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ABSTRACT 
 

In addition to forming the two common forms of crystalline tin, α-tin and β-tin, 

tin can crystallize into the metastable clathrate structures. These structures contain large 

20, 24, or 28-atom “cages” which allow for the introduction of loosely bound guest atoms 

into the cages. In general, clathrate lattices of Group 14 elements, and the guests are 

either alkaline metal or alkaline earth metal atoms. The introduction of certain guests 

allows the tuning of the electronic and vibrational properties of the material to suit certain 

needs. Due to this ability for tuning the material properties, one of the main areas of focus 

for the clathrates is in thermoelectrics. Clathrates often have low thermal conductivities 

and have the electronic properties of semiconductors, both of which are important for a 

good thermoelectric material.  

Both silicon and germanium based Types I and II clathrates have been extensively 

studied both experimentally and theoretically. Tin based clathrates, especially those with 

the Type-II lattice structure, have not been as extensively studied, mostly due to the 

difficulty of synthesizing them. However, some new Type-II tin based clathrates have 

been recently synthesized. Several different compounds have been synthesized, but the 

ones of interest in this study are of the form X8Ba16Ga40Sn96, with X=K, Rb, or Cs, as 

well as the empty clathrate Ga40Sn96. Tin based clathrates are of interest due to the high 

atomic weight of tin itself, which results in a shrinking in phonon band widths and thus a 

lower thermal conductivity.     

 In this thesis, the properties of some of the Type II tin-based clathrate compounds 

are investigated from first principles. The calculations are based on the Local Density 

Approximation to Density Functional theory. Here, results are reported for the 

equilibrium lattice constant and other equilibrium structural properties, the electronic 

band structures, the phonon dispersion curves, and the vibrational densities of states. 

Results of the latter calculations are used to find the low-lying vibrational modes of the 

guest atoms.  Further, the results for the vibrational properties are used to approximately 

determine atomic displacement parameters, the thermodynamic properties of the 

materials, and the lattice thermal conductivity.  
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CHAPTER I 

INTRODUCTION 
 

1.1 Clathrates and Thermoelectrics 

 
 The two common phases of elemental tin are gray tin and white tin, also known as 

α-Sn and β-Sn respectively. Gray tin has a face-centered cubic structure with two atoms 

per primitive cell in the diamond structure, whereas white tin has a body-centered 

tetragonal structure with two atoms in the primitive cell. Tin is similar to silicon and 

germanium in that the ground state phase of all three is the diamond structure. The atoms 

in the diamond state are all bonded with sp3 tetrahedral bonds. All three elements can also 

form metastable phases called clathrates.  

 Inorganic clathrates were first discovered and synthesized by Cros in 1965 [1,4,5]. 

They are compounds that consist of a lattice that is made up of group 14 elements with 

large open frameworks. The lattices come in several different families. The most 

common families are type-I which has a 46-atom unit cell in a simple cubic lattice, and 

the type-II which has a 136-atom unit cell in a face-centered cubic lattice [2]. The lattice 

structure of the clathrates contains many cages. Type-I clathrates contain 20 and 24 atom 

cages, while type-II clathrates consist of 20 and 28 atom cages [3]. These cages are face 

sharing polyhedrons with the framework atoms tetrahedrally bonded to one another. The 

angle of bonding is spread to a range between 105° and 120° as compared to the perfect 

tetrahedral bonding angle of 109.7° [3]. 

 One of the main reasons clathrates are is their ability to contain guest atoms 

within the cages of the lattice. The guests are normally alkaline metal or alkaline earth 

metal atoms. These atoms can affect the structural, electronic, vibrational, 

thermodynamic, and transport properties of the host lattice. For instance, studies of the 

electrical conductivity of silicon based clathrates with cages filled with sodium or 

potassium atoms showed that such materials have metallic or semi metallic behavior as 

opposed to the semiconductor properties of pure silicon [4,5]. The guest atoms have also 

been shown to effectively contract the acoustic phonon modes of the host lattice [6,8]. 
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These properties can be tuned by increasing or decreasing the concentration of guest 

atoms especially in type-II clathrates which can have up to 24 guest atoms.  

 Recently, much experimental research has been focused on the clathrates’ 

usefulness as thermoelectric materials. There are two main thermoelectric effects. The 

Seebeck effect, discovered in 1821 [9], is the conversion of a temperature gradient to a 

difference in electric potential. The Peltier effect, discovered in 1834 [9], is the opposite 

of the Seebeck effect; an electric potential difference generates temperature gradient. 

