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ABSTRACT 
 
 

We propose dual-space microscopy (DSM), an optical microscopy technique 

based on simultaneous observation of an object in the position and momentum spaces. 

We describe the DSM phase-recovery algorithm and present one-dimensional 

simulations of the technique demonstrating that DSM is an imaging technique capable to 

resolve periodic and non-periodic structures with a resolution well below the Rayleigh 

resolution limit. 
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CHAPTER I  

INTRODUCTION 

 
The light disturbance at the real plane (RP) and the Fourier plane (FP) of an optical 

system can be described by the complex functions b(x)eid(x) and B(x)eiD(x), respectively 

[1]. Functions b(x)eid(x) and B(x)eiD(x) carry information about the spatial and momentum 

distribution of the light leaving the object under observation, respectively [1]. Both 

complex functions carry equivalent information about the object because one can be 

obtained from the other through a Fourier transform operation [1]. However, optical 

systems like common optical microscopes and telescopes are often based on the detection 

of the intensity of the light in the system’s RP (b(x)2) [2-3]. A possible explanation about 

the overabundance of imaging devices based on the detection of b(x)2 is that human eyes 

work this way [2]. Numerous imaging techniques have been developed in order to 

overcome this limitation, for instance, interferometric synthetic aperture [4-6] and phase-

recovery [7] imaging techniques have been developed to simultaneously determine 

amplitude (b(x)) and phase (d(x)) of the light disturbance at the system’s RP. Moreover, 

far-field imaging techniques such as lensless coherent diffraction imaging (CDI) 

techniques [8-9] that are based on the detection of the intensity in the system’s FP (B(x)2) 

have also been developed [8-11]. The existence of optical imaging systems based on the 

detection of b(x)2 and B(x)2 raises general questions like why there are no animals on our 

planet with eyes based on the detection of B(x)2, and what are the relative advantages and 

disadvantages between both imaging approaches? In this work we focus on the lateral 
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resolution limit of optical imaging systems. For instance, it is well-known that the 

resolution limit of a far-field optical microscope that produces wide-field images directly 

formed in the instrument’s RP is the Rayleigh resolution limit λ/(2NAo), where λ is the 

vacuum-wavelength of the light used for imaging, and NAo is the numerical aperture of 

the objective lens [1-3]. In contrast, some CDI techniques are capable of producing 

images with a resolution well below of λ/(2NAo) [10, 12]. This is related to recent reports 

unveiling that a FP image (B(x)2) may carry more information about objects with a 

periodical structure than the corresponding RP image (a(x)2) [13-14]. In this work, first, 

we present one-dimensional simulations of the Fourier Plane Imaging Microscopy 

(FPIM) technique, which is based on the collection of numerous wide-field FP images 

with small NAo for obtaining a synthetic FP image with larger numerical aperture NAs 

[13, 15]. Using an iterative one-dimensional phase-recovery algorithm, we demonstrate 

that FPIM is a CDI technique that permits to obtain high-resolution RP images, with 

resolution well below the Rayleigh resolution limit, of objects formed by a single 

periodic structure. We also show, however, that the FPIM algorithm fails for objects 

containing non-periodic structures. This is in contrast with Fourier ptychographic (FPM) 

microscopy [16-19], which permits to obtain RP images with resolution below λ/(2NAo) 

of objects containing non-periodic structures [14, 16, 19] but fails to do the same for 

objects formed by a single periodic structure [14]. Presented FPIM algorithm is similar to 

phase-recovery algorithms of optical Ptychographic microscopy (PM) [11-12] and FPM 

[16-19]. As in FPM, the FPIM algorithm assumes that the object under observation is 

illuminated by plane waves in different directions; however, in contrast with FPIM, FPM 
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is based on the experimental collection of numerous low-resolution RP images. As in 

