on RUL estimation methodologies. According to Cheng & Pecht (2007), 
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models change from application to application, which might require model 

retraining. Therefore, updating model parameters or adaptive model parameteres 

is a looked-for feature on RUL estimation models (Cheng & Pecht, 2007; Zio & 

Peloni, 2011). 

 In their review of prognostics options for rolling elements, Jammu & Kankar 

(2011), explain that the signals obtained from these elements are non-stationary, 

noisy and present a variety of faults, therefore, interaction among them should be 

studied and incorporated into RUL estimation problems. Zio & Peloni (2011) 

highlight the importance of working with multiple faults and dealing with the 

computational challenges faced when working with these required amount of data.  

Other challenges in RUL estimation reside on working with variable failure 

thresholds, and RUL estimation intervals. Some authors work with non-fixed failure 

threshold (X.-S. Si et al., 2012; Sutrisno et al., 2012) which can be useful as not 

all equipment fail at same monitoring condition levels, but variable threshold 

increases calculations. On the other hand, uncertainty in RUL estimation and 

intervals should also be considered. Uncertainty in this estimation reduces as 

failure becomes imminent (Sankararaman et al., 2013), but some methods do not 

allow calculation of RUL intervals (Sutrisno et al., 2012). Decision makers require 

these intervals to make a decision based on risk levels (Sutrisno et al., 2012).  

From the literature pieces reviewed for this dissertation, only two research 

studies consider external covariates (Baek, 2007; Zhao et al., 2010). Both research 

works are developed in the area of Diagnostics. Baek (2007) presents a decision 

tree with dynamic programming to minimize maintenance costs for a tapping 

machine, considering the machine condition (hole size) and some external 

variables (spindle speed, tapping torque, lateral force, etc). Zhao et al. (2010) 

present the external conditions as a time-homogenous Markov chain with finite 

state space that influence the system’s degradation measurement. However, none 

of these studies estimates RUL nor confidence intervals. Therefore, including 

external conditions in RUL estimation is a prognostics area not so explored that 

can lead to a better performance in prognostics techniques.   
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2.2.3. Time Series and CBM 

Sikorska et al. (2011) present the advantages and disadvantages of using 

ARIMA models and their variations in the CBM field. Time series models provide 

good short-term predictions and they do not require historical failure data or expert 

knowledge about the failure mechanism, which are all advantages in using this 

methodology. On the other hand, the assumptions about stationarity and the 

necessity of big amount of data to validate model are disadvantages on applying 

these models.  

Tran et al. (2008) present a one-step prediction prognostics technique for 

time series based on a regression tree, but do not use an ARIMA methodology to 

model the data. Their consideration of time series is based only on the fact that the 

data are acquired through time. From the gathered data, the first 300 points were 

designated for algorithm training and the following 150 points for testing the model. 

Yan et al. (2004) use an ARMA model (although they do not give details on model 

fitting or the model itself) for RUL estimation when historical data is available.  

  Baillie & Mathew (1996) implemented a comparison between three 

algorithms for autoregressive models: AR time series model, back propagation 

neural network and radial basis function networks. For the AR model, the authors 

found that the model order was not the same for the vibration under normal and 

faulty conditions. The AR model is considered by the authors as the best option 

for simple models for its low computational complexity.  

Wu et al. (2007) present an improved ARIMA prognostics tool. The 

improvement resides in estimating the model parameters after each observation is 

obtained, with this improvement, the authors enhanced the model accuracy and 

forecasting. In their research, Wu et al. (2007) were capable of performing a 50-

step-ahead prediction with acceptable results. However, their improved ARIMA-

based prediction requires the data to be stationary. If it is not the case, the time 

series is transformed into a stationary time series using difference operations. Niu 

& Yang (2009) use Dempster-Shafer regression to perform multi-step prediction in 
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time series data. The example presented performs a 100-step-ahead prediction 

with six performance indicators to evaluate this prediction.  

After some literature review in the prognostics field, it was desired to take 

advantage of Time Series (TS) models, specifically ARMA models. The fact that 

with these models RUL and confidence limits can be estimated without requiring 

historical failure data are the main reasons for predilection of these models. In 

subsequent sections, methods are presented that aim to strength ARMA models 

weakness such low reliability in long-term predictions (by integrating TS with 

Statistical Control Process) and parameter-model estimation when amount of 

modelling data is not available (applying Recursive Least Squares). 
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CHAPTER III 

3. PROPOSED MODELS 

3.1. Introduction 

This chapter presents the general prognostic technique and the 

methodology for this research. Section 3.1.1 and Section 3.1.2 define terms and 

concepts required for the methodology presented. The explanation of Recursive 

Least Squares parameter-estimation algorithm and the State Space model 

representation are in Section 3.1.3 and Section 3.1.4, respectively. Section 3.2 

explains the methodology and each of its steps in a detailed manner, with detail 

information about the models proposed. Section 3.3 presents the theoretical 

framework and formula development for ARX forecasting and CI estimation.  

3.1.1. Terms definitions  

For the model development, it is important to specify some terms. The term 

primary variable refers to the measured condition that represents directly or 

indirectly the degradation process. Complementary variables refer to the available-

to-measure operating-context variables that managers suspect can influence the 

degradation process. These variables conform the general ARX model expressed 

in Equation 5. Table 2 presents definitions for each term in Equation 5.  

 

𝑦𝑡 = 𝜇 + 

𝑎1𝑦𝑡−1             + 𝑎2𝑦𝑡−2     +         … + 𝑎𝑝𝑦𝑡−𝑝 +  

𝑏1,1𝑢1,𝑡−1−𝑑1
+ 𝑏1,2𝑢1,𝑡−2−𝑑1

+ ⋯ + 𝑏1,𝑞1
𝑢1,𝑡−𝑞1−𝑑1

+ 

𝑏2,1𝑢2,𝑡−1−𝑑2
+ 𝑏2,2𝑢2,𝑡−2−𝑑2

+ ⋯ + 𝑏2,𝑞2
𝑢2,𝑡−𝑞2−𝑑2

+ 

 ⋮ 

𝑏𝑠,1𝑢𝑠,𝑡−1−𝑑𝑠
+ 𝑏𝑠,2𝑢𝑠,𝑡−2−𝑑𝑠

+ ⋯ + 𝑏𝑠,𝑞𝑠
𝑢𝑠,𝑡−𝑞𝑠−𝑑𝑠

+ 

𝑐1,𝑚𝑢𝑚,𝑡−1 ∗ 𝑦𝑡−1 + 𝑐2,𝑚𝑦𝑡−1

𝑢𝑚,𝑡−1 
+ 

𝑒𝑡 

(5) 

Depending on the amount of available data, there should be at least one 

complimentary variable. The total number of measured operating conditions is 

represented by s.  
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Table 2. Term definitions for the ARX model 

Term Definition 

𝒚𝒕 Observation of the primary variable at time t 

𝝁 Intercept term for the autoregressive model 

𝒂𝒊 
Parameter for the ith autoregressive term, in the primary variable, of 
the model 

𝒑 Autoregressive order for the model  

𝒔 The number of complementary variables. Subject to 𝑠 ≥ 1 

𝒖𝒋,𝒕 Observation of the jth complementary variable at time t. 𝑗 = 1,2, … , 𝑠 

𝒃𝒋,𝒊 ith parameter for the jth measured complementary variable 

𝒒𝒋 
Order for the jth complementary variable. The primary variable 

depends on  𝑞𝑗  terms of the jth complementary variable. 𝑞𝑗 ≥ 0 

𝒅𝒋 
Delay for the effect of the jth complementary variable on the primary 

variable. 𝑑𝑗 ≥ 0 

𝒄𝟏,𝒊, 𝒄𝟐,𝒋 
Coefficients for linear and non-linear relationships among 

complimentary variables and the primary variable. 𝑖 = 1,2, … , 𝑚1, , 𝑗 =
1,2, … , 𝑚2 

𝒓 

Number of complimentary variables parameters:  

 𝑟 = ∑ ∑ 𝑏𝑗,𝑖

𝑞𝑗

𝑗=1

𝑠

𝑗=1

+ ∑ 𝑐1,𝑖

𝑚1

𝑖=1

+ ∑ 𝑐2,𝑗

𝑚2

𝑗=1

 

𝒆𝒕 Residual for the measured condition at time t.  

 

3.1.2. Complimentary Variables Classification 

Different authors mention the relevance of including operating-condition 

variables. Li et al. (1999) state that the life of two identical bearings can differ 

significantly due to their environment, adding that unusual operating conditions can 

shorten a bearing’s life. Considering that the operating context in a RUL estimation 

model is necessary, since operating context defines the asset’s functions, failures 

and the definition of a threshold (functional failure) (Moubray, 1997). The operating 

context also influences the evolution of the degradation process. According to 

Swanson (2001), the advances in sensors and monitoring technologies improves 

the task of estimating RUL but is necessary to gain knowledge about the effects 

that loads, speeds and other operating conditions have on RUL. Therefore, 

including operating-condition variables (known in this research as complimentary 

variables) in the asset’s degradation model is one of the basis for this research.  
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The possible complimentary variables are classified according to the effect 

they can have on degradation process, as an attempt to clarify the necessity of 

including them in the model. The variables are classified in Intensity of work 

Variables, Workload variables, and Noise Variables. Although some examples are 

given in the following classification, it depends on the asset of interest, the 

degradation process, and the primary variable, the selection of the complimentary 

variables and their classification (based on the effect on the degradation process).  

3.1.2.1. Intensity-of-work Variables 

This category encloses those variables representing the amount of cycles 

that the asset operated between two consecutive monitoring times. These 

variables are those that can be measured in operating hours, days, cycles, 

revolutions per hour/minute/second. Some examples are the asset’s age between 

monitoring points (Fahmy & Moselhi, 2009) and running cycles (Y. Li et al., 1999). 

3.1.2.2. Workload Variables 

These variables are linked to an increment in the asset’s “effort” to operate 

when one of these variables increases their value. The load transported by a 

conveyor and the voltage passing through the device are examples of variables 

that increase the workload of an asset (or a component of it).  

3.1.2.3. Noise Variables 

When the degradation process is measured indirectly through some 

measurable condition, the measured value at a monitoring time for this variable 

can be influenced by other operating condition variables. These variables are 

called noise variables in this research. Identifying noise variables is helpful to avoid 

misleading measurements in the primary variable induced by the complimentary 

variables.  

When monitoring vibration levels, the bearing’s speed can alter the vibration 

measurement, without meaning that the asset is at a higher/lower level of 

deterioration. When monitoring temperature levels, the environment’s temperature 

could alter the readings. These are examples of noise variables.  
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3.1.3. Recursive Parameter Estimation 

This section presents the algorithm for recursive estimation of the ARX 

parameters. Equation 6 presents the vector form of model presented previously in 

Equation 5  

 𝑦(𝑡)  = 𝜃𝑇(𝑡)𝜙(𝑡) + 𝑒(𝑡) (6) 

 

The observation vector 𝜃(𝑡), ϕ(t) is defined as 

 ϕ(t) = [𝑦𝑡−1, 𝑦𝑡−2, … , 𝑦𝑡−𝑝, 𝑢𝑡−𝑑−1, 𝑢𝑡−𝑑−2, … , 𝑢𝑡−𝑑−𝑞 , 𝑢𝑚,𝑡−1 ∗ 𝑦𝑡−1, 𝑦𝑡−1

𝑢𝑚,𝑡−1 
  ] (7) 

 𝜃(𝑡) = [𝑎1, 𝑎2, … , 𝑎𝑝, 𝑏1,1, 𝑏1,2, … , 𝑏𝑠,𝑞𝑠
, 𝑐1, 𝑐2] (8) 

 

The RLS algorithm (Landau & Zito, 2006) to update the parameter vector �̂� 

is  

 𝜃(𝑡) = 𝜃(𝑡 − 1) + 𝐹(𝑡 − 1)𝜙(𝑡 − 1)𝑒(𝑡) (9) 

 
𝐹(𝑡) =

1

𝜆1
[𝐹(𝑡 − 1) −

𝐹(𝑡 − 1)𝜙(𝑡 − 1)𝜙(𝑡 − 1)𝑇𝐹(𝑡 − 1)

𝜆1

𝜆2
+ 𝜙(𝑡 − 1)𝑇𝐹(𝑡 − 1)𝜙(𝑡 − 1)

] 

 

(10) 

 0 < 𝜆1 ≤ 1   ;     0 < 𝜆2 < 2   ;    𝐹(0) > 0 (11) 

 𝑒(𝑡) =
𝑥(𝑡) − 𝜃(𝑡 − 1)𝑇𝜙(𝑡 − 1)

1 + 𝜙(𝑡 − 1)𝑇𝐹(𝑡 − 1)𝜙(𝑡 − 1)
 (12) 

 

3.1.4. State Space model for ARX model 

The state space model for model in Equation 5 is  

 𝑦′(𝑡) = 𝐶𝒚(𝑡) (13a) 

 𝒚(𝑡 + 1) = 𝐴𝒚(𝑡) + 𝐵𝒖(𝑡) + 𝐾휀(𝑡 + 1) (13b) 

 

. Matrices A and B, vectors 𝒙(𝑡), 𝒖(𝑡), are explained below in Equation 14. 

The term 𝑐 = max (𝑝, 𝑟) defines dimensions for state-space matrices and vectors. 
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In Equation 7, 𝑝 < 𝑟. If 𝑝 > r, the last 𝑝 − 𝑟 rows and columns of matrix B are filled 

up with zeros, the same with the last elements of vector 𝒖(𝑡)  

𝐴𝑐×𝑐 =

[
 
 
 
 
 
 
 
1 𝑎1 𝑎2 … 𝑎𝑝−1 𝑎𝑝 0 … 0 0

0 1 0 … 0 0 0 … 0 0
0 0 1 … 0 0 0 … 0 0
0 0 0 … 1 0 0 … 0 0
0 0 0 … 0 1 0 … 0 0
0 0 0 … 0 0 1 … 0 0
⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 0 … 0 0 0 … 1 0]

 
 
 
 
 
 
 

; 𝒚(𝑡)𝑐×1 =

[
 
 
 
 
 
 
 

𝜇
𝑦𝑡

𝑦𝑡−1

⋮
𝑦𝑡−𝑝+1

𝑦𝑡−𝑝+2

⋮
𝑦𝑡−(𝑝+𝑐−1)]

 
 
 
 
 
 
 

;  𝐾𝑐×1 = [

1
0
⋮
0

]; 𝐶′𝑐×1 = [

1
0
⋮
0

] 

 

𝐵𝑐×𝑐 =

[
 
 
 
 
 
 
 
 
𝑏1,1 … 𝑏1,𝑞1

𝑏2,1 … 𝑏2,𝑞2
… 𝑏𝑠,1 … 𝑏𝑠,𝑞𝑠

0 … 0 0 … 0 … 0 … 0
0 … 0 0 … 0 … 0 … 0
0 … 0 0 … 0 … 0 … 0
0 … 0 0 … 0 … 0 … 0
0 … 0 0 … 0 … 0 … 0
0 … 0 0 … 0 … 0 … 0
⋮ ⋱ ⋮ ⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮
0 0 … 0 … 0 … 0 … 0

𝑐1,𝑖

0
0
0
0
0
0
0
0

𝑐2,𝑗

0
0
0
0
0
0
0
0 ]

 
 
 
 
 
 
 
 

;  𝑢(𝑡)𝑐×1 =

[
 
 
 
 
 
 
 
 
 
 
 
 

𝑢1,𝑡−𝑑1

⋮
𝑢1,𝑡−𝑑1−𝑞1

𝑢2,𝑡−𝑑2

⋮
𝑢2,𝑡−𝑑2−𝑞2

⋮
𝑢𝑠,𝑡−𝑑𝑠

⋮
𝑢𝑠,𝑡−𝑑𝑠−𝑞𝑠

𝑐1,𝑖𝑢𝑖,𝑡−𝑞𝑖
∗ 𝑦𝑡−𝑖

𝑐2,𝑗𝑦𝑡−𝑗

𝑢𝑗,𝑡−𝑞𝑗
 

]
 
 
 
 
 
 
 
 
 
 
 
 

;  

 

(14) 

3.2. RUL Estimation Methodology  

This section describes the methodology for RUL estimation. As stated 

before, the objective is to develop a prognostic technique that allows maintenance 

managers to estimate the asset’s RUL in order to schedule maintenance actions. 

The technique should address the lack of historical failure data and integrate the 

information from complimentary variables. The prognostics technique presented in 

this document consists on a series of organized steps, which are:  

1. Propose an ARX model. Explained in Section 3.2.1.  
2. Define RLS initial conditions. Explained in Section 3.2.2. 
3. Estimate RUL. Explained in Section 3.2.3. 
4. Maintenance action. Explained in Section 2.3.4. 
5. Data Acquisition and Parameter Updating. Explained in Section 

3.2.5. 
6. Maintenance Action. Explained in Section 3.2.6. 

 

Each step is described with more detail in the section specified previously. 

Formulas and terms are described in those sections. Data acquisition is not 
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presented here as it was explained in Chapter 2. Figure 7 shows the methodology 

for RUL estimation in a flow diagram.  

3.2.1. Propose an ARX model 

Once condition variable and complimentary variables have been identified, 

propose an ARX model that aims to explain the degradation process. The first 

model can be as simple as 𝐴𝑅𝑋(1,1,1), and proceed to add and drop terms, as it 

is needed. In this step is necessary to take into account interactions among 

complimentary variables 𝑢𝑖,𝑡 ∗ 𝑢𝑗,𝑡, 𝑤ℎ𝑒𝑟𝑒 𝑖 ≠ 𝑗 and complimentary variables at 

some power 𝑢𝑖,𝑡
2 , 𝑢𝑖,𝑡

3 , 𝑢𝑖,𝑡
4 , … . After proposing the first model, an iterative process 

between order specification, and parameter estimation begins, until the best model 

is found.  

Box and Jenkins (2008) propose the implementation of  autocorrelation 

function (ACF) and partial autocorrelation function (PACF) for model identification. 

Both functions are commonly explored in the form of graphs displaying the values 

for autocorrelation and partial autocorrelation, respectively, between lagged 

observations. Most software options for time series analysis provide functions to 

calculate and graph these statistics; therefore, the formulae to calculate them will 

not be presented here. The data follows an AR model if the ACF presents a mixture 

of damped exponentials and damped sine waves. The order is p if the PACF graph 

cuts off after the pth lag (Box et al., 2008).   

Figure 8 presents the algorithm to find the most adequate ARX model. The 

first step is to specify an ARX model using the ACF and PACF graphs. In the first 

iteration (when small amount of data is available), parameter estimates can be 

obtained through OLS. With the residuals obtained from the first model, the 

correlations 𝜌1 and 𝜌2 are calculated (refer to Appendix B for formulas to calculate 

them, and to List of Terms for term definitions). Based on these correlations, Figure 

8 shows the decisions to be made on adding terms to the model. The rule of thumb 

for including a term establishes that it should be included if correlation is greater 
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than 
2

√𝑁
 . This cyclic adding terms behavior is finished when no significant 

correlations are observed. 

 

 

Propose an ARX model 

Defining RLS Initial parameters 

conditions and first parameter estimation 

Schedule a 

maintenance 

action? 

RUL estimation 
Data acquisition  

& 

Parameter updating 

Maintenance action 

No 

Data Acquisition 

Yes 

Figure 7. Model for RUL estimation 
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Terms can be dropped from the model when their parameter is statistically 

zero. The covariance matrix is necessary to drop (or keep) terms, and it is 

calculated as 𝐶𝑜𝑣(𝜽) = 𝜎2(𝑌′𝑌)−1 where, 𝜽 is the parameter vector and 𝑌 is the 

observation matrix. The 𝑖th term in diagonal of matrix 𝐶𝑜𝑣(𝜽) contains the variance 

for the 𝑖th parameter in vector 𝜽. A term is dropped from the model if its parameter 

is smaller than the squared root of the parameter’s standard deviation.   

3.2.2. Defining Initial Parameter Conditions 

The initial parameter conditions for RLS have to be defined. RLS are exactly 

equivalent to OLS if the matrix 𝐹(𝑡)−1 is not singular. This situation is achieved by 

starting model fitting at time  

Figure 8. Algorithm for proposing an ARX model 

No 

Yes 

No 

 𝜎𝑎𝑖
 > 𝑎𝑖 Drop  𝑦𝑖−𝑑  from the 

model  

Yes Calculate 

 𝜎𝑎𝑖
 

Calculate 

𝜌2(𝑒𝑖, 𝑦𝑖−𝑑) |𝜌2(𝑒𝑖 , 𝑦𝑖−𝑑)| >
2

√𝑁
 

Add the term 𝑦𝑖−𝑑  to 

the model  

Yes 

Select the model with smaller 

Mean Squared Error 

 𝜎𝑏𝑗,𝑖
 > 𝑏𝑗,𝑖  

Specify first model (through ACF and PACF 

graphs) and calculate residuals 

Drop 𝑈𝑗 , 𝑖 − 𝑑  to the 

model  

Calculate 

 𝜎𝑏𝑗,𝑖
 

Yes Calculate 

𝜌1(𝑒𝑖, 𝑈𝑗,𝑖−𝑑) 
 𝜌1(𝑒𝑖 , 𝑈𝑗,𝑖−𝑑) >

2

√𝑁
 

Add the term 𝑈𝑗,𝑖−𝑑  to 

the model  

No 

No 
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 𝑡0 = dim 𝜙(𝑡) = 𝑝 + ∑ 𝑞𝑖

𝑠

𝑖=1

 (15) 

 

The initial conditions for the parameter vector 𝜃(0) and the adaptation gain 

matrix 𝐹(0) are specified depending on the prior information available for 

parameter vector. If no prior information is available, then  

 𝜃(0) = 0;  𝐹(𝑡) = 𝛿 ∗ 𝐼;  𝛿 ≥ 1   (16) 

 

Lung and Söderström (1983) explain that the parameters converge faster if  

𝛿 is a big number such as 100, 1000. If prior information about the parameter vector 

exists, then the initial conditions should be the previously known parameters (in 

this case the parameters obtained during the “Propose an ARX model” phase) and 

for the F(0) matrix, 𝛿  should be less than one, preferably with values like 0.01. 

3.2.2.1. Forgetting factor  

The most common values the forgetting factor takes vary from 0.9 to 0.99, 

the greater the value is the slower previous observations are forgotten. The interest 

on the forgetting factor relies on several aspects: the difference between the actual 

degradation behavior and the fitted model and the different stages that the 

condition variable presents through time. The actual deterioration behavior does 

not have an exact match with the structure of the proposed model, and there will 

be modelling errors. If all data have the same weight in parameter estimation, the 

model will give the same relevance to an error in the more recent data than in the 

older ones. Given that future prediction is based on new data, it is better to have a 

prediction that is more influenced by them.  

The evolution of the condition might present a change point at unknown time 

r, as expressed in Section 1.2 Problem Statement. Since the time r is unknown, 

the forgetting factor is a useful tool to adapt the parameters to slow or abrupt 

parameter changes. On examples found in literature, the deterioration data slowly 

increases at early stages and the prediction line will follow this trend. However, 
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when a sudden increasing curve appears, the new data should “pull” the prediction 

trend towards them. In their study, Escobet et al. (2012) used RLS with forgetting 

factor. Hence, since new observations represent the evolution of deterioration and 

the path it is taking, more importance should be given to them when updating the 

parameters that will be used to predict the deterioration process. 

The aspects explained in this subsection share the same logic: the data 

behavior can suddenly change and the first observations should not have the same 

influence on parameter estimation as the new ones, as these latter observations 

are a better representation of where the condition trend is directing.  

3.2.3.  RUL Estimation 

RUL estimation is a cyclical task, estimating �̂�′(𝑡 + ℎ), ℎ = 1,2, … once at a 

time until it reaches the functional failure threshold. Figure 9 is a representation of 

RUL estimation. When �̂�′(𝑡 + ℎ) reaches the failure threshold, then 𝑅𝑈𝐿 = ℎ.  

Equation 17 presents the formula to forecast these values. This equation 

establishes the formula to forecast values given the known information, which 

means that this methodology gives the estimated RUL under the known conditions 

at time t. The development for Equation 17 is in Section 3.3.3.1 

 �̂�′(𝑡 + ℎ|𝑡) = 𝐶 {𝐴ℎ𝒚(𝑡) + ∑{𝐴ℎ−𝑖𝐵𝐷𝑖−1𝒖(𝑡)}

ℎ

𝑖=1

} (17) 

Matrix D is a block matrix to update vector 𝒖(𝑡) at each forecasting iteration, 

its definition is given in Equation 18. As stated before, the exogenous variables are 

assumed constant from time t to time t+h, therefore, future values of exogenous 

variables, take present values as in 𝑢𝑖,𝑡+ℎ = … = 𝑢𝑖,𝑡+1 = 𝑢𝑖,𝑡.  
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 𝐷𝑐×𝑐 = [

𝐷11 𝐷12 … 𝐷1𝑠

𝐷21 𝐷22 … 𝐷2𝑠

⋮ ⋮ ⋱ ⋮
𝐷𝑠1 𝐷𝑠2 ⋯ 𝐷𝑠𝑠

]   𝐷𝑖𝑗 =

{
 
 
 
 

 
 
 
 

[
 
 
 
 
1 0 … 0 0
1 0 … 0 0
0 1 … 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 … 1 0]

 
 
 
 

, 𝑖 = 𝑗

[
 
 
 
 
0 0 … 0 0
0 0 … 0 0
0 0 … 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 0]

 
 
 
 

, 𝑖 ≠ 𝑗

 (18) 

 

Forecasting variance and standard deviation are given in the next 

Equations. Section 3.4.5 contains the development and explanation of Equation 

19.    

h=h+1 

Calculate �̂�(𝑡 + ℎ|𝑡). Equation 17 

Calculate 𝐿𝐶𝐼 and 𝑈𝐶𝐼. Equation 21 

�̂�′(𝑡 + ℎ|𝑡) ≥ 𝐿, 

 𝐿𝐶𝐼 ≥ 𝐿 and  𝑈𝐿𝐶𝐼 ≥ 𝐿 

𝑅𝑈𝐿 = ℎ − 𝑡 
Calculate RUL limits. Equation 23 

h=0 

Decision Making 

No 

Yes 

Figure 9. RUL estimation procedure 
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�̂�(𝑡 + ℎ|𝑡) = 𝜎𝜀
2(𝑡) ∗ 𝐶[𝐾𝐾′ + 𝐴𝐾𝐾′𝐴′ + 𝐴2𝐾𝐾(𝐴2)′ + ⋯ + 𝐴ℎ−1𝐾𝐾′(𝐴ℎ−1)′]𝐶′ (19) 

 �̂�(𝑡 + ℎ|𝑡) = √�̂�(𝑡 + ℎ|𝑡) 
(20) 

 

If a Gaussian distribution is assumed for the estimation error, a (1 − 𝛼) ∗

100% Confidence Interval (CI) can be computed using notations in 21, where 𝑧𝛼/2 

is the upper (
𝛼

2
) percentile for the standard normal distribution. 

 
𝑈𝐶𝐼 = �̂�(𝑡 + ℎ|𝑡) + 𝑧𝛼/2 ∗ �̂�(𝑡 + ℎ|𝑡) 

𝐿𝐶𝐼 = �̂�(𝑡 + ℎ|𝑡) − 𝑧𝛼/2 ∗ �̂�(𝑡 + ℎ|𝑡) 

(21a) 

(21b) 

 

This CI establishes the minimum and maximum estimated time to failure, as 

explained in Equation 22.  

