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ABSTRACT
Engineers employ the LRFD model system in the planning and development of 

structures (e.g. bridges, highways, buildings). The system takes into account the load the 

structure will bear and the resistance of the structure against that load. Of interest in the 

LRFD system is the resistance factor ( ) that affects the resistance. Samples are 

collected to estimate , but the estimate ( ) has typically been treated as a deterministic 

number; when instead, it should be viewed as a random variable. 

This thesis examines the performance of one method of proposed confidence 

intervals for , investigates the sampling distribution of , and proposes improvements 

upon the existing method. A bootstrap simulation process is employed to evaluate the 

performance of the proposed method (nonparametric and parametric) through the metrics 

of coverage and relative interval length. Additionally, another simulation is used to 

determine the distribution of the estimator ( ). Finally, remedial measures for the 

original interval method are proposed, implemented, and investigated via simulations.
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CHAPTER 1
INTRODUCTION 

1.1 Load Resistance Factor Designs 
 
 Load Resistance Factor Design (LRFD) is a reliability design method used in 

planning the construction of load bearing structures. The use of LRFD in this thesis

specifically deals with drilled shafts or driven pile foundations. The load, defined in 

LRFD parlance as , is stress placed on the structure, both by the structure itself and the 

external forces, such as vehicles traversing a bridge and elemental factors like water and 

snow. Typically,  is further split to be  and , which denote the live load and the 

dead load, respectively. The dead load portion represents the load which is fixed, such as 

the weight of the structure itself. Dead load quantities are usually more understood given 

that more is known about the structure, materials, building techniques, and other factors 

that influence the design. The live load describes the variable load the structure will be 

exposed to and is more prone to uncertainty due to variability in the number of vehicles 

concurrently on a bridge, the climate in the area, etc. It is the case that and  are

random variables. As such, it is then prudent to determine the distribution of the random 

variables , and  (and, thus, ). In the case of deep foundation design, which is the 

main motivating focus of this thesis, the American Association of State Highway and 

Transportation Officials (AASHTO) assumes them to be lognormal (Nowak, 1999).

 The other namesake component in LRFD is the resistance ( ). The resistance 

measures the structure’s capacity to bear the load ( ). The resistance takes into account 

the structural traits of the building materials, as well as the foundation of the structure and 

the type of material the structure is built upon. Determining the resistance of drilled 
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shafts and driven piles is a very costly task. Depending on the type of test (e.g. a “top-

down” or “Osterberg Cell” load test), they can cost upwards of $50,000 to $100,000 each. 

Because of the high cost, less expensive methods for estimating resistance have been 

developed. Two of these are the “Standard Penetration Test” (SPT) and the “Texas Cone 

Penetrometer” (TCP). 

 Of particular interest in LRFD is the situation when the load ( ) exceeds the 

resistance ( ), which is deemed a failure. Note that the “failure” does not necessarily 

imply a complete collapse of the structure. When the structure fails to perform its 

intended function, a condition that caused such a failure is called the serviceability limit 

state. Uneven roadway surface on a bridge or highway, caused by foundation settlement, 

resulting in undrivability is an example of serviceability limit state. A condition that can 

cause some type of serious damage which may lead to partial or full structural collapse is 

called the ultimate limit state. The ultimate limit state is expressed with the equation

= ( > ) = ( + > ), 

where  denotes the probability of failure, or of being greater than . In LRFD, the 

event of a failure is instead expressed as  

+  ,

which is termed the ultimate limit state equation, hereafter referred to as the limit state 

equation. The equation represents the separated form of , but further adds a load factor 

for each quantity: and , which are the load factors for the live load and dead load 

respectively. The load factors are not necessarily equal to one another but are typically

defined such that  1 and 1. The limit state equation also adds , the 
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resistance factor. In contrast to the load factors,  is usually defined to be 1. The load 

factors inflate the load, which leads to an overstated that is then compared to a deflated 

. These factors allow for a ‘safety buffer,’ representing a variety of factors that are 

either difficult to account for or not fully understood. These factors serve to represent 

such situations where the sample collection technique must make an assumption about 

the testing area (e.g. samples conducted in one or several zones are assumed to be 

representative of the entire project area), as well as providing for uncertainties in traffic 

volume and overloaded vehicles.

