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ABSTRACT 

 

The field of droplet microfluidics seeks to generate lab-on-chip technologies that 

could significantly improve the way chemical, biological, and pharmaceutical analysis 

and screening are performed.  We investigate two major droplet microfluidic unit 

operations: 1) the traffic of droplets through branching networks, and 2) the creation 

of concentration gradients across static droplet arrays (SDAs).   

As an example of how modular millifluidic networks can be used as reliable tools for 

studying droplet traffic, we studied droplet traffic through a modular millifluidic 

bifurcated loop.  We observed the same types of periodic and aperiodic behaviors 

previously reported with respect to microfluidic bifurcated loops.  In addition, our own 

numerical simulations based on a simple network model were able to predict many of 

the experimentally observed periodic behaviors and behavioral transitions.  We also 

identified three possible causes for intermittency between different periodic and/or 

aperiodic behaviors: 1) simultaneous entering and exiting events, 2) channel defects, 

and 3) equal hydrodynamic branch resistances. 

Concentration gradients across an SDA can be easily generated using a moving 

aqueous plug to dilute an array of initially equal-concentration trapped aqueous 

droplets.  However, a deeper understanding of the phenomena affecting mass transfer 

in these networks is needed to better design SDA networks and control dilution.  We 

therefore developed a phenomenological model and performed numerical, particle-

based simulations to evaluate the relative importance of each model element, 

including: 1) advection within the moving plug; 2) diffusion throughout all aqueous 

phases; 3) coalescence-induced advection (CIA); and 4) gutter-flow-induced advection 

(GFIA).  GFIA significantly affects dilution rate and final concentration in certain 

conditions.  Our simulations predicted—and we later confirmed with particle image 

velocimetry experiments—that the relative strength of GFIA varies nonlinearly with 

plug velocity, decreasing as plug velocity increases.  Our analysis could help people 

predict the range of velocities in which GFIA increases dilution rate. 
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CHAPTER 1 
LITERATURE REVIEW: UNIT OPERATIONS 

1.1 INTRODUCTION 

 

The field of microfluidics has been striving to produce lab-on-chip technologies 

capable of replacing macro-scale, bench-top equipment with orders-of-magnitude 

smaller devices requiring orders-of-magnitude smaller sample sizes.1  Whereas 

standard lab equipment typically requires reagent volumes on the order of milliliters, 

microfluidic droplets have volumes on the order of nanoliters, and a method already 

exists for injecting picoliter-sized volumes into those droplets.2  Microfluidic droplets 

serve as individual observation and/or reaction chambers that can be isolated from 

other droplets with an immiscible outer phase, but they can also manipulated through a 

variety of unit operations.3,4  Consider how at the macro-scale, reagents from multiple 

test tubes can be mixed and reacted, and the resulting products can be divided, 

separated, sorted, and analyzed.  At the micro-scale, reagents from multiple 

microfluidic droplets can also be similarly handled.  Common microfluidic droplet 

unit operations include: droplet generation,5-17 droplet splitting,18,19 droplet 

merging,18,20-25 droplet mixing,26-29 droplet dilution,2,30-47 droplet trafficking,48-68 

droplet sorting,69,70 and droplet analysis.69-71  The ability to manipulate droplets at the 

micrometer scale has found great use in many applications including: protein 

crystallization,71-73 drug screening,40,70,74,75 DNA assays,76-78 chemical reactions,79 

enzyme kinetics studies,34,39,80 cellular assays,69,81,82 cytotoxicity screening,83,84 and 

even the study of small organisms.47,85,86 

In this chapter, we will first briefly describe the major unit operations involving 

droplets, and then in the next two chapters, we will focus on a review of literature for 

the two unit operations that relate most closely with the research that will be presented 
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in this work: a) droplet traffic and b) generation of concentration gradients in droplet 

arrays.  In Chapter 4, we will discuss how modular millifluidics is a useful tool for 

studying droplet traffic through a simple branching network such as a bifurcated loop.  

In Chapter 5, we will present a phenomenological model for the dilution of a static 

droplet array (SDA) with a moving plug (i.e., a long confined droplet).  In Chapter 6, 

we will use particle image velocimetry (PIV) experiments to verify some of the 

behaviors predicted from simulations based on our model, and we will illustrate the 

importance of gutter flows in two-phase flows. 

 

1.2 UNIT OPERATIONS IN DROPLET MICROFLUIDICS 

 
1.2.1 Droplet Generation 

 

There are three major types of network geometries used to produce droplets within an 

immiscible outer (or continuous) phase: a) co-flowing conduits, b) T-junctions, and c) 

flow-focusing devices (FFDs).4 

In Fig. 1.1a-d, two concentric capillaries conduct flows of immiscible fluids, e.g., 

water in the inner, and mineral oil in the outer.6  Droplets of the inner dispersed phase 

are formed near the point at which the inner phase is introduced into the outer 

continuous phase.  The size and manner of droplet production both depend on the 

outer Capillary number (Ca = μU/γ, where μ is viscosity of the outer phase, U is the 

outer phase velocity, and γ is the interfacial tension) and the inner Weber number (We 

= ρU2dtip/γ, where ρ is the density of the inner phase, and dtip is the inner diameter of 

the inner capillary).6  Note how it is possible to produce both confined and unconfined 

droplets.  Fig. 1.1e-f illustrates a T-junction geometry in which a side stream of an 

inner discontinuous phase is introduced to the outer continuous phase flowing in the 

main channel.8  Generally, droplets produced at a T-junction are fully confined 

(meaning their length-to-width aspect ratio is ≥ 1), and droplet aspect ratio is directly 
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proportional to the ratio of the inner-to-outer volumetric flow rates.8  In a flow-

focusing device (FFD), as shown in Fig. 1.1g, there is a cross-type junction at which 

the outer continuous phase fluid (qout) is introduced from two opposing side streams to 

a center stream of inner discontinuous phase fluid (qin).
15  The combined streams pass 

through a constriction as they exit the T-junction, and the size of the constriction can 

affect the size of the droplets in certain operating regimes.  Droplet size produced by 

an FFD depend on inner-to-outer flow rate ratio, Ca, and constriction size (in some 

cases), and droplets can be either confined or unconfined, depending on the operating 

regime.15 

 

 

1.2.2 Droplet Splitting 

 

Two common ways to passively divide droplets are: a) through extensional shear 

forces at a T-junction, shown in Fig. 1.2a-j; and b) by impingement upon an 

obstruction in the channel, shown in Fig. 1.2k-n.19  For droplet breakup at a T-

junction, the critical Ca (Cacr,split) required to split a droplet decreases nonlinearly with 

increasing droplet length.18  T-junctions are the most common way to passively split 

 
Fig. 1.1.  Droplet production geometries: a-d) co-flowing geometry (reprinted from Utada et al., PRL 

2007); e-f) T-junction (reprinted from Garstecki et al., LOC 2006); g) flow-focusing device. 
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droplets, as the size of the daughter droplets can be controlled according to how the 

fluid velocities and shear stresses are apportioned at the junction.19  

 

 

1.2.3 Droplet Merging 

 

Three common passive methods for merging the same- or similar-sized droplets 

without surfactant include: a) combining droplets at a junction between two channels 

(Fig. 1.3a);18 b) decompressive inline merging (Fig. 1.3b);24 and c) compressive inline 

merging (Fig. 1.3c).22  For coalescence to occur, the conditions must allow the thin 

film of continuous phase between the two droplets to drain enough to form a bridge, 

after which time the interface quickly retracts.4  When consecutive droplets are of 

significantly different sizes, their difference in velocity can be harnessed to allow 

coalescence, as smaller droplets travel more quickly and catch up with larger droplets 

ahead of them.87  Given enough time, coalescence will occur after the separating film 

drains sufficiently. 

 
Fig. 1.2.  Passive means for droplet breakup: a-j) breakup at a T-junction; k-n) breakup due to an 

obstruction (reprinted from Link et al., PRL 2004). 
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When droplet interfaces have been stabilized with surfactant, they can still be merged 

actively, such as by laser heating (Fig. 1.4a-c)88 or by electrocoalescence (Fig. 1.4d).89  

In Fig. 1.4a, the motion of the smaller downstream droplet is retarded by laser forcing 

at the downstream end, which induces contact with the approaching larger droplet.  

The surfactant-stabilized droplets do not merge until localized laser heating at the 

interface (Fig. 1.4b) decreases the local surfactant concentration enough to induce 

coalescence (Fig. 1.4c).88  In Fig. 1.4d, coalescence of surfactant-coated droplets was 

induced using an electric field generated by applying alternating current (AC) to a set 

of micro-electrodes underneath the channels.89 

 
Fig. 1.3.  Methods of droplet merging: a) meeting at a junction (reprinted from Christopher et al., LOC 
2009); b) decompressive inline merging (reprinted from Lai et al., JFM 2009); c) compressive inline 
merging (reprinted from Niu et al., LOC 2008). 
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1.2.4 Droplet Mixing 

 

The most common method of improving mixing of contents in droplets—whether it is 

after the merging of two droplets of differing substances or the creation of droplets 

after combing multiple reagent streams—is the use of serpentine channels to induce 

chaotic-in-time mixing.26,28  Note that flows in microfluidic networks are generally 

laminar (low Reynolds number, Re) and are often within the Stokes flow regime, 

where Re << 1.4  Thus, the term “chaotic” refers not to turbulent streamlines at any 

given instant but to the variation in laminar streamlines over time, which improve the 

rate of mixing.26  Fig. 1.5 illustrates how the use of serpentine channels introduces 

chaotic-in-time mixing, which improves the rate of mixing within a moving droplet or 

plug.26  In Fig. 1.5a, three aqueous streams are combined before droplet production at 

a T-junction, and mixing appears to occur slowly particularly for longer droplets (Fig. 

1.5a-iii).  This is because flow within moving droplets circulates within two separate 

halves (see inset schematic in Fig. 1.5a), and diffusion is the only means of exchange 

between the two halves.  The schematic in Fig. 1.5b shows that curved channels alter 

the relative sizes of the circulating halves, therefore there is an exchange of some 

 
Fig. 1.4.  Active methods of merging droplets: a-c) laser forcing and heating (reprinted from Baroud et 
al., LOC 2007); d) electrocoalescence (reprinted from Zagnoni, PRE 2009). 
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streamlines between the two halves over time as the moving droplet changes direction.  

The experimental image in Fig. 1.5c illustrates improved mixing when using a 

serpentine channel.26 

 

 

1.2.5 Droplet Dilution 

 

Two of the most common methods for creating concentration gradients across a series 

of droplets are illustrated in Fig. 1.6: a) using Taylor-Aris dispersion,39 and b) using a 

long aqueous plug to coalesce with and dilute a static droplet array (SDA) with 

trapped aqueous droplets of higher concentration.32  In the first method, a concentrated 

pulse injection of high-concentration material is first allowed to disperse axially via 

Taylor-Aris dispersion, creating a gradient in concentration along the length of the 

channel leading to a drop-producing junction.39  This produces a moving droplet array 

with varying concentration.  In the second method, an SDA with initially equal 

concentration of solute is serially diluted by long aqueous plug, which coalesces with 

 
Fig. 1.5.  Chaotic mixing using serpentine channels: a) mixing of droplet contents in a straight channel 
for three increasing drop lengths (i-iii); b) schematic of how curved channels cause streamlines to 
change over time, allowing chaotic-in-time mixing; c) example of chaotic mixing using a serpentine 
channel.  Adapted from Bringer et al., Philos. Trans. R. Soc. Lond. A 2004. 
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each trapped droplet as it passes.  This causes and exchange of material between the 

trapped droplets and the moving plug, leading to the generation a concentration 

gradient across both the trapped droplets and the length of the moving plug.  The 

moving plug can then be broken into a moving droplet array of varying concentration 

using a T-junction with additional outer-phase flow.  After the plug exits the network, 

an SDA with a gradient in concentration remains.32  The dilution of droplets and the 

creation of gradients in concentration across a series of droplets will be discussed in 

more detail in Chapter 3. 

 

 

1.2.6 Droplet Trafficking 

 

The distribution—i.e., traffic—of droplets among branching networks can be 

controlled passively through a combination of network design and control of input 

parameters, such as droplet size, spacing, and velocity.48-68  Fig. 1.7 shows droplet 

traffic through three example branching networks: a) a T-junction,48 b) two nested 

 
Fig. 1.6.  Two common methods for creating gradients in concentration across a series of droplets: a) 
using Taylor-Aris dispersion to create a moving droplet array of varying concentrations (adapted from 
Cai et al., Anal. Chem. 2011), and b) using a long aqueous plug to dilute a static droplet array of higher-
concentration trapped aqueous droplets to create concentration gradients across both trapped droplets 
and moving droplets (reprinted from Sun et al., Anal. Chem. 2013). 
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bifurcated loops,64 and c) a ladder network.51  At a T-junction (Fig. 1.7a), a train of 

evenly spaced droplets—whose spacing can be increased after production by injecting 

additional outer-phase liquid—is distributed in varying fractions to the left and right 

branches based on branch lengths (L1 and L2), input droplet spacing (λ), and 

hydrodynamic feedback due to the number of droplets in each branch.48  In Fig. 1.7b, 

the two nested bifurcated loops partition closely spaced trains of droplets among all 

branches (which mode is called ‘repartition’), but as droplet spacing (λ) increases, 

droplets begin to be filtered into only some of the branches (partial filtering), and 

eventually into only a single path (filtering mode).64  In Fig. 1.7c, air bubbles in two 

parallel branches are driven by equal volumetric flow rates of outer continuous-phase 

fluid and encounter a series of interconnecting branches that are too small for the 

bubbles to enter.  Such a ladder network is capable of synchronizing previously 

staggered bubbles and liquid droplets.51,61  These three networks are merely offered as 

examples of how the traffic of droplets can be controlled, as well as illustrate the 

complexity of traffic behavior.  In Chapter 2, we will discuss droplet traffic literature 

in more detail. 
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1.2.7 Droplet Sorting 

 

Fig. 1.8 shows examples of active and passive droplet sorting.  In Fig. 1.8a, light and 

dark droplets are actively sorted into separate channels at a Y-junction using 

dielectrophoresis in combination with feedback from real-time optical sensing of the 

droplet fluorescence intensity.70  When the light-colored droplets (containing 

fluorescein) are detected by the optical sensing system, high-voltage alternating 

current is applied briefly applied to electrodes near the junction, attracting droplets 

towards the bottom branch.  Without external forcing, the dark-colored droplets 

naturally flow into the upper branch.2  In Fig. 1.8b, droplets are passively sorted by 

size due to the specialized geometry of the junction.90  When smaller droplets enter the 

junction, they follow the more central streamlines, which lead directly into the right 

 
Fig. 1.7.  Examples of droplet traffic through branching networks: a) distribution at a T-junction 
(reprinted from Engl et al., PRL 2005); b) effect of increasing droplet spacing (λ) on distribution among 
nested loops (reprinted from Amon et al., PRE 2013); Leq is the equivalent length of channel having 
the same resistance as the combination of channel lengths L1, L2, and L4; ‘R’ refers to repartitioning 
mode; ‘PF’ refers to partial filtering mode, and ‘F’ refers to filtering mode; c) synchronization using a 
ladder network (reprinted from Prakash & Gershenfeld, Science 2007). 
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branch.  However, when larger drops enter the junction, a portion of the droplet is—by 

design—very close to the entrance of the left branch, where shear stresses are quite 

high, thus pulling the droplet into the left branch.90     

 

 

 

1.2.8 Droplet Analysis 

 

Fig. 1.9 shows examples of on-chip droplet analysis.  In Fig. 1.9a-d, cell viability is 

studied by staining cells within surfactant-stabilized droplets with live/dead cell-stains, 

then optically measuring their fluorescence spectra after sufficient mixing and 

incubation time.69  In Fig. 1.9f, protein crystallization within droplets is characterized 

by direct x-ray diffraction measurement on-chip—passing x-rays beams through the 

capillary and encapsulating liquid droplet.71  In other applications, concentration 

 
Fig. 1.8.  Example methods of droplet sorting: a) active sorting using dielectrophoresis in combination 
with real-time optical sensing (reprinted from Agresti et al., PNAS 2010); b) passive sorting by droplet 
size (adapted from Tan, Ho, and Lee, MNF 2008).  
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within droplets is measured by light intensity (fluorescence or brightfield) and 

application of Beer-Lambert’s law91 and/or concentration/intensity calibration 

curves.32  

 

  

 

 

  

 
Fig. 1.9.  Examples of on-chip droplet analysis: a-d) cell viability can be studied by producing 
droplets separately containing cells and live/dead cell-staining dyes (a), merging droplets via 
electrocoalescence (b), mixing droplet contents (c), incubating (d), and optically identifying live and 
dead cells through their fluorescence spectra (reprinted from Brouzes et al., PNAS 2009); f) protein 
crystallization can be analyzed through direct x-ray diffraction measurement (adapted from Zheng et 
al., AngewChem 2004).  
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CHAPTER 2 
LITERATURE REVIEW: DROPLET TRAFFIC 
 

2.1 INTRODUCTION 

 

As Chapter 4 of this work discusses the use of modular millifluidics as an analogous 

tool for studying droplet traffic through microfluidic branching networks, it is useful 

to first discuss existing literature regarding droplet traffic and the current methods and 

tools for studying traffic patterns.  We will first discuss how path selection is 

influenced by hydrodynamic feedback.  We will introduce the simplified resistance 

model for describing how droplets modify channel resistance, and we will also explain 

a simple network model for how droplets choose which branch to enter at a 

bifurcation.  Next, we will show how branching networks can transform an equally 

spaced train of droplets into periodic and seemingly aperiodic patterns.  Then we will 

discuss the ways in which these traffic pattern transformations are quantified and 

studied.  Through this study, it will become clear that in addition to fluid properties 

and flow conditions, network geometry also significantly affects how droplets are 

distributed throughout a branching network.  Modular networks are therefore attractive 

tools for studying droplet traffic, as there is a need for an easier means of creating and 

studying droplet traffic.  In reviewing the existing droplet traffic literature, we will 

also see that while there are many quantitative methods and tools available for 

characterizing droplet behaviors in branching networks, no one has yet offered a 

comprehensive analysis and comparison of the strengths and weaknesses of those 

tools.  We will therefore address some of these needs. 
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2.2 HYDRODYNAMIC FEEDBACK INFLUENCES PATH 

SELECTION 

 

Engl et al.1 found that when a train of evenly spaced water droplets in oil encounter a 

T-junction, the manner of droplet distribution among the left and right branches 

changes as input spacing (λ) changes (see Fig. 2.1a-b).  Furthermore, they discovered 

that the presence of droplets in each branch yields hydrodynamic feedback that 

influences which path incoming droplets will take.  In their experimental setup, as 

shown in Fig. 2.1a, water droplets in oil were produced at a fixed frequency and size 

by maintaining a constant water and oil volumetric flow rates (Qw, Qo
f) to a drop-

producing T-junction.  Droplet spacing (λ) was controlled by varying the volumetric 

flow rate of a side stream of additional oil (Qo
d), which further disperses the droplets.  

The droplets then encounter a T-junction and enter one of two exit capillaries of 

different lengths (L1 and L2).  Droplet spacings in the left and right branches (λ1, λ2) 

were then monitored for various total oil flow rates (q = Qo
f + Qo

d) and input spacings 

(see Fig. 2.1b).1 

 

As can be seen in the experimental snapshots in Fig. 2.1b, at low total oil flow rates 

and small input spacing, droplet spacings in the left and right branches were both 

 
Fig. 2.1.  Traffic of water droplets in oil at a T-junction: a) diagram of experimental setup; b) 
experimental snapshots of droplets in the inlet, left branch (of length L1), and right branch (of length 
L2) for different dispersing outer oil-phase flow rates (Qo

d).  Adapted from Engl at al., PRL 2005. 
 



Texas Tech University, William S. Wang, December 2015 

23 

relatively constant, although their values appear to be related to the branch lengths—

i.e., smaller spacing in the smaller left branch.  However, as total oil flow rate and 

input spacing both increase, the fraction of droplets choosing the longer right branch 

decreases, and the regularity of spacing decreases as well.  In fact, at large enough 

input spacing (Fig. 2.1b-iv), droplets no longer choose the longer branch, and all 

droplets simply filter into the shorter branch.1   

From these observations, it is clear that droplets increase the resistance of the 

containing branch, and its resistance can be described in terms of an effective 

additional channel length, Ld.
1  When the total resistance of the shorter branch and the 

contained droplets remains less than the resistance of the longer branch, the filtering 

regime persists, and all droplets will continue to enter the shorter branch.  Droplets 

enter the longer branch only when the total resistance of the shorter branch and its 

droplets exceeds the resistance of the longer branch (and any droplets it may contain).1 

 

2.3 SIMPLIFIED RESISTANCE MODEL AND SIMPLE 

NETWORK MODEL 

 

For pressure-driven, laminar, steady-state, fully-developed flow of an incompressible 

Newtonian fluid through a conduit, the Navier-Stokes equation for velocity in the 

lengthwise direction simplifies to the Hagen-Poiseuille equation, as the inertial terms 

disappear, leaving an expression for the gradient in pressure (∇P) in terms of viscosity 

(μ) and the second spatial derivative of velocity (∇2𝑈):2 

∇𝑃 = 𝜇∇2𝑈 (2.1) 

 

After solving for the velocity profile, integrating across the channel to get the mean 

velocity, and replacing the ∇P term with ΔP/L (the pressure differential across the 

length of the conduit, L), the pressure drop can be expressed as the product of 
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volumetric flow rate (Q) and a grouping of all remaining variables and constants, 

which can be called the hydrodynamic or hydraulic resistance (R).3,4  The 

hydrodynamic resistance is a function of viscosity, conduit length, and a length scale 

or product of length scales describing the conduit cross section.  For example, the 

expression for pressure drop across a circular conduit with an inner radius, a, is: 

∆𝑃 = 𝑄
8𝜇𝐿

𝜋𝑎4
= 𝑄𝑅 

(2.1) 

 

where the conduit’s hydrodynamic resistance is 𝑅 = 8𝜇𝐿 𝜋𝑎4⁄ .5 

For rectangular cross-sectioned channels, Bruus derived the following expression for 

hydraulic resistance:5 

𝑅 =
12𝜇𝐿

ℎ3𝑤
[1 − ∑

1

𝑛5
192

𝜋5
ℎ

𝑤
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𝑤
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∞

𝑛,𝑜𝑑𝑑

]

−1

 

 

(2.2) 

 

A simplified resistance model assumes that each droplet has a fixed resistance (Rd), 

and total channel resistance (Rc) depends linearly on the number of droplets in the 

channel: 

R𝑐 = 𝑅𝑐
∗ + 𝑛𝑅𝑑 (2.3) 

 

where Rc
* is the droplet-free resistance of the channel containing only the continuous 

outer-phase fluid, and n is the number of droplets within the channel.4,6  Then the 

pressure-drop relationship becomes: 

∆𝑃 = Q(𝑅𝑐
∗ + 𝑛𝑅𝑑) (2.4) 
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There are several ways to experimentally obtain droplet resistance.  For example, 

syringe pumps can be used to impose known, fixed volumetric flow rates for a train of 

a known number of droplets, and pressure gauges can be used to measure the pressure 

differential.7  Droplet resistance can then be calculated using Eqn. 2.4.  Another 

method uses a microfluidic comparator to measure the excess pressure drop due to a 

single droplet.8  Yet another method involves the use of droplet traffic to estimate 

droplet resistance—e.g., by counting the number of droplets required to finally reverse 

the balance of total resistances between two unequal-length branches (after a 

bifurcation) operating in the filtering regime.9,10  Note, however, that in special 

cases—when Ca is above a threshold Ca (CaT) that depends on droplet aspect ratio—

droplets can actually act as negative resistors, meaning they actually decrease the total 

resistance of the channel: 𝐶𝑎𝑇 = (0.54 ℎ 𝑙𝑑⁄ )3, where h is the height of the channel, 

and ld is the length of the droplet.11 

Schindler and Ajdari a proposed simple network model6 for predicting the motion and 

path of all droplets as they move through a branching network.  In their model, a 

branching network is represented as group of linear channel segments connected by 

nodes which follow four equations: 

∑Q𝑖,𝑖𝑛 =∑Q𝑖,𝑜𝑢𝑡 
(2.5) 

 

∆𝑃 = 𝑃𝑖,𝑖𝑛 − 𝑃𝑖,𝑜𝑢𝑡 = 𝑄𝑖𝑅𝑖 (2.6) 

R𝑖 = 𝑅𝑖
∗ + 𝑛𝑖𝑅𝑑 (2.7) 

𝑈𝑖 = 𝛽 𝑄𝑖 𝐴⁄  (2.8) 

 

where the subscript i is the segment or branch number, A is the cross-sectional area of 

the channel, and ß is the droplet mobility (ratio between droplet velocity in the ith 

segment, Ui, and the mean carrier fluid velocity, Qi/A).6 
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The algorithm proposed by Schindler and Ajdari includes the following steps:6 

a) Use Eqn. 2.7 to determine all segment resistances based on current droplet 

positions, and then use Eqns. 2.5 and 2.6 to determine all flow rates and 

pressures; 

b) Use Eqn. 2.8 to determine all droplet velocities; 

c) Based on droplet velocities and their distances from the next node, calculate 

the time that must elapse before the next droplet event; 

d) Advance the simulation to that next event time, and move all droplets 

according to their velocities and the time elapsed since the previous step; 

e) If a droplet has reached a node at a bifurcation and must decide which path to 

take, place the droplet into whichever branch has the higher velocity (or lower 

total resistance); 

f) Update all channel resistances based on the new droplet positions, and return to 

the first step. 

This simple network model makes it possible to predict, to a certain extent, droplet 

traffic behaviors through branching networks.  Several groups have used their own 

variations of this model and algorithm to help explain traffic patterns in various 

network geometries including T-junctions,12 bifurcated loops,13-17 nested bifurcated 

loops,18 and ladder networks.19,20 

 

2.4 BRANCHING NETWORKS INDUCE PERIODIC AND 

APERIODIC SPACING TRANSFORMATIONS 

 

One of the simplest branching networks is a bifurcated loop, as shown in the diagram 

in Fig. 2.2.  Because in practice, it is virtually impossible to ensure that any two 

branches have exactly the same length and resistance, real devices are almost 

inevitably at least slightly asymmetric.  Therefore asymmetric bifurcated loops have 

been the subject of many simulations and experimental studies.13-17,21  As shown in 
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Fig. 2.2, branching networks such as an asymmetric bifurcated loop can transform an 

evenly spaced train of droplets into a periodic pattern of with complex inter-droplet 

spacing.  The specific exit pattern in Fig. 2.2 is three droplets long and is said to 

exhibit period-3 behavior or a periodicity of three. 

Although the exit pattern shown in Fig. 2.2 is periodic, in some cases, the exit patterns 

appear to be aperiodic, as there is no discernable pattern in the inter-droplet time 

intervals and/or spacings.22  Further, as mentioned above with respect to Fig. 2.1, there 

are some conditions in which droplets simply filter into a single branch—which can 

occur in T-junctions networks1 as well as bifurcated loops9,14,17—rather than distribute 

themselves among both branches (in what is termed the ‘repartitioning’ mode or 

regime).17 

With such complex behaviors, we need methods and tools for quantifying the droplet 

traffic transformations seen in both simulations and experiments.  In the next 

subsection, we will introduce several of the existing tools for quantifying how 

branching networks affect droplet traffic. 

 

2.5 QUANTIFYING TRAFFIC TRANSFORMATIONS 

 

There are two major approaches to characterizing droplet traffic transformations, and 

they differ by their focus: 1) entrance decisions, and 2) exit transformations.  Although 

 
 
Fig. 2.2.  Diagram of droplet traffic through an asymmetric bifurcated loop.  Droplets enter with an 
equal time gap (Tin) between them (and also equal spacing of λin), but the time intervals and 
distances between droplets are converted into a periodic pattern—here, three droplets long.  
(Adapted from Smith and Gaver, LOC 2010). 
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not every characterization tool fits neatly into either category, the majority of the 

available tools focus on either entrance decisions or exit transformations. 

 

2.5.1 Entrance Decisions 

 

Time-Lapse Image Sequences 

Time-lapse image sequences like the ones shown in Fig. 2.3 are useful for visually 

determining which path a given droplet chooses at a splitting bifurcation.23  For 

example, in Fig. 2.3a, the first image shows three droplets in the lower branch of an 

asymmetric bifurcated loop (#s 1, 4, and 5) and two droplets in the upper branch (#s 2 

and 3).  As time progresses, drop #1 begins to exit the loop just as drop #6 reaches the 

bifurcation.  In the last image, drop #1 has already exited the loop, and drop #6 has 

entered the upper branch.  In Fig. 2.3b, another set of time-lapse images taken during 

the same experiment looks nearly identical to Fig. 2.3a, but drop #6 instead chooses 

the lower branch.  This could be because in Fig. 2.3b, drop #6 appears to have reached 

the bifurcation slightly later than it did in Fig. 2.3a (or drop #1 exited slightly sooner), 

as suggested by the fact that drop #6 has not yet deformed as much as it had in Fig. 

2.3a in the center image.  Thus, the presence or absence of drop #1 within the loop 

while drop #6 was in the process of deciding its path likely made all the difference. 
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Time-lapse image sequences can also be used to generate letter-sequence 

representations of droplet decisions.15  For example, if the path selections for droplet 

#s 1-6 in Fig. 2.3a had been down-up-up-down-down-up, the letter sequence would 

be: D-U-U-D-D-U (or DUUDDU).  The path selection sequence for Fig. 2.3b would 

then be DUUDDD.  These selection sequences can be analyzed for repeating patterns 

or lack thereof, indicating periodic or aperiodic behavior. 

Recurring Snapshots 

The periodicity (or length of repeating traffic patterns) can also be identified by 

studying images of droplet distribution within the network over time.15,23  Periodicity 

can be obtained by counting the number of droplets which either enter or exit between 

recurring snapshots of the same droplet distribution.  For example, in Fig. 2.4, the left-

most image shows the droplet distribution in the first frame of the experimental video: 

one droplet just exiting the loop, and two droplets in the bottom branch, with one near 

the entrance and the other slightly beyond half-way through the bottom branch.  In 

 
Fig. 2.3.  Time-lapse image sequences of droplet traffic through an asymmetric bifurcated loop 
showing opposite decisions in similar scenarios: a) a sixth droplet chooses the upper branch as the 
first droplet exits the loop from the lower branch; b) a sixth droplet chooses the lower branch as the 
first droplet exits.  In both cases, there are two droplets in the upper branch and two droplets in the 
lower branch.  Red dots are centroids of droplets identified from image analysis.  Adapted from 
Maddala et al., PRE 2014. 
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both the 132nd and 264th frame, virtually the same droplet distribution and arrangement 

is seen as in the first frame, and in both cases, three droplets passed through the 

system (entered and exited), denoting a period length of three droplets, (periodicity of 

3, or period-3 behavior). 

 

Compared to the use of recurring snapshots, time-lapse images would likely be easier 

to use to identify periodic patterns.  It would not be too difficult to create an automated 

image-processing script to analyze a sequence of images and to output the path 

selections as a letter sequence or a Boolean sequence (1’s and 0’s representing 

up/down decisions).  These selection sequences could then be analyzed to identify any 

recurring periodic patterns.  In contrast, it might be more difficult to automate an 

image-processing algorithm using recurring snapshots to identify patterns, as some 

subjective criteria would need to be specified for deciding whether any two snapshots 

should be deemed to be recurring or different. 

Selection Fraction Plots 

Another method of quantifying entrance behaviors is to plot the fraction of droplets 

selecting a particular branch—e.g., the selection fraction of the ith branch (Fi) versus 

input spacing (λ).18,21  Alternatively, selection probability17 or frequency1 can also be 

used.  Fig. 2.5 shows selection fraction plots for two example networks: a bifurcated 

 
Fig. 2.4.  Recurring snapshots with the same pattern of droplet distribution within a bifurcated loop 
network at frame numbers 1, 132, and 264.  Three droplets passed through the system between each 
of these recurring snapshots, indicating period-3 behavior.  Adapted from Maddala et al., PRE 2014. 
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loop (Fig. 2.5a) and a nested bifurcated loop (Fig. 2.5b).18  These plots are useful for 

predicting and/or identifying the transition between repartition and filtering regimes.  

As can be interpreted from these plots, the selection frequencies of longer paths 

decrease linearly with increasing λ, meaning fewer droplets enter the longer arms as 

input spacing increases.  This continues until a critical input spacing after which point 

all droplets filter into the shorter arm(s).  In filtering regimes, the resistance of the 

longest branch always exceeds the total resistance of the shorter arm(s) and the 

contained droplets.  Flow rates and flow velocities therefore are greater entering the 

shorter arm(s), and all droplets choose the shorter arm(s). 

 

Behavioral Transition Plots 

Fig. 2.6 shows example behavioral transition plots for droplet traffic through an 

asymmetric bifurcated loop with upper and lower arm lengths Lu and Ll, upper and 

lower arm resistances Ru and Rl, and droplet resistance Rd.
14,23  These plots show the 

input spacing values (λ) at which droplet patterns change, e.g., when the selection 

 
Fig. 2.5.  Selection fraction plots: a) numerically simulated (open circles) and model-predicted (line) 
fraction of droplets selecting the longer arm (arm 2) at a bifurcated loop versus input spacing (λ, 
arbitrary units); inset shows diagram of bifurcated loop; b) experimentally observed (symbols) and 
model-predicted (lines) selection fraction versus input spacing (λ) for droplets passing through a 
nested bifurcated loop network as diagrammed in the inset; ‘R’, ‘PF’, and ‘F’ denote repartition 
(distribution among all arms), partial filtering (no droplets in arm 2), and filtering regimes (all droplets 
filter into arm 3).  Adapted from Amon et al., PRE 2013. 
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sequence changes from UUD to UDDU, or from DUDU to DUUDD.  The top half of 

Fig. 2.6 shows the predicted behavioral transitions based on the following analytical 

expression for the critical input spacing (λc) associated with a given number of 

droplets (n) within the loop (when the first droplet that entered is leaving just as the 

last droplet enters):23 

𝐿𝑙
𝜆𝑐
=∑

𝑅𝑢
𝑅𝑢 + 𝑅𝑙 + 𝑘𝑅𝑑

+∑
𝑓𝑙𝑜𝑜𝑟(𝑘 2⁄ )𝑅𝑑
𝑅𝑢 + 𝑅𝑙 + 𝑘𝑅𝑑

𝑛

𝑘=1

𝑛

𝑘=1

 
 

(2.9) 

 

 

This analytic expression was derived by assuming that all droplets within the loop are 

distributed in such a manner as to make the total resistances in each branch as even as 

possible.  By knowing the distribution of droplets in each branch that satisfies that 

assumption, one can then calculate the velocities of droplets in each branch and 

estimate the time it takes for a droplet to traverse the shorter branch (here, the lower 

branch of length Ll).  The critical input spacing is then found by noting when the 

droplet residence time in the shorter branch equals the amount of time it would take 

for n droplets to enter the loop.23  The results from this analytical expression are 

compared with the predictions from a different analytical approach using an “S-Pack” 

analysis, as shown in the bottom half of Fig. 2.6.  “S-Pack” analysis is described in the 

next subsection. 

 
Fig. 2.6.  Comparison of two plots of behavioral transitions versus input spacing (normalized by the 
length of the lower branch) as predicted by two different analytical approaches for determining when 
periodic behaviors will change as droplets pass through an asymmetric bifurcated loop network 
(with the same dimensions and droplet resistance in both works).  Adapted from Maddala et al., 
PRE 2014. 
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While behavioral transition plots are useful for identifying when periodic patterns 

change, they do not offer any information regarding the type of behavior that can be 

expected in each behavioral regime.  As will be seen in the next subsection, an S-Pack 

analysis yields both the behavioral transitions as well as some quantifiable description 

of the periodic behaviors in each regime. 

“S-Pack” Analysis 

Another way to analyze droplet path decisions is to use an “S-pack” analysis as 

introduced by Sessoms et al.14  The S-pack value denotes the number of consecutive 

droplets that choose the shorter branch between droplets that choose the longer branch.  