 

�̂�max = {ℎ|𝐿𝐶𝐼 = 𝐿}       

𝑡 = {ℎ|�̂�(𝑡 + ℎ|𝑡) = 𝐿} 

�̂�min = {ℎ|𝑈𝐶𝐼 = 𝐿}       

(22a) 

(22b) 

(22c) 

 

Where 𝐿 is the known failure threshold. From this CI, an estimation for RUL 

limits can also be found (Escobet et al., 2012).  

 

𝑅𝑈𝐿 
max = �̂�𝑚𝑎𝑥 − 𝑡 

𝑅𝑈𝐿  = �̂� − 𝑡 

𝑅𝑈𝐿 
min = �̂�𝑚𝑖𝑛 − 𝑡 

(23a) 

(23b) 

(23c) 

 

This research assumes that the functional threshold is known and 

established by the user; therefore, determining such threshold is beyond the scope 

for this methodology. Figure 10 shows the graphical definition of these terms.  
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Figure 10. Graphical definition of RUL 

 

3.2.4. Maintenance Decision-Making 

After RUL estimation, the decision to schedule a maintenance action must 

be made. One of the RUL estimation’s objective is to alert maintenance managers 

of an imminent failure with enough spare time to schedule an appropriate 

maintenance action.  

To make a decision, a maintenance manager must consider the time to 

order spare parts, time to assemble maintenance crew, time to put the equipment 

out of production, the time to repair/replace the equipment and set up times. The 

manager should also consider that all of these times involve a cost for the 

company. From the analysis of these times, a decision should be made. If the 

decision does not involve an asset’s downtime, the next step is update the 

parameters in the model. However if the maintenance decision involves an asset’s 

downtime, the next step is to perform such action.  

3.2.5. Parameter Updating 

If no maintenance decision is made, a new observation is obtained and 

parameters are updated using Equations 9-12. After parameter updating, the next 

step is RUL estimation again.  
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3.2.6. Maintenance Action 

Once the RUL is given, maintenance managers can decide what 

maintenance action to perform. Maintenance managers are in charge to schedule 

and organize their personnel to perform the most appropriate maintenance action. 

The definition of this action is out of the scope of this research, as it can vary from 

application to application of this methodology.  

3.2.7. Variations of ARX models 

Section 1.4 General Hypothesis established comparisons among variations 

of ARX models to evaluate the prognostic technique presented in this document. 

These variations are an ARX model with OLS parameters (ARX-OLS), a Non-

Linear AR model with RLS parameters (NLAR-RLS) and an AR model with RLS 

parameters (AR-RLS) found in literature. The difference among the application of 

these four models relies only on the model structure and parameter estimation 

algorithm. The steps for each model are explained in the following sub-sections. If 

a step is not developed, it means that is exactly equal to the ARX-RLS model.  

3.2.7.1. ARX-OLS 

The only difference between this model and ARX-RLS lies on the parameter 

estimation algorithm. This model estimates parameters using the entire 

measurement history with the well-known OLS algorithm; therefore, no initial RLS 

conditions are required. At the parameter-updating step, estimate parameters with 

all available measurements. General steps are explained below, with only a 

difference on steps 3 and 6, the other steps are the same as explained in previous 

sections.  

1. Data Acquisition. Obtain a new condition measurement with a 
monitoring technique.  

2. Propose an ARX model. With at least 10 measurements. 
3. Define RLS initial conditions. Ignore this step, use the parameters 

obtained in previous step for RUL estimation.  
4. Estimate RUL, through condition forecasting. 
5. Maintenance action. Decide if a maintenance action is required.  
6. Data Acquisition and Parameter Updating. Parameter updating is 

performed by estimating new parameters using all available 
measurements, including the new acquired measurement, with the 
OLS algorithm.   
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7. Maintenance Action. If a downtime is required, perform the 
scheduled maintenance action.  

 

3.2.7.2. NLAR-RLS 

The NLAR-RLS model emerged as an option while forecasting values of the 

ARX-RLS in the Simulation Dataset. This model presents the same structure as 

ARX-RLS, but does not assume the exogenous variable as constant in the 

forecasting process. Since the difference lies on step 4, only this step is explained 

here. The rest are the same as with ARX-RLS.  

If a term of the ARX model is the exogenous variable in combination with 

the condition measurements, then NLAR-RLS updates this term in the predicting 

process, by using the last forecasted condition variable to calculate the operating 

condition term. For RUL estimation, this model substitutes Equation 17 with 

Equation 24, where the term  𝑩 ∗ �̂�(𝑡 + ℎ − 1|𝑡)𝒖(𝑡) is just a representation of the 

possible combinations among condition and exogenous variables. Calculate 

�̂�(𝑡 + ℎ|𝑡) until it reaches failure threshold and determine RUL with Equation 24. 

 �̂�(𝑡 + ℎ|𝑡) = 𝐶{𝑨 ∗ �̂�(𝑡 + ℎ − 1|𝑡) + 𝑩 ∗ �̂�(𝑡 + ℎ − 1|𝑡)𝒖(𝑡)} (24) 

 

Using Equation 24 invalidates using Equations 19-21 for CI calculations 

since variance calculation cannot be easily explained on closed formula. This 

situation was solved by using Bootstrap simulations of the confidence intervals.   

Do for 𝑖 = 1, 2, … , 1000 
    Calculate   

�̂̂�(𝑡 + ℎ𝑖|𝑡) = 𝐶 {�̂̂� ∗ �̂̂�(𝑡 + ℎ𝑖 − 1|𝑡) + �̂̂� ∗ �̂̂�(𝑡 + ℎ𝑖 − 1|𝑡)𝒖(𝑡)} + 𝑒𝑖,ℎ𝑖
 

     ℎ𝑖 = ℎ𝑖 + 1 

Until �̂̂�(𝑡 + ℎ𝑖|𝑡) ≥ 𝐿 

Store {ℎ𝑖 �̂̂�(𝑡 + ℎ𝑖|𝑡) = 𝐿} 
 

Select ℎ𝑚𝑖𝑛|𝑃(𝐻 ≤  ℎ𝑚𝑖𝑛) ≤ 0.025 and ℎ𝑚𝑎𝑥|𝑃(𝐻 ≤  ℎ𝑚𝑎𝑥) ≥ 0.975 

  Establish  𝑅𝑈𝐿 
max = ℎ𝑚𝑎𝑥  and  𝑅𝑈𝐿 

min = ℎ𝑚𝑖𝑛 

 
 



Texas Tech University, Diana Barraza-Barraza, December 2015 

50 

 Where  

𝜃~(𝑡𝑁−𝑟) ∗ √𝐹 ∗ �̂�2 + 𝜃 

𝜃 estimated parameter vector at time t 

�̂̂�  is the matrix containing the parameters from 𝜃 corresponding to 
autoregressive terms 

�̂̂�  is the matrix containing the parameters from 𝜃 corresponding to 
exogenous terms 
F is the gain matrix for RLS algorithm. This matrix is the equivalent of 

matrix (X′X)−1 in OLS.  

�̂�2 estimated residuals variance.  

𝑒𝑖,ℎ~ 𝑁(0, �̂�2) 

n  observations at time t. 

ℎ = 2,3,  … 

𝑖 = 1,2,  … , 1000 
 

These are the steps followed to estimate RUL when exogenous variables 

are in a combination with previous condition measurements. This model was only 

used for Simulation dataset due to the structure of the simulation model.  

3.2.7.1. AR-RLS 

The AR-RLS model was found in literature (Escobet et al., 2012) and was 

decided to use as a comparative model for the methodology presented here. The 

AR-RLS models followed the same steps as the ARX-RLS in RUL estimation, with 

the only difference of operating condition terms being zero. In Equation 17, the 

term ∑ {𝐴ℎ−𝑖𝐵𝐷𝑖−1𝒖(𝑡)}ℎ
𝑖=1  becomes zero and it turns into Equation 25. 

 �̂�′(𝑡 + ℎ|𝑡) = 𝐶{𝐴ℎ𝒚(𝑡)} (25) 

 

The steps followed by this model to estimate RUL are: 

1. Data Acquisition. Obtain a new condition measurement with a 
monitoring technique.  

2. Propose an ARX model. With at least 10 measurements. 
3. Define RLS initial conditions. Use OLS first parameters as initial 

conditions. 
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4. Estimate RUL. Use Equation 25 instead of Equation 17. 
5. Maintenance action. Decide if a maintenance action is required.  
6. Data Acquisition and Parameter Updating. If no downtime is 

required, obtain a new measurement and update parameters.  
7. Maintenance Action. If a downtime is required, perform the 

scheduled maintenance action.  
  

3.3. Theoretical Framework 

A time series is a succession of observations taken sequentially in time 

representing a physical or economical process (Box et al., 2008). The main 

distinction of a time series is the existing dependency between two consecutive 

observations, which can be of interest for analysts.  

Researchers have developed stochastic and dynamic models to study time 

series and its characteristic dependency. These models aim to detect regularities 

in observations of a variable an create rules from them (Kirchgässner, Wolters, & 

Hassler, 2012). Once the rules are created, a better prediction of future 

developments is possible. 

3.3.1. AR and ARX models 

An autoregressive (AR) process is the kind of stochastic process where the 

value at time t linearly depends on previous observations of itself. The AR process 

of order p, AR(p), is the process that depends on the p most recent past values 

(Cryer & Chan, 2008). The general representation of the AR(p) process is  

 𝑥𝑡 = 𝑎1 ∗ 𝑥𝑡−1 + 𝑎2 ∗ 𝑥𝑡−2 + ⋯ + 𝑎𝑝 ∗ 𝑥𝑡−𝑝 + 𝑒𝑡 (26) 

 

The term 𝑒𝑡 represents the information that the p previous values of the 

process do not explain. Thus, 𝑒𝑡 is assumed as independent from 

𝑥𝑡−1, 𝑥𝑡−2, 𝑥𝑡−3, … (Cryer & Chan, 2008) 

The autoregressive with exogenous variables time series (ARX) model is 

an extension of the AR model. This model states that the value 𝑥𝑡 at time t  is 

linearly related to previous process values and previous inputs. The inputs are 

known as exogenous variables. When an order of dependence is determined, the 
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notation is 𝐴𝑅𝑋(𝑝, 𝑑, 𝑞). The value of the stochastic process at time t is related to 

the p previous values of itself and the 𝑞 previous values of the input (exogenous) 

variables. The term d implies that the exogenous variables have a delayed effect 

on the stochastic process. The 𝐴𝑅𝑋(𝑝, 𝑑, 𝑞) developed formulation is  

 
𝑥𝑡 = 𝑎1 ∗ 𝑥𝑡−1 + 𝑎2 ∗ 𝑥𝑡−2 + ⋯ + 𝑎𝑝 ∗ 𝑥𝑡−𝑝 + 𝑏1𝑢𝑡−𝑑 + 𝑏2𝑢𝑡−1−𝑑 + ⋯

+ 𝑏𝑞𝑢𝑡−𝑞−𝑑+1 + 𝑒𝑡 (27) 

 

3.3.2. Parameter Estimation 

In time-series parameter estimation, it is important to consider that a time 

series represents (independently of its length) a single realization of the stochastic 

process that generates it, which means that at time t, no repetition can be obtained. 

Therefore, in order to perform statistical inference some assumptions are required. 

The first assumption for statistical inference and parameter estimation is statistical 

equilibrium or stationarity. 

Stationary models assume constant probability properties through time, this 

means that the joint distributions of  𝑋𝑡 and 𝑋𝑡−𝑑 depends only on d and not on t. 

However, if time series methodology is used to model degradation processes, 

these processes might not be stationary since degradation measurement is 

expected to show a trend through time. This expectation is supported by the 

literature pieces that graphically show trends in measurements. Examples of these 

situations are research papers that present graphs with a growing trend for the 

observed deterioration (Bouvard, Artus, Bérenguer, & Cocquempot, 2011; Grall et 

al., 2002; L. Wang, Chu, & Mao, 2009; W. Wang, 2007; Z. Zhang, Wu, & Li, 2011; 

Zhao et al., 2010). Other papers show a decay in capacity, health index, or RUL 

(En-shun, Qing-min, & Hua, 2012; Le Son, Fouladirad, Barros, Levrat, & Iung, 

2013; Y. G. Li & Nilkitsaranont, 2009; Sun, Zuo, Wang, & Pecht, 2012). Few papers 

show a small trending slope at the beginning with an explosion towards the end of 

the observation period, preceding the failure time (Escobet et al., 2012; Niu, Yang, 

& Pecht, 2010).  
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According to Young (2011), the recursive parameter estimates are useful to 

provide information about the existence of non-stationarity and the possible nature 

of parameters variations. Hence, using recursive parameter estimation may help 

to overcome the expected trended behavior in condition variables and have a 

better model estimation.  

3.3.2.1. RARX Assumptions and Algorithm  

Young (2011) presents the Recursive Autoregressive exogenous (RARX) 

algorithm for parameter estimation of an ARX process. To present this algorithm 

consider the ARX(p,q,d) model. The random variable 𝑒(𝑡) in Equation 6 is 

assumed to have zero mean 𝐸{𝑒(𝑡)} = 0,  a constant variance and to be 

uncorrelated with each other  

 𝐸{𝑒(𝑡)𝑒(𝑗)} = 𝜎2𝛿𝑡𝑗 (28a) 

 𝛿𝑡𝑗 = {
1, 𝑡 = 𝑗
0, 𝑡 ≠ 𝑗

 ∀𝑡, 𝑗 
(28b) 

 

From the literature reviewed, some pieces present RLS in their 

methodology. Escobet et al. (2012) claim using RLS for their prognostics tool, but 

they did not present any formulae or reference to RLS sources. Their RLS 

algorithm aims to minimize the residual variance of an AR model presented in 

state-space form. El-koujok, Goriveau & Zerhouni (2008; 2009) used RLS to 

update parameters of a neuro-fuzzy system. Li, Kurfess & Liang (2000) used RLS 

for prognostics of a defect-propagation model. 

3.3.3. Forecasting  

State-space models are widely employed for forecasting and other time 

series operations. They are, in a rough way, a matrix representation of the model. 

De Jong & Penzer (2004) present the state space form for general ARMA models. 

Escobet et al. (2012) follow their methodology to perform k-step-ahead predictions 

for an AR(p) model with a state-space representation of the model. Formulas to 

forecast an 𝐴𝑅𝑋(𝑝, 𝑑, 𝑞) model and calculate its forecasting variance, based on a 

state-space model, are presented in the following sub-sections.  
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3.3.3.1. Development of Forecasting Formula for an ARX model  

This section presents the development of forecasting formula presented in 

Equation 17. The ARX model in state space form is given in Equations 29a-b. 

𝑦(𝑡) = 𝐶𝒙(𝑡) (29a) 

𝒙(𝑡 + 1) = 𝐴𝒙(𝑡) + 𝐵𝒖(𝑡) + 𝐾휀(𝑡 + 1) (29b) 

 

The objective of Equation 29a is to retrieve only the first element of 

vector 𝒙(𝑡), which is the last available observation. Therefore, the development 

presented here focuses on estimating �̂�(𝑡 + ℎ|𝑡), that later is multiplied by vector 

𝐶 to obtain �̂�(𝑡 + ℎ|𝑡). Equation 30 shows the forecast of �̂�(𝑡 + 1|𝑡). Equation 31 is 

obtained by substituting 𝒙(𝑡 + 1|𝑡) for its value given in Equation 30. Equation 31 

is then used to obtain Equation 32, and Equation 32 is used to determine the 

expression of Equation 33. 

�̂�(𝑡 + 1|𝑡) = 𝐴𝒙(𝑡) + 𝐵𝒖(𝑡) (30) 

�̂�(𝑡 + 2|𝑡) = 𝐴�̂�(𝑡 + 1|𝑡) + 𝐵𝒖(𝑡 + 1) = 𝐴[𝐴𝒙(𝑡) + 𝐵𝒖(𝑡)] + 𝐵𝒖(𝑡 + 1) 

 = 𝐴2𝒙(𝑡) + 𝐴𝐵𝒖(𝑡) + 𝐵𝒖(𝑡 + 1)             (31) 

�̂�(𝑡 + 3|𝑡) = 𝐴�̂�(𝑡 + 2|𝑡) + 𝐵𝒖(𝑡 + 2)  

= 𝐴[𝐴2𝒙(𝑡) + 𝐴𝐵𝒖(𝑡) + 𝐵𝒖(𝑡 + 1)] + 𝐵𝒖(𝑡 + 2)  

 = 𝐴3𝒙(𝑡) + 𝐴2𝐵𝒖(𝑡) + 𝐴𝐵𝒖(𝑡 + 1) + 𝐵𝒖(𝑡 + 2) (32) 

�̂�(𝑡 + 4|𝑡) = 𝐴�̂�(𝑡 + 3|𝑡) + 𝐵𝒖(𝑡 + 3)  

= 𝐴[𝐴3𝒙(𝑡) + 𝐴2𝐵𝒖(𝑡) + 𝐴𝐵𝒖(𝑡 + 1) + 𝐵𝒖(𝑡 + 2)] + 𝐵𝒖(𝑡 + 3) 

= 𝐴4𝒙(𝑡) + 𝐴3𝐵𝒖(𝑡) + 𝐴2𝐵𝒖(𝑡 + 1) + 𝐴𝐵𝒖(𝑡 + 2) + 𝐵𝒖(𝑡 + 3) 

 (33) 

 

From Equation 33, the general formula can be inferred as Equation 34 that 

is then used to forecast �̂�(𝑡 + ℎ|𝑡) along with Equation 35.  

�̂�(𝑡 + ℎ|𝑡) = 𝐴ℎ𝒙(𝑡) + ∑ 𝐴ℎ−𝑖𝐵𝒖(𝑡 + 𝑖 − 1)

ℎ

𝑖=1

 (34) 
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�̂�(𝑡 + ℎ|𝑡) = 𝐶�̂�(𝑡 + ℎ|𝑡) = 𝐶 [𝐴ℎ𝒙(𝑡) + ∑ 𝐴ℎ−𝑖𝐵𝒖(𝑡 + 𝑖 − 1)

ℎ

𝑖=1

] (35) 

 

However, this formula assumes the future ℎ values of the complimentary 

variables as known. This research assumes that this is not the case for the ARX-

RLS model, and the forecasting will be done under the assumption that the 

complimentary variables will remain under the same conditions. This assumption 

implies that the 𝑐th element in 𝒖(𝑡) should be forgotten and its first element to be 

carried on, at each iteration. Table 3 presents the behavior that complimentary 

variables should have in the forecasting process. The rows indicate the forecasting 

time and the columns the value of the vector 𝒖 at each forecasting value. In 

forecasting time 𝑡 + 1, all the values are different (for explanatory purposes, it 

might not be that in real situations) since they are known values. At forecasting 

time 𝑡 + 2, the first two values of vector 𝒖(𝑡 + 1) are the same since it is assumed 

that the complimentary variables remain constant. That logic is used to explain the 

values of times 𝑡 + 2, 𝑡 + 3, … the shadowed cells indicate values not used for 

forecasting purposes.  

Table 3. Behavior of constant-complimentary variables through forecasting process.  

 𝒖 

𝑡 t-3 t-2 t-1 t t+1 t+2 t+3 

t+1 p q r s    

t+2  q r s s   

t+3   r s s s  

t+4    s s s s 

 

Table 4 shows that the assumption of constant complimentary variables is 

not equivalent to constant vector 𝒖(𝑡). Rows represent forecasting times and 

columns represent the elements of vector 𝒖 at forecasting times. If the vector 

remains constant, the values of its elements would not be the same in the 

forecasting process, as can be seen in Table 4. Therefore, vector  𝒖(𝑡 + ℎ) needs 

to be expressed in terms of 𝒖(𝑡).   
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Table 4. Behavior of a constant vector u(t) in forecasting process.  

 𝒖 

𝑡 t-3 t-2 t-1 t t+1 t+2 t+3 

t+1 p q r s    

t+2  p q r s   

t+3   p q r s  

t+4    p q r s 

 

To overcome this difficulty, this research introduces the matrix D. The vector 

𝒖(𝑡 + 1) is then explained as a product of matrix D and vector 𝒖(𝑡). Matrix D’s 

dimensions are 𝑐𝑥𝑐 where 𝑐 = dim(𝒖). 

𝒖(𝑡 + 1) = 𝐷𝒖(𝑡) = [

1 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

] ∗ [

𝑠
𝑟
𝑞
𝑝

] = [

𝑠
𝑠
𝑟
𝑞

] (36) 

 

The progressive calculation of vector 𝒖(𝑡 + ℎ) in terms of vector 𝒖(𝑡) is 

𝒖(𝑡 + 2) = 𝐷𝒖(𝑡 + 1) = 𝐷 ∗ 𝐷𝒖(𝑡) = 𝐷2𝒖(𝑡) (37a) 

𝒖(𝑡 + 3) = 𝐷𝒖(𝑡 + 2) = 𝐷 ∗ 𝐷2𝒖(𝑡) = 𝐷3𝒖(𝑡) (37b) 

 

In this occasion, it is easier to see that 

𝒖(𝑡 + ℎ) = 𝐷ℎ𝒖(𝑡) (38) 

 

After 𝑐, iterations, all elements in vector 𝒖(𝑡 + 𝑐) are the same, and this 

calculation can be eliminated. To obtain the forecasting formula of Equation 17, 

the result shown in Equation 38 is introduced into Equation 35 to give the 

mentioned forecasting formula and shown in Equation 39. Note that the exponent 

in matrix D is one step behind of the forecasting horizon ℎ, that is because in 

Equation 35b, the value of 𝑦(𝑡) is explained by 𝒖(𝑡 − 1). 
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�̂�(𝑡 + ℎ|𝑡) = 𝐶 {𝐴𝑘𝒙(𝑡) + ∑{𝐴𝑘−𝑖𝐵𝐷𝑖−1𝒖(𝑡)}

ℎ

𝑖=1

} (39) 

 

For the case where 𝑠, the number of complimentary variables is greater than 

one, matrix D is a block matrix. Diagonal matrices, 𝐷𝑖𝑖, 𝑖 = 1,2, … , 𝑠 are squared 

matrices of size 𝑞𝑖. The matrix  𝐷𝑖𝑗 ,  for 𝑖 ≠ 𝑗, is of dimension 𝑞𝑖 × 𝑞𝑗. The values 𝑞𝑖 

represent the order for the 𝑖th complimentary variable. Equation 40 shows how the 

matrices are constructed.  

 𝐷𝑐×𝑐 = [

𝐷11 𝐷12 … 𝐷1𝑠

𝐷21 𝐷22 … 𝐷2𝑠

⋮ ⋮ ⋱ ⋮
𝐷𝑠1 𝐷𝑠2 ⋯ 𝐷𝑠𝑠

]   𝐷𝑖𝑗 =

{
 
 
 
 

 
 
 
 

[
 
 
 
 
1 0 … 0 0
1 0 … 0 0
0 1 … 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 … 1 0]

 
 
 
 

, 𝑖 = 𝑗

[
 
 
 
 
0 0 … 0 0
0 0 … 0 0
0 0 … 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 0]

 
 
 
 

, 𝑖 ≠ 𝑗

 (40) 

 

3.3.3.2. Development of Forecasting Variance formula for ARX model 

 This section presents the development of Variance for forecasted values 

presented in Equation 19. The same state space model presented in Equations 

29a-b is used in this process where the observation equation is  

𝑦(𝑡 + 1) = 𝐶𝒙(𝑡 + 1) (41) 

 

The vector 𝒙(𝑡 + 1) can also be explained as the sum of its forecasted value 

and a residual as 

𝒙(𝑡 + 1) = �̂�(𝑡 + 1|𝑡) + 𝐾𝑒(𝑡 + 1) (42) 

 

To obtain the prediction-error variance estimator, the term 𝑦(𝑡 + ℎ) should 

be explained in terms of forecasted values and previous not observed residuals. 
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Equation 43 is the result of substituting 𝒙(𝑡 + 1) in Equation 41 with its equivalent 

given in Equation 42. Re-stating Equation 43, in terms of a forecasted value and a 

residual gives Equation 44. Equation 45 presents the second iteration of Equations 

43 and 44. Repeating this iterative process gives Equation 36, the general form for 

𝑦(𝑡 + ℎ) expressed as a forecasted values and a series of residuals. This 

representation is similar to that presented by Box and Jenkins (2008) for an AR 

model.  

𝑦(𝑡 + 2) = 𝐶{𝐴𝒙(𝑡 + 1) + 𝐵𝒖(𝑡 + 1) + 𝐾𝑒(𝑡 + 2)} 

= 𝐶{𝐴[�̂�(𝑡 + 1|𝑡) + 𝐾𝑒(𝑡 + 1)] + 𝐵𝒖(𝑡 + 1) + 𝐾𝑒(𝑡 + 2)} 

= 𝐶{𝐴𝒙(𝑡 + 1|𝑡) + 𝐵𝒖(𝑡 + 1) + 𝐴𝐾𝑒(𝑡 + 1) + 𝐾𝑒(𝑡 + 2)} 

= 𝐶{�̂�(𝑡 + 2|𝑡) + 𝐴𝐾𝑒(𝑡 + 1) + 𝐾𝑒(𝑡 + 2)} 

(43) 

 

(44) 

𝑦(𝑡 + 3) = 𝐶{𝐴𝒙(𝑡 + 2) + 𝐵𝒖(𝑡 + 2) + 𝐾𝑒(𝑡 + 3)} 

= 𝐶{𝐴[�̂�(𝑡 + 2|𝑡) + 𝐴𝐾𝑒(𝑡 + 1) + 𝐾𝑒(𝑡 + 2)] + 𝐵𝒖(𝑡 + 2) + 𝐾𝑒(𝑡 + 3)} 

= 𝐶{𝐴𝒙(𝑡 + 2|𝑡) + 𝐵𝒖(𝑡 + 2) + 𝐴2𝐾𝑒(𝑡 + 1) + 𝐴𝐾𝑒(𝑡 + 2) + 𝐾𝑒(𝑡 + 3)} 

= 𝐶{𝒙(𝑡 + 3|𝑡) + 𝐴2𝐾𝑒(𝑡 + 1) + 𝐴𝐾𝑒(𝑡 + 2) + 𝐾𝑒(𝑡 + 3)}              (45) 

⋮  

𝑦(𝑡 + ℎ) = 𝐶{�̂�(𝑡 + ℎ|𝑡) + 𝐾𝑒(𝑡 + ℎ) + 𝐴𝐾𝑒(𝑡 + ℎ − 1) + ⋯ + 𝐴ℎ−1𝐾𝑒(𝑡 + 1)} 

𝑦(𝑡 + ℎ) = 𝐶�̂�(𝑡 + ℎ|𝑡) + 𝐶{𝐾𝑒(𝑡 + ℎ) + 𝐴𝐾𝑒(𝑡 + ℎ − 1) + ⋯ + 𝐴ℎ−1𝐾𝑒(𝑡 + 1)} 

𝑦(𝑡 + ℎ) = �̂�(𝑡 + ℎ|𝑡) + 𝐶{𝐾𝑒(𝑡 + ℎ) + 𝐴𝐾𝑒(𝑡 + ℎ − 1) + ⋯ + 𝐴ℎ−1𝐾𝑒(𝑡 + 1)} 

 (46) 

 

The variance of a prediction error is calculated as 𝑉𝑎𝑟(𝑦(𝑡 + ℎ) −

�̂�(𝑡 + ℎ|𝑡)). Equation 47 results from substituting values from Equation 46 in this 

variance formula. 