 The reliability index ( ) is the final component. The quantity is directly related 

to through the equation 

= 1  ( )

where ( ) is the standard normal CDF evaluated at the value of . In other terms,  

corresponds to the quantiles of the standard normal distribution. The commonly used 

failure probabilities are one in one hundred ( = .01) and one in one thousand ( =

.001). These correspond to = 2.33 and = 3.09 respectively. In practice, = 3 is 

used when representing = .001. The choice of  plays the important role of setting 

the standard for the reliability of the structure. More will be said about  in Chapter 2, 

where further details about LRFD are given.

 
1.2 Stress-Strength Models

Stress-strength reliability models are useful in a multitude of fields and 

applications due to their ability to represent many situations. LRFD is a subset of the 
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generalized stress-strength model formulations that features specifics unique to the field 

of engineering. The name “stress-strength” models comes from letting represent the 

“stress” on a system and letting represent the “strength” of the system. Here, and 

are random variables, though not necessarily independent or possessing any specific 

distribution. Stress-strength models use the formulation  

 = ( < ),  

where the quantity is the probability of survival, also known as the stress-strength 

reliability.1 The definition of the model makes no stipulations or restrictions on the 

quantities and , only that each be a random variable. It then follows that = 1  

is the probability of failure, or the event that the stress is greater than the strength. In the 

parlance of LRFD, the strength is termed the “resistance” and the stress is termed the 

“load.” The limit-state equation from LRFD can be seen as a modification to the general 

stress-strength model. 

Inference on  is often of great interest, and much work has been done on 

estimating when varying degrees of information are known about the quantities and 

. Kotz, Lumielskii, and Pensky (2003) summarize a variety of situations. The 

distributional properties of and  are crucial to estimation and inference on . For 

instance, if the distributions of and are unknown, a nonparametric method must be 

used. For every piece of information available about  and , the technique to estimate, 

and provide inference for, is further refined. 

                                        
1 Note that the quantity  is typically used to denote ( < ) in Statistics literature. Here the notation 
is used instead to align with LRFD nomenclature and to avoid confusion with the resistance in LRFD.



Texas Tech University, Jonathan Doerzbacher, December 2015
 
 

5
 

 

1.3 The Normal and Lognormal Distributions in Stress-Strength Models 

The case when and are independent normal variables was studied by Reiser 

and Guttman (1986) and again, independently, by Teskin and Kostyukova (1991). Teskin 

and Kostyukova (1991) outline cases specifying the relationship of the sample size of 

and , while Reiser and Guttman (1986) only deal with the case of = . The cases 

specified by Teskin and Kostyukova (1991) also make assertions about the form of the 

ratios of the variances of and . From this point, the authors define a quantity of the 

form

=
( +  )

+
, 

where =  and  =  , and and are the variances of  and , respectively.

Using the fact that the quantity is normally distributed, the distributional form of 

(  )

( +  )/
 

is found to be ( , 1) with 

=
( + ) / . 

The authors’ notations differ on the exact statement of these quantities, and these 

formulas given here use Reiser and Guttman’s (1986) notation. The quantity , with 

= (  )/ and =  + , is approximately distributed as the noncentral t 

distribution with noncentrality parameter  and degrees of freedom =
( )

. 
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From this result, the approximation of the noncentral t distribution by the standard normal 

distribution is applied to give the quantity

 

( ) /
,

where and  are estimates of and , which is approximately distributed as N(0,1). 

From this result, the exact form of a (1 - lower confidence bound on is  

=  ( + ) / . 

Then the bound on can be used to give a bound on  as , = ( ). 

The case where X and Y are independent normal random variables is of interest in 

this thesis given the known distributional properties of  and  in the LRFD model 

space. AASHTO (Nowak, 1999) and Seo et al. (DRAFT 2015) provide evidence to 

support that  and tend to be lognormally distributed. From this basis, the focus shifts 

to the distribution of  in the LRFD realm.

 

1.4 Outline of Thesis 

 While LRFD does make an attempt to account for the fact that the load and 

resistance are random variables, studies do not normally consider the variability in the 

estimates of the resistance and load factors ( , , and ). Instead, an estimate of is 

obtained and that estimate is treated as a fixed quantity and is used in the planning of 

foundations. Seo et al. (2015) argues that it is better to view the estimate as a random 

variable, ,  that is an estimate of some true underlying . The objective of this thesis is 
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to provide a suitable confidence interval for based on and its distributional properties

that improves upon the one developed by Seo et al. (2015).