For example, in Fig. 2.7a, the center-left plot of droplet entrance decisions versus 

droplet number shows that three droplets chose the shorter arm before the next droplet 

entered the longer arm, and then 12 droplets entered the shorter arm (or 3 up, 1 down, 

12 up; 3U 1D 12U).  The overall pattern observed was: [3U 1D 12U 1D 8U].  In terms 

of S-packs, three S-packs (packs of consecutive shorter-arm droplets) were observed 

in the periodic pattern, and the S-pack values were [3 12 8], as shown in the plot of S-

pack versus pack index (Fig. 2.7b).14 
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In Fig. 2.7c, there are three S-pack plots for three different stable, periodic patterns 

observed in simulations, where the different patterns were obtained by temporarily 

perturbing the input spacing at various times in the simulation.  Note that in each 

pattern, there were four S-packs (N-pack = 4), and the total number of droplets in each 

pattern cycle (T-cyc) was 37, or the sum of all the S-pack values in the pattern plus the 

number of packs (N-pack).  Sessoms et al. offered an analytical expression for 

predicting behavioral transitions as a function of S-pack, N-pack, and T-pack values, 

and their results are shown in Fig. 2.6.14,23 

 

 
Fig. 2.7.  S-pack analysis of numerically simulated droplet traffic through an asymmetric bifurcated 
loop of lengths L1 and L2 (reprinted from Sessoms et al., PRL 2010).  a) Top-left is a diagram of 
droplets with equal input spacing (λ) entering a bifurcated loop with an arm-length ratio (Λ); center-left 
is a plot of droplet entrance decisions versus droplet number, where1 denotes the shorter arm, 0 
denotes the longer arm, and the numbers along the plot line indicate how many consecutive droplets 
chose that arm.  b) Plot of S-pack values versus the pack index for the entrance behaviors plotted in 
the center-left; c) S-pack versus pack index for three observed stable patterns at the same input 
conditions, where the different patterns were initiated by input perturbations. 
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2.5.2 Exit Behavior  

 

Event-Time Plots 

Fig. 2.8c shows event-time plots for droplets entering and exiting the bifurcated loop 

shown in Fig. 2.8a-b.22  These plots simply show peaks along a timeline which denote 

either droplet entrance events (top plot of Fig. 2.8c) or droplet exit events (bottom plot 

of Fig. 2.8c).  The distance between peaks yields the inter-droplet time intervals.  As 

can be seen in Fig. 2.8c, the equal time intervals for the evenly spaced incoming train 

of droplets (traveling at a constant velocity into the bifurcated loop) becomes 

transformed by the bifurcated loop into a periodic pattern with two different time 

intervals at the exit.  As will be explained in another subsection, the relationship 

between adjacent time intervals can be graphically illustrated in Poincare maps. 

 

Exit event-time plots can be used to identify the presence or absence of periodic 

patterns.22,24  The duration of the patterns can be determined by measuring the time 

between identical structures in two consecutive repeating patterns.  Periodicity can be 

 
Fig. 2.8.  Event-time plots for droplet traffic through a bifurcated loop: a) schematic of the loop 
network used in experiments; b) schematic of the bifurcated loop with the ‘in’ and ‘out’ 
measurement points shown; c) event-time plots for the evenly spaced incoming droplet train and 
for the transformed droplet spacing and time intervals at the exit.  Reprinted from Fuerstman, 

Garstecki, and Whitesides, Science 2007. 
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obtained by dividing the pattern duration by the input time interval, which yields the 

number of droplets in the pattern. 

Of the exit-behavior quantification tools described in this review, event-time plots are 

the most basic and fundamental, as they directly illustrate the exit events and time 

intervals.  Two of the other types of plots that will be discussed in the following 

subsections—bifurcations diagrams and Poincare maps—use the same information but 

present the results in a more visually informative manner regarding periodic 

behaviors. 

 

Bifurcation Diagrams 

A bifurcation diagram is a plot of all possible output values as a function of input 

values.  For example, in droplet traffic studies, the most common types of bifurcation 

diagrams used are plots of exit time intervals versus input time intervals (as shown in 

Fig. 2.9b), or plots of exit droplet spacing versus input droplet spacing.  Note that such 

plots are multi-valued functions, meaning there may be several possible output values 

for any given input value. 
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In the bifurcation diagram of Fig. 2.9b, we see that at large input spacing and input 

time intervals (Tin), there is only one exit time interval between droplets, meaning all 

droplets filter through the shorter branch (period-1 behavior).  As input droplet 

spacing decreases, the number of different time intervals observed for any given input 

spacing generally increases.  For example, at Tin = 0.8 s, there two different exit time 

intervals, and at Tin = 0.7 s, as shown in Fig. 2.9a and highlighted in Fig. 2.9b, there 

are three different exit time intervals (period-3 behavior).  Therefore the periodicity of 

the exit patterns can generally be obtained by counting the number of different values 

observed for a given input value.  Note, however, that it is theoretically possible for 

the same exit interval to occur more than once within a repeating exit pattern.  In such 

cases, the number of different output intervals would not necessarily be the same as 

the period length.  For example, in the period-5 regime shown in Fig. 2.9b, some of 

the intervals are extremely close to one another, and one might incorrectly assume that 

the period length were only three droplets long. 

 
Fig. 2.9.  Example bifurcation diagram and Poincare map for numerically simulated droplet traffic 
through an asymmetric bifurcated loop: a) diagram of bifurcated loop with transformed droplet 
spacing shown in the exit channel; b) bifurcation diagram; c) Poincare map for the exit pattern shown 
in a).  Reprinted from Smith and Gaver, LOC 2010. 
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Also note that there are often chaotic transition regions between some periodic 

regimes—e.g., around Tin = 0.4 s in Fig. 2.9b.  The chaotic nature of these regions can 

be quantified by calculating the Lyapunov exponent, which will be described in more 

detail in a later subsection. 

 

Poincare Maps 

Poincare maps are yet another way of graphically quantifying the complexity and 

periodic nature (if any) of time intervals and/or spacing between droplets.  Fig. 2.9c 

shows an example Poincare map for the period-3 exit pattern shown in Fig. 2.9a.13  

Whereas a bifurcation diagram displays all individual intervals and/or spacings for a 

given input value, a Poincare map displays all possible consecutive relationships 

between any two time intervals.13,22,24  A Poincare map is created by plotting Tn+1 

versus Tn (or λn+1 versus λn) for all droplet identification numbers, n.  For example, the 

exit time intervals in Fig. 2.9b for an input interval of 0.7 s is [0.4, 0.7, 0.9 s]; 

normalized by the input time, the intervals are [0.6, 1, 1.3].  The Poincare map points 

are therefore (0.6, 1), (1, 1.3), and (1.3, 0.6), as shown in Fig. 2.9c.  Since the exit train 

is periodic, the same three points repeatedly overlay on one another, creating clusters 

of points.  Poincare maps are often shown with numbers next to each cluster, which 

denote the number of occurrences in a given cluster (N = 30 in Fig. 2.9c).13,22  When 

each interval in a repeating pattern is unique, periodicity can obtained simply by 

counting the number of Poincare map clusters.  If there is no discernable pattern in the 

exit droplet train, the map will appear to be messy with no clear clusters.22 

Note that the same possible problem with obtaining periodicity from bifurcation 

diagrams applies to Poincare maps: if a given interval is repeated within a pattern, it is 

possible for the map to contain fewer clusters than the actual period length.  Even so, 

Poincare maps are still a useful tool for characterizing the periodic or aperiodic nature 

of droplet trains. 
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Periodicity Plots 

By plotting the periodicity—i.e., the number of droplets in a repeating pattern—of the 

exit droplet train versus input spacing (or input time intervals for constant flow rate 

and constant velocity), one can see how input spacing affects the complexity of the 

output train patterns.13-16,25  Fig. 2.10 is an example periodicity plot for simulated 

droplet traffic through an asymmetric bifurcated loop with circular cross-sectioned 

conduits.13 

 

As is also apparent in bifurcation diagrams (see Fig. 2.9b, for example), periodicity 

and pattern complexity generally increase as input spacing decreases (see Fig. 2.10).  

Note also that between regions of extended, simple periodic behaviors, there are often 

transition regions of large periodicities and pattern complexities.  Periodicity plots are 

useful for studying how output behaviors change due to changes in network geometry 

as well as changes in input parameters. 

Whereas event-time plots, bifurcation diagrams, and Poincare maps are all essentially 

different visual representations of the raw exit events, which require some 

interpretation to obtain period length, periodicity plots present quantified periodic 

  

Fig. 2.10.  Periodicity plot for simulated traffic through an asymmetric bifurcated loop with circular 
cross-sectioned conduits, with results shown for two different radii values.  Input droplet spacing is 
varied on the horizontal axis, and outlet periodicity is plotted on the vertical axis.  Reprinted from Smith 

& Gaver, LOC 2010. 
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behaviors.  In other words, periodicity plots display processed information, whereas 

the other previous exit-behavior tools display unprocessed information. 

 

Quantization of Droplet Spacing 

Another method for measuring the periodicity of the transformed droplet spacing 

patterns exiting a bifurcated loop is the Quantization of Droplet Spacing method 

proposed by Maddala et al.23  The basis of this method is mass conservation: the rate 

of mass entering the branching network must equal the rate of mass exiting the loop.  

This requires that on average, droplet spacing exiting the loop must be the same as 

droplet spacing entering the loop.  While locally, droplet spacing at the exit fluctuates 

due to the complex interplay between droplet decisions and velocity distribution 

among the two branches, repeating patterns must exactly satisfy the average spacing 

requirement, otherwise mass conservation would be violated.  Therefore a repeating 

exit pattern j droplets long must have exactly the same total length as j incoming 

droplets.  Periodicity can therefore be tested by comparing the length of a train of j 

incoming droplets to the total length of j exiting droplets.  If the difference is zero (or 

close to zero experimentally), and the error (or difference) remains zero no matter 

where you start counting, then that particular value of j is either the period length or a 

multiple of the period length.  Fig. 2.11 shows an example plot of this difference 

versus varying numbers of droplets, j.  The simulations results are shown for a period-

9 case and a period-3 case.  Note how in each case, error goes to zero at multiples of 

the period length.  In practice, the periodicity can be obtained by identifying the 

smallest number of droplets yielding zero (or close to zero) error.23 
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No one has yet explored the advantages and disadvantages of quantifying periodicity 

using Poincare maps and the droplet spacing quantization method.  In Chapter 4, we 

will therefore compare the two methods and discuss conditions when one is more 

appropriate over the other.  

 

Lyapunov Exponent 

Although droplet traffic may in fact be entirely deterministic, it is possible for the 

pattern transformations to be chaotic in certain conditions.16  A system is deemed to be 

chaotic (highly sensitive to small changes) when the amount of change in the output 

parameter (δΔTn, which is a function of ΔTi) due to a small input perturbation (δΔTi) 

diverges as the input parameter (ΔTi) evolves:16,26 

𝛿∆𝑇𝑛(∆𝑇𝑖)

𝛿∆𝑇𝑖
= 𝑒λ𝐿∆𝑇𝑖 

 

(2.10) 

  

 
Fig. 2.11.  Quantization of Droplet Spacing.  Plot of error (or difference) between exit segment length 
for j droplets and incoming segment length for j droplets versus tested droplet numbers, j.  Adapted 

from Maddala et al., PRE 2014. 
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ΔTi is the incoming droplet time interval (the input parameter); ΔTn is the output time 

interval for the nth droplet in the exit channel; δΔTi and δΔTn are the changes in the input 

and output time intervals, respectively; λL is the Lyapunov exponent.  If the Lyapunov 

exponent is positive, the system is likely chaotic in that region.16,26  The Lyapunov 

exponent can be calculated using:26 

λ𝐿 =
1

∆𝑇𝑖
𝑙𝑛 (

𝛿∆𝑇𝑛|∆𝑇𝑖
𝛿∆𝑇𝑖

) 

 

(2.11) 

  

Fig. 2.12 includes plots of the Lyapunov exponent versus input droplet frequency (or 

inverse of input time interval, 1/ΔTi) for numerical simulations of droplet traffic 

through both symmetric and asymmetric bifurcated loops.  Corresponding bifurcation 

diagrams are also included above the Lyapunov exponent plots.  Note how the 

Lyapunov exponent increases with increasing droplet frequency.  Positive Lyapunov 

exponents correspond to the right side of the bifurcation diagrams (high frequency, 

small input time intervals), where the output time intervals appear to be constantly 

changing with small changes in frequency.  Thus, we quantitatively say that those 

regions are likely chaotic, as the Lyapunov exponent is positive. 
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As can be seen from this review of tools for quantifying droplet traffic, the exit 

behaviors depend strongly on input parameters and the complex variations in network 

branch resistances over time.  Thus, network geometry is also an important feature.  In 

Chapter 4, we will discuss how modular millifluidic devices can be quickly and easily 

assembled, and we will demonstrate how such millimeter-scale devices can reflect the 

same traffic patterns seen in their microfluidic counterparts.  Therefore, modular 

millifluidic devices can be excellent alternatives for studying droplet traffic, and new 

network designs can be created and altered much more rapidly than is possible with 

standard soft-lithography for microfluidic devices. 

 

2.6 CONCLUSIONS 

 

The ability to passively manipulate droplets and perform multiple unit operations is 

important because it will enable microfluidic lab-on-chip technologies with a 

 
Fig. 2.12.  Lyapunov exponent as a function of droplet input frequency for traffic through symmetric 
and asymmetric bifurcated loops.  Top row plots are bifurcation diagrams of exit time intervals versus 
input frequency, and bottom row plots are of Lyapunov exponent versus input frequency.  Adapted 
from Behzad, Seyed-Allaei, and Ejtehadi, PRE 2010. 
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minimum of overhead.  Whereas active droplet manipulation methods—such as digital 

microfluidics,27 electrocoalescence,28 dielectrophoresis,29 and pneumatic membrane-

valved devices30—require additional external equipment and computer control, 

passive devices typically require only a means for fluid delivery.  However, our ability 

to successfully manipulate droplets in passive networks depends on our understanding 

of droplet traffic through branching fluidic networks. 

In this review of droplet traffic literature, we have shown how even simple bifurcating 

networks such as a T-junction and a bifurcating loop can generate complex droplet 

traffic behaviors due to hydrodynamic feedback.  A simple network model enables us 

to predict droplet path selection to a certain degree.  We described several existing 

tools and methods for characterizing droplet traffic, including: time-lapse image 

sequences; recurring snapshots, selection fraction plots, S-pack analysis, event-time 

plots, bifurcation diagrams, Poincare maps, periodicity plots, quantization of droplet 

spacing, and Lyapunov exponents. 

While we now have a better understanding of droplet traffic through the simplest 

branching networks and can identify some general design and operation guidelines to 

achieve certain traffic patterns, it is still difficult to design more complicated and 

extensive networks that can passively manipulate droplets and perform multiple unit 

operations.  Therefore, there is a need for a quick and simple means for creating and 

modifying branching fluidic networks for testing and optimization.  As will be 

discussed in Chapter 4, modular millifluidic networks can help meet those needs. 

There are still many other open questions in the study of droplet traffic.  For example, 

although the droplet traffic literature offers several tools for quantifying periodic 

behaviors, which of those tools work best in situations where the behaviors are 

unclear, such as in transition regions between periodic regimes?  Which of those tools 

is the easiest to implement?  Moreover, why are there transitions in periodic behaviors, 

and what causes them?  Using modular millifluidics in Chapter 4, we will address 

several of these questions. 
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CHAPTER 3 
LITERATURE REVIEW – MIXING AND THE 

PRODUCTION OF DROPLET ARRAYS WITH 

CONCENTRATION GRADIENTS 
3.1 MIXING BASICS 

 

To understand how mixing occurs between droplets and within plugs traveling in 

microfluidic channels, it is helpful to first consider the defining characteristics of 

microscale flows.  Ottino & Wiggins7 in 2004 provided the general characteristics of 

microfluidic flows, noting common length scales, Reynolds (Re) numbers, Peclet (Pe) 

numbers, and diffusion coefficients (D).  For 200 x 200 μm-wide channels and 

velocities up to 1 cm/s, Reynolds numbers are small: Re ≤ 2.  This means that flows 

are laminar with viscous forces dominating over inertial forces.  Pressure-driven 

velocity profiles are therefore parabolic.  Values for D typically range from 10-7 to 10-5 

cm2/s.  As Pe = U*h/D, where U and h are fluid velocity and characteristic length, Pe 

ranges from 10 to 105.  Convection rates are therefore much faster than diffusion rates, 

so diffusion alone cannot be relied upon if quick mixing is desired.  To illustrate how 

slow diffusion works at this length scale, diffusion time across the width or height of 

the channel—estimated as tD ~ h2/D—ranges from 10 s to 16 min.7  

According to Ottino8 in a 1989 text on mixing, the process of mixing occurs through 

stretching and folding of fluid layers (caused by shear stress from velocity gradients, 

as well as circulating patterns), followed by diffusion between those layers (or 

lamellae).  Mixing is therefore a combination of fluid advection and diffusion.  The 

extent of interlayering of material is characterized by striation thickness (or striation 

length), S, which is defined by Ottino as S = V/A, where V is a given volume of fluid, 

and A is the interfacial area between layers present within that volume.  Essentially, S 
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is the thickness of each layer.  Note that in some texts, S is defined as the thickness of 

each repeating unit of layers, so S might vary by a factor of two for an interlayering of 

two fluids.8 

The key to effective mixing in microfluidic channels is to enable stretching and 

folding of fluid layers to be more impactful by periodically shifting streamlines—i.e., 

chaotic advection, where chaos is introduced by periodically altering circulation 

patterns.7  This periodic shifting of flow patterns causes material to be exchanged 

between adjacent circulating patterns, therefore enhancing mixing.7 

In 2001, Handique & Burns5 proposed a mathematical model for mixing in narrow 

microchannels.  Before introducing their model, they quite insightfully noted that as a 

plug moves along a microchannel, it advances not by being dragged or pushed as a 

whole down the channel but instead by circulation and rearranging of its internal 

volume.  At the head of the plug, material from the faster center flow is redirected and 

deposited along the wall, where it will remain until the rest of the plug moves past and 

is picked up by the tail.  At the tail end, fluid along the wall is pulled back to the 

center streamlines and directed downstream.5  This motion is analogous to a pair of 

counter-rotating tank treads flanking the centerline (see Fig. 3.1).  

Handique & Burns5 estimated the flow profile within a confined, moving plug by 

assuming Hagen-Poiseuille flow.  Solving for the relative-velocity (assuming no-slip 

at the walls), the velocity profile is parabolic: 

, 

 

(3.1) 

 

where Vrel is the velocity relative to the moving plug, Vd is the plug velocity (how 

quickly the head or tail is moving), d is the depth of the microchannel, and y is the 

position relative to the centerline.  Note how there are stagnation lines (relative 

velocity is zero) at +/- 0.577 (d/2) from the centerline.  Between the stagnation lines 
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and the wall, the fluid is receding; the center flow between the stagnation lines is 

advancing (see Fig. 3.1):  

  

 

Because the plug is an enclosed volume, flow recirculates at the ends.  Each half of the 

plug has its own vortices that circulate around the stagnation lines.5 

To demonstrate how the parabolic velocity profile and recirculation of fluid causes 

interlayering, Handique & Burns plotted the predicted dispersion of a strip of dye 

(initially spanning the plug width at one end) after 1, 2, 3, and 4 plug lengths of 

movement (see Fig. 3.2):5 

 

 

Fig. 3.1.  Reprinted from Handique & Burns, J. MicroChem 2001. Relative-velocity profile and 
streamlines in a moving plug.5 
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Note the significant stretching and interlaying after just a few plug lengths of 

displacement. 

Handique & Burns5 defined striation length, S, as the inverse of the intermaterial-area-

per-unit-volume, or in other words V/A, which is the same definition used by Ottino.8  

Handique & Burns also noted that after three plug lengths of displacement, S 

decreases to 15% of the channel depth.5 

 

3.2 MIXING TIMES 

 

Handique & Burns5 offered the following expressions to estimate the time scales of 

diffusion and convection: 

 

 

 

(3.2) 

 

Fig. 3.2. Reprinted from Handique & Burns, J. MicroChem 2001. Dispersion of dye—initial state in 
(a)—after 1, 2, 3, 4 plug lengths of movement (b, c, d, & e).5 
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(3.3) 

 

where τ is the time to diffuse across the striation length, D is the diffusion coefficient, 

tconv is the time required for the plug to travel one plug length, Lplug is the plug length, 

and Vplug is the plug velocity. 

Although presented in a slightly more complex form, Handique & Burns also offered 

an expression for the required mixing time (here simplified with my own symbols): 

tmix = tS + τ, where tS is the time required to reach a certain level of interlayering (to 

reach a given striation length, S), and τ is the diffusion time across the given striation 

length.5  Note that this definition is somewhat artificial, as it implies an unrealistic 

situation in which you first allow advection without diffusion until you reach a certain 

level of interlayering (requiring tS amount of time), then you stop advection and wait 

for diffusion to occur between the layers (requiring τ amount of time).  Compare this 

with the mixing time offered by Tice, Song, Lyon, and Ismagilov4 in 2003, who stated 

that the mixing time is dominated by the time it takes to diffuse across a layer and is 

approximately tmix = S2/D. 

Improving on the definition of mixing time, Stroock et al.6,9 in 2002 proposed that the 

required mixing time can be found by equating expressions for the diffusion time (τ) 

and convection time (essentially tS in my terminology).  This means that mixing 

completes when the required diffusion time decreases (due to shrinking striation 

thickness) enough to match the time it took to reach that level of interlayering through 

advection.  For example, assume that it takes 1 s to decrease striation thickness to a 

certain level, S, and also assume that it takes 1 s to diffuse across that striation 

thickness.  In the 1 s it took to decrease layer thicknesses to S, all of the molecules 

have already had 1 s to diffuse.  Molecules have already diffused across a distance of 

S, which is exactly what was needed to complete mixing. 
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The expression for mixing time found by Stroock et al. is presented in terms of Peclet 

number: 

. 

 

(3.4) 

 

Liau, Karnik, Majumdar, and Cate3 in 2005 followed suit with a slight variation in the 

approach.  Instead of equating diffusion and convection time scales, they found 

mixing time by solving for the time when striation length decreases to the diffusion 

length.  Liau et al. expressed striation length in terms of time (normalized by τ, the 

time per circulation cycle) and initial striation length, l0: 

. 

 

 

(3.5) 

Defining the diffusion length, ld, as: 

, 
 

(3.6) 

 

and equating ld with lst, Liau et al. found that mixing time tm can be found from the 

following expression: 

. 

 

(3.7) 

 

Note that their expression for striation length assumes that striation length halves with 

every circulation cycle. 
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3.3 CHAOTIC ADVECTION 

 

In 2003, Tice, Song, Lyon, and Ismagilov4 showed that during the formation of short 

droplets at a modified T-junction in which multiple aqueous streams (of different color 

dye) merge, the effectiveness of mixing is highly dependent on the strength of twirling 

induced in the tip (see Fig. 3.3). 

 

Three streams of water were joined just before the T-junction so that the left side was 

clear and the right side had dye.  Perfluordecaline (PFD) was used as the continuous 

phase.  The ratio of aqueous-to-PFD flow rates (water fraction) was varied to produce 

different-length plugs.  Note how the shorter plugs experienced significant twirling of 

fluid within the droplets during formation, while the longer plugs did not.  Tice et al. 

reasoned that at smaller water fractions, the inner phase was moving more slowly 

relative to the outer phase (compared to higher water fractions), creating greater shear 

stress at the protruding surface of the droplet.  This greater shear stress induced a 

greater twirling flow within the forming droplet.  Also, at smaller water fractions, the 

flow rate was lower, and the forming droplet took more time to spread across the 

 

Fig. 3.3. Reprinted from Tice et al., Langmuir 2003.4 Effect of inner-phase fluid flow rate and shear-
stress-induced twirling on mixing of fluid between two sides of plug. 
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channel width.  This gave the continuous phase more time to exert a twirling shear 

stress on the droplet.  At larger water fractions, the forming tip spent less time 

spreading across the channel width, so there was less time for twirling to occur.4 

These experimental observations of twirling demonstrate the importance of chaotic 

advection and redistribution of material between plug halves in mixing. 

In 2003, Song, Tice, and Ismagilov2 introduced the use of serpentine channels to 

promote chaotic mixing.  Song et al. noted that in Ottino’s 1989 text, there was an 

example of chaotic mixing in a flow cavity with alternately moving cavity walls (first 

the top wall moved, and then the bottom wall moved).  Chaotic advection was 

promoted in the flow cavity by enabling streamlines from different times to cross.  

Thus, even though streamlines at any given time never cross in laminar flow, periodic 

adjustments to the flow profile promote mixing.2,10  Song et al. used serpentine 

channels (called by others as “PSM” or planar serpentine mixer11) to induce a similar 

effect (see Fig. 3.4): 

 

 

Song et al.2 observed accelerated mixing in short plugs passing through the serpentine 

network.  They also found that as the short plugs rounded corners, the left/right 

vortices shifted and changed sizes.  Vortices on the inside of the turn narrowed while 

vortices on the outside of the turn widened.  Turns and curves are therefore an 

effective way to enhance mixing. 

 

Fig. 3.4. Reprinted from Song et al., AngewChem 2003.2  Schematic of serpentine mixer and 
circulation patterns. 
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Bringer, Gerdts, Song, Tice, and Ismagilov6 in 2004 emphasized that at low Re, 

chaotic mixing cannot be induced by steady, time-independent flow.  To achieve 

chaotic advection at low Re, superposed streamlines from different times must cross.  

Bringer et al. also noted that the size/length of a plug is very important when using 

serpentine channels to induce chaotic advection.  The improved mixing of serpentine 

channels is most effective if flipping of material from one half of the plug to the other 

is observed in each turn.  They found that a plug aspect ratio (length to width) of 2 is 

optimal for flipping to occur.6 

The repeating process of stretching, folding, and reorienting of material is often 

termed the “Baker’s transformation,” so called because of the similarity to a baker 

kneading dough (see Fig. 3.5):6 

 

The Baker’s transformation as implemented in a microfluidic network with serpentine 

channels is shown in Fig. 3.6: 

 

 

Fig. 3.5. Reprinted from Bringer et al., 2004.6  Baker’s transformation steps. 
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Bringer et al. also noticed that while smooth turns asymmetrically shift the left and 

right vortices to some extent, sharp turns shift them to such an extreme degree that the 

inner vortex nearly disappears (see Fig. 3.7):6 

 

In 2005, Liau et al.3 improved upon the Ismagilov group’s serpentine mixer by 

introducing bumps along one side of each of the curved walls (see Fig. 3.8): 

  

Fig. 3.6. Reprinted from Bringer et al., 2004.6  Baker’s transformation steps in a serpentine 
microfluidic network. 

 

 

Fig. 3.7. Reprinted from Bringer et al., 2004.6  Comparison of circulating vortices in smooth versus 
sharp turns. 
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The alternating sides with bumps cause the lubrication layer (thin film of oil) on the 

bumpy side to thin, increasing the shear stress and inducing a stronger circulating 

flow.  Liau et al. also hypothesized that for surface-active compounds (such as some 

proteins), bumps can asymmetrically disturb the surfactant concentration and induce 

Marangoni surface flows, which would also improve mixing.3 

 

3.4 VELOCITY PROFILES, VORTEX DISTRIBUTIONS, AND 

EFFECT OF TURNS 

 

In 2005, Rhee and Burns12 used COMSOL to simulate the interlayering caused by 

advection within a moving plug.  Their results for mixing after several plug lengths of 

movement matched the analytically obtained plots of Handique & Burns5 in 2001.  

Also, Rhee and Burns verified the presence of separate vortices in each half of the 

moving plug.12 

Kashid et al.13 in 2005 performed experiments with moving plugs in straight channels 

and used particle image velocimetry (PIV) to study the velocity fields.  They found 

that the radial position of the stagnation lines varied depending on plug velocity and 

plug length.  For long plugs, the stagnation line was roughly half of the radius from 

the centerline but moved slightly towards the centerline with increasing velocity.  For 

short plugs at low velocities, the stagnations lines were located at 0.72 x radius away 

from the centerline but decreased towards half the radius at higher velocities.13 

 

Fig. 3.8. Reprinted from Liau et al., 2005.3 Schematic of bumpy serpentine mixer. 
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In 2010, Sivasamy et al.14 proposed an analytical solution to the flow profile within 

moving plugs.  They also used ANSYS to simulate flow within a plug moving through 

straight and curved channels, and observed shifting of vortices in turns. 

Che, Wong, Nguyen15 in 2010 proposed an analytical model for velocity profile in a 

plug moving through curved channels.  Like Sivasamy, Che et al. also observed 

smaller vortices on the inside of turns.  They predicted that in turns, there is an offset 

parabolic flow profile with the apex shifted towards the inside of the turn.  The offset 

increases with curve tightness.  It is this offset in flow profile and streamlines which 

enables chaotic advection in serpentine channels as droplets alternate between left and 

right curves. 

In 2011, Che, Nguyen, and Wong16 compared velocity fields of simulations and 

experiments of plugs in straight channels.  They also modeled mixing time in 

serpentine channels by considering both advection and diffusion (implemented using 

the random walk method for particles). 

 

3.5 COALESCENCE-INDUCED MIXING 

 

Anilkumar, Lee, and Wang1 in 1991 studied penetration depth in the idealized case of 

a small spherical droplet coalescing with the flat bulk interface of the same fluid (see 

Fig. 3.9): 
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Anilkumar et al.1 noted the droplet initially has a greater internal pressure than the 

bulk fluid due to its curvature, and the Laplace pressure differential is 4σ/d, where σ is 

interfacial tension and d is droplet diameter.  The surface energy—roughly d2σ—is 

entirely converted to kinetic energy—roughly ρd3u2, where ρ is density and u is 

velocity.  Then the velocity of the coalescing fluid immediately after merging is 

roughly (σ/ρd)1/2.  By considering viscous dissipation of that energy, the penetration 

depth, L, can be calculated and is on the order of (ρσd5/μ2)1/4, where μ is the viscosity 

of the fluid.1 

In 2010, Francois Blanchette17 simulated two spherical droplets coalescing.  

Blanchette studied the effects of varying droplet size ratios and surface tension on 

mixing rates.  Blanchette performed an energy analysis similar to that done by 

Anilkumar et al. and found that velocity after merging is roughly (σ/ρr)1/2.  It was 

noted that asymmetry promotes mixing, but implied in that comment is that if the 

droplets were identical in every way, no advective mixing would occur.  If the droplet 

sizes are different, their internal pressures will be different, too, which will induce 

some pressure-driven flow upon coalescence.17 

 

 

Fig. 3.9. Reprinted from Anilkumar et al., 1991.1 Schematic of experimental setup for testing 
penetration depth; (a) before, (b) after coalescence. 
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3.6  GENERATING CONCENTRATION GRADIENTS ACROSS 

MICROFLUIDIC DROPLET ARRAYS 

 

The ability to generate microfluidic droplets of varying concentration is critical for 

many applications, including drug screening,18 protein crystallization,19 cellular 

assays,20-22 and even small-animal studies.23,24  There are two major categories of 

droplet arrays across which concentration gradients can be established: moving droplet 

arrays (MDAs) and static droplet arrays (SDAs).  A moving droplet array is a train of 

droplets moving through network, and a static droplet array is an array of droplets that 

have been immobilized within a fluid network.  In the next several sections, we will 

discuss existing methods for generating concentration gradients across each type of 

droplet array.   

As will be explained in more detail, SDAs offer several advantages over MDAs, as 

SDAs allow droplets to be studied for long periods of time, and the droplets are easier 

to analyze as they are held in place.  However, the mechanism of dilution of SDAs 

appears to be considerably more complex than for MDAs.  While parametric studies 

of dilution in SDAs have been performed, a deeper understanding of the precise 

mechanisms of mass transfer in SDAs is currently lacking in the literature.  In Chapter 

5, we will therefore present a phenomenological model to help identify the major 

phenomena affecting SDA dilution using moving plugs. 

 

3.6.1 Moving Droplet Arrays (MDAs) 

Concentration gradients across moving trains of droplets can be generated by varying 

solute concentration in the dispersed phase over time at or before the point of 

fragmentation into individual droplets at a junction with a flow of a continuous oil 

phase.  Concentration in the dispersed phase can be varied in several ways, including 

the use of: flow rate modulation;25-28 Taylor-Aris dispersion;18,29,30 a combination of 

branching networks and cross-stream diffusion;31-33 controlled coalescence;34-37 and 
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fragmentation of a long diluting plug.38  Each approach will be discussed in more 

detail below. 

 

3.6.1.1 Flow Rate Modulation 

 

One method for producing a train of moving droplets of varying concentration is to 

modulate over time the volumetric flow rates of two or more aqueous feeds that are 

combined prior to fragmentation into droplets at a junction with an immiscible 

continuous-phase flow.25-28  The total flow rate is typically held constant while one 

feed rate is continuously increased and the other feed rate is continuously decreased.  

Often, three aqueous streams are used, where the center stream is used as a temporary 

buffer to prevent reaction between the two other aqueous streams prior to droplet 

production.26,27  Fig. 3.10a is a schematic of an example multi-feed T-junction where 

three aqueous streams are joined immediately prior to droplet production.  Fig. 3.10b 

shows the range of concentrations produced by varying the left- and right-stream flow 

rates over time while maintaining a constant total flow rate.  Fig. 3.10d shows 

experimental images of two example flow-rate combinations of green- and red-dyed 

aqueous streams, and the different-colored resulting mixtures can be seen in the 

droplets. 
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3.6.1.2 Taylor-Aris Dispersions 

 

Another method of varying concentration across an MDA is to simply inject high-

concentration pulses into the aqueous feed channel some distance upstream of a 

droplet-producing junction.18,29,30  As illustrated in Fig. 3.11a, the natural parabolic 

velocity profile stretches and axially disperses the injected material, creating what is 

called a Taylor-Aris dispersion.18  Fig. 3.11b[i-iii] shows how a pulse of high-

concentration material disperses axially as it is carried further downstream, creating a 

continuous gradient in concentration along the aqueous feed channel.  Fragmenting 

this feed stream creates an array of moving droplets with a gradient in concentration, 

an example of which is shown in Fig. 3.11b-iv. 

 
Fig. 3.10. Flow rate modulation for producing aqueous droplets of varying concentration in fluorinated 
oil: a) schematic of the multi-feed T-junction for droplet production; b) comparison of theoretical and 
measured values for a range of droplet concentrations of fluorescein dye; c-d) two different 
combinations of volumetric flow rates for the three aqueous streams (green and red food dye and 
pure water) with a constant overall flow rate.  Reprinted from Song et al., J. Am. Chem. Soc. 2003. 
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3.6.1.3 Branching Networks 

 

Concentration gradients can also be established prior to droplet production by merging 

two parallel streams of different-concentration species, allowing time for cross-

streamline diffusion, and then using a branching network to create parallel aqueous 

feed streams with different concentrations.31-33  For example, in Fig. 3.12a, two 

aqueous feeds—reactant #1 (R1) and water—are merged in parallel in a first 

expansion chamber, where velocities are slower, and the two streams have time to 

diffuse across streamlines (perpendicular to the flow direction), creating a 

concentration gradient across the width of the channel.  Fluid from the first expansion 

chamber is then distributed among three parallel sections of serpentine channels to 

allow additional diffusion time.  The streams then enter a second expansion chamber 

where cross-channel diffusion is again enhanced.  Then the fluid finally branches into 

four parallel streams of different concentrations.  In the particular network shown in 

Fig. 3.12a, the parallel streams with different concentrations are also separately 

 
Fig. 3.11. Creation of concentration gradient across MDA using Taylor-Aris dispersion: a) schematic 
of axial dispersion of pulse injections of concentrated solute (adapted from Miller et al., PNAS 2012); 
b) [i-iii] pulse injection, dispersion, and fragmentation steps; [iv] experimental image of MDA with 
gradient in concentration, produced using the steps in b) [i-iii].  Adapted from Cai et al., Anal. Chem. 
2011. 
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merged with feed streams containing a second reactant before fragmentation into 

droplets.33 

 

Fig. 3.12b shows another example branching network for creating an MDA with a 

concentration gradient.31  In that network, there is no need for expansion chambers, as 

the long serpentine section prior to the branching section gives the two merged feed 

streams sufficient time to diffuse and establish a gradient across the channel width.  

The branching network region effectively divides the channel width into four separate 

streams of varying concentration.  Fig. 3.12c shows the evolution of droplet 

concentration over time from each outlet.31 

 

 
Fig. 3.12.  Creating MDAs with concentration gradients using branching networks: a) example 
branching network with two expansion segments for increasing diffusion across streamlines between 
two disparate-concentration aqueous feeds (water and R1) joined in parallel, eventually branching 
into four streams.  A second reagent (R2) is added to each of the four streams then fragmented into 
droplets at a cross-junction with a continuous-phase oil stream.  Reprinted from Damean et al., LOC 
2009.  b) Another example branching network with four output channels but without expansion 
segments; c) plot of concentration versus time for each of the four branches shown in b).  Adapted 
from Bui et al., Anal. Chem. 2011.  
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3.6.1.4 Controlled Coalescence 

 

Concentration gradients across a series of moving droplets can also be generated by 

controlled coalescence between dilutor droplets and a precisely metered trapped 

droplet of initially high solute concentration.34,35  For example, the microdroplet 

dilutor developed by Niu et al., as shown in Fig. 3.13a, consists of an inline dilution 

chamber with two exits: one is blocked with a set of closely spaced pillars, and the 

other is a narrow constriction that generally remains blocked by the trapped droplet 

within the chamber.34  In practice, a large droplet of high solute concentration is 

initially trapped in the dilution chamber.  Its size is precisely metered, as an 

excessively large droplet will substantially block the pillared exit as well as the 

constrictioned exit.  With the application of a fixed volumetric flow rate, pressure 

builds behind the droplet, and portions of the droplet are squeezed through the 

constriction until the droplet volume shrinks sufficiently to unblock the pillar exit, 

enabling the continuous phase to bypass the dilution chamber.  To create a train of 

moving droplets with decreasing concentration, a train of diluting droplets (lower 

concentration than the trapped droplet; e.g., pure water) is sent through the network, as 

shown in Fig. 3.13b.  As each droplet merges with the trapped droplet, the excess 

volume blocks the pillared exit, causing a droplet to be ejected from constriction.  