Good thermoelectric materials must be very efficient because they always are working 

against Joule heating. A commonly used measure of the efficiency of a thermoelectric 

material is the Dimensionless Figure of Merit, ZT [10].  It is given by  

 

             𝑍𝑍𝑍𝑍 =  
𝜎𝜎𝜎𝜎2𝑍𝑍
𝜅𝜅

                                                                                                                     (1.1) 

 

where S is the Seebeck coefficient, σ is the electrical conductivity, and κ is the thermal 

conductivity. Note that a good thermoelectric material must have a high electrical 

conductivity and a low thermal conductivity. These two requirements are difficult to 

achieve together, because many materials, such as metals and metal alloys, often possess 

high electrical conductivities while also having high thermal conductivity. Thus, finding 

suitable materials for thermoelectric applications can be challenging. The best 

thermoelectric materials at present have ZT ~ 1 [9,10]. 

 The Phonon-Glass Electron-Crystal (PGEC) approach to finding efficient 

thermoelectric materials is to search for materials that behave like glasses for their 

vibrational properties while maintaining the electronic properties of crystalline materials 

[11]. Clathrates are well suited to meeting these needs due to the guest atoms in the 

cages. These guests are weakly bound to the host framework and therefore can contribute 

low-lying vibrational modes that can lower the thermal conductivity [8,9,12]. The 

electronic contributions of the guest atoms can also be affected by  substituting atoms 

such as Ga, Zn, or Al for some of the Group 14 host atoms on the lattice. By that means, 

the semiconducting properties of the material are maintained. This framework 

substitution of the atoms is important because it can limit the electronic contribution to 
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the thermal conductivity. This is especially true in tin-based clathrates, as studies have 

shown that the guest atoms change the behavior of the material from semiconducting to 

metallic [7,8]. It is due to their potential for use in thermoelectrics that interest in the 

clathrates has been renewed in the past twenty years. Further, extensive studies, both 

experimental and theoretical, have been done to study many of the relevant properties of 

clathrates [6-8,12-16]. 

 
1.2 Discussion of Current Work 

 
  

While significant research has been done on silicon and germanium based 

clathrates, tin based clathrates have been much less extensively studied. Additionally, 

until recently, almost all experimental studies on tin-based clathrates were restricted to 

Type-I tin based materials [15,16]. In the past few years, researchers have successfully 

synthesized new quaternary phases of the form X8Ba16Ga40Sn96, with X = K, Rb, or Cs 

[17-20], as well as compounds formed by replacing the gallium atoms with aluminum 

atoms [21]. 

 Tin based clathrates are predicted to be efficient thermoelectric materials due to 

the high atomic weight of the framework atoms compared to those of silicon and 

germanium based clathrates [3]. This results in a contraction of the phonon band widths, 

which can lead to a lowering of the thermal conductivity [12]. Previously, studies of tin-

based type-I clathrates have confirmed their low thermal conductivities and potential for 

use as thermoelectric materials [15,16]. More recent studies have confirmed the potential 

for use in thermoelectrics of tin-based type-II clathrates. For example, a recent study has 

shown that K8Ba16Ga40Sn96 has a ZT of 0.93 at 637K [19].  

 The purpose of this thesis is to explore the properties of several tin-based type-II 

clathrates using first principles methods. The materials reported on in this work are those 

of the form X8Ba16Ga40Sn96 (X = K, Rb, or Cs) as well as the empty clathrates Sn136 and 

Ga40Sn96. There have been previous theoretical studies reporting the properties of several 

tin-based type-II clathrates such as pure Sn136 and Cs24Sn136 [7,8], but little theoretical 

work has been done on the most recently synthesized materials. The main goal of this 
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study is to perform theoretical calculations on the newly synthesized materials and to 

compare the results to the experimental data. 

 The first part of the work focuses on the structural and electronic properties of the 

materials with emphasis placed on finding the equilibrium volume for the crystal and the 

electronic band structures. Once the equilibrium volume for a material is found, it used to 

find the equilibrium lattice constant which can be compared with experimental values. 

One of the main goals of the study of the electronic band structure is to determine the 

effect of the gallium atoms that are substituted on the framework, and to determine if the 

quaternary compounds are metallic or semiconducting.  