𝑉𝑎𝑟(𝑦(𝑡 + ℎ) − �̂�(𝑡 + ℎ|𝑡)) = 𝑉𝑎𝑟(�̂�(𝑡 + ℎ|𝑡) + 𝐶{𝐾𝑒(𝑡 + ℎ) + 𝐴𝐾𝑒(𝑡 + ℎ −

1) + ⋯ + 𝐴ℎ−1𝐾𝑒(𝑡 + 1) − �̂�(𝑡 + ℎ|𝑡)}) 

= 𝑉𝑎𝑟(𝐶{𝐾𝑒(𝑡 + ℎ) + 𝐴𝐾𝑒(𝑡 + ℎ − 1) + ⋯ + 𝐴ℎ−𝑖𝐾𝑒(𝑡 + 1)})                  (47)  
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Equation 48 is derived from Equation 47 and some variance and matrix 

properties.  

𝑉𝑎𝑟(𝑦(𝑡 + ℎ) − �̂�(𝑡 + ℎ|𝑡)) 

= 𝐶𝑉𝑎𝑟 (𝐾𝑒(𝑡 + ℎ) + 𝐴𝐾𝑒(𝑡 + ℎ − 1) + ⋯ + 𝐾𝐴ℎ−𝑖𝑒(𝑡 + 1)) 𝐶′   (48) 

 

The solution for Equation 48,  requires the  variance property for a sum of 

random variables (Casella & Berger, 2002):  

𝑉𝑎𝑟(𝐴𝑋 + 𝐵𝑌) = 𝐴𝑉𝑎𝑟(𝑋)𝐴′ + 𝐵𝑉𝑎𝑟(𝑌)𝐵′ + 2𝐴𝐵𝐶𝑜𝑣(𝑋, 𝑌) 

𝑉𝑎𝑟(𝐴𝑋 + 𝐵𝑌) = 𝐴𝑉𝑎𝑟(𝑋)𝐴′ + 𝐵𝑉𝑎𝑟(𝑌)𝐵′ + 2𝐴𝐵𝐶𝑜𝑣(𝑋, 𝑌) 
(49) 

 

In this case, the residuals are assumed independent and identically 

distributed random variables. Therefore, the covariance among them is zero. Using 

property listed in Equation 49, Equation 48 becomes 

𝑉𝑎𝑟(𝑦(𝑡 + ℎ) − �̂�(𝑡 + ℎ|𝑡)) = 

𝐶{𝐾𝑉𝑎𝑟(𝑒(𝑡 + ℎ))𝐾′ + 𝐴𝐾𝑉𝑎𝑟(𝑒(𝑡 + ℎ − 1))𝐾′𝐴′ + ⋯ + 𝐴ℎ−1𝐾𝑉𝑎𝑟(𝑒(𝑡 + 1))𝐾′𝐴ℎ−1′)}𝐶′ 

 (50) 

Since the residuals are assumed identically distributed, and 𝑉𝑎𝑟(𝑒(𝑖)) = 𝜎𝑒
2 

for any time i, Equation 50 becomes Equation 51 

𝑉𝑎𝑟(𝑦(𝑡 + ℎ) − �̂�(𝑡 + ℎ|𝑡)) 

= 𝐶{𝐾𝜎𝑒
2 𝐾′ + 𝐴𝐾𝜎𝑒

2 𝐾′ 𝐴′ + ⋯ + 𝐴ℎ−1 𝐾𝑉𝜎𝑒
2 𝐾′𝐴ℎ−1′)}𝐶′ 

= 𝐶 {𝐾𝐾′ + 𝐴𝐾𝐾′𝐴′ + ⋯ + 𝐴ℎ−1𝐾𝐾′𝐴′ℎ−1

} 𝐶′𝜎𝑒
2 

(51) 
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CHAPTER IV 

4. SIMULATION RESULTS 

4.1. Research Remarks  

To evaluate the performance of the methodology presented in this 

research, two datasets were used: a simulated crack growth development and 

the IEEE Data Challenge dataset. This section presents the research remark 

about these datasets and the research development.  

4.1.1. Type of Research 

This research is of the quantitative type, as the asset’s degradation 

process was represented by a number and statistical tests were required 

through model definition and RUL estimation. Computational simulations and 

a case study were used to evaluate performance of the models proposed. 

These classifications are based on the categories suggested by Beruvides & 

Omachonu (2001). 

4.1.2. Research Focus 

This research investigates the use of complimentary variables for a 

better asset’s RUL estimation. To fulfill its objectives the research mainly 

focuses on: 

 Simulating a degradation process under three conditions of 

parameter change point: non-existent, gradual, and sudden 

change.  

 Using the IEEE 2012 PHM Data Challenge data sets as a 

recognized instance of deterioration data, to evaluate the 

performance of the proposed methodology. 

 Using the data from the simulated model and the IEEE Data 

Challenge to: 

o Compare the ARX-RLS and NLAR-RLS methodology against 

the AR-RLS to determine the effect of complimentary 

variables into RUL estimation. 
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o Compare the ARX-RLS and NLAR-RLS methodology against 

the ARX-OLS to determine the effect recursive adaptation into 

RUL estimation.  

o Evaluate the ARX-RLS, ARX-OLS, NLAR-RLS and AR-RLS 

methodologies performance under four different performance 

indicators.  

 

4.1.3. Research environment 

This research is a cooperative investigation developed as a requirement 

in the agreement of a dual degree program between Texas Tech University 

and Tecnológico de Monterrey. Data analysis and analysis of results are 

performed under the supervision and guidance of academic members from 

both universities.  

4.1.4. Collection and treatment of data 

The programming language R, and the RStudio Integrated 

Development Environment, were used to code the RUL estimation algorithm. 

RStudio was also used to create graphs, perform necessary statistical test, 

and store numerical results.  

As in any research, some unexpected situations can occur. Chapter IV 

and Chapter V explain the respective data treatment for each of the datasets 

used.  

4.1.5. Methodology issues 

This section presents the methodological issues related to the reliability, 

replicability, and validity of this research.   

4.1.5.1. Reliability  

The data obtained from IEEE 2012 Prognostic Challenge is reliable as 

they were acquired under controlled operating conditions, and the 

measurements obtained with well-known equipment for that task. In the 

concerning to data treatment, the R programming language is a widely used 
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free software for statistical computing, data treatment and graphics.  

4.1.5.2. Replicability 

For replicability concerns, the methodology has been explained in 

previous sections and Chapter IV and V explain all the data treatment for each 

dataset. The criteria to add and drop terms in the model, formulas to determine 

confidence intervals and for RUL estimation were listed and detailed so any 

capable research can replicate this research and obtain similar results. The 

data acquisition and data treatment have been also explained with the software 

and equipment employed for such tasks. The IEEE 2012 Prognostic Data 

Challenge data are available to download along with an explicit explanation of 

their acquisition.  

4.1.5.3. Validity 

In this research, the statistical tests that were performed are also used 

in similar circumstances in statistical literature. Simulations and IEEE Data 

Challenge dataset have their scientific validity explained in their respective 

journal publications.  

4.1.6. Research limitations  

This research is limited by uncontrollable constraints, as any other 

research. One of the first limitations of this research is the scarcity of measured 

operating conditions; for simulation dataset and case study, operating 

conditions are not variable, through each individual life. The IEEE Data 

Challenge dataset imposes the constraint of an unknown failure threshold. 

Through the challenge documentation, no failure threshold is given and 

literature review of uses for this dataset, did not give a standardize one. The 

development of this research might encounter unexpected outputs that lie 

outside its scope, and therefore, limit the progress of its outcomes.  

4.2. Data Simulation  

This Chapter presents the first dataset used to evaluate the methodology 

and models presented in Chapter III. Computational simulations of the model 

developed by Sun et al. (2013) were performed to test the ARX-RLS methodology 
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on estimating the RUL under different scenarios of parameter change, percentage 

of available history, levels of measurement noise, and performance indicators. The 

simulations were made on the statistical programming language R using the 

RStudio Integrated Development Environment.  

4.2.1. Computational Simulations 

The model used to obtain the simulated data is present in Equation 52  

 

𝑥𝑡 = 𝑥𝑡−1 + 𝛼(𝑥𝑡−1)
𝛽 + 𝑤𝑡⏟              

𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑑𝑒𝑡𝑒𝑟𝑖𝑜𝑟𝑎𝑡𝑖𝑜𝑛

 

𝑦𝑡 = 𝑥𝑡 ⏟
𝐶𝑜𝑑𝑖𝑡𝑖𝑜𝑛 

𝐷𝑒𝑡𝑒𝑟𝑖𝑜𝑟𝑎𝑡𝑖𝑜𝑛

+ 𝑣𝑡 ⏟
𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡

𝑛𝑜𝑖𝑠𝑒

 

(52a) 

(52b) 

Where  

𝑥𝑡 is the crack length at time t of one component, in millimeters 
𝑦𝑡 represents the imperfect measurement crack size, which is provided from 
monitoring information. Measured in millimeters.  

𝛼, 𝛽 represent simplification for crack growth path. Sun et al. (2013) provide 
information on how this simplification has been used in other papers 

𝑤𝑡 Process noise 

𝑣𝑡  measurement noise 
  

From simulation to simulation, the following terms are randomized: 

𝛼~ 𝑈[0,0.002] is randomized to produce item-to-item uncertainty, 𝑥0~ 𝑁(9,2) 

initiation condition, 𝜎~ 𝑈[0,0.1] and 𝜏~ 𝑈[0,0.1]. In between simulations, the terms 

that are randomized are 𝛽𝑡~𝑈(1.7999,1.8001), 𝑤𝑡~𝑁(0, 𝜎2), and 𝑣𝑡~𝑁(0, 𝜏2). 

Then, condition 𝑥 follows a distribution determined by parameter vector θ, 

condition history and operating conditions, as presented in Equation 53. On 

concerning the error terms, the covariances among them are determined in 

Equations 54. 

 𝑥𝑡~𝐹(𝑥𝑡−1 |𝜃, 𝛽𝑡), 𝑤ℎ𝑒𝑟𝑒 𝜃 = [1 𝛼] (53) 

 
𝐶𝑜𝑣(𝑤𝑡, 𝑤𝑗) = 0, ∀ 𝑡 ≠ 𝑗 

𝐶𝑜𝑣(𝑣𝑡 , 𝑣𝑗) = 0, ∀ 𝑡 ≠ 𝑗 

(5455a) 

(54b) 
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𝐶𝑜𝑣(𝑤𝑡, 𝑣𝑗) = 0, ∀ 𝑡 = 1, 2, … , 𝑗 = 1,2, … (54c) 

 

The term βt was randomized for this simulation study in order to use it as 

complimentary variable. This term was considered as known and observable. The 

failure threshold level is 30 mm, as specified by Sun et al. (2013). The model in 

Equation 52 is used on a Monte Carlo simulation to obtain the simulated data. The 

general simulation description is explained below.  

Repeat until i=5,000 times { 

Obtain 𝛼𝑖 , 𝑥𝑖0, 𝜎𝑖, 𝜏𝑖 
Simulate yt until 𝑥𝑡 = 30𝑚𝑚 
Do for each methodology proposed { 
   Do for each history-length specified { 
     Estimate RUL  
     Obtain and record IEEE, MAD and PoC performance indicators 
   } 
} 

Calculate mean and variance of IEEE, MAD and total PoC for each model. 
Compare mean and variance of IEEE, MAD and total PoC for each model.  
 

For the purpose of this research, three parameter-change scenarios were 

analyzed: non-existent change, gradual change and step parameter change. 

These scenarios and the history-length aspects are explained in the next 

subsections.  

4.2.2. Simulation scenarios 

In this research, parameter change refers to the parameter  𝛼  on Equation 

52. For the first scenario, no parameter change, α suffered no change in between 

simulations. For the gradual parameter change, the function  𝑔 =
𝑎1−𝑎0

𝑡𝑒−𝑡0
∗ (𝑡 − 𝑡0) 

was used to specify the 𝛼 value. The term 𝑡0 represents the time at which the 

parameter change started, and 𝑡𝑒 stands for the time at which the gradual 

parameter change ended. The terms 𝑎0, 𝑎1 stand for the pre-gradual change, and 

post-gradual change value for 𝛼, respectively. 
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For the stepped-parameter-change scenario, the parameter vector was as 

indicated in Equation 56, with the same terminology as in the gradual change.  

 𝜃𝑡 = {

[1  

[1  

[1  

1.0 ∗ 𝛼],  

   𝑔 ∗ 𝛼],  

2.0 ∗ 𝛼],  

1
𝑡0

𝑡𝑒

≤
<
<

𝑡
𝑡
𝑡

≤
≤

𝑡0

𝑡𝑒 (55) 

 𝑡𝑒 = 𝑡0 + 1 (56) 

 

4.2.3. Complimentary Variables 

Sun et al. (2013) explain that Equation 52a is a simplification of Equation 

57,  

 𝑥𝑡 = 𝑥 + 𝐶𝑓𝑚𝛥𝜎𝑚𝜋
𝑚
2 (𝑥)

𝑚
2 + 𝑤𝑡 (57) 

   

Where 𝐶 and 𝑚 are empirically derived constants dependent on the 

component, they are constants for a given material known from traditional 

experiments (Sobczyk & Trȩbicki, 1989; Sobczyk, 1986); 𝑓 is a correction factor  

that depends on specimen and crack geometry; 𝛥𝜎 represents the remote stress 

range applied to the component.  

In this research, the term (𝑥𝑡−1)
𝛽, from Equation 52a, is considered as the 

known operating conditions. This term depends on the previous condition,(𝑥𝑡−1), 

and 𝛽 is a simplification of the operating conditions. In order for this term to work 

as complimentary variables, a variability is added to 𝛽, making it a uniform random 

variable: 𝛽~𝑈[1.7999, 1.8001], with the same variance as 𝛼.  

4.2.4. Non-decreasing Restriction 

When performing a full 5000-run simulation, using the exact model specified 

in Sun et al. (2013) some of the individual simulations presented a “healing” 

behavior, meaning that the crack length, 𝑥𝑡 decreased, healing itself with no 

external help, a physically impossible situation in real life. Figure 11 shows one 

thousand simulations of this model; it can be appreciated in the graph that some 

of the lines present a decrement on its value, implying the crack healed itself. The 
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blue lines represent individuals whose condition improved to a point where 𝑥 <

0.5 ∗ 𝑥1. This healing was a root cause to have simulations whose length was larger 

than 30,000 observations. The horizontal colored lines represent condition 

percentage levels for RUL estimation. 

 

Figure 11. Simulation of crack length evolution 

 

To overcome this situation, the term (𝑥𝑡−1)
𝛽 + 𝑤𝑡 was restricted to be 

positive. If this restriction is not met, a new 𝑤𝑡 residual is generated until the 

mentioned term is larger than zero. With this restriction, no “healing” behavior is 

observed and the simulation length decreased considerably.  

4.2.5. Simulation Length and Parameter Change 

After depurating the simulation algorithm, defining when parameters will 

change was the remaining issue, due to the highly variable simulations length. 

After the non-decreasing restriction, the number of observations ranged from 

around 50 to above 2000 observations, depending on combinations of 𝛼 and 𝜎. 

To determine the times for parameter change, both gradual and stepped, a 

simulation length limitation had to be established. Decreasing 𝛼′s distribution 

upper limit did not represent a significant decrement on simulations length. 

Therefore, the restriction was directly imposed to degradation lengths. Arbitrarily, 

the change point 𝑡0 is established to be 50, and all simulations with less than 60 

observations are discarded in order to ensure that all simulations suffer at least 10 
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gradual parameter changes or the unique stepped parameter change.  

As the number of observations increases, the effect of parameter change is 

forgotten, due to the use of forgetting factor, in consequence, simulations with 

more than 1000 observations were discarded.  

4.3. Simulation analysis  

This section presents the models to estimate RUL, the degradation 

percentages at which RUL was estimated, how these estimations were evaluated 

and a description of the scenarios for this evaluation. These scenarios emerged 

from the available simulation parameters for this dataset.  

4.3.1. Models for Simulation Dataset 

The simulation model provides two outputs 𝑦𝑡 and 𝑥𝑡, real condition and 

measured condition, respectively. For the purpose of this research, model fitting 

and RUL estimation is performed for 𝑦𝑡 since this research is concerned with 

estimating RUL based on a measurable variable, not on estimating the actual 

condition.  

Equations 58a-c present the models adjusted for the simulated data. For 

models 58b-c, it was observed on the first attempts at model fitting that the 

parameter for 𝑦𝑡−1 converged to one, therefore, for final estimations, these models 

used first-order differences to estimate 𝛼, which means ∆𝑦𝑡 = 𝑦𝑡 − 𝑦𝑡−1 =

𝛼(𝑦𝑡−1)
𝛽. Model 58d differs from model 58b in the way condition variable is 

forecasted. This difference is explained in the next subsection.  

 

 𝐴𝑅 − 𝑅𝐿𝑆:       𝑦𝑡 = 𝛼 ∗ 𝑦𝑡−1 + 𝑣𝑡 

𝐴𝑅𝑋 − 𝑅𝐿𝑆:     𝑦𝑡 = 𝑦𝑡−1 + 𝛼 ∗ (𝑦𝑡−1)
𝛽+𝑣𝑡 

𝐴𝑅𝑋 − 𝑂𝐿𝑆:     𝑦𝑡 = 𝑦𝑡−1 + 𝛼 ∗ (𝑦)𝛽+𝑣𝑡 

𝑁𝐿𝐴𝑅 − 𝑅𝐿𝑆:  𝑦𝑡 = 𝑥 + 𝛼 ∗ (𝑦𝑡−1)
𝛽+𝑣𝑡 

(58a) 

(58b) 

(58c) 

(58d) 

4.3.2. ARX-RLS and NLAR-RLS  

. The methodology presented in Chapter II, Equations 17-23 are used to 

forecast measured condition values assuming future constant operating 
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conditions, models in Equations 58a-c assume this behavior; however, while 

studying ARX-RLS performance, the idea of forecasting values with Equation 24 

arose, becoming model 58d. Figure 12 shows forecasting performance of these 

methodologies, solid lines represent NLAR-RLS and dashed lines represent 

forecasts obtained with ARX-RLS, the red dot indicates forecasting starting point. 

Figure 12 shows that although both models present a deviation from the real future 

value, NLAR-RLS presents a curved trend closer to real degradation trend than 

ARX-RLS. 

 

Figure 12. ARX-RLS vs NLAR-RLS performance 

  

4.3.3. Special conditions for each model 

The methodology presented in this document suggests that the first model 

should be specified with OLS parameters and after that, update parameters 

through RLS. The parameter vector obtained through OLS is the initial condition 

for RLS parameter vector. Lung and Söderström (1983) suggest  values less than 

one for matrix 𝐹(0). On the other hand, Jiang & Zhang (2004)  explain that for RLS 

parameters, its variance-covariance matrix is given by matrix 𝐹(𝑡), therefore, the 

initial value for this matrix is  𝐹(0) = (𝑋′𝑋)−1, where matrix (𝑋′𝑋)−1 is the same 

calculated to obtain OLS parameters, since it stands for the variance-covariance 
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matrix of the OLS parameters. By selecting this matrix as the initial condition 

for 𝐹(0), the parameter updating process starts from an already “familiar” value to 

the previous parameter, and not from a point not related to those initial parameters. 

In the simulations, 𝜆1, 𝜆2, forgetting factor terms, were established by trial 

and error tests, and the combination that presented a better visual model fitting 

was selected. The selected combination is  𝜆1 = 0.9, 𝜆2 = 1. The visual fitting 

improvement was more obvious when the parameter for the autoregressive term 

was also being estimated, before opting for modelling differences  ∆𝑦𝑡 = 𝑦𝑡 −

𝑦𝑡−1 =  𝛼(𝑦𝑡−1)
𝛽. After this point, no new combination was studied.  

4.3.1. RUL Estimation Points 

RUL estimation was performed when the value yt reached the 25th, 50th, 

75th, 85th, 90th, 95th, 97th, 98th, 99th percentile of the condition allowed between zero 

and the failure threshold. The estimations were performed at percentage levels to 

standardize the estimation as it was assumed that the life length will vary with the 

parameter change and it was expected that at early life stages, the observations 

do not provide enough information to perform a good estimation of the RUL. 

4.3.2.  Performance Evaluation  

For performance evaluation, the early or conservative RUL estimation refers 

to a RUL estimation that is smaller than the actual RUL. When the estimated RUL 

is bigger than the actual RUL, the estimation is considered as late estimation. For 

the case where failures want to be avoided, an early estimation is preferred versus 

a late estimation.  

The performance of the methodologies was evaluated through three 

different indicators: IEEE PI, MAD, and PoC. IEEE PI evaluates the RUL 

estimation error percentage. Equation 59 shows the formula to calculate the 

estimation percentage error. Equation 60 presents the score assignment for RUL 

estimation. The IEEE PI is proposed to evaluate the ARX-RLS performance for the 

situations when it is desired to avoid failures through early RUL estimations.  
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 𝐸𝑟𝑟𝑜𝑟(%) =
𝑅𝑈𝐿 − 𝑅�̂�𝐿

𝑅𝑈𝐿
∗ 100% (59) 

 𝐼𝐸𝐸𝐸 𝑃𝐼 = {
𝑒𝑥𝑝−𝑙𝑛(0.5)∗(

𝐸𝑟𝑟𝑜𝑟
5

) 𝑖𝑓 𝐸𝑟𝑟𝑜𝑟 ≤ 0    

𝑒𝑥𝑝+𝑙𝑛(0.5)∗(
𝐸𝑟𝑟𝑜𝑟

20
) 𝑖𝑓 𝐸𝑟𝑟𝑜𝑟 > 0    

 (60) 

 

Formula for Bias is presented in Equation 61. MAD is used for the cases 

where early and late predictions are equally relevant. Equation 62 shows the 

formula for MAD calculation. The PoC indicates the percentage of RUL estimations 

that fall between the confidence intervals for RUL estimations. The calculation of 

PoC is given in Equations 63 and 64, where 𝑁 represents the number of life history 

evaluated.  

 𝐵𝑖𝑎𝑠 = 𝑅�̂�𝐿 − 𝑅𝑈𝐿 (61) 

 𝑀𝐴𝐷𝑖 =  𝑅�̂�𝐿 − 𝑅𝑈𝐿  (62) 

 𝐶𝑜𝑣𝑒𝑟𝑎𝑔𝑒𝑖 = {

1,  𝑅�̂�𝐿𝑚𝑖𝑛 ≤ 𝑅𝑈𝐿 ≤ 𝑅�̂�𝐿𝑚𝑎𝑥

0,  𝑅�̂�𝐿𝑚𝑎𝑥 ≤ 𝑅𝑈𝐿 

0,                        𝑅𝑈𝐿 ≤ 𝑅�̂�𝐿𝑚𝑖𝑛

 (63) 

 PoC =  
∑ Coveragei

N
i=1

N
 

(64) 

 

4.3.3. Summary of scenarios  

The structure of the simulation model allowed analysis of results by 

condition percentage, by level of ratio between process noise and measurement 

noise, parameter-change scenario, and quantity of available measurements at 

each RUL estimation point.  

4.4. Results 

Before starting with performance evaluation, it is of interest to illustrate how 

the models behaved with a graphical example. Figure 13 shows the four models 

at different condition percentage RUL estimation. The left plot presents RUL 

evaluation at 25 % condition, where can be appreciated that both ARX-RLS and 

ARX-OLS forecast similar values due to their feature of considering the operating 
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condition variables as constant in the forecasting process. In addition, in this 

particular case, parameters were updated only once after initial OLS estimation, 

therefore, parameters between ARX-OLS, ARX-RLS and NLAR-RLS, were still 

similar. By not including operating conditions, AR-RLS model presented a more 

conservative forecast than the previous models. By updating operating-conditions 

term during forecasting process, NLAR-RLS developed a curved forecasting path. 

The middle and left plot show how models update their RUL estimations as 

condition increased. The curved and linear forecasting paths developed by each 

model can be more dramatic depending on the level of noise, linearity of the model, 

condition covered, and number of available observations at RUL estimation point.  

For each individual a model was fitted, a forecasting process was performed 

to estimate the time when such condition reached failure threshold, RUL was 

estimated, and performance was evaluated: Bias, MAD, IEEE, PoC, etc, were 

obtained; afterwards, the respective indicator for the 5000 individuals under that 

respective model was calculated. This process was repeated for each model under 

the three parameter-change scenarios. In total, there were 12 groups of 5000 

individuals. Figure 14 shows a grid of these combinations of model and parameter-

change scenarios.  

Through forecast process, three situations were encountered: individuals 

were not evaluated, decreasing forecasting, and evaluation. Not evaluation 

occurred when the observed condition did not “pass” through condition percentage 

zones (refer to Figure 11 and Figure 12 to check these zones), meaning that 

between observation t and t+1, the condition skipped one of this zones. Observe 

in Figure 14 that this happened mostly at higher percentage zones (85 and above), 

as the distance (in condition) between them is smaller, and by scenario, Stepped 

change scenario presents higher levels of no evaluation.  
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Figure 13. Model comparison with a graphical example 

 

Decreasing forecasting means that forecasted condition values presented 

a decreasing trend, leading to a never-reaching failure-threshold situation. If during 

forecasting process an individual presented fifteen consecutive decreasing 

values, �̂�(𝑡 + ℎ|𝑡) < �̂�(𝑡 + ℎ + 1|𝑡), forecast process was stopped since RUL 

estimation results impossible to perform. Finally, an individual was evaluated when 

forecasting process did not present any of the previous situations and RUL 

estimation could be done. The individuals that were evaluated gave the results 

explained in this section. For the cases where ℎ became higher than 10,000, the 

forecast process was also stopped since the forecast horizon was already 10 times 

as the maximum allowed simulation length, which does not mean that that specific 

simulation’s length was 1000.  
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Figure 14. Evaluation of model-scenario combination. 

 

Figure 15 shows the results for individual Bias evaluation classified by 

model and parameter-change scenario. Each point represents a RUL estimation 

for individuals that were evaluated by their respective model (blue bars on Figure 

14). A visual inspection of this graph shows that the biggest Bias records were 

obtained when few observations were available to estimate parameters (origin 

point, the x-axis), an abrupt decrement on bias values is detected at small origin 

points. Figure 16 is a zoom-in into these points, showing only evaluations made 

with at most 25 observations. This figure shows that from ten observations and 

above, Bias decreases considerably. All evaluations made with less than ten 

observations were removed to eliminate that column of extremely high biases. 

However, after removal of these records, ARX-OLS still showed high bias records. 
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Figure 15. Global Bias results for each model classified buy condition percentage 
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Figure 16. Individual Bias by RUL estimation Origin Point 
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A review of MAD records by condition percentage showed that both ARX-

OLS and ARX-RLS still present high deviations from real RUL. Figure 17 shows 

that AR-RLS and NLAR-RLS models presented small MAD results compared 

against the other two models. NASA (2008) recommends not performing RUL 

estimation at certain levels, as these estimations would not yield reliable and useful 

information. Attending this recommendation and supported by results in Figure 17, 

only evaluations performed at 50% and above will be analyzed in the remainder of 

this section. From here after, all results are based on indicators obtained from 

estimations made with at least 10 observations and at least 50% of condition 

covered. A comparative table of indicators obtained with all estimations and only 

the filtered dataset, is presented in Appendix C, in Table C. 1 to Table C. 3. 

 

Figure 17. MAD averages by Condition Percentage 

 

4.4.1. Performance Evaluation  

The following subsections present results for four classifications: by 
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condition percentage, by number of observations, by parameter adjustment and, 

finally, by Signal-to-Noise Ratio (SNR). These classifications were made to 

analyze the models response to scenarios that might result of interest when 

applying CBM. Results are presented in graphical and numerical form. The 

numerical form is given by statistical tests, with pairwise comparisons among the 

models. Kruskal-Walis non-parametric statistical tests (Hollander, Wolfe, & 

Chicken, 2013) were performed to check for equality in distributions, using the R 

function kruskalmc(). For PoC a proportion was tested, through the R function 

pairwise.prop.test(). Results for statistical tests are located in Appendix D. 