Before the next diluting droplet arrives, the bypassing continuous phase exerts shear 

stress on the surface of the trapped droplet, causing circulation within the droplet that 

mixes the previously coalesced lower-concentration droplet with the higher-

concentration fluid.  Fig. 3.13c shows experimental images exiting droplets evidencing 

decreasing concentration with each ejected droplet.  Fig. 3.13d is a plot of droplet 

concentration versus droplet number, showing an excellent power-law relationship 

between concentration and droplet number.34 
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Fig. 3.13e is a schematic of another similar inline droplet dilutor using a dual-height 

metering trap.35  The droplet-trapping chamber has a shallow T-shaped cross-sectional 

area for most of its length except for a retaining wall at the downstream end blocking 

all but a thin region of fluid at the top.  This geometry allows the trapped-droplet 

volume to be maintained precisely, as excess volume or length will block the entrance, 

causing the front portion of the droplet to squeeze through the narrow gap between the 

retaining wall and the channel ceiling until the rear of the droplet no longer blocks the 

entrance.  When the entrance is not blocked, the continuous phase bypasses the droplet 

through the thin, expanded T-top section, while the droplet is held in place by the 

retaining wall.  The method for generating a train of moving droplets with a gradient 

in concentration is similar to that for the device shown in Fig 3.13a.35 

 
Fig. 3.13.  Two types of droplet dilutors: a-d) a pillar-blocked dilution chamber device (adapted from Niu 
et al., Nature Chemistry 2011); e-f) a metering trap (adapted from Korczyk et al., LOC 2013).  a) 
experimental image of the droplet dilutor showing pillars at the chamber exit holding a high-
concentration droplet in place and a narrow exit constriction of width D1 for ejecting droplets; orange 
arrows denote the direction of circulation with a mixing velocity, (Vm); b) time-lapse images showing 
drop dilution process; c) images of ejected droplets with decreasing concentrations; d) log-linear plot of 
droplet concentrations versus droplet number; e) top-view (blue) and side cross-sectional views (green) 
schematics of a metering trap; f) time-lapse images of a different-color droplet mixing with the trapped 
droplet and ejecting a droplet. 
 



Texas Tech University, William S. Wang, December 2015 

68 

 

3.6.1.5 Fragmentation of a Long Diluting Plug 

 

A moving droplet array (MDA) with varying concentrations can also be generated as a 

byproduct of creating a static droplet array (SDA), as shown in Fig. 3.14.38  While 

SDAs will be discussed in more detail in the next section, they can be created by first 

sending a long plug of high-concentration solution through an array of vented traps 

distributed along a bypassing channel.  The long plug infiltrates the trap regions but 

then leaves behind an array of trapped, high-concentration aqueous droplets.  Next, a 

long diluting plug of lower concentration is sent through the network, creating a 

gradient in concentration across both the SDA and the long plug itself.  As the long 

plug exits SDA, it is fragmented into droplets at a junction with a stream of 

continuous-phase oil, producing an MDA with a gradient in concentration.38 

 

 
Fig. 3.14.  Creating an MDA by fragmenting a long diluting plug exiting an SDA: i-ii) using a high-
concentration aqueous plug generate an SDA of equal solute concentration; iii-iv) using a long 
diluting plug to create a concentration gradient across both SDA and the plug itself; v) fragmenting 
the long plug into a train of droplets with a gradient in concentration.  Adapted from Sun and 
Vanapalli, Anal. Chem. 2013. 
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3.6.2 Static Droplet Arrays (SDAs) 

 

Formation of Static Droplet Arrays 

Static droplet arrays (SDAs) can be formed using an array of vented traps along a 

bypassing channel,23,39-42 as shown in Fig. 3.15.39  Each repeating unit (or ‘trapping 

loop’) consists of a droplet-trapping section with an entrance connecting to a bypass 

channel and a narrow, constricted exit that allows the continuous phase to exit but 

prevents a trapped droplet from passing unless the maximum Laplace pressure 

differential is exceeded.  Using the cartridge method, an SDA with concentration 

gradient (shown in Fig. 3.15a) can be created simply by aspirating a low-concentration 

(or zero concentration) aqueous plug (‘diluting’ plug) and a high-concentration sample 

plug--both separated and surrounded by a continuous oil phase—and then infusing the 

SDA device with the contents of the loaded cartridge.  First, the entire network is 

flushed with the oil.  Next, the sample plug infiltrates the traps as it passes through the 

bypass channel (see Fig. 3.15b).  When the rear of the sample plug passes each trap, it 

detaches from and leaves behind a droplet.  Droplets prefer to remain in the enlarged 

trap regions, as they offer a lower energy state than the more confined bypass channel.  

After the sample plug has exited the network, an SDA of equal concentration remains.  

Next, as the diluting plug moves through the network, it coalesces with each trapped 

droplet, and there is an exchange of material.  Because the difference in concentration 

between the plug and trapped droplets is greatest for the first trap but continuously 

decreases as the plug picks up more material from the traps, the mass transfer rate is 

highest for the first trap but generally decreases throughout the network.  This is what 

enables concentration gradients to be formed along both the SDA and the moving 

plug.  As the diluting plug continues through the network, it detaches from the trapped 

droplets, leaving an SDA with a gradient in concentration.39 
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Although Fig. 3.15 shows a method in which a low-concentration moving plug dilutes 

an array of initially high-concentration trapped droplets, it is also possible to create 

concentration gradients by sending a plug of high-concentration solution through a 

network with trapped droplets of low concentration.23,41  In one variation of the 

method introduced by Huang et al., air bubbles can be left in the trap constrictions, 

acting as high-pressure valves and enabling much higher volumetric flow rates than 

would ordinarily be possible with most liquid-liquid systems.41  In yet another 

variation of the trap-diluting method, two aqueous phases of different concentration 

are simultaneously injected into an empty, air-dry SDA network from the entrance and 

exit so that they meet in the middle of the network, then, the fluid sources are 

disconnected, and the fluid within the bypass channel is slowly withdrawn, generating 

 
Fig. 3.15.  Generating an SDA with a concentration gradient: a) cartridge preparation, infusion, and 
example array with gradient; b) time-lapse images showing SDA creation; c) time-lapse images 
showing SDA dilution; d) time-lapse images showing dilution of a single trap containing a 
fluorescein-dyed water droplet using a diluting water plug (transparent).  Reprinted from Sun, Bithi, 
and Vanapalli, LOC 2011. 
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a gradient in concentration as it passes by and detaches from the droplets in the traps.42  

Finally, an oil phase is sent through the system to sheath the trapped droplets.42 

Selimovic, Gobeaux, and Fraden43 presented a two-layer PDMS device for creating an 

SDA with concentration gradient that exploits diffusion through a permeable PDMS 

layer between: (i) a lower single-phase branching network with concentration gradient 

and (ii) an upper layer with an SDA filled with initially equal-concentration trapped 

droplets (see Fig. 3.16).  Because the PDMS membrane is permeable to water but not 

salt, water either diffuses out from the trapped droplets and into the branching 

network, or it diffuses from the branching network into the trapped droplets.  The total 

solute content does not change within the trapped droplets, but its water content 

changes over time, therefore a gradient in concentration is developed across the 

SDA.43 

 

 

 
Fig. 3.16.  SDA with concentration gradient using a two-layer device with permeable PDMS membrane.  
Upper layer contains an array of vented wells for trapping droplets, while the lower layer comprises a 
branching network with two inlets and one outlet for generating a single-phase network with 
concentration gradient.  Diffusion of water between the SDA and branching network alters 
concentration in trapped droplets in the SDA.  Reprinted from Selimovic, Gobeaux, and Fraden, LOC 
2010. 
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Advantages of SDAs over MDAs 

In some applications—such as chemical reactions, enzyme kinetics,26 or dose-response 

studies18—an extended incubation time or residence time might be desired for an array 

of droplets of varying concentration.  While residence time can be increased in MDAs 

to some extent by using serpentine channels and/or by increasing the exit channel 

length,37 there is a practical limit to the length of microfluidic networks due to 

pressure-drop considerations.44  In MDAs, incubation time can also be established by 

stopping flow.  However, droplets in an MDA cannot be addressed for further mixing 

and/or washing while sitting stationary in a long serpentine channel.  In contrast, 

SDAs offer much more flexibility, enabling droplets to be held in place for as long as 

desired with the possibility of multiple mixing and/or washing steps over time.23  The 

constant spatial organization over time of SDAs also make optical analysis of droplets 

easier compared to MDAs, whose droplets are always moving in the presence of flow. 

The Need for a Deeper Understanding of Mass Transfer in SDAs 

Parametric studies can be used to determine qualitative trends when changing input 

parameters and network geometry.  Fig. 3.17, for example, shows the results from a 

study of dilution of an SDA (initially containing equal, high concentrations of solute) 

using a moving diluting plug, where the effects of varying volumetric flow rate and 

plug length were monitored.  As volumetric flow rate and plug velocity increased (see 

Fig. 3.17a), the amount of dilution decreased, resulting in higher final trapped droplet 

concentrations.  As diluting plug length increased (see Fig. 3.17b), dilution increased, 

resulting in lower final concentrations. 
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While general qualitative trends from such parametric studies are useful for predicting 

which direction concentrations might change when varying a given parameter (such as 

plug length or volumetric flow rate), they do not offer useful guidance on the precise 

manner in which changes will occur, particularly if a different system will be used—

for example, if the geometry is changed, or if different fluids will be used.  To better 

predict and control final concentrations based on input parameters and system 

characteristics, we need a deeper understanding of how mass transfer occurs in such 

networks.  In Chapter 5, we will present a phenomenological model for mass transfer 

between a moving plug and an SDA, and we will conduct simulations based on that 

model to assess the relative importance of the various physical phenomena 

incorporated into our model.  The insights gained from this exercise will enable more 

effective prediction of final concentrations and more intelligent design of SDA 

networks. 

 

 

 

Fig. 3.17.  Parametric study of dilution of SDA with a moving plug using plots of normalized final trap 
concentration versus droplet number: a) varying volumetric flow rate; b) varying diluting plug length.  

Reprinted from Sun et al., LOC 2011. 
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3.7 CONCLUSIONS 

 

From a review of literature on microfluidic mixing in droplets, we see that mixing 

occurs by stretching and folding of fluid lamellae.  However, fluid within droplets 

tends to circulate in pairs of counter-rotating vortices that remain isolated from one 

another, impeding mass transfer between vortices.  With the use of serpentine 

channels to induce chaotic-in-time advection, mass transfer between vortices can be 

enhanced.  As a result, serpentine channels are often used to enhance mixing in 

moving droplet arrays (MDAs) with concentration gradients created by varying the 

mixture of aqueous components prior to fragmentation into droplets.  Several methods 

exist for generating MDAs with concentration gradients, including: flow rate 

modulation, Taylor-Aris dispersion, branching networks, controlled coalescence, and 

fragmentation of a long plug after dilution of a static droplet array (SDA). 

Concentration gradients can also be generated across SDAs, and the most common 

method is through the use of a moving aqueous plug which coalesces and exchanges 

material with trapped aqueous droplets.  Although parametric studies have been 

conducted on the dilution of SDAs with moving plugs,39 a deeper understanding of the 

underlying mechanisms governing mass transfer in the dilution of SDAs is still 

lacking.  To intelligently design SDA networks and exert better control over the 

concentrations gradients established, we must first study the physical phenomena 

affecting the dilution of static droplets in such networks.  In Chapter 5, we introduce a 

phenomenological model for studying the possible phenomena affecting mass transfer 

in SDAs, and we present several hypotheses based on simulations implementing the 

elements of our model.  In Chapter 6, we conduct SDA dilution experiments and use 

particle image velocimetry to test and confirm some of our hypotheses. 
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CHAPTER 4 
MILLIFLUIDICS AS A SIMPLE TOOL TO 

OPTIMIZE DROPLET NETWORKS: CASE 

STUDY ON DROP TRAFFIC IN A BIFURCATED 

LOOP  
 

NOTE: this chapter has already been published as an article in Biomicrofluidics: 

 

W. S. Wang and S. A. Vanapalli, Millifluidics as a simple tool to optimize droplet 

networks: Case study on drop traffic in a bifurcated loop, Biomicrofluidics 8, 064111 

(2014).2 

 

4.1 INTRODUCTION 

 

Microfluidic drops are being used extensively as miniaturized reactors5,6 for 

applications ranging from biological and material analysis7-9 to material synthesis12,13 

to medical diagnostics.14,15  Lab-on-chip platforms associated with these applications 

often involve the transport of nanoliter-scale droplets through networks of 

microchannels.16,17  For example, past studies have designed microfluidic networks to 

passively coalesce, split, store, and sort drops.4,18-25  Despite these demonstrations, it is 

still challenging, especially to design large-scale microfluidic networks that can 

manipulate droplets passively to achieve one or more functional tasks.  The challenge 

lies in the fact that when confined droplets flow through networks even as simple as a 

bifurcation, they can exhibit complex spatiotemporal dynamics, depending on the 

branches they choose.26-35  Since network architecture crucially impacts drop traffic, 
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flexible methods are needed that can allow rapid generation of networks of varying 

architecture so that the optimal design can be constructed.  

To aid in the design of microfluidic networks, models simulating drop traffic can be 

harnessed where droplets are treated as fluidic resistors and their traffic is modeled 

using simple pressure-flow rate relations.36,37  Genetic algorithms have also been 

developed to search for optimal designs based on drop-traffic models.38  Despite the 

ability of these models and simulations to yield networks that could perform a function 

or task, the designs have to be ultimately validated experimentally.  However, 

experimental methods to efficiently create and modify network architecture have not 

been sufficiently developed.  The availability of such methods will lead to coordinated 

modeling and experimental approaches for fast scanning and verification of optimal 

device designs. 

In contrast to optimizing device design using microfluidic networks that require 

microfabrication, building millimeter-scale networks using commercial tubing and 

connectors is not only simpler and cost-effective but also easier to assemble and alter 

network architecture.  Millifluidic networks can therefore serve as valuable scaled-up 

versions of microfluidic ones because the Reynolds numbers (Re) and capillary 

numbers (Ca) can also be maintained well below one, which are the key conditions in 

most microfluidic devices.31,37  In fact, millifluidic devices are already being used for 

lab-on-chip applications.39-41  Using commercially available transparent Teflon tubing, 

cross-junction connectors, and T-junction connectors, Trivedi et al. generated, stored, 

mixed, and optically detected aqueous droplets in oil.39  They demonstrated the 

potential applications of modular millifluidics by creating a mix-and-read assay for 

dyed aqueous droplets and by culturing cells in situ within polymerized hydrogel 

droplets.39  In another study, a millifluidic droplet analyzer was developed to find the 

minimum inhibitory concentration of antibiotic needed to kill bacteria.40 A method to 

separate drops of different size based on collisions in a millifluidic network containing 

obstacles has also been demonstrated.40,41   
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In addition to these studies, modular millifluidic devices could be particularly useful in 

several different fields, such as chemistry, materials science, and biology.  In 

chemistry applications, for example, millifluidic devices can be used to create 

micrometer- and millimeter-scale particles more easily and economically than with 

microfluidic devices while still benefiting from the high surface-area-to-volume ratios 

that improve heat transfer between phases.42  Millifluidic devices could also be used to 

create new fluid-based materials such as multiple emulsions and Janus particles.42,43  

Since many biological assays involve handling of millimeter-scale objects such as 

tumor spheroids, small animals, embryos, etc., (which are too large for microfluidic 

channels) drop-based millifluidics also has the potential to become an active area in 

biology. 

Despite the significance of millifluidic devices for bioanalytical applications, only a 

few studies26,34 have investigated drop traffic through modular millifluidic branching 

networks, even though important differences exist between millifluidic and 

microfluidic networks in terms of channel geometry.  First, the conduit cross-section 

in millifluidic devices is typically circular, where as in planar microfluidic devices it is 

rectangular or square.  In addition, unlike in typical microfluidic devices, abrupt 

changes in cross-section are inherently present due to the use of fittings and 

connectors.  The importance of these two geometrical factors in influencing the flow 

resistance of droplets and thereby traffic in networks needs to be investigated before 

the millifluidic approach can be readily used for designing and optimizing large-scale 

droplet networks. 

The goal of this study is two-fold. We first demonstrate that modular millifluidic 

networks can be easily and rapidly constructed to study drop traffic in branching 

networks. Second, we study in detail the most elementary network possible—a 

millifluidic loop.  We quantify the traffic behavior in this network and compare it with 

model predictions. We show the ease with which droplet behaviors can be 

characterized and compared with models of drop traffic. We also draw useful insights 

into the physics of drop traffic in a loop and illustrate how geometrical defects can 
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influence traffic.  Finally, we conclude with some remarks on the benefits of using 

millifluidic networks for studying drop traffic. 

 

4.2 RESULTS 

 

4.2.1 Quick Assembly of Millifluidic Bifurcated Loop Network 

 

To create simple millimeter-scale networks, the only materials needed are 

commercially available, transparent (or translucent), small-diameter tubing and 

connectors, such as T-junctions and cross junctions (see Sec. IV, Materials and 

Methods).  In addition to the ease of device assembly, a second advantage is the ability 

to see droplet production and movement with the naked eye.  This means that 

research-grade laboratory microscopes are not necessary, and consumer cameras (e.g., 

iPod®) can be used to capture and study droplet motion.  A third advantage is the ease 

with which such millifluidic devices can be modified.  Network segments can be 

modified simply by detaching the tubing from the connectors and replacing them with 

different tubing and/or connectors.  In contrast, traditional microfluidic devices cannot 

be altered after fabrication.  Alternative network designs could therefore be 

manufactured more quickly and more easily on a millimeter scale than on a 

micrometer scale. 

We demonstrate the usefulness of millifluidic networks by building and testing a 

millimeter-scale bifurcated loop (Fig. 4.1), which is created by simply joining lengths 

of commercially available Tygon® tubing and plastic T-fittings. When a train of 

uniformly spaced droplets enters the loop, diverse behaviors are possible at the exit of 

such a loop. Drops can exit the loop at periodic or aperiodic time intervals depending 

on the spacing with which drops enter the loop (see Movie S1, S2, S3 in Electronic 

Supplementary Information).44 In the next section, we illustrate how such a simply 
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made network can be used to confront model predictions and reveal important insights 

into the causes for the transitions between periodic and aperiodic regimes.  

 

 

 

4.2.2 Case Study: Characterization of Drop Traffic in a Millifluidic Loop  

 

The bifurcated loop is one of the simplest branching networks, having only two 

branches between a single inlet and a single outlet. While droplet traffic has been 

studied to some extent in more complex geometries,45 fascinating and diverse 

behaviors are still possible from such a simple geometry as a bifurcated loop. Several 

studies of microfluidic loops have already been conducted and have revealed a wide 

variety of phenomena including: periodic and aperiodic behavior,31 reversibility of 

droplet train transformation,31,36 coding and decoding of signals,31 chaos,46 

multistability,32 Hamiltonian dynamics,47 filtering and repartitioning of droplet 

trains,33,48 path selection,49,50 and measurement of droplet resistance.10 

 

 

FIG. 4.1. A millifluidic bifurcated loop assembled using commercial T fittings and Tygon® tubing (1.25 
mm inner diameter).  Loop is a slightly asymmetric bifurcated loop, with a 44 mm-long upper branch 
and a 39 mm-long lower branch. 
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While studies have explored droplet traffic through bifurcated loop networks11,30-32,35 

and developed models,32,33,36,46,51 there are still unanswered questions. For example, 

what is the cause of transitions between periodic and aperiodic behaviors, and what 

affects those transitions?  How do structural defects in the channels affect droplet 

traffic?  To address these questions requires an experimental strategy where drop 

traffic behavior can be explored over a wide range of input droplet spacings without 

the complications of drop break-up and coalescence.  Here we show how a millifluidic 

loop network and an iPod® camera can be used to (1) rapidly scan drop traffic and 

identify flow conditions that are devoid of drop breakup and coalescence, (2) 

characterize drop spacing at the exit in terms of two quantitative methods: Poincare 

maps and the droplet spacing quantization rule, (3) test experimental data with traffic 

model predictions, and (4) gain insights into the sources of intermittent and aperiodic 

drop dynamics at the loop exit. 

 

4.2.2.1 Rapid scanning of drop behavior in a millifluidic loop 

 

The millifluidic loop chosen for droplet traffic experiments is a slightly asymmetric 

bifurcated loop as shown in Fig. 4.1, with upper and lower branch lengths (Lu, Ll) of 

44 mm and 39 mm and a branch-length ratio of Lu/Ll = 1.12.  The drop size was 

manipulated by using a T-junction drop generator, and drop spacing was adjusted 

using an auxiliary channel downstream of the T-junction but upstream of the loop. To 

identify the potential operating conditions for studying drop traffic in the loop, the oil 

flow rate delivered to the droplet-producing T-junction was kept constant at Qo = 10 

mL/h, while the water flow rate Qw and auxiliary oil flow rate Qa were allowed to 

vary. 

Fig. 4.2 is a behavioral diagram on a plot of flow rate ratio (Qw/Qo) versus total 

continuous phase (oil) flow rate (Qc = Qo + Qaux) showing four major droplet 

behaviors. We find that as the flow rate ratio (Qw/Qo) increases, droplet size increases.  
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Also, as total oil flow rate (Qc) increases, both droplet velocity and droplet spacing (λ) 

increase.  As shown in Fig. 4.2c, shear-induced splitting is observed at higher 

velocities for small droplets and at lower velocities for larger droplets.  Droplet 

coalescence occurs when droplets are not so large that they undergo shear-induced 

break-up but are still large and close enough to have a high probability of colliding 

into each other at the loop exit (Fig. 4.2d).  Behaviors well suited for studying droplet 

traffic (labeled “ideal”) occur in the lower section of the diagram where droplet sizes 

are smaller, as smaller droplets are less likely to be fragmented. No hydrodynamic 

feedback (“no-H.F.” or “no-feedback”) between neighboring droplets, where each 

droplet’s behavior at the loop entrance is not affected by the behavior of the 

surrounding droplets, occurs for small flow-rate ratios (small droplets) and large λ, as 

each droplet exits the loop before the next one enters. 

Therefore, the best operating conditions for studying droplet traffic are when 1) 

droplets are relatively small but still confined or nearly confined so that they still 

impart significant hydrodynamic resistance, 2) there is no coalescence at the exit, and 

3) when λ is less than the maximum λ (λmax) for which there is still hydrodynamic 

feedback between neighboring droplets.  Thus, flow rate ratios ranging from 0.1 to 0.2 

and total oil flow rates of less than 60 mL/h are the best operating conditions for 

probing droplet traffic. 

We also sought to predict the drop break-up conditions observed in our experiments, 

as it will be a useful means to quickly assess the operating space for drop traffic.  

Several works have studied the conditions for droplet breakup in various conditions, 

such as at junctions of arbitrary angles23 and upon impingement against an 

obstacle24,25 within a confining channel.  Link et al.52 proposed a relation (Eqn. 4.1) 

for drop breakup at a microfluidic T-junction consisting of rectilinear channels, and 

we assessed whether this relation could also quantify drop breakup observed in our 

circular cross-sectioned channels.  In Eqn. 4.1, Ca* is the critical capillary number for 

droplet breakup, αL is Link et al.’s fitting parameter, and ε is the non-dimensionalized 
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drop size as prescribed by Eqn. 4.2, where l and w are the length and width of the 

drop, respectively. 

𝐶𝑎∗ =  ∝𝐿 휀 (휀
−2 3⁄ − 1)2 (4.1) 

 

휀 =  
1

𝜋
(
𝑙

𝑤
) 

(4.2) 

 

 

 

Because our data in Fig. 4.2 are represented in terms of flow rates, we translated drop 

size to flow rate ratio (Qw/Qo) using Eqn. 4.3, which was developed by Garstecki et 

 

FIG. 4.2. Behavioral diagram for aqueous droplet trains in mineral oil passing through a slightly 
asymmetric millifluidic loop as shown in Fig. 4.1. Ideal (b), splitting (c), coalescence (d), and no-
hydrodynamic-feedback (e) behaviors are shown on a plot of flow rate ratio versus total continuous 
phase flow rate.  Example experimental images are also included for those behaviors. Arrows in (c) 
and (d) indicate where drop break-up and coalescence are occurring respectively. Fluid flow is left to 
right. 
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al.53 for droplets produced at a microfluidic T-junction.  In Eqn. 4.3, αG is a fitting 

parameter. 

𝑙

𝑤
= 1 + 𝛼𝐺 (

𝑄𝑤
𝑄𝑜
) 

 

(4.3) 

 

Combining Eqns 4.1 – 4.3, we get Ca* as a function of flow rate ratio and the two 

fitting parameters:  

𝐶𝑎∗ = 
𝛼𝐿
𝜋
(1 + 𝛼𝐺

𝑄𝑤
𝑄𝑜
)((

1

𝜋
+
𝛼𝐺
𝜋

𝑄𝑤
𝑄𝑜
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−2 3⁄

− 1)

2

. 
 

(4.4) 

 

As shown in Fig. 4.2, we found good agreement between our breakup model (Eqn. 

4.4) and experimental results when αG = 1.4 and αL = 0.027.  We note that the value of 

αG obtained in our millifluidic experiments is similar in magnitude to that in the 

microfluidic study.  However, αL in our experiments was two orders of magnitude 

smaller than that reported in the microfluidic study of Link et al.  This is most likely 

because in Link et al.’s experiments, the droplets were in square cross-sectioned 

channels,52 which allows significant oil flow through the channel corners (gutters).  In 

contrast, our millifluidic tubing has a circular cross-section, and therefore less space 

for oil to pass between the droplets and the channel walls.  The shear stresses acting on 

droplets at a bifurcation should be much greater in the circular-cross-sectioned case 

than in the square-cross-sectioned case, and the critical capillary number should occur 

at much lower flow rate ratios.  In Sec. 4.2.3.1, we provide a scaling analysis for the 

shear stresses in circular and square conduits that yields a reasonable estimate of the 

αL value observed in our experiments.  Thus, Eqn. 4.4 is a useful guide for rapidly 

identifying conditions for studying drop traffic. 

Interestingly, it took only 2 – 3 hours to assemble the loop network and to perform all 

36 experiments for the behavioral diagram, as each flow-rate setting appeared to 
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stabilize within a matter of seconds.  In contrast, pump fluctuations tend to occur on a 

much longer time scale in microfluidic experiments than millifluidic ones because 

syringe pumps generally must be operated at slower rates (see Sec. 4.2.3.4 for 

additional discussion). Thus for each new millifluidic network, the best operating 

conditions could be determined within a few hours, which is a significant advantage 

over microfluidic networks. 

 

4.2.2.2 Characterizing the exit droplet spacing 

 

Having identified the flow conditions at which drop traffic can be investigated, we 

characterized the drop spacings at the exit of the loop.  Previous studies of microfluidic 

bifurcated loops have shown that the exit drop spacings can follow either periodic or 

aperiodic behaviors.31-33  Note that when we use the term “aperiodic” to describe 

output spacings in experiments, we mean only that there was no observed repetition of 

any sequence within the observed finite train of droplets.  

A common way to characterize the periodic or aperiodic nature of the transformed 

droplet spacing is to use Poincare maps.31  A more recently proposed method is the 

droplet spacing quantization rule.  Below, we apply both methods to our experimental 

data and also contrast the appropriateness of each method.  

a. Poincare maps 

Poincare maps are graphical representations of the diversity in neighboring 

relationships, and they are created by plotting each time interval between droplets 

(Δtn+1) versus the previous time interval (Δtn). Because our systems have constant 

volumetric flow rates and constant cross-sectional flow area, comparing exit time gaps 

between droplets is the same as comparing exit spacings. Figure 3 includes exit 

Poincare maps for four example experiments conducted at different inlet spacings, 

with exit spacings (and exit time gaps) exhibiting period-2, period-4, aperiodic, and 
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intermittent behavior. In each experiment, roughly 150 or more evenly spaced droplets 

were sent through the bifurcated loop.   

In the period-2 behavior shown in Fig. 4.3a, the repeating pattern of exit time intervals 

(in seconds) is 3 5 3 5 3 5 . . . .  Since the repeating pattern is [3 5], the Poincare map 

would have two points: (3,5) and (5,3) consistent with the two clusters shown in Fig. 

4.3a. Note how in the periodic cases (Fig. 4.3a, b) and in the intermittent case (Fig. 

4.3d), the repeating exit patterns collapse into just a few clusters in the Poincare maps, 

whereas in the aperiodic case (Fig. 4.3c), the points in the map appear to be distributed 

randomly.  In Figure 4.3d, the exit patterns were primarily period-4 behavior (outer 

four clusters), but period-3 (inner three clusters) occasionally appeared.  We use the 

terms “primary” and “secondary” to describe the dominant and subordinate 

intermittent periodic behaviors in those cases where one behavior clearly occurs more 

often than the other.  For example, in Fig. 4.3d, period-4 behavior occurred 31 times 

and period-3 behavior occurred 15 times in a train of 169 droplets.  In some cases, 

several different behaviors occur without any one behavior dominating, in which case 

all of the observed periodic behaviors are secondary periodic behaviors (i.e. no 

primary periodic behavior). 

In Fig. 4.3, we also included exit event-time plots28,31 beneath each Poincare map as 

another means for visually depicting any underlying periodic behavior.  Brackets have 

been included over some of the repeating units of events, and two different levels of 

brackets are shown in Fig. 4.3d for the intermittent period-3 and period-4 behavior.  

As can be seen in Fig. 4.3a, there is a pattern of time gaps that repeats every two 

events, thus the period length is two droplets long (period 2).  The pattern in Fig. 4.3b 

repeats every four events, so the period length there is 4 droplets long (period 4).  

There is no discernible pattern in the aperiodic example in Fig. 4.3c.  In Fig. 4.3d, the 

events occur in patterns of three or four events (intermittently period 3 or period 4), 

although it could also be viewed as patterns of four or seven events (intermittently 

period 4 or period 7). 
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FIG. 4.3. Example Poincare maps for time gaps (in seconds) between exiting droplets showing (a) 
period-2, (b) period-4, (c) aperiodic, and (d) intermittent behaviors—with both period-3 and period-4 
in (d).  The initial spacings (λ) for the experiments were 56, 24, 12, and 32 mm for (a)-(d), 

respectively.  Beneath each Poincare map is an event-time plot for droplet exit events, with repeating 
patterns bracketed. Two levels of brackets are shown in (d) for period-4 and period-3 behaviors. 

 



Texas Tech University, William S. Wang, December 2015 

91 

 

b. Droplet spacing quantization 

An alternative method for characterizing periodic pattern length (i.e., periodicity) is 

the droplet spacing quantization rule reported by Maddala et al.29  Based on a principle 

of conservation of volume, Maddala et al. found that between any given point in one 

pattern and the same point in the next pattern, the volume of fluid between those two 

points is always the same no matter which point in the repeating pattern is chosen.  

More importantly, that volume of fluid is always an integer multiple of the volume of 

fluid between two droplets in the inlet channel (see Fig. 4.4).  Because the cross-

sectional area is constant throughout the system, this means that the total distance 

between sister points in two consecutive patterns is always an exact multiple of the 

inlet spacing. The droplet spacing quantization rule29 in mathematical terms is given 

by Eqn. 4.5: 

∑𝜆𝑗 = 𝑃𝜆𝑖

𝑛+𝑃

𝑗=𝑛

 (4.5) 

 

where P is periodicity, n is any exit droplet identification (ID) number, λj is the jth 

droplet exit spacing, and λi is the inlet spacing.   

Applying Eqn. 4.5 to the scenario shown in Fig. 4.4 implies that 𝜆1 + 𝜆2 + 𝜆3 + 𝜆4 =

4 𝜆𝑖  , i.e., the sum of four consecutive exit spacings exactly equals four times the inlet 

spacing—therefore periodicity P = 4.  Larger multiples of four (e.g., 8, 12, 16, etc.) 

will also satisfy Eqn. 4.5, so the smallest P value satisfying the rule is taken as the 

periodicity. 

In practice, the droplet quantization rule is applied by testing possible periodicity 

values—integers from one to half the total number of droplets (N/2)—and noting the P 

values where the summation expression is exact (in simulations) or where the error in 

the summation is minimized (in experiments) and reasonably close to zero as shown in 
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Eqn. 4.6.  The reason that the maximum observable periodicity value is half the total 

number of droplets is because in order to safely deem any sequence as periodic, the 

train must be long enough to see that sequence repeat at least once.  If a particular P 

value satisfies the summation expression no matter which droplet is chosen as the 

reference point, then that P value is the periodicity—the length of the repeating 

pattern.  

𝑒𝑟𝑟𝑜𝑟 =  |𝑃𝜆𝑖 −∑ 𝜆𝑗

𝑛+𝑃

𝑗=𝑛

| 

 

 

(4.6) 

Using the above equation for individual error, the standard deviation from the 

expected droplet positions, for a given P value, can be calculated by Eqn. 4.7: 

𝜎 = √
∑ (|𝑃𝜆𝑖−∑ 𝜆𝑗

𝑛+𝑃
𝑗=𝑛 |)

2𝑁/2
𝑛=1

𝑁 2⁄
. (4.7) 

 

  

 

  

 

FIG. 4.4. Illustration of how the droplet spacing quantization method is applied to obtain the 
periodicity for periodic behaviors. 
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Fig. 4.5 is the normalized standard deviation of error versus the periodicity values 

tested for a repeating period-5 pattern observed experimentally.  The plot was obtained 

by testing P values—all integers from one to half of the total number of droplets.  For 

each P value, a series of error values was obtained using Eqn. 4.6 and by varying the 

reference point (i) from the first exit droplet (closest to the loop exit) to the half-way 

point in the exit train.  The standard deviation in the series was calculated using Eqn. 

4.7 and then normalized by the mean input spacing. In Fig. 4.5, a minimum standard 

deviation of 0.161 was seen for P = 10, but a very similar standard deviation of 0.163 

was seen for P = 5, so the exit pattern exhibited period-5 behavior. After applying the 

quantization rule to many sets of experimental data, we found that a normalized 

standard deviation of 0.20 is a suitable maximum threshold for determining whether 

exit droplet spacings are periodic. This criterion was used in characterizing the exit 

drop spacing in experiments.  

c. Comparison of the two methods 

In cases where the bifurcated loop transforms a droplet train of consistent spacing into 

one with a simple periodic pattern of spacing, both of the previously described 

 
 
FIG. 4.5. Plot of Standard Deviation v. Periodicity Values from an experiment exhibiting period-5 
behavior, where the standard deviation from the predicted value is normalized by the mean input 
spacing; dotted red line is an empirically selected threshold below which signifies periodic behavior. 
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characterization methods—Poincare maps and the spacing quantization method—were 

found to yield the same results.  In some specific cases, however, one characterization 

method is more effective than the other, as described below. 

When the exit behavior is intermittent, such as between period-3 and period-4 patterns 

as shown in Fig. 4.3d, the spacing quantization method may yield seemingly aperiodic 

results when in fact there are distinct but separate stretches in time of periodic 

behavior.  This is because the spacing quantization rule in Eqn. 4.5 is designed to 

work for droplet trains with a single periodic pattern, and the method can only report a 

single value for the periodicity.  Intermittent behaviors are therefore best quantified 

using animated Poincare maps in which cluster points are highlighted in the order of 

appearance.  Animation allows the viewer to identify separate periodic sequences of 

map points (see Movie S4, S5, S6).44 

In some cases, it is possible for one or more clusters of points in a Poincare map to be 

populated more than once within a periodic pattern, although typically each cluster is 

populated with only one point per pattern iteration.  Figure 4.6 is an example exit 

Poincare map for an experiment with an inlet droplet spacing of 19 mm in which the 

clusters are unequally populated. 

Note how the Poincare map suggests that the outlet spacings follow 4-period behavior, 

as there are 4 clusters.  Upon closer inspection, however, we noticed in following each 

Poincare map point as it was generated that the pattern length was actually five points 

long, not four.  One cluster of points had twice as many occurrences as the other three 

clusters, which is evident by the numerals showing the order of appearance of each 

point in the repeating pattern.  This 5-droplet pattern could also be seen in the event-

time plot in Fig. 4.6, in which there is clearly a repeating pattern every five events.  

Thus, in some instances such as this one, Poincare maps can be misleading in 

characterizing the periodicity.  While animation of Poincare maps can be used to 

identify these scenarios, such animations would need to be reviewed by the user.  In 

contrast, the spacing quantization method can be automated and would immediately 
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return the proper periodicity in cases such as this one, where there is a single, 

consistent periodic pattern. 