 Chapter 2 provides further background and details about LRFD. Chapter 3

investigates the effectiveness of the algorithm presented by Seo et al. (2015) for finding 

confidence intervals for  using a bootstrap method. Chapter 4 investigates the sampling 

distribution of  in order to help refine and improve the confidence intervals, and gives 

the results of a simulation study conducted to evaluate the effectiveness of the refined 

confidence intervals. 
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CHAPTER 2
LRFD MODELS 

2.1 Background

 LRFD has increasingly been selected as the method of choice for structural design 

amongst state departments of transportation. LRFD is an answer to some of the observed 

issues with Allowable Stress Design (ASD), which is another system for designing 

structures. LRFD brings in stress-strength model concepts that “generally allow for more 

efficient and consistent design than the traditional ASD factor of safety approach” 

(Louisiana Transportation Research Center, 2010). While ASD does include a factor of 

safety component, it does not consider the random nature of the load and the resistance. 

Paikowsky et al. (2004) notes that the factors of safety in ASD produce questionable 

results due to the method’s failure to take into account the conservative bias of the testing 

methods. Further, ASD treats the load and resistance as deterministic numbers. LRFD 

attempts to capture the bias of testing methods as well as variability in the load and 

resistance factors with its formulation.

 

2.2 The Basics

 LRFD is named after the factors that affect the resistance and load, but it bases 

itself on the assumption that the resistance and load have an underlying distribution. The 

distribution of the resistance is generally considered to have a tighter band, e.g. smaller 

variance, due to it being the more controllable of the two components. The resistance is 

expected to be stochastically greater than the load. The area under the curve where the 

load and resistance overlap is the portion where the load exceeds the resistance. Figure 
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2.1 depicts this relationship. Note that both distributions appear right skewed, reflecting 

an assumption of lognormal loads and resistances. 

 

Figure 2.1: Distributions of Resistance and Load

 LRFD provides the limit state equation as the formulaic representation of the area 

under the curve in Figure 2.1. The event of failure expressed in the limit state equation is 

 +  ,

which is the event that the sum of the scaled live and dead loads exceeds the scaled 

resistance. The event of success is given as  

+  ,

and is more often used as the quantity of interest. Parameters of the distributions of ,

, and (mean, variance) are often estimated using some method that is less expensive 

than the “gold standard” test (e.g. the top-down load test for a driven pile). LRFD makes 
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allowances for these tests to be biased, something ASD does not do, by introducing a bias 

factor ( , for example, for the bias of the resistance). The bias factor is defined to be 

= , 

or the measured R via the “gold standard” versus the predicted R using another method. 

 Representing the probability of failure as 

= ( +  ),

substitution of measured values and bias factors and rearrangement of terms gives

+   0 , 

where , , and  are the predicted quantities. Denote the quantity to the left of the 

inequality as . It is assumed for the moment that  ~ ( , ). The quantity  

combines the distributional natures of the loads and the resistance. Through the standard 

transformation of a normal random variable we obtain  in terms of a standard normal 

variable ,

= (
 

 ) 

=  
1

 ,

where =
| |

.  For example, an experimenter may fix =  .01, which defines the 

shaded area under the curve in Figure 2.2 to be  and the pivotal quantity to be . The 

area under the curve to the right of zero represents = (  ). We can fix as 

desired, which corresponds directly to the choice of .
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Figure 2.2: Standard normal curve with shaded region corresponding to = 2.33

This shows that =  by substitution of terms. We have that

=
( ) + ( ) + ( )

=
1

,

where and  represent the mean and standard deviation of the predicted quantity. This

quantity is then solved for . In the case of lognormal loads, it becomes somewhat more 

complex, but Paikowsky et al. (2004), citing Barker et al. (1991), gives the following 

formula for ,  

=

( + ) (1 + + )
(1 +  )

+ exp( ln [(1 + )(1 +  + )]
. 