4.4.1.1. Results by Condition Percentage   

Analyzing results by condition percentage indicates how the models 

perform as degradation increases. Previous sections of this chapter explained that 

between 25-50 % none of the models had an acceptable performance. Supporting 

NASA’s (2008) claim that RUL estimations at early degradation stages can be 

done, but results are erroneous and making decisions based on them could be 

misleading.  Figure 18 shows a comparison of Bias by condition percentage for 

each model in three parameter change scenarios. All indicators improved as 

condition increased, except for IEEE PI. After 90 % condition, all models (except 

for ARX-OLS) decreased on IEEE PI, a situation caused by the nature of this 

indicator. The IEEE Data Challenge decided to penalize percentage error and not 

deviation; therefore, failing by 50 % gets the same score if it has a Bias of -10 or -

1. At final condition stages, (90 % and above) general Bias for all models can 

represent a higher percentage error than previous stages, with an estimated RUL 

of one, when in reality it is two. 

Among the four models analyzed, ARX-OLS showed the biggest positive 

Bias and considerably bigger MAD at all condition percentages. In terms of 

percentage error (IEEE PI), this model also showed the smallest IEEE PI and 

smallest PoC. Two situations caused ARX-OLS bad performance:  

1. Lack of adaptive parameters that causes ARX-OLS to try to model a 

non-linear model with a linear tool. Predictions made with ARX-OLS 
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forecast a linear trend considering all its history. If the crack increased 

its length at a slow pace, ARX-OLS will follow that trend. This can be 

seen in its estimation or RUL larger than 10,000 monitoring times. 

 
Figure 18. Bias results by Condition Percentage 

 

2. Constant operating conditions in forecast process. Considering the term 

𝛼(𝑦𝑡−1)
𝛽 constant at the forecasting process adds to the linear trend 

forecasted by ARX-OLS. This situation can be seen in Figure 13 that 

compares estimations of ARX-OLS vs NLAR-RLS.  
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From analyzing these performance indicators, is clear to see that ARX-OLS 

is not suitable for maintenance purposes as it can mislead maintenance decision 

making with its late estimations.  

In a similar process to ARX-OLS, ARX-RLS considered 𝛼(𝑦𝑡−1)
𝛽 constant 

during forecast process, producing an average positive bias at early condition 

stages. The difference between two models is the recursive calculations of its 

parameters and it is more evident at 75 % and above. After this degradation level, 

ARX-RLS produced conservative estimations. This conservativeness on 

estimations produced a smaller percentage error (translated to bigger IEEE PI), 

especially when there is a change in parameters. PoC however, decreases when 

condition reaches 97 %, this is due to the measurement error that causes 

estimations to be late, specifically if the last measurement is already the last 

observation. In terms of absolute deviation (MAD), all three models but ARX-OLS, 

present the same values after 95% in all three scenarios.  

Between AR-RLS and NLAR-RLS, the last one has a slightly more negative 

bias than AR-RLS. The good performance of NLAR-RLS is explained by the curve 

created by updating condition variables during forecasting process, showed in 

Figure 13. Despite that AR-RLS ignored the term 𝛼(𝑦𝑡−1)
𝛽, its good performance 

is due to the fact that this term’s contribution can be absorbed by a modelling error. 

This was seen in simulation process where this term was smaller than process 

noise.  

In Figure 18, and Table C. 4 to Table C. 6, in Appendix C, can be seen that 

ARX-RLS shows closer to zero bias than AR-RLS and NLAR-RLS due to the 

earliness of these last models. ARX-RLS balances late estimations and early 

estimations. Developing a curve causes NLAR-RLS to retrieve more conservative 

estimations than ARX-RLS. In terms of percentage error, NLAR-RLS shows a 

smaller percentage error at early condition stages, from 50-90 %.  

After analyzing models from condition approach, and considering only 

condition percentage, for maintenance purposes, the best models to employ at 
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early stages are AR-RLS and NLAR-RLS since their early predictions ensure 

avoiding corrective maintenance actions. However, between these two models, if 

operating condition variables have a bigger contribution to degradation process, 

NLAR-RLS is best option for cases similar to this degradation process.  

4.4.1.2.  Response to Measurement Noise  

The structure of the simulation model gave opportunity to analyze the 

models’ response to measurement noise. For this section, Signal-to-Noise Ratio 

(SNR) is defined as the ratio between the standard deviation for process noise (𝜎) 

and measurement noise (𝜏). The noise levels are (0, 0.05], (0.05, 0.1], (0.1, 0.2], 

(0.2, 0.5], (0.5, 1], (1, 10], (10, 51542], and they were selected to put emphasis on 

noisy situations, when SNR is less than one. Average and variance results are 

listed in Table C. 7 to Table C. 9, located in Appendix C; results for statistical tests 

are given in Table D. 6 to Table D. 8, located in Appendix D. 

Figure 19 shows results for each model under different noise levels. As with 

condition percentage, ARX-OLS presented considerably bigger positive bias 

compared with the rest of the models, and especially at low SNR, meaning this 

model is not suitable for measurement devices with high noise. ARX-RLS model 

showed closer to zero negative Bias especially at low SNR levels; however, when 

analyzing its performance measured through MAD, it is observed that this model 

has bigger absolute deviation than AR-RLS and NLAR-RLS, which means that 

ARX-RLS’s Bias is balanced between positive and negative deviations. 

At IEEE performance indicator, NLAR-RLS showed smaller percentage 

errors at all SNR levels, especially when it is larger than one. Between AR-RLS 

and ARX-RLS, it is the first one that presents smaller percentage errors, as its 

average IEEE PI is larger than the obtained by ARX-RLS.  

 AR-RLS showed a more conservative behavior with a MAD just slightly 

smaller than ARX-RLS when noise ratio is smaller than one. When SNR becomes 

larger than one, the linearity in ARX-RLS and ARX-OLS produced similar MAD for 

both models, although ARX-RLS showed bigger positive bias than ARX-OLS. The 

forgetting feature of ARX-RLS did not act in favor of this model since with clean 
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measurements ARX-OLS was more capable of correct forecasting.  

 

Figure 19. Bias by Signal-to-Noise Ratio 

 

At the “No Change” scenario, ARX-RLS showed a closer to zero Bias and 

smaller MAD compared to AR-RLS and NLAR-RLS, when SNR is less than one. 

In this case, the constant operating conditions and the late predictions that 

produced this model to present a better performance in these indicators.  
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In terms of PoC, the higher coverages where found when SNR levels were low 

since noisy measurements produced bigger residual variance causing wider 

confidence intervals. The opposite applies for high SNR levels, PoC decreases as 

SNR increases, since measurements are cleaner and residual variance decrease.  

4.4.1.3. Available observations for RUL estimation 

In some cases, monitoring intervals can be large or small, determining the 

amount of available observations to perform RUL estimations. The analysis made 

considering available observations had as purpose to determine if these models 

can be suitable for those cases were monitoring intervals are large. In this 

subsection, origin point is understood as number of measurements that have been 

obtained from time one up to the time when RUL estimations took place.  

Figure 20 shows bias records organized by its origin point. ARX-OLS 

showed considerably higher positive bias even with an origin point of 200. 

Similarly, conservative models AR-RLS and NLAR-RLS showed highly negative 

bias even when there was a high amount of available observations. Figure 20 

demonstrates that origin point by itself is not enough to describe patterns in 

models’ performance, due to variability in simulations lengths. Bias does in fact 

decreases with number of observations; however, this situation can be better 

explained if condition percentage is also included in this analysis.  

Groups based on origin point were created to discriminate between few 

observations (at most 20) and enough observations (at least 200) to fit a time 

series model. Origin point groups are [11, 20], [21, 60], [61, 100], [101, 200], [201, 

1000]. These groups do not contain the same amount of observations. Figure 21 

presents a matrix of bar plots, where rows represent condition percentage (only 50 

and 75 % for illustrative purposes), and columns classify results by parameter 

change. 

Groups based on origin point were created to discriminate between few 

observations (at most 20) and enough observations (at least 200) to fit a time 

series model. Origin point groups are [11, 20], [21, 60], [61, 100], [101, 200], [201, 

1000]. These groups do not contain the same amount of observations. Figure 21 
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presents a matrix of bar plots, where rows represent condition percentage (only 50 

and 75 % for illustrative purposes), and columns classify results by parameter 

change. 

 
Figure 20. Bias by RUL estimation origin point. 

 

The objective of presenting Figure 21 is to demonstrate that models’ 

performance is more dependent on percentage of life than on number of available 

observations. If after 200 observations, a crack development remained at 20% of 

life length, its large Bias is due to the distance from failure threshold, and not to 

number of observations available to perform RUL estimation. Models’ performance 
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based on origin point is consistent with what was seen in condition percentage 

analysis. ARX-OLS retrieves positive average bias, ARX-RLS showed positive 

bias at early life stages, but decreased them as origin point ratio increased. AR-

RLS and NLAR-RLS showed conservative estimations.              

 
Figure 21. MAD by Origin Point and Condition Percentage 

 

No statistical tests were done to check for significance in this scenario since 

origin point by itself did not explain decrement or increment on models’ 

performance, it required classification by condition percentage to show patterns on 

results. Statistical tests for results based on condition percentage were presented 

on Section 4.3.1.1.   
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4.4.1.4. Response to parameter change  

One of the reasons for using a recursive-parameter-estimation algorithm 

was its capability to adapt parameters in case a change point was present. This 

section presents the analysis made on the models’ performance comparing 

themselves in each parameter change scenario. In this case, only estimations 

made observations between 40 and 160, ten observations before change point 

started, and ten observations after it finished, in gradual change shows average in 

Bias, MAD and IEEE PI, and Percentage of Coverage for models, comparing them 

by change point scenario. Figure 22 shows the graphical representation of these 

results. Table C. 12, in Appendix C and Table D. 1 in Appendix D, contain average 

and variance results for each performance indicator, and results for statistical tests, 

correspondingly.  

 

Figure 22.  Model Comparison by Parameter-Change Scenario 

 

Parameter change caused an acceleration on crack development, 

incrementing non-linearity in the process. ARX-OLS is not suitable for parameter 

change scenarios because of the linear trend it develops in forecasting process 

and its lack of adaptiveness; its performance is worst in those cases where a 
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change point exists. According to Figure 22, ARX-RLS Bias is larger on gradual 

and stepped change. Predictions made before or through parameter change, 

followed the linear path drawn before the change. NLAR-RLS and AR-RLS 

produced a bias closer to zero when parameters changed, due to their feature of 

conservative predictions that were described in previous sections. As parameter 

change accelerates degradation, it brings forward end-of-life time, decreasing 

distance between estimated RUL and real RUL. Consequently, if there is a sign of 

a possible change in degradation process that accelerates it (increasing load, 

speed, working hours, etc.), AR-RLS and NLAR-RLS are the best option faced 

with ARX-RLS.  

4.4.2. Discussion 

Simulation dataset has a variable behavior due to variability in its 

parameters, leading to some individuals presenting an almost linear trend and 

others displaying a non-linear ascending trend. Results showed that if an individual 

showed non-linear trends the models AR-RLS and NLAR-RLS are more suitable 

for maintenance purposes, because of their conservative estimations. These 

conservative estimations are the result of their adaptive feature and updating 

exogenous variables in the forecasting process, for the case of NLAR-RLS. If the 

degradation trend is linear, or exogenous variables are not combined with previous 

condition measurement, ARX-RLS performed better than the previous models. On 

the other hand, ARX-OLS is not a suitable model for degradation processes due 

to its incapability of adapting to the trend, in addition to assuming that exogenous 

variables are kept constant through forecasting process.         

Considering that measurement devices present certain level of 

measurement noise, models’ performance was analyzed in terms of SNR levels. 

With noisy measurements, ARX-RLS showed balance between negative and 

positive Bias, while AR-RLS and NLAR-RLS, were more conservative. 

Furthermore, measurement noise leads to another particular situation in this data 

set at the end of life: measurements had reached (or surpassed) failure threshold 

while actual degradation had not reached it, causing late predictions. These results 
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suggest that if it is suspected, or known, that measurement noise might be of 

consideration (if SNR might be less than one). Maintenance decision making 

should be based on lower RUL limit, as it was shown that four models had a good 

performance in terms of PoC. 

These results also showed that number of available measurements is not 

decisive on accuracy of RUL estimations. With 200 measurements and 50 % 

degradation covered, estimations were still far from real RUL. Performance 

improved as degradation increased, being this factor the more decisive in model 

performance. Given that condition percentage is the main indicator of accuracy of 

RUL estimations, it is also recommended that as condition approaches failure 

threshold, RUL should be estimated with a higher frequency for better failure 

prediction.   
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CHAPTER V 

5. IEEE DATA ANALYSIS RESULTS 

5.1. Data Description 

This Chapter presents results for the second dataset used to evaluate the 

methodology proposed. The IEEE PHM 2012 Prognostic Challenge was part of 

the 2012 IEEE International Conference on Prognostics and Health Management. 

This challenged focused on estimating the RUL of bearings (Nectoux et al., 2012). 

In this section an overview of the experiments and the data is given. The database 

is available for download at http://www.femto-st.fr/en/Research-

departments/AS2M/Research-groups/PHM/IEEE-PHM-2012-Data-challenge.php.  

The vibration data were obtained from laboratory experiments performed in 

the platform PRONOSTIA. This platform was designed to degrade bearings under 

“normal” circumstances, without artificially introducing cracks or damage into the 

bearings or replacing them for a damaged one. For the IEEE 2012 Prognostic Data 

Challenge, vibration data was obtained under constant operating conditions. 

Figure 23 shows this platform.   

The experiment conditions for the IEEE 2012 PHM Challenge are: 

 Run-to-failure experiments. Bearings were considered failed when the 
amplitude of vibration signal overpassed 20g to avoid damage 
propagation to the platform and for safety reasons. 

 Three different, but constant during the test, operating conditions were 
considered: 

 First Operating Conditions:      1800 rpm and 4000N 

 Second Operating Conditions: 1650 rpm and 4200N 

 Third Operating Conditions:     1500 rpm and 5000N  

 Noise levels are not controlled. 
 The measured variables and their sampling frequency are: 

 Vibration signals (horizontal and vertical). Sampling frequency 25.6 
kHz. Every 10 seconds, 2560 observations are obtained.  

 Temperature signals. Sampling frequency of 10 Hz. Each minute, 
600 samplings are obtained.  
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Figure 23. PRONOSTIA experimental platform (Nectoux et al., 2012) 

 

The designers of PRONOSTIA (Nectoux et al., 2012) present some 

considerations concerning prognostics and RUL estimation on the data given by 

the platform that should be considered: 

 No knowledge about the nature or the origin (balls, inner or outer races, 
etc.) of degradation is known. 

 Theoretical models based on frequency signatures to detect bearings’ 
faults do not work with the data provided by PRONOSTIA. 

 Theoretical estimated life durations are different from those given by the 
experiments. 

 

The data sets obtained from each experiment are grouped in two sub data 

sets: Learning set and Test set. The Learning set contains complete run-to-failure 

data. Data in Test set is truncated so participants could estimate RUL, but 

complete history is available to download. Six data sets are given in the Learning 

set. Eleven data sets provided to test the algorithm. Temperature measurements 

were obtained during some experiments; the datasets in italic on Table 5 do not 
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include temperature measurements. Vibration measures are given in separated 

files from temperature measures. Table 6 shows the variables recorded for each 

sample point in vibration and temperature monitoring. 

Table 5. Datasets of IEEE 2012 PHM Prognostic Challenge 

Datasets 
Operating conditions 

1800 rpm 
4000N 

1650 rpm 
4200N 

1500 rpm 
5000N 

Learning Set 
Bearing1_1 Bearing2_1 Bearing3_1 
Bearing1_2 Bearing2_2 Bearing3_2 

Test Set 

Bearing1_3 Bearing2_3 Bearing3_3 
Bearing1_4 Bearing2_4  
Bearing1_5 Bearing2_5  
Bearing1_6 Bearing2_6  
Bearing1_7 Bearing2_7  

 
 

Table 6. Files arrangement in IEEE 2012 PHM Challenge 

 

Length of experiments varied significantly among operating-conditions 

groups, ranging from one to 17 hours. The level of acceleration of degradation is 

hard to quantify due to the influence of operating conditions, however, SKF (2015) 

present examples of bearings whose life expectation in working hours surpasses 

900 or 7000 under harder load conditions and smaller load conditions than this 

experiment, respectively.  

5.1.1.1. Data Scenarios 

With the data from the IEEE Data Challenge, the variable intensity of use 

scenario was studied through the following skipping methodology. The intensity 

operating condition was measured through the revolutions per monitoring cycle.  

The skip-sampling methodology consisted in not considering a sample as a 

new observation, instead, it was “ignored”, as if it did not take place, but 

Column 1 2 3 4 5 6 

Vibration 
Signal 

Hour Minute Second µ-second 
Horizontal 

acceleration 
Vertical 

acceleration 
Temperature 

signal 
Hour Minute Second 

0.x 
second 

RTD sensor  
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accumulating its intensity of use for the next observation. If one sampling time was 

ignored, the intensity of use at the next time was the sum of the two previous 

intervals. This way the intensity of use was variable. The vibration measure for 

non-skipped sampling times did not suffer an alteration. The time between non-

skipped monitoring times was considered to have the same length. Figure 24 

shows how this methodology worked. In the graph on the left, the original data, 

with constant intensity of use, are graphed. The points were sampled, while the 

crosses were ignored. In this example, the intensity of use per monitoring interval 

is 11rpm. The first five points are observed (not ignored) and in both plots they are 

graphed the same. The sixth point is the first to be skipped; therefore, in the right 

figure it is not graphed, the next point to graph in the right figure is the 

corresponding to the seventh point in the left graph. The intensity of use is the sum 

of the RPM corresponding to interval 6 and 7 of the original data, which will be 22. 

Following this methodology, the final data are presented in the right graph after 

skipping the crossed data. The intensity of use is variable.   

 

Figure 24. Skip-Sampling methodology 

  

To determine what samples are skipped, a Bernoulli experiment was 

employed. At every sampling point, a random variable following a Bernoulli 

distribution was generated. The possible outcomes for this variable were “sample” 
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and “skip”. The probability of being “sample” is 0.8 and the probability of being 

“ignored” is 0.2. The Bernoulli experiment is coded in programming language R, 

using its functions to generate random numbers.                         

5.1.1.2. Summary of Scenarios 

The performance was evaluated with the same four performance indicators 

used with the simulation data: Bias, MAD, IEEE PI, and PoC. Given the 

characteristics of this dataset, only comparisons at condition percentage were 

possible.  

5.2. Variable Selection 

According to IEEE Data Challenge documentation (Nectoux et al., 2012), 

experiments were stopped for security reasons if accelerometers measured 20 g; 

however, after analyzing minimum and maximum acceleration measurement for 

each monitoring time, none of the experiments was stopped when this criteria was 

met.  

Table 7 presents the amount of measurements and hours elapsed after 

maximum and minimum in a measurement was 20 g or -20 g, respectively, for 

each bearing. When hour is zero, means that the feature never reached the safety 

limit imposed. Some bearings remained rotating for more than six hours after the 

accelerometer measured 20 g. Therefore, IEEE Dataset does not have a defined 

failure threshold, nor a defined condition variable.  

For variable selection, seven different time-domain vibration features were 

studied: RMS, Kurtosis, average, variance, minimum, maximum, and average of 

the five highest absolute acceleration values, for both vertical and horizontal 

vibration. In the frequency-domain variables Fast-Fourier Transform was also 

analyzed; however, none of these variables gave the desired behavior for 

prognostics purposes in this particular case: increasing trend, and no further 

observations after reaching its peak (Hong, et al., 2014).  
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Table 7. Measurements and hours elapsed between acceleration reaching 20 g and end of 
experiment 

 Minimum Maximum 

Bearing Measurements Hours Measurements Hours 

LS.B11 11 0.031 0 0.000 

LS.B12 725 2.014 1 0.003 

TS.B13 44 0.122 1 0.003 

TS.B14 134 0.372 0 0.000 

TS.B15 2463 6.842 2463 6.842 

TS.B16 395 1.097 2248 6.244 

TS.B17 28 0.078 28 0.078 

LS.B21 59 0.164 5 0.014 

LS.B22 6 0.017 0 0.000 

TS.B23 1674 4.650 2 0.006 

TS.B24 751 2.086 751 2.086 

TS.B25 4 0.011 0 0.000 

TS.B26 701 1.947 701 1.947 

TS.B27 3 0.008 3 0.008 

LS.B31 21 0.058 515 1.431 

LS.B32 1637 4.547 1 0.003 

TS.B33 434 1.206 434 1.206 

 

RMS was the variable that showed a behavior closer to the desired one. 

However, some adjustments had to be made to it. To incorporate information from 

both horizontal and vertical vibrations, global RMS was calculated. RMS for vertical 

and horizontal acceleration was first calculated with Equation 65a. Global RMS 

was calculated after it with Equation 65b.  

 

  𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙  𝑅𝑀𝑆𝑣/ℎ,𝑡 = √
1

2560
 ∑ 𝑎𝑐𝑐𝑣/ℎ,𝑡,𝑖

22560
𝑖=1   

(65a) 

 𝐺𝑙𝑜𝑏𝑎𝑙 𝑅𝑀𝑆𝐺,𝑡 = √𝑅𝑀𝑆𝑣,𝑡
2 + 𝑅𝑀𝑆ℎ,𝑡

2  
(65b) 

 
Where:  

𝑣, ℎ stand for vertical or horizontal measurement, respectively.  
𝑡 for the measurement number, 𝑡 = 1, 2, …, until bearing failed 
𝑖 acceleration values obtained at each measurement point 𝑡, 𝑖 = 1,2, … ,2560 
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To ensure variable operating conditions, the skip-sample methodology was 

applied to global RMS, with a probability of a measurement being sampled of 0.8 

and 0.2 of being skipped. Since there is no defined failure threshold for this dataset, 

it was decided that each bearing should have its individual failure threshold, 

establishing it as the maximum RMS value observed. Any measurement after this 

maximum is discarded.  

Figure 25 presents all observations (upper plot) and the final reduced 

dataset (bottom plot). The reduced dataset was used for analysis made and 

explained in the remaining of this section.  

 

Figure 25. RMS for all and not-skipped observations 

 

5.3. Data Analysis 

For IEEE Dataset analysis only two models are considered: AR-RLS and 

ARX-RLS; ARX-OLS was discarded as it showed in simulation analysis to have a 

bad performance in estimating RUL when there is a trend and noisy 

measurements. Equations 66-b show the models’ structure. Only one exogenous 

variable was selected since both load and velocity are constant through each 
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bearing’s life and the skip sampling methodology produces both variables to 

increment by the same factor, creating a correlation among them. The 

autoregressive order was selected in the pre-RUL estimation phase with residuals 

variance as the selection criteria. The order that minimized most of the 17 

variances (no smoothing, no RLS parameters) was selected.  

 

 

 

                               𝐴𝑅 − 𝑅𝐿𝑆:     𝑦𝑡 = ∑ 𝛼𝑖 ∗ 𝑦𝑡−𝑖

5

𝑖=1

+ 𝑣𝑡 

𝐴𝑅𝑋 − 𝑅𝐿𝑆:      𝑦𝑡 = ∑ 𝛼𝑖 ∗ 𝑦𝑡−𝑖

5

𝑖=1

+ 𝑅𝑃𝑀𝑡 + 𝑣𝑡 

(66a) 

 

(66b) 

 
In Figure 26, a failure development is graphed. This figure shows that in this 

dataset, bearings spent a high proportion of its life under 50 % of failure threshold 

condition and condition degrades suddenly in a short time interval. As expressed 

in Simulation Results, a good model performance is dependent on level of 

degradation; best RUL estimations were obtained at condition percentages of 75 

and above.  

 
Figure 26. Failure development on IEEE dataset 

 

Since deterioration rate dramatically increased in a short time interval, 

forgetting factor takes a greater relevance in this situation. For the specific case 

presented in Figure 26, its previous degradation path gives no indication of a failure 
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development; therefore, it is not useful to carry information from previous 

monitoring times. In this basis, RUL estimations were made under three different 

forgetting factor levels: 0.50, 0.85, and 0.90.  

Figure 26 also shows that RMS observations presented high levels of noise 

and a slow increasing trend. To improve RUL estimations, Holt’s exponential 

smoothing for trended data (Gardner, 2006; Holt, 2004) was applied. Equations 

67a-b explain this exponential smoothing.  

 
𝑆𝑡 = 𝛼𝑅𝑀𝑆𝑡 + (1 − 𝛼)(𝑆𝑡−1 + 𝑇𝑡−1)  

𝑇𝑡 = 𝛾( 𝑆𝑡 − 𝑆𝑡−1) + (1 − 𝛾)𝑇𝑡−1 

(67a) 

(67b) 

Where  

𝑅𝑀𝑆𝑡 is RMS at time t 

𝑆𝑡 smoothed level of  𝑅𝑀𝑆𝑡 
𝑇𝑡 smoothed additive trend at time t 

𝛼 smoothing parameter for RMS 
𝛾 smoothing parameter for trend 
 

The levels chose for 𝛼  were 0.10, 0.30, and 0.50, since RMS observations 

present high variation. As Figure 26 shows, trend slowly increases in this dataset; 

however, when trend increases, it increases at a high rate. To study the necessity 

of keep trend information or forget it, the levels chose for 𝛾 were 0.50, 0.75, and 

0.90.  

5.4. Results 

After data analysis, results are presented in this section, obtained by 

condition, smoothing, trend, forgetting factor, and some combinations of them. 

Graphical results are presented in this section, and numerical and nonparametric 

statistical tests are given in Appendix E. Figure 27 shows results for all condition 

levels, excluding all estimations for bearing TS.B25 since it spent its entire life 

under 50% condition and suddenly, from one observation to the other, reached 

failure threshold. Condition 0% represents estimations made at the last (or 

previous closest to last) observation that was provided at the 2012 IEEE Data 

Challenge, these results will be described later in this section.   
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As expected, at 25 and 50%, both models estimate failures considerably 

earlier than real failures. In both situations, ARX-RLS is the model that produced 

the closer to zero Bias. However, estimations made above of 75% condition, are 

statistically equal for both models. Table E. 1 and Table E. 2 in Appendix E, contain 

detailed average and variance results by condition percentage, and statistical tests 

results, respectively, for each model by condition percentage.  

 

Figure 27. IEEE Dataset Bias results by Condition Percentage 

 

Table 8 contains global results for each model under the four performance 

indicators used in this research, calculations were made with RUL estimations 

where at least 75% of condition had been covered. IEEE dataset results are 

consistent with those obtained in the Simulations dataset: if the condition 

percentage increases, RUL estimations become conservative, giving a negative 

average Bias. IEEE PI indicates that the average percentage error for both models 

was approximately 31%.  

Table 8. IEEE Dataset global results 

Model Bias MAD IEEE PI PoC 

AR-RLS -5.5953 6.0071 0.3343 90.36% 

ARX-RLS -5.8785 6.0494 0.3362 92.48% 
 

Table 9 presents results analyzing estimations in terms of smoothing, trend 

and forgetting factor; as explained before, these results correspond only to 
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estimations made at 75 % condition and above. In accordance to results in Table 

8 and Figure 27, models do not show a significant difference in their performance, 

a situation that was proven with statistical tests, presented in Table E. 3, located 

in Appendix E. However, applying a smoothing algorithm and forgetting factor does 

increase the possibility of estimating RUL. After realizing these factor levels did not 

show any significant difference, a run with no smoothing, no trend and almost no 

forgetting factor (it was 0.99) was performed for all bearings, and it was found that 

with no treatment, models could only estimate RUL on 3 % of RUL estimation 

points. 