PM, numerous FP images with small NAo are experimentally collected in FPIM; 

however, in contrast with FPIM, the PM algorithm assumes that the object under 

observation is illuminated by a collimated beam that is the spatially scanned over the 

object. The second, and more important development presented in this work is the 

proposition of a novel microscope technique based on simultaneous observation of an 

object in the position and momentum space. We show that dual-space microscopy 

(DSM), as we call this technique, is related to and combines the advantages of the FPM 

and FPIM techniques. DSM can be experimentally realized by adding a second camera 

for observing the FP of a common optical microscope [13, 15, 20-21]. In this work, using 

one-dimensional simulations we demonstrate that DSM permits to obtain image 

resolution values well below the Rayleigh resolution limit independently of the object’s 

structure. The rest of this paper is organized as follows: In Section 2, we describe the 

generation of simulated low-resolution RP images and corresponding FP images with 

small NAo of periodic and non-periodic one-dimensional objects. In Section 3, we present 

and discuss the results obtained with proposed FPIM iterative one-dimensional phase-

recovery algorithm. We also compare FPM and FPIM algorithms, and discuss relative 

advantages and disadvantages between them. Results obtained with proposed DSM 

technique are presented in Section 4. Finally, the conclusions of this work are presented 

in Section 5. 
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CHAPTER II 

 SIMULATION OF LOW-RESOLUTION IMAGES OBTAINED BY 

ILLUMINATING A ONE-DIMENSIONAL OBJECT FROM SEVERAL 

DIRECTIONS 

 
Figures 1(a) and 1(b) show the intensity (a(x)2) and phase (p(x)), respectively, associated 

with the light transmitted by a periodic one-dimensio 

nal object with p = 500 nm that is illuminated by a plane wave impinging the sample at 

normal incidence [1]. Figs. 1(c) and 1(d) show the intensity (A(k)2) and phase (P(k)), 

respectively, of the one-dimensional Fourier transform (F) of the complex function 

a(x)eip(x); i.e., 

( ) ( )( ) ( )iP k ip xA k e F a x e      
(1) 

In order to simplify the simulation analysis, in this work, the Fourier transforms are 

plotted as a function of numerical aperture (NA) units, which can be obtained dividing the 

wave-number (k) by 2π/λ [7]. We used in our simulations λ = 450 nm that matches the 

emission maximum of common commercial white-light emitting LEDs [20-21]. Fig. 1(c) 

corresponds to the diffraction pattern that would be produced by illuminating the sample 

with a plane wave at normal incidence [1]. The spikes correspond to diffraction spots of 

different orders [1]. 
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Figure 1. (a) Intensity and (b) phase associated with light transmitted through a 
one-dimensional periodic object with p = 500 nm illuminated by a plane wave at 
normal incidence. (c) Intensity and (d) phase corresponding to the Fourier 
transform of the complex function describing the transmitted light. The small 
(red) and large (green) windows represent the region of the FP observable by the 
objective lens and the synthetic numerical aperture, respectively, when the 
sample is illuminated by perpendicular light. The directions of emission of the 
LEDs are represented by red spots. (e) Intensity of FP image and (f) 
corresponding phase obtained when the object is illuminated in the direction 
represented by innermost red spot along k<0. (g) Intensity of the corresponding 
simulated low-resolution RP image and (h) related phase. Intensity, phase, x, and 
k are plotted in arbitrary units, radians, μm, and NA units, respectively.  

 

We assumed that that the required inclined illumination is provided by a one-dimensional 

array of light emitting diodes (LED) [20-21]. The spots in Fig. 1(c) and its inset 

correspond to the illumination direction of four pairs of LEDs with an equivalent 

condenser numerical aperture of NAc=0.59, 0.73, 0.87, and 0.98. This distribution of 

LEDs was chosen to approximately match the distribution of LEDs in reported 

hemispherical digital condensers (HDC) [20-21]. The small (red) and large (green) 
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windows in Figs. 1(d) and 1(f) represent the region of the FP observable by the objective 

lens under perpendicular illumination (Wo) and the synthetic numerical aperture (NAs) 

obtainable with the FPM technique [20-21], respectively. The minimum superposition 

between the observable regions of the FP, when the sample is illuminated by adjacent 