0.4

0.3

0.2

0.1

0.0
0.01

0

Distribution Plot
Normal, Mean=0, StDev=1
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This formulation is referred to as the first order second moment (FOSM) approximation 

of for lognormal resistance distributions. This equation is used to find  in the 

simulations and algorithms found in Chapters 3, 4, and 5. 

 

2.3 The Method

 Taking the FOSM approximation as a given, we now have a direct route to 

calculating a value for . AASHTO (Nowak, 1999) provides values for 

, , , , , and , which are given in Table 2.1 below.

Table 2.1: AASHTO Specified Values 

Live Load Dead Load 

Nominal 1 2

1.5 1.05

 0.2 0.1 

1.75 1.25

 and are the nominal mean loads. Note that in the FOSM equation depends 

only on the ratio , and it has been shown by Paikowsky et al.(2004) that the calculated 

value of  is not sensitive to the value of this ratio. Yang et al. (2012) assume to be 2, 

and they further found that the actual choice of the value of  and  also matters 

little. Thus, in this thesis, it is assumed that = 2 and = 1, meaning that the 

magnitude of the dead load is twice that of the live load.
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The specified values remove almost all of the unknowns in the FOSM equation, 

leaving just the coefficient of variation for  ( ) and the mean bias for  ( ) as 

unknowns.  and are obtained from a sample of measured and predicted 

resistances, where the measured resistances correspond to “gold standard” tests and 

predicted resistances correspond to SPT or TCP tests (for example). Since the sample 

provides the best idea of the design area, the calculated quantities are then plugged in to 

the FOSM equation to produce the estimate of the resistance factor ( ). 

 Since FOSM is an approximate method, a simulation can be used to provide a 

more accurate estimate of . It is important to note that simulations do not replace 

sample taking and are largely affected by the quality and size of the taken sample. The 

most popular simulation method is the Monte Carlo method, which is considered to be 

the most rigorous method as well as it allows for calculation of  to any arbitrary degree 

of precision.  One simply needs to choose are large enough simulation size.  Of course, 

time and computational limitations are limiting factors. Computational solutions using, 

for example, root finding methods are typically not employed, but they certainly could 

be.  The application of Monte Carlo simulation methods in this case involves estimating 

and via a sample and simulating ’s, ’s, and ’s from lognormal 

distributions repeatedly. From the simulated values, the simulation searches for the  that 

the quantity  is multiplied by so that  is the desired value corresponding to the 

choice of . This process hones in on a range of ’s, but will never settle without 

operator intervention. The simulated value of will ‘bounce’ around the ideal value. 

This non deterministic nature makes computing confidence intervals with this method 
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difficult. The Monte Carlo method also does not give a measure of the variability of the 

simulated , which furthers the difficulty of producing confidence intervals.  
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CHAPTER 3 
THE TXDOT PERCENTILE INTERVAL

3.1 Checking Performance via Simulation

 Seo et al. (2015) provides a preliminary interval estimator for  at the 95% 

confidence level. The 95% is the nominal coverage of the confidence interval but not 

necessarily the functional coverage. In order to check the performance of the confidence 

interval, a simulation is run. The procedure repeatedly generates a sample and produces 

an interval for for each simulated sample then checks to see if the actual value of is 

contained in each interval. Based on the number of times the interval estimator contains

, the actual coverage of the nominal 95% estimator is estimated. The process for 

obtaining the interval estimators is given as Algorithm 1.

Algorithm 1: Nonparametric Bootstrap Percentile Interval Estimator for 

Definition of Terms:

A sample of measured resistances and associated predicted resistances are 

available: ( , ), … , ( , ).  Let = / ; = 1, … ,  be the sample of 

biases.   

It is also assumed that parameters for the live and dead loads are those specified 

by AASHTO (Nowak, 1999).  

Let and be the uniform minimum variance unbiased estimators 

(UMVUE) for the resistance parameters based off original sample.  (See Finney, 

1941, for details on calculating the UMVUEs for the lognormal.) 

Let  be the number of bootstrap samples (defined in step 2) that will be chosen.
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Step 1:

Draw a random sample of size from , , … ,  with replacement.   

Denote the th sample drawn in this way as the th bootstrap sample: 

, , … , . 

Step 2:

Calculate the UMVUE estimates for  and  for each bootstrap sample. 