 The next part of the work focuses on the vibrational and thermodynamic 

properties. First, the phonon dispersion relations and vibrational density of states are 

found and are used to calculate the low-lying vibrational modes of the guest atoms. The 

calculated frequencies are then used to determine the temperature dependent mean square 

displacement amplitude (Uiso) of the guest atoms. The vibrational density of states is then 

used to find the lattice contributions to thermodynamic properties (Helmholtz free 

energy, entropy, and heat capacity at a constant volume) using the harmonic 

approximation. 
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CHAPTER II 

COMPUTATIONAL DETAILS 
 
 
 The calculations performed in this study use an ab initio density functional 

planewave method that has shown to yield results in good agreement with experiment for 

a large variety of different kinds of materials. The total energies and electronic band 

structures are found using density functional theory (DFT) using the local density 

approximation (LDA) to solve the self-consistent Kohn-Sham equations [22,23]. The 

Ceperley-Alder functional is used to approximate the electron exchange-correlation 

energy [24]. The calculations utilize the Vienna Ab-initio Simulation Package (VASP) 

[25-27] with plane-wave basis sets and ultra-soft pseudopotentials [28-30]. A previous 

study has shown that the use of ultra-soft pseudopotentials gives reasonable results for 

tin-based materials despite semicore electrons having a greater effect than in silicon or 

germanium [7]. The ultra-soft pseudopotentials are therefore used to alleviate 

computation times.  

 The type-II clathrates belong to the Fd-3m space group and there are three 

different Wyckoff sites on the lattice: 8a, 32e, and 96g [2]. In the laboratory synthesized 

materials, gallium atoms are spread statistically between each of the different sites [18-

21], but due to the large number of possible configurations, it is not feasible to perform 

calculations on each of them. The arrangement that is most energetically favorable is the 

one with the fewest Ga-Ga bonds, and thus the Ga atoms are placed on the 8a and 32e 

sites. The K, Rb, and Cs atoms are all placed in the larger 28-atom cages while the Ba 

atoms are located in the smaller 20-atom cages.  

 The first step of the calculations is to obtain the optimized geometry of the 

material. Using VASP, the minimum energy and equilibrium geometry are found for a 

given volume through a lattice relaxation algorithm. The calculations used a 4×4×4 

Monkhorst-Pack k-point grid [31] with an energy cutoff of 12.9 Ryd. for the plane-wave 

basis.  This is repeated for several volumes until an approximate global minimum energy 

and volume are found. The minimum energies and volumes are then fit to the Birch-

Murnaghan equation of state, which has the form [32], 
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𝐸𝐸(𝑉𝑉) = 𝐸𝐸0 +
9
8
𝐾𝐾𝑉𝑉0 ��

𝑉𝑉0
𝑉𝑉
�
2 3⁄

− 1�
2

�1 + �
4 − 𝐾𝐾′

2
� �1 − �

𝑉𝑉0
𝑉𝑉
�
2 3⁄

��              (2.1)     

 

where E and E0 are the energy and the global minimum energy, V and V0 are the volume 

and the optimized volume, and K and K’ are the bulk modulus and the pressure derivative 

of the bulk modulus. The optimized volume is then used for the rest of the calculations. 

The electronic band structures are calculated by VASP using a set of k-points that are in 

high symmetry directions in the Brillouin zone.  

The next goal is to calculate the vibrational density of states (VDOS) and phonon 

dispersion relations. The first step of the process is to find the dynamical matrix.  A 

detailed overview of this procedure can be found in references 33 and 34. 

Given a specific volume, VASP allows for the calculation of the force constant 

matrix. For these calculations, a 2×2×2 k-point grid is used for the Γ-point phonon 

modes. The atoms in the lattice are each displaced by a small finite displacement U0. For 

a large supercell, the total energy with small displacements of the atoms is given by,  

 

𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 = 𝐸𝐸0 +
1
2
��𝜑𝜑𝛼𝛼𝛼𝛼

𝑖𝑖𝑖𝑖 𝑈𝑈𝛼𝛼𝑖𝑖 𝑈𝑈𝛼𝛼
𝑖𝑖  ,   𝛼𝛼,𝛽𝛽 = 1,2, …𝑁𝑁 𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖, 𝑗𝑗 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧 𝑎𝑎𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑𝑎𝑎𝑑𝑑.

𝛼𝛼,𝑖𝑖𝛼𝛼,𝑖𝑖

 (2.2) 

 

E0 is the static lattice energy and the U’s are the displacements of the α or β atom in the i 

or j direction. The force constant matrix elements, φαβ, for wave vector �⃗�𝑞 = (0,0,0) is 

then determined using the Hessian matrix (the matrix of the second derivatives of energy 

with respect to position).  