LEDs, was calculated to be 94% and 91% for NAo = 1.3 and 0.8 respectively. Figs. 1(e) 

and 1(f) shows an instance of simulated FP image (Aj(k)2) and corresponding phase 

(Pj(k)), respectively. This instance corresponds to transmitted light being collected by an 

objective lens with NAo = 1.3, and the sample being illuminated by the LED with NAc = 

0.59, whose corresponding illumination direction is represented by the innermost red spot 

in the inset of Fig. 1(c). The FP image shown in Fig. 1(e) could be observed 

experimentally by adding a second camera to an optical microscope, as described in Refs. 

[13-15, 20-21]. Amplitude and phase corresponding to the FP image related to each LED 

were calculated using the following equation:   

 
( ) ( )( ) ( ) .j jiP k iP k k

j j oA k e A k k e W   
 
(2) 

 

Here, Wo is a rectangular window of width 2NAo and centered at k = 0. Eq. (2) 

corresponds to the successive application of the operations “shift” and “window.” First, 

the complex function A(k)eiP(k) is shifted toward the FP position kj corresponding to the 

direction of the illumination produced by the LED number j. The shift is then followed by 

a multiplication by Wo, so that the resulting FP image is limited to experimentally 

realizable numerical aperture (NAo). For instance, after the shift, the zero-order 

diffraction spike appears in the same position (NA = -NAc = -0.59) as the left innermost 
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green spot in Fig. 1(e). The two diffraction spikes in Fig. 1(e) are the only diffraction 

spikes that remain inside the window Wo after shifting the spectrum. The amplitudes 

(aj(x)) and phases (pj(x)) corresponding to simulated low-resolution RP images (aj(x)2) 

were then calculated by the following inverse one-dimensional Fourier transform (F-1) 

[1]: 

( ) ( )1( ) ( )j jip x iP k
j ja x e F A k e       

(3) 
 

Figs. 1(g) and 1(h) shows low-resolution RP image (aj(x)2) and corresponding phase 

(pj(x)), which were obtained using Eq. (3) from the simulated FP image and its 

corresponding phase shown in Figs. 1(e) and 1(f), respectively. A comparison of Figs. 

1(a) and 1(g) clearly indicates the low resolution character of the RP image shown in Fig. 

1(g), which has the same periodicity as that of the object, but has lost the sharp corners 

present in the object. The finite numerical aperture of the objective lens limits the 

maximum spatial frequency that can be collected.  Hence, only two spikes, corresponding 

to the zeroth and first diffraction orders [1, 13], can be observed in the FP image shown 

in Fig. 1(e), while numerous spikes are observed in the Fig. 1(c). Nevertheless, the 

observation of the correct periodicity of the sample in the low resolution FP image shown 

in Fig. 1(g) means that the sample’s periodic structure was resolved. This occurs because 

p = 500 nm > λ/(2NAo) = 173 nm, and p is also larger than the minimum period, pmin =  

239 nm, resolvable using inclined illumination corresponding to NAc = 0.59, which can be 

calculated using the following expression [20-23]: 

min
o c

p
NA NA





 

 
(4) 
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The observation of periodic features in the RP image of the sample when two consecutive 

diffraction orders are captured in the corresponding FP image is in excellent 

correspondence with the criteria for resolution in the Abbe’s theory of image formation, 

which states that periodic structures in a sample could be observed in the RP image if, 

and only if, diffraction features corresponding to two consecutive diffraction orders could 

be observed in the corresponding FP image [1, 13, 20-21]. 
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CHAPTER III 

IMAGE RECONSTRUCTION USING A ONE-DIMENSIONAL FPIM 

ALGORITHM 

 
Fig. 2 shows a schematic diagram of the one-dimensional phase-recovery algorithms used 

in FPM [14, 16-19, 21] and FPIM. The common steps in both algorithms are in black 

while the steps unique to FPIM (FPM) are in red (blue). It is also possible to combine 

both algorithms in a mixture of FPM and FPIM that we call DSM. 