Table 9. Performance Results by Forgetting, Smoothing and Trend Factor. 

Factor 
Factor 
Level 

Model 
Bias MAD IEEE PI PoC 

(%) Avg Var Avg Var Avg Var 

Smoothing 
Factor 

0.1 
AR-RLS -5.57 251.39 6.42 241.20 0.30 0.14 87.09 

ARX-RLS -6.30 245.81 6.54 242.63 0.29 0.13 89.51 

0.3 
AR-RLS -6.17 238.70 6.35 236.51 0.36 0.16 92.49 

ARX-RLS -6.24 241.02 6.37 239.33 0.37 0.16 94.53 

0.5 
AR-RLS -5.02 131.42 5.23 129.30 0.34 0.16 91.56 

ARX-RLS -5.08 130.41 5.21 129.04 0.35 0.16 93.40 

Trend 
Factor 

0.5 
AR-RLS -5.71 198.64 5.91 196.29 0.34 0.15 90.52 

ARX-RLS -5.79 201.19 5.97 199.06 0.34 0.15 91.61 

0.75 
AR-RLS -5.73 199.01 5.93 196.66 0.33 0.15 90.24 

ARX-RLS -5.80 200.86 5.97 198.82 0.33 0.15 92.28 

0.9 
AR-RLS -5.35 227.22 6.18 217.65 0.33 0.15 90.33 

ARX-RLS -6.05 217.96 6.21 215.99 0.33 0.15 93.54 

Forgetting 
Factor 

0.5 
AR-RLS -5.65 253.57 6.44 244.09 0.36 0.16 90.61 

ARX-RLS -6.26 240.01 6.41 238.02 0.34 0.15 92.77 

0.85 
AR-RLS -5.47 175.97 5.67 173.78 0.32 0.15 90.52 

ARX-RLS -5.42 174.72 5.61 172.58 0.34 0.15 91.82 

0.9 
AR-RLS -5.66 195.27 5.91 192.31 0.32 0.14 89.97 

ARX-RLS -5.97 204.69 6.13 202.72 0.33 0.14 92.88 

 

The peculiarity of this specific dataset explains the lack of significant 

difference between models. Figure 26 showed that for bearing LS.B11, its 

degradation remained under 25% most of its life, and suddenly degraded until 

reaching its failure threshold. This was a general feature for all bearings. Figure 28 

presents boxplots for the percentage of life at which each one of the estimations 
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was made. Note that only estimations made with least 75% condition covered are 

considered. This percentage of life was calculated by dividing the origin point by 

the total number of observations for each bearing. As can be seen in this graph, 

for all bearings, at least 97 % of its life elapsed before the bearing started showing 

real signs of degradation.  

 

 

Figure 28. Distribution of RUL estimation points on Percentage of Life 

 

For these bearings, the critical part of the degradation process occurs within 

a considerably small percentage of life; the remaining critical 25 % of degradation 

occurs with a deterioration rate big enough for the degradation process to draw a 

practically straight line. Under these circumstances, both models were capable of 

adapting their parameters to these changes and retrieve conservative, relatively 

small-biased RUL estimations.  

This sudden degradation at end of life explains the poor performance for 

the contestant methodologies at the 2012 IEEE PHM Data Challenge. The data 

provided were (in most cases) before degradation explosion. In the academic 
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category, the winner  score was 0.3066 from a method that estimated RUL based 

on comparisons on duration of degradation stages between learning and training 

sets (Sutrisno et al., 2012). Winners of industry category achieved a 0.248 for a 

method that analyzed accumulated degradation (Porotsky & Bluvband, 2012). 

Table 10 shows results for the truncated Test Set provided for the IEEE 

Data Challenge, applying the methodology presented in this document. These 

results illustrate that, for the purposes of the data challenge, these models are not 

appropriate. The AR-RLS and ARX-RLS models aim to identify trends in order to 

estimate RUL and, as explained widely in this document, under 75 % of 

degradation, accurate RUL estimation is almost impossible. The truncated Test 

Set provided in the IEEE Data Challenge did not present a trend, and condition 

variable had not reached the necessary percentage required for RUL estimations.  

Table 10. Results for IEEE Data Challenge.  

Model Bias MAD IEEE PI PoC 

AR-RLS -238.1688 239.2165 0.0473 97.40 

ARX-RLS -161.1357 377.8794 0.0414 98.99 

 

5.5. Discussion  

The IEEE dataset appropriately represents the issues that CBM has still to 

face: lack of information about operating condition process; lack of historical failure 

data; alarm levels wrongly established; a clear change in degradation rate; and 

bad RUL estimations at inadequate deterioration percentages.  

In this research, the established failure threshold led to ignoring a high 

percentage of measurements on bearing TS.B25, and sudden increment on 

degradation rate in other bearings. A sudden increment on degradation rate 

caused both models to obtain equal RUL estimations and a bad performance for 

ARX-OLS, since this change in degradation process produced a practically straight 

line in the last percentage of life. A more frequent RUL estimation is suggested if 

the degradation process presents a drastic change in degradation process. In 

addition, it would be of interest to monitor degradation rate, to be able to identify 

these drastic changes, and act as soon as possible when they appear.  
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IEEE dataset reinforces NASA’s suggestion that under certain condition 

levels, estimating RUL is pointless (NASA, 2008). Considerable condition 

degradation is required to obtain RUL estimations that could be used for 

maintenance decision making. Without information on failure development, the 

prognostics technique presented here did not show good results. For this dataset 

in particular, that level was 75 %, estimations improved considerably when this 

percentage was reached. 
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CHAPTER VI 

6. CONCLUSIONS 

6.1.  Conclusions 

The research developed in this document emerged from some issues found 

on CBM prognostics field: ignoring operating context that influences the asset’s 

degradation process, the scarcity of historical failure data on the deterioration 

process and the operating context, and changes in condition evolution. Many 

prognostics techniques require historical failure data to estimate the RUL of an 

asset; these data are not available in real CMB applications. Few prognostics 

techniques include operating conditions in the form of exogenous variables to 

model its influence on the asset deterioration. This situation is summarized as the 

necessity of a prognostic methodology that required no historical failure data that 

incorporated operating conditions into RUL estimation, and would adapt to 

possible change points in condition evolution.  

To address the problem, this document presented three ARX models that 

incorporate operating conditions as exogenous variables into a RUL estimation 

methodology, and compared them against an AR model. For parameter 

estimation, OLS and RLS were used to test their adaptation capabilities to 

degradation trends and changes in degradation rates. Four performance indicators 

were established for evaluation: Bias, Mean Absolute Deviation, IEEE 

Performance Indicator, and Percentage of Coverage. The models and parameter 

estimation algorithms were analyzed with two degradation datasets: a simulated 

crack growth on aluminum plates, and bearings accelerated test life. The datasets 

used presented different degradation processes between them and high variability 

in degradation rates among their items, allowing testing the models in different 

scenarios. 

The Simulation dataset permitted testing the models in terms of linearity of 

degradation trend (indirectly observed through the longitude of each simulation), 

levels of noise, RUL estimation origin point, change on degradation rate 

(parameter change scenarios), and percentage of condition covered. On the other 
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hand, the bearing dataset allowed observing the models performance with actual 

degradation data and all the irregularities they might present, like a sudden, un-

announced, drastic increment on degradation rate. 

Hypotheses described in Chapter 1 were intended to 1) test significance of 

including exogenous variables in RUL estimations, 2) test significance of 

parameter updating in RUL estimations, and 3) test convenience of considering 

constant complimentary variables in the forecasting process. For Hypothesis 1, 

statistical analyses were made considering different scenarios, especially for 

simulation dataset. Even though hypotheses cannot be answered with a 

rejected/no rejected due to the complexity of analysis made and because no model 

showed absolute superiority in performance at all scenarios, results allowed 

drawing conclusions that are as follows:  

 By condition percentage. Significant difference exists among models 

depending on condition percentage. Below 90 % condition, statistical 

tests showed significant differences among models ARX-RLS model 

produced a smaller absolute Bias than AR-RLS and NLAR-RLS. 

However, at 95 % and above significant difference among models 

cease to exist. Up until 90 % condition, RUL estimations made with 

ARX-RLS produced smaller MAD. The model NLAR-RLS showed 

better performance at IEEE PI and PoC.  

 By SNR. Considering SNR levels, ARX-RLS performed significantly 

better than the other two models at low SNR levels. However, when 

SNR is equal or larger than 0.5, NLAR performed significantly better, 

showing therefore, significance of the operating conditions, it also 

showed smaller percentage error (larger IEEE PI) and larger PoC 

than the rest of the models.  

 By origin point. Both datasets demonstrated that number of 

observations do not ensure a good prognostic performance. In 

accordance to NASA (2008), prognostics at low degradation 
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percentages are not accurate. For any technique to work 

appropriately, a significant level of degradation is required. In 

simulated crack growth, 50 % of failure threshold level was enough, 

while IEEE dataset required that at least 75 % of this limit to be 

covered. Before this percentage, data showed no significant trend, 

producing bad RUL estimations.  

 For Hypothesis 2, results by condition percentage, SNR, parameter 

change, and origin point showed that models with RLS parameters performed 

considerably better at RUL estimations than ARX-OLS model in both mean and 

variance. The model ARX-OLS showed late estimations in the simulation dataset, 

due to its lack of adaptiveness to evolution of condition trend and to constant 

exogenous variables in forecasting process. ARX-OLS followed the trend that the 

entire history indicated, a more obvious situation in the IEEE dataset where it 

would forecast non-trended paths, since the available condition measurements 

showed no trend. 

Hypothesis 3 compared the models ARX-RLS and NLAR-RLS. NLAR-RLS 

model was used only for simulation dataset since for IEEE Data Challenge dataset 

the structure of the ARX model did not contain combinations of previous condition 

variable and complimentary variables. A general form of comparisons among 

these models was presented in results for Hypothesis 1, were both of them were 

compared against AR-RLS. The comparisons among these models that were not 

presented in Hypothesis 1 are presented here: 

 By Condition Percentage: ARX-RLS model showed smaller absolute 

Bias and smaller MAD, while NLAR-RLS model produced larger 

IEEE PI and larger PoC.  

 By SNR: for levels of 𝑆𝑁𝑅 ≤ 0.2, ARX-RLS showed better 

performance at Bias and PoC. Above this level, NLAR-RLS showed 

better performance at all performance indicators.  
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 The main difference among these models lays on the degradation 

path. If degradation was producing a curved path, then NLAR-RLS 

model was more accurate than ARX-RLS. If the degradation is 

developing a slow ascending path, then ARX-RLS was a better 

option.  

 Table 11 contains a summary of models that performed better at each 

indicator, under the scenarios studied. The scenarios correspond to those 

analyzed in the simulation dataset since for IEEE Dataset, statistical tests showed 

no difference among models and each factor. For condition percentage scenario, 

results are for levels of 90 % and below. Statistical tests were made among models 

by scenario levels for each indicator. The model shown in Table 11 was the most 

recurrent in best performance in each scenario, ARX-RLS, for example, had the 

smaller absolute Bias value at 50, 75, 85 and 90 % condition percentage.  

Analysis of these results also showed that ARX-RLS model performed 

better when condition described a linear trend since this model assumed that 

exogenous variables would remain constant through forecasting process; by 

following this assumption, its condition predictions developed a linear trend, closer 

to the actual degradation path. On the other hand, NLAR-RLS performed better 

when the degradation trend was nonlinear, due to its feature of forecasting 

operating condition variables that created a curved condition forecasts.  

At the IEEE dataset, RUL estimations were performed using different levels 

of smooth, trend, and forgetting factor. Analysis of results showed no significant 

difference among them.  

From these analyses, two main conclusions are established: after 

discarding ARX-OLS, the NLAR-RLS and ARX-RLS models showed a general 

best performance than the model found in literature.  
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Table 11. Summary of Hypothesis testing 

Hypotheses Scenario Bias MAD IEEE PI PoC 

Best Model in bias 
(Hypotheses 1a and 
1b) 

Condition 
Percentage 

ARX-RLS ARX-RLS NLAR-RLS NLAR-RLS 

𝑆𝑁𝑅 < 0.5 ARX-RLS NLAR-RLS NLAR-RLS NLAR-RLS 

𝑆𝑁𝑅 ≥ 0.5 AR-RLS NLAR-RLS NLAR-RLS NLAR-RLS 

Best Model in 
Variance per 
Indicator 
(Hypothesis 1c) 

Condition 
Percentage 

ARX-RLS ARX-RLS 
Not 

conclusive 

- 

𝑆𝑁𝑅 ≤ 0.2 ARX-RLS AR-RLS 
- 

𝑆𝑁𝑅 > 0.2 AR-RLS AR-RLS 

Best Parameter 
Estimation 
Technique in bias 
(Hypotheses 2a and 
2b) 

Condition 
Percentage 

ARX-RLS 

SNR 

Best Parameter 
Estimation 
Technique in 
Variance 
(Hypothesis 1c) 

Condition 
Percentage 

ARX-RLS 

SNR 

Best complimentary 
variables behavior in 
forecasting process. 
Bias (3a, 3b) 

Condition 
Percentage 

ARX-RLS ARX-RLS NLAR-RLS NLAR-RLS 

𝑆𝑁𝑅 ≤ 0.2 ARX-RLS NLAR-RLS NLAR-RLS ARX-RLS 

𝑆𝑁𝑅 > 0.2 NLAR-RLS NLAR-RLS NLAR-RLS NLAR-RLS 

Best complimentary 
variables behavior in 
forecasting process. 
Variance (3c) 

Condition 
Percentage 

ARX-RLS ARX-RLS 
Not 

Conclusive 

- 

𝑆𝑁𝑅 ≤ 0.2 NLAR-RLS NLAR-RLS - 

𝑆𝑁𝑅 > 0.2 ARX-RLS ARX-RLS - 

 

6.2. Recommendations 

From this research, recommendations can be made to maintenance 

managers, maintenance practitioners, or public interested in maintenance 

prognostic techniques: 

1. Avoid using OLS algorithm to estimate model parameters since this 

model would forecast condition variables considering the entire individual 

degradation history of the asset, producing late RUL estimations. 

Maintenance based on these estimations could be misleading and costly 

to the company. Evidence showed in this research encourages not using 

this parameter estimation algorithm. 
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2. Monitor and keep a detailed, standardized, and understandable log of 

operating environment. Maintenance programs need to consider the 

system in which the equipment is embedded. Monitoring tasks should be 

appointed also to the equipment’s connections with its operating 

environment, not only its own degradation, paying attention to what is 

happening inside the equipment and around it.  

3. Use a combination of ARX-RLS and NLAR-RLS/AR-RLS models to 

model and forecast condition variables. From these three models, none 

of them showed superior performance in all scenarios, therefore, use the 

advantages of each one for a better maintenance program. At early 

condition stages, when linearity in condition trend is not clear, employ 

NLAR-RLS/AR-RLS model to have a conservative RUL estimation. 

When condition trend shows linearity or non-linearity, switch to a more 

appropriate model. Remember that even conservative approach, can be 

costly for a company.  

4. Increase RUL estimations frequency as condition variable approaches 

failure threshold. IEEE dataset showed that degradation rate could 

increase suddenly without previous notice; to minimize the risk of 

unexpected failure, estimate RUL more frequently as condition 

approaches failure threshold.  

5. Make maintenance decisions based on RUL estimations and its lower 

confidence interval. Considering lower confidence interval for RUL 

estimations could help minimize the risk of an unexpected failure. 

Depending on the scenario and model, PoC ranged from 50-100 %, 

giving a probability for actual RUL to be at least the same of lower 

confidence interval for RUL.   

6. Keep constant communication with the department whose operations 

depends on each monitored equipment. Information exchange with 

production department is useful to determine the best times to schedule 

a downtime and maximize maintenance programs performance.  
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7. Build a detailed, standardized, and understandable condition degradation 

database for maintenance purposes. One of the main issues of CBM is 

the scarce historical failure data and records about decisions made 

based on prognostics techniques. When there is no available historical 

failure data, the models presented in this research should be use for RUL 

estimations. However, as information becomes available, decision-

making could be improved, maintenance rules could be developed, 

maintenance costs minimized, and in general, maintenance programs 

enhanced. Include condition variables, operating conditions, operating 

environment, maintenance decisions made, maintenance tasks 

scheduled, maintenance costs (direct and indirect) involved, feedback 

from production department, etc. With more information, better planning 

and better costs can be achieved.  

6.3.  Future Research Opportunities 

The methodology presented in this research fills a gap in CBM prognostics 

techniques by incorporating operating conditions into RUL estimations; however, 

this research also creates the following opportunity areas for improvement of this, 

and other CBM prognostic techniques: 

 Monitor condition variables with control charts to identify, as soon as 

possible, significant changes in degradation rates. IEEE dataset 

showed that in real life degradation might not happen slowly and 

gradually. Maintenance managers could take advantage of knowing 

when condition variables suffered a change in degradation rate by 

increasing frequency of monitoring tasks, and/or RUL estimations; to 

identify what is causing the sudden increment in degradation, this 

change could also be indicative of a failure development in other part 

of the equipment.  

 Include distribution for estimated residual variance. In this research, 

the distribution for the estimated residuals’ variance was not included 

in bootstrap algorithm. The NLAR-RLS still showed a good 
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performance in PoC despite ignoring such variance. However, for an 

improvement on this performance indicator, in future works this 

variability should be included in bootstrap algorithms.  

 Consider variable operating conditions in forecasting process. Even 

if operating condition variables are not in combination with previous 

condition variables, forecasted operating condition variables could 

improve accuracy of RUL estimations by incorporating the effect they 

would have in the future. Difference between ARX-RLS and NLAR-

RLS supports the need of forecasting operating condition variables. 

 Consider monitoring intervals as a continuous unit of time to improve 

models performance. This research calculated RUL in terms of 

condition value at next monitoring interval; however, condition 

variable might reach failure threshold between monitoring intervals, 

considering time in continuous form is useful especially if units in 

monitoring intervals are weeks or months.  

 Evaluate performance models in terms of maintenance decision-

making. All performance indicators used in this research, and in 

general in CBM literature, require real RUL, which are useful in a 

model calibration phase. However, a more reality-oriented evaluation 

could be done by evaluating the results of decision-making based on 

these models. Although in decision-making many aspects need to be 

considered, the following are suggestions rarely seen in CBM 

prognostic literature: 

o A variable indicating the amount of monitoring intervals required 

to be prepared for maintenance actions. A good RUL estimation 

should give failure notification with enough time to gather spare 

parts, maintenance crew, alert production department, etc. If an 

item failed before this preparation time elapsed, RUL estimation 

was not accurate enough.  
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o Include decision rules like reduction of production, change on 

operating conditions, etc., that minimize consequences of 

unexpected stoppages. Informing production department of 

imminence of a failure could help to reduce costs associated with 

an unexpected stoppage. If these rules were established too 

early, or too late, RUL estimations were not accurate enough.  

o Consider maintenance costs to evaluate the cost of decisions 

made. Corrective maintenance is always assumed larger than 

preventive maintenance, but excess of preventive maintenance 

could cause larger total costs. By considering maintenance costs 

in decision-making, it can be specified under which 

circumstances the company could afford a corrective 

maintenance instead of a too early preventive maintenance. 

There might be a situation where opportunity cost of a preventive 

maintenance is higher than an expected-failure cost. 
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APPENDIX A 

LITERATURE REVIEW REFERENCES 
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Table A.2. RUL Literature Review classification according to Type of Research 

 

 

 

 

 

 

 

 

 

  

  
Reference 
Number 

Type of Research 

Reference 
Number 

Type of Research 

Review 
Applied 

Research 
Case 
Study 

Review 
Applied 
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Case 
Study 

1   X   22   X   

2   X   23   X   

3   X   24   X   

4   X   25   X   

5   X   26 X     

6   X   27   X   

7   X   28     X 

8   X   29   X   

9   X   30   X   

10 X     31   X   

11   X   32   X   

12   X   33 X     

13   X   34 X     
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15     X 36   X   

16   X   37   X   

17   X X 38   X   

18   X   39   X   

19   X   40   X   

20     X 41   X   
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Table A.3. RUL literature classification according to RUL model 

  
Reference 
Number 

RUL Prediction Model 

Reference 
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RUL Prediction Model 
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Based 

Artificial 
Neural 

Network 

Physical 
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Life 
Expectancy 
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Based 

Artificial 
Neural 

Network 

Physical 
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Life 
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2     X   23       X 
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6       X 27       X 
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8     X   29       X 

9     X   30       X 

10         31       X 
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18       X 39       X 
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20       X 41     X X 

21               
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APPENDIX B 

COMMON FORMULAS 

 

B.1. Correlation between variable u and variable x 

𝜌(𝑢, 𝑥) =
∑ (𝑢𝑖 − �̅�)(𝑥𝑖 − �̅�)𝑛

𝑖=1

√∑ (𝑢𝑖 − �̅�)2 ∑ (𝑥𝑖 − �̅�)2𝑛
𝑖=1

𝑛
𝑖=1

 

 

B.2. Mean Squared Error formula  

𝑀𝑆𝐸 =
1

𝑛
∑(�̂�𝑖 − 𝑦𝑖)

2

𝑛

𝑖=1

 

Where  

𝑦𝑖= ith observation for the measured condition 

�̂�𝑖= ith expected value for the ith observation of the measured condition. 

This value is given by the fitted model  

𝑛= total of observations 
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APPENDIX C 

SIMULATIONS RESULTS 

This appendix contains results obtained from performing RUL estimation by 
condition percentage, SNR, and parameter change. There is a table for each 
parameter change scenario. Table C. 1-3 present the average calculations for 
each performance indicator, for complete dataset and for filtered dataset. For 
Tables C.4-10, the “Observations” column presents the number of RUL 
estimations for calculations on each row. Average and variance are also reported 
in these tables. 

Table C. 1. Global results for Gradual Change Scenario 

  
Model 

ALL OBSERVATIONS FILTERED DATASET 

  Bias MAD IEEE PoC Bias MAD IEEE PoC 

C 
O 
N 
D 
I 
T 
I 
O 
N 
 

P 
E 
R 
C 
E 
N 
T 
A 
G 
E 

25 

AR-RLS 119.211 209.161 0.170 73.328 NA NA NA NA 

ARX-RLS 341.808 392.681 0.115 55.358 NA NA NA NA 

NLAR-RLS 42.240 178.024 0.184 99.539 NA NA NA NA 

ARX-OLS 354.882 405.036 0.113 53.581 NA NA NA NA 

50 

AR-RLS -26.930 38.785 0.243 82.680 -26.916 38.773 0.243 82.677 

ARX-RLS 22.679 47.440 0.107 71.100 22.699 47.434 0.107 71.094 

NLAR-RLS -28.602 34.444 0.337 99.280 -28.588 34.431 0.337 99.280 

ARX-OLS 239.297 240.861 0.024 48.750 239.369 240.901 0.024 48.738 

75 

AR-RLS -7.920 11.341 0.294 87.600 -7.920 11.341 0.294 87.600 

ARX-RLS -1.979 10.147 0.202 85.500 -1.979 10.147 0.202 85.500 

NLAR-RLS -8.739 10.251 0.427 98.920 -8.739 10.251 0.427 98.920 

ARX-OLS 39.808 41.025 0.029 80.208 39.808 41.025 0.029 80.208 

85 

AR-RLS -4.695 6.273 0.336 93.363 -4.695 6.273 0.336 93.363 

ARX-RLS -2.721 5.393 0.309 94.557 -2.721 5.393 0.309 94.557 

NLAR-RLS -4.770 5.779 0.468 97.875 -4.770 5.779 0.468 97.875 

ARX-OLS 14.877 15.902 0.089 91.433 14.877 15.902 0.089 91.433 

90 

AR-RLS -3.484 4.428 0.384 97.383 -3.484 4.428 0.384 97.383 

ARX-RLS -2.640 3.869 0.416 98.600 -2.640 3.869 0.416 98.600 

NLAR-RLS -3.472 4.140 0.486 95.800 -3.472 4.140 0.486 95.800 

ARX-OLS 5.553 6.599 0.247 97.021 5.553 6.599 0.247 97.021 

95 

AR-RLS -2.422 3.161 0.455 98.453 -2.422 3.161 0.455 98.453 

ARX-RLS -1.923 2.998 0.479 98.951 -1.923 2.998 0.479 98.951 

NLAR-RLS -2.141 3.099 0.483 86.595 -2.141 3.099 0.483 86.595 

ARX-OLS 2.669 3.972 0.443 98.633 2.669 3.972 0.443 98.633 

97 

AR-RLS -2.140 3.006 0.413 95.990 -2.140 3.006 0.413 95.990 

ARX-RLS -1.549 3.008 0.439 96.342 -1.549 3.008 0.439 96.342 

NLAR-RLS -1.645 3.058 0.436 78.617 -1.645 3.058 0.436 78.617 

ARX-OLS 1.991 3.518 0.447 96.071 1.991 3.518 0.447 96.071 

98 

AR-RLS -1.971 2.437 0.488 93.477 -1.971 2.437 0.488 93.477 

ARX-RLS -1.285 2.814 0.494 93.500 -1.285 2.814 0.494 93.500 

NLAR-RLS -1.304 2.853 0.494 84.292 -1.304 2.853 0.494 84.292 

ARX-OLS 0.336 2.113 0.523 93.325 0.336 2.113 0.523 93.325 

90 

AR-RLS -1.793 2.192 0.491 82.468 -1.793 2.192 0.491 82.468 

ARX-RLS -1.718 2.155 0.492 82.503 -1.718 2.155 0.492 82.503 

NLAR-RLS -1.722 2.158 0.491 80.545 -1.722 2.158 0.491 80.545 

ARX-OLS 0.545 2.729 0.512 82.037 0.545 2.729 0.512 82.037 
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 Table C. 2. Global results for No Change Scenario 