 

𝜑𝜑𝛼𝛼𝛼𝛼 =
𝛿𝛿2𝐸𝐸

𝛿𝛿𝑥𝑥𝛼𝛼𝛿𝛿𝑥𝑥𝛼𝛼
                                                                                                              (2.3) 

  

 To find the elements of the dynamical matrix that correspond to a non-zero wave 

vector, an approximation is made that the force constant matrix elements vanish for 
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atoms further away than the third nearest-neighbor. The elements of the dynamical matrix 

for a given wave vector in the Brillouin zone are therefore of the form, 

 

𝐷𝐷𝛼𝛼𝛼𝛼(�⃗�𝑞) = �
𝜑𝜑𝛼𝛼𝛼𝛼

�𝑚𝑚𝛼𝛼𝑚𝑚𝛼𝛼
𝑑𝑑𝑥𝑥𝑒𝑒�−�⃗�𝑞 ∙ �𝑅𝑅�⃗𝛼𝛼 − 𝑅𝑅�⃗ 𝛼𝛼��                                                         (2.4) 

 

where the R’s are the position vectors of the nearest neighbor atoms. The diagonalization 

of the dynamical matrix gives the squared frequencies as its eigenvalues.  

 In general, the Helmholtz free energy is given by, 

 

𝐹𝐹(𝑍𝑍) =  𝐸𝐸𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡𝑖𝑖𝑠𝑠 + 𝐹𝐹𝑣𝑣𝑖𝑖𝑣𝑣(𝑍𝑍)                                                                                         (2.5) 

 

Where Estatic is the lattice energy when all atoms are fixed at their lattice positions. Since 

the lattice is rigid, the thermodynamic properties will be dominated by the vibrational 

contribution. The thermodynamic properties are calculated in the harmonic 

approximation [35]. The vibrational contribution to the Helmholtz free energy is  

 

𝐹𝐹𝑣𝑣𝑖𝑖𝑣𝑣(𝑍𝑍) = 𝑘𝑘𝐵𝐵𝑍𝑍� �
1
2
ħ𝜔𝜔 + 𝑘𝑘𝐵𝐵𝑍𝑍 ln�1 − 𝑑𝑑−ħ𝜔𝜔 𝑘𝑘𝐵𝐵𝑇𝑇⁄ �� 𝑔𝑔(𝜔𝜔)𝑎𝑎𝜔𝜔                          (2.6)

∞

0
 

where kB is Boltzmann’s constant, ħ is Planck’s constant and g(ω) is the vibrational 

density of states (VDOS). The vibrational entropy and vibrational specific heat at a 

constant temperature are therefore given by, 

 

𝜎𝜎𝑣𝑣𝑖𝑖𝑣𝑣 = −�
𝜕𝜕𝐹𝐹𝑣𝑣𝑖𝑖𝑣𝑣
𝜕𝜕𝑍𝑍

�
𝑉𝑉

                                                                                                      (2.7) 

and 𝑑𝑑𝑣𝑣,𝑣𝑣𝑖𝑖𝑣𝑣 = −𝑍𝑍�
𝜕𝜕2𝐹𝐹𝑣𝑣𝑖𝑖𝑣𝑣
𝜕𝜕2𝑍𝑍

�
𝑉𝑉

                                                                                              (2.8) 

 
 
 
 
 
 



Texas Tech University, Henry Stam, August 2017 
 

8 
 

CHAPTER III 

STRUCTURAL AND ELECTRONIC PROPERTIES 
 

 3.1 Structural Properties 
 
 After finding the optimized structure and the minimum energy for several 

different volumes, the results are fitted to the Birch-Murnaghan equation of state which 

then yields the minimum volume V0. The minimum volume is then used to find the lattice 

constants for the materials which are reported in Table 3.1. Also listed are experimental 

values when they are available [17,19]. The lattice constant for Sn136 agrees with 

previous LDA studies [7], and the LDA calculated lattice constants are smaller than the 

experimental values, which is consistent with previous studies as well. The lattice 

constant does not appear to depend much upon the type of guest atom in the large cage.  

 

Table 3.1. Calculated and experimental lattice constants for Sn136, Ga40Sn96, 
K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, and Cs8Ba16Ga40Sn96 [17,19]. 

 

Clathrate 
Calculated Lattice Constant a 

(Å) 

Experimental Lattice 

Constant a (Å) 

Sn136 17.386 - 

Ga40Sn96 16.823 - 

K8Ba16Ga40Sn96 16.892 17.0235 

Rb8Ba16Ga40Sn96 16.897 - 

Cs8Ba16Ga40Sn96 16.896 17.0283 

 

 
 The dependence of the lattice constant on the number of Ga atoms was also 

explored. The results of changing the concentration of Ga atoms from 0-40 atoms per unit 

cell is shown in Figure 3.1. The Ga atoms were first placed at the 8a sites, and then the 

32e sites.  The results show that the lattice constant decreases by about .014 Å per 

Gallium atom substituted onto the framework. In contrast, the framework only expands 

by roughly .07 Å when comparing the full cages to the empty Ga40Sn96 framework. This 

is consistent with previous studies that have shown that the cages are “oversized” 
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compared to the guest atoms for Sn-based clathrates. This means that the addition of 

guest atoms should not affect the lattice constant as significantly as the framework 

substitutions do. 