Let  and denote the estimates obtained from the th bootstrap sample, 

and let  be the estimate of  that results from using the th bootstrap sample.   

The quantity  is the th bootstrap estimate of . 

Step 3:

Repeat steps 1-2  times. 

Step 4:

The (1 ) × 100% bootstrap percentile interval for  is found by taking the 

quantile of , , … , as the lower bound and the 1 quantile of 

, , … ,  as the upper bound. 

 

 It is important to note the use of the bias of resistances instead of the actual 

measured resistances. The bias is the ratio of the measured value, which is obtained from 

the ‘gold standard’ test, over the predicted which is obtained from a procedure such as the 

SPT or TCP. Both the measured and the predicted values are realizations of random 

variables and the ratio of a random variable is again a random variable. Further, if the 

biases are approximately equal to one and the correlation between the measured and 



Texas Tech University, Jonathan Doerzbacher, December 2015
 
 

17
 

predicted resistances is strong, then we expect that . The approximate 

distribution of the biases is also known, which lends it to simulation processes. This

reflects the method utilized by Yang et al. (2010).

The simulation process then checks to see if the confidence interval contains the 

specified for the simulated sample. If the interval captured the true , the number of 

successes is incremented. After calculating all of the intervals for all of the generated 

data, the number of successful captures in proportion to the total number of intervals is 

the estimated coverage. The choice of  determines the nominal coverage, which in this 

simulation is =  0.05. 

Figures 3.1 and 3.2 give the actual coverages for the nonparametric and 

parametric interval estimator, respectively, versus the given value of , grouped by 

sample size = (6, 12, 25, 50) and = (.5, 1.0, 1.5, 2) for = (2.33, 3.0). The 

parameter is the nominal, or mean, bias used in the simulation.
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Figure 3.1: Coverage of Nonparametric CI versus , grouped by  and , = 2.33 
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Figure 3.2: Coverage of Parametric CI versus , grouped by and , = 2.33

The figures show that there are four major groupings of performance across the 

intervals, based on sample size alone. This is fortunate, because it means that the

coverage of the intervals does not depend on choice of . The following figures give the 

coverage plots for the nonparametric and parametric intervals for = 2.33 shown in 

Figures 3.1 and 3.2, but with the coverages averaged for similar situations with the same 

mean bias .  Thus, each point in Figures 3.3 and 3.4 represent 4000 simulated samples.

2.01.51.00.50.0

1.0

0.8

0.6

0.4

0.2

0.0

cov.r

25 1.0

25 1.5

25 2.0

50 0.5

50 1.0

50 1.5

50 2.0

6 0.5
6 1.0

6 1.5
6 2.0

12 0.5
12 1.0

12 1.5
12 2.0

25 0.5

n lambda.r

Scatterplot of Coverage vs cov.r (Parametric)



Texas Tech University, Jonathan Doerzbacher, December 2015
 
 

20
 

Figure 3.3: Coverage of Nonparametric CI versus  
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Figure 3.4: Coverage of Parametric CI versus 

In addition to the coverage obtained from the simulations, the average interval 

length was also investigated as another metric to evaluate the confidence interval. Figures 

3.5 and 3.6 show the resulting average interval lengths grouped by . 
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Figure 3.5: Average Nonparametric CI Length versus ,
grouped by  for = 12 and = 2.33
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Figure 3.6: Average Parametric CI length versus ,  

grouped by  for = 12 and = 2.33

 

Average interval length is shown to depend on . In this case, it is actually more useful 

to look at the average interval length relative to  rather than the absolute interval length. 

This gives an idea of how many -widths wide the interval is. Figures 3.7 and 3.8 depict 

the average relative interval lengths, distinguished between and  for = 2.33.
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Figure 3.7: Relative Nonparametric CI Width versus , 

grouped by  and for = 2.33 
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Figure 3.8: Relative Parametric CI Width versus , grouped by and for

= 2.33 
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Figure 3.9: Relative Nonparametric CI Width versus  for = 2.33
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Figure 3.10: Relative Parametric CI Width versus  for = 2.33 
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Figure 3.11: Relative Nonparametric CI Width versus  for = 3
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Figure 3.12: Relative Parametric CI Width versus for = 3 
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The effect of sample size on both coverage and relative length is apparent, 

particularly at the smallest sample size of = 6. The relative lengths increase rapidly at 

the low sample size and coverage drops off very quickly. Interestingly, in this simulation 

study, the nonparametric interval outperforms the parametric interval, which is contrary 

to general intuition. Other factors that impact the performance of the interval are the 

choice of and . The choice of has a significant impact on relative length, as 

evidenced in Figures 3.9 through 3.12. , on the other hand, is observed to have a 

significant impact on coverage and relative interval length at smaller sample sizes. The 

researcher is able to specify , but for the calculation of ,  must be obtained from 

the data. 

