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ABSTRACT

In this dissertation, multigrid methods for finite element applications with arbitrary-

level hanging nodes are considered. When a local midpoint refinement procedure is

carried out on the finite element grid, hanging nodes are introduced. The presence

of hanging nodes complicates the way the problem has to be addressed for several

reasons. For instance, if a continuous finite element solution is sought, extra effort

has to be made to enforce continuity. In this work, we propose two different strategies

to achieve the desired continuity. Chapter I lays out the first strategy, which relies

on the introduction of modified basis functions that are continuous by construction.

Finite element spaces are then defined as the spanning sets of these modified basis

functions, and the continuity of the finite element solution immediately follows. A

detailed computational analysis is presented, where a multigrid algorithm built on

the continuous finite element spaces is used either as a solver, or as a preconditioner

for other iterative solvers. Specifically, the conjugate gradient (CG) and the gen-

eralized minimal residual (GMRES) will be considered. The numerical results aim

to investigate the convergence properties of the multigrid algorithm proposed in this

chapter.

In Chapter II, a theoretical analysis of multigrid algorithms with successive sub-

space correction (SSC) smoothers is presented. Here, we obtain convergence estimates

under no regularity assumptions on the solution of the underlying partial differential

equation (PDE), highlighting a dependence of the convergence bound on the number

of smoothing iterations. In this framework, the second strategy to enforce continu-

ity is described. Such a strategy relies on a particular choice of subspaces for the

SSC smoother, made according to a multilevel approach that exploits the multigrid

hierarchy. Continuity is recovered by decomposing functions on the finite element

spaces at finer levels as linear combinations of continuous functions at coarser levels.

In this context, the introduction of modified basis functions is not necessary. On
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the other hand, this second strategy is tied to the multigrid method, since it relies

on the multigrid hierarchy and on the SSC smoother. It is important to note that,

once continuous finite element spaces are obtained with the approach in Chapter I, a

multigrid solver with SSC smoother can be defined also on such spaces. In this case,

the choice of subspaces for the space decomposition should be made according to a

domain decomposition strategy rather than a multilevel strategy, since continuity is

already guaranteed by the modified basis functions, so exploiting the multigrid hier-

archy is not necessary. Both the multilevel approach and the domain decomposition

approach for the choice of subspaces in the SSC smoother are investigated theoret-

ically in Chapter II. The chapter is concluded with numerical results that compare

the convergence performances of the two approaches.

In Chapter III, a thorough computational analysis of a multigrid method with

SSC smoothers and multilevel strategy for the subspaces is presented. The analysis

is motivated by a desire to test the performances of the method for a wider range

of settings than those addressed in Chapter II. While a symmetric smoothing proce-

dure is assumed in the theoretical convergence analysis in Chapter II, non-symmetric

smoothers may be also used for practical applications, since they require fewer op-

erations. The subspace solver assumed in the theoretical analysis in Chapter II was

an unpreconditoned Richardson’s method, however, preconditioners such as Jacobi

or Incomplete LU (ILU) factorization are often used in practice. In the computa-

tional analysis of Chapter III, we consider symmetric and non-symmetric smoothing

procedures as well as several types of preconditioners for the subspace solver. With

the methods studied in this dissertation, the smoothing process is carried out on

the entire multigrid space. We refer to this situation as global smoothing. When

hanging nodes are present, the usual approach in the literature consists of smoothing

only on a subspace of the multigrid space, that does not contain hanging nodes. We

refer to this second situation as local smoothing. In Chapter III, we compare the

global smoothing convergence results of the proposed method with local smoothing

vi
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results obtained with existing strategies. Global smoothing provides better conver-

gence properties, especially when the solution of the underlying PDE lacks regularity.
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CHAPTER I

CONSTRUCTION OF CONTINUOUS BASIS FUNCTIONS FOR

ARBITRARY-LEVEL HANGING NODE APPLICATIONS

In many scientific applications, the problem of obtaining an accurate solution in

a timely manner is of major relevance. In a finite element setting, this could be done

in a variety of ways. For instance, local refinement of the finite element grid allows

the introduction of new degrees of freedom only in the areas of the domain where

a more accurate solution is sought. In this way, the addition of extra degrees of

freedom on the entire domain can be avoided, with the result that the computational

time can be significantly decreased. The method of locally refining the mesh to

obtain a more accurate solution on prescribed parts of the domain is usually referred

to as h-refinement. Alternatively, a dual idea consists of increasing the degree of

the polynomial functions that approximate the solution only on the elements that

require greater accuracy. This approach is usually referred to as p-refinement. With