 

 

 
Figure 3.1. Dependence of the lattice constant on the number of Ga atoms, x, substituted 
on the framework in GaxSn136-x .  

 
3.2 Electronic Properties 

 

Once the optimized geometries are found, the electronic band structure 

calculations are done for the different clathrates. Since LDA calculations are known to 

underestimate the energy band gaps, a comparison of the band gaps of the different 

materials is more meaningful. Previous studies have shown that the LDA predicts trends 

in the energy gaps correctly.  

 Figures 3.2(a) and (b) show the calculated electronic band structures for Sn136 and 

Ga40Sn96. The top of the valence band is set as the zero of energy for clarity. The results 
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predict that Sn136 is a direct bandgap material with a band gap of 0.508 eV at the L point. 

This is slightly larger than has been found in previous LDA studies [7]. The addition of 

gallium atoms on the framework is predicted to lower the bandgap to 0.440 eV and to 

also change it to an indirect gap. Since gallium atoms only have s2p1 valence electrons, 

they act as acceptor impurities in the host lattice. Thus, they add new higher energy bands 

at the top of the valence band in comparison with the bands for Sn136. Both the pure Sn136 

and the Ga-substituted framework are predicted to remain semiconducting.  

 

(a) 
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(b) 
Figure 3.2. Electronic band structures of Sn136 (a) and Ga40Sn96 (b). The top of the 
valence band is set as the zero energy.  

 
 

Figures 3.3 (a), (b), and (c) show the calculated electronic band structures for 

K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, and Cs8Ba16Ga40Sn96, respectively. The energy 

band gaps for the three materials are predicted to shrink from the 0.508 eV for Sn136 to 

0.139 eV, 0.148 eV, and 0.147 eV respectively. The LDA band structures are in good 

agreement with some previous band structure calculations [19]. The constriction of the 

band gap is also consistent with previous calculations involving the framework 

substitution of Ga atoms on Si and Ge type-II clathrates [6]. Despite the lower band gap, 

the filled clathrates are predicted to be semiconducting. This is due to the unpaired p 

orbitals in the Ga atoms, that accept electrons from the guest atoms. In the pure tin lattice, 

the extra electrons raise the Fermi level of the material into the conduction band making 

the clathrate metallic [6,7].  
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(a) 

(b) 
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(c) 

Figure 3.3. The electronic band structures of K8Ba16Ga40Sn96 (a), Rb8Ba16Ga40Sn96 (b), 
and Cs8Ba16Ga40Sn96 (c). The top of the valence band is set as the zero energy.  
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CHAPTER IV 

VIBRATIONAL PROPERTIES 
 

4.1 Phonon Dispersion Relations 
 

 The calculated phonon dispersion relations and the vibrational density of states 

(VDOS) for Sn136 is given shown in figure 4.1. The top of the acoustic band is predicted 

to be around ~ 40 cm-1, and the optical modes are predicted to be in the range from 40 

cm-1 to a maximum Γ-point frequency of 196 cm-1. Most of the optical modes are flat, 

except for the region between 63 cm-1 and 160 cm-1. These flat modes correspond to 

peaks in the vibrational density of states. These results agree with previous calculations 

of the phonon modes for the pure tin lattice Sn136 [6].  

 

Figure 4.1. The calculated VDOS and phonon dispersion relations for Sn136. The VDOS 
is given in arbitrary units.  
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 The predicted phonon dispersion relations and VDOS for K8Ba16Ga40Sn96, 

Rb8Ba16Ga40Sn96, and Cs8Ba16Ga40Sn96 are shown in Figure 4.3. The predicted overall 

structure of the phonon dispersion relations for these materials is qualitatively similar to 

those for the pure Sn136  as well as those for the filled clathrates. Some notable 

differences are the presence of high frequency optic modes around 217 cm-1. These 

modes are due to the lighter Ga atoms substituted on the framework. A small vibrational 

band gap is also predicted to occur in the range ~180 cm-1 to 190 cm-1. Further, the 

VDOS is predicted to increase both near the top of the acoustic band and near the top of 

the optic band. The main change in comparison with the results for Sn136 is the presence 

of flat bands in the host framework’s acoustic region from ~10 cm-1 to ~40cm-1. These 

flat bands are due to the guest atoms in the cages and are the expected low-lying “rattler” 

modes.  