 
Figure 2.  Schematic diagram of the one-dimensional algorithms of FPIM, FPM, 
and DSM. One iteration includes the successive application, to each simulated FP 
(low-resolution RP) image in the set of images to be used, of all operations 
contained inside of the box with discontinuous-line. The algorithm converges 
after several iterations. The common steps in the algorithms are in black while 
the steps unique to FPIM (FPM) are in red (blue). The DSM algorithm is a 
mixture of the FPM and FPIM algorithms. 

 

As shown in the block (1) in Fig. 2, we started the algorithm by assuming amplitude 
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(am=0(x)) and phase (pm=0(x)) identically equal to one and zero, respectively, as the initial 

approximation (m=0) corresponding to the high-resolution RP image (am=0(x)2). Then, as 

shown in the block (2) in Fig. 2, the first actual approximation (m=1, j=1) of the 

amplitude and phase corresponding to the FP image with large NAs are calculated using 

Eq. (1) [14, 16-19, 21].  As shown in the block (3) in Fig. 2, this follows by the use of Eq. 

(2) to calculate the first approximation to the amplitude (Am=1, j=1(k)) and phase (Pm=1, 

j=1(k)) corresponding to the FP image with NAo (Am=1, j=1(k)2) that would be observed 

illuminating the sample with the LED number j. At this point there are two options: In 

FPM, the algorithm jumps to the next step; however, as shown in the blocks (10) and (11) 

in Fig. 2, in FPIM and DSM the calculated amplitude of the FP image with NAo (Am,j(k)) 

is substituted by the amplitude of the corresponding simulated FP image (Aj(k)), which 

was obtained as described in Section 2. In the next algorithm’s step, as shown in the 

block (4) in Fig. 2, the amplitude (am,j(x)) and phase (pm,j(x)) corresponding to the related 

low-resolution RP image are calculated using Eq. (3) [14]. In FPM, φm,j(k) is a complex 

function formed by the amplitude and phase calculated in the step illustrated in the block 

(3) in Fig. 2; however, as shown in the blocks (10) and (11) in Fig. 2, in FPIM and DSM 

the amplitude of φm,j(k) is the simulated amplitude Aj(k). Again there are two options at 

this point: In FPIM, the algorithm jumps to the next step; however, as shown in the 

blocks (5) and (6) in Fig. 2, in FPM and DSM the calculated amplitude of the low-

resolution RP image (am,j(x)) is substituted by the amplitude of the corresponding 

simulated low-resolution RP image (aj(x)), which was obtained as described in Section 2 

[14, 16-19, 21]. Then, as shown in the block (7) in Fig. 2, the amplitude and phase 
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corresponding to the FP image with NAo is recalculated by the application of the Fourier 

transform operation followed by multiplication by the window Wo.; i.e., using Eq. (5) [14, 

16-19, 21]:  

                                      
, ( )

, ,( ) ( ) .
rec

m jiP krec
m j m j oA k e F k W     

 
(5) 

 
In FPIM, ψm,j(k) is a complex function formed by the amplitude and phase calculated 

in the step illustrated in the block (4) in Fig. 2; however, as shown in the blocks (5) and 

(6) in Fig. 2, in FPM and DSM, the amplitude of ψm,j(k) is the simulated amplitude aj(x). 