 

 

4.2.2.3 Comparison of Bifurcated Loop Experiments with Model 

Predictions 

 

Using our droplet spacing quantization rule to quantify the periodic behavior in both 

simulations and experiments, and using Poincare maps to quantify intermittent 

behavior in experiments, we plotted periodicity versus inlet droplet spacing in Figure 

4.7. To assess if we could predict the experimental data in Fig. 4.7, we performed 

simulations using the simple network model.20,36,37  In this model, droplets are treated 

as point objects, and droplet velocities (Ud) vary proportionally with the mean fluid 

velocity (<Uf>): Ud = β <Uf>, where β is an empirically determined slip factor on the 

order of 1.  Each droplet is assumed to increase the resistance in the channel by a fixed 

 

FIG. 4.6. Exit Poincare map for experimental results for an initial spacing of 19.0 mm and volumetric 
flow rates (mL/h) of 10, 20, and 2 for main oil, auxiliary oil, and water through a millifluidic bifurcated 

loop with dimensions as previously described. The numerals represent the order of occurrence of 
points for the repeating 5-droplet pattern.  Beneath the Poincare map is an event-time plot for droplet 
exit events, with the repeating pattern bracketed. 
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amount, Rd.  Flow rates in the loop branches depend on the total resistance at any 

given instant, and they are determined using the relation ΔP = Q R, which states that 

pressure drop is the product of volumetric flow rate and hydrodynamic resistance.  

When droplets reach the loop entrance, each droplet is placed into whichever branch 

has the greater flow rate, which is also the path of least resistance.  Each time a droplet 

enters or exits the loop, the total resistances in each branch are recalculated, and the 

flow rates are updated. 

Note, however, that the determination of droplet choice by greatest flow rate is not 

necessarily valid for other geometries, such as when the cross-sectional areas of 

branches at the bifurcation are not equal or when there are more than two possible 

paths.  For example, although a specially shaped bifurcated loop has equal flow rates 

through each branch, an entering droplet always chooses the branch with the narrower 

cross-sectional area at the entrance.49  In yet another example, droplets at a 3-way 

junction choose the path closest to the resultant velocity—sum of all path velocity 

vectors at the intersection—which is not necessarily the path with the greatest flow 

rate.50  A better alternative for describing the path selection is that droplets choose the 

path based on the net forces at the bifurcation. 
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The drop traffic model has two parameters: Rd and β.  To empirically obtain estimates 

of these parameters, we conducted independent experiments (described in Sec. 4.4) 

and measured pressure drop across a linear train of droplets, as well as the individual 

droplet velocity.  We found that Rd ≈ 2 – 4 × 10-3 kg/mm4/s and β ≈ 1.03 – 1.12, over a 

capillary number range (Ca ≈ 0.002 – 0.009) corresponding to the droplet traffic 

experiments.  We varied Rd and β in this range to obtain a match as close as possible 

to experimental data.  As shown in Fig. 4.7, we find a good agreement between 

experiments and simulations, with nearly all of the experimentally observed primary 

periodic behaviors matching the simulation predictions.  To our knowledge, Fig. 4.7 is 

the first direct comparison between experiments and simulations of exit dynamics of 

drops across a wide range of inlet drop spacing.   

In many of the experiments, we observed that the exit spacing patterns were not purely 

one periodic behavior; they instead showed intermittency between two or more 

periodic and/or aperiodic behaviors.  In most of those intermittent cases, a primary 

 

FIG. 4.7. Comparison of experimental (•, +, ----) and simulation (—) results on a plot of exit spacing 
periodicity versus inlet droplet spacing for trains of droplets passing through a millifluidic loop. The 
simulation results were obtained using an algorithm based on the simple network model to simulate 
trains of droplets through a bifurcated loop. The spacing quantization method was used to quantify 
periodic behavior in exit droplet spacing, and Poincare maps were used to quantify intermittent 
behaviors. Secondary periodic behaviors circled in red and were due to simultaneous events, T-
squeezing, and/or random decisions due to nearly equal instantaneous branch resistances. 
Simulation parameters: Q = 32 mL/h; Rd = 3.2 × 10-3 kg/mm4/s; β = 1.2; I.D. = 1.25 mm; Lu = 44 mm; 
Ll = 39 mm. 
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periodic behavior was observed, with secondary behaviors occurring less often than 

the primary behaviors.  In Fig. 4.7, some data points correspond to both primary 

periodic behavior as well as aperiodic–note how both a solid circle and a dashed 

vertical bar appear at the same place for those points.  In such cases, the behavior was 

generally periodic, but at certain times throughout the experiment, aperiodic behavior 

was seen. 

We discuss the different sources of intermittent behavior in Sec. 4.2.2.4.  As is evident 

in Fig. 4.7, secondary periodic behaviors typically occur in the vicinity of shifts in 

primary periodic behavior.  For example, the simulations predict a shift from period-3 

to period-2 when input spacing increases to about 47 mm.  Similarly, the experimental 

results show the primary periodicity shifting from period-3 to period-2 somewhere 

between 45 and 50 mm, with both period-2 and period-3 behaviors appearing in the 

vicinity of the shift. 

The degree to which secondary behaviors are seen around shifts in primary periodic 

behaviors appears to depend on the amount of variation in input spacing.  Our syringe 

pump-driven flows produced input droplet spacings with an average percent relative 

standard deviation (%RSD) of about 4-5%.  Thus, if the predicted transition from 

period-3 to period-2 occurs at λ = 47 mm, we should be able to see both behaviors at 

least within the range of λ = 47 mm ± 5%, or from 44.65 mm to 49.35 mm.  In our 

experiments—as shown in Figure 4.7—we did in fact see both period-2 and period-3 

behaviors in the range of 45 mm to 50 mm.  We also tried a few experiments in which 

we produced droplets using constant pressure (delivered by a FluigentTM MFCS-

FLEXTM pressure-control unit), which enabled us to produce droplet trains with less 

than 1.0 %RSD in inter-droplet spacing.  In those initial experiments using the 

pressure-driven system, we noticed that the span of input spacings where we could see 

both period-3 and period-2 behaviors shrank to within 1.0 mm, which corresponds to 

roughly  ± 1 % of the transition point.  The degree of input spacing variation therefore 

appears to directly affect the span of the intermittency region around a behavioral 

shift. 
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According to our simulations, if the inlet spacings were all perfectly equal, the exit 

spacings would always be periodic if a long enough train of droplets were observed.  

In experiments, however, the unsteadiness of flow always causes fluctuations in 

incoming droplet spacings.  As can be seen in Figure 4.7, the span of major periodic 

behaviors generally decreases as inlet spacing decreases.  This means that spacing 

transformations become more sensitive to fluctuations in inlet spacing as inlet spacing 

decreases.  Thus, for relatively small incoming droplet spacings such as in regime (c) 

of Fig. 4.3, the apparent aperiodicity in experiments is likely due to fluctuations in 

inlet spacing. 

 

4.2.2.4 Sources of Intermittency and Aperiodic Behavior 

 

Cybulski et al.32 reported that multiple stable periodic behaviors within the same 

experiment are accessible using active control (pressure perturbations/spikes).  

Maddala et al. used traffic simulations to show that intermittent behavior can occur 

when droplets enter and leave the loop simultaneously.  After closely studying many 

hours of bifurcated loop experiment videos, we discovered three major sources of 

intermittency that will be described below in more detail: 1) simultaneous entering and 

exiting events, 2) channel defects, and 3) nearly equal hydrodynamic resistances in 

both loop branches. 

a. Simultaneous entering and exiting events 

Figure 4.8 shows snapshots where two different period-5 behaviors were observed 

during a 20-minute experiment with constant average inlet spacing (see also Movie 

S1).44  Each row contains two snapshots before and after the third droplet in the 

repeating pattern enters the bifurcated loop.  In the first case (Fig. 4.8a), the droplet 

decisions at the loop entrance followed a repeating pattern of down-down-up-down-up 

[ddudu].  In the second case (Fig. 4.8b), the loop entrance decisions followed a 
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repeating pattern of down-down-down-up-up [ddduu].  In both cases, the first two 

droplets encountered basically the same scenarios when they reached the loop 

entrance, so they made the same decisions.  The third droplet, despite seeing nearly the 

same scenario at the loop entrance (compare Fig. 4.8a-i and Fig. 4.8b-i), significantly 

affected the outcome.  The different outcomes are reflected in the significantly 

different Poincare maps (Figs. 4.8a-iii and 4.8b-iii; see also Movie S4).44  As we 

discuss below, the cause for such intermittent behavior is the simultaneous entry and 

exit of a droplet. 

 

In Fig. 4.8a-i, when the third droplet is at the loop entrance, there are three droplets in 

the lower branch.  Note that the group of three in the lower branch includes the droplet 

that is about to exit.  Three drops in the shorter lower branch are enough to make the 

total resistance in the lower path greater than the resistance of the longer upper branch 

with one droplet, thus the entering droplet chooses the upper path in Fig. 4.8a-ii.  In 

 

FIG. 4.8. Snapshots from the same experiment showing intermittency between two different period-5 
patterns, where (a)(i) and (a)(ii) are before and after the third droplet in the first repeating pattern 
chooses the upper branch, and (b)(i) and (b)(ii) are before and after the third droplet in the second 
repeating pattern chooses the lower branch. (a-iii) and (b-iii) show the corresponding Poincare maps 
for the patterns, with the order of appearance of points denoted by the Roman numerals. 
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Fig. 4.8b-i, when the third droplet reaches the loop entrance, the exiting droplet—

while less than a droplet length further downstream than in Fig. 4.8a-i—has just exited 

the loop, leaving only two droplets in the lower path.  With only two droplets in the 

shorter lower branch, the total resistance of the lower path is still less than that of the 

upper path, so the droplet at the entrance chooses the lower path in Fig. 4.8b-ii.  

Because we had standard deviations of about 5% in inlet droplet spacing, which could 

account for the difference in position of the exiting droplet in the two cases, the 

intermittent behavior here was most likely induced by natural fluctuations in inlet 

spacing. 

This case study suggests that intermittent and aperiodic behaviors occur when entering 

and exiting events occur simultaneously, and different behaviors are induced by slight 

fluctuations in inlet spacing.  We hypothesize that the larger the inlet fluctuations are, 

the larger the window of inlet spacings will be that yields intermittent behavior.  As a 

corollary, when there is a generous amount of time between entering and exiting 

events during periodic behavior, such periodic behavior should be more resilient to 

fluctuations in inlet spacing. 

 

b. Channel defects 

A second source of intermittency is the temporary change in confinement of droplets 

due to channel defects.  If there is a channel section where the cross-sectional area 

changes—e.g., expands, contracts, or changes aspect ratio—the effective 

hydrodynamic resistance of a droplet temporarily changes as the droplet passes 

through that section. 
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Figure 4.9 illustrates two examples of droplet decisions with and without squeezing of 

droplets as they pass through slightly crushed tips of T-junction fittings (see also 

Movie S2).44  The plastic T-junction fittings used in that experiment had fragile tips 

and were accidentally deformed while attaching tubing.  These deformations act as 

narrowing constrictions that increase the Laplace pressure differential across the 

water/oil interface at the front of any droplet passing through the constriction.  This 

increase in Laplace pressure at the constriction means that a smaller fraction of the 

driving pressure is available for driving fluid forward within the channel.  With a 

smaller effective driving pressure, the resulting flow rate decreases, and the shear 

stresses at the channel entrance (pulling on part of the entering droplet) also decrease. 

If the change in flow rate due to T-junction squeezing (or “T-squeezing”) of droplets 

is enough to shift the balance of shear forces from one direction to the other, the 

droplet decisions will change.  For example, in Fig. 4.9a-i, where there was no T-

junction squeezing of droplets at the critical decision time, the entering droplet chose 

 
FIG. 4.9. Intermittent periodic behavior can be caused due to squeezing of droplets at the ends of T-
junction adapters. (a) The exiting droplet does not get squeezed (see inset in (i)), and the entering drop 
chooses the lower branch.  This behavior yields a period-3 Poincare map.  (b) The exiting droplet 
undergoes significant squeezing (see inset in (i)), making the entering drop choose the upper branch.  
This behavior yields a period-4 Poincare map. 
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the lower path as shown in Fig. 4.9a-ii.  In Fig. 4.9b-i, however, the droplet in the 

lower branch was squeezing through the crimped T-junction fitting near the loop 

outlet when the entering droplet was at the inlet bifurcation.  Flow through the lower 

path was therefore temporarily impeded, reducing the flow rate in the lower path and 

the shear stress at the entrance of the lower path.  There was enough change in shear 

stresses at the bifurcation to flip the balance of shear forces on the entering droplet, so 

the entering droplet chose the upper branch rather than the lower branch (see Fig. 

4.9b-ii). 

The Poincare maps in Figs. 4.9a-iii and 4.9b-iii correspond to the different exit 

spacing patterns generated with and without the effects of T-squeezing (see also 

Movie S5).44  For the conditions and flow rates used to generate Figure 4.9, when the 

entering droplet’s decision was not affected by T-squeezing—shown in (a)—the 

resulting behavior was period 3, as can be seen by the three clusters in Fig. 4.9a-iii.  

However, when the entering droplet’s decision was altered by T-squeezing, the 

resulting behavior was period 4, which can be seen by the four clusters in Fig. 4.9b-iii.  

Note that while the period-3 and period-4 behaviors were separately shown in Figs. 

4.9a and 4.9b, both behaviors would have been seen in a Poincare map of the entire 

experiment.  The two behaviors were separated simply to illustrate how channel 

defects such as crimped T-junction fittings can cause different intermittent behaviors.  

c. Nearly equal branch resistances 

In some cases, nearly equal resistances in the upper and lower branches result in 

nearly equal shear stresses at the loop’s inlet bifurcation, yielding random droplet 

decisions.  Figure 4.10 shows two pairs of snapshots taken during the same experiment 

in which nearly identical conditions yielded opposite results (see also Movie S3).44  

Figs. 4.10a-i and 4.10b-i depict virtually identical conditions at different times within 

the same experiment where there was a droplet at the loop inlet.  In both cases, there 

was one droplet in the upper branch (slightly shorter than the lower), and another 

droplet just exited the loop.  However, in one case, the entering droplet chose the 
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lower branch (Fig. 4.10a-ii), resulting in a period-3 pattern, whereas in the other case, 

it chose the upper branch (Fig. 4.10b-ii), producing a period-4 pattern (see also Movie 

S6).44  

The source of these random droplet decisions becomes clear when the droplet 

resistance is compared with the difference in branch resistances.  The difference in 

length between the longer branch and the shorter branch is 5 mm, which corresponds 

to a resistance of 2.4 × 10-3 kg/mm4/s.  The droplet resistance is also of a similar value, 

Rd ≈ 2 to 3 × 10-3 kg/mm4/s, for the conditions investigated in this study.  Thus, the 

presence of a single droplet in the shorter branch could almost entirely cancel out the 

difference in resistance due to the difference in branch lengths.  Because the 

resistances of the upper and lower paths are nearly equal when there is a single droplet 

in the shorter branch, the up/down decisions of any droplets entering the loop in that 

state will be uncertain. 

 

 

FIG. 4.10. Example of random droplet decisions when upper and lower path resistances are nearly 
equal; snapshots before (i) and after (ii) the entering droplet chooses a branch were taken at different 
times (a) and (b) within the same experiment and show opposite results from virtually identical 
conditions. Poincare maps (iii) reflect the results of the behaviors shown in (a) and (b).   
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4.2.3 Investigating Droplet Traffic in Microfluidic versus Millifluidic 
Devices 

 

All previous studies have investigated droplet traffic in microfluidic networks, except 

that of Belloul et al.,34 who investigated droplet behavior at the entrance of a 

millifluidic bifurcation (and not in a loop, where the branches rejoin).  In this study, 

we investigate drop traffic in a millifluidic loop.  Therefore, it is important to delineate 

the advantages or disadvantages of using microfluidic and millifluidic devices for 

studying droplet traffic.  In this section, we contrast the two approaches with the 

underlying assumption that microfluidic devices have non-circular cross-section, 

whereas millifluidic devices are circular in cross-section, although exceptions do 

exist.54  

Typical operating parameters for microfluidic and millifluidic experiments are shown 

in Table 4.1. The volumetric flow rates in microfluidic devices (Q  0.01 - 10 mL/h) 

are usually lower than those that can be achieved in millifluidic devices (Q 1 – 100 

mL/h). Using these estimates of operating flow rates and conduit geometries, we 

estimate that in general the droplet production frequencies range from 10 – 103 Hz in 

microfluidic networks and 0.1 – 10 Hz in millifluidic networks. Another important 

parameter is the observation time (tobs) that is directly linked to the number of droplets 

that need to be recorded for traffic experiments. As shown in Table 4.1, the 

observation times are much shorter in microfluidic studies compared to millifluidic 

devices. In the following subsections, we consider the consequences of these 

differences between microfluidic and millifluidic operating parameters. 
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4.2.3.1 Shear stress for droplet break-up 

 

As discussed in Sec. 4.2.2.1, the breakup of droplets at the bifurcation limits the 

operating regime for drop traffic studies. Since microfluidic channels have gutter 

flows while circular channels do not, for a fixed flow rate, drops experience larger 

shear stresses in circular channels than in rectilinear channels. As a result, drops at 

bifurcations break at lower capillary numbers in millifluidic networks compared to 

microfluidic networks. This means that the operating regime is smaller for millifluidic 

compared to microfluidic traffic experiments. 

A scaling analysis of the shear stresses () in the rectangular versus circular 

geometries also supports the two-orders-of-magnitude-smaller values of Link et al.’s 

fitting parameter (αL) found in our millifluidic studies. Since shear stress is 

proportional to velocity gradient, the shear stress ratio (rectangular-to-circular) is 

given by Eqn. 4.8:  

Table 4.1.  Order-of-magnitude estimates of flow rates, mean fluid velocities, capillary numbers, 

droplet frequencies, and observation times in microfluidic and millifluidic devices (e.g., 100 x 100 

μm microfluidic channels and 1.25 mm I.D. millifluidic channels.). The observation times are 

calculated by dividing the desired number of droplets to be observed (N = 100) by the droplet 

production frequency. 
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𝜏𝑅
𝜏𝐶
=
𝑈𝑅 𝐻⁄

𝑈𝐶 ℎ⁄
 . (4.8) 

 

where UR and UC are the fluid velocity in rectangular and circular channels within the 

gap, and H and h are the mean fluid gaps in rectangular and circular geometries.  Eqn 

4.8 can also be expressed as: 

𝜏𝑅
𝜏𝐶
=
(𝑄 𝜋𝐷𝐻⁄ ) 𝐻⁄

(𝑄 𝜋𝐷ℎ⁄ ) ℎ⁄
= (

ℎ

𝐻
)
2

 . (4.9) 

 

For an idealized cylindrical droplet inscribed within a square channel (note we assume 

the square channel has the same hydraulic diameter D as the circular channel), we 

estimated the mean fluid gap H to be 0.127 D, or about 13% of the diameter.  

Likewise, the film thickness h in circular channels is 0.7 - 3% of the diameter in 

circular geometry based on the Bretherton55 relationship, ℎ 𝐷⁄ = 0.669 𝐶𝑎2 3⁄ . The 

shear stress ratio would then be R/C = 0.003 – 0.05, which is in reasonable agreement 

with Link et al.’s fitting parameter (αL) of 0.027 found in our millifluidic experiments. 

 

4.2.3.2 Droplet hydrodynamic resistance 

 

The hydrodynamic resistance of droplets is a key parameter in regulating the traffic of 

droplets in fluidic networks.3,56 We found that the droplet resistance (Rd) in our 

millimeter-scale tubing was at least three orders of magnitude smaller than the droplet 

resistance observed in rectangular microfluidic channels. Consider also that 

millifluidic networks, which are roughly 10 times as large (in both channel width and 

length) as their microfluidic counterparts, typically have one to two orders of 

magnitude smaller pressure drops.  In cases where pressures must be maintained 

below a certain threshold—e.g., to prevent channel walls from deforming—
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millifluidic networks could accommodate greater numbers of droplets and/or features 

for the same maximum pressure drop.  Millifluidic networks could therefore be more 

conducive to large-scale drop traffic experiments. 

We also estimated the ratio of droplet resistance to the occupied channel resistance 

(for a channel segment with the same length as the droplet length, l), or Rd/Rc. The 

ratio Rd/Rc can alternatively be expressed as the length of channel (Ld) with the same 

resistance as the droplet and normalized by the length of channel (l) occupied by the 

droplet: Ld/l. Our estimates of Ld/l are presented for our experimental data in 

comparison with literature results for short confined droplets in Table 4.2.  

Interestingly, we find that although the absolute values of droplet resistance in 

millifluidic experiments are much smaller than under microfluidic conditions, the 

normalized droplet resistances are in a similar range (see Table 4.2) indicating that 

droplet resistance scales with channel resistance. Our empirical observation that 

droplet resistance is roughly 2-10 times the resistance of the channel segment the 

droplet occupies57 could be a useful rule-of-thumb when conducting drop traffic 

experiments in conduits of different diameter. 

 

4.2.3.3 Duration of video recording of drop traffic 

 

In drop traffic investigations, it is desirable to track a large number of droplets in order 

to identify periodic and aperiodic behaviors with statistical significance. Because the 

frequencies of droplet production are 10-103 Hz in microfluidic networks and 0.1-10 

Hz in millifluidic networks, high-speed cameras are necessary for microfluidics, 

whereas inexpensive consumer cameras are sufficient for millifluidic applications. In 

this study, we were able to record 108,000 frames (one hour at 30 fps, 0.03 MB/frame, 

3.58 GB) of our millifluidic bifurcated loop experiments using an iPod®, which 

allowed us to observe 666 droplets. Achieving the same feat at a microfluidic scale 
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would have required high-speed cameras with large RAM (for 108,000 frames at 1 

MB/frame using a 1-megapixel high-speed camera, over 100 GB of RAM would be 

needed), which are prohibitively expensive. Large numbers of droplets can therefore 

be studied more easily at the millifluidic scale than the microfluidic scale. 
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4.2.3.4 Role of syringe pump fluctuations 

 

Droplet size and spacing are important parameters regulating drop traffic that are 

dictated by the flow rates of dispersed and continuous phases.53 While syringe pumps 

offer the most convenient means of delivering constant volumetric flow rates in small-

scale fluidic devices, they suffer from slight periodic fluctuations.57  In fact, flow rate 

fluctuations can be as high as 10% and recur over time periods ranging from hundreds 

of Hz to tens of minutes.57-60  Using a time scale analysis of syringe pump fluctuations 

at the micrometer and millimeter scales, we find that millifluidics—compared to 

Table 4.2.  Comparison of normalized droplet resistances (Ld/l) based on literature data. Bruus’s1 

expression for hydrodynamic resistance of rectangular channels and the Hagen-Poiseuille equation 

were used to calculate the resistance of channels. 
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microfluidics—offers a more consistent means of studying droplet traffic when using 

syringe pumps. 

Consider the following two plots (Fig. 4.11a-b) of sinusoidal pump flow rate 

fluctuations versus time where the observation time is either smaller than or larger 

than the period length of pump fluctuations (tp):  

 

In Fig. 4.11(a), two example observation times of the same duration (tobs
1 and tobs

2) are 

shown, and both observation times are much shorter than the time period of syringe 

pump fluctuations (tp).  In contrast, Fig. 4.11(b) shows an observation time (tobs) much 

longer than the pump fluctuation time period.  As noted by Korczyk et al.,58 while the 

standard deviation of flow rate in the left scenario (short observation time relative to 

fluctuation period) might be smaller than that in the right scenario (long observation 

time relative to fluctuation period), the average flow rate over the observed time will 

be closer to the actual average when the observation time is large rather than small 

(relative to the fluctuation period).  In scenario (a), two experiments of identical 

duration and flow rate settings but conducted at different times (tobs
1 and tobs

2) could 

yield noticeably different average flow rates over the observed times.  Such 

inconsistency is undesirable in studying droplet traffic, where droplet size and spacing 

are critical to the periodic and/or aperiodic behavior. Scenario (b)—where observation 

time is much longer than fluctuation period—provides more consistent, predictable 

results for a given set of flow rates. 

 

FIG. 4.11. Comparison of pump fluctuation time scale (tp) with observation time scale (tobs) on 
hypothetical plots of volumetric flow rate versus time. (a) tobs << tp; (b) tobs >> tp. 
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To help us compare the consistency of flow rates in various microfluidic and 

millifluidic scenarios, we define τ to be the ratio of the syringe pump fluctuation time 

period (tp) and the experimental observation time (tobs):  

𝜏 =
𝑡𝑝

𝑡𝑜𝑏𝑠
  . (4.10) 

 

As mentioned above, experimentally observed flow rate behaviors will be more 

consistent in the case where the observation time (tobs) is much larger than the pump 

fluctuation period (tp).  This means that small time scale ratios (τ << 1) will be better 

for studying droplet traffic.  For large time scale ratios (τ >> 1), repeated experiments 

at the same settings could yield different average flow rates and different standard 

deviations. 

Korczyk et al. proposed an expression for estimating the time scale of pump 

fluctuations (tp) based on flow rate (Q), syringe diameter (D), and pitch of the pump’s 

driving screw (a).  Assuming the same syringe pump is used in comparing 

microfluidic and millifluidic experiments (constant pitch length, a), 

𝑡𝑝 ∝
𝑎𝐷2

𝑄
 . (4.11) 

  

Next, let us compare time scale ratios between millifluidic and microfluidic cases (τm 

and τμ) in several scenarios.  Using Eqns. 4.10 & 4.11, the following relation can be 

derived for comparing the millifluidic and microfluidic time scale ratios: 

𝜏𝑚

𝜏𝜇
=
𝑡𝑝
𝑚 𝑡𝑜𝑏𝑠

𝑚⁄

𝑡𝑝
𝜇
𝑡𝑜𝑏𝑠
𝜇

⁄
= (

𝐷𝑚

𝐷𝜇
)

2

(
𝑄𝜇

𝑄𝑚
) (
𝑡𝑜𝑏𝑠
𝜇

𝑡𝑜𝑏𝑠
𝑚 ). (4.12) 

 

Assuming average observation times of 100 s and 1 s in millifluidic and microfluidic 

experiments, respectively (see Table 1), Table 4.3 shows how millifluidic and 
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microfluidic time scale ratios compare in various combinations of syringe sizes and 

flow rates. 

 

 

As seen in Table 4.3, τm/τμ ≤ 1, so the millifluidic time scale ratio is always less than or 

equal to the microfluidic time scale ratio.  Therefore, in all cases, the millifluidic scale 

experiments would be as good as or better than microfluidic scale experiments in 

generating consistent droplet trains when using syringe pumps.    

 

4.2.3.5 Flexibility in designing fluidic networks 

 

To demonstrate the flexibility of millifluidic networks, we also assembled millimeter-

scale versions of other microfluidic networks that have been previously studied: a 

ladder network (Fig. 4.12a), and a parking network (Fig. 4.12b-c).  All of these 

networks were created by simply joining lengths of commercially available Tygon® 

tubing and plastic T-fittings.  For the parking network in Fig. 4.12b-c, a constriction 

for trapping droplets was formed by inserting a short section of smaller-diameter 

Tygon® tubing into the larger-diameter Tygon® tubing. 

Table 4.3.  Various conditions and the resulting comparison between millifluidic 

and microfluidic time scale ratios (τm/τμ).  Syringe sizes are compared using their 

diameters in the milli- and micro-fluidic cases (Dm, Dμ), and the ratios of milli- 

and micro-scale flow rates are also given (Qm/Qμ). 
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Fig. 4.12a includes two time lapse snapshots of a millifluidic ladder network showing 

how such a network can be used to decrease the longitudinal spacing between pairs of 

droplets.  Both the upper and lower sides of the ladder have identical input volumetric 

flow rates.  The interconnecting sections of the network (‘bypasses’ or ‘ladder rungs’), 

however, redistribute flow so that pairs of droplets tend towards synchronizing their 

longitudinal positions.61  The behavior we saw in the millifluidic ladder network 

mimics the synchronizing behaviors seen in microfluidic versions as reported by 

Prakash & Gershenfeld and Maddala et al.20,61  We initially had very long and separate 

 

 

FIG. 4.12. Example millifluidic ladder and trapping networks. The networks were assembled using commercial T 
fittings.  (a) shows a ladder network before and after one of two drops in the inlet segments passes the first 
bypass channel; the longitudinal drop spacing decreases due to bypass flow: ΔX2 < ΔX1; (b) is a parking network 
filled with black dye to illustrate the fluid paths, and (c) is of the same parking network after trapping one droplet in 
a train of droplets. Scale bar is 20 mm for (a)-(c). 
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exit tubes for our millifluidic networks and encountered problems with different 

numbers of droplets in the two sides of the ladder exit creating unequal resistances.  

This prevented droplet spacings from being maintained at the exit.  In less than 10 

minutes, we were able to solve the problem by reconfiguring the ladder exit with two 

relatively short side segments joining into a single exit tube (see also Movie S7 in 

Electronic Supplementary Information).44 

Figure 4.12b shows a parking network filled with dye to highlight the two paths 

available for fluid as it reaches a bifurcation: an upper path (or ‘bypass’) and a lower 

path, which combine into a single exit (see also Movie S8).44 The lower path has 

slightly greater resistance than the upper path so that droplets initially choose the 

upper path.  Once there are enough droplets in the upper branch to increase the total 

resistance of the upper path beyond that of the lower path, the next droplet will choose 

the lower path.  Note that the lower path contains a narrow constriction.  This 

constriction allows the continuous phase fluid to pass but prevents droplets from 

passing—thereby parking (or ‘trapping’) them, as seen in Fig. 4.12c—so long as the 

pressure differential across the parked droplet is sufficiently low.  Because the 

individual droplet resistances were unknown, successful trapping required many 

iterations of changing bypass lengths and trying different constriction diameters and 

lengths.  These changes, however, took relatively little time, as new designs were 

created by merely disconnecting tubing segments from T-fittings and replacing 

various segments with different sizes.  We were able to successfully park aqueous 

droplets (in a mineral oil continuous phase) using our millifluidic parking network, 

which could serve as a useful tool for studying traffic through microfluidic parking 

networks.4,62-66  

The relative ease with which modular millifluidic loop, ladder, and parking networks 

were assembled, combined with the similarity in behavior between the millifluidic and 

microfluidic counterparts, highlights the usefulness of modular millifluidics as a tool 

for studying droplet traffic. 
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4.3 CONCLUSIONS 

 

We showed that modular millifluidic networks are simpler, more cost-effective 

alternatives to traditional microfluidic networks, and they can be rapidly generated and 

altered to optimize designs.  Droplet traffic can also be studied more conveniently and 

inexpensively at the millimeter scale, as droplets are readily visible to the naked eye.  

Inexpensive consumer electronics such as iPod® media players, smart phones, and 

digital cameras can be used for imaging and video recording.  The ease of visualization 

of flows in millifluidic devices lends itself not only to scientific research but also to the 

education of students in science and engineering.  Millifluidic devices can be used to 

introduce concepts such as laminar flow, flow reversibility, deformation of soft objects 

due to shear stress, and nonlinear dynamics. 

To demonstrate the flexibility and potential of modular millifluidics, we created a 

bifurcated loop network using only Tygon® tubing and plastic T-junction fittings.  We 

quickly scanned the experimental conditions and identified the parameter space where 

drop traffic can be investigated. We observed the same types of periodic and aperiodic 

transformations of evenly-spaced input droplet trains as seen in millifluidic bifurcated 

loops. Our experimental results of primary periodic behaviors as a function of inlet 

drop spacing were in good agreement with simulations based on the simple network 

model.  

For periodic transformations of input droplet spacings using a millifluidic bifurcated 

loop, we find that the spacing quantization method is a more reliable means for 

characterizing periodicity than Poincare maps.  The spacing quantization method, 

however, is not suitable for intermittent behaviors and cannot distinguish between 

intermittent and aperiodic transformations.  Applying the spacing quantization rule in 

network model-based simulations, we found good agreement between simulation and 

experimental results. 
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We found three main sources of intermittency between different periodic and/or 

aperiodic behaviors in experiments: 1) simultaneous entering and exiting events, 2) 

channel defects, and 3) equal or nearly equal hydrodynamic resistances in both sides of 

the bifurcated loop.  In cases of simultaneous events and/or channel defects, the range 

of input spacings where intermittent behaviors will be seen depends on the degree of 

inherent variation in input spacing. Finally, we contrast important differences between 

millifluidic and microfluidic experiments and the benefits offered by conducting drop 

traffic studies at the millimeter-scale. 

 

4.4 MATERIALS AND METHODS 

 
4.4.1 Drop traffic experiments 

 

We used syringe pumps (Harvard Apparatus, PHD 2000) to deliver constant 

volumetric flow rates of mineral oil (Sigma Aldrich) and deionized water with 1 wt. % 

food dye (Great Value, assorted colors), and we produced immiscible aqueous droplets 

with a T-junction upstream of the desired network.  Interfacial tension of 22 mN/m 

was measured using a Kruss K100 force tensiometer.  The slightly asymmetric 

bifurcated loop had a 39 mm shorter branch and a 44 mm longer branch.  All of the 

millifluidic devices were made from Tygon® microbore tubing, 0.050” / 1.25 mm 

inner diameter (ID) and 0.090” (2.29 mm) outer diameter (OD), and milli-T-junctions 

(polypropylene tube-to-tube connectors—designed for 1.6 mm ID tubing—from Value 

Plastics, Inc.).  The total flow rates ranged from 10 to 100 mL/h, with droplet 

production water-to-oil ratios ranging from 0.1 to 0.2 in our final experiments.  An 

optional auxiliary oil flow (using a second T-junction after the first) was also used at 

times to increase input spacing. 

Millifluidic MPNs were also studied in a manner similar to that used for the bifurcated 

loop.  The lower branch had a short segment of smaller-diameter Tygon® tubing (0.5 
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mm ID) snugly inserted to act as a constriction for trapping drops.  Various upper 

channel (or “bypass”) lengths were used to obtain different trapping patterns. 

Experimental videos at 30 frames per second were recorded using an iPod® Touch 

(Apple, 32 GB, 5th generation).  A webcam interfaced with Matlab via a custom script 

was used for real-time monitoring of inlet droplet spacing, and a U.S. dime (17.91 mm 

diameter) was included in the viewing area for automated pixel-to-length scaling.  

ImageJ software (NIH) was used to manually verify pixel-to-length scaling. 

For the bifurcated loop experiments, custom Matlab scripts were used for post-

experiment image analysis to report droplet spacing in the exit channel, generate 

Poincare maps (including animated Poincare maps that show the order of appearance 

of map clusters), generate event-time plots of droplet exit events, and apply the droplet 

spacing quantization rule to characterize the transformation of droplet spacing. 

 

4.4.2 Measurement of hydrodynamic resistance of droplets 

 

To properly simulate droplet traffic through millifluidic networks requires realistic 

values for the hydrodynamic resistance of droplets in millimeter-scale round channels.  