These “rattler” modes effectively contract the width of the acoustic modes. They 

should thus contribute to lowering the thermal conductivity of the material. The low-

lying modes should have a probability of scattering the framework associated acoustic 

phonons, thus lowering the thermal conductivity of the material. Since the Sn lattice has 

oversized cages however, in contrast with the predicted results for the Si and Ge based 

type II clathrates, there is no avoided crossing effect with the low-lying modes.  That 

would have shown as a “bending” of the acoustic modes around the rattler modes. This 

means that these results predict that the interaction between the host acoustic phonons 

and the guest atoms is not as strong in the Sn based materials as it is in Si or Ge based 

clathrates.  
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(a) 
 

(b) 
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(c) 

Figure 4.2. The calculated VDOS and phonon dispersion relations for K8Ba16Ga40Sn96 
(a), Rb8Ba16Ga40Sn96 (b), and Cs8Ba16Ga40Sn96 (c). The VDOS is given in arbitrary 
units. 
 
 
 The predicted low-lying modes of the guest atoms are given summarized in Table 

4.1. For the atoms in the large cages (K, Rb, and Cs), the predicted trend is that the 

heavier atoms should produce lower frequency modes. This is expected, but is different 

than the predicted behavior in the Si clathrates. The smaller cages in theSi136 clathrates 

mean that larger atoms, such as Cs, are predicted to bond more strongly to the lattice, 

resulting in the raising of the low-lying frequency modes. Placing the larger atoms in the 

smaller 20-atom cages can produce a similar effect [12], and this is the explanation for 

why the predicted frequencies of the Ba guests is predicted to lie between those of K and 

those of Rb despite higher mass of the Ba atoms.  

 
Table 4.1. The calculated average low-lying vibrational modes for the guest atoms. The 
predicted frequency for Ba was the same in all three materials.  

 
Guest Atom “Rattler” Frequency (cm-1) 

K 39 
Rb 23 
Cs 11 
Ba 33.5 
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4.2 Isotropic Mean Square Displacement Amplitude (Uiso)  

 

 The effect of the guest atoms in disrupting the host lattices phonons can also be 

studied by looking at the Isotropic Mean Square Displacement Amplitude (Uiso). These 

parameters can be measured in X-ray diffraction experiments. Higher values of Uiso can 

correspond to lower vibrational frequencies, and Uiso can be calculated using the 

calculated vibrational frequencies of the atoms.  

 At temperatures where ħω < 2kBT, Uiso can be obtained using the Einstein model, 

which gives the expression 𝑈𝑈𝑖𝑖𝑠𝑠𝑡𝑡 ≈  𝑘𝑘𝐵𝐵𝑍𝑍 𝐾𝐾⁄ , where K is the effective force constant of the 

oscillator. The effective force constant can be found using the calculated rattler 

frequencies along with 𝜔𝜔 = �𝐾𝐾 𝑀𝑀⁄  where M is the mass of the guest atom. The predicted 

effective force constants for the different guest atoms are summarized in Table 4.2. These 

results lend further support to the idea that the Ba atoms are more strongly bonded to the 

host lattice than is the case for the other guest atoms we have considered. The results for 

the Cs atoms are also in agreement with a previous study [12] 

 

Table 4.2. Predicted Effective Force constants for the four guest atoms.  

Guest Atom Force constant (eV/Å2) 
K 0.225 
Rb 0.165 
Cs 0.071 
Ba 0.571 

  

The Uiso of an atom can also be found using the quantized harmonic oscillator 

model [37]. This model can take into account the low temperature behavior of the atoms 

as well. In this model, Uiso is given by 

𝑈𝑈𝑖𝑖𝑠𝑠𝑡𝑡 =
ℎ

8𝜋𝜋2𝑚𝑚𝜔𝜔
coth �

ℎ𝜔𝜔
2𝑘𝑘𝐵𝐵𝑍𝑍

�                                                                                     (4.1) 

 
where h is Planck’s constant and m is the reduced mass of the oscillator. Since the lattice 

is rigid compared to the movement of the guest atoms, the reduced mass is taken to be the 

mass of a guest atom. At high temperatures, the quantized harmonic oscillator model has 
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been shown to have a close resemblance to the classical model [6]. The predicted values 

of Uiso are found in Figure 4.4. 

 
 
 
 

 
Figure 4.3. The predicted Uiso of Cs, Rb, K, and Ba guest atoms using the quantized 
harmonic oscillator model.  

 

 
 The Uiso are predicted to follow a similar trend as the vibrational frequencies, 

except in the case of the Ba atoms.  The Ba guest properties are different than those of the 

other guests due to the Ba guests being located in the smaller cages. Further, this result is 

an indication of the stronger bonding of the Ba atoms to the framework lattice. Note that 

anharmonic effects and static disorder are not considered in these calculations and may 

influence the actual values of the Uiso. 
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 Based on the theory of atomic displacement parameters [38, 39], the Einstein and 

Debye temperatures for the guest atoms can be found. The Debye temperature, θD, can be 

found from the slope of Uiso at high temperatures. 