Finally, as shown in the block (8) in Fig. 2, the updated approximations of the amplitude 

and phase corresponding to the synthetic numerical aperture are calculated by, first, 

shifting the complex functions corresponding to the calculated and recalculated FP 

images with NAo by the amount -kj, and then adding the weighted difference between 

them to the complex function corresponding to the actual approximations of the synthetic 

numerical aperture.; i.e., using Eq. (6) evaluated for α=1, and γ=0 [14, 16-19, 21]:  

, , ,( ) ( ) ( )( )
, , ,( ) ( ) ( ) ( )

act recupd
m j m j j m j jm

iP k iP k k iP k kiP kupd act rec
m m j m j j m j jA k e A k e A k k e A k k e       

 
 

 
(6) 

As shown in the block (8) and (2) in Fig. 2, after the initial approximation of the FP 

image with large NAs is updated, the amplitude and phase corresponding to the updated 

FP image with NAs are used as the actual approximation of them (j=2). The operations 

included in the box with discontinuous-line in Fig. 2 are successively done for each 

simulated low-resolution RP image (indicated by the sub-index j) included in the set of 

simulated low-resolution RP images to be used. This constitutes the first iteration (m=1) 

in the algorithm, which should converge after several iterations. Finally, as shown in the 

block (9) in Fig. 2, the one-dimensional Fourier transform of the complex function 
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corresponding to the updated FP image with large NAs gives the amplitude and phase 

corresponding to the final high-resolution RP image. We found that typically 

convergence occurs after few dozen iterations, but in order to be sure that we do not miss 

any important development, we explored the algorithm results even after thousands of 

iterations without finding significant differences from the results obtained at 

convergence. Fig. 3 shows the results obtained after 600 iterations of the one-dimensional 

FPIM algorithm using the eight low-resolution RP images simulated with NAo = 1.3 as 

described in Section 2. 

 

 
Figure 3. (a) Intensity and (b) phase corresponding to the high-resolution RP 
image of a periodic structure with p=500 nm obtained with the FPIM algorithm 
using all FP images simulated with NAo = 1.3. (c) Intensity and (d) phase 
corresponding to related FP image with NAs = 2.28. Intensity, phase, x, and k are 
plotted in arbitrary units, radians, μm, and NA units, respectively. 

 

As expected and shown in Fig. 3(a), the sample’s one-dimensional structure with p = 

500 nm is clearly resolved in the obtained high-resolution RP image that was calculated 

using the FPIM algorithm.  Fig. 3(b) shows the corresponding recovered phase. A 

comparison of Figs. 1(b) and 3(b) reveals that the original phase corresponding to the 

object was also approximately recovered.  Figs. 3(c) and 3(d) shows the intensity and 

phase, respectively, corresponding to the obtained FP image with NAs = NAo + NAc = 
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2.28. The increase in resolution of the obtained high-resolution RP image is in excellent 

correspondence with the larger number of spikes in the synthetic FP image shown in Fig. 

3(c), when compared with the simulated FP image shown in Fig. 1(e). As shown in the 

inset of Fig. 3(c), the first-order diffraction spikes are placed at NA = λ/p = 0.9, as 

expected for p = 500 nm. As previously reported, similar results are obtained using the 

FPM algorithm [14]. Resolution of the sample’s periodic structure in the obtained high-

resolution RP image when NAo = 1.3 is almost trivial exercise because all FP images 

simulated with NAo are similar to that shown in Fig. 1(e), and hence, all of them have two 

diffraction spikes corresponding to two successive diffraction orders. In correspondence 

with this, the periodical structure is visible in each of the simulated low-resolution RP 

images [14, 21], all of which are similar to the one shown in Fig. 1(g). Nevertheless, 

results shown in Fig. 3 demonstrate that the implemented one-dimensional FPIM 

algorithm performed correctly. The results become more interesting when NAo = 0.8, 

because the sample’s periodic structure with p = 500 nm only can be observed in the RP 

images obtained using the LEDs with NAc = 0.59 and 0.73 [14, 21]. The set of low-

resolution RP images simulated as described in Section 2 but using NAo = 0.8 is now 

formed by four bright-field images obtained with NAc < NAo, and four dark-field images 

obtained with NAc > NAo [14, 24-25]. In the bright-field RP images, the sample’s periodic 

structure is visible, but it is not visible in the dark-field RP images because there is only 

one diffraction spike in the corresponding dark-field FP images [14, 21]. 
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Figure 4. (a, c) Intensity of the obtained high-resolution RP image of a periodic 
structure with p=500 nm, and (b, d) corresponding FP image with NAs = 1. 78, 
obtained with the (a-b) FPIM and (c-d) FPM algorithms using all low-resolution 
RP and corresponding FP images simulated with NAo = 0.8. Intensity, x, and k are 
plotted in arbitrary units, μm, and NA units, respectively. 