We obtained an empirical range for droplet resistance (‘Rd’) in our expected operating 

conditions by sending a train of droplets through a 1.54 m length of 1.25 mm inner 

diameter (ID) Tygon® tubing at various constant volumetric flow rates, then 

measuring the pressure drops across the length (‘Lc’) of the channel (or tubing) and 

counting the number of droplets in the tubing after the pressure gauge.  A T-junction 

was used to produce aqueous droplets with 1% w/w food dye in a continuous phase of 

mineral oil.  To vary the droplet velocities—and therefore the capillary number—a 

second T-junction downstream of the first was used to introduce additional mineral 

oil.  A digital pressure gauge was used to measure the pressure at a point just 

downstream of the second T-junction. 
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The Hagen-Poiseuille equation, which governs the laminar flow of incompressible 

Newtonian fluids, can be recast as an analogue of Ohm’s law where pressure drop (-

ΔP) is the product of volumetric flow rate (Q) and the total hydrodynamic 

resistance.30,36,37  Assuming the resistance of each droplet is additive, 

−∆𝑃 = 𝑄 ∙ (
8𝜇𝐿𝑐
𝜋𝑟4

+ 𝑛𝑅𝑑), 
(4.13) 

where μ is the viscosity of the continuous phase, Lc is the length of the channel (or 

tubing), r is the radius of the fluid path, and n is the number of droplets in the length 

Lc.  Droplet resistance (Rd) is then: 

𝑅𝑑 =
1

𝑛
(
−∆𝑃

𝑄
−
8𝜇𝐿𝑐
𝜋𝑟4

). 
(4.14) 

We experimentally obtained droplet resistance values ranging from 2 × 10-3 to 4 × 10-3 

kg/mm4/s in the range of Ca numbers seen in our bifurcated loop experiments: 2 × 10-3 

≤ Ca ≤ 9 × 10-3.We also observed the droplet velocity slip factor, β, to increase 

slightly with increasing Ca number.  Slip-factor (β, ratio of droplet velocity to mean 

continuous phase fluid velocity) ranged from 1.03-1.12 and increased gradually with 

increasing Ca.  
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CHAPTER 5 
MICROFLUIDIC DILUTION OF STATIC 

DROPLET ARRAYS WITH MOVING PLUGS:  
MODELING OF MASS TRANSPORT 
 

5.1 INTRODUCTION 

 

The field of microfluidics originally started from the desire to decrease sample sizes 

and reduce device footprint.2  This is particularly important in chemistry and biology, 

where orders-of-magnitude smaller volumes would translate to significant cost savings 

in raw materials.  In addition, the push for lab-on-chip (LOC) technologies could yield 

disposable point-of-care diagnostic devices that could help deliver healthcare to 

previously inaccessible environments, such as remote rural communities and even the 

battlefield.2  In recent years, droplet microfluidics has enabled new opportunities in 

many fields such as genomics,3,4 protein crystallization,5,6 the isolation and study of 

single cells,7 high-throughput screening (HTS) of pharmaceuticals,8,9 and even 

microfluidic logic, control, and signal encoding/decoding.10,11 

One of the most important unit operations in droplet microfluidic applications is the 

creation of concentrations gradients across droplets using dilution.  The ability to 

establish a range of reagent concentrations is key to many microfluidic applications, 

including: protein crystallization,5,6 cytotoxicity assays,7,12 dose-response analysis for 

pharmaceuticals,8,9 and enzyme kinetics.  While in some cases, the creation of 

different concentrations for analysis can be done off-chip, the use of dilution to 

generate gradients on-chip can significantly reduce reagent volumes.  Moreover, 

microfluidic approaches have been demonstrated to produce much finer gradations in 

reagent concentrations than conventional serial dilution.9 
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Recently, several studies have demonstrated dilution of droplets in droplet arrays 

(SDAs).  As shown in Fig. 5.1a, an SDA consists of a series of trapped droplets 

located at prescribed coordinates in a microfluidic parking network (MPN).  In static 

droplet arrays (SDAs), droplets are held in place in either a 2-D13 or 3-D array,14 

enabling spatial identification and continued observation over time rather than merely 

sequential, 1-D identification.  Most SDAs utilize vented trapping chambers, each 

with an inlet and a smaller outlet which allows the continuous oil phase to pass but not 

the parked aqueous droplets (see Fig. 5.2).  Note the presence of gutters in the corners 

of the rectangular channel cross-sections (see Fig. 5.2b), through which the continuous 

oil phase can flow around aqueous plug.  The most common method for producing an 

SDA with a concentration gradient is to send a diluting aqueous plug through a 

sequentially accessed array of immobilized aqueous droplets with initially identical 

concentrations.15-18  Several examples from literature are shown in Fig. 5.1a-e.  Note 

that the moving plug need not always be lower in concentration;16 as long as the 

moving plug and the parked droplets are of different initial compositions, mass 

transfer between the two will form a gradient across both the SDA and the moving 

plug.  The use of moving plugs through SDAs shows remarkable promise for high-

throughput screening (HTS) applications, as SDAs can serve as microscale analogues 

of multi-well plates and can offer greater throughput with orders-of-magnitude smaller 

sample sizes. 
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Despite dilution in SDAs being a flexible approach, a deeper understanding of how the 

experimental variables control dilution is lacking.  The concentration profiles 

 

Fig. 5.1.  Several examples of dilution of SDAs with moving plugs: a) A 2.2-μL water plug in mineral 
oil traveling bottom-to-top through a 60-trap SDA in which each static drop initially contains the same 
amount of aqueous dye, C0; b) concentration profiles for varying flow rates using device in a); 
reprinted from Sun et al., LOC 2011; c) transferring fluorescent solute from a moving plug to a static 
array of pure water droplets; adapted from Huang et al., Small 2013; d) dilution of particle-laden SDA 
with multiple diluting plugs of pure water; reprinted from Bithi et al., BMF 2014; e) a single trapping 
loop from an SDA network for trapping, feeding, and rinsing C. elegans, where moving plugs with 
fluorescent dye coalesce with, and transfer dye to, trapped water droplets. Adapted from Wen et al., 
LOC 2015. f) schematic of creating an SDA with concentration gradient by simultaneously introducing 
different concentrations of aqueous solution from the exit and the outlet, aspirating excess fluid to 
leave trapped droplets with different concentrations, and sheathing all droplets with oil; reprinted from 
Shemesh et al., PNAS 2014. 

 

Fig. 5.2.  a) 3-D schematic of a recurring trapping loop in an SDA; b) cross-sectional schematic of a 
microfluidic channel in an SDA illustrating the presence of oil gutter flows around an aqueous plug. 
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generated using this method—examples of which appear in Fig. 5.1b—appear to be 

nonlinear functions of multiple and possibly competing factors including plug length, 

static droplet volumes, plug velocity, and network geometry.  The key to 

understanding the underlying physics governing the creation of concentration 

gradients in SDAs is to focus on coalescence: 1) the initial coalescence event, and 2) 

the physical phenomena governing mass transfer while the plug is coalesced with 

partially confined static droplets. 

While coalescence has been studied in configurations that are different from dilution-

motivated geometries, fluid transfer during coalescence between static and moving 

partially confined droplets has been much less studied.  Existing studies relate to the 

coalescence of unconfined droplets, the behavior of which could be quite different 

from the particular manner of coalescence occurring in SDA networks.  In SDAs, the 

two coalescing bodies merge but do not significantly alter the rest of their shapes 

except for the interface.  For example, Anilkumar, Lee, and Wang19 in 1991 

investigated the idealized case of a small drop coalescing with a large body of bulk 

fluid.  There, the coalescing droplet was entirely engulfed by the bulk fluid, and all of 

the surface energy was converted to kinetic energy (causing the coalescing droplet to 

swirl and mushroom a certain depth into the bulk).  Similarly, Blanchette20 in 2010 

simulated the coalescence of two spherical droplets of various diameters and surface 

tensions.  There, the droplets engulf one another: if one is larger, the larger one 

completely engulfs the smaller one.  A more recent study of two coalescing sessile 

drops showed that coalescence occurs in three stages, and even slight differences in 

density between the two droplets can yield gravity-driven flows.21  To date, however, 

there is a lack of studies regarding mass transfer between confined coalescing droplets.  

Furthermore, no one has yet offered a model to describe the evolution of concentration 

between partially confined coalescing droplets of differing composition.   

There are several mysteries surrounding the dilution of SDAs that illustrate the need 

for a better understanding of how mass transfer occurs in these systems.  For example, 

in the plot of concentration versus droplet number in Fig. 5.1b, a 10-fold increase in 
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plug velocity (by changing volumetric flow rate) unexpectedly causes nearly two 

orders of magnitude increase in final concentration for the first droplet.  As will be 

described in more detail in Sec. 5.3.4, another example of an unexpected observation 

is a fluid circulation pattern within the trapped droplets that is counter-intuitive for 

flow past an open cavity.  To increase the usefulness of dilution plugs and SDAs in 

creating concentration gradients, we must be able to accurately predict and control the 

concentration profiles generated in SDAs and MDAs.  Thus an effective 

phenomenological model is needed to help us understand which system parameters 

affect concentration profiles and how concentration depends on those parameters.  

Such a model might also help us design networks that will yield a desired and tunable 

concentration profile. 

In Sections 5.3.1-2 of this work, we will first discuss the elements of a basic 

phenomenological model implemented in particle-based Matlab simulations.  This 

basic model considers only advection within the moving plug and diffusion 

throughout the moving plug and coalesced trapped droplet.  Next, in Sections 5.3.3-5, 

we will introduce additional refinements to the model, including coalescence-induced 

advection (CIA) and gutter-flow-induced advection (GFIA).  Our simulation algorithm 

is presented in Section 5.4.  Finally, in Section 5.5, we will perform a parametric study 

using simulations and qualitatively compare our results with experiments to help 

identify the most important physical phenomena dictating mass transfer in 

confinement-guided coalescence. 

 

5.2 PROBLEM STATEMENT 

 

Given that the basic element underlying the dilution of SDAs is coalescence between a 

moving plug and an array of stationary drops, we seek to model the underlying 

processes phenomenologically.  Although the diluting plug in the actual SDA shown 

in Fig. 5.1a moves through a circuitous path and coalesces with circular traps, our 
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initial version of the model uses a simplified geometry and considers only the most 

basic elements, such as: plug volume (and length), trap volume (and therefore static 

droplet volume), and trap spacing (according to linearized path length between traps), 

and plug-trap interface size.  As shown in Fig. 5.3, our simplified geometry involves a 

rectangular plug that eventually contacts a series of drops modeled as square fluid 

elements.  These simplifications reduce the initial number of variables in our system 

and make it easier to identify relationships between the model parameters and 

predicted results. 

 

 

5.2.1 Characterizing the System: Time Scales and Important 
Dimensionless Numbers 

 

The experiments15 inspiring the phenomenological model and simulation parameters 

were performed in square microfluidic channels of roughly 200 x 200 um and using 

volumetric flow rates (Q) typically within the range of 12-120 μL/h, corresponding to 

mean fluid velocities (U) of about 80-800 µm/s.  Reynolds numbers (𝑅𝑒𝑎𝑞 = 
𝜌𝑎𝑞𝑊𝑈

𝜇𝑎𝑞
) 

 

Fig. 5.3.  Schematic of the Basic Model elements: a) advection within the moving plug and 
recirculation at the ends of the plug according to a model proposed by Handique & Burns, J. 
MicroChem 2001; b) diffusion throughout the moving plug and any static droplets coalesced with the 
moving plug, where diffusion is modeled using the random walk method.  Numerical simulations 
based on the model are particle-based 2-D simulations in MATLAB.  For ease of simulation, the plug 
is rectangular in shape and moves in a straight, linear path, and the traps are approximated as 

square-shaped regions. 
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of the aqueous inner phase were 1.7E-2 to 0.17, where the aqueous phase density (ρaq) 

was 998 kg/m3, the channel width (W) was 200 um, and the aqueous phase viscosity 

(µaq) was 0.001 Pa.s.  While inertial forces are still relatively weak compared to 

viscous forces, they are not entirely negligible in this range.  Capillary number (
𝜇𝑜𝑖𝑙𝑈

𝛾
) 

was within the range of 5E-5 to 5E-4, where the viscosity of the oil outer phase (µoil) 

was 0.030 Pa.s, and the interfacial tension was approximately 0.050 N/m.  Peclet 

number (𝑃𝑒 =  
𝑈𝑊

𝐷
) ranged from about 30-300 based on the diffusivity of fluorescein 

dye, D = 500 um2/s (or 5.0E-6 cm2/s).22,23   

Note that while Pe > 1 might imply that the contribution of diffusion is negligible 

compared to advection, a consideration of two specific time scales re-establishes the 

importance of diffusion: diffusion time across the channel width (tD), and contact time 

(tC), which is the length of time the moving plug is coalesced with a given trapped 

droplet.  The diffusion time across the channel width (W) can be derived from the 

expression for root-mean-squared displacement: 

𝑊 = √〈𝑥〉2 = √2𝐷𝑡𝐷 (5.1) 

𝑡𝐷 =
𝑊2

2𝐷
 

(5.2) 

For a 200-um wide channel, it would take about 40 s for fluorescein dye to diffuse 

across the channel width. 

Contact time is determined from the plug length (Lp) and plug velocity (Up): 

𝑡𝐶 =
𝐿𝑝

𝑈𝑝
. 

(5.3) 

In 200 x 200 um channels, plug lengths are roughly 25 mm / μL, and plug lengths used 

in experiments15,24 ranged from 20-100 mm, corresponding to plug volumes (Vp) of 

0.8-4 μL.  Using a typical plug length of 25 mm and a velocity of 500 μm/s, contact 

time is 50 s.  Because contact time and diffusion time are of the same order of 
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magnitude, this means there is sufficient time for dye to diffuse out from the trap and 

across the entire width of the plug before the plug detaches from the trapped droplet.  

The effects of diffusion therefore cannot be ignored, and both diffusion and advection 

should be considered in the phenomenological model. 

In the Results & Discussion section (Section 5.5), we will demonstrate how 

simulations based on our simple phenomenological model reflect the same qualitative 

trends that we see in experiments, such how concentration profiles are affected by 

changes in plug volume, plug velocity, and changes in network geometry.  By 

including additional model elements, such as CIA and GFIA, we will also show that in 

certain conditions, GFIA plays a significant role in mass transfer between the moving 

plug and static droplets.  We will also show that in order for simulation results to 

properly mimic experimental dilution results, we predict that the relative strength of 

GFIA must vary nonlinearly with plug velocity.  Therefore, the application of our 

phenomenological model enables us to emphasize the importance of GFIA in the 

dilution of SDAs, which otherwise might have gone unnoticed. 

 

5.3 PHENOMENOLOGICAL MODEL ELEMENTS AND 

IMPLEMENTATION 

 

Our approach in building a phenomenological model for the dilution of SDAs with 

moving plugs is relatively straightforward: we identify model elements based on 

physical observations, then assess how well particle-based simulations based on that 

model qualitatively match experimental results.  First, we will start with a basic model 

that includes only the most obvious elements—such as advection in the plug and 

diffusion throughout all aqueous phases. Next, we will introduce additional features to 

the model—such as delayed coalescence, coalescence-induced advection (CIA), and 

gutter-flow-induced advection (GFIA)—to see how well they bridge the gap between 

simulation and experiment.  Through a parametric investigation, we will attempt to 
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reproduce the qualitative trends seen in experiments.  In doing so, we will be able to 

identify the relative importance and effect of each model element on dilution.  

Simulations based on our phenomenological model will therefore enable us to offer 

hypotheses regarding the apparently complex nature of mass transfer in the dilution of 

SDAs with moving plugs. 

 

5.3.1 Advection in the Moving Plug 

 

Experimental Evidence of Advection 

In experiments, advection within the moving plug clearly plays an important role in 

mass transfer.  In the time-lapse experimental images in Fig. 5.4, for example, as the 

moving plug travels downstream, the plug visibly carries dye particles that have exited 

the traps downstream as the plug progresses through the network.  The importance of 

advection is also corroborated by the Pe > 1, as discussed in Sec. 5.2.1.  A good 

phenomenological model will therefore include the advection of particles due to the 

fluid motion in the moving plug. 

 

  

 
Fig. 5.4.  Time-lapse images from experiments of a diluting plug of water moving through an SDA of 
aqueous droplets with initially equal concentrations of food dye.  Experimental conditions: 0.5 uL/min 
mineral oil feed with 0.1% Span 80; 200 x 200 um channels; 450-um diameter traps. 
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Modeling Advection with Recirculating Flow 

Handique and Burns1 in 2001 quite insightfully noted that as a plug moves along a 

microchannel, it advances not by being dragged or pushed as a whole down the 

channel but instead by circulation and rearranging of its internal volume.  At the head 

of the plug, material from the faster center flow is redirected and deposited along the 

wall, where it will remain until the rest of the plug moves past and is picked up by the 

tail.  At the tail end, fluid along the wall is pulled back to the center streamlines and 

directed downstream.1  This motion is analogous to a pair of counter-rotating tank 

treads flanking the centerline. 

More specifically, Handique and Burns1 proposed that fluid within a plug moving 

through a narrow gap between two parallel plates follows recirculating paths around 

two vortices, with the vortices isolated in two halves.  A plane between and parallel to 

the two plates divides the plug into halves.  The combination of pressure-driven 

Hagen-Poiseuille flow and closed boundaries requires a parabolic velocity profile in 

the body of the plug and recirculation at the front and rear of the plug, as shown in 

Fig. 5.5: 

 

Up is the magnitude of the plug velocity (which one could measure by tracking the 

position of either the head or tail over time), and Wc is the channel width.  The x-

 

Fig. 5.5.  Adapted from Handique & Burns, J. MicroChem 2001.  Relative-velocity profile and 
streamlines in a moving plug.1 

MicroChem 2001.  Relative-velocity profile and streamlines in a moving plug.1 
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direction velocity relative to the plug (Urel) at any y-position within the plug is given 

by Eqn. 5.4, from Handique & Burns: 

𝑈𝑟𝑒𝑙 = 0.5 𝑈𝑝 (1 − 3 (
𝑦

𝑊𝑐 2⁄
)
2

) 
(5.4) 

Note how the fastest advancing (or forward) relative velocity is in the center of the 

plug (y = 0) and has a magnitude of one half the plug velocity (0.5 Up).  The fastest 

receding (or rearward) relative velocity is -1 Up at the walls, which satisfies a no-slip 

assumption at the boundaries.  In both halves of the plug, there is a stagnation line 

about 0.577 times the radius from the centerline where the relative velocities are zero, 

which means any liquid in that region would simply travel at the same speed as the 

plug and would not appear to advance or recede relative to the plug.  Using particle 

image velocimetry (PIV), several other groups have confirmed that fluid does in fact 

circulate in elongate vortices in each half of the plug.25-28  Kashid et al.28 in 2005, 

however, found that the exact location of the stagnation lines varied with plug length 

and velocity, with the stagnation line nearing +/- 0.50 times the radius as velocity 

and/or plug length increased. 

Note also that the velocities are different in the advancing and receding portions of the 

same vortex path.  For example, the outermost vortex path would have an advancing 

velocity of 0.5 Up and a receding velocity of 1.0 Up (in the negative direction).  

Assuming the fluid is incompressible, this necessarily means that each circulating 

vortex path has different advancing and receding thicknesses.  The total volumetric 

flow rate of the advancing portion of the vortex path must equal the volumetric flow 

rate of the receding portion of the vortex path, but the advancing and receding portions 

have different velocities (slower advancing, faster receding), therefore the thicknesses 

of the advancing and receding sections must be different (thicker advancing, thinner 

receding).  The fact that the stagnation line is offset closer to the wall also agrees with 

this analysis. 
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Implementation of Recirculating Flow in Simulations 

When performing particle-based simulations based on this advection model, we must 

be able to match advancing and receding y-coordinates for any given streamline so 

that we can properly relocate a given particle upon reaching either the front or the rear 

of the plug.  To match advancing and receding y-coordinates, we perform a volumetric 

flow rate balance—essentially a mass balance—around the stagnation line.1  The 

advancing flow rate (Qa) between the advancing y-coordinate (ya) and the stagnation 

line (ys) must equal the receding flow rate (Qr) between the stagnation line (ys) and the 

receding y-coordinate (yr): 

𝑄𝑎 = −𝑄𝑟 (5.5) 

∫ 𝑈𝑟𝑒𝑙(𝑦)𝑑𝑦
𝑦𝑠

𝑦𝑎

= −∫ 𝑈𝑟𝑒𝑙(𝑦)𝑑𝑦
𝑦𝑟

𝑦𝑠

 
(5.6) 

1

2
𝑦𝑎 −

2

𝑊𝑐
2 𝑦𝑎

3 =
1

2
𝑦𝑟 −

2

𝑊𝑐
2 𝑦𝑟

3 
(5.7) 

Then, the relationship between receding and advancing y-coordinates could be written 

as: 

𝑦𝑟 = −0.5𝑦𝑎 ± 0.5√−3𝑦𝑎2 +𝑊𝑐
2 

(5.8) 

𝑦𝑎 = −0.5𝑦𝑟 ± 0.5√−3𝑦𝑟2 +𝑊𝑐
2 

(5.9) 

where the ± symbol becomes positive (+) for y > 0 and negative (-) for y < 0. 

In particle-based simulations, the new x-direction positions (xk) of each particle (e.g., 

the kth particle) within the plug are updated each time step based on the previous x-

direction particle position (xk
*), time step size (Δt), mean plug velocity (Up), and the 

relative velocity (Urel) for that particle’s y-coordinate (Eqns 5.10 & 5.11): 
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𝑥𝑘 = 𝑥𝑘
∗ + ∆𝑡 × (𝑈𝑝 + 𝑈𝑟𝑒𝑙,𝑘) (5.10) 

𝑥𝑘 = 𝑥𝑘
∗ + ∆𝑡 ×

(

 𝑈𝑝 +
1

2
𝑈𝑝(1 − 3(

𝑦

𝑊𝑐
2⁄
))

2

)

  

 

(5.11) 

If any particle reaches the front or rear of the moving plug, it is recirculated to its new 

y-coordinate using the advancing/receding coordinate relationships (Eqns. 5.8 & 5.9). 

 

5.3.2 Diffusion 

 

Experimental Evidence of Diffusion 

As suggested by the comparison of diffusion time across the channel width and 

contact time in Sec. 5.2.1, diffusion should also be important to mass transfer.  In 

experiments, the effects of diffusion are in fact visible.  In Fig. 5.6, for example, the 

narrow stream of particles leaving the trap region has a width that roughly doubles 

from about 50 um to about 100 um after traveling roughly 1000 um downstream.  This 

indicates that the dye is diffusing across the width of the channel over time.  In the 

trap, the left-pointing arrow indicates the presence of a concentration gradient across 

the confined droplet.  Assuming the velocities are substantially lower in the trap 

region than in the main channel and bypass channel, the presence of concentration 

gradients in the trap—particularly in the center, where flow is most likely to be 

relatively stagnant—indicates diffusion.  Our phenomenological model therefore will 

also include the effects of diffusion throughout the moving plug and static droplets. 
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Modeling Diffusion 

Diffusion is the result of the random motion of particles (also called ‘Brownian 

Motion’) due to their thermal energy.29  In an ideal state, particles do not interact with 

one another30 and can therefore be treated as point objects.  Because particle motion is 

random, the probability distribution for a given particle’s displacement after a certain 

time (t) is Gaussian and depends upon the diffusion coefficient (D).29-31  The standard 

deviation of the probability distribution for a single particle (in each independent 

dimension, e.g., x, y, and z)—which is the same as the root-mean-squared 

displacement for an ensemble of particles starting at the same location—is given 

by:29,30 

𝜎 = √〈𝑥〉2 = √2𝐷𝑡 (5.12) 

In particle-based simulations, diffusion can therefore be modeled using the ‘random 

walk’ method:27 

 

 
Fig. 5.6.  Snapshot from an experiment showing a moving plug of pure water—driven by an outer 
mineral oil phase—diluting a trapped fluorescein-dyed aqueous droplet.  Widths 1 & 2 (~50 & ~100 
um, respectively) indicate the width of the stream of dye particles being carried downstream.  The 
arrow in the trap region designates the general gradient in fluorescein concentration. 
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𝑥𝑘 = 𝑥𝑘
∗ + 휁𝑥,𝑘√2𝐷∆𝑡    and    𝑦𝑘 = 𝑦𝑘

∗ + 휁𝑦,𝑘√2𝐷∆𝑡 (5.13) 

where the new coordinates for the kth particle (xk, yk) are calculated by starting with the 

pre-diffusion coordinates (xk
*, yk

*) and displacing them by the product of the 

displacement standard deviation—which depends on D and the time step size, Δt—and 

a random number (휁) with a normal distribution (which distribution has a mean of 0 

and a standard deviation of 1).  The random numbers 휁𝑥,𝑘 and 휁𝑦,𝑘 simply denote the 

fact that separate random numbers are generated for the kth particle for displacements 

in the x- and y-directions. 

Particle-Wall Interactions: The Bounce-Back Condition 

In each simulated time step, when particles are allowed to diffuse, it is possible for 

particles to attempt to move beyond the plug and/or trap boundaries.  When this 

occurs, we implement the commonly-used bounce-back condition,32,33 where any 

particle’s attempt to move beyond the system bounds is ignored for the current time 

step and is simply left in place.  This is a reasonable alternative to the reflective-

boundary condition—where particles are reflected off of the boundary like a mirror—

because upon reflecting off of the wall, the particle still has equal probabilities of 

ending up either closer to or farther from the wall.  Therefore leaving the particle in 

place (versus reflecting it) does not unnaturally skew the concentration of particles 

near boundaries. 

The location of each boundary segment (in both the moving plug and stationary traps) 

is defined at the start of each simulation according to the desired configuration of 

traps, trap size, plug width, and plug length.  At the end of each time step, the 

boundaries of the moving plug are moved forward based on the plug velocity (Up) and 

time step size (Δt). 
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5.3.3 Coalescence-Induced Advection (CIA) 

 

Experimental Evidence of CIA 

As a long plug moves through an SDA network, experimentally we often see delayed 

coalescence between the plug and a trapped droplet, as can be seen in Fig. 5.7.  The 

head of the moving plug may enter the bypass channel and travel some distance before 

the body of the plug finally coalesces with the trapped droplet.  This is likely because 

it takes time for the thin oil film between the plug and droplet to drain.  Drainage time 

is complex and depends on both normal-direction and tangential-direction approach 

velocities, as well as rate of deformation of the interface surface upon approach.34-36  

The greater the difference in tangential velocities between the two approaching 

aqueous surfaces, the longer it takes and the more difficult it is for the thin film to 

drain.34,36 While this may at first seem counter-intuitive, draining becomes more 

difficult the faster droplet approach one another, particularly at glancing angles (where 

there is some nonzero tangential velocity component).34,36 This is because of 

lubrication forces: a tangentially moving surface exerts shear stresses which bring 

fluid into the gap.37  For coalescence to occur, this effect must be countered and 

exceeded by the pressure differential between the thin gap and the bulk phase tending 

to drive fluid out of the thin film.  However, the normal-direction approach velocities 

should also be less than a certain critical velocity, otherwise the quick growth in 

interfacial area upon collision will make it increasingly difficult to drain the thin 

film.35  
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After each coalescence event in experiments, there is a sudden and violent exchange 

of material between the moving plug and trapped droplet: concentrated material from 

the static droplets is visibly dispersed outward along the channel walls—in some 

cases, several hundred micrometers from the trap (see Fig. 5.7).  The initial dispersion 

of material appears to occur much more quickly than should be possible for advection 

due to the standard Hagen-Poiseuille pressure-driven parabolic velocity profiles, as 

material near the walls appeared to advance more quickly than the plug head.  This 

suggests a phenomenon other than the standard flow profile was the driving force.  

Even more surprising was that concentrated material from the static droplet was also 

dispersed upstream of the trap against the direction of flow.  Dye is dispersed several 

hundred micrometers upstream and downstream of the trap.  Some of the plug’s clear 

fluid can also be seen partially infiltrating the static drop.  This coalescence-induced 

 

Fig. 5.7.  Images before and after CIA in an experiment (top row) and a simulation (bottom row).  In 
the simulation, the blue and orange rectangles denote the fluid regions that will be exchanged with 

one another. 
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advection (CIA) could impact the final SDA concentrations.  More advanced iterations 

of our model will therefore include both delayed coalescence and CIA. 

Note that CIA could be partially due to Marangoni flows38 induced by gradients in 

interfacial tension between the moving plug and trapped droplets.  Note how in Fig. 

5.7, the trapped droplet contains dye and therefore probably has a much lower 

interfacial tension than the moving plug of pure water,39 so the moving plug interface 

wins the tug of war against the trapped droplet, pulling material out.  However, in Fig. 

3a of Wen et al., LOC 2015 (see Fig. 5.8b below, at t = 1 s),16 the moving plug is 

dyed, and the trapped droplet is pure water.  There, the situation appears to be 

reversed: dye is pulled from the plug (likely lower interfacial tension) into the trap 

(higher interfacial tension) and along the inner perimeter of the trap in both directions.  

Therefore it is likely that CIA is at least partially due to Marangoni flows. 

 

Modeling CIA 

Based on experimental observations, we know that the conversion of surface energy to 

kinetic energy causes an exchange of volume between the trapped droplet and the 

moving plug.  Furthermore, the length scale of the affected area appears to be on the 

order of the size of the interface itself (e.g., the width): for a 200-um wide interface, 

the ejected fingers upstream and downstream are a few hundred microns long, and 

fluid from the moving plug infiltrates the trapped droplet less than 200 um.  Therefore 

CIA can be approximated by a volume exchange as illustrated in Fig. 5.7.  By 

mimicking CIA in our simulations, we can study its effect on dilution and gauge its 

relative importance. 

In simulations, CIA is incorporated by defining a trap-exchange area—marked by an 

orange rectangle in Fig. 5.7 within the trap region and adjacent to the plug/trap 

interface—and two plug-exchange areas upstream and downstream of the plug/trap 

interface region—marked by blue rectangles in Fig. 5.7.  Based on experimental 
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observations, the head of the moving plug is allowed to travel past the trapped droplet 

a user-specified distance (or ‘merge point’ distance) before coalescence is deemed to 

have occurred.  In experiments, this likely occurs because it takes a certain amount of 

time for the thin oil film region between the moving plug and trapped droplet to drain 

sufficiently for coalescence to occur.  Once the merge point of the simulated plug 

reaches the trap interface, coalescence is allowed, and the wall segment at the 

plug/trap interface is removed to allow particle exchange between plug and trap.  Any 

particles in the trap-exchange area are removed from the trap and distributed evenly 

among the two plug-exchange areas.  Any particles in the plug-exchange areas are 

likewise moved to the trap-exchange area.  For simulations, we predefine the size of 

the trap-exchange area and the plug-exchange areas based on typical experimental 

observations. 

 

5.3.4 Gutter-Flow-Induced Advection (GFIA) 

 

Experimental Evidence of GFIA 

Generally in situations of viscous flow past an open cavity, one expects closed-

streamline circulation in the cavity.40  Moreover, circulation must be in whichever 

direction allows matching velocities at the mouth of the cavity.40  In this situation, we 

might therefore initially expect to see a clockwise rotation in the experimental time-

lapse images of static droplets being diluted with moving plugs in Fig. 5.8.  However, 

both sets of experiments shown in Fig. 5.8 show a counter-clockwise circulation in the 

trap, even though the moving plug on the left side of the trap should exert shear 

stresses at the trap entrance that tend to induce a clockwise circulation. 
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We hypothesize that the continuous-phase gutter flows around the plug and trapped 

droplet (as schematically illustrated in Fig. 5.1b) counter the trap-entrance shear 

stresses and actually induce circulation in the opposite direction—counter-clockwise 

in Fig. 5.8.  More advanced versions of our model will therefore include the effects of 

this gutter-flow-induced advection (GFIA) in the trapped droplets. 

Modeling GFIA 

As explained with respect to Fig. 5.8, experimental observations for two-phase flow 

experiments indicate trap-region fluid rotation in a direction opposite that predicted by 

single-phase CFD simulations (see Fig. 5.9a).  We hypothesize that in a two-phase 

system where an outer oil phase drives an aqueous plug through an SDA with 

polygonal cross-sectioned channels (square in this case), there are substantial outer-

phase flows in the gutter regions (see Fig. 5.2b).  Fig. 5.9b is a schematic of what 

would likely be seen near the top and bottom of the channel: while the aqueous plug is 

essentially pressed against the top and bottom surfaces of the channel (except for a 

thin film of oil) across most of the width of the channel, there is a significant gutter 

region along the entire perimeter of the plug.  Oil flowing in the lower part of the 

schematic (or the right-hand side of the moving plug) flows counter-clockwise around 

the trap region, with some of the oil exiting the trap constriction and the rest 

 
Fig. 5.8.  Time-lapse experimental images illustrating a counter-clockwise circulation during dilution 
of static droplets with a moving plug driven by an outer oil phase: a) moving plug of pure water and a 
trapped fluorescein-dyed aqueous droplet; b) reprinted from Fig. 3a of Wen et al., LOC 2015 – 

moving plug of a dyed aqueous solution coalesced with an initially pure-water trapped droplet. 
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continuing counter-clockwise around the trap region until it leaves the trap region and 

exits the bypass channel (vertical in schematic). 

 

 

The counter-clockwise gutter flow applies a counter-clockwise shear stress on the 

aqueous phase in the trap region, competing with the clockwise shear stress generated 

by the aqueous phase flowing past the opening the trap.  We revised our previous 2-D 

COMSOL CFD simulation to predict what might happen if the effect of gutter flows 

were considered.  To do this, we converted the lower half of the circular trap wall 

(lower with respect to the schematic) into a moving boundary with a velocity that was 

20% of the mean plug velocity (Up).  The results are shown in Fig. 5.9c-d, which show 

 

Fig. 5.9.  Gutter-flow-induced advection (GFIA):  a) without GFIA – streamlines and flow direction 
from 2-D COMSOL CFD simulation of single-phase Stokes flow past the open mouth of an enclosed 
circular trap; b) with GFIA – schematic of two-phase flow through an SDA, with arrows illustrating an 
outer-phase gutter flow along the perimeter of the aqueous phase (shaded blue); c) with GFIA – 
output from a COMSOL CFD simulation where the bottom semicircular wall is a moving boundary 
(moving at 20% of Up to simulate gutter flows), highlighting the streamlines that pass entirely through 

the trap region; d) same as in c) but including all streamlines. 
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a set of streamlines that begin near the perimeter of the moving plug, pass entirely 

through the trap region, and exit back into the plug.  This result is extremely different 

from CFD simulations without gutter flows, as gutter flows appear to enable advection 

of material into and out of the trap region where previously there was no such 

exchange—mass transfer between trap and plug would otherwise occur only through 

diffusion. 

To simulate GFIA, we implement the scheme shown in Fig. 5.10.  A near-wall layer of 

fluid of pre-defined thickness δ from the moving plug is redirected into the trap region 

(crudely approximated with a square for ease of simulation), follows the inner 

perimeter of the trap region, and then rejoins the moving plug.  For ease of simulation 

and to help decrease processing time, all particles within the trap-circulating path are 

moved at a single velocity: the mean velocity of the fluid in the near-wall layer of plug 

(or ‘mean layer velocity’, <Uδ>), calculated by integrating the velocity profile over the 

layer thickness and normalizing by that thickness. 

 

To find the mean layer velocity, <Uδ>, we first begin with the expression for velocity 

in the downstream direction (in the x-direction), which is easily derived from the 

Hagen-Poiseuille equation.  Since we are concerned with the mean layer velocity of 

particles within the trap, and the trap is stationary, we consider velocities from an 

Eulerian point of view (stationary).  We find the volumetric flow rate in the near-wall 

 
Fig. 5.10. Implementation of GFIA in simulations: a) 2-D schematic of trap area showing the near-
wall layer of thickness δ redirected from the plug along the perimeter of the trap; b) 3-D schematic of 

the moving plug showing the near-wall layer. 
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layer (Qδ) by integrating the velocity profile across the width of the near-wall layer 

(δ):  
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Total flow rate is similarly found by integrating over the entire channel width: 
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Then the ratio of Qδ to Qtot is: 
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To express near-wall-layer velocity in terms of plug velocity, channel width, and near-

wall layer width, note that volumetric flow rate is simply the product of cross-

sectional area and mean velocity: 

𝑄𝑡𝑜𝑡 = 𝑊𝑐ℎ𝑈𝑝 (5.23) 

𝑄𝛿 = 𝛿ℎ〈𝑈𝛿〉 (5.24) 
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Rearranging for near-wall-layer mean velocity: 
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Substituting the previous expression for the flow rate ratio, we find that the trap-

circulating velocity in terms of channel width (Wc), mean plug velocity (Up), and δ is 

therefore: 
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If the layer thickness is 5% of the channel width (δ = 0.05 W), the mean layer velocity 

<Uδ> is 14.5% of Up (<Uδ> = 0.145 Up); if δ = 0.1 Wc, <Uδ> = 0.28 Up; if δ = 0.2 Wc, 

<Uδ> = 0.52 Up. 

When simulating GFIA, any particles within the near-wall layer that reach the trap 

interface region are redirected into the trap-circulating path.  Particles are evenly 

distributed across the width of the trap-circulating path.  Each time step, any particles 

in the trap-circulating path are advected according to the length of the time step and 

the mean layer velocity <Uδ>.  Note, however, that particles are also allowed to 

diffuse in each time step.  Particles may therefore diffuse into and out of the trap-

circulating path.  Once particles complete their journey around the perimeter of the 

trap, they are returned to the near-wall layer of the moving plug near the plug/trap 

interface. 
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5.3.5 Network Geometry 

 

Experimental Evidence of the Importance of Network Geometry 

In SDAs such as the one shown in Fig. 5.11, there are two characteristics of the 

network geometry that periodically disturb what would otherwise be a consistent, 

repetitive pattern of trap-and-bypass loops (where a single unit is schematically shown 

in Fig. 5.1a).  Circles 1 & 2 highlight that with each row, there is an alternation of the 

side with which traps coalesce with the moving plug.  For example, relative to the 

head of the moving plug and facing downstream, the plug merges on the right side 

with the traps in the first row but merges on the left side with traps in the second row.  

Circular segment 3 highlights the additional length between rows, which could also 

affect dilution.  In our model, these pattern-breaking characteristics can be included 

for additional realism and to study their effect on concentration profiles. 

 

Modeling Network Geometry 

The SDA devices used in experiments15,24 have: i) groups of traps on alternating sides 

of contact with the moving plug, and ii) longer distances between groups of traps than 

between traps.  Because these two geometrical features may affect dilution, we 

enabled our simulations to independently mimic both features.  Fig. 5.12 is a set of 

images from our simulations showing the flexibility we have in testing different 

 
Fig. 5.11.  Experiment snapshot of an SDA of initially equal-concentration dyed aqueous droplets 
being diluted by a moving water plug driven by a continuous mineral oil phase.  Arrow designates 
direction of fluid flow.  Circles 1 & 2 highlight how the side of coalescence alternates with each row.  

Circular segment 3 highlights the additional length of channel between rows. 
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geometrical arrangements of the traps around the moving plug.  In Fig. 5.12a, the 

simplest arrangement is where all traps are evenly spaced apart and are on the same 

side of the plug, meaning the moving plug always coalesces with the trapped droplets 

on the right side (or bottom relative to the printed page).  In Fig. 5.12b, there are 

alternating groups of traps, but all traps are still evenly spaced apart.  In Fig. 5.12c, all 

traps are on the same side, but the distance between groups (Δgroup) is larger than the 

distance between traps (Δtrap). 

 

5.4 SIMULATION ALGORITHM 

 

As described above, the most basic version of our phenomenological model (see Fig. 