 

𝜎𝜎𝑆𝑆𝑑𝑑𝑒𝑒𝑑𝑑 =  
3ℎ2

(4𝜋𝜋2𝑚𝑚𝑘𝑘𝐵𝐵𝜃𝜃𝐷𝐷2)                                                                                                (4.2) 

 
The Einstein temperature, θE, can be found using the high temperature limit 

discussed earlier. 

 
 

𝑈𝑈𝑖𝑖𝑠𝑠𝑡𝑡 =
𝑘𝑘𝐵𝐵𝑍𝑍
𝐾𝐾

=  
ℎ2𝑍𝑍

4𝜋𝜋2𝑚𝑚𝑘𝑘𝐵𝐵𝜃𝜃𝐸𝐸2
                                                                                          (4.3) 

 
 In addition, the velocity of sound in the material can be estimated using the Debye 

temperature. The velocity of sound is used to estimate the lattice thermal conductivity in 

the next chapter. The velocity of sound is given by  

 

𝑣𝑣𝑠𝑠=
2𝜋𝜋𝜃𝜃𝐷𝐷𝑘𝑘𝐵𝐵

ℎ(6𝜋𝜋2𝑎𝑎)1 3⁄                                                                                                            (4.4) 

 
where n is the number of atoms per unit volume. The predicted Einstein and Debye 

temperatures, as well as the velocity of sound for the four guest atoms considered here 

are listed in Table 4.3. 

 

Table 4.3. Predicted Debye Temperature, Einstein Temperature, and velocity of sound for 
the four guest atoms: K, Rb, Cs, and Ba.  

Guest Atom 
Debye Temperature 

(K) 

Einstein Temperature 

(K) 
Vs (m/s) 

K 98.60 56.93 530.17 

Rb 57.11 32.97 307.08 

Cs 30.04 17.34 161.53 

Ba 83.81 48.39 450.65 

 



Texas Tech University, Henry Stam, August 2017 
 

21 
 

The observed glass-like thermal conductivity of the clathrates can be qualitatively 

understood as being due to several different phonon scattering effects [40]. The resonant 

scattering of host phonons by guest atoms has been thought to be the dominant 

mechanism above the Einstein temperatures of the various guests. For Si and Ge 

clathrates, the Einstein temperatures are all above 50 K [6]. The Einstein temperatures in 

the tin clathrates are significantly lower than this, suggesting that the resonant scattering 

of host phonons is the dominant mechanism at much lower temperatures for the Sn-based 

clathrates.  
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CHAPTER V 

THERMODYNAMIC PROPERTIES AND THERMAL 
CONDUCTIVITY 

 
5.1 Thermodynamic Properties 

 
 The vibrational Helmholtz free energy has been calculated from the LDA 

obtained vibrational data. This has then been used to calculate the vibrational 

contributions to the entropy S and to the specific heat at a constant volume, Cv. Since 

most experiments are performed at constant pressure, it would be preferable to calculate 

the Gibbs free energy instead to find the specific heat at constant pressure, Cp. However, 

the coefficient of thermal expansion, α, of most clathrates is small, and since Cp – Cv ~ 

α2, it is appropriate to compare the data for Cp with the predictions for Cv. Unfortunately, 

experimental thermodynamic data the for type-II Sn clathrates is limited at present. The 

thermodynamic properties of Sn136, K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, and 

Cs8Ba16Ga40Sn96 are presented in what follows. The vibrational contributions to the 

Helmholtz free energy, entropy, and specific heat are given in Figures 5.1, 5.2, and 5.3 

respectively.  
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Figure 5.1. The predicted temperature dependence of the vibrational free energy of Sn136, 
K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, and Cs8Ba16Ga40Sn96 over the range 0-600 K. 
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Figure 5.2. The predicted temperature dependence of the vibrational entropy of Sn136, 
K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, and Cs8Ba16Ga40Sn96 over the range 0-600 K. 
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Figure 5.3. The predicted temperature dependence of the vibrational specific heat (Cv) of 
Sn136, K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, and Cs8Ba16Ga40Sn96 over the range 0-400 
K. 

 
 Interestingly, the pure Sn136 lattice is predicted to have the lowest specific heat of 

the materials we have considered for temperatures below ~100 K and then, for higher 

temperatures, it is predicted to have the highest specific heat of these materials. Our 

results also predict that the pure Sn136 lattice also has a higher specific heat than either 

white or gray tin at high temperatures [41]. However, it should be noted that, at high 

temperatures, anharmonic effects can increase, causing a deviation from the values 

predicted using the harmonic approximation.  