 

Figs. 4(a) and 4(b) (4(c) and 4(d)) show the intensities of the high-resolution RP 

image and corresponding FP image, respectively, obtained after 600 iterations with the 

FPIM (FPM) algorithm using all eight FP (low-resolution RP) images simulated with NAo 

= 0.8. The sample’s periodic structure is resolved in the obtained high-resolution RP 

image shown in Figs. 4(a) and 4(c). In excellent correspondence with this, three spikes 

corresponding to the zero and first order diffraction spikes are clearly observed in the FP 

images with NAs = 0.8 + 0.98 = 1.78 shown in Figs. 4(b) and 4(d). As shown in the insets 

of Figs. 4(b) and 4(d), the first-order diffraction spikes are placed at NA = λ/p = 0.9, as 

expected for p = 500 nm. This demonstrates that both FPIM and FPM permit to resolve 

periodic structures that could be observed under some of the inclined illumination 

directions corresponding to the images used in the phase-recovery algorithm [14]. 

Moreover, as shown in Fig. 5, when only dark-field simulated images were used, FPIM 

algorithm succeeded where FPM failed to resolve the sample’s periodical structure [14].      
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Figure 5. Intensity of (a, c) of high-resolution RP image of a periodic structure 
with p=500 nm, and (b, d) corresponding FP image obtained with the FPIM 
algorithm using only all dark-field FP images simulated with NAo = 0.8. The 
FPIM algorithm started by using dark-field FP images corresponding to the 
LEDs with NAc = (a-b) 0.87 and (c-d) 0.98. Intensity, x, and k are plotted in 
arbitrary units, μm, and NA units, respectively. 

 

Figures 5(a) and 5(b) (5(c) and 5(d)) show the intensity of the high-resolution RP 

image and corresponding FP image, respectively, that were obtained with the FPIM 

algorithm using only the four dark-field FP images simulated with NAo = 0.8. The 

algorithm started by using the FP images corresponding to the LEDs with NAc = 0.87 

(Figs. 5(a) and 5(b)) and NAc = 0.98 (Figs. 5(c) and 5(d)). The sample’s periodic structure 

is clearly observed in Figs. 5(a) and 5(c). This is in excellent correspondence with the FP 

images shown in Figs. 5(b) and 5(d) that contains first order diffraction spikes placed at 

NA = λ/500 = 0.9. This is in contrast with reported simulations results showing that FPM 

failed to resolve the sample’s periodic structure in this case [14]. Consequently, when the 

FPIM technique is used for imaging objects formed by a single periodic structure, and the 

FPIM algorithm uses only low-resolution RP images where the object’s single periodic 

structure is not visible at all, FPIM permits to resolve the sample’s periodic structure. To 

verify the generality of this assertion, we studied the extremely important case where pmin 

< p < λ/(2NAo); i.e., we wanted to determine, when the object under observation contains 
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a single periodic structure and p < λ/(2NAo), whether the resolution limit of FPIM is 

given by Eq. (4) or by the Rayleigh resolution limit. For instance, this case occurs for 

NAo = 0.8 and NAc = 0.98 when p = 267 nm. A similar investigation for FPM concluded 

that the Rayleigh resolution limit is the resolution limit of FPM in this case [14].  

 

 
Figure 6. Intensity of (a, e) low-resolution RP and (b, f) corresponding FP image 
associated to an object with p = (a-b) 267 nm and (e-f) 250 nm that were 
simulated using NAo = 0.8 and NAc = 0.98. Intensity of (c, g) high-resolution RP 
image obtained with the FPIM algorithm using all simulated FP images and (d, h) 
corresponding FP image with NAs = 1.78. Intensity, x, and k are plotted in 
arbitrary units, μm, and NA units, respectively. 