  
Model 

ALL OBSERVATIONS FILTERED DATASET 

 Bias MAD IEEE PoC Bias MAD IEEE PoC 

C 
O 
N 
D 
I 
T 
I 
O 
N 
 

P 
E 
R 
C 
E 
N 
T 
A 
G 
E 

25 

AR-RLS 89.278 209.393 0.183 77.518 NA NA NA NA 

ARX-RLS 290.323 358.121 0.127 59.178 NA NA NA NA 

NLAR-RLS 8.404 175.617 0.185 99.637 NA NA NA NA 

ARX-OLS 313.912 378.278 0.123 57.449 NA NA NA NA 

50 

AR-RLS -46.151 52.450 0.258 89.080 -46.133 52.434 0.258 89.076 

ARX-RLS 7.250 48.463 0.158 78.427 7.285 48.451 0.158 78.418 

NLAR-RLS -47.082 50.244 0.350 99.960 -47.062 50.225 0.350 99.960 

ARX-OLS 211.083 214.101 0.042 66.143 211.218 214.165 0.042 66.128 

75 

AR-RLS -15.203 17.252 0.332 93.720 -15.203 17.252 0.332 93.720 

ARX-RLS -7.314 13.681 0.274 91.160 -7.314 13.681 0.274 91.160 

NLAR-RLS -15.593 16.317 0.443 99.960 -15.593 16.317 0.443 99.960 

ARX-OLS 57.482 59.778 0.090 90.506 57.482 59.778 0.090 90.506 

85 

AR-RLS -8.589 9.708 0.362 96.924 -8.589 9.708 0.362 96.924 

ARX-RLS -5.702 8.031 0.357 97.467 -5.702 8.031 0.357 97.467 

NLAR-RLS -8.357 9.119 0.456 99.437 -8.357 9.119 0.456 99.437 

ARX-OLS 17.556 19.545 0.242 97.833 17.556 19.545 0.242 97.833 

90 

AR-RLS -6.127 6.742 0.397 99.012 -6.127 6.742 0.397 99.012 

ARX-RLS -4.765 5.739 0.426 99.516 -4.765 5.739 0.426 99.516 

NLAR-RLS -5.882 6.361 0.457 98.346 -5.882 6.361 0.457 98.346 

ARX-OLS 14.636 16.624 0.412 99.456 14.636 16.624 0.412 99.456 

95 

AR-RLS -3.894 4.480 0.408 99.153 -3.894 4.480 0.408 99.153 

ARX-RLS -3.135 4.110 0.436 99.341 -3.135 4.110 0.436 99.341 

NLAR-RLS -3.443 4.285 0.440 92.472 -3.443 4.285 0.440 92.472 

ARX-OLS 8.499 10.661 0.482 99.391 8.499 10.661 0.482 99.391 

97 

AR-RLS -2.898 3.879 0.385 97.003 -2.898 3.879 0.385 97.003 

ARX-RLS -1.819 4.112 0.397 97.088 -1.819 4.112 0.397 97.088 

NLAR-RLS -1.952 4.176 0.397 82.296 -1.952 4.176 0.397 82.296 

ARX-OLS 5.439 7.608 0.441 96.998 5.439 7.608 0.441 96.998 

98 

AR-RLS -2.788 3.338 0.397 93.887 -2.788 3.338 0.397 93.887 

ARX-RLS -2.054 3.549 0.404 93.938 -2.054 3.549 0.404 93.938 

NLAR-RLS -2.129 3.554 0.403 84.212 -2.129 3.554 0.403 84.212 

ARX-OLS 1.155 3.654 0.446 93.714 1.155 3.654 0.446 93.714 

90 

AR-RLS -2.462 2.789 0.426 87.545 -2.462 2.789 0.426 87.545 

ARX-RLS -2.349 2.736 0.429 87.594 -2.349 2.736 0.429 87.594 

NLAR-RLS -2.356 2.741 0.429 84.519 -2.356 2.741 0.429 84.519 

ARX-OLS -0.667 2.374 0.461 87.114 -0.667 2.374 0.461 87.114 
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 Table C. 3. Global results for Stepped Scenario 

  
Model 

ALL OBSERVATIONS FILTERED DATASET 

 Bias MAD IEEE PoC Bias MAD IEEE PoC 

C 
O 
N 
D 
I 
T 
I 
O 
N 
 

P 
E 
R 
C 
E 
N 
T 
A 
G 
E 
 

25 

AR-RLS 121.338 200.072 0.158 67.793 NA NA NA NA 

ARX-RLS 314.310 359.809 0.112 52.200 NA NA NA NA 

NLAR-RLS 35.783 155.180 0.183 99.257 NA NA NA NA 

ARX-OLS 331.622 375.245 0.109 50.926 NA NA NA NA 

50 

AR-RLS -21.792 36.221 0.221 77.240 -21.775 36.207 0.221 77.235 

ARX-RLS 27.144 50.565 0.090 64.018 27.178 50.563 0.090 64.004 

NLAR-RLS -20.713 35.124 0.296 96.578 -20.690 35.107 0.296 96.577 

ARX-OLS 218.454 219.921 0.023 37.667 218.578 219.995 0.023 37.639 

75 

AR-RLS -8.249 10.903 0.292 87.558 -8.249 10.903 0.292 87.558 

ARX-RLS -3.117 9.151 0.213 86.277 -3.117 9.151 0.213 86.277 

NLAR-RLS -8.968 9.973 0.467 98.680 -8.968 9.973 0.467 98.680 

ARX-OLS 32.298 33.735 0.044 79.116 32.298 33.735 0.044 79.116 

85 

AR-RLS -4.931 6.131 0.364 94.761 -4.931 6.131 0.364 94.761 

ARX-RLS -3.165 5.076 0.368 96.638 -3.165 5.076 0.368 96.638 

NLAR-RLS -5.010 5.663 0.514 97.628 -5.010 5.663 0.514 97.628 

ARX-OLS 12.490 13.710 0.143 93.041 12.490 13.710 0.143 93.041 

90 

AR-RLS -3.573 4.309 0.436 97.832 -3.573 4.309 0.436 97.832 

ARX-RLS -2.775 3.685 0.485 99.104 -2.775 3.685 0.485 99.104 

NLAR-RLS -3.538 4.035 0.527 95.143 -3.538 4.035 0.527 95.143 

ARX-OLS 3.723 4.952 0.349 97.810 3.723 4.952 0.349 97.810 

95 

AR-RLS -2.779 3.433 0.453 98.428 -2.779 3.433 0.453 98.428 

ARX-RLS -2.127 3.311 0.478 98.902 -2.127 3.311 0.478 98.902 

NLAR-RLS -2.330 3.449 0.479 85.672 -2.330 3.449 0.479 85.672 

ARX-OLS 7.328 8.973 0.493 98.663 7.328 8.973 0.493 98.663 

97 

AR-RLS -2.421 3.025 0.463 96.576 -2.421 3.025 0.463 96.576 

ARX-RLS -1.559 3.269 0.477 96.611 -1.559 3.269 0.477 96.611 

NLAR-RLS -1.663 3.309 0.476 86.268 -1.663 3.309 0.476 86.268 

ARX-OLS 6.489 8.338 0.507 96.456 6.489 8.338 0.507 96.456 

98 

AR-RLS -2.192 2.630 0.492 93.431 -2.192 2.630 0.492 93.431 

ARX-RLS -1.685 2.696 0.502 93.511 -1.685 2.696 0.502 93.511 

NLAR-RLS -1.718 2.715 0.504 85.642 -1.718 2.715 0.504 85.642 

ARX-OLS 1.160 3.192 0.538 93.314 1.160 3.192 0.538 93.314 

90 

AR-RLS -1.889 2.307 0.463 82.398 -1.889 2.307 0.463 82.398 

ARX-RLS -1.804 2.274 0.465 82.390 -1.804 2.274 0.465 82.390 

NLAR-RLS -1.810 2.276 0.465 79.798 -1.810 2.276 0.465 79.798 

ARX-OLS -0.592 1.771 0.489 81.854 -0.592 1.771 0.489 81.854 
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Table C. 4.  Average and Variance by Condition for Gradual Change Scenario 

 Condition 
(%) 

Model 
Obser- 
vations 

Bias MAD IEEE PI PoC 
(%) Average Variance Average Variance Average Variance 

50 

AR-RLS 4999 -26.92 5,128.25 38.77 4,349.21 0.24 0.07 82.68 

ARX-OLS 4280 239.37 796,687.51 240.90 795,951.45 0.02 0.01 48.74 

ARX-RLS 4999 22.70 5,039.05 47.43 3,303.93 0.11 0.05 71.09 

NLAR-RLS 4999 -28.59 4,542.55 34.43 4,174.25 0.34 0.07 99.28 

75 

AR-RLS 5000 -7.92 829.36 11.34 763.44 0.29 0.09 87.60 

ARX-OLS 4805 39.81 84,709.95 41.02 84,611.58 0.03 0.01 80.21 

ARX-RLS 5000 -1.98 634.91 10.15 535.84 0.20 0.08 85.50 

NLAR-RLS 5000 -8.74 744.59 10.25 715.86 0.43 0.09 98.92 

85 

AR-RLS 4942 -4.70 307.06 6.27 289.76 0.34 0.11 93.36 

ARX-OLS 4821 14.88 32,066.00 15.90 32,034.47 0.09 0.04 91.43 

ARX-RLS 4942 -2.72 247.33 5.39 225.64 0.31 0.12 94.56 

NLAR-RLS 4942 -4.77 275.77 5.78 265.12 0.47 0.13 97.88 

90 

AR-RLS 4929 -3.48 158.69 4.43 151.22 0.38 0.14 97.38 

ARX-OLS 4834 5.55 2,955.61 6.60 2,942.89 0.25 0.14 97.02 

ARX-RLS 4929 -2.64 133.30 3.87 125.30 0.42 0.15 98.60 

NLAR-RLS 4929 -3.47 143.36 4.14 138.27 0.49 0.15 95.80 

95 

AR-RLS 3813 -2.42 80.42 3.16 76.30 0.45 0.18 98.45 

ARX-OLS 3731 2.67 1,579.53 3.97 1,570.88 0.44 0.20 98.63 

ARX-RLS 3812 -1.92 75.81 3.00 70.52 0.48 0.18 98.95 

NLAR-RLS 3812 -2.14 78.58 3.10 73.55 0.48 0.18 86.59 

97 

AR-RLS 2494 -2.14 60.85 3.01 56.39 0.41 0.18 95.99 

ARX-OLS 2418 1.99 530.88 3.52 522.46 0.45 0.20 96.07 

ARX-RLS 2488 -1.55 71.47 3.01 64.82 0.44 0.18 96.34 

NLAR-RLS 2488 -1.65 71.72 3.06 65.08 0.44 0.18 78.62 

98 

AR-RLS 2407 -1.97 44.33 2.44 42.27 0.49 0.20 93.48 

ARX-OLS 2337 0.34 200.43 2.11 196.07 0.52 0.20 93.32 

ARX-RLS 2400 -1.28 169.62 2.81 163.35 0.49 0.19 93.50 

NLAR-RLS 2400 -1.30 181.61 2.85 175.17 0.49 0.19 84.29 

99 

AR-RLS 2350 -1.79 34.96 2.19 33.36 0.49 0.21 82.47 

ARX-OLS 2288 0.55 1,060.27 2.73 1,053.12 0.51 0.21 82.04 

ARX-RLS 2349 -1.72 34.29 2.16 32.59 0.49 0.21 82.50 

NLAR-RLS 2349 -1.72 34.33 2.16 32.64 0.49 0.21 80.54 
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Table C. 5. Average and Variance by Condition for No Change Scenario 

 Condition 
(%) 

Model 
Obser- 
vations 

Bias MAD IEEE PI 
PoC 
(%) Average Variance Average Variance Average 

Varia
nce 

50 

AR-RLS 4998 -46.13 6,609.81 52.43 5,988.55 0.26 0.06 89.08 

ARX-OLS 4266 211.22 666,319.01 214.17 665,065.10 0.04 0.02 66.13 

ARX-RLS 4995 7.29 9,276.27 48.45 6,981.41 0.16 0.06 78.42 

NLAR-RLS 4995 -47.06 6,355.68 50.22 6,047.88 0.35 0.07 99.96 

75 

AR-RLS 5000 -15.20 1,131.89 17.25 1,065.37 0.33 0.08 93.72 

ARX-OLS 4687 57.48 242,098.52 59.78 241,829.17 0.09 0.04 90.51 

ARX-RLS 5000 -7.31 857.21 13.68 723.51 0.27 0.09 91.16 

NLAR-RLS 5000 -15.59 998.94 16.32 975.85 0.44 0.09 99.96 

85 

AR-RLS 4974 -8.59 409.52 9.71 389.05 0.36 0.10 96.92 

ARX-OLS 4753 17.56 20,332.16 19.55 20,258.34 0.24 0.11 97.83 

ARX-RLS 4974 -5.70 330.24 8.03 298.25 0.36 0.10 97.47 

NLAR-RLS 4974 -8.36 365.22 9.12 351.89 0.46 0.11 99.44 

90 

AR-RLS 4959 -6.13 204.72 6.74 196.81 0.40 0.12 99.01 

ARX-OLS 4777 14.64 67,995.52 16.62 67,933.37 0.41 0.16 99.46 

ARX-RLS 4959 -4.77 167.54 5.74 157.31 0.43 0.13 99.52 

NLAR-RLS 4959 -5.88 181.61 6.36 175.75 0.46 0.12 98.35 

95 

AR-RLS 4252 -3.89 93.07 4.48 88.16 0.41 0.15 99.15 

ARX-OLS 4104 8.50 34,347.03 10.66 34,305.59 0.48 0.17 99.39 

ARX-RLS 4251 -3.13 86.88 4.11 79.81 0.44 0.15 99.34 

NLAR-RLS 4251 -3.44 89.59 4.28 83.08 0.44 0.15 92.47 

97 

AR-RLS 3003 -2.90 68.89 3.88 62.24 0.39 0.16 97.00 

ARX-OLS 2865 5.44 31,569.72 7.61 31,541.41 0.44 0.17 97.00 

ARX-RLS 2988 -1.82 204.19 4.11 190.58 0.40 0.16 97.09 

NLAR-RLS 2988 -1.95 204.62 4.18 190.98 0.40 0.16 82.30 

98 

AR-RLS 2928 -2.79 48.86 3.34 45.48 0.40 0.17 93.89 

ARX-OLS 2800 1.16 653.07 3.65 641.05 0.45 0.18 93.71 

ARX-RLS 2920 -2.05 245.47 3.55 237.09 0.40 0.17 93.94 

NLAR-RLS 2920 -2.13 218.32 3.55 210.22 0.40 0.17 84.21 

99 

AR-RLS 2802 -2.46 33.99 2.79 32.27 0.43 0.20 87.54 

ARX-OLS 2685 -0.67 296.28 2.37 291.09 0.46 0.20 87.11 

ARX-RLS 2797 -2.35 33.04 2.74 31.07 0.43 0.20 87.59 

NLAR-RLS 2797 -2.36 33.18 2.74 31.21 0.43 0.20 84.52 
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Table C. 6. Average and Variance by Condition for Stepped Change Scenario 

Condition Model 
Obser- 
vations 

Bias MAD IEEE PI PoC 
(%) Average Variance  Average Variance  Average Variance  

0.5 

AR-RLS 4999 -21.77 4,783.48 36.21 3,946.54 0.22 0.07 77.24 

ARX-OLS 4421 218.58 578,136.62 219.99 577,515.28 0.02 0.01 37.64 

ARX-RLS 4995 27.18 37,212.91 50.56 35,394.62 0.09 0.04 64.00 

NLAR-RLS 4995 -20.69 24,207.57 35.11 23,403.02 0.30 0.08 96.60 

0.75 

AR-RLS 4999 -8.25 758.34 10.90 707.51 0.29 0.09 87.56 

ARX-OLS 4841 32.30 91,975.89 33.73 91,880.96 0.04 0.02 79.12 

ARX-RLS 4999 -3.12 550.98 9.15 476.95 0.21 0.09 86.28 

NLAR-RLS 4999 -8.97 672.23 9.97 653.21 0.47 0.11 98.70 

0.85 

AR-RLS 4848 -4.93 283.46 6.13 270.19 0.36 0.13 94.76 

ARX-OLS 4742 12.49 31,692.63 13.71 31,660.68 0.14 0.08 93.06 

ARX-RLS 4848 -3.16 218.17 5.08 202.41 0.37 0.14 96.64 

NLAR-RLS 4848 -5.01 250.75 5.66 243.79 0.51 0.14 97.65 

0.9 

AR-RLS 4797 -3.57 143.35 4.31 137.55 0.44 0.16 97.83 

ARX-OLS 4703 3.72 1,331.38 4.95 1,320.72 0.35 0.18 97.83 

ARX-RLS 4797 -2.77 115.26 3.68 109.38 0.48 0.17 99.10 

NLAR-RLS 4797 -3.54 126.53 4.04 122.76 0.53 0.15 95.16 

0.95 

AR-RLS 3371 -2.78 79.79 3.43 75.72 0.45 0.18 98.43 

ARX-OLS 3290 7.33 48,648.04 8.97 48,621.21 0.49 0.19 98.69 

ARX-RLS 3371 -2.13 103.17 3.31 96.73 0.48 0.18 98.90 

NLAR-RLS 3371 -2.33 109.89 3.45 103.42 0.48 0.17 85.70 

0.97 

AR-RLS 2278 -2.42 52.81 3.02 49.52 0.46 0.18 96.58 

ARX-OLS 2201 6.49 46,092.64 8.34 46,065.21 0.51 0.19 96.50 

ARX-RLS 2272 -1.56 128.43 3.27 120.17 0.48 0.18 96.61 

NLAR-RLS 2272 -1.66 120.49 3.31 112.31 0.48 0.18 86.31 

0.98 

AR-RLS 2177 -2.19 41.63 2.63 39.52 0.49 0.19 93.43 

ARX-OLS 2109 1.16 1,221.03 3.19 1,212.19 0.54 0.19 93.36 

ARX-RLS 2173 -1.68 64.71 2.70 60.27 0.50 0.19 93.51 

NLAR-RLS 2173 -1.72 67.05 2.71 62.63 0.50 0.19 85.68 

0.99 

AR-RLS 2085 -1.89 35.92 2.31 34.16 0.46 0.21 82.40 

ARX-OLS 2017 -0.59 37.11 1.77 34.33 0.49 0.21 81.85 

ARX-RLS 2084 -1.80 35.25 2.27 33.33 0.46 0.21 82.39 

NLAR-RLS 2084 -1.81 35.26 2.28 33.36 0.46 0.21 79.80 
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Table C. 7. Average and Variance by SNR for Gradual Change Scenario 

SNR  Model 
Obser- 
vations 

Bias MAD IEEE PI 
PoC 

Average Variance  Average Variance  Average Variance  

0.05 

AR-RLS 7152 -12.27 2,218.41 13.91 2,175.60 0.35 0.12 95.81 

ARX-OLS 6279 69.58 233,737.11 69.94 233,686.89 0.18 0.12 89.20 

ARX-RLS 7147 -0.59 1,923.62 14.29 1,719.66 0.31 0.14 94.68 

NLAR-RLS 7147 -10.73 1,969.80 12.63 1,925.28 0.39 0.12 91.74 

0.1 

AR-RLS 7680 -12.53 1,389.67 14.07 1,348.60 0.34 0.12 96.15 

ARX-OLS 7173 80.23 296,323.26 81.05 296,190.81 0.18 0.12 91.15 

ARX-RLS 7672 -0.45 1,516.82 13.92 1,323.26 0.31 0.13 95.24 

NLAR-RLS 7672 -10.79 1,324.86 13.05 1,270.87 0.38 0.12 92.71 

0.2 

AR-RLS 7966 -7.42 716.99 9.81 675.91 0.38 0.14 95.25 

ARX-OLS 7926 32.01 71,584.19 33.55 71,483.06 0.24 0.14 89.67 

ARX-RLS 7964 1.59 624.81 10.27 521.77 0.34 0.15 93.22 

NLAR-RLS 7964 -7.83 681.92 9.24 657.79 0.43 0.13 92.89 

0.5 

AR-RLS 4586 -0.41 268.21 5.96 232.89 0.39 0.17 87.42 

ARX-OLS 4586 9.02 505.78 10.99 466.53 0.31 0.17 78.41 

ARX-RLS 4586 5.77 374.25 8.89 328.54 0.37 0.18 83.45 

NLAR-RLS 4586 -3.47 295.83 5.08 282.03 0.56 0.15 93.72 

1 

AR-RLS 1782 1.62 175.55 5.72 145.50 0.38 0.18 75.25 

ARX-OLS 1782 7.35 434.62 9.80 392.57 0.34 0.18 67.51 

ARX-RLS 1782 7.27 364.09 8.92 337.37 0.38 0.19 72.67 

NLAR-RLS 1782 -2.55 212.65 4.60 197.98 0.58 0.16 93.15 

10 

AR-RLS 1594 1.99 209.22 6.14 175.39 0.39 0.18 62.67 

ARX-OLS 1594 5.73 415.66 9.60 356.22 0.37 0.18 60.29 

ARX-RLS 1594 7.85 429.87 9.39 403.44 0.40 0.19 62.67 

NLAR-RLS 1594 -2.80 293.12 4.80 277.87 0.61 0.15 91.78 

51542 

AR-RLS 174 4.89 112.58 5.71 103.76 0.35 0.19 51.72 

ARX-OLS 174 8.63 403.94 9.72 383.78 0.36 0.19 53.45 

ARX-RLS 174 10.67 541.47 11.08 532.42 0.37 0.20 54.02 

NLAR-RLS 174 0.07 52.54 2.69 45.27 0.61 0.17 86.78 
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Table C. 8. Average and Variance by SNR for No Change Scenario 

SNR  Model 
Obser- 
vations 

Bias MAD IEEE PI 
PoC 

Average Variance  Average Variance  Average Variance  

0.05 

AR-RLS 7876 -19.64 2,897.93 20.60 2,859.52 0.31 0.10 97.26 

ARX-OLS 6634 81.86 320,344.37 82.58 320,227.06 0.22 0.13 94.30 

ARX-RLS 7859 -6.49 2,352.60 17.33 2,094.23 0.30 0.11 96.56 

NLAR-RLS 7859 -17.25 2,690.90 19.07 2,624.82 0.34 0.10 94.05 

0.1 

AR-RLS 8328 -18.40 1,897.53 19.35 1,861.72 0.31 0.10 97.00 

ARX-OLS 7635 80.31 277,218.37 81.66 277,000.56 0.23 0.13 94.54 

ARX-RLS 8315 -5.75 3,474.87 16.44 3,237.64 0.30 0.11 96.08 

NLAR-RLS 8315 -16.36 1,994.43 18.11 1,933.89 0.33 0.10 93.94 

0.2 

AR-RLS 8259 -10.63 804.51 11.98 774.06 0.38 0.12 96.83 

ARX-OLS 8215 22.73 60,670.15 25.39 60,542.15 0.31 0.14 93.76 

ARX-RLS 8257 -1.71 538.48 10.29 435.49 0.35 0.13 95.37 

NLAR-RLS 8257 -11.01 792.96 11.81 774.65 0.41 0.12 93.92 

0.5 

AR-RLS 5048 -4.68 446.24 7.74 408.29 0.45 0.15 93.98 

ARX-OLS 5048 4.20 359.97 8.61 303.54 0.41 0.16 88.25 

ARX-RLS 5048 2.15 429.63 8.50 362.06 0.42 0.16 90.02 

NLAR-RLS 5048 -7.74 549.65 8.38 539.27 0.55 0.13 94.97 

1 

AR-RLS 1691 -0.65 223.21 5.28 195.73 0.45 0.17 84.33 

ARX-OLS 1691 3.97 326.92 7.66 284.03 0.45 0.17 79.83 

ARX-RLS 1691 5.03 327.48 7.68 293.71 0.44 0.18 79.60 

NLAR-RLS 1691 -4.83 343.69 5.41 337.72 0.67 0.12 96.57 

10 

AR-RLS 1532 0.44 138.32 4.50 118.21 0.47 0.17 75.85 

ARX-OLS 1532 3.01 225.43 6.79 188.34 0.50 0.18 75.72 

ARX-RLS 1532 5.76 235.56 7.23 216.35 0.46 0.19 72.00 

NLAR-RLS 1532 -3.97 250.62 4.70 244.30 0.70 0.12 95.76 

51542 

AR-RLS 182 -1.14 246.42 6.42 206.32 0.45 0.16 73.08 

ARX-OLS 182 0.89 355.63 8.76 279.30 0.51 0.16 79.12 

ARX-RLS 182 6.88 537.21 9.52 493.70 0.45 0.18 70.88 

NLAR-RLS 182 -7.20 612.68 8.12 598.63 0.65 0.12 96.70 
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Table C. 9. Average and Variance by SNR for Stepped Change Scenario 

SNR  Model 
Obser- 
vations 

Bias MAD IEEE PI 
PoC 

Average Variance  Average Variance  Average Variance  

0.05 

AR-RLS 6965 -11.12 1,795.64 12.96 1,751.32 0.36 0.13 95.39 

ARX-OLS 6198 74.00 248,367.06 74.33 248,319.04 0.21 0.14 86.48 

ARX-RLS 6958 3.10 23,762.58 16.38 23,503.81 0.32 0.14 93.55 

NLAR-RLS 6958 -7.67 15,611.69 13.62 15,484.92 0.41 0.13 92.70 

0.1 

AR-RLS 7385 -11.17 1,391.94 13.08 1,345.64 0.35 0.13 95.36 

ARX-OLS 6964 75.80 263,354.00 76.61 263,231.37 0.20 0.13 88.25 

ARX-RLS 7377 -0.01 2,866.06 13.96 2,671.21 0.32 0.14 93.79 

NLAR-RLS 7377 -9.66 1,503.40 12.34 1,444.43 0.39 0.13 92.48 

0.2 

AR-RLS 7416 -7.74 810.24 10.48 760.25 0.38 0.14 94.12 

ARX-OLS 7374 25.82 24,755.86 27.95 24,641.26 0.27 0.15 86.82 

ARX-RLS 7416 0.78 670.21 11.04 548.83 0.35 0.15 91.61 

NLAR-RLS 7416 -8.14 790.46 9.95 757.72 0.44 0.14 93.82 

0.5 

AR-RLS 4766 -1.04 341.88 6.77 297.04 0.41 0.17 85.75 

ARX-OLS 4766 8.41 513.22 11.07 461.42 0.35 0.18 76.98 

ARX-RLS 4766 4.87 401.15 9.16 341.04 0.40 0.18 82.90 

NLAR-RLS 4766 -3.92 379.94 6.10 358.03 0.56 0.16 94.19 

1 

AR-RLS 1657 1.79 219.99 6.07 186.28 0.40 0.18 71.03 

ARX-OLS 1657 7.14 415.47 9.74 371.47 0.37 0.18 66.14 

ARX-RLS 1657 6.90 408.26 8.85 377.43 0.42 0.20 71.51 

NLAR-RLS 1657 -2.23 254.06 4.65 237.35 0.63 0.16 91.13 

10 

AR-RLS 1230 3.38 165.32 5.82 142.84 0.40 0.19 64.07 

ARX-OLS 1230 7.49 407.17 9.70 369.13 0.40 0.19 60.98 

ARX-RLS 1230 8.50 408.42 9.36 392.93 0.42 0.20 64.39 

NLAR-RLS 1230 -0.98 175.46 4.07 159.82 0.65 0.16 88.05 

51542 

AR-RLS 135 3.56 144.35 5.49 126.79 0.40 0.21 57.04 

ARX-OLS 135 7.30 359.11 9.38 324.25 0.37 0.20 56.30 

ARX-RLS 135 7.70 303.17 8.25 294.35 0.46 0.23 57.04 

NLAR-RLS 135 -0.44 142.32 3.10 132.81 0.70 0.15 88.89 
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Table C. 10. Bias by Origin Point for Three Parameter-Change Scenario 

Origin 
Condition 

(%) 
Model 

Gradual Change No Change Stepped Change 

Obser- 
vations 

Bias Obser- 
vations 

Bias Obser- 
vations 

Bias 

Average Variance  Average Variance  Average Variance  

20 50% 

AR-RLS 62 -24.05 931.95 39 -34.90 1,211.62 35 -27.89 1,616.16 

ARX-OLS 61 36.89 5,181.57 38 27.74 4,213.60 32 111.38 95,678.76 

ARX-RLS 62 26.13 22,820.21 39 1.28 2,125.21 34 22.00 3,849.39 

NLAR-RLS 62 -19.63 2,416.43 39 -34.38 1,181.30 34 -24.91 1,691.84 

60 

50% 

AR-RLS 2109 -10.86 1,159.65 2403 -16.61 1,298.21 2586 1.22 1,059.59 

ARX-OLS 2009 153.34 416,514.53 2295 116.55 185,615.66 2454 161.70 285,954.18 

ARX-RLS 2109 28.52 1,271.86 2403 23.74 6,426.83 2585 42.75 29,716.48 

NLAR-RLS 2109 -13.04 855.57 2403 -17.87 1,874.70 2585 0.56 4,085.92 

75% 

AR-RLS 324 0.39 14.78 463 -0.35 12.65 576 2.39 5.12 

ARX-OLS 324 7.22 29.00 463 4.98 24.77 576 8.46 18.89 

ARX-RLS 324 3.52 13.69 463 2.30 10.18 576 3.89 6.48 

NLAR-RLS 324 -0.80 10.19 463 -1.66 8.49 576 1.00 3.85 

85% 

AR-RLS 125 -0.04 4.89 218 -0.14 3.23 276 0.92 1.26 

ARX-OLS 125 1.86 2.51 218 1.19 1.82 276 2.65 1.79 

ARX-RLS 125 0.74 3.92 218 0.46 2.52 276 1.04 1.33 

NLAR-RLS 125 -0.49 4.22 218 -0.67 2.51 276 0.30 1.11 

90% 

AR-RLS 78 -0.40 1.75 136 -0.29 1.82 181 0.49 0.57 

ARX-OLS 78 0.36 1.30 136 0.18 1.17 181 1.15 0.69 

ARX-RLS 78 -0.21 1.52 136 -0.17 1.34 181 0.39 0.53 

NLAR-RLS 78 -0.67 1.60 136 -0.54 1.39 181 0.18 0.45 

95% 

AR-RLS 27 -0.19 0.62 53 -0.42 1.44 52 0.23 0.69 

ARX-OLS 27 0.00 0.69 53 -0.32 0.80 52 0.50 0.37 

ARX-RLS 27 -0.15 0.67 53 -0.47 1.25 52 0.19 0.59 

NLAR-RLS 27 -0.26 0.66 53 -0.51 1.18 52 0.19 0.59 

97% 

AR-RLS 11 0.09 0.49 23 -0.70 1.04 33 -0.15 0.51 

ARX-OLS 11 0.18 0.36 23 -0.52 0.44 33 -0.12 0.61 

ARX-RLS 11 0.09 0.49 23 -0.78 0.45 33 -0.18 0.47 

NLAR-RLS 11 0.09 0.49 23 -0.78 0.45 33 -0.18 0.47 

98% 

AR-RLS 5 -0.20 0.20 18 -0.22 0.42 18 -0.06 0.17 

ARX-OLS 5 -0.20 0.20 18 -0.22 0.42 18 -0.06 0.17 

ARX-RLS 5 -0.20 0.20 18 -0.22 0.42 18 -0.06 0.17 

NLAR-RLS 5 -0.20 0.20 18 -0.22 0.42 18 -0.06 0.17 

99% 

AR-RLS 10 -0.40 0.93 11 -0.45 1.07 19 0.05 0.05 

ARX-OLS 10 -0.40 0.93 11 -0.45 1.07 19 0.05 0.05 

ARX-RLS 10 -0.40 0.93 11 -0.45 1.07 19 0.05 0.05 

NLAR-RLS 10 -0.40 0.93 11 -0.45 1.07 19 0.05 0.05 

100 

50% 

AR-RLS 1843 -20.12 2,917.21 1579 -44.05 4,023.82 1709 -23.90 2,560.12 

ARX-OLS 1547 309.33 1,203,825.76 1345 245.37 782,989.94 1488 240.01 696,219.88 

ARX-RLS 1843 30.80 3,863.27 1578 9.95 4,300.98 1707 24.51 55,744.35 

NLAR-RLS 1843 -21.33 2,620.58 1578 -45.47 3,353.57 1707 -19.69 55,529.52 

75% 

AR-RLS 2012 0.80 17.53 1848 -1.68 31.78 2587 0.13 13.02 

ARX-OLS 2011 10.95 200.03 1848 8.63 155.58 2587 7.86 90.22 

ARX-RLS 2012 3.93 16.51 1848 2.17 23.48 2587 2.22 9.28 

NLAR-RLS 2012 -0.51 12.55 1848 -2.81 22.81 2587 -1.15 9.46 

85% 

AR-RLS 1867 0.39 3.75 1751 -0.50 6.30 2488 0.17 2.63 

ARX-OLS 1867 2.83 5.08 1751 1.82 5.90 2488 2.05 3.51 

ARX-RLS 1867 1.06 3.60 1751 0.38 5.78 2488 0.53 2.19 

NLAR-RLS 1867 -0.11 3.57 1751 -0.93 5.95 2488 -0.33 2.34 
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Table C. 10. Bias by Origin Point for Three Parameter-Change Scenario (Cont.) 