 

5.2 Lattice Thermal Conductivity 
 

The lattice thermal conductivity, κL, can be estimated using an expression adapted 

from the kinetic theory of gases [38]: 

𝜅𝜅𝐿𝐿 =
1
3
𝐶𝐶𝑣𝑣𝑣𝑣𝑠𝑠𝑎𝑎                                                                                                                 (5.1) 

where d is the mean free path of the heat carrying phonons and 𝑣𝑣𝑠𝑠 is the speed of sound in 

the material. Since the high temperature heat transport properties are dominated by 

phonon scattering due to the guest atoms, in the calculations of the thermal conductivity 

presented here, the mean free path has been chosen as the average nearest-neighbor 

distance between the guest atoms in the neighboring cages. Since the clathrates all have 

two different types of guest atoms, the average mean free path has been taken as the 

average of the distance between two atoms in large cages, two atoms in small cages, and 

one atom in each type of cage. In addition, the speed of sound vs has been taken as the 

average of the two calculated values for the respective guest atoms. The predicted lattice 

thermal conductivities for K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, and Cs8Ba16Ga40Sn96, 

are listed in Table 5.1. The lowest thermal conductivity is predicted to be that in 

Cs8Ba16Ga40Sn96. This is mostly due to that material having the lowest speed of sound vs 

of the materials considered here. This suggests that Cs guests in the clathrate cages 

should be the best candidate for lowering the thermal conductivity. However, no 

anharmonic effects are considered, so the true thermal conductivities could be vastly 
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different than those predicted here. When the calculated values for K8Ba16Ga40Sn96 are 

compared to experimental values, the calculated value is significantly smaller. This 

suggests that the anharmonic effects may have a very significant impact on the thermal 

conductivity.   

 

Table 5.1. The calculated values of κL at 400K for K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, 
and Cs8Ba16Ga40Sn96. 

Clathrate ΚL (mW/cm K) 

K8Ba16Ga40Sn96 2.424 

Rb8Ba16Ga40Sn96 1.797 

Cs8Ba16Ga40Sn96, 1.512 
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CHAPTER VI 

CONCLUSIONS 
 
 Tin based clathrates have continued to show promise as candidates for 

thermoelectric materials with potential high efficiency. This thesis has studied the 

underlying physics of some of the type-II Sn-based clathrates with a motivation to help to 

understand some recent experimental results. The first-principles calculations used the 

LDA and have predicted the structural, electronic, vibrational, and thermodynamic 

properties of the several Sn-based Type II clathrate materials.  

 The calculated electronic band structures of the materials considered predict a 

considerable shrinking of the electronic band gaps in the clathrates with filled cages in 

comparison with the materials with empty cages. The guest-free material Ga40Sn96 is 

predicted to have a band gap of .440 eV, which should be compared to the predicted .508 

eV band gap of pure Sn136 tin lattice. This is due to the additional of band near the top of 

the valence band, which is produced by the substitutional Ga atoms on the Sn136 lattice. 

The predicted band gaps for K8Ba16Ga40Sn96, Rb8Ba16Ga40Sn96, and Cs8Ba16Ga40Sn96 

are further narrowed to roughly .140 eV. Despite the predicted small band gap, 

experiments show that the materials maintain their semiconducting properties.  

  Due to the large size of the cages, the guest atoms are predicted to be very 

weakly bonded to the host lattice. This prediction is confirmed by the results of the 

vibrational calculations. The predicted rattler frequencies follow a trend with atomic 

masses with K predicted to have the highest vibrational frequency followed by Rb, and 

Cs. The Ba atoms are predicted to have a vibrational frequency near that of K because 

they are in the smaller 20 atom cages. The predicted effective force constants also 

support picture of the weak bonding of the atoms in the large cages:  The Ba atoms have 

the effective largest force constant of the guest atoms considered. The predicted values 

for Uiso also predict that the Cs atoms should contribute the highest amount of disorder to 

the lattice of the guest atoms considered.  
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 The predicted vibrational frequencies as well as the predicted values for Uiso and 

for the Einstein temperature suggest that the resonant scattering of host phonons due to 

the guest atoms should be prevalent even at low temperatures. This suggests that these 

clathrates should have low lattice thermal conductivities, and since they are 

semiconducting, the electronic contribution to the thermal conductivity should be very 

small.   The vibrational contributions to some of the thermodynamic properties of the 

materials considered were also studied.  The predicted specific heats of the materials 

resemble those of the diamond phase of tin, but the predicted specific heat of Sn136 was 

found to be higher than that of the other materials. The calculated thermodynamic 

properties have been then used to estimate the lattice thermal conductivities of the 

materials considered.  The results of this predict that that Cs8Ba16Ga40Sn96 had the 

lowest thermal conductivity of the studied materials.  
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