 

Using the same procedure that is described in Section 2, we created a complex 

function a(x)eip(x) corresponding to objects with pmin < p = 267 nm < λ/(2NAo) = 281 nm  

and p = 250 nm < pmin = 253 nm (not shown).  All simulated low-resolution RP images in 

these two cases were similar to those shown in Figs. 6(a) and 6(e), where the sample’s 
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periodic structure was not visible because p was smaller than the Rayleigh resolution 

limit. In addition, simulated FP images for p = 267 nm (250 nm) were similar to those 

shown in Fig. 6(b) (Fig. 6(f)), where only one (no) diffraction spike is visible. Figs. 6(c) 

and 6(d) show the intensity of the high-resolution RP image and corresponding FP image 

with NAs = 1.78, respectively, obtained after 600 iterations with the FPIM algorithm 

using all simulated low-resolution RP images with p = 267 nm. Here again, the sample’s 

periodic structure is clearly visible in the high-resolution RP image shown in Fig. 6(c). 

This is in excellent correspondence with the position of the first-order diffraction spikes 

at NA = λ/267 = 1.6875 in the inset of Fig. 6(d). This is in contrast with recently reported 

results that show the FPM algorithm failed to resolve the periodic structure of the object 

in this case [14]. We then conclude that FPIM can resolve single periodic structures when 

the algorithm uses only FP images corresponding to low-resolution RP images where the 

periodic structures are not visible at all. However, there is a limit to this ability. Figs. 6(g) 

and 6(h) show the intensity of the high-resolution RP image and corresponding FP image 

with NAs = 1.78, respectively, obtained after 600 iterations with the FPIM algorithm 

using all simulated low-resolution RP images with p = 250 nm. In excellent 

correspondence with Eq. (4), no periodic structure can be observed in the high-resolution 

RP image shown in Fig. 6(g). This means that the resolution limit of the FPIM technique 

is given by Eq. (4). Therefore, in correspondence with previous reports [13, 15], when 

NAc >> NAo the resolution limit of FPIM is well below the Rayleigh resolution limit. 

However, in contrast to previous FPM reports [13, 15], the FPIM phase-recovery 

algorithm fails for non-periodic samples. This is illustrated in Fig. 7.  
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Figure 7. (a) Intensity and (b) phase associated to transmitted light through a non-
periodic one-dimensional object illuminated by a plane wave at normal 
incidence. The object is formed by structures with three different periods: p = 
267 nm, 400 nm, and 667 nm. Intensity of (c, e) high-resolution RP image and (d, 
f) corresponding FP images with NAs = 1.78 obtained using all simulated low-
resolution images with NAo = 0.8 and the (c-d) FPM and (e-f) FPIM algorithms. 
Intensity, phase, x, and k are plotted in arbitrary units, radians, μm, and NA units, 
respectively.    

 

Figures 7(a) and 7(b) show the intensity and phase, respectively, associated with the 

light transmitted by a non-periodic one-dimensional object illuminated by a plane wave 

impinging the sample at normal incidence. Figs. 7(c) and 7(d) (7(e) and 7(f)) show the 

high-resolution RP image and the corresponding FP image with NAs = 1.78 that were 

obtained after 600 iterations of the FPM (FPIM) algorithm using the eight FP images 

simulated following the procedure described in Section 2 with NAo = 0.8. As 

demonstrated by the high-resolution RP image shown in Fig. 7(c), the relative complexity 

of the non-periodic structures helped the FPM phase-recovery algorithm to resolve the 

otherwise irresolvable structure with p = 267 nm [14]. This is in excellent correspondence 

to the positions NA = λ/p = 0.675, 1.125, and 1.6875 of first-order diffraction spikes 
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shown in the inset of Fig. 7(d). The fourth peak at NA = 1.35 visible in the FP image with 