the intention of combining the advantages of h-refinement and p-refinement, mixed

methods have been introduced [2, 6, 34], known as hp-refinement strategies. In this

dissertation, the analysis is set in the framework of h-refinement for Lagrangian finite

elements, and local midpoint refinement is chosen as the refinement procedure. With

such a choice, special nodes called hanging nodes are introduced [23], and the finite

element solution ceases to be continuous, unless extra care is exerted to prevent

this. For instance, continuity could be enforced using a multilevel approach, as it

has been done in [66] for hp-refinement or as it will be shown in Chapter II for h-

refinement. More frequently, modified basis functions for the finite element spaces

are considered. As pointed out in [33], basis functions may be altered in two different

ways, depending on whether or not degrees of freedom are associated with the hanging

nodes. Our analysis fits in the framework of constrained approximation, where no

degrees of freedom are associated with the hanging nodes. We refer to [35, 45] for

1
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works that, on the contrary, assign degrees of freedom to the hanging nodes. In

constrained approximation, most studies available in the literature require the finite

element grids to satisfy the so called 1-irregularity condition [27, 52, 53, 54, 56, 57].

Such a condition requires the maximum difference between the refinement level of

two adjacent elements to be one [8]. In this work, we start with presenting a novel

approach for the construction of continuous basis functions defined on grids with

arbitrary hanging node configurations. Indeed, the 1-irregularity condition is not

enforced. Only few recent works avoided the 1-regularity requirement [28, 43, 56,

58]. The strategy presented in this work is simpler and more general than the ones

suggested in the existing works. The method here proposed does not require the

solution of a linear system for the determination of the constraint coefficients as in

[58] and [6], and it does not require the shape functions to be of tensor product type

like, for instance in [28]. Rather, the proposed method can be easily implemented

once the tree structure of the grid has been determined. Moreover, our approach

works for applications in two and three dimensions and for a wide variety of finite

element types, unlike other methods that only apply to 2D problems or to specific

element types in 3D. To complete our results, we present a theoretical analysis that

shows the new functions are continuous and linearly independent, and therefore form

a basis for their spanning set. In our approach, all the burden of dealing with the

hanging nodes is embedded in building a projection operator between the original

discontinuous space and the continuous one. This approach allows the implementation

of our method on existing finite element codes with only slight modifications. The

method has been implemented in FEMuS [1], an open-source finite element C++

library built on top of PETSc [4]. FEMuS is the library used in this work for all

the numerical results. All our theoretical investigation is carried out in a multilevel

setting. The construction of nested continuous finite element spaces arising from the

proposed continuous basis functions is also discussed. These finite element spaces

and corresponding projection operators are well suited for multigrid methods. The

2
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continuity of our finite element spaces allows the multigrid smoothing to be performed

on all degrees of freedom. Global smoothing guarantees an arbitrary improvement in

the convergence properties that is directly proportional to the number of smoothing

iterations. Such a feature cannot be achieved when the smoothing is performed only

on a subspace of the multigrid spaces, as it is done in many multigrid strategies for

local refinement [14, 15, 40].

1.1 Formulation

In this section, the modified basis functions that define the finite element spaces

involved in the formulation of the problem are described. We introduce the inter-

space operators used in the multigrid context, and we summarize the steps of a solver

based on the proposed theory.

1.1.1 Preliminaries

Let J be a non-negative integer and let k = 0, . . . , J . Here, J represents the

maximum degree of local refinement. Let Ω be a closed and bounded subset of Rn,

for n = 1, 2, 3 and let T0 be a quasi-uniform coarse triangulation of size h0 on Ω.

Let {Θk}Jk=0 be a collection of closed overlapping subsets of Ω, such that

ΘJ ⊆ ΘJ−1 ⊆ · · · ⊆ Θ0 ≡ Ω.

For any given k = 1, . . . , J , we can define recursively an irregular triangulation Tk on

Ω starting from the triangulation Tk−1 in the following way.

Definition 1.1.1. Let T0 be a quasi–uniform triangulation built on Θ0. Then, for

k = 1, . . . , J , Tk is obtained by midpoint refinement of only the elements of Tk−1 that

lie on Θk.

We next define new sequences of subsets of Ω. These are introduced to set our for-

mulation in a multilevel framework, in order to easily apply our analysis to multigrid

methods.

3
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Definition 1.1.2. For all l = 0, . . . , k, with k ≤ J , we define the sets

Ωl
k ≡

 Θl \Θl+1 if l < k

Θk if l = k
,

and Γl,nk ≡ Ωl
k ∩ Ωn

k , to be the interface between any two of such sets .