5.3) considers advection and fluid recirculation within the plug and diffusion 

throughout the plug and any coalesced trapped droplets.  To make it easier to 

implement the model in 2-D particle-based MATLAB simulations, the moving plug is 

approximated as a moving rectangle, and the traps with trapped droplets are 

approximated as squares.  At the beginning of the simulation, all particles are 

 

Fig. 5.12.  Snapshots from simulations illustrating network geometry options: a) all traps evenly 
spaced and on the same side of the plug; b) alternating groups of traps; c) multiple groups of traps 
on the same side of the plug but with a larger distance between groups (Δgroup) than between traps 

(Δtrap). 
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contained within the enclosed traps, and the moving plug is void of particles.  Once 

the moving plug has coalesced with a trapped droplet, the boundary between the trap 

and moving plug disappears, and particles are allowed to diffuse in and out of the trap.  

In each time step, particles within the plug are advected to their new locations, and 

particles are also allowed to diffuse.  In simulations following more advanced versions 

of our model, the additional elements of CIA and/or GFIA are also addressed in each 

time step. 

Simulation Algorithm 

The following major steps are performed each time step in our MATLAB simulations 

based on the phenomenological model: 

1. Check for coalescence events between the moving plug and any adjacent traps.  

If the head of the plug has reached the user-defined merge-point distance 

beyond a trap, coalescence is allowed, and the following steps are performed: 

a. Remove the boundaries between the trap and the moving plug at the 

interface 

b. Perform CIA by exchanging particles (if any) between the pre-defined 

trap-exchange areas and the plug-exchange areas 

2. Allow diffusion of all particles using the random-walk method 

a. Use random-walk method to calculate tentative new positions for every 

particle 

b. Apply the bounce-back condition to any particles whose tentative 

trajectories would result in a collision with any boundary, and let those 

particles remain in place for the current time step 

3. Allow advection of fluid 

a. Plug advection – calculate the tentative new positions for every particle 

in the plug according to the velocity profile 
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i. if the proposed new positions are beyond the ends of the plug, 

recirculate and relocate the particles using the advancing-

receding y-coordinate relationships 

ii. if any particles in the near-wall layer are adjacent to a coalesced 

trapped droplet and move beyond the middle coordinate of the 

trap, redirect the particles into the trap-circulating path (for 

GFIA) 

b. GFIA – advance any particles in the trap-circulating path further along 

the path at the mean near-wall layer velocity <Uδ>; if the particles exit 

the trap-circulating path, redirect them back into the near-wall layer of 

the moving plug 

4. Update boundary locations for the moving plug – move all plug boundary 

segments forward at the mean plug velocity Up 

5. Check for plug detachment – if the plug has moved beyond a coalesced trapped 

droplet, reinstate the boundary segment at the trap entrance to fully enclose the 

trap 

6. Display and/or update graphical output if desired, such as the plug and trap 

boundaries, particle locations, local concentrations, etc. 

 

5.5 RESULTS & DISCUSSION 

 

First, in Section 5.5.1, we will conduct simulations following the most basic version of 

our model and present example results for the dilution of a single trap with a moving 

plug.  In Section 5.5.2, we will perform a parametric study of how variations in plug 

velocity and plug size (volume or length) affect concentration profiles across an array 

of trapped droplets.  We will show that our simulation results qualitatively reproduce 

the same trends as observed in experiments.  Next, we will include the pattern-

breaking geometric features discussed in Sec. 5.3.5 and show how our simulation 
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results help explain some of the unique patterns observed in experimental 

concentration profiles. 

In Section 5.5.3, we will include the more advanced elements of CIA and GFIA.  We 

will compare their relative importance and show that GFIA can be extremely 

important and is, in some cases, the largest source of dilution of all the model 

elements.  We will attempt to match simulation and experimental results for the 

dilution of a single trapped droplet and demonstrate the importance of GFIA and its 

nonlinear dependence on plug velocity and capillary number (Ca). 

 

5.5.1 Mass Transport from a Single Trap 

 

Fig. 5.13 is a sequence of images over time from a MATLAB simulation of a single 

aqueous trap pre-loaded with 40,000 dye particles being diluted with a pure water 

plug.  The effects of all of the major phenomenological model elements can be seen: 

advection within the plug, diffusion, CIA, and GFIA.  In Fig. 5.13a, the moving 

plug—completely devoid of particles—is approaching a trapped droplet with an 

initially uniform, high concentration of particles.  In Fig. 5.13b, the head of the plug 

moves some distance beyond the trapped droplet before coalescence, mimicking the 

delayed coalescence seen in experiments.  Upon coalescence, there is coalescence-

induced advection (CIA) of particles, which causes some particles to be ejected 

upstream and downstream of the trap and also causes some of the lower-concentration 

plug fluid to infiltrate the trap.  As the coalesced moving plug continues to move 

downstream (shown in Fig. 5.13c-d), gutter-flow-induced advection (GFIA) causes a 

gradual counter-clockwise scooping of perimeter material out of the trap and into the 

plug.  Simultaneously, there is diffusion of particles in all directions throughout the 

plug and trap.  As particles diffuse out of the trap and into the plug, advection in the 

plug quickly carries those particles downstream.  Notice how the width of the particle 

stream being carried away from the trap gradually increases in the downstream 
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direction.  This is evidence of diffusion across streamlines.  Also notice how the 

concentration—as indicated by the grayscale level (dark is high concentration; light is 

low concentration)—decreases over time, as seen from the time of coalescence (Fig. 

5.13b) until the time of detachment (Fig. 5.13e). 

 

 

5.5.2 Parametric Study & Qualitative Comparisons 

 

Fig. 5.14 includes concentration profiles for simulations (a-b) and experiments (c-d) in 

which plug velocity (a, c) and plug size (b, d) were varied.  Using simulations 

following the basic model and considering how profiles of normalized concentration 

(C0) versus trap number vary with plug velocity (Fig. 5.14a), one can see that the final 

concentrations in each static droplet increase with increasing plug velocity.  This is the 

same trend we see in experiments (Fig. 5.14c).  When we keep plug velocity constant 

and instead vary plug length or volume in simulations (Fig. 5.14b), we see that final 

 

Fig. 5.13.  Sequence of images over time of the dilution of a single trap.  Simulation parameters 
were: 10k um plug length; 200 um channel width; 450 um trap diameter; Up = 400 um/s; Δt = 0.025 s; 
diffusion coefficient D = 500 um2/s; 400k particles per trap; 400 um merge-point distance; trap-

exchange area = 150 um x 150 um; width of plug-exchange area = 40 um; near-wall layer δ =30 um. 
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concentrations increase as plug size decreases, which is also the same trend we see in 

experiments (Fig. 5.14d).  Thus, we can confirm that our phenomenological model is a 

trustworthy and useful tool for conducting parametric studies and for predicting 

potential trends in how concentration profiles might change. 

 

If we include in our model the pattern-breaking geometric features such as 

periodically changing side of coalescence (Fig. 5.12b) and increased channel length 

between groups of traps (Fig. 5.12c), we observe very interesting alterations to the 

shape of the resulting concentration profiles that qualitatively mimic those seen in 

experiments.  Fig. 5.15 shows how the concentration profile changes when these 

 
Fig. 5.14.  Comparison of parametric studies on concentration profiles (final trap concentration 
normalized by initial concentration, Co, versus trap no.) in simulations (a-b) and experiments (c-d) 
reprinted from Fig. 2a-b of Sun et al., LOC 2011: a) simulated concentration profiles for varying plug 
velocity; b) simulated concentration profiles for varying plug size; c) experimental concentration 
profiles for varying plug velocity; d) experimental concentration profiles for varying plug size.  
Simulation parameters were: 10 mm plug length in a); 400 um/s in b); 200 um channel width; 450 um 
trap diameter; diffusion coefficient D = 500 um2/s; 10k particles per trap.  Experimental parameters: 
2.2 uL plug (55 mm) in c); 0.5 uL/min (208 um/s) in d); 200 um channel width & height; 450 um trap 

diameter. 
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features are separately included in the model.  Both geometric features—periodically 

changing side of coalescence and increased channel length between groups of traps—

cause abrupt shifts in the concentration profile each time the network pattern shifts, 

e.g., when there is additional space between groups of traps or when the side of 

coalescence shifts between groups.  In the particular set of simulations tested, this 

stair-stepping segmentation appears to be more strongly induced by changes in the 

side of coalescence than additional spacing between groups of traps, although this may 

change depending on the circumstances. 

 

The reason for the abrupt decreases in concentration when the side of coalescence 

changes is due to the division of the moving plug into two circulating halves, as 

illustrated in Fig. 5.5.  Because fluid circulates in two separate halves, dye particles 

that diffuse from traps into the plug on one side will tend to circulate only within that 

half, except for some diffusion across streamlines from one half to the other that 

occurs near the center streamlines.  This means that while the particle concentration 

increases on one side of the plug while it is coalesced with the first group of traps 

(e.g., on the right side of the plug), the concentration of the plug is still lower on the 

left side.  Therefore when the plug finally coalesces with a group of traps on the other 

 
Fig. 5.15.  Simulated Stair-Stepping: simulated final concentration profiles exhibiting stair-stepping 
segmentation for varying network geometries using basic phenomenological model.  Simulation 
parameters: plug length: 10 mm; plug velocity: 400 um/s; trap dimensions: 400 x 400 um; trap 
spacing: 500 um (solid line), or 2000 um between groups of 4 traps (■); alternating side of 

coalescence every 4 traps (▲); D = 500 um2/s. 
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side (e.g., the left side of the plug), the lower plug concentration on the left side—and 

therefore greater concentration gradient—induces a greater degree of dilution of the 

first few traps on the left side than the previous few traps on the right side.  The 

additional distance between groups of traps causes abrupt decreases in concentration 

for a similar reason: the additional distance gives particles more time to diffuse in all 

directions, therefore the previously high concentration near the walls that develops 

after a series of closely-spaced traps has time to dissipate before reaching the next set 

of traps.  This increases the concentration gradient between plug and trap for the next 

set of traps, thereby increasing the degree of dilution of the first few traps of the next 

group. 

Experimental results (Fig. 5.16) reflect the same stair-stepping segmentation of 

concentration profiles predicted by our simulations.  In the experimental image shown 

in Fig. 5.16a (top row), there is additional channel length between each row (or group) 

of 10 traps.  As the moving plug reaches a new row, there is also a change in the side 

of coalescence.  Both of these features contribute to the abrupt shifts in the 

concentration profiles (Fig. 5.16a, bottom row) seen between the first few groups of 

traps.  Although other research groups have yet to comment on the stair-stepping 

segmentation of concentration profiles, this phenomenon is also visible in their results.  

For example, Huang et al.17 used the coalescence of a moving fluorescent aqueous 

plug with trapped pure water droplets in an SDA to create a concentration gradient 

(Fig. 5.16b).  Like the SDA in Fig. 5.16a, the SDA used by Huang et al. had both a 

change in the side of coalescence and additional spacing between rows of traps.  In 

Fig. 5.16b, stair-stepping segmentation can be seen after the first two rows of twelve 

traps, corroborating our hypothesis that the stair-stepping of concentration profiles for 

certain SDAs is due to pattern-breaking geometric features. 
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5.5.3 Importance of GFIA in Microfluidic Drop Dilution 

 

5.5.3.1 Multi-Trap Geometry 

To see the effects of CIA & GFIA on final concentration profiles, we compared 

simulation results for the dilution of a 10-trap SDA using the basic model to those that 

also included the more advanced elements of CIA and GFIA, as shown in Fig. 5.17.  

First we simulated a plug of pure water moving through a 10-trap array of trapped 

particle-laden droplets using the basic model.  Notice how there is a slight gradient in 

concentration across the 10 traps for the basic model—a span of about 5% of the 

initial trap concentration (C0).  Next we added the advanced elements of CIA and 

GFIA one by one—first CIA, and then both CIA and GFIA.  As can be seen, CIA 

caused a slight decrease in final trap concentrations and a slight enlargement of the 

concentration span to 8%.  However, the largest impact on dilution was due to the 

inclusion of GFIA.  Note how with GFIA, the slope of the concentration profile was 

 
Fig. 5.16.  Stair-stepping segmentation of concentration profiles in experiments: a) & b) show 
experimental images of SDAs being diluted with moving plugs (top) along with corresponding 
concentration profiles (bottom).  a) From experiments of Sun et al., LOC 2011; b) adapted from 
Huang et al., Small 2014.  Note the moving plug’s row-by-row alternation of side of contact with 

trapped droplets, which coincides with segmentation of concentration profiles.  
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significantly steeper, and the final trap concentrations were significantly lower than 

without GFIA, particularly for the traps at the beginning of the network.  Final 

normalized concentration in the first trap decreased from 0.69 to 0.38, and the span of 

concentrations across the 10 traps increased to 26% of C0. 

 

Based on these results, we can see that while CIA does slightly decrease final 

concentrations, GFIA is by far the most important additional model element besides 

plug advection and diffusion.  We will therefore focus our attention on GFIA and its 

potential role in the dilution behaviors observed experimentally.  In the next set of 

figures, we will shift our focus from dilution profiles across several traps to the 

dilution of a single trapped droplet and the influence of GFIA on how changes in input 

parameters—such as velocity and plug length—affect final concentration. 

 

 

Fig. 5.17.  Comparing basic model to effects of CIA & GFIA.  Simulation parameters: a) basic 
model – 10 mm plug length, 200 um width, 400 x 400 um trap, 1000 um trap spacing, 200 um/s 
plug velocity, D = 500 um2/s, 10000 particles per trap, merge point = 600 um behind plug head; b) 
CIA – same parameters as a) but with trap-exchange area = 150 x 150 um and a plug-exchange 

area width = 40 um; c) CIA & GFIA – same parameters as b) but with GFIA δ = 40 um. 
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5.5.3.2 Single-Trap Geometry 

Influence of Plug Velocity 

By comparing our experimentally observed relationship between minimum 

concentration (Cmin, or final concentration) and plug velocity with three different sets 

of simulations with varying applications of GFIA, we can see how GFIA, plug 

velocity, and dilution relate to each other.  In Fig. 5.18a, simulations without GFIA but 

using similar major parameters as in experiments (same channel width, trap area, 

diffusion coefficient, etc.) show substantially less dilution than experiments, 

particularly at the lowest velocities.  Furthermore, the effect of velocity is significantly 

more important in experiments than predicted by the naïve model without GFIA.  

Simulations without GFIA show that an 8-fold increase in plug velocity yields only a 

2.4-fold increase in final concentration: plug velocity increased from 103 to 825 um/s; 

final normalized concentration increased from 0.3038 to 0.7334.  In contrast, a 10-fold 

increase in plug velocity in experiments yields a 72-fold increase in final 

concentration: plug velocity increased from 83 um/s to 833 um/s; final normalized 

concentration increased from 0.00870 to 0.627.  This signifies that further phenomena 

other than merely simple diffusion and plug advection must be considered. 
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In simulations with GFIA where the near-wall layer thickness δ is constant regardless 

of velocity (Fig. 5.18a), final concentrations are much lower because GFIA causes 

particles that diffuse towards the trap perimeter to be scooped out.  Note also that the 

slope of the curve with constant δ is substantially flatter than the simulations without 

GFIA.  This is because the presence of GFIA means that dilution now has at least two 

contributors—diffusion and GFIA, and in this case GFIA appears to be stronger than 

diffusion.  Therefore changes in velocity—even though they affect contact time and 

available time for dilution—are not as important to overall dilution when GFIA is 

present. 

Comparing experimental results to simulations with constant GFIA δ (Fig. 5.18a), 

experiments show a dramatically steeper concentration profile slope, with much 

greater dilution occurring at low velocities and much less dilution occurring at higher 

velocities.  One possible cause for this difference is that in reality, the relative strength 

a) b)  

Fig. 5.18.  Comparison of experimental and simulation results showing how GFIA alters the effect of 
velocity variations on dilution: a) final first-trap concentration (Cmin) versus plug velocity, comparing 
experimental results with three different sets of simulations with varying applications of GFIA; b) a 
recasting of the results in a) but with concentrations and velocities normalized by a reference case, 
and with inverse velocity shown (instead of velocity) to show abscissa equivalence to contact time. 
Experimental conditions: 200-um wide channel; 450-um diameter trap with black food dyed aqueous 
droplet; 2.2 uL pure water plug; flow rate Q = 0.2 – 2.0 uL/min (or 83-832 um/s). Simulation 
parameters: 200-um wide channel, 400 x 400 um trap; 25-mm long water plug; plug velocity Up = 
83-832 um/s; D = 500 um2/s.  Where GFIA δ was constant, δ = 20 um; where δ was varied 

nonlinearly, δ = 392.82 Up
-0.64651; δ in um, Up in um/s. 
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of gutter flows (compared to the main channel flow) may be varying as a function of 

Ca or plug velocity, Up, when the physical properties of the fluids remain constant.  

This variation in relative strength of gutter flows as a function of Ca and droplet 

deformation has already been shown for outer-phase oil flows through an SDA with 

trapped aqueous droplets.41  In that study, the ratio of trap-to-bypass volumetric flow 

rates decreased sigmoidally with increasing Ca.  As Ca increases, the droplet deforms 

and blocks a substantial portion of the constriction opening, decreasing the fraction of 

flow passing through the trap and lower branch.  While the situation in the present 

study is slightly different—with a long aqueous plug coalesced with a trapped aqueous 

droplet, and mineral oil flowing around both the plug and trapped droplet—the general 

principle of variable trap/bypass flow distribution should still apply.  As Ca and 

velocity (Up) increase, there should be an eventual decrease in the relative strength of 

the oil gutter flows around the trapped droplet. 

In simulations, we tested the effect of varying the relative strength of GFIA with Ca 

(and Up), trying several arbitrary linear and non-linear functions of GFIA δ versus 

plug velocity (Up) in which the relative strength of GFIA was strong at low flow rates 

(less droplet deformation, larger gutter sizes) and weak at high flow rates (greater 

droplet deformation, smaller gutter sizes).  We found that when GFIA δ experiences a 

power-law decay with increasing Up (δ = 392.82 Up
-0.64651; δ in um, Up in um/s), the 

experimental and simulation results for final concentration versus velocity in Fig. 

5.18a match quite nicely. A 10-fold increase in simulated velocity yielded an 88-fold 

increase in final concentration (velocity increased from 83 to 832 um/s; final 

normalized concentration increased from 0.0064 to 0.566), which is of similar 

magnitude to the 72-fold increase observed in experiments.  This is strong evidence 

that GFIA can significantly affect dilution in SDAs, and its strength is a non-linear 

function of plug velocity (Up) and therefore Ca as well. 

Fig. 5.18b recasts the same information from Fig. 18a but normalized with respect to a 

reference set of parameters and results.  For example, all experimental velocities were 

normalized by the reference case of 833 um/s, and all experimentally observed 
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concentrations were normalized by the concentration of 0.627 observed in that 

reference case.  This normalization helps emphasize the impact of velocity changes on 

concentration in experiments and in simulations with varying applications of GFIA.  

Theoretically, if velocity had no impact on final concentration, the slope of the 

resulting curve would be zero, meaning the resulting concentrations for all velocities 

were exactly the same as the reference case.  The steeper the slope of the curve, the 

greater the impact of velocity on dilution.   

Note also that in Fig. 5.18b, the inverse of velocity is used instead of velocity.  This is 

because inverse velocity is akin to contact time—and therefore diffusion time—

between the plug and trapped droplet.  This will be useful when comparing the effects 

of varying velocity versus varying plug volume, which both can be viewed from the 

perspective of contact time and diffusion time for certain purposes. 

Comparing the different slopes and spans of normalized concentrations in Fig. 5.18b, 

one can see that when the relative strength of GFIA is held constant (including zero 

relative strength when δ = 0), there is barely more than a factor of two difference in 

final concentrations for an 8-fold change in velocity.  In contrast, when the relative 

strength of GFIA is varied non-linearly with the inverse of velocity, there is nearly a 

two-orders-of-magnitude difference in final concentrations for a 10-fold change in 

velocity, which qualitatively matches the experimental observations.  Again, this 

emphasizes how GFIA can significantly affect dilution in SDAs and that its strength is 

a non-linear function of plug velocity (Up) and therefore Ca as well. 

 

Comparison of the Influence of Plug Velocity and Plug Volume 

Fig. 5.19a is a comparison of simulation results for final concentration versus plug 

velocity and plug volume, where the effects of both parameters are shown with and 

without GFIA (of constant relative strength, i.e., constant δ).  Without GFIA (δ = 0), 

variations in plug velocity and plug volume yield very similar results: an 8-fold 
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increase in plug volume decreases the final concentration to 0.350 of the reference 

case result, and an 8-fold increase in inverse velocity (or an 8-fold decrease in 

velocity) decreases the final concentration to 0.414 of the reference case result.  When 

GFIA is absent, diffusion is the only significant source of mass transfer between plug 

and trap, therefore contact time is the strongest parameter dictating the degree of 

dilution.  Because contact time can be increased by increasing plug length (and 

therefore plug volume) or by decreasing plug velocity, variations in either parameter 

by the same factor should yield roughly the same results. 
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Simulation results for variations in plug velocity and plug volume without GFIA—

which are essentially variations in diffusion time—agree with analytical estimates for 

1-D diffusion from a reflective boundary, which indicates that our particle-based 

random-walk simulations are properly mimicking diffusion.  Fig. 5.19b is a time-lapse 

schematic illustrating the evolution of the probability distribution for particles 

diffusing in one dimension away from a reflective boundary.  The total area under the 

curve is always unity.  The area under the curve between the reflective wall (at X = 0) 

 

Fig. 5.19.  a) Comparison of the simulated effects of varying volume and varying velocity on final 
concentrations, with GFIA (solid symbols) and without GFIA (open symbols); final concentrations 
(Cmin), inverse plug velocities, and plug volumes are all normalized by the parameters and results for 
reference cases; b) time-lapse schematic of probability versus distance for 1-D diffusion from a 
reflective wall, where the shaded area shows the probability of finding particles behind the arbitrarily 

defined boundary, Xb; probability, x-direction displacement, and time are all of arbitrary units. 
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and an arbitrary boundary (Xb) defines the probability of finding particles within the 

delineated region, 0 < X < Xb.  For an ensemble of particles, the concentration in the 

delineated region (normalized by the initial concentration) is proportional to the 

probability.  By comparing the region probability at two different times (e.g., t = 100 s 

and t = 800 s), we can estimate how the concentration at a later time (t = 800 s) will 

compare to the concentration at an earlier time (100 s).  Based on Einstein’s diffusion 

equation, the expression for probability within the delineated region at a given time (t) 

and for a given diffusion coefficient (D) is:31 

𝑃 =  
2

√4𝜋𝐷𝑡
𝑒−𝑥𝑏

2/4𝜋𝐷𝑡 

 

 

(5.28) 

For an infinitesimally small delineated region, Xb goes to zero, and the probability at 

the origin (X = 0, at the reflective wall) becomes: 

𝑃 = 
2

√4𝜋𝐷𝑡
 

 

(5.29) 

The ratio of concentrations at the origin at two different times (Ct1 & Ct2) is therefore: 

𝐶𝑡2
𝐶𝑡1

=
𝑃𝑡2
𝑃𝑡1

= 
2 √4𝜋𝐷𝑡2⁄

2 √4𝜋𝐷𝑡1⁄
=
√𝑡1

√𝑡2
 

(5.30) 

 

Using t = 100 and 800 s: 

𝐶𝑡=800
𝐶𝑡=100

= 0.354 
 

(5.31) 

Therefore an 8-fold increase in diffusion time should yield a reduced final 

concentration that is 0.354 times that of the reference case.  This analytical prediction 

agrees well with the no-GFIA simulation results shown in Fig. 5.19a (0.350 for 

varying volume; 0.414 for varying velocity). 
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When velocity is varied with the presence of GFIA (but at constant GFIA δ), the slope 

of the curve is even less, meaning there is even less change in final concentrations 

when changing velocity.  Although GFIA decreases total concentration, its presence 

means that there is now another significant source of mass transfer in addition to 

varying velocity, thus velocity variations become less important to overall final 

concentrations.  Therefore the final concentrations will be affected to a lesser extent 

by velocity changes when GFIA of a fixed relative strength is present, yielding a 

shallower slope.  However, we predict that the relative strength of GFIA actually 

varies with velocity (as explained with respect to Fig. 5.18), so the particular curves 

for varying velocity with constant GFIA strength in Fig. 5.19a are not likely to reflect 

actual behaviors. 

With respect to changes in plug volume, note that when the effects of GFIA are 

included, an 8-fold increase in plug volume (via plug length) yields greater than two-

orders-of-magnitude decrease in final concentration.  Thus, we see in Figs. 5.18 and 

5.19 that with the help of GFIA, an order of magnitude change in velocity or plug 

volume both can yield over two orders of magnitude change in final concentration.  

Note that these significant changes in concentration, while both quite large (whether 

varying velocity or plug volume), are due to different reasons.  In the case of varying 

plug velocity, the large variation in final concentration is due to a variation in strength 

of GFIA as velocity changes.  In the case of varying plug volume, the large variation 

in final concentration is due to changing the effective amount of perimeter scooping 

that occurs.  As plug volume and plug length increase, the volume of fluid that will 

pass through the trap due to GFIA will increase, causing greater mass transfer.  Thus, 

we see that GFIA greatly enhances mass transfer and the effect of varying plug 

velocity and volume.  
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5.6 CONCLUSIONS 

 

Because of the increasing use of microfluidic static droplet arrays (SDAs) in 

producing arrays of trapped droplets with gradients in concentration, there is a need 

for a deeper understanding of the physical phenomena that dictate mass transfer in 

such networks.  We therefore developed a simple phenomenological model for the 

dilution of SDAs with moving plugs.  Our model has enabled us to identify the key 

phenomena that dictate mass transfer in these systems, and it can potentially help us 

design better devices and to predictably control the dilution of droplet arrays. 

Our basic phenomenological model considers only advection within the moving plug 

and diffusion throughout the plug and any coalesced droplets.  Simulations based on 

this simple model yielded the same qualitative trends seen in experiments of long 

moving plugs diluting SDAs: increasing plug length and decreasing plug velocity both 

decrease final concentrations.  Furthermore, even with such simple elements, 

simulations based on our basic model were able verify that the stair-case segmentation 

of the SDA concentration profiles observed in experiments is due to: 1) periodic 

alternation of the side of coalescence between the moving plug and the static droplets, 

and 2) additional channel length between rows of static droplets. 

While coalescence-induced advection (CIA) does slightly decrease final 

concentrations, its effect is minimal compared to gutter-flow-induced advection 

(GFIA).  Approximating GFIA simply by redirecting a fraction of the plug’s advective 

flow through the trap along its perimeter, we were able to demonstrate the significant 

impact that gutter flows can have on dilution rate and final trap concentrations.  After 

conducting simulations based on a more advanced version of our phenomenological 

model that includes GFIA, we predict that the relative strength of GFIA (compared to 

the flow rate within the moving plug) depends nonlinearly on plug velocity.  At low 

velocities, GFIA is relatively strong; at higher velocities, GFIA is relatively weak. 
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The importance of GFIA on SDA dilution has significant implications.  For example, a 

larger concentration gradient across an SDA could be achieved by: 1) operating at low 

plug velocities; 2) altering network design to maximize the influence of gutter flows 

on static droplets—e.g., increase the ratio of surface area to volume for trapped 

droplets by using non-cylindrical chamber shapes; 3) maintaining as high an 

interfacial tension as possible (using as little surfactant as possible) to keep gutter size 

as large as possible. 
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CHAPTER 6 
THE ROLE OF GUTTER-FLOW-INDUCED 

ADVECTION ON THE DILUTION OF STATIC 

DROPLET ARRAYS WITH MOVING PLUGS 
 

6.1 INTRODUCTION 

 

In the previous chapter, we offered a phenomenological model for the dilution of 

microfluidic static droplet arrays (SDAs) with moving plugs.  This model includes 

advection and recirculation within the moving plug, diffusion throughout the plug and 

static droplets, coalescence-induced advection (CIA), and gutter-flow-induced 

advection (GFIA). Particle-based simulations following this model predict that GFIA 

can profoundly affect SDA dilution, and its impact varies nonlinearly with velocity 

and capillary number.  In prior experimental studies of SDA dilution, we already see 

suggestions that two-phase flows through similar geometries—flow across an open 

cavity—yield strikingly different and unexpected results compared to single-phase 

flows.  Therefore in this chapter, we will use particle image velocimetry (PIV) to 

experimentally quantify GFIA and discuss its role in the dilution of SDAs. 

Prior works with single-phase flow past an open cavity (see Fig. 6.1) would suggest 

closed streamlines in the trap region with a clockwise circulation for our geometry, but 

in two-phase laminar flow experiments, we see counterclockwise circulation (see Fig. 

5.8).  For example, Fig. 6.1a shows streamlines for a 2-D simulation of laminar flow 

over an open cavity,2 and Fig. 6.1b shows streamlines from experimental PIV 

measurements of air flow over an open truck bed.4  In both cases, vortices with closed 

streamlines are observed in the enclosed regions, and shear stresses at the open end of 

the cavities induce a clockwise circulation.  As explained in the previous chapter, we 
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hypothesize that gutter flows are the reason for the difference in circulation patterns 

between single-phase and two-phase flows in the trap region. 

 

 

There are several predictions from our simulations in the previous chapter that we 

would like to be able to test experimentally.  For example, our simulations predict that 

when GFIA is sufficiently strong, trap circulation should be opposite that in the single-

phase case, and some pass-through streamlines will also be generated.  Our 

simulations also predict a nonlinear relationship between the relative strength of GFIA 

and plug velocity.  These results present an intriguing question: why does relative 

GFIA strength vary with velocity? 

Using particle image velocimetry (PIV), we will be able to test these predictions and 

potentially uncover new questions, the answers to which might further improve our 

understanding of fluid flow and mass transfer during confinement-guided coalescence 

between microfluidic droplets.  In this chapter, we will present experimental evidence 

using PIV confirming the presence of GFIA and the nonlinear dependence of GFIA on 

velocity and capillary number.  First, we will discuss the implementation and 

verification of our PIV measurement method (Section 6.2.3).  Next, we will show that 

our experimental velocity measurements confirm significant differences between 

single-phase and two-phase flows with respect to streamlines within the trap region 

(Section 6.3.1).  These differences highlight the ability of gutter flows to induce pass-

through streamlines—and therefore advection into and out of the trap—where there 

a) b)  
Fig. 6.1.  a) Reprinted from Chang et al., JFM 20062 – 2-D simulation streamlines for laminar flow 
over an open cavity; b) reprinted from Jindal, SAE 20054 – streamlines from experimental PIV 

measurements of air flow over an open truck bed. 
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would otherwise be only closed streamlines, which would leave diffusion as the only 

source of mass transfer between the trap and moving plug.  By comparing the ratio of 

mean trap velocities to mean plug velocities, we will show that the relative strength of 

GFIA is very strong at low velocities and decreases nonlinearly with increasing 

velocity and capillary number until a critical point where GFIA becomes negligible 

(Section 6.3.3).  Furthermore, our experimentally obtained relationship between GFIA 

and velocity agrees nicely with the simulation predictions from the previous chapter 

(Fig. 5.18 and Section 6.3.5).  We will also show that GFIA varies nonlinearly with 

velocity because the size of the trap-region gutters is inversely proportional to the sum 

of two pressure-drop contributions, one of which depends on velocity (Section 6.3.6).  

Finally, we will also show that the relationship between GFIA and velocity we 

obtained nicely explains why prior SDA dilution results begin to diverge substantially 

from a diffusion-only theoretical model below a critical velocity (Section 6.3.7). 

 

6.2 MATERIALS AND METHODS 

 

6.2.1 Materials 

 

In all of our PIV experiments, the particle-laden phase was an aqueous solution 

containing 1-µm polystyrene beads.  The stock bead solution was: F-13081 

FluoSpheres® carboxylated polystyrene microspheres, 1.062-µm diameter, yellow-

green fluorescent (505/515 nm), 1.0 x 1010 beads / mL, from Life Technologies.  The 

beads in the stock solution were suspended in distilled water with 0.02% thimerosal.  

To prevent settling of the beads—since the density of polystyrene is 1.055 g/mL—we 

diluted the beads in 50/50 mixtures of distilled water (1.0 g/mL) and deuterium oxide 

(D2O, 1.107 g/mL, Sigma-Aldrich).  In our experiments, we used 100x dilutions, 

yielding bead concentrations of approximately 6.3 x 10-3 % v/v.  For two-phase flow 

experiments, mineral oil (light, Sigma-Aldrich) was used as the outer phase.  To 
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deliver particle-laden plugs of a desired volume within an outer phase of oil, 

alternating plugs of oil and particle-laden solution (~1-uL aqueous, ~2-uL oil) were 

first aspirated1 into small tubing (Tygon Microbore® tubing, 500-µm inner diameter), 

then the tubing was connected to the inlet of the microfluidic device. 

 

6.2.2 Device Geometry 

 

Fig. 6.2 is a 3-D schematic of the single-trap device used for PIV analysis of a moving 

aqueous plug coalesced with a trapped droplet, both sheathed in a continuous oil 

phase.  The inlet, outlet, and bypass channels have square-shaped cross-sections that 

are 200 µm wide x 200 µm tall (constant height throughout the device).  The circular 

trap has a 450-µm diameter with a 200-µm wide entrance and a 40-µm wide exit 

constriction.  The length of the constriction is 100 µm. 

 

While the single-trap design is similar to each repeating unit (or ‘trapping loop’) of the 

SDA used by Sun et al.,1 there are several significant differences.  In the single-trap 

design, we purposely maintained separate bypass and outlet exits—rather than 

rejoined them into a single exit as done in the SDA devices—because we wanted to be 

 
Fig. 6.2.  Schematic (3-D) of the single-trap microfluidic device used in PIV experiments.  Incoming 
flow in the inlet bifurcates at a junction between a cylindrical trap and a bypass channel.  The trap 
has a narrow exit constriction for allowing the continuous phase to exit while preventing the trapped 

droplet from exiting under low driving pressures. 
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able to selectively stop flow through the trap outlet without disturbing the bypass flow.  

This enabled us to compare trap circulation patterns between single-phase and two-

phase flows where the aqueous phase in the trap is coalesced with a moving plug but 

cannot exit the constriction.  By placing a blocking pin in the trap outlet port when 

performing single-phase flow experiments, we were able to mimic the situation in 

two-phase flow where the water/oil interface prevents the aqueous phase from entering 

the constriction. 

Another difference between the single-trap design in Fig. 6.2 and the trapping loop of 

Sun et al. is the ratio of resistances between the bypass path and the trap-exit path (i.e., 

the trap-to-bypass resistance ratio, RT/RB).  In the devices used by Sun et al., RT/RB 

was in the range of 1.0-3.17, and RT/RB = 3.17 for their parametric study of dilution.1  

In our single-trap design, RT/RB = 1.0.  Variations in resistance ratio could alter the 

distribution of flow rate and also alter the magnitude of the pressure drop across the 

trapped droplet for a given imposed flow rate.  Note that the pressure drop should be 

identical across both the bypass and the trap-exit paths no matter which design 

(separate or combined exits) is used.  Changes in flow rate through the trap, however, 

would alter the Capillary number (Ca = µU/γ, where µ is the viscosity of the outer 

phase, U is the fluid velocity, and γ is the interfacial tension), which could also affect 

droplet deformation and likelihood of squeeze-through. 

Yet another important difference between the two designs is bypass length, which also 

means the bypass resistance will be different.  The trapping loops of Sun et al. had 

bypasses that were roughly 2.0 mm long.1  However, the single-trap design in Fig. 6.2 

has a branch length of 10 mm.  This means that the total resistance of the bypass 

channel in the single-trap design is 5x that in the trapping loops of Sun et al.  As will 

be discussed in the Results & Discussion section, the magnitude of this resistance is in 

fact important and affects gutter size in the trap for a given imposed flow rate. 
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6.2.3 Particle Image Velocimetry 

 

Basic Principles 

In particle image velocimetry (PIV), a velocity vector field is generated for pairs of 

sequential images from an image sequence.  For each pair of images, velocity vectors 

are generated by tracking the motion of local groups of particles from the first image 

to the second image.5,6  Image pairs are typically not staggered, meaning images 1 & 

2, 3 & 4, 5 & 6 are independently analyzed to create the first three vector fields rather 

than frames 1 & 2, 2 & 3, 3 & 4.  This is because in some cases, high-speed shutters 

(which are cheaper than high-speed cameras) are used to artificially increase the 

effective frame rate of a slower-speed camera by illuminating only the ending of one 

frame and the beginning of the next frame.5  In such cases, the artificially higher 

effective frame rate only applies to separate pairs, and image pairs cannot be 

staggered. 