Origin 
Condition 

(%) 
Model 

Gradual Change No Change Stepped Change 

Obser- 
vations 

Bias Obser- 
vations 

Bias Obser- 
vations 

Bias 

Average Variance  Average Variance  Average Variance  

100 

90% 

AR-RLS 1777 0.06 1.87 1659 -0.43 2.65 2433 0.05 1.32 

ARX-OLS 1777 1.02 1.47 1659 0.47 1.80 2433 0.78 0.99 

ARX-RLS 1777 0.22 1.70 1659 -0.15 2.49 2433 0.11 1.18 

NLAR-RLS 1777 -0.22 1.70 1659 -0.64 2.58 2433 -0.20 1.25 

95% 

AR-RLS 1126 0.04 1.01 1190 -0.20 1.52 1350 0.06 0.85 

ARX-OLS 1126 0.33 0.84 1190 0.02 1.09 1350 0.27 0.62 

ARX-RLS 1126 0.04 0.98 1190 -0.17 1.49 1350 0.03 0.80 

NLAR-RLS 1126 -0.03 0.99 1190 -0.27 1.55 1350 0.00 0.83 

97% 

AR-RLS 594 0.11 0.96 624 -0.06 1.28 758 -0.04 0.57 

ARX-OLS 594 0.27 0.75 624 0.07 0.94 758 0.11 0.55 

ARX-RLS 594 0.08 0.91 624 -0.05 1.26 758 -0.08 0.55 

NLAR-RLS 594 0.08 0.90 624 -0.06 1.26 758 -0.08 0.55 

98% 

AR-RLS 591 -0.23 0.64 632 -0.33 1.10 706 -0.12 0.47 

ARX-OLS 591 -0.15 0.61 632 -0.28 0.96 706 -0.08 0.43 

ARX-RLS 591 -0.22 0.67 632 -0.32 1.14 706 -0.11 0.46 

NLAR-RLS 591 -0.22 0.67 632 -0.32 1.14 706 -0.11 0.46 

99% 

AR-RLS 557 0.13 0.45 580 -0.03 0.69 672 0.17 0.42 

ARX-OLS 557 0.13 0.45 580 -0.03 0.69 672 0.17 0.42 

ARX-RLS 557 0.13 0.45 580 -0.03 0.69 672 0.17 0.42 

NLAR-RLS 557 0.13 0.45 580 -0.03 0.69 672 0.17 0.42 

200 

50% 

AR-RLS 849 -57.03 10,680.46 798 -103.76 12,119.63 560 -87.99 12,797.49 

ARX-OLS 602 333.56 929,682.23 497 451.42 1,854,649.15 384 455.07 1,847,258.88 

ARX-RLS 849 5.69 9,662.84 797 -26.83 18,557.11 560 -14.67 13,217.36 

NLAR-RLS 849 -59.32 9,477.25 797 -103.25 11,294.41 560 -87.98 11,255.84 

75% 

AR-RLS 2135 -6.44 290.09 1884 -13.25 454.14 1369 -11.72 385.91 

ARX-OLS 2088 45.91 72,076.65 1812 72.18 356,693.19 1333 45.31 37,473.81 

ARX-RLS 2135 0.00 200.46 1884 -4.54 343.22 1369 -3.61 283.99 

NLAR-RLS 2135 -7.13 236.11 1884 -13.56 372.78 1369 -11.88 311.12 

85% 

AR-RLS 2228 -2.04 48.85 1945 -4.74 75.06 1452 -4.05 67.71 

ARX-OLS 2221 9.11 4,656.49 1939 8.83 2,225.50 1450 7.77 941.36 

ARX-RLS 2228 -0.33 40.69 1945 -2.17 58.26 1452 -1.79 51.85 

NLAR-RLS 2228 -2.20 43.36 1945 -4.70 63.11 1452 -4.02 57.55 

90% 

AR-RLS 2282 -1.32 19.97 2016 -2.98 28.75 1487 -2.53 28.70 

ARX-OLS 2280 2.46 23.29 2015 4.51 10,253.97 1486 2.71 1,688.63 

ARX-RLS 2282 -0.69 16.30 2016 -1.95 24.08 1487 -1.64 22.74 

NLAR-RLS 2282 -1.39 17.49 2016 -2.89 25.44 1487 -2.50 25.01 

95% 

AR-RLS 1824 -0.49 5.26 1773 -1.27 9.22 1219 -0.98 8.40 

ARX-OLS 1823 0.74 5.33 1773 0.23 13.38 1219 0.43 22.41 

ARX-RLS 1824 -0.25 5.69 1773 -0.88 9.94 1219 -0.53 29.60 

NLAR-RLS 1824 -0.39 6.19 1773 -1.09 10.35 1219 -0.67 31.95 

97% AR-RLS 1131 -0.32 3.23 1220 -0.66 6.73 786 -0.71 4.94 
 ARX-OLS 1131 0.37 2.65 1220 0.14 11.61 786 0.04 6.78 
 ARX-RLS 1131 -0.21 3.28 1220 -0.22 32.29 786 -0.52 4.96 
 NLAR-RLS 1131 -0.24 3.32 1220 -0.28 32.68 786 -0.56 5.10 

98% AR-RLS 1063 -0.40 2.32 1166 -0.77 4.43 769 -0.81 4.25 
 ARX-OLS 1063 -0.02 1.73 1166 -0.18 31.01 769 -0.41 2.80 
 ARX-RLS 1063 -0.35 2.25 1166 -0.65 4.21 769 -0.69 3.97 
 NLAR-RLS 1063 -0.35 2.26 1166 -0.65 4.26 769 -0.70 4.00 
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Table C. 11.  Bias by Origin Point for Three Parameter-Change Scenario (Cont.) 

Origin 
Condition 

(%) 
Model 

Gradual Change No Change Stepped Change 

Obser- 
vations 

Bias Obser- 
vations 

Bias Obser- 
vations 

Bias 

Average Variance  Average Variance  Average Variance  

200 99% 

AR-RLS 1051 -0.27 1.51 1118 -0.70 3.49 726 -0.53 2.64 

ARX-OLS 1051 -0.22 1.40 1118 -0.59 3.04 726 -0.42 2.13 

ARX-RLS 1051 -0.26 1.51 1118 -0.66 3.49 726 -0.51 2.61 

NLAR-RLS 1051 -0.26 1.51 1118 -0.66 3.49 726 -0.51 2.61 

1000 

50% 

AR-RLS 136 -181.32 30,054.56 179 -206.32 25,320.75 109 -191.89 24,087.90 

ARX-OLS 61 571.26 1,924,965.40 91 858.66 3,926,806.27 63 541.17 1,147,578.95 

ARX-RLS 136 -72.73 30,553.71 178 -84.41 34,838.80 109 -83.57 32,235.03 

NLAR-RLS 136 -180.20 24,810.49 178 -206.39 21,584.38 109 -193.39 21,266.20 

75% 

AR-RLS 529 -52.13 4,305.10 805 -59.35 3,386.10 467 -57.61 3,915.24 

ARX-OLS 382 186.01 645,272.73 564 213.41 831,992.54 345 205.08 1,112,230.27 

ARX-RLS 529 -35.81 3,815.45 805 -41.11 3,044.30 467 -39.87 3,442.97 

NLAR-RLS 529 -51.40 3,910.09 805 -57.71 3,007.51 467 -56.05 3,530.83 

85% 

AR-RLS 722 -26.83 1,359.84 1060 -30.74 1,133.09 632 -29.57 1,283.43 

ARX-OLS 608 75.63 233,279.40 845 74.41 105,360.47 528 79.79 277,342.89 

ARX-RLS 722 -20.46 1,187.44 1060 -23.50 1,024.92 632 -22.69 1,099.86 

NLAR-RLS 722 -25.48 1,236.69 1060 -28.92 1,037.75 632 -28.02 1,152.70 

90% 

AR-RLS 792 -17.99 673.24 1148 -20.58 552.73 696 -19.52 615.75 

ARX-OLS 699 27.74 19,805.31 967 62.07 311,954.86 603 18.87 5,959.76 

ARX-RLS 792 -14.90 599.18 1148 -16.94 482.54 696 -16.09 530.47 

NLAR-RLS 792 -17.05 617.02 1148 -19.34 496.46 696 -18.39 549.39 

95% 

AR-RLS 836 -10.03 279.80 1236 -11.36 226.21 750 -11.03 255.13 

ARX-OLS 755 10.91 7,714.35 1088 31.68 128,891.80 669 34.66 238,544.50 

ARX-RLS 835 -8.29 280.61 1235 -9.34 228.80 750 -8.77 357.46 

NLAR-RLS 835 -8.87 285.95 1235 -10.01 230.96 750 -9.39 376.27 

97% 

AR-RLS 758 -6.65 165.49 1136 -6.90 148.30 701 -7.03 134.66 

ARX-OLS 682 6.21 1,854.28 998 15.41 90,520.12 624 22.72 162,389.62 

ARX-RLS 752 -4.88 215.08 1121 -4.56 496.65 695 -4.41 402.19 

NLAR-RLS 752 -5.14 214.24 1121 -4.85 495.99 695 -4.71 374.41 

98% 

AR-RLS 748 -5.59 119.97 1112 -6.34 102.96 684 -5.94 106.54 

ARX-OLS 678 1.32 686.98 984 3.69 1,812.28 616 4.58 4,164.65 

ARX-RLS 741 -3.48 539.13 1104 -4.56 634.36 680 -4.49 190.34 

NLAR-RLS 741 -3.54 577.73 1104 -4.75 561.49 680 -4.58 197.31 

99% 

AR-RLS 732 -5.47 90.06 1093 -5.57 67.19 668 -5.50 89.49 

ARX-OLS 670 2.09 3,618.52 976 -1.14 811.24 600 -1.67 119.98 

ARX-RLS 731 -5.25 89.56 1088 -5.33 66.28 667 -5.26 89.12 

NLAR-RLS 731 -5.26 89.60 1088 -5.35 66.52 667 -5.28 89.05 
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Table C. 12. Average and Variance for Models by Parameter Change 

Model Scenario Observations 
Bias MAD IEEE PI PoC 

(%) Average Variance Average Variance Average Variance 

AR-RLS 

Gradual 22062 -4.07 666.26 7.76 622.67 0.39 0.15 89.41 

No Change 20990 -8.95 1,144.11 10.96 1,104.06 0.41 0.14 93.60 

Stepped 22077 -3.86 714.10 7.65 670.51 0.40 0.16 88.84 

ARX-OLS 

Gradual 21461 46.51 157,396.30 46.96 157,353.74 0.22 0.15 82.17 

No Change 20401 39.86 130,421.30 40.85 130,341.43 0.32 0.17 89.86 

Stepped 21592 41.36 112,492.65 41.88 112,449.86 0.26 0.17 80.01 

ARX-RLS 

Gradual 22062 5.68 749.26 9.93 682.87 0.34 0.17 87.60 

No Change 20989 1.72 1,108.04 10.04 1,010.24 0.38 0.15 91.43 

Stepped 22074 5.54 5,410.95 10.24 5,336.74 0.37 0.18 86.80 

NLAR-RLS 

Gradual 22062 -4.69 589.70 6.69 566.92 0.48 0.15 91.67 

No Change 20989 -9.34 1,054.04 10.38 1,033.47 0.49 0.13 93.55 

Stepped 22074 -4.00 4,823.20 7.27 4,786.44 0.51 0.16 92.08 
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APPENDIX D 

STATISTICAL TESTS FOR SIMULATION DATASET 

The following tables present results for statistical tests among models. 
MAD, IEEE PI, and Bias were compared with a pairwise Kruskal-Wallis test. The 
results presented here are observed and critical differences. For PoC, models 
were compared with a pairwise proportion test; each individual test p-value is given 
in these tables. The highlighted cells indicate when the null hypothesis was 
rejected. 

Table D. 1.Statistical Comparisons by Parameter Change Scenarios   

Model Comparison 

Bias MAD IEEE PI PoC 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference P-value 

NLAR-
RLS 

Gradual-No Change 6725.238 433.965 2897.673 433.965 481.721 433.965 0.000 

Gradual-Stepped 263.032 428.464 1230.695 428.464 1035.030 428.464 0.376 

No Change-Stepped 6462.206 433.907 4128.368 433.907 553.309 433.907 0.000 

ARX-RLS 

Gradual-No Change 4764.674 433.965 569.512 433.965 3285.900 433.965 0.000 

Gradual-Stepped 1243.217 428.464 1340.866 428.464 882.954 428.464 0.037 

No Change-Stepped 3521.457 433.907 1910.379 433.907 2402.945 433.907 0.000 

ARX-OLS 

Gradual-No Change 4588.682 428.797 2581.529 428.797 6284.135 428.797 0.000 

Gradual-Stepped 1727.297 422.691 1638.444 422.691 1095.615 422.691 0.000 

No Change-Stepped 2861.386 428.162 943.085 428.162 5188.519 428.162 0.000 

AR-RLS 

Gradual-No Change 5634.016 433.986 1592.767 433.986 2463.910 433.986 0.000 

Gradual-Stepped 289.203 428.476 1343.737 428.476 288.550 428.476 0.172 

No Change-Stepped 5923.219 433.914 2936.504 433.914 2175.360 433.914 0.000 

 

Table D. 2. Statistical Tests for Proportion of Rejected Null Hypotheses 

Test Sets Comparisons P.Value 

Condition 

AR-RLS-ARX-OLS 4.67E-69 

AR-RLS-ARX-RLS 1.94E-31 

AR-RLS-NLAR-RLS 1.40E-51 

ARX-OLS-ARX-RLS 2.30E-67 

ARX-OLS-NLAR-RLS 2.43E-91 

Global 0 

SNR 

AR-RLS-ARX-OLS 5.18E-52 

AR-RLS-ARX-RLS 2.43E-37 

AR-RLS-NLAR-RLS 9.64E-73 

ARX-OLS-ARX-RLS 5.18E-52 

ARX-OLS-NLAR-RLS 3.85E-89 

Global 0 

Parameter 

Gradual-No Change 1.53E-21 

Gradual-Stepped 1.69E-11 

No Change-Stepped 1.53E-21 

Global 1.52E-50 
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Table D. 3. Statistical Comparisons by Condition Percentage for Gradual Change Scenario 

Level 
Models  

Compared 

MAD IEEE PI Bias PoC 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

P-Value 

50 

AR-RLS-ARX-OLS 6837.110 305.749 8866.402 305.749 9743.156 305.749 0.000000 

AR-RLS-ARX-RLS 2595.394 293.664 4461.866 293.664 5421.064 293.664 0.000000 

AR-RLS-NLAR-RLS 1041.923 293.664 1571.770 293.664 578.131 293.664 0.000000 

ARX-OLS-ARX-RLS 4241.715 305.749 4404.537 305.749 4322.092 305.749 0.000000 

ARX-OLS-NLAR-RLS 7879.033 305.749 10438.172 305.749 10321.287 305.749 0.000000 

ARX-RLS-NLAR-RLS 3637.317 293.664 6033.636 293.664 5999.195 293.664 0.000000 

75 

AR-RLS-ARX-OLS 5659.767 304.722 8282.872 304.722 8858.690 304.722 0.000000 

AR-RLS-ARX-RLS 998.798 301.677 2412.740 301.677 3161.708 301.677 0.013815 

AR-RLS-NLAR-RLS 1241.299 301.677 2115.783 301.677 1340.183 301.677 0.000000 

ARX-OLS-ARX-RLS 4660.969 304.722 5870.132 304.722 5696.982 304.722 0.000000 

ARX-OLS-NLAR-RLS 6901.066 304.722 10398.655 304.722 10198.874 304.722 0.000000 

ARX-RLS-NLAR-RLS 2240.097 301.677 4528.523 301.677 4501.892 301.677 0.000000 

85 

AR-RLS-ARX-OLS 3224.075 302.904 6073.220 302.904 7174.112 302.904 0.002214 
AR-RLS-ARX-RLS 6.373 301.021 792.465 301.021 1645.111 301.021 0.085978 
AR-RLS-NLAR-RLS 888.653 301.021 1926.958 301.021 1151.451 301.021 0.000000 
ARX-OLS-ARX-RLS 3217.702 302.904 5280.756 302.904 5529.001 302.904 0.000000 
ARX-OLS-NLAR-RLS 4112.728 302.904 8000.178 302.904 8325.564 302.904 0.000000 
ARX-RLS-NLAR-RLS 895.025 301.021 2719.422 301.021 2796.562 301.021 0.000000 

90 

AR-RLS-ARX-OLS 832.235 302.495 3277.140 302.495 5367.249 302.495 1.000000 
AR-RLS-ARX-RLS 421.653 301.019 234.670 301.019 687.675 301.019 0.000137 
AR-RLS-NLAR-RLS 571.327 301.019 1443.385 301.019 872.439 301.019 0.000115 
ARX-OLS-ARX-RLS 1253.888 302.495 3511.811 302.495 4679.574 302.495 0.000001 
ARX-OLS-NLAR-RLS 1403.562 302.495 4720.525 302.495 6239.688 302.495 0.008687 
ARX-RLS-NLAR-RLS 149.674 301.019 1208.715 301.019 1560.114 301.019 0.000000 

95 

AR-RLS-ARX-OLS 219.474 266.026 503.958 266.026 2313.039 266.026 1.000000 
AR-RLS-ARX-RLS 135.268 264.594 183.736 264.594 253.952 264.594 0.412907 
AR-RLS-NLAR-RLS 81.501 264.594 273.953 264.594 88.892 264.594 0.000000 
ARX-OLS-ARX-RLS 84.206 266.043 687.694 266.043 2059.087 266.043 1.000000 
ARX-OLS-NLAR-RLS 137.973 266.043 777.912 266.043 2401.931 266.043 0.000000 
ARX-RLS-NLAR-RLS 53.767 264.611 90.217 264.611 342.844 264.611 0.000000 

97 

AR-RLS-ARX-OLS 272.929 214.936 2.952 214.936 1148.379 214.936 1.000000 
AR-RLS-ARX-RLS 72.517 213.396 145.891 213.396 113.988 213.396 1.000000 
AR-RLS-NLAR-RLS 47.723 213.396 136.793 213.396 52.839 213.396 0.000000 
ARX-OLS-ARX-RLS 200.413 215.064 142.939 215.064 1034.391 215.064 1.000000 
ARX-OLS-NLAR-RLS 225.207 215.064 133.842 215.064 1095.540 215.064 0.000000 
ARX-RLS-NLAR-RLS 24.794 213.524 9.098 213.524 61.150 213.524 0.000000 

98 

AR-RLS-ARX-OLS 247.114 211.098 177.119 211.098 748.203 211.098 1.000000 
AR-RLS-ARX-RLS 5.900 209.688 41.569 209.688 99.790 209.688 1.000000 
AR-RLS-NLAR-RLS 1.511 209.688 43.312 209.688 73.585 209.688 0.000000 
ARX-OLS-ARX-RLS 241.214 211.250 135.549 211.250 648.414 211.250 1.000000 
ARX-OLS-NLAR-RLS 245.603 211.250 133.807 211.250 674.618 211.250 0.000000 
ARX-RLS-NLAR-RLS 4.388 209.840 1.743 209.840 26.204 209.840 0.000000 

99 

AR-RLS-ARX-OLS 156.222 208.840 144.054 208.840 307.310 208.840 1.000000 
AR-RLS-ARX-RLS 1.669 207.462 9.799 207.462 44.230 207.462 1.000000 
AR-RLS-NLAR-RLS 3.113 207.462 5.812 207.462 39.748 207.462 0.581212 
ARX-OLS-ARX-RLS 154.552 208.862 134.254 208.862 263.080 208.862 1.000000 
ARX-OLS-NLAR-RLS 159.335 208.862 138.242 208.862 267.562 208.862 1.000000 
ARX-RLS-NLAR-RLS 4.782 207.484 3.988 207.484 4.481 207.484 0.544280 
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Table D. 4.Statistical Comparisons by Condition Percentage for No Change Scenario 

Level 
Models  

Compared 

MAD IEEE PI Bias PoC 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

P-Value 

50 

AR-RLS-ARX-OLS 4617.161 305.668 8139.403 305.668 9475.088 305.668 0.000000 

AR-RLS-ARX-RLS 912.727 293.387 3525.881 293.387 4974.426 293.387 0.000000 

AR-RLS-NLAR-RLS 372.721 293.387 1571.967 293.387 530.865 293.387 0.000000 

ARX-OLS-ARX-RLS 3704.435 305.710 4613.522 305.710 4500.662 305.710 0.000000 

ARX-OLS-NLAR-RLS 4989.882 305.710 9711.371 305.710 10005.953 305.710 0.000000 

ARX-RLS-NLAR-RLS 1285.448 293.431 5097.849 293.431 5505.291 293.431 0.000000 

75 

AR-RLS-ARX-OLS 2331.009 304.845 6789.753 304.845 8169.307 304.845 0.000000 

AR-RLS-ARX-RLS 45.173 299.880 1717.008 299.880 2942.191 299.880 0.000009 

AR-RLS-NLAR-RLS 400.286 299.880 1849.914 299.880 989.173 299.880 0.000000 

ARX-OLS-ARX-RLS 2376.182 304.845 5072.746 304.845 5227.116 304.845 1.000000 

ARX-OLS-NLAR-RLS 2731.295 304.845 8639.667 304.845 9158.480 304.845 0.000000 

ARX-RLS-NLAR-RLS 355.113 299.880 3566.922 299.880 3931.364 299.880 0.000000 

85 

AR-RLS-ARX-OLS 28.928 303.952 3297.037 303.952 6359.574 303.952 0.037324 

AR-RLS-ARX-RLS 417.371 300.479 311.483 300.479 1669.044 300.479 0.686185 

AR-RLS-NLAR-RLS 405.509 300.479 1587.393 300.479 774.948 300.479 0.000000 

ARX-OLS-ARX-RLS 388.444 303.952 2985.554 303.952 4690.529 303.952 1.000000 

ARX-OLS-NLAR-RLS 376.581 303.952 4884.430 303.952 7134.522 303.952 0.000000 

ARX-RLS-NLAR-RLS 11.862 300.479 1898.876 300.479 2443.993 300.479 0.000000 

90 

AR-RLS-ARX-OLS 1302.966 303.462 555.624 303.462 4956.857 303.462 0.101619 

AR-RLS-ARX-RLS 483.247 300.612 389.823 300.612 900.187 300.612 0.028870 

AR-RLS-NLAR-RLS 175.471 300.612 1059.442 300.612 536.240 300.612 0.029312 

ARX-OLS-ARX-RLS 819.719 303.462 945.447 303.462 4056.670 303.462 1.000000 

ARX-OLS-NLAR-RLS 1127.495 303.462 1615.065 303.462 5493.097 303.462 0.000002 

ARX-RLS-NLAR-RLS 307.776 300.612 669.618 300.612 1436.427 300.612 0.000000 

95 

AR-RLS-ARX-OLS 1027.418 280.960 582.600 280.960 2621.485 280.960 1.000000 

AR-RLS-ARX-RLS 211.371 278.477 337.350 278.477 389.193 278.477 1.000000 

AR-RLS-NLAR-RLS 111.447 278.477 437.934 278.477 2.082 278.477 0.000000 

ARX-OLS-ARX-RLS 816.047 280.976 245.250 280.976 2232.292 280.976 1.000000 

ARX-OLS-NLAR-RLS 915.971 280.976 144.666 280.976 2623.567 280.976 0.000000 

ARX-RLS-NLAR-RLS 99.924 278.493 100.584 278.493 391.275 278.493 0.000000 

97 

AR-RLS-ARX-OLS 505.324 235.585 276.849 235.585 1360.640 235.585 1.000000 

AR-RLS-ARX-RLS 34.132 233.091 75.500 233.091 285.325 233.091 1.000000 

AR-RLS-NLAR-RLS 9.976 233.091 87.177 233.091 187.470 233.091 0.000000 

ARX-OLS-ARX-RLS 471.192 235.874 201.349 235.874 1075.315 235.874 1.000000 

ARX-OLS-NLAR-RLS 495.348 235.874 189.672 235.874 1173.170 235.874 0.000000 

ARX-RLS-NLAR-RLS 24.156 233.382 11.677 233.382 97.855 233.382 0.000000 

98 

AR-RLS-ARX-OLS 425.208 232.884 374.522 232.884 1038.983 232.884 1.000000 

AR-RLS-ARX-RLS 19.209 230.425 68.539 230.425 210.469 230.425 1.000000 

AR-RLS-NLAR-RLS 10.790 230.425 65.109 230.425 173.349 230.425 0.000000 

ARX-OLS-ARX-RLS 405.999 233.040 305.983 233.040 828.514 233.040 1.000000 

ARX-OLS-NLAR-RLS 414.418 233.040 309.413 233.040 865.634 233.040 0.000000 

ARX-RLS-NLAR-RLS 8.419 230.583 3.430 230.583 37.119 230.583 0.000000 

99 

AR-RLS-ARX-OLS 288.609 227.922 334.647 227.922 505.095 227.922 1.000000 

AR-RLS-ARX-RLS 11.977 225.580 33.211 225.580 73.033 225.580 1.000000 

AR-RLS-NLAR-RLS 10.630 225.580 33.557 225.580 66.923 225.580 0.007509 

ARX-OLS-ARX-RLS 276.633 228.022 301.436 228.022 432.062 228.022 1.000000 

ARX-OLS-NLAR-RLS 277.979 228.022 301.090 228.022 438.172 228.022 0.040175 

ARX-RLS-NLAR-RLS 1.347 225.680 0.346 225.680 6.110 225.680 0.006211 
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Table D. 5. Statistical Comparisons by Condition Percentage for Stepped Change Scenario 