To summarize, J denotes the maximum degree of refinement, k refers to the

current refinement level considered, while l identifies the different subdomains of Ω

at the current level k.

Definition 1.1.3. For all l = 0, . . . , k, with k ≤ J define

Ωk,0 ≡ Ω0
k, Ωk,l ≡

l⋃
m=0

Ωm
k .

Remark 1.1. Note that Ωk,k = Ω and, by definition, {Ωk,l}kl=0 is a sequence of nested

sets. This sequence will be fundamental in the analysis that follows to define the

discontinuous basis functions used for the construction of the continuous ones.

By construction of Tk, we have that, for a given k, k+ 1 regular triangulations are

presented on k+1 different subsets of Ω. We formalize this in the following definition.

Definition 1.1.4. For all l = 0, . . . , k, with k ≤ J we define T lk to be the regular

triangulation composed of all the elements T ∈ Tk such that T ∩ int(Ωl
k) 6= ∅.

From this definition we have that T lk is a triangulation defined only on Ωl
k and

not on the entire domain Ω as Tk. Triangulations can be defined on Ωk,l ⊆ Ω in the

following way.

Definition 1.1.5. For all l = 0, . . . , k, with k ≤ J , define

Tk,0 ≡ T 0
k , Tk,l ≡

l⋃
m=0

T mk .

Then Tk,l is an irregular triangulation on Ωk,l, for all l = 1, . . . , k.

4
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We observe that Tk,k = Tk. Moreover, the above definition is consistent with

Definition 1.1.3.

Due to the local midpoint refinement procedure, hanging nodes are present on Tk,

for k = 1, . . . , J . These are special nodes of some element Ti ∈ Tk that lie on edges

(or faces) of another element Tj ∈ Tk without being nodes for Tj. In Figure 1.1, where

linear elements have been used, black squares are used to mark hanging nodes.

Ω2
2

Ω1
2

Ω0
2

Γ
1,2
2

Γ
0,2
2

Figure 1.1: An irregular grid in 2D with hanging nodes.

Using the triangulations we introduced above, for all k = 0, . . . , J , we can define

finite element spaces in the following way:

V l
k = {v ∈ H1(Ωl

k) : v|T ∈ Pα, ∀T ∈ T lk}, l = 0, . . . , k, (1.1)

Vk = {v ∈ H1(Ω) : v|int(T ) ∈ Pα, ∀T ∈ Tk},

V̂k = {v̂ ∈ H1(Ω) ∩ C0(Ω) : v̂|T ∈ Pα, ∀T ∈ Tk},

where Pα represents the set of polynomials of degree α. Note that the spaces V l
k are

continuous by construction since the functions are defined on quasi-uniform grids.

The space Vk is built on an irregular triangulation and contains continuous and dis-

continuous functions. For the space V̂k, we enforce continuity by removing from Vk

the hanging nodal functions, and enriching specific basis functions with contributions

from the removed ones. An explicit characterization of such finite element spaces will

be discussed in the next sections.

5
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1.1.2 Construction of the finite element spaces V l
k

Let X l
k be the set of nodal points of the triangulation T lk , Xk,l = ∪lm=0X

m
k be the

set of nodal points of Tk,l and Xk = Xk,k be the set of nodal points of Tk. Denote with

X ≡ XJ the set of nodal points of the triangulation TJ . Also, let card(Xk) = Nk and

card(X) = N . Depending on α, a nodal point could be a vertex, an edge mid-point,

a face center, an element center, and more.

Remark 1.2. There exist points xi ∈ Xk for which xi ∈
⋂

l∈Ai,k
X l
k, for some set

Ai,k ⊆ {0, . . . , k}.

This means that there are nodal points that belong to different X l
k, since by

Definition 1.1.2, the Ωl
k are allowed to overlap on portions of their boundaries.

Definition 1.1.6. We define ϕlk,i to be the standard Lagrangian nodal basis of V l
k

associated with xli ∈ X l
k.

Three considerations about the functions ϕlk,i are listed:

• The functions ϕlk,i satisfy the delta property

ϕlk,i(x
l
j) = δij for all xlj ∈ X l

k, (1.2)

and they are not defined outside Ωl
k.

• There exist basis functions ϕmk,i and ϕnk,i, defined on different subdomains Ωm
k

and Ωn
k associated with the same nodal point, xi ≡ xmi = xni ∈ Γm,nk (the master

node). The two functions take different values on the shared interface Γm,nk and

if m < n, then supp(ϕnk,i|Γm,nk
) ⊂ supp(ϕmk,i|Γm,nk

).