Interrogation Windows 

Each image is divided into a grid of interrogation windows (or areas), and the 

displacement of each image of particles (or ‘particle image’) within each interrogation 

window is determined by searching either the same area or a slightly larger area in the 

next frame for that same particle image.  Because particles may move at different rates 

and/or move in and out of plane (and out of focus), the particle image is rarely 

unchanged from frame to frame.  Therefore the particle image displacement is 

determined by finding the most likely new location in the next frame using a 

correlation function—typically employing the Fast Fourier Transform (FFT) 

technique.6  It is generally advisable to limit frame-to-frame particle displacements to 

no more than 25% of the width of the interrogation window.6 

Interrogation windows are often partially overlapped—e.g., a 50% overlap—to 

increase the density of velocity vectors.  Furthermore, multiple passes with 

increasingly smaller interrogation windows can also be employed to increase the 
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density of velocity vectors when the frame-to-frame movement might otherwise be too 

large to track with a single pass of small interrogation windows.  For example, if the 

user desires a vector density of one vector every 20 pixels, but some particle image 

displacements are larger than the recommended limit of 25% or 5 pixels, it may be 

difficult to generate accurate vectors.  To compensate for these large displacements, a 

first pass using larger interrogation windows—e.g., 40 pixels—can be used to estimate 

displacements of smaller interrogation windows in a second pass.  In the second pass, 

the search areas for the smaller particle images are then shifted according to the 

displacement vectors from the first pass, greatly increasing the likelihood of 

calculating accurate velocities at the desired density of vectors.  Fig. 6.3 is a 

brightfield image of a single-trap device showing example first-pass (64 x 64 pixels) 

and second-pass (32 x 32 pixels) interrogation windows. 
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Particle Size and Concentration 

Because PIV works by tracking local images of particles which ideally should exactly 

follow fluid streamlines, particles should be as small as possible, neutrally buoyant, 

and in as small a concentration as possible to faithfully represent the underlying fluid 

motion.  However, particles should also be of sufficient size and concentration to yield 

a uniquely identifiable image in each interrogation window.  The generally accepted 

advice is that there should be on the order of 10 particles per interrogation window, 

and each particle should be at least one pixel in diameter, if not larger.6-8  In our 

experiments, aqueous phases were laden with 6.3 x 10-3 % v/v 1-um carboxylated 

polystyrene beads (Life Technologies).  The polystyrene beads (specific gravity S.G. = 

 
Fig. 6.3.  Example experimental bright-field image at 20x magnification used for PIV measurements 
of a moving aqueous plug coalesced with an aqueous parked droplet.  Aqueous phases were laden 
with 6.3 x 10-3 % v/v 1-um polystyrene beads (carboxylated, Life Technologies).  Blue and red 
dashed outlines indicate the sizes of the first- and second-pass interrogation areas for PIV: 64 x 64 
and 32 x 32 pixels.  Channel width: 200 um; trap diameter: 450 um. 
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1.055) were made neutrally buoyant by dispersing them in a 50/50 mixture of 

deionized water and deuterium oxide (D2O, Sigma-Aldrich).  

Frame Rate 

As frame-to-frame displacements should ideally be limited to no more than 25% of the 

interrogation window width, frame rates should be chosen—based on anticipated 

particle velocities and desired optical magnification—such that the < 25% 

displacement guideline is obeyed.  For example, 25% of our 32-pixel-wide 

interrogation window would be 8 pixels, therefore we should ensure that no particles 

move further than 8 pixels from frame to frame.  Based on our calculations and 

confirmed by our experiments, we found a good rule of thumb that satisfies this 

requirement for our specific 200 x 200 um channel device and imaged at 20x 

magnification (1.1 pixels/um) is as follows: frame rate in frames per second (fps) 

should be twice the volumetric flow rate (Q, in uL/h), or fps = 2 x Q.  For example, a 

100 uL/h flow rate should be recorded at 200 fps. 

Verifying Our PIV Measurements 

In our PIV experiments, we study flow through a single unit of an SDA, but instead of 

rejoining the bypass and trap exit at a common exit channel, we keep them separated 

for better control over flow through the trap-exit constriction (see Fig. 6.2).  We use an 

existing PIV toolbox9 for MATLAB written by W. Thielicke and E. J. Stamhuis to 

perform our PIV measurements on pairs of images.  We first test the validity of our 

PIV measurements by comparing our experimental results for single-phase flow 

through a straight square cross-sectioned channel with analytical solutions using 

expressions for volumetric flow rate and velocity in rectangular cross-sectioned 

channels (Eqns 6.1 and 6.2):10 

𝑄 =
ℎ3𝑤∆𝑝

12휂𝐿
[1 − ∑
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𝑛5
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(6.2) 

 

Using these expressions for volumetric flow rate (Q) and velocity (Vx) (eqns. 3.56 and 

3.57d from Bruus, Henrik, Theoretical Microfluidics, Oxford University Press, 

2008),10 we can relate maximum velocity (Vmax) to volumetric flow rate (Q).  We can 

then use this relationship to compare experimental PIV measurements taken at the 

mid-plane (50% channel height) with theoretical predictions. 

To find the relationship between flow rate and maximum velocity, we start with the 

relationship between flow rate and mean velocity (<V>) for a given geometry (channel 

width W and height H): 

𝑄 = 𝑊𝐻 < 𝑉 > (6.3) 

Maximum velocity is proportional to the mean velocity and is governed by a 

multiplying factor α that depends on geometry: 

𝑉𝑚𝑎𝑥 = 𝛼 < 𝑉 > (6.4) 

In circular conduits, for example, α = 2.0; for thin-slit flow between two parallel 

plates, α = 1.5.11  Using the expressions for flow rate and velocity by Bruus and the 

above relationships between flow rate, mean velocity, and maximum velocity, we 

numerically solved for and plotted the values for α versus aspect ratio (W/H) in Fig. 

6.4.  As can be seen, α = 2.1 for a square cross-sectioned channel.  As expected, α = 

1.5 for flow through a narrow slit (infinite aspect ratio).  Thus, for our square cross-

sectioned channels, Vmax = 2.1 <V>, and: 

𝑉𝑚𝑎𝑥 = 2.1
𝑄

𝑊𝐻
 

(6.5) 
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Furthermore, from the Hagen-Poiseuille equation, one can derive an expression for the 

velocity profile in terms of maximum velocity and position (Eqn. 6.6): 

𝑉𝑥(𝑦) = 𝑉𝑚𝑎𝑥 [1 − (
𝑦 −𝑊/2

𝑊 2⁄
)
2

] 
(6.6) 

Substituting the relationship between Vmax and Q, we can get the theoretical velocity 

profile in terms of position (y), Q, W, and H (Eqn. 6.7): 

𝑉𝑥(𝑦) = 2.1
𝑄

𝑊𝐻
[1 − (

𝑦 −𝑊/2

𝑊 2⁄
)
2

] 
(6.7) 

In Fig. 6.5a, we compared our time-averaged PIV velocity profile results for a 

volumetric flow rate of 100 uL/h and imaged at the mid-plane with the theoretical 

velocity profile based on the imposed Q.  We also overlaid a theoretical velocity 

profile based on the measured maximum velocity to see how the shape of the actual 

velocity profile compared to the theoretical shape.  The estimated flow rate (92.8 

uL/h) based on the observed maximum velocity was 7.2% less than the imposed 100 

uL/h.  Fig. 6.5b is a plot of estimated Q versus imposed Q for a range of flow rates 

 
Fig. 6.4.  Numerically derived plot of max-to-mean velocity ratio (alpha) v. channel aspect ratio 
(width/height, W/H) for single-phase flow through a rectangular cross-sectioned channel based on 
expressions for flow rate and velocity in Bruus 2008. 
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(50-300 uL/h) and shows fairly good agreement between PIV-obtained estimates and 

actual flow rates. 

 

Note that the high standard deviations in velocity measurements frame to frame (e.g., 

+/- 25% in Fig. 6.5a) are likely due to pump fluctuations, as can be seen in Fig. 6.6.  In 

the plot of mean velocity versus frame pair number of Fig. 6.6, one can see that there 

is quite a large fluctuation in velocities over time.  Note, also, that the fluctuations 

appear to be cyclical, and an FFT analysis for the underlying frequency of fluctuation 

would likely correspond to some mechanical aspect of the syringe pump (such as the 

pulsing rate of the stepper motor) or the stick-slip rate of the syringe plunger.  Using a 

minimum of 200 frame pairs (400 frames) helps ensure that the time-averaged value 

will reflect the true steady-state mean value.  For example, Fig. 6.6b shows mean 

velocity versus the size of the time-averaged sample (i.e., the total number of frame 

pairs used in the time average).  The greater the number of frame pairs in the sample, 

the closer the sample average will be to the actual average velocity.  Based on these 

results, we used a minimum of 200 frame pairs for every PIV measurement to ensure 

an accurate result. 

a) b)  
Fig. 6.5.  a) Example comparison of experimental and theoretical velocity profiles for the mid-plane; 
b) comparison of imposed volumetric flow rates with estimated flow rates based on PIV 

measurements. 
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Taking Area-Averaged, Time-Averaged PIV Measurements 

Area-averaged velocity magnitudes in the main channel (for a moving plug or for 

single-phase flow) and in the trap area can be measured using the PIVlab toolbox as 

shown below in Fig. 6.7a (mean plug velocity) and Fig. 6.7b (mean trap velocity).  

The PIVlab toolbox also allows area-averaged vorticities to be calculated in the same 

way.  We used a custom MATLAB script to calculate time-averaged values for the 

area-averaged velocities measured for each frame pair in the PIVlab toolbox.  As will 

be discussed in more detail in the Results & Discussion section, a comparison of the 

mean plug velocities and mean trap velocities can be used to quantify the relative 

strength of GFIA in the trap. 

 
Fig. 6.6.  a) Mean plug velocity versus frame pair; b) mean plug velocity versus size of time-
averaged sample. 
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a)  

b)  
Fig. 6.7.  Snapshots of PIVlab toolbox being used to measure area-averaged velocity magnitudes: 
a) mean plug velocity; b) mean trap velocity. 
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6.3 RESULTS AND DISCUSSION 

 

A comparison of PIV results for single-phase and two-phase flow through the same 

SDA device confirms that gutter flows can, in some cases, significantly alter fluid 

flow patterns in the trap region.  Closer inspection of the flow patterns in the two-

phase case—using streamline plots and velocity magnitude color maps—reveals 

competing phenomena: 1) shear stresses at the trap entrance promoting clockwise trap 

circulation versus 2) GFIA due to counterclockwise shear stresses along the perimeter 

of the trapped droplet.  After discussing some of the key features from PIV results that 

indicate the presence of GFIA, we will investigate the relationship between the 

relative strength of GFIA and plug velocity (or Ca).  Our PIV measurements 

corroborate what was predicted in our simulations (as discussed in the previous 

chapter)—that a nonlinear relationship between GFIA and plug velocity is necessary 

to explain experimentally observed results regarding dilution and concentration 

gradients.  Furthermore, we find that GFIA becomes extremely important at very low 

velocities and Ca.  In such cases, GFIA is therefore the most important contributor for 

the increased amount of dilution and greater concentration gradient generated across 

an SDA. 

 

6.3.1 Significant Differences in Flow Patterns between Single-Phase and 
Two-Phase Systems Reveal the Importance of GFIA 

 

To see if two-phase flow exhibits any difference in fluid motion through an SDA 

compared to single-phase flow, we seeded our aqueous phases (50/50 mixtures of 

H2O and D2O) with 1-um polystyrene beads (6.3 x 10-3 % v/v) as described in Section 

6.2 and used PIV analysis to visualize the vector fields and streamlines in both cases.  

In the single-phase flow case (see Fig. 6.8a), once a particle-laden aqueous phase had 
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filled the main channel and the trap region, the trap exit path was plugged by placing a 

blocking pin at the exit port.  This prevented flow out the trap exit constriction, thus 

mimicking an enclosed trap region with only one open side—the trap entrance.  After 

the trap exit was plugged, we sent a constant volumetric flow rate of the particle-laden 

aqueous phase through the system and then used image sequences from our high-

speed camera (Phantom V310, Vision Research) for PIV analysis. 

As can be seen in Fig. 6.8a, the laminar viscous flow in the main channel moving past 

the trap opening exerts a shear stress (in the vertical direction on the page) on the fluid 

in the trap.  This shear stress induces a clockwise circulation of the fluid in the circular 

trap region.  The flow pattern is similar to that shown in Fig. 6.1 regarding laminar 

flow past an open rectangular cavity except for the absence of secondary vortices in 

corners, as there are no sharp corners in our traps.  It is important to note the closed 

streamlines in the trap region in Fig. 6.8a, as they indicate that while fluid recirculates 

within the trap, there is no significant advective exchange between main channel flow 

and fluid in the interior of the trap.  The only means for mass transfer to and from the 

interior of the trap region is diffusion across streamlines. 

 

 
Fig. 6.8.  Streamlines from experimentally obtained PIV measurements for single-phase and two-
phase flows through a single-trap device (20x magnification, 450-um diameter trap, 200 x 200 um 
channels): a) single-phase flow with constriction closed to approximate a substantially enclosed 
chamber (except for the open entrance); weak clockwise circulation; volumetric flow rate: 250 uL/h; 
b) two-phase flow with a mineral oil outer phase driving an aqueous plug coalesced with a trapped 
aqueous droplet; constriction open; strong counterclockwise flow; volumetric flow rate: 15 uL/h. 
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In the two-phase flow case (see Fig. 6.8b), a particle-laden, long aqueous plug—

roughly 1 uL in volume or 25,000 um in length—was driven through the device within 

a continuous phase of mineral oil.  A portion of the aqueous plug filled the trap portion 

but was prevented from entering the constriction due to a Laplace pressure differential.  

The streamlines for the two-phase scenario show an extremely different flow behavior 

in the trap region.  First, the direction of circulation is counter-clockwise, which is 

opposite that of the single-phase case.  This agrees with the counter-clockwise 

progression of dye experimentally observed.  Second—and more importantly—

although some of the trap’s interior streamlines are closed, there are clearly some 

streamlines that originate from the main channel inlet, circulate around the perimeter 

of the trap, and then return to the main flow in the bypass channel.  Flow along these 

pass-through streamlines could greatly increase the rate of mass transfer into and out 

of the trap, as there is now advective transport in addition to diffusion. 

The counter-clockwise flow inside the aqueous droplet in the trap is due to the 

continuous (or outer) phase gutter flows along the corners of the square cross-

sectioned channels. Since interfacial tension between the immiscible oil outer phase 

and the inner aqueous phase prevent the inner aqueous phase from completely 

infiltrating the channel corners, the outer oil phase can still pass relatively freely 

through the gutters.  When observed from above—e.g., the experimental images of 

Fig. 6.8—the gutter flows follow the outer perimeter of the channel walls.  Thus, 

mineral oil moving in the lower gutter (relative to the page) alongside the aqueous 

plug (left to right) in the main channel inlet has no choice but to follow its path along 

the bottom edge of the channel, which enters the trap, circulates counter-clockwise 

around the trap perimeter, and then is redirected upward along the right side of the 

bypass channel.  When the trap-exit path is open (i.e., the channel exit port is not 

blocked), some of the mineral oil from the gutter flows exits the trap constriction, 

while the rest continues around the trap perimeter.  These gutter flows exert a shear 

stress on the trapped aqueous droplet, which induces advection within the trap—

gutter-flow-induced advection (GFIA). 
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6.3.2 Competition between Trap-Entrance Shear Stresses and GFIA 
Dictate Direction of Fluid Circulation 

 

Comparing the streamline plots of the single-phase (Fig. 6.8a) and two-phase case 

(Fig. 6.8b), one can see that in the absence of gutter flows (single-phase, Fig. 6.8a), 

shear stresses at the trap entrance induce a clockwise rotation within the trap.  When 

gutter flows are present (two-phase, Fig. 6.8b), those trap-entrance shear stresses are 

still present, but the counter-clockwise gutter flows exert shear stresses that compete 

with those clockwise-rotation-inducing trap-entrance shear stresses.  Under the right 

conditions, the gutter-flow-induced shear stresses overcome the trap-entrance shear 

stresses, and trap circulation will be counterclockwise as shown in Fig. 6.8b.   

Fig. 6.9a is a streamline plot for a similar two-phase flow experiment as shown in Fig. 

6.8b except with a slightly higher volumetric flow rate of mineral oil, and therefore 

slightly faster plug velocity and Ca (μU /γ, where μ is the outer-phase viscosity, U is 

the outer phase fluid velocity, and γ is the interfacial tension).  Fig. 6.9b is a velocity 

magnitude color map of the trap region for the same experiment shown in Fig. 6.9a.  

Note how in Fig. 6.9b, there are two major stagnation points (blue) within the interior 

of the trap region: 1) at the center of the trap vortex, and 2) the meeting point between 

the streamlines of the partially intruding main channel flow and the streamlines of the 

trap vortex.  The second stagnation point is where the flows induced by the two 

competing shear stresses—trap-entrance and gutter flow shear stresses—collide.  The 

main channel flow past the trap entrance exert shear stresses in the upward direction, 

while the gutter flows induce counter-clockwise stresses around the perimeter of the 

trapped droplet that would tend to circulate fluid near the trap entrance in a downward 

direction.  Thus, the opposing forces create the stagnation point seen slightly inside the 

trap entrance. 
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In the velocity map of Fig. 6.9b, note how the fastest velocities are near the perimeter 

of the trap.  This provides further evidence that the counter-clockwise fluid 

circulation—the GFIA—within the trap is due to the gutter flows along the perimeter 

of the trap.  In the next section, we will begin to explore the conditions affecting the 

strength of GFIA.  

 

6.3.3 The Nonlinear Relationship between Relative Strength of GFIA and 
Plug Velocity 

 

Now that we better understand the evidence of GFIA, let us study the relationship 

between GFIA and plug velocity.  To do so, we will analyze the changes in flow 

patterns and velocity ratio (trap-to-plug, or Ut/Up) as plug velocity (Up) is varied.  Fig. 

6.10 is a series of streamline plots for a long aqueous plug coalesced with a trapped 

aqueous droplet in mineral oil and traveling at various volumetric rates through a 

single-trap device.  As plug velocity increases, streamlines shift, flow patterns change 

from circulating around one vortex to another, and the direction of circulation reverses 

from counter-clockwise to clockwise.  At the lowest plug velocity, there is a very 

 
Fig. 6.9.  Streamline plot (a) and velocity magnitude map for the trap region (b) for the same two-
phase flow experiment with a mineral oil outer phase driving an aqueous plug coalesced with a 
trapped aqueous droplet; constriction open; volumetric flow rate: 15 uL/h.  There are two major 
stagnation points within the trap region: 1) at the center of the trap vortex, and 2) where the partially 
intruding main channel flow and the trap vortex meet. 
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strong counter-clockwise vortex near the middle of the trap, and its strength is 

evidenced by the high concentration of streamlines, which indicate a steep velocity 

gradient across streamlines.  As velocity increases, that vortex shifts to the upper right 

portion of the trap and decreases in strength, as seen by the decreasing concentration 

of streamlines around the vortex.  At 60 uL/h in this particular device, the flow pattern 

transitions, and the counter-clockwise upper right vortex dies out as a new clockwise 

vortex in the lower left portion of the trap begins to appear.  At higher velocities, the 

counter-clockwise vortex has disappeared, and the relatively weaker clockwise vortex 

is all that remains. 

 

Note how the flow pattern in the two highest flow rates (100 and 200 uL/h) is similar 

to that of the single-phase case in Fig. 6.8a.  This signifies that at higher flow rates, the 

gutter flows have weakened and are nearly non-existent, meaning no more GFIA is 

present.  The trap-entrance shear stresses therefore dominate over what little shear 

stresses are felt at the trap perimeter, allowing a clockwise circulation within the trap.  

The gradual transition in streamlines and flow pattern indicates an important 

relationship between GFIA and plug velocity (and Ca): as velocity increases, GFIA 

weakens; as velocity decreases, GFIA increases. 

 
Fig. 6.10.  Streamline plots at various volumetric flow rates and corresponding mean plug velocities 
for a moving plug coalesced with a trapped droplet.  Circulation direction shifts from 
counterclockwise to clockwise as flow rate increases. 
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To quantify the strength of GFIA, we compare the relative magnitudes of mean trap 

velocities and mean plug velocities using a trap-to-plug velocity ratio, or VR = Ut/Up 

for the regimes where GFIA dominates and induces a counter-clockwise circulation.  

The greater the velocity ratio, the greater the strength of GFIA relative to the 

advection within the moving plug, and the faster the rate of mass transfer between the 

moving plug and the trap.  For the range of flow rate conditions shown in Fig. 6.10, 

we used our PIV results to calculate the time-averaged, area-averaged trap velocities 

and plug velocities in the areas designated in Fig. 6.7.  In Fig. 6.11a, we show the 

resulting velocity ratios versus plug velocity (on the lower horizontal axis) and Ca (on 

the upper horizontal axis).  The solid blue circles in Fig. 6.11a represent measurements 

from a first set of experiments using brightfield images taken at the mid-plane (50% of 

the channel height; 20x magnification) as shown in Fig. 6.10.  The open circles and 

triangles represent data points from a second set of experiments in which images were 

taken at 50% and 25% of the channel height, respectively. 

 

 
Fig. 6.11.  Velocity ratios versus velocity and Ca: a) trap-to-plug velocity ratio versus velocity and 
Ca for two-phase flow with an outer phase of mineral oil driving an aqueous plug coalesced with a 
trapped aqueous droplet; b) trap-to-main channel velocity ratio versus main-channel velocities for 
single-phase flow.  Note how in the 2-phase exp, values approach roughly similar values as the 
single-phase.  Higher standard deviations for lower velocities are likely due to problems with 
achieving consistent flow rates from syringe pumps at very low flow rates.  Literature values3 for 
mineral oil viscosity and oil/water interfacial tension: µoil = 0.030 Pa.s, γ = 0.050 N/m. 
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Note how in Fig. 6.11a, there is a clear dependence of GFIA strength (indicated by 

VR, Ut/Up) on plug velocity and Ca.  As velocity increases, the velocity ratio and 

strength of GFIA decrease until a critical velocity and critical Ca (Ca*), after which 

point velocity ratio remains relatively constant.  This general trend of velocity ratio 

decreasing with increasing velocity and Ca (at low velocities and Ca) is the same 

regardless of which horizontal plane is imaged, so long as it is sufficiently far enough 

away from the top and bottom of the channel. 

Before the critical Ca (Ca*), which is about 3 x 10-4 in this case, fluid circulation is 

counter-clockwise in the trap (see also Fig. 6.10, 5-40 uL/h), but relative strength of 

circulation weakens as Ca approaches Ca*.  Near Ca*, the counter-clockwise GFIA 

circulation has nearly ceased, and clockwise circulation around another developing 

vortex begins to compete (see Fig. 6.10, 60 uL/h).  After the critical Ca (Ca*), GFIA 

has essentially vanished, and the velocity ratio values simply represent the relative 

strength of trap flows due to the trap-entrance shear stresses.  It is interesting to note 

that for velocities and Ca beyond the critical point where GFIA ceases, the velocity 

ratios appear to approach a constant value similar in magnitude to that observed for 

single-phase flows (where VR = Ut/Um, or trap-to-main-channel velocity ratio), as 

shown in Fig. 6.11b.  This is further evidence that gutter flows become negligible 

beyond the Ca*. 

Returning to the downward trend between velocity ratio and plug velocity below Ca*, 

a power-law fit with R2 = 0.945 (see Fig. 6.11a; VR = 0.723 x Up
-0.609) shows that 

velocity ratio (and therefore relative strength of GFIA) is proportional to plug velocity 

to the -0.609 power.   

As can be seen from Fig. 6.11, single-phase flow experiments show that the trap-to-

bypass velocity ratio remains constant, which means that the relative strength of the 

clockwise trap circulation relative to the main channel velocity is constant regardless 

of overall velocities.  Two-phase flow experiments, however, confirm that for 

conditions below a critical Ca (Ca*), GFIA is indeed present and is nonlinear with 
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respect to main channel velocities.  Beyond Ca*, fluid flow in the two-phase system 

mimics that of a single-phase system, and GFIA is negligible. 

 

6.3.4 Alternative Single-Run Flow-Acceleration Method Agrees with 
Nonlinear Relationship between GFIA and Velocity 

 

The velocity ratio data for Fig. 6.11 were collected by doing PIV analysis on multiple 

experimental runs in which long aqueous plugs in mineral oil were driven through a 

single-trap device.  In Fig. 6.12a, velocity ratio versus plug velocity was again studied, 

but the data were obtained in a different manner: by observing a long aqueous plug in 

mineral oil as it accelerates from a standstill to roughly 200 um/s.  Footage of the 

accelerating plug for PIV analysis was obtained by beginning recording as soon as the 

syringe pump was started with a setpoint of 100 uL/h.  A small air bubble was left in 

the syringe containing the driving mineral oil outer phase to increase the amount of 

time required to accelerate fluid to its steady state velocity.  Fig. 6.12b is a plot of plug 

velocity versus time showing that it took roughly two seconds to accelerate to 200 

um/s.  Each data point was obtained by calculating the trap-to-plug velocity ratio for 

each frame pair. 

 

 
Fig. 6.12.  Velocity ratio versus velocity (a) for an oil-driven aqueous plug coalesced with a trapped 
aqueous droplet where the plug velocity was accelerated from a standstill over approximately two 
seconds as shown in (b). Volumetric flow rate induced: 100 uL/h; video frame rate: 100 fps. 
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Although the method of obtaining trap-to-plug velocity ratio was changed, the velocity 

ratio still showed a good power-law dependence on plug velocity: VR = 2.7131 x Up
-

0.748; R^2 = 0.978.  This confirms the nonlinear relationship between GFIA and 

velocity observed using multiple, separate experiments in Fig. 6.11a.  The exponent is, 

however, slightly different than that found when using separate experiments for each 

velocity: -0.748 versus -0.609.  It is possible that accelerating the plug flow too 

quickly may artificially decrease the trap-to-plug velocity ratio, as the trap velocities 

may be constantly lagging behind the plug velocities due to the finite amount of time it 

takes for momentum to diffuse across streamlines (ρL2/μ, where ρ is density, L is the 

distance across which momentum is diffusing, and μ is the fluid viscosity).12  

Therefore the magnitude of the exponent on plug velocity may be artificially higher 

than it should be.  At any rate, the plug-accelerating experimental method confirms 

that the relative strength of GFIA is nonlinearly related to the plug velocity, and it 

increases as plug velocity decreases. 

 

6.3.5 Experimentally Obtained Nonlinear Dependence of GFIA on 
Velocity Matches Simulation Results 

 

The nonlinear relationship between GFIA and plug velocity seen in Fig. 6.11a agrees 

nicely with the predictions obtained from simulations as discussed in the previous 

chapter and shown here in Fig. 6.13.  In the particle-based simulations discussed in the 

previous chapter, GFIA was approximated by redirecting a user-defined near-wall 

layer of fluid of thickness δ from the plug into and through the trap along its perimeter 

and then returned to the plug.  Varying the near-wall layer thickness δ (or ‘GFIA δ’) is 

therefore one way to control the relative strength of GFIA in simulations.  To match 

the minimum (and final) first-trap concentrations, Cmin, (which have been normalized 

by initial concentration) seen in dilution experiments1 for a given plug velocity (see 

Fig. 6.13), particle-based simulations required the GFIA δ to vary nonlinearly with 

respect to plug velocity: GFIA δ  = Up
-0.65.  Similarly, we found experimentally that 
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GFIA—as indicated by trap-to-plug velocity ratio—scales with Up
-0.609 in the power-

law regime below Ca* (Fig. 6.11a). 

 

Thus, after our simulations predicted a nonlinear relationship between relative GFIA 

strength and plug velocity, our PIV experiments and results confirmed that GFIA does 

indeed depend nonlinearly on plug velocity.  As plug velocity decreases, GFIA 

advection increases, and the rate of mass transfer between trap and moving plug also 

increases, leading to greater dilution of the trap (if the trapped droplet was initially of 

higher concentration than the moving plug).  Based on this relationship between 

GFIA, dilution rate, and plug velocity, one can purposely make orders-of-magnitude 

changes in final dilution of a trapped droplet simply by controlling the plug velocity. 

 
Fig. 6.13.  Comparison of experimental and simulation results showing how GFIA alters the effect 
of velocity variations on dilution.  Final (and minimum) first-trap concentration normalized by initial 
concentration (Cmin) versus plug velocity (Up), comparing experimental results with three different 
sets of simulations with varying applications of GFIA. Experimental conditions: 200-um wide 
channel; 450-um diameter trap with black food dyed aqueous droplet; 2.2 uL pure water plug; flow 
rate Q = 0.2 – 2.0 uL/min (or 83-832 um/s). Simulation parameters: 200-um wide channel, 400 x 
400 um trap; 25-mm long water plug; plug velocity Up = 83-832 um/s; D = 500 um2/s.  Where GFIA 
δ was constant, δ = 20 um; where δ was varied nonlinearly, δ = 392.82 Up

-0.64651; δ in um, Up in 

um/s. 
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Note that the critical Ca and velocity (Ca*~3x10-3 and Up ~ 300 um/s) in Fig. 6.11a 

and the transitional state seen in Fig. 6.10 around 60 uL/h (416 um/s) are specific to 

the single-trap device used in our PIV experiments.  That same transitional point 

cannot be expected when looking at Fig. 6.13 because the simulations and 

experimental data were for a trapping loop with different properties—e.g, different 

trap-to-bypass resistance ratios and, perhaps most importantly, significantly different 

bypass lengths.  As will be explained in the next section, we predict that for a given 

imposed volumetric flow rate, the gutter size in the trap region depends in part on the 

resistance (and therefore the length) of the bypass.  Thus, the 5x-longer bypass lengths 

of the single-trap device used in our PIV experiments (compared to the shorter-bypass 

trapping loops used in Fig. 6.13) mean that the critical point (where gutter size and 

GFIA become negligible) will occur at substantially lower flow rates and velocities in 

our single-trap device than in the shorter-bypass trapping loops used in Fig. 6.13.  

Thus, while we see a transition around 300 um/s in Fig. 6.11, we should not expect to 

see a transition until at least above 1000 um/s in Fig. 6.13. 

 

6.3.6 Source of Nonlinear Relationship between GFIA and Plug Velocity 

 

We can offer an explanation for the specific power-law relationship between relative 

strength of GFIA and plug velocity obtained in both experiments and simulations.  We 

first consider how an imposed plug velocity (due to a constant volumetric flow rate) 

affects pressure drop across the trapped droplet interface, gutter size, and gutter 

velocity.  Then we consider how mean trap velocity depends on gutter size and gutter 

velocity to establish the link between relative strength of GFIA and plug velocity.  

This process can be summarized in three steps, which will be explored in more detail 

in the following subsections: 

1) Gutter Size – imposed plug velocity dictates pressure differential and gutter 

size; 
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2) Gutter Velocity – both pressure differential and gutter size dictate mean gutter 

velocity; and 

3) Trap Velocity – both gutter size and mean gutter velocity dictate mean trap 

velocity. 

We can therefore offer a first-order approximation of the relative strength of GFIA. 

Gutter Size 

This argument for estimating gutter size at negligible or very low Ca (Ca < 10-3) is 

based solely on a balance between: 1) a pressure differential in the bypass, ΔPbyp, part 

of which drives fluid flow downstream, and 2) a pressure differential in the lower path 

across the trap and trap exit, ΔPlower.
13 

Fig. 6.14a is a diagram of an aqueous plug in oil moving past a coalesced trapped 

aqueous droplet.  In Fig. 6.14b, a plot of pressure in the bypass versus position in the 

y-direction shows three contributions to the pressure drop across the bypass channel 

(ΔPbyp): a flow-inducing pressure drop across the aqueous phase (ΔPQ,w), a pressure 

drop across the plug end-cap—i.e., across the water-oil interface at the advancing end 

of the plug (ΔPcap), and a flow-inducing pressure drop across the oil phase (ΔPQ,o).  In 

Fig. 6.14c, a plot of pressure drop across the lower path (ΔPlower) shows that the entire 

pressure drop is nearly entirely due to a Laplace pressure differential (ΔPL,t) across the 

trap water-oil interface in the trap.  We can assume there is negligible pressure drop 

across the trap-exit channel due to relatively stagnant flow, as the only source of fluid 

flow is from the gutters around the trapped droplet.  The Laplace pressure differential 

can be calculated based on the region of greatest curvature, which is the oil-water 

interface in the gutter regions.  Because the bypass path and the lower trap-exiting 

path both share the same starting point near the trap entrance (with a common 

pressure, Pi, the pressure at the intersection), and both path exits are open to the 

atmosphere, the pressure differentials across both paths are equal. 
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For the Hagen-Poiseuille flow-inducing pressure terms contained within ΔPbyp, the 

driving pressure differential can be expressed in terms of volumetric flow rate (Q) and 

hydraulic conduit resistance (Rw for aqueous phase, Ro for the oil phase).  The 

hydraulic resistances of the aqueous and oil phase segments can be estimated using 

Bruus’s expression for flow through square ducts.10  Flow rate can itself be expressed 

in terms of mean velocity (Up) and cross-sectional area of the channel (A): 

∆𝑃𝑏𝑦𝑝 = ∆𝑃𝑄,𝑤 + ∆𝑃𝑄,𝑜 + ∆𝑃𝑐𝑎𝑝 (6.8) 

 

∆𝑃𝑏𝑦𝑝 = 𝑄𝑅𝑤 + 𝑄𝑅𝑜 + ∆𝑃𝑐𝑎𝑝 = 𝑄(𝑅𝑤 + 𝑅𝑜) + ∆𝑃𝑐𝑎𝑝 (6.9) 

 

∆𝑃𝑏𝑦𝑝 = 𝑈𝑝𝐴(𝑅𝑤 + 𝑅𝑜) + ∆𝑃𝑐𝑎𝑝 (6.10) 

 

In our experiments, we took measurements while the aqueous plug was still relatively 

short within the bypass channel.  Since the viscosity of mineral oil is 30-times that of 

water, and the aqueous plug length was also short relative to the total length (L) of the 

 
Fig. 6.14.  a) Diagram of an aqueous plug in oil moving past a coalesced, trapped, aqueous droplet, 
where pressure drop across the bypass and pressure drop across the lower path are shown; b) 
theoretical plot of pressure along the bypass channel; c) theoretical plot of pressure along the lower 

path through the trap and trap exit. 
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bypass channel (10 mm), the aqueous resistance term (Rw) can be ignored, simplifying 

the expression for bypass pressure drop to: 

∆𝑃𝑏𝑦𝑝 = 𝑈𝑝𝐴𝑅𝑜 + ∆𝑃𝑐𝑎𝑝 (6.11) 

 

The Laplace pressure differential across the spherical end-cap at the advancing end of 

the plug (ΔPcap) can be expressed in terms of interfacial intension (γ) and the radius of 

curvature, which is half the channel width (W):14 

∆𝑃𝑐𝑎𝑝 =
2𝛾

𝑊/2
=
4𝛾

𝑊
 

(6.12) 

 

The bypass pressure drop then becomes: 

∆𝑃𝑏𝑦𝑝 = 𝑈𝑝𝐴𝑅𝑜 +
4𝛾

𝑊
 

(6.13) 

 

The pressure drop for the lower path is calculated using the expression for Laplace 

pressure differential across the cylindrically-shaped interface of the trap-region gutters 

with a radius of curvature, r (see Fig. 6.15):14  

∆𝑃𝑙𝑜𝑤𝑒𝑟 = ∆𝑃𝐿,𝑡 =
𝛾

𝑟
 (6.14) 

 

Note that the maximum possible radius of curvature in the gutters (yielding the largest 

gutters) for any plug will be seen when the plug is at rest.  Its maximum value, rmax = 

W/4, can be obtained simply by equating the Laplace pressure differential across the 

spherical end-caps (ΔPcap) and the Laplace pressure differential across the cylindrically 

shaped interface in the gutter regions (ΔPgutter), as a plug at rest has a constant internal 

pressure throughout its volume: 
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∆𝑃𝑐𝑎𝑝 = ∆𝑃𝑔𝑢𝑡𝑡𝑒𝑟 (6.15) 

  

4𝛾

𝑊
=
𝛾

𝑟
 

(6.16) 

 

𝑟𝑚𝑎𝑥 = 𝑊/4 (6.17) 

 

Fig. 6.15a shows a schematic cross-section of an aqueous plug confined within a 

square channel of width W, where the gutters have the maximum theoretically 

possible radius of curvature (r) of r = W/4 within the gutter regions.  Fig. 6.15b 

illustrates how the flow of continuous-phase fluid through any two gutters can be 

roughly approximated as single-phase flow through a single square cross-sectioned 

duct of width, r, which will be discussed in more detail in the next subsection 

regarding gutter velocity. 