Having identified sample size ( ) and as the most impactful components, 

this thesis turns to improving the coverage of the confidence interval. The first step 

towards improving coverage is to learn more about , which will be covered in the 

following chapter. Furthermore, a bias correction process, both a simple one and Efron’s

(1987) Bias Corrected Accelerated (BCa) method, can be implemented to correct for the 

bias of the estimator. 
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CHAPTER 4
THE SAMPLING DISTRIBUTION OF  

4.1 Investigating the Distribution of the Resistance Factor 

 The estimator obtained for , , possesses an unknown but of interest 

distribution. Knowing the distribution of  may be crucial in creating an effective

confidence interval for . A Monte Carlo simulation was used to investigate the 

distributional properties of . This comprised of simulating many ’s using the specified 

AASHTO (Nowak, 1999) parameter values for , , , , , , , and 

. Additionally, the simulation specified the values of the parameters of the lognormal 

distribution from which to draw resistance bias values as = (.7, .9, 1, 1.1, 1.3) and 

= (.2, .5, .8, 1.0, 1.2) as these reflect values typically seen in practice. Sample size 

and choice of were chosen to be = (10, 25, 50) and = 2.33. The simulation size 

was 1,000. Results from the simulation are given in the next section. Algorithm 2 gives 

the details of the simulation process.

Algorithm 2: Simulation Procedure to Investigate Sampling Distribution of 

Definition of Terms:

 Pick values of and  to be used in the exact calculation of . 

Assume that parameters for the live and dead loads are those specified by 

AASHTO (Nowak, 1999).  

Let and be the UMVUE estimates for the resistance parameters based 

off original sample.

 Let be the number of bootstrap samples (defined in step 2) that will be chosen.
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Step 1:

Calculate  via FOSM equation.

Step 2:

 Generate a random sample of size from 

lognormal ( ln( ) .5 ln(1 + ), ln(1 +  ) )

Calculate  and based on the sample 

Calculate using the FOSM equation 

These are the ith bootstrap samples and estimates for the choice of , respectively

Step 3:

 Repeat step 2  times. 

 (Gives  estimates of the ‘true’ obtained in step 1) 

Step 4: 

 Repeat Steps 1-3 for each combination of , , and .

Note that step 2 draws from a lognormal specified by functions of and =

. These values are in the original, non-transformed scale. The lognormal distribution is 

defined by its location and scale parameters. Using the expected value and variance of the 

distribution we have 

mean = = and variance = 1 = .

Solving the equation for the mean for , the location parameter of the lognormal 

random variable, we obtain 
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= ln( ) 0.5 ,

Using the above result, the equation for the variance can be solved in terms of the scale 

parameter ( ) as

= ln(1 + ).

Plugging this result back into the equation for the location ( ) gives the form

= ln( ) 0.5 ln(1 + )

Hence the parameters of the lognormal distribution used in Step 2 of algorithm 2.

 

4.2 The Distribution of 

 The simulated ’s were then tested for fit to many common distributions via 

probability plots produced in Minitab 17. Figure 4.1 displays one example probability 

plot produced for a specified , specified , value of and = 2.33. All 45

probability plots are provided in Appendix A.
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Figure 4.1: Probability Plot for  as Lognormal