Level 
Model 

Comparison 

MAD IEEE PI Bias PoC 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

P-Value 

50 

AR-RLS-ARX-OLS 7430.226 305.202 8853.927 305.202 9861.783 305.202 0.000000 

AR-RLS-ARX-RLS 3108.171 295.749 4461.549 295.749 5215.888 295.749 0.000000 

AR-RLS-NLAR-RLS 927.574 295.749 1242.557 295.749 600.125 295.749 0.000000 

ARX-OLS-ARX-RLS 4322.055 305.259 4392.378 305.259 4645.895 305.259 0.000000 

ARX-OLS-NLAR-RLS 8357.801 305.259 10096.484 305.259 10461.908 305.259 0.000000 

ARX-RLS-NLAR-RLS 4035.745 295.808 5704.106 295.808 5816.013 295.808 0.000000 

75 

AR-RLS-ARX-OLS 4915.261 304.666 7467.953 304.666 8420.663 304.666 0.000000 

AR-RLS-ARX-RLS 752.699 302.210 1951.330 302.210 2748.752 302.210 0.370189 

AR-RLS-NLAR-RLS 1145.989 302.210 2582.640 302.210 1614.628 302.210 0.000000 

ARX-OLS-ARX-RLS 4162.562 304.666 5516.623 304.666 5671.911 304.666 0.000000 

ARX-OLS-NLAR-RLS 6061.249 304.666 10050.593 304.666 10035.292 304.666 0.000000 

ARX-RLS-NLAR-RLS 1898.687 302.210 4533.970 302.210 4363.380 302.210 0.000000 

85 

AR-RLS-ARX-OLS 2069.921 300.004 4748.804 300.004 6375.106 300.004 0.003026 

AR-RLS-ARX-RLS 321.106 298.341 236.878 298.341 1320.636 298.341 0.000040 

AR-RLS-NLAR-RLS 801.985 298.341 2086.085 298.341 1353.794 298.341 0.000000 

ARX-OLS-ARX-RLS 2391.027 300.004 4511.926 300.004 5054.470 300.004 0.000000 

ARX-OLS-NLAR-RLS 2871.905 300.004 6834.889 300.004 7728.900 300.004 0.000000 

ARX-RLS-NLAR-RLS 480.879 298.341 2322.963 298.341 2674.430 298.341 0.025405 

90 

AR-RLS-ARX-OLS 44.337 298.417 1875.877 298.417 4361.455 298.417 1.000000 

AR-RLS-ARX-RLS 462.720 296.937 526.778 296.937 469.072 296.937 0.000004 

AR-RLS-NLAR-RLS 425.914 296.937 1246.695 296.937 909.331 296.937 0.000000 

ARX-OLS-ARX-RLS 507.057 298.417 2402.655 298.417 3892.383 298.417 0.000003 

ARX-OLS-NLAR-RLS 470.251 298.417 3122.573 298.417 5270.786 298.417 0.000000 

ARX-RLS-NLAR-RLS 36.806 296.937 719.918 296.937 1378.403 296.937 0.000000 

95 

AR-RLS-ARX-OLS 546.245 250.171 94.196 250.171 1744.585 250.171 1.000000 

AR-RLS-ARX-RLS 136.255 248.645 213.507 248.645 169.804 248.645 0.668579 

AR-RLS-NLAR-RLS 70.341 248.645 243.096 248.645 60.952 248.645 0.000000 

ARX-OLS-ARX-RLS 409.991 250.171 119.311 250.171 1574.781 250.171 1.000000 

ARX-OLS-NLAR-RLS 475.904 250.171 148.899 250.171 1805.537 250.171 0.000000 

ARX-RLS-NLAR-RLS 65.913 248.645 29.589 248.645 230.756 248.645 0.000000 

97 

AR-RLS-ARX-OLS 299.474 205.402 163.495 205.402 902.313 205.402 1.000000 

AR-RLS-ARX-RLS 43.742 203.763 91.899 203.763 138.681 203.763 1.000000 

AR-RLS-NLAR-RLS 23.558 203.763 86.712 203.763 81.340 203.763 0.000000 

ARX-OLS-ARX-RLS 255.732 205.535 71.596 205.535 763.633 205.535 1.000000 

ARX-OLS-NLAR-RLS 275.917 205.535 76.783 205.535 820.974 205.535 0.000000 

ARX-RLS-NLAR-RLS 20.185 203.898 5.187 203.898 57.341 203.898 0.000000 

98 

AR-RLS-ARX-OLS 282.066 200.873 257.760 200.873 606.904 200.873 1.000000 

AR-RLS-ARX-RLS 51.646 199.365 53.874 199.365 158.002 199.365 1.000000 

AR-RLS-NLAR-RLS 49.834 199.365 65.208 199.365 128.239 199.365 0.000000 

ARX-OLS-ARX-RLS 230.420 200.964 203.886 200.964 448.902 200.964 1.000000 

ARX-OLS-NLAR-RLS 232.232 200.964 192.552 200.964 478.665 200.964 0.000000 

ARX-RLS-NLAR-RLS 1.812 199.457 11.334 199.457 29.763 199.457 0.000000 

99 

AR-RLS-ARX-OLS 167.109 196.721 155.782 196.721 286.684 196.721 1.000000 

AR-RLS-ARX-RLS 2.363 195.107 21.111 195.107 40.854 195.107 1.000000 

AR-RLS-NLAR-RLS 1.879 195.107 18.728 195.107 40.122 195.107 0.212254 

ARX-OLS-ARX-RLS 164.746 196.744 134.672 196.744 245.831 196.744 1.000000 

ARX-OLS-NLAR-RLS 165.229 196.744 137.054 196.744 246.563 196.744 0.616510 

ARX-RLS-NLAR-RLS 0.484 195.130 2.383 195.130 0.732 195.130 0.216167 
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Table D. 6. Statistical Comparisons by SNR for Gradual Change 

Level Comparison 

MAD IEEE PI Bias PoC 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

P-Value 

0.05 

AR-RLS-ARX-OLS 1,933.06 365.175 6,976.28 365.175 9,947.16 365.175 0.0000 

AR-RLS-ARX-RLS 306.55 353.1694 1,847.65 353.1694 4,127.01 353.1694 0.0111 

AR-RLS-NLAR-RLS 318.59 353.1694 692.48 353.1694 25.62 353.1694 0.0000 

ARX-OLS-ARX-RLS 1,626.51 365.2348 5,128.62 365.2348 5,820.16 365.2348 0.0000 

ARX-OLS-NLAR-RLS 2,251.66 365.2348 7,668.75 365.2348 9,972.79 365.2348 0.0000 

ARX-RLS-NLAR-RLS 625.15 353.2312 2,540.13 353.2312 4,152.63 353.2312 0.0000 

0.1 

AR-RLS-ARX-OLS 2,106.65 377.6362 7,305.80 377.6362 10,834.31 377.6362 0.0000 

AR-RLS-ARX-RLS 190.56 371.2317 1,752.19 371.2317 4,280.01 371.2317 0.0395 

AR-RLS-NLAR-RLS 338.47 371.2317 732.60 371.2317 88.45 371.2317 0.0000 

ARX-OLS-ARX-RLS 1,916.09 377.7312 5,553.61 377.7312 6,554.31 377.7312 0.0000 

ARX-OLS-NLAR-RLS 2,445.12 377.7312 8,038.40 377.7312 10,745.86 377.7312 0.0030 

ARX-RLS-NLAR-RLS 529.03 371.3284 2,484.79 371.3284 4,191.55 371.3284 0.0000 

0.2 

AR-RLS-ARX-OLS 2,063.53 384.4816 5,734.01 384.4816 8,546.54 384.4816 0.0000 

AR-RLS-ARX-RLS 494.15 384.0216 1,825.75 384.0216 3,817.04 384.0216 0.0000 

AR-RLS-NLAR-RLS 475.59 384.0216 1,345.01 384.0216 1,157.74 384.0216 0.0000 

ARX-OLS-ARX-RLS 1,569.38 384.5057 3,908.27 384.5057 4,729.50 384.5057 0.0000 

ARX-OLS-NLAR-RLS 2,539.11 384.5057 7,079.02 384.5057 9,704.28 384.5057 0.0000 

ARX-RLS-NLAR-RLS 969.74 384.0457 3,170.76 384.0457 4,974.78 384.0457 1.0000 

0.5 

AR-RLS-ARX-OLS 966.07 291.7631 1,795.97 291.7631 1,993.02 291.7631 0.0000 

AR-RLS-ARX-RLS 349.65 291.7631 699.12 291.7631 1,035.56 291.7631 0.0000 

AR-RLS-NLAR-RLS 1,210.23 291.7631 2,138.61 291.7631 2,263.25 291.7631 0.0000 

ARX-OLS-ARX-RLS 616.42 291.7631 1,096.85 291.7631 957.46 291.7631 0.0000 

ARX-OLS-NLAR-RLS 2,176.30 291.7631 3,934.58 291.7631 4,256.27 291.7631 0.0000 

ARX-RLS-NLAR-RLS 1,559.88 291.7631 2,837.73 291.7631 3,298.82 291.7631 0.0000 

1 

AR-RLS-ARX-OLS 256.71 181.8804 391.28 181.8804 255.47 181.8804 0.0000 

AR-RLS-ARX-RLS 55.83 181.8804 136.02 181.8804 254.48 181.8804 0.5152 

AR-RLS-NLAR-RLS 605.10 181.8804 1,018.17 181.8804 1,026.46 181.8804 0.0000 

ARX-OLS-ARX-RLS 200.88 181.8804 255.25 181.8804 0.99 181.8804 0.0052 

ARX-OLS-NLAR-RLS 861.82 181.8804 1,409.45 181.8804 1,281.93 181.8804 0.0000 

ARX-RLS-NLAR-RLS 660.94 181.8804 1,154.20 181.8804 1,280.94 181.8804 0.0000 

10 

AR-RLS-ARX-OLS 216.40 172.0203 216.18 172.0203 26.92 172.0203 1.0000 

AR-RLS-ARX-RLS 29.27 172.0203 66.53 172.0203 168.70 172.0203 1.0000 

AR-RLS-NLAR-RLS 613.72 172.0203 992.74 172.0203 929.28 172.0203 0.0000 

ARX-OLS-ARX-RLS 187.13 172.0203 149.65 172.0203 195.62 172.0203 1.0000 

ARX-OLS-NLAR-RLS 830.12 172.0203 1,208.92 172.0203 902.37 172.0203 0.0000 

ARX-RLS-NLAR-RLS 642.98 172.0203 1,059.27 172.0203 1,097.99 172.0203 0.0000 

51542 

AR-RLS-ARX-OLS 9.93 56.8706 13.96 56.8706 4.20 56.8706 1.0000 

AR-RLS-ARX-RLS 1.68 56.8706 7.40 56.8706 1.81 56.8706 1.0000 

AR-RLS-NLAR-RLS 80.77 56.8706 120.57 56.8706 116.70 56.8706 0.0000 

ARX-OLS-ARX-RLS 8.24 56.8706 6.56 56.8706 6.01 56.8706 1.0000 

ARX-OLS-NLAR-RLS 90.70 56.8706 134.53 56.8706 112.50 56.8706 0.0000 

ARX-RLS-NLAR-RLS 82.45 56.8706 127.97 56.8706 118.51 56.8706 0.0000 
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Table D. 7. Statistical Comparisons by SNR for No Change   

Level Comparison 

MAD IEEE PI Bias PoC 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

P-Value 

0.05 

AR-RLS-ARX-OLS 131.75 383.6509 5,693.28 383.6509 11,505.64 383.6509 0.0000 

AR-RLS-ARX-RLS 341.93 367.0625 940.16 367.0625 3,968.64 367.0625 0.0819 

AR-RLS-NLAR-RLS 277.06 367.0625 785.22 367.0625 211.61 367.0625 0.0000 

ARX-OLS-ARX-RLS 210.19 383.8406 4,753.13 383.8406 7,537.01 383.8406 0.0000 

ARX-OLS-NLAR-RLS 145.31 383.8406 6,478.50 383.8406 11,294.03 383.8406 1.0000 

ARX-RLS-NLAR-RLS 64.88 367.2607 1,725.37 367.2607 3,757.03 367.2607 0.0000 

0.1 

AR-RLS-ARX-OLS 80.59 393.3144 5,553.53 393.3144 11,999.71 393.3144 0.0000 

AR-RLS-ARX-RLS 523.70 384.8326 773.39 384.8326 4,110.59 384.8326 0.0083 

AR-RLS-NLAR-RLS 275.08 384.8326 829.89 384.8326 120.32 384.8326 0.0000 

ARX-OLS-ARX-RLS 443.11 393.4615 4,780.14 393.4615 7,889.13 393.4615 0.0000 

ARX-OLS-NLAR-RLS 194.49 393.4615 6,383.42 393.4615 11,879.39 393.4615 0.6739 

ARX-RLS-NLAR-RLS 248.62 384.9829 1,603.28 384.9829 3,990.27 384.9829 0.0000 

0.2 

AR-RLS-ARX-OLS 113.89 391.4904 3,550.81 391.4904 8,621.07 391.4904 0.0000 

AR-RLS-ARX-RLS 57.38 390.9909 1,274.52 390.9909 3,972.07 390.9909 0.0000 

AR-RLS-NLAR-RLS 83.75 390.9909 1,010.60 390.9909 987.13 390.9909 0.0000 

ARX-OLS-ARX-RLS 171.26 391.514 2,276.28 391.514 4,649.00 391.514 0.0000 

ARX-OLS-NLAR-RLS 197.64 391.514 4,561.40 391.514 9,608.20 391.514 1.0000 

ARX-RLS-NLAR-RLS 26.37 391.0146 2,285.12 391.0146 4,959.20 391.0146 0.0002 

0.5 

AR-RLS-ARX-OLS 309.00 306.1061 882.97 306.1061 2,004.39 306.1061 0.0000 

AR-RLS-ARX-RLS 330.98 306.1061 770.27 306.1061 1,552.28 306.1061 0.0000 

AR-RLS-NLAR-RLS 350.35 306.1061 1,520.77 306.1061 2,194.40 306.1061 0.1970 

ARX-OLS-ARX-RLS 21.98 306.1061 112.70 306.1061 452.11 306.1061 0.0293 

ARX-OLS-NLAR-RLS 659.36 306.1061 2,403.74 306.1061 4,198.79 306.1061 0.0000 

ARX-RLS-NLAR-RLS 681.33 306.1061 2,291.04 306.1061 3,746.68 306.1061 0.0000 

1 

AR-RLS-ARX-OLS 93.52 177.1762 53.87 177.1762 111.25 177.1762 0.0046 

AR-RLS-ARX-RLS 94.29 177.1762 143.02 177.1762 304.87 177.1762 0.0025 

AR-RLS-NLAR-RLS 460.29 177.1762 982.69 177.1762 1,182.05 177.1762 0.0000 

ARX-OLS-ARX-RLS 0.77 177.1762 89.15 177.1762 193.62 177.1762 1.0000 

ARX-OLS-NLAR-RLS 553.81 177.1762 1,036.56 177.1762 1,293.30 177.1762 0.0000 

ARX-RLS-NLAR-RLS 554.58 177.1762 1,125.71 177.1762 1,486.92 177.1762 0.0000 

10 

AR-RLS-ARX-OLS 5.20 168.6422 119.78 168.6422 164.80 168.6422 1.0000 

AR-RLS-ARX-RLS 66.58 168.6422 91.63 168.6422 253.47 168.6422 0.1021 

AR-RLS-NLAR-RLS 470.50 168.6422 923.90 168.6422 1,160.49 168.6422 0.0000 

ARX-OLS-ARX-RLS 61.38 168.6422 211.41 168.6422 418.27 168.6422 0.1279 

ARX-OLS-NLAR-RLS 475.71 168.6422 804.11 168.6422 995.70 168.6422 0.0000 

ARX-RLS-NLAR-RLS 537.09 168.6422 1,015.52 168.6422 1,413.96 168.6422 0.0000 

51542 

AR-RLS-ARX-OLS 4.54 58.1615 29.05 58.1615 58.23 58.1615 1.0000 

AR-RLS-ARX-RLS 5.36 58.1615 6.36 58.1615 40.57 58.1615 1.0000 

AR-RLS-NLAR-RLS 46.26 58.1615 109.33 58.1615 108.25 58.1615 0.0000 

ARX-OLS-ARX-RLS 0.82 58.1615 35.41 58.1615 98.80 58.1615 0.5409 

ARX-OLS-NLAR-RLS 50.80 58.1615 80.27 58.1615 50.02 58.1615 0.0000 

ARX-RLS-NLAR-RLS 51.62 58.1615 115.68 58.1615 148.82 58.1615 0.0000 
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Table D. 8. Statistical Comparisons by SNR for Gradual Change   

Level Comparison 

MAD IEEE PI Bias PoC 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

P-Value 

0.05 

AR-RLS-ARX-OLS 1,627.46 360.1291 5,967.74 360.1291 9,154.98 360.1291 0.0000 
AR-RLS-ARX-RLS 438.76 349.5673 1,645.88 349.5673 3,636.55 349.5673 0.0000 
AR-RLS-NLAR-RLS 323.26 349.5673 861.62 349.5673 161.94 349.5673 0.0000 
ARX-OLS-ARX-RLS 1,188.71 360.2144 4,321.86 360.2144 5,518.43 360.2144 0.0000 
ARX-OLS-NLAR-RLS 1,950.73 360.2144 6,829.36 360.2144 9,316.92 360.2144 0.0000 
ARX-RLS-NLAR-RLS 762.02 349.6552 2,507.50 349.6552 3,798.49 349.6552 0.3122 

0.1 

AR-RLS-ARX-OLS 1,775.27 370.2354 6,229.89 370.2354 9,557.51 370.2354 0.0000 
AR-RLS-ARX-RLS 368.69 364.8625 1,685.19 364.8625 3,764.14 364.8625 0.0002 
AR-RLS-NLAR-RLS 322.56 364.8625 818.65 364.8625 101.25 364.8625 0.0000 
ARX-OLS-ARX-RLS 1,406.58 370.3328 4,544.71 370.3328 5,793.37 370.3328 0.0000 
ARX-OLS-NLAR-RLS 2,097.82 370.3328 7,048.54 370.3328 9,658.76 370.3328 0.0000 
ARX-RLS-NLAR-RLS 691.24 364.9613 2,503.84 364.9613 3,865.38 364.9613 0.0056 

0.2 

AR-RLS-ARX-OLS 1,493.63 371.0188 4,286.50 371.0188 7,038.62 371.0188 0.0000 
AR-RLS-ARX-RLS 414.89 370.4916 1,301.66 370.4916 2,877.06 370.4916 0.0000 
AR-RLS-NLAR-RLS 598.75 370.4916 1,567.14 370.4916 1,174.81 370.4916 1.0000 
ARX-OLS-ARX-RLS 1,078.74 371.0188 2,984.84 371.0188 4,161.56 371.0188 0.0000 
ARX-OLS-NLAR-RLS 2,092.38 371.0188 5,853.64 371.0188 8,213.43 371.0188 0.0000 
ARX-RLS-NLAR-RLS 1,013.64 370.4916 2,868.80 370.4916 4,051.87 370.4916 0.0000 

0.5 

AR-RLS-ARX-OLS 828.26 297.4335 1,383.90 297.4335 1,701.91 297.4335 0.0000 
AR-RLS-ARX-RLS 213.06 297.4335 394.96 297.4335 850.30 297.4335 0.0009 
AR-RLS-NLAR-RLS 955.77 297.4335 1,939.12 297.4335 2,146.44 297.4335 0.0000 
ARX-OLS-ARX-RLS 615.20 297.4335 988.94 297.4335 851.60 297.4335 0.0000 
ARX-OLS-NLAR-RLS 1,784.03 297.4335 3,323.02 297.4335 3,848.35 297.4335 0.0000 
ARX-RLS-NLAR-RLS 1,168.83 297.4335 2,334.08 297.4335 2,996.75 297.4335 0.0000 

1 

AR-RLS-ARX-OLS 211.42 175.3862 244.38 175.3862 128.27 175.3862 0.0165 
AR-RLS-ARX-RLS 3.60 175.3862 9.54 175.3862 130.99 175.3862 1.0000 
AR-RLS-NLAR-RLS 621.59 175.3862 960.48 175.3862 1,011.89 175.3862 0.0000 
ARX-OLS-ARX-RLS 215.02 175.3862 253.92 175.3862 2.73 175.3862 0.0058 
ARX-OLS-NLAR-RLS 833.01 175.3862 1,204.87 175.3862 1,140.16 175.3862 0.0000 
ARX-RLS-NLAR-RLS 617.99 175.3862 950.95 175.3862 1,142.89 175.3862 0.0000 

10 

AR-RLS-ARX-OLS 128.28 151.1117 117.85 151.1117 13.86 151.1117 0.7398 
AR-RLS-ARX-RLS 1.47 151.1117 3.60 151.1117 96.46 151.1117 1.0000 
AR-RLS-NLAR-RLS 495.11 151.1117 739.53 151.1117 755.42 151.1117 0.0000 
ARX-OLS-ARX-RLS 129.75 151.1117 121.46 151.1117 82.60 151.1117 0.5245 
ARX-OLS-NLAR-RLS 623.39 151.1117 857.39 151.1117 769.28 151.1117 0.0000 
ARX-RLS-NLAR-RLS 493.64 151.1117 735.93 151.1117 851.88 151.1117 0.0000 

51542 

AR-RLS-ARX-OLS 21.90 50.1037 23.83 50.1037 5.92 50.1037 1.0000 
AR-RLS-ARX-RLS 6.37 50.1037 11.82 50.1037 7.18 50.1037 1.0000 
AR-RLS-NLAR-RLS 60.89 50.1037 94.57 50.1037 102.50 50.1037 0.0000 
ARX-OLS-ARX-RLS 28.27 50.1037 35.64 50.1037 1.26 50.1037 1.0000 
ARX-OLS-NLAR-RLS 82.79 50.1037 118.40 50.1037 96.58 50.1037 0.0000 
ARX-RLS-NLAR-RLS 54.51 50.1037 82.75 50.1037 95.32 50.1037 0.0000 
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APPENDIX E 

IEEE DATASET RESULTS 

This appendix contains results obtained from performing RUL estimation by 
condition percentage, smooth, trend and forgetting factor.  

 

Table E. 1.IEEE Dataset Results by Condition Percentage  

Condition Model 
Bias MAD IEEE PI 

PoC (%) 
Average Variance  Average Variance  Average Variance  

75% 
AR-RLS -10.143 526.979 10.818 512.782 0.263 0.107 99.363 

ARX-RLS -10.800 514.510 10.800 514.510 0.262 0.104 100.000 

85% 
AR-RLS -6.353 99.219 6.353 99.219 0.505 0.195 100.000 

ARX-RLS -6.588 100.321 6.588 100.321 0.472 0.191 100.000 

90% 
AR-RLS -3.947 34.125 4.444 29.929 0.126 0.040 75.661 

ARX-RLS -4.131 34.137 4.525 30.712 0.157 0.061 82.514 

95% 
AR-RLS -1.488 14.984 2.105 12.753 0.427 0.218 70.988 

ARX-RLS -1.506 14.910 2.086 12.812 0.446 0.221 74.691 

97% 
AR-RLS -2.170 0.798 2.170 0.798 0.181 0.009 100.000 

ARX-RLS -2.189 0.771 2.189 0.771 0.177 0.008 100.000 

98% 
AR-RLS -0.778 0.176 0.778 0.176 0.429 0.098 100.000 

ARX-RLS -0.833 0.217 0.833 0.217 0.406 0.097 100.000 

99% 
AR-RLS 0.000 0.000 0.000 0.000 1.000 0.000 100.000 

ARX-RLS 0.000 0.000 0.000 0.000 1.000 0.000 100.000 

 

 

Table E. 2. IEEE Dataset Statistical Results by Condition Percentage  

Condition 

Bias MAD IEEE PI PoC  

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference P-Value 

75% 1.728 28.290 5.042 28.290 4.019 28.290 0.484 

85% 5.925 21.768 5.925 21.768 6.218 21.768 NaN4 

90% 5.889 21.857 0.758 21.857 13.584 21.857 0.135 

95% 2.111 20.400 2.500 20.400 3.889 20.400 0.532 

97% 0.509 11.705 0.509 11.705 1.491 11.705 NaN 

98% 2.556 11.814 2.556 11.814 3.611 11.814 NaN 

99% 0.000 8.392 0.000 8.392 0.000 8.392 NaN 

 

  

                                                           
4 NaN is an acronym for Not A Number in R. This result is retrieved for cases where both PoC 
were 100. 
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Table E. 3. IEEE Dataset Statistical Results by Smoothing, Trend, Forgetting Factor  

Factor 
Factor 
Level 

Bias MAD IEEE PI PoC 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

Observed 
Difference 

Critical 
Difference 

P-Value 

Smoothing 
Factor 

0.1 6.312 29.030 4.594 29.030 3.447 29.030 0.400 

0.3 3.526 29.137 2.209 29.137 9.009 29.137 0.365 

0.5 4.038 28.605 1.382 28.605 7.307 28.605 0.467 

Trend 
Factor 

0.5 2.965 28.851 0.191 28.851 3.455 28.851 0.725 

0.75 3.908 28.917 0.433 28.917 4.549 28.917 0.433 

0.9 7.049 29.006 0.131 29.006 5.049 29.006 0.173 

Forgetting 
Factor 

0.5 9.329 29.137 4.834 29.137 0.127 29.137 0.385 

0.85 3.023 29.027 3.900 29.027 4.164 29.027 0.653 

0.9 7.751 28.619 0.016 28.619 8.868 28.619 0.243 

 

 

 

 

 