NAs shown in Fig. 7(d) is the second-order diffraction peak corresponding to the structure 

with p = 667 nm. As shown in the inset of Fig. 7(f), the same diffraction spikes are 

present in the FP image with NAs = 1.78 obtained with FPIM. However, in contrast with 

FPM, the object’s structure was not resolved in the high-resolution RP image shown in 

Fig. 7(e).  
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CHAPTER IV 

 PROPOSED DSM TECHNIQUE 

 
FPM and FPIM are complementary techniques because one fails where the other 

succeeds, and vice versa. This suggests that DSM should combine the advantage of both 

techniques. This is confirmed by the simulation results presented in Fig. 8. 

 

 

 
Figure 8. Intensity of (a, c) high-resolution RP image and (b, d) corresponding FP 
images with NAs = 1.78 obtained using the DSM technique and all simulated 
low-resolution images with NAo = 0.8 corresponding to a one-dimensional object 
formed by (a-b) a single periodic structure with p = 267 nm and (c-d) structures 
with three different periods: p = 267 nm, 400 nm, and 667 nm. Intensity, x, and k 
are plotted in arbitrary units, μm, and NA units, respectively.   

 

Figures 8(a) and 8(b) show the high-resolution RP image and the corresponding FP 

image with NAs = 1.78, respectively, which were obtained using all eight simulated low-

resolution RP images, the corresponding eight simulated FP images with NAo = 0.8, and 

the one-dimensional DSM algorithm discussed in Section 3, and sketched in Fig. 2. The 

RP and FP images shown in Figs. 8(a) and 8(b) are position and momentum space images 

of the one-dimensional object with three periodic structures with p = 267 nm, 400 nm, 



Texas Tech University, Shaima A. S. Alanzi, December 2016 
 

21 
 

and 667 nm.  The first-order diffraction spikes located at NA = λ/267 = 1.6875 in the inset 

of Fig. 8(b) indicates that the periodic structure observed in Fig. 8(a) has the correct p = 

267 nm. Therefore, like FPIM, but in contrast with FPM, proposed DSM technique can 

resolve structures with p < λ/(2NAo). Figures 8(c) and 8(d) demonstrate that, in contrast to 

FPIM, but like FPM, proposed DSM technique can also resolve structures with a single 

period p < λ/(2NAo) when the object contains non-periodic structures. The RP and FP 

images shown in Figs. 8(c) and 8(d) are position and momentum space images of a one-

dimensional object containing three periodic structures with p = 267 nm, 400 nm, and 

667 nm (Figs. 7(a) and 7(b)). Figures 8(c) and 8(d) show the high-resolution RP image 

and the corresponding FP image with NAs = 1.78, respectively, which were obtained 

using all eight simulated low-resolution RP images, the corresponding eight simulated FP 

images with NAo=0.8, and the one-dimensional DSM algorithm. The three periodic 

structures forming the object can be clearly observed in Fig. 8(c). Moreover, the periods 

of these structures are correct as indicated by the first-order diffraction spikes located at 

NA = λ/p = 0.675, 1.125, and 1.6875 in the inset of Fig. 8(d).  
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CHAPTER IV 

 CONCLUSIONS 

 
 

We presented the first one-dimensional phase-recovery algorithm applicable to FPIM.  

We demonstrated that that Eq. (4) gives the resolution limit of FPIM when the object 

under observation is formed by a single periodic structure; and therefore, when NAc >> 

NAo the resolution limit of FPIM is well below the Rayleigh resolution limit. However, 

we showed that the FPIM technique fails when pmin < p < λ/(2NAo) and the object 

contains non-periodic structures. We then propose dual-space microscopy (DSM), an 

optical microscopy technique based on simultaneous observation of an object in the 

position and momentum spaces. We describe the DSM phase-recovery algorithm, and 

present one-dimensional simulations of the technique demonstrating that DSM is an 

imaging technique capable of resolving periodic and non-periodic structures with a 

resolution well below the Rayleigh resolution limit. 
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