The lognormal distribution is the best fit from the distributions tested in the probability 

plots and possesses a very strong fit. Minitab runs the Andersen-Darling test for goodness 

of fit and displays the associated p-value. In Figure 4.1, the p-value is 0.888, which is not 

significant evidence that the data do not come from a lognormal populations. Note that 

for a sample of 1,000, it would be expected that the Andersen-Darling test would be quite 

powerful in detecting even minor deviations from the lognormal distribution. In only 4 of 

the 45 probability plots were p-values smaller than 0.05. Four or more rejections would 

be observed 18.7% of the time if a null hypothesis of lognormal is true. This is not 

unusual under : lognormal. Thus, it appears that the conclusion that the distribution of

is lognormal is well founded. This is a useful result because there is a simple 
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transformation from lognormal to normal that provides a clear road map to creating 

interval estimators for .
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CHAPTER 5
BIAS CORRECTION

5.1 Bias Correction

 With knowledge of the distribution of the resistance factor ( ) in hand, there 

remains another remedial measure to perform that may increase coverage of the interval 

estimator. Correcting for bias, especially when the nature of the bias is even partly

understood, has the potential to improve coverage. There are two approaches to correct 

for bias considered here, the ‘simple’ method of adding a bias correction to the 

computation of the interval and the Bias Corrected and Accelerated (BCa) confidence 

interval described by Efron (1987). Efron’s BCa method adds an acceleration term to 

account for deviations from normality. Algorithm 3 updates Algorithm 1’s simulation 

process to take in to account the distributional properties of  and to correct for the bias 

of as an estimator of . 

Algorithm 3: Bias Corrected Parametric Bootstrap Percentile Interval Estimator for 

Definition of Terms: 

A sample of measured resistances and associated predicted resistances are 

available: ( , ), … , ( , ).  Let = / ; = 1, … ,  be the sample of 

biases.   

Assume that parameters for the live and dead loads are those specified by 

AASHTO (Nowak, 1999).  

Let and be the UMVUE estimates for the resistance parameters based 

off original sample.  
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Let  be the number of bootstrap samples (defined in step 2) that will be chosen.

Step 1: 

Generate a random sample of size from a lognormal distribution with mean  

and coefficient of variation .  

Denote the th sample drawn in this way as the th bootstrap sample: 

, , … , . 

Step 2:

 Calculate the UMVUE estimates for  and  for each bootstrap sample. 

Let  and denote the estimates obtained from the th bootstrap sample, 

and let  be the estimate of  that results from using the th bootstrap sample.   

The quantity  is the th bootstrap estimate of . 

Step 3:

 Repeat steps 1-2  times. 

Step 4: (Bias Correction)

 Let = 2 ln ( ).

Let = / ,where is the usual standard deviation calculated on 

ln( ), … , ln( ). 

Step 5:

The (1 ) × 100% parametric bootstrap confidence interval for has lower 

bound  and upper bound . 
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Note that Algorithm 3 makes use of the distributional properties of in step 4 and makes 

further changes to account for the bias correction term ( ). A full derivation of the bias 

correction term is given in Appendix B. 

 

5.2 Simulation and Analysis of Simple Bias Correction

 The simulation presented in Chapter 4 was repeated for the new bias-corrected 

interval, but was fixed at 1 throughout under the assumption that it would not matter 

for the coverage and relative width.  Figures 5.1 and 5.2 give the coverages for the 

nonparametric and parametric intervals for = 2.33, respectively. 

Figure 5.1: Coverage of Nonparametric CI versus  for = 2.33 
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Figure 5.2: Coverage of Parametric CI versus for = 2.33 

 

As in chapter 4, relative interval width plots were also produced and are given in figures 
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Figure 5.3: Relative Nonparametric CI Width versus  for = 2.33
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Figure 5.4: Relative Parametric CI Width versus for = 2.33 

 

For comparison, Figure 5.5 shows the coverage plot for the parametric CI for = 2.33 

both with and without the bias correction.
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It is clear by visual inspection that the simple bias correction improves coverage 

significantly, nearly 20% in the best case. The relative length plots are also reproduced

side by side in Figure 5.6. Note that the Bias Corrected plot has been rescaled to match 

the scale of the original interval’s plot. This comparison highlights the significant 

improvement made in the relative length metric of interval assessment. 