 

Equating the pressure differentials across the bypass path and trap-exit path, we can 

express gutter radius of curvature in terms of velocity and system constants: 

 
Fig. 6.15.  Schematic cross-section of an aqueous plug in mineral oil and confined within a square 
cross-sectioned channel of width W, where the gutter regions have a radius of curvature, r: a) 
maximum possible gutter size is when r = rmax.or W/4; b) flow through any two gutters can be 
approximated by single-phase (continuous phase) flow through a square duct of width, r. 
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∆𝑃𝑏𝑦𝑝 = ∆𝑃𝑙𝑜𝑤𝑒𝑟   →    𝑈𝑝𝐴𝑅𝑜 +
4𝛾

𝑊
=
𝛾

𝑟
 

(6.18) 

 

𝑟 =
𝛾

𝑈𝑝𝐴𝑅𝑜 + 4𝛾 𝑊⁄
 (6.19) 

 

This expression can be non-dimensionalized by normalizing gutter radius (r) by the 

maximum gutter radius (rmax), isolating Ca out of the terms in the denominator, and 

substituting Bruus’s expression10 for hydraulic resistance for square channels: 

𝑟∗ =
𝑟

𝑟𝑚𝑎𝑥
 =

𝛾

𝑈𝑝𝐴𝑅𝑜𝑟𝑚𝑎𝑥 +
4𝛾𝑟𝑚𝑎𝑥
𝑊

 (6.20) 

𝑟∗ =
𝛾

𝜇𝑈𝑝
𝛾
𝛾
𝜇 𝐴
(28.4𝜇𝐿/𝑊4)𝑟𝑚𝑎𝑥 + 4𝛾𝑟𝑚𝑎𝑥 𝑊⁄

 (6.21) 

 

𝑟∗ =
1

𝐶𝑎𝑊2(28.4𝐿/𝑊4)𝑟𝑚𝑎𝑥 + 4𝑟𝑚𝑎𝑥 𝑊⁄
 

(6.22) 

 

𝑟∗ =
1

(28.4𝐿𝑟𝑚𝑎𝑥/𝑊2)𝐶𝑎 + (4𝑟𝑚𝑎𝑥 𝑊⁄ )
 

(6.23) 

 

𝑟∗ =
1

𝛼𝐶𝑎 + 𝛽
 

(6.24) 
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Dimensionless constants α and ß are simply groupings of system-specific length 

scales, where α depends on bypass length (L), maximum gutter radius of curvature 

(rmax), and square-channel width (W): 

𝛼 = 28.4𝐿𝑟𝑚𝑎𝑥/𝑊
2 (6.25) 

 

and ß depends on maximum gutter radius of curvature and channel width: 

𝛽 = 4𝑟𝑚𝑎𝑥 𝑊⁄  (6.26) 

 

Another way to group the geometrical constants is to pull out the bypass channel 

aspect ratio (or normalized length, L* = L/W): 

𝑟∗ =
1

𝛼′𝐿∗𝐶𝑎 + 1
 

(6.27) 

 

where 𝛼′ = 7.1 in this case.  Then we see that for a given gutter size in the trap (a 

given value of r and r*), as the normalized bypass length (L*) increases, Ca must 

decrease to maintain that same size gutter.  This also means that if Ca were fixed, and 

channel length were increased (increasing L*), the resulting gutter size (r*) would 

decrease.  This explains why in our PIV experiments using bypass lengths of 10 mm, 

the critical velocity and Ca* where GFIA becomes negligible (as r*  0) occurs at 

roughly 300 um/s, but in the experiments of Sun et al. using much shorter bypass 

lengths of 2 mm,1 no transition has yet occurred at 300 um/s.  For the shorter-bypass 

devices used by Sun et al., L* is smaller, so the transition (where r*  0) should occur 

at higher Ca. 

In Fig. 6.16, we have plotted theoretical gutter radius of curvature versus mean 

velocity (on a log-log scale) in Fig. 6.16.  The inset plot shows normalized gutter 

radius of curvature r* (normalized by maximum radius of curvature, rmax) versus Ca, 
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which relationship is described in Eqn. 6.27.  Note how at extremely low velocities, 

when the aqueous plug is virtually stagnant, the gutter radius of curvature approaches 

its maximum value of rmax = 50 um for a 200 x 200 um channel cross-section.  At very 

high velocities, the flow-induced pressure term is much larger than the end-cap 

pressure term in the denominator of the expression for radius, in which case radius and 

velocity become inversely related.  Then the slope of the curve at high velocities 

approaches negative-one due to the negative-one exponent on velocity (see Fig. 6.16): 

𝑟 =
𝛾

𝑈𝑝𝐴𝑅𝑜
   →    𝑟 ∝ 𝑈𝑝

−1 (6.28) 
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However, when the flow-induced pressure and end-cap pressure terms of the 

denominator are of comparable magnitudes, the slope of the curve and the exponent 

on velocity both transition between zero and negative one.  It is at the beginning of 

this transition region where our experimental measurements happened to be obtained.  

The shaded region of Fig. 6.16 shows the span of velocities in experiments (70-700 

um/s, or 10-100 uL/h) in which we observed GFIA and what appeared to be a good 

power-law fit between the relative strength of gutter-flow-induced advection 

 
Fig. 6.16.  Theoretical log-log plot of gutter radius of curvature (r) versus plug velocity (U) with a 
power-law fit drawn for the range of velocities in the GFIA regime explored in experiments 
(designated by the shaded region). Squeeze-through predicted at intersection of solid theoretical 
curve and dashed black line, which indicates the minimum possible radius of curvature, r = 20 um, in 
the trap constriction. Dotted orange line indicates velocity at which squeeze-through was observed.  
Inset shows normalized gutter radius of curvature (r/rmax) versus Ca. Model parameters: 200 x 200 
um channel cross-section; 10-mm long bypass channel; mineral oil viscosity μoil = 0.030 Pa.s; water-
oil interfacial tension γ = 0.020 N/m; experimental velocity range used for power-law fit in GFIA 
regime: 70-700 um/s (or 10-100 uL/h). 
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(GFIA)—as indicated in our experiments by the ratio of trap-to-plug velocity 

(Ut/Up)—and plug velocity. 

Although we have not yet measured the interfacial tension between the particle-laden 

aqueous phase and mineral oil, it is likely that the 1-um polystyrene tracer beads and 

the stabilizing surfactant from the bead solution decreased the interfacial tension.  

Assuming a reduced interfacial tension of 20 mN/m and using the physical parameters 

from our experiments, our theoretical model in Fig. 6.16 predicts that gutter size does 

indeed begin to decrease as velocity increases within the experimentally observed 

GFIA velocity regime.  Although the reduction in gutter size is relatively small 

(decreasing from 50 µm to about 35 µm until GFIA becomes negligible), we will 

show in the next two subsections that small changes in gutter size yield larger changes 

in mean gutter velocity and mean trap velocity. 

Note also that our pressure-based model for gutter size in Fig. 6.16 nicely predicts the 

plug velocity at which the trapped droplet squeezes through the constriction.  Since the 

trap-exit constriction in our device had a width of 40 µm, minimum possible radius of 

curvature for the trapped droplet’s interface is 20 um (rmin = 20 µm).  If the pressure 

differential is large enough to induce a tighter curvature than rmin, the droplet will 

squeeze through.  In Fig. 6.16, squeeze-through is therefore predicted where the 

theoretical radius-of-curvature curve falls below rmin., slightly below 3000 um/s.  This 

is near the velocity at which squeeze-through was experimentally observed—around 

2000 um/s, or a volumetric flow rate of roughly 300 uL/h.  Our pressure-based model 

for gutter size therefore appears to be a useful tool for predicting gutter size and 

squeeze-through. 

Gutter Velocity 

To estimate mean gutter velocity, we begin by noting that the cross-sectional shape of 

each gutter region is roughly triangular, with the long base of the triangle 

corresponding to the free interface between oil and water (see Fig. 6.15b).  Parallel 
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flows through any two gutters can therefore be approximated as single-phase flow (of 

the continuous phase) through a single square duct of width, r, as shown in Fig. 6.15b. 

By recasting the Hagen-Poiseuille equation15 as 𝑅 = ∆𝑃/𝑄 and applying Bruus’s 

expression for volumetric flow rate (Q) through rectilinear ducts (Eqn. 6.1) to the 

specific case of a square duct (where width and height are equal: w = h),10 we find that 

the hydrodynamic resistance (R) for flow through a square duct of length (L) and fluid 

viscosity (µ) depends on r4 (see Eqn. 6.29): 

𝑅 =
28.4𝜇𝐿

𝑟4
 

(6.29) 

Since the mean gutter velocity (Ug) is the quotient of volumetric flow rate (Q) divided 

by the cross-sectional area (A = r2), and 𝑄 = ∆𝑃/𝑅 from the Hagen-Poiseuille 

equation, mean gutter velocity can be expressed as a function of pressure differential 

and gutter radius of curvature (see Eqn. 6.30): 

𝑈𝑔 =
1

28.4𝜇
(
∆𝑃

𝐿
) 𝑟2 

(6.30) 

From Eqn. 6.30, we can see that mean gutter velocity depends on both the driving 

pressure and the gutter size.  Mean gutter velocity is directly proportional to the 

driving pressure but is proportional to the square of the gutter size.  As the pressure 

gradient itself depends on plug velocity (∆𝑃 = 𝑄𝑅 = 𝑈𝑝𝐴𝑅𝑜), and we have already 

shown that the gutter radius can also be expressed as a function of plug velocity (Eqn. 

6.19), the mean gutter velocity can be expressed as a function of plug velocity and 

system parameters: 

𝑈𝑔 =
𝑈𝑝𝐴𝑅𝑜

28.4𝜇
𝑟2 

(6.31) 

𝑈𝑔 =
𝑈𝑝𝐴𝑅𝑜

28.4𝜇
(

𝛾

𝑈𝑝𝐴𝑅𝑜 + 4𝛾 𝑊⁄
)

2

 
(6.32) 
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Trap Velocity 

In the regime of plug velocities where GFIA dominates fluid motion in the trap, the 

mean trap velocity magnitudes (Ut) will be proportional to the mean interface 

velocities (Uint): 𝑈𝑡 ∝ 𝑈𝑖𝑛𝑡.  Note that while the oil-water interface in the gutter 

regions tends to induce fluid motion within the trapped droplet, the velocities near the 

thin-film regions (where the trapped droplet pushes up against the channel walls and is 

separated only by a thin film of oil) are close to zero—essentially negligible.  The 

mean interface velocity magnitude can therefore be estimated by considering the 

fractions (fg, ff) of the cross-sectional perimeter (p) affected by the gutter and thin-film 

regions, as well as the velocity magnitudes in those respective regions (Ug, Uf, where 

Uf ~ 0): 

 𝑈𝑡 ∝ 𝑈𝑖𝑛𝑡 = 𝑈𝑔𝑓𝑔 + 𝑈𝑓𝑓𝑓 = 𝑈𝑔𝑓𝑔 (6.33) 

The perimeter fraction of the plug regions (fg) can be obtained from a ratio of the plug-

region perimeter (pg) and the total perimeter (p) and by using simple geometry (see 

Fig. 6.15): 

𝑓𝑔 =
𝑝𝑔

𝑝
=

2𝜋𝑟

8 (
𝑤
2 − 𝑟) + 2𝜋𝑟

 
(6.34) 

Mean trap velocity magnitude therefore depends on both gutter size (r) and mean 

gutter velocity magnitude: 

𝑈𝑡 ∝ 𝑈𝑔
2𝜋𝑟

8 (
𝑤
2 − 𝑟) + 2𝜋𝑟

 
(6.35) 

Substituting the expression for mean gutter velocity as a function of plug velocity 

(Eqn. 6.32) and simplifying, we arrive at an expression for the relative strength of 

GFIA (Ut/Up) in terms of plug velocity and system parameters: 
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𝑈𝑡
𝑈𝑝
∝

𝜋
𝐴 (

𝛾
𝑈𝑝𝐴𝑅𝑜 + 4𝛾 𝑊⁄

)
3

(𝜋 − 4)𝛾

(𝑈𝑝𝐴𝑅𝑜 + 4𝛾 𝑊⁄ )
+ 2𝑊

 

(6.36) 

Plotting the expression in Eqn. 6.36 for relative strength of GFIA (Ut/Up) versus plug 

velocity and assuming an interfacial tension of γ = 20 mN/m as shown in Fig. 6.17, we 

find—similar to the relationship between gutter size and plug velocity in Fig. 6.16—

there is a constant-value regime for low velocities, a power-law regime for higher 

velocities, and a transition region between the two regimes. 

 

As seen in Fig. 6.17, the span of plug velocities where GFIA is present (the GFIA 

regime) occurs within the transition between the constant-value regime and the power-

law regime.  The theoretical trap-to-plug velocity ratio (indicating relative strength of 

GFIA) decreases quite significantly as plug velocity increases within the GFIA 

regime, decreasing to nearly 1/3 of the starting value before the critical point when 

GFIA becomes negligible.  Furthermore, the slope of the curve on a log-log scale near 

 
Fig. 6.17.  Predicted relative strength of GFIA v. plug velocity for an interfacial tension of γ = 20 
mN/m. Shaded region denotes GFIA regime (plug velocities ranging from 70-700 µm/s or volumetric 
flow rates of 10-100 µL/h). Dashed line is a power-law best-fit for the curve near the transition point 
at the end of the GFIA regime: Ut/Up = 0.51 Up-0.59. 
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the end of the GFIA regime is similar to that seen in experiments: a predicted slope of 

-0.59 versus an experimentally observed -0.609, corresponding to 𝑈𝑡 𝑈𝑝 ∝ 𝑈𝑝
−0.59⁄  and 

𝑈𝑡 𝑈𝑝 ∝ 𝑈𝑝
−0.609⁄ , respectively.  Thus, while our analysis and theoretical predictions 

for the relative strength of GFIA are not perfect (as the model fails to match 

experimental observations at the beginning of the GFIA regime), our analysis provides 

a useful starting point for explaining precisely how GFIA depends on plug velocity 

and other system parameters. 

With future work to verify the validity of our theoretical expressions for gutter radius 

of curvature and trap-to-plug velocity ratio as functions of fluid velocity and viscosity, 

interfacial tension, and channel dimensions, we could potentially offer an extremely 

useful model for predicting gutter sizes, the relative strength of GFIA, and the degree 

of dilution that can be expected from diluting plugs moving through SDAs. 

 

6.3.7 Diffusion Alone Cannot Explain Relationship between SDA 
Dilution Fold and Velocity   

 

Degree of dilution in the first trap and the concentration gradient across an SDA both 

significantly increase as velocity is decreased (see Fig. 6.18a1).  This increase in the 

span of concentrations is greater than can be explained by compensation for increased 

diffusion time that occurs when a slower-moving plug experiences greater contact 

time with a trapped droplet.  This is important because in the absence of GFIA, the 

only means for mass transfer between plug and trap should be diffusion.  Thus, any 

evidence that diffusion alone is insufficient to explain experimental observations 

supports the theory that GFIA increases dilution.  For the sake of quantifying the span 

of concentrations across an SDA, let us define dilution fold (DF) as the ratio between 

the maximum and minimum trap concentrations: DF = Cmax/Cmin.  Fig. 6.18b shows 

the dilution fold as a function of volumetric flow rate for the experimental data in Fig. 

18a (first reported by Sun et al., LOC 20111).  Note how a 10-fold decrease in flow 
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rate results in a nearly two-orders-of-magnitude increase in dilution fold.  In Fig. 

6.18c, we show that theoretical changes in dilution fold based on increased diffusion 

time alone cannot account for the large changes seen experimentally.  Figs. 6.11a and 

6.12a, however, show that GFIA is particularly strong at low plug velocities, which 

explains the large increases in dilution fold seen at low volumetric flow rates (and 

therefore low velocities) in Fig. 6.18c. 
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To calculate the theoretical change in dilution fold based solely on changes in contact 

time (and therefore diffusion time) as flow rate is varied, we use the expression for 

 
Fig. 6.18.  a) Reprinted from Fig. 2 of Sun et al., LOC 20111 -- concentration profiles across an SDA 
for varying volumetric flow rates driving a 2.2-uL diluting plug through an array of equal concentration 
and size dyed aqueous trapped droplets; b) dilution fold (DF = Cmax/Cmin) versus volumetric flow rate 
(Q) for the results of Sun et al. shown in a); c) recasting the same experimental data along with a 
theoretical prediction (diffusion only) in a plot of normalized dilution fold versus volumetric flow rate, 
where all DF values are normalized by the DF value of a reference case—Q = 2.0 uL/min; theoretical 
normalized DF were calculated based on plug-to-trap contact time and diffusion alone.  Span of flow 

rates, 0.2-2.0 uL/min, corresponds to plug velocities of roughly 80-800 um/s. 
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concentration for 1-D diffusion from a point-source next to a reflective wall,16-18 

which is a convenient way to approximate diffusion out of a trapped droplet: 

𝐶 =
2𝑀

𝐴√4𝜋𝐷𝑡
𝑒𝑥𝑝 (−

𝑥2

4𝜋𝐷𝑡
) 

(6.37) 

 

C is concentration; x is the 1-D distance from the origin (reflective wall); t is time 

after the point source of mass M of particles begins to diffuse outward; A is cross-

sectional area of interest (normal to the direction of diffusion being considered); D is 

particle diffusivity.  Note that this expression for concentration for diffusion from a 

reflective wall has a factor of 2 in front compared to the expression for unbounded 

diffusion in both directions (still 1-D).  Example Gaussian concentration curves are 

shown for various times in Fig. 6.19.  Because concentration at any point evolves with 

the inverse square root of time, a 10-fold increase in diffusion time yields a 

concentration at the origin that is 0.32 times that at the reference time.  Thus, even if 

the maximum concentration in the final trap were assumed to be undiluted (i.e., the 

initial concentration), the dilution fold should increase by only a factor of three as flow 

rate is decreased by a factor of 10 if diffusion were the only source of mass transfer 

out of the trap (see Fig. 6.18c). 
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As explained above, diffusion can only account for a roughly 3-fold increase in 

dilution and in overall concentration gradient when contact time is increased by a 

factor of 10 (by decreasing volumetric flow rate to 1/10th of the original).  This 

analysis provides further evidence that GFIA greatly impacts the dilution of SDAs.  

As flow rates decrease below one uL/min (corresponding to a plug velocity of about 

400 um/s) in Fig. 6.18c, experimental dilution fold begins to increase substantially 

over the diffusion-only theoretical prediction.  In Fig. 6.11a, this corresponds nicely 

with the experimentally observed transition where GFIA begins to increase 

significantly as velocity decreases—see the power-law regime for plug velocities 

below a critical value of roughly 300 um/s.  This is strong evidence that GFIA can 

cause orders-of-magnitude increases in dilution and in dilution fold.  

In future work, it would be useful to add to Fig. 6.18c any results we might obtain 

from single-phase versions of the same set of experiments.  We could argue that any 

 
Fig. 6.19.  Theoretical Gaussian concentration profiles at various points in time after allowing a 
point-source to begin diffusing away from a reflective boundary.  Note that a 10-fold increase in 

diffusion time yields a concentration at the origin that is 0.32 times that at the reference time. 
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difference we see in normalized dilution fold is due solely to the presence of gutter 

flows and GFIA. 

 

6.3.8 Significant Increase in GFIA Occurs Near End of Moving Plug 

 

While the front half of a long moving plug induces relatively constant mean velocities 

in a coalesced trapped droplet, GFIA significantly increases as the rear of the plug 

approaches the trapped droplet.  Fig. 6.20a is a plot of mean trap velocity versus frame 

pair number (which is proportional to the elapsed time).  Trap velocities are initially 

very high at the time of coalescence but quickly decrease to a relatively low, steady 

value that persists for roughly 400 frame pairs (800 frames, or 27 s).  Note that for the 

purposes of collecting PIV data for studying relative GFIA strength versus plug 

velocity for Figs. 6.11a and 6.12a, we used only this steady-state, steady-velocity 

regime.  When the long moving plug is nearly half-way past the trapped droplet, mean 

trap velocities begin to steadily increase, signifying some significant change in 

conditions.  In fact, upon closer inspection, we found that the gutter flows appeared to 

visibly increase in size after that point.  Fig. 6.20 includes four inset experimental 

images taken at various points as the plug moved passed the coalesced trapped droplet: 

immediately after coalescence; during the steady velocity regime; during the 

increasing velocity regime; and just prior to detachment.  Comparing the trap-area 

images from the steady-velocity regime and the increasing-velocity regime, one can 

see that the gutter flows have increased in size, as the inner edge/perimeter of the 

gutter region (indicated by the light-to-dark transition near the perimeter of the trapped 

droplet) appears to have retracted slightly from the trap walls.  This increased gutter 

size allows more gutter flows, which increases GFIA as indicated by the increased trap 

velocities.  GFIA increases until the time of plug detachment. 
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Fig. 6.20b shows the evolution of vorticity within the trap region over time.  At this 

particular flow rate condition (60 uL/h) and plug velocity (about 400 um/s), gutter 

flows are initially negligible, and the trap-entrance shear stresses induce a clockwise 

rotation and therefore positive vorticity values.  As gutter flow strength increases, 

beginning around frame pair 400, the counter-clockwise gutter flows weaken the 

clockwise rotation until about frame pair 650, at which point vorticity changes sign.  

Thereafter, GFIA is strong enough to induce counter-clockwise circulation in the trap, 

which persists until the plug detaches from the trapped droplet.    

While we have not yet verified our theory as to why the size of the gutters remains 

steady for some time but then begins to increase as the rear of the plug approaches the 

trap, we believe it is due to changing resistance in the bypass over time.  We ruled out 

the possibility of exit effects by simultaneously observing the trap region and bypass 

exit port throughout the experiment, and we confirmed that the start of the increasing-

velocity regime does not coincide with the front of the plug finally reaching the bypass 

exit port.  It is likely that as the long plug moves further into the bypass channel, it 

 
Fig. 6.20.  Dependence of GFIA on relative position of the moving plug relative to the trapped 
droplet: a) mean trap velocity magnitude versus frame pair for a constant volumetric flow rate; b) trap 
vorticity versus frame pair for the same experiment.  Note how the mean trap velocities are relatively 
constant for the first half of the plug but then accelerate to a maximum just before the plug detaches 
from the trapped droplet.  Fluid initially circulates clockwise while the front half of the plug passes by 
the trap, but then circulation slows and finally reverses to counterclockwise as the rear of the plug 
approaches the trapped droplet.  This suggests that gutter flows and GFIA increase toward the rear 
of the plug.  Experimental conditions: 1-uL plug volume; 60 uL/h; 30 fps; 20x magnification. 
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changes the overall hydrodynamic resistance of the channel, altering pressure drop 

across the bypass, the trap-to-bypass resistance ratio, and the distribution of outer 

phase (mineral oil) flow rate between the trap and bypass. 

For example, Vanapalli et al. showed that while the resistance and pressure drop of 

relatively short moving droplets increases with length, both resistance and pressure 

drop reach a maximum and then actually decrease as length continues to increase in 

cases where the inner phase is less viscous than the outer phase (see Fig. 5 of 

Vanapalli et al., LOC 2009).19  After some critical length, any continued increase in 

droplet (or plug) length simply displaces higher-viscosity outer-phase fluid in the 

channel with lower-viscosity fluid, thereby decreasing the overall resistance and 

pressure drop across that channel.  Thus, in this case, it is possible that after the long 

aqueous plug is about half-way past the trap and in the bypass channel, any further 

progress into the bypass channel displaces the 30-times more viscous mineral oil, 

decreasing the overall resistance and pressure drop.  Then, the pressure in the trap 

region decreases, meaning the pressure drop across the lower path—across the trapped 

droplet, the constriction, and the trap exit—also decreases.  A lower pressure drop 

across the droplet could mean less deformation of the droplet into the channel corners, 

thus increasing the gutter size and increasing GFIA.   

As previously shown by Bithi et al., as Ca and velocity in the inlet channel increase 

for an oil outer-phase flow past a trapped aqueous droplet in an SDA (where some 

flow bypasses the trap via the bypass channel), flow around the droplet and through 

the trap-exit constriction decreases.13  This implies that as pressure drop across the 

trapped droplet increases—which must occur as velocity and Ca increase—the droplet 

increasingly deforms against the trap exit and against the channel corners, decreasing 

gutter flows.  Thus, it is quite probable that the size of the gutters around the trapped 

droplet in our situation are dictated more by the interplay between flow-induced 

pressure drop, interface curvature, and Laplace pressure differentials than droplet 

deformation due to shear stress.  If this is true, then the focus should be on pressure 
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drop across the water/oil interface in the trap region compared to Laplace pressure 

rather than Ca. 

In fact, consideration of the pressure drop across the trapped droplet interface is 

precisely what enabled us to determine the source of the particular nonlinear 

relationship between velocity, gutter radius of curvature, and GFIA strength (see Figs. 

6.14 & 6.16) observed in experiments and simulations.  Note that there are two ways 

to alter pressure drop across both the bypass channel and across the trapped droplet 

interface: 1) varying plug velocity, and 2) varying the resistance of the bypass channel 

by displacing the more-viscous mineral oil with the less-viscous aqueous moving plug.  

In most of our PIV experiments, we varied pressure drop—and therefore gutter size 

and GFIA strength as well—by varying plug velocity only.  In those experiments, we 

used only data from when the length of the moving plug was still relatively short 

within the bypass channel, and the resistance of the bypass was still dominated by the 

flow of mineral oil (see the relatively flat portion of the plot of trap velocity magnitude 

versus frame number in Fig. 6.20).  In the experiment for Fig. 6.20, however, plug 

velocity was constant, and pressure drop across the droplet interface likely varied due 

to the decreasing resistance in the bypass as the moving aqueous plug significantly 

displaced mineral oil from the bypass channel. 

Because the particular single-trap device we used in our PIV experiments had a 

significantly longer bypass than the bypass channel in typical SDAs (10 mm versus 

roughly 2 mm),20 the bypass resistance in SDAs will reach steady state more quickly 

than in our case, therefore in typical SDA experiments, there should not be any 

significant change in trapped-droplet gutter size once the moving plug fills the bypass.  

For example, in our experiments, because the bypass length was significant compared 

to the plug length (the bypass was in some cases nearly half the plug length), it took a 

significant amount of time for the plug to fill the bypass.  In contrast, in the short-

bypass devices used by Sun et al., the bypass length was as little as 4% of the total 

plug length.1  Therefore in those devices, the bypass should be completely occupied by 

the moving plug for the majority of the contact time (when the plug is coalesced with 
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the trap).  The system should be at steady state, and the gutter size and GFIA should 

all remain relatively constant for most of the contact time.  Thus, the changing GFIA 

we see in Fig. 6.20 should not be an issue for SDAs with short bypasses. 

In future work, we could find ways to seed the outer mineral oil phase with particles 

so that we can conduct PIV analysis on both the inner and outer phases.  It would also 

be wise to study whether there is any change in plug mobility (ß = Uplug/Uoil) over time 

and/or location of the plug. 

 

6.4 CONCLUSIONS 

 

Using simulations based on the phenomenological model presented in Chapter 5, we 

predicted several phenomena that could significantly impact our understanding of 

mass transfer between confined moving and stationary coalesced droplets.  Using 

particle image velocimetry (PIV), we sought to test and confirm our predictions.  By 

comparing the mean trap velocity to the moving plug velocity, we were able to 

quantify the relative strength of gutter-flow-induced advection (GFIA) and test our 

hypotheses. 

By comparing PIV results for both single-phase and two-phase flows through the same 

single-trap device, we confirmed that the presence of gutters induces GFIA within the 

trap.  This GFIA can indeed reverse the direction of circulation that would otherwise 

be observed in single-phase flow.  As predicted in 2-D CFD simulations, our steady-

state, time-averaged streamline plots show that GFIA induces pass-through 

streamlines between a moving plug coalesced with a trapped droplet.  Furthermore, by 

measuring the mean trap-to-plug velocity ratio for a range of plug velocities, we 

confirmed the existence of a nonlinear relationship between the relative strength of 

GFIA and plug velocity.  We also observed experimentally that for a given system, 

there is a critical velocity and Ca* above which GFIA becomes negligible, most likely 

due to the gutter size approaching zero in the trap region. 
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We offer an explanation for the specific non-linear relationship observed between the 

relative strength of GFIA and plug velocity that is based solely on a balance of 

pressure differentials across the two bifurcating paths beginning at the trap entrance.  

Gutter radius of curvature is inversely proportional to the sum of two sources of 

pressure differential: 1) Hagen-Poiseuille flow in the bypass, and 2) Laplace pressure 

due to gutter interface curvature in the trap region.  This analysis yields a way to 

predict gutter radius of curvature in the trap region as a function of geometric length 

scales, velocity (or Ca), and interfacial tension.  Because the relative strength of GFIA 

in the trap depends on gutter size and gutter radius of curvature, the expression we 

offer for gutter radius of curvature should help people predict the range of velocities in 

which GFIA is still effective.  Thus our analysis could be a useful tool for identifying 

appropriate operating conditions when using a long diluting plug to establish a 

gradient in concentrations across an SDA.   
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CHAPTER 7 
CONCLUSIONS AND FUTURE WORK 
 

7.1 CONCLUSIONS 

 

The field of droplet microfluidics makes it possible to generate lab-on-chip 

technologies that could significantly improve the way chemical, biological, and 

pharmaceutical analysis and screening are performed.  This body of work investigates 

two major droplet microfluidic unit operations: 1) the traffic of droplets through 

branching networks, and 2) the creation of gradients in concentration across static 

droplet arrays (SDAs). 

 

7.1.1 Droplet Traffic 
 

Due to the complex nature of droplet traffic in branching networks, it is challenging to 

design extensive networks capable of passively manipulating droplets to perform 

multiple unit operations.  As explained in Chapter 4, modular millifluidic networks 

enable quick and easy creation and modification of fluidic networks.  Droplets in such 

millimeter-scale networks are also more easily and inexpensively studied, as consumer 

electronics already have sufficient resolution and frame rate for imaging and 

recording.  Therefore modular millifluidics offers an attractive tool for studying 

droplet traffic. 

As an example of how modular millifluidic networks can be used as reliable tools for 

studying droplet traffic, we performed our own case study of droplet traffic through a 

modular millifluidic bifurcated loop.  We observed the same types of periodic and 

aperiodic behaviors previously reported with respect to microfluidic bifurcated loops.  
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In addition, our own numerical simulations based on the simple network model1 for 

microfluidic droplet traffic were able to predict many of the periodic behaviors and 

behavioral transitions in the millimeter-scale loop.   

We compared two major droplet traffic characterization tools from the literature—

applying them to traffic observed in our millifluidic bifurcated loop—and we showed 

that while the Quantization of Droplet Spacing method is easier to implement, it is 

only proper for purely periodic behavior.  When periodic behaviors are intermittent, or 

when the system is operating in a transition region between different behaviors, 

animated Poincare maps are more appropriate.  We also identified three possible 

causes for intermittency between different periodic and/or aperiodic behaviors: 1) 

simultaneous entering and exiting events, 2) channel defects, and 3) equal or nearly 

equal hydrodynamic resistances in both branches. 

 

7.1.2 Concentration Gradients across Static Droplet Arrays 
 

The use of microfluidic static droplet arrays (SDAs) is gaining in popularity, as 

concentration gradients across an SDA can be easily generated using a moving plug to 

dilute an array of initially equal-concentration trapped droplets.  However, a deeper 

understanding of the phenomena affecting mass transfer in these networks is needed in 

order to better design SDA networks and control the dilution behaviors.  In Chapter 5, 

we therefore developed a phenomenological model describing the major observed 

and/or predicted phenomena affecting concentration.   

We performed numerical, particle-based simulations that implement the model 

elements.  Our simulations enabled us to evaluate the relative importance of each 

model element, including: 1) advection within the moving plug and with recirculation 

at the end-caps; 2) diffusion throughout all aqueous phases; 3) coalescence-induced 

advection (CIA); 4) gutter-flow-induced advection (GFIA); and 5) certain aspects of 

network geometry, such as the side of coalescence relative to the moving plug.  We 
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found that while CIA can decrease final concentration, its effect is nearly negligible 

for long plugs.  On the other hand, GFIA significantly affects dilution rate and final 

concentration in certain conditions.  We observed GFIA to be the most important 

element after the more obvious elements of diffusion and plug advection.  Based on 

our simulation results, we predicted that the relative strength of GFIA varies 

nonlinearly with plug velocity, decreasing as plug velocity increases. 

In Chapter 6, we used particle image velocimetry (PIV) in experiments with a moving 

plug coalesced with a trapped, static droplet to investigate GFIA and to test some of 

our predictions from Chapter 5.  We confirmed our hypothesis that the presence of 

gutter flows causes GFIA which can reverse the direction of circulation in the trap that 

would otherwise be observed if the fluid flow were single-phase instead of two-phase.  

As predicted, GFIA generates pass-through streamlines between plug and trap where 

there would otherwise be only closed streamlines in single-phase flow.  This 

significantly increases the rate of mass transfer between plug and trap. 

By comparing the mean trap velocities to the mean plug velocities for a range of plug 

velocities, we confirmed there is a nonlinear relationship between relative strength of 

GFIA and plug velocity, where its strength decreases as velocity increases.  We also 

observed a system-specific critical velocity above which the relative strength of GFIA 

becomes negligible.  We hypothesize that this nonlinear relationship between relative 

strength of GFIA and velocity can be explained by a simple balance of pressure 

differentials across the two bifurcating paths beginning at the trap entrance.  The 

gutter radius of curvature in the trap region (r) is inversely proportional to two 

combined sources of pressure drop: 1) fluid flow in the bypass channel, and 2) Laplace 

pressure differential across the front end-cap of the moving plug.  Our analysis could 

help people predict the range of velocities in which GFIA increases dilution rate. 
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7.2 FUTURE WORK 

 

7.2.1 Concentration Gradients across Static Droplet Arrays 
 

Our PIV experiments and simulations of dilution of SDAs with moving plugs indicate 

that GFIA is extremely important and can significantly increase the rate of dilution 

and the span of concentrations.  However, PIV experiments were performed using a 

single-trap device with a different geometry than that used for dilution experiments, 

which prevents a direct comparison of transition velocities and Ca.  The single-trap 

device had separate bypass and trap-exit channels, which enabled us to confirm there 

is a difference in trap flow patterns between single-phase and two-phase systems.  

Now that we have illustrated the difference between single-phase and two-phase flows 

within the trap region, I would like to conduct PIV experiments using the same SDA 

geometry used in dilution experiments to maintain consistency. 

In future work, I would also like to investigate whether rate of dilution and 

concentration span can be increased by varying trap geometry.  Fig. 7.1 illustrate three 

proposed alternative trap geometries for increasing the ratio of surface area to volume, 

which should increase the effect that GFIA has on dilution.  In Fig. 7.1a, the trap 

shape is square; in Fig. 7.1b, the trap is star-shaped; in Fig. 7.1c, the trap is circular but 

has a closely spaced pillars near the perimeter, and the constriction exit is off-center 

and close to the bypass.  The pillars in Fig. 7.1b should enable greater continuous-

phase flow around the perimeter of the droplet, and this ‘gutter flow’ (if it can still be 

so termed) should be less affected by changes in velocity, as there is a guaranteed 

certain minimum amount of space between the pillars and the walls.  The constriction 

exit is offset towards the bypass in order to force the gutter flows to travel around 

more of the droplet before it is allowed to exit.  This should also help increase the 

influence of gutter flows and GFIA. 
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By observing the amount of dilution observed in each trap shape for a fixed set of 

operating conditions (same plug length, velocity, and trapped droplet volume) and 

comparing those results to the base case (standard circular trap), we should be able to 

gauge the effect that trap geometry has on dilution and concentration gradient across 

SDAs of each shape. 

Another area of future investigation relates to our ability to control the shape of 

concentration profiles.  The nonlinearity of the concentration profile might be 

considered disadvantageous for some.  It would therefore be useful to see if further 

simulation work could be done to find the right combination of network geometry and 

operating conditions to create linear concentration profiles. 

It would also be nice if we could experimentally observe gutter size in both the trap 

region and along the plug length.  Perhaps confocal microscopy could be used to 

visualize gutter regions.  It would be interesting to study how the gutter size in the 

plug changes, if at all, over time and position along the plug as it traverses an SDA.  

PIV could also be used to study fluid velocities in the gutter. 

 

  

 
Fig. 7.1.  Alternative trap designs for increasing the rate of dilution: a) square shape; b) star shape; 
c) circular shape but with closely-spaced pillars for blocking a trapped droplet but allowing significant 
gutter flow; trap constriction is also off-center and closer to the bypass to force gutter flows to 
circulate around nearly the entire droplet before exiting the constriction. 
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7.2.2. Droplet Traffic 
 

Fig. 7.2 shows an example SDA network in which droplet traffic might be affected by 

the presence or absence of a chemical reaction, thereby enabling the network to be 

used as a passive diagnostic indicator for whether a blood sample tests positive for 

some disease.  Let us assume that there is some reactive surfactant that can be 

synthesized that will react with diseased blood but not with healthy blood.  Then the 

presence or absence of disease would affect the interfacial tension of a trapped 

microfluidic droplet of blood.  For example, in Fig. 7.2, a blood droplet is carried in 

oil and then encounters a pico-injector2 where solution with reactive surfactant is 

injected into the passing droplet.  If the blood tests positive for the disease, the 

diseased blood reacts with the surfactant, destroying/depleting the surfactant and 

restoring an interfacial tension high enough to keep the droplet trapped (Fig. 7.2a).  If 

the blood tests negative, the surfactant remains unreacted and intact, lowering the 

interfacial tension and allowing the droplet to squeeze through the trap constriction.  

Thus, one need only look at the trap regions: if a droplet is present, then the blood tests 

positive for disease. 
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Fig. 7.2.  Schematic of a network using chemical reactions to alter droplet traffic, where microfluidic 
droplets of blood are injected with an indicating solution containing a reactive surfactant such that if 
blood tests positive for some disease, the reactive surfactant is destroyed: a) blood droplet tests 
positive for disease, which destroys the reactive surfactant, allowing interfacial tension to remain 
high enough to keep the droplet trapped; b) blood droplet tests negative for disease, and the 
unreacted surfactant reduces interfacial tension, allowing the droplet to squeeze through. 
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