 

Figure 5.6: Bias Corrected Relative Length (Left) vs Raw (Right)

 

5.3 The BCa Interval

 The simple bias correction produced promising results; therefore, the BCa method 

was applied in an attempt to further improve coverages. A small simulation study was 

conducted using Efron’s (1987) BCa method. The resulting parametric coverage plot is 

given in figure 5.6 for = 2.33. 
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Figure 5.7: Coverage of Parametric BCa CI versus  for = 2.33
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Figure 5.8: Coverage of Parametric, BCa CI versus  for = 3 

Figure 5.6 shows very similar coverages when compared to Figure 5.2, the simple bias 

correction interval. This is actually not surprising when considering what the BCa method 

is accounting for. There are two parts to the BCa: the bias correction and the acceleration. 

The bias correction is present in both methods, but the acceleration is attempting to 

correct for deviations from normality. Since there is a direct transformation from 

lognormal to normal, and the ’s have been demonstrated to be lognormal (or at least 

very close), there turns out to be no deviation from normality. Without the acceleration 

coming in to play, the BCa method turns in to a more computationally complex version of 

the previous bias correction performed in section 6.2, hence the same resulting similarity 

in the coverages.
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CHAPTER 6
CONCLUSION

 
 LRFD supplanted ASD as the system of choice for determining the strength of 

structures largely due to its ability to model additional variability in the system, but it still 

does not consider the full random nature of estimated quantities. The parameter of 

interest, the resistance factor ( ) is viewed as a deterministic number. Seo et al. (2015) 

proposed using bootstrap techniques to produce a confidence interval for the estimator . 

A simulation study using the Seo et al. (2015) algorithm revealed that the coverages of 

the confidence intervals were drastically sub-nominal and that sample size ( ) and the 

coefficient of variation for the resistance ( ) were the most impactful factors to the 

coverage. In addition to the coverage, the simulation study also revealed that the average 

relative width of the intervals was large, in the case of small samples ( = 6) the 

intervals were more than 10 widths long.

 Two solutions to improve coverages and reduce average length were explored and 

investigated for performance. First, the Seo et al. (2015) algorithm was modified to 

include a bias correction term and to account for the distributional nature of . In order to 

implement the first solution, the distribution of  was investigated via Monte Carlo 

simulation and determined to be approximately lognormal. Second, Efron’s (1987) BCa 

method accounts for deviation from normality of the random variable with the 

acceleration term and corrects for bias using a jackknife estimate of the variance of the 

estimate. Both solutions’ performance were investigated via simulations. The first 

solution provided a substantial increase in interval coverages and preliminary simulations 
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suggest that the BCa performs as well as the modified algorithm. The relative lengths of 

the first solution method also decreased notably. 

 The improvements to the Seo et al. (2015) algorithm provide better confidence 

intervals for the resistance factor in terms of coverage and relative length without adding 

much computational complexity and do not require further assumptions to be made on 

the model situation, which makes a strong case for implementing the modified algorithm 

in future scenarios. 

 Future lines of research can pick up where this thesis leaves off in terms of 

improving the coverage of the Algorithm 3 interval estimators. There is no evidence to 

suggest that the Algorithm 3 method produces ‘optimal’ intervals and more work can be 

done to improve coverages further or reduce the length of the intervals (relative and 

absolute). Additionally, the relationship of sample size to coverage and relative length is 

clear from the plots in all cases. This suggests that, given a researcher’s informed guess at 

and a neighborhood for how precise a desired, a sample size can be computed 

for the necessary sample to obtain that level of precision. Branching off from the method 

proposed by this thesis, there is room for development on the Monte Carlo interval front. 

That simulation method can also produce interval estimators but it requires computational 

work to streamline the simulation and create a definite stopping point. 
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APPENDIX B: DERIVATION OF BIAS CORRECTION TERM 

 
We are interested in the bias of when estimating . In the case of this thesis, the 

quantity of ln ( ) is of interest. Even if  was unbiased for , introducing the log 

transformation introduces bias. The bias of  ln( ) is 

ln = ln ln( ) = ln ln( ). 

 The bootstrap method provides a good way of approximating this expectation 

from the bootstrap estimates of ln( ), given as the bootstrap sample ln( ), … , 

ln( ). The bootstrap sample can provide an estimate of ln = [ln

ln( )], which is likely near (ln ).

 The quantity ln  can be estimated from the bootstrap sample as , 

which provides 

ln( ) =
ln

ln .

which, is also taken as the estimator of (ln ( )). To correct the bias in ln ( ), take 
ln (ln( )), which simplifies to 

2 ln
ln

.
  