• Let m < n, there exist basis functions ϕnk,i defined on the finer triangulation

associated with nodal points xi ∈ Γm,nk (the hanging nodes) for which no corre-

sponding functions ϕmk,i defined on the coarse triangulation exist.

Remark 1.3. If for any given m and n the point xi ∈ Xk belongs to Γm,nk , then it is

either a master or a hanging node. Nodes in Xk that are neither master nor hanging

will be referred to as interior nodes.

6
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1.1.3 Construction of the discontinuous finite element space Vk

The next goal is to build basis functions ϕk,i on the whole domain Ω, that in the

interior of each subdomain Ωl
k take the corresponding value of ϕlk,i, and on a shared

interface Γm,nk take the value from the coarser triangulation. Assuming ϕmk,i is the

function associated with the coarser triangulation, such a value is given by ϕmk,i, if xi

is a master node, and it is zero if xi is a hanging node.

Definition 1.1.7. For k ≤ J and l = 1, . . . , k we define the sets

E lk ≡ Ωk,l \ Ωk,l−1, (1.3)

and E0
k ≡ Ωk,0.

Note that E lk 6= Ωl
k in general, since the sets {Ωl

k}kl=0 in Definition 1.1.2 are not

disjoint. Any point x ∈ E lk is either in the interior of Ωl
k or on the shared interface

Γl,nk , with n > l, but it is not on the shared interface Γl,mk , with m < l. It follows from

Definition 1.1.7 that {E lk}kl=0 is a pairwise disjoint collection of subsets of Ω and

Ω =
k⋃
l=0

E lk. (1.4)

Therefore, {E lk}kl=0 represents a disjoint cover of Ω, and so if x ∈ Ω, then there exists

a unique γ ∈ {0, 1, . . . , k} such that x ∈ Eγk .

Definition 1.1.8. For all k = 0, . . . , J and xi ∈ Xk, the functions ϕk,i are defined

for all x in Ω in the following way:

ϕk,i(x) =

 ϕγk,i(x) if xi ∈ Xγ
k

0 otherwise
,

where γ is the unique integer for which x ∈ Eγk .

Let us highlight the main features of the above functions:

• The functions ϕk,i can be either continuous or discontinuous and are defined on

all Ω.

7
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• ϕk,i is continuous if and only if its nodal point is located in the interior of

some Ωl
k (where there is a regular triangulation T lk ) or on the exterior boundary

if surrounded by a regular triangulation. When ϕk,i is continuous, it can be

considered the zero extension of some function ϕlk,i to the whole domain, and it

satisfies the delta property

ϕk,i(xj) = δij for all xj ∈ Xk. (1.5)

• ϕk,i is discontinuous if and only if its nodal point is either a master or a hanging

node.

• A function ϕk,i associated with a master node does not satisfy the delta property

(1.5) for some xj, with xj being a hanging node.

• A function ϕk,i associated with a hanging node does not satisfy the delta prop-

erty (1.5), but instead it satisfies the zero property

ϕk,i(xj) = 0 for all xj ∈ Xk. (1.6)

• Let xj ∈ Xk, hence there exists at least one X l
k for which xj ∈ X l

k. For all

xi ∈ Xk, we have

lim
x∈Elk→xj

ϕk,i(x) = δij. (1.7)

In fact, by Definition 1.1.8, on E lk the function ϕk,i is either zero or equal the

function ϕlk,i which is continuous and satisfies the delta property (1.2).

We now introduce a slightly more complex idea than the concept of master and

hanging nodes.

Definition 1.1.9. A node xi ∈ Xk is the parent of a node xj 6= xi, xj ∈ Xk if

ϕk,i(xj) 6= 0.

The node xj is called a child of xi.

8
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Parent nodes are master nodes while child nodes are hanging nodes. If a parent

node xi has a child xj which itself has a child xn, then xi is a grandparent of xn and

xn is a grandchild of xi. Note that being both a child and a parent, xj is both a

master and a hanging node. Hence ϕk,j(xj) = 0 but ϕk,j(xn) 6= 0. Nodes that are

both master and hanging ultimately are considered hanging nodes, as the following

definition states.

Definition 1.1.10. Let k ∈ {0, 1, . . . , J} be fixed and recall that Ω =
k⋃
l=0

Ωl
k. We

define the following sets

Ik = {xi ∈ Xk | xi ∈ int(Ωl
k) for some l},

Hk = {xi ∈ Xk | ϕk,j(xi) 6= 0 for at least one xj 6= xi}.

Mk = {xi ∈ Xk | ϕk,i(xj) 6= 0 for at least one xj ∈ Hk, and xi /∈ Hk}.

The set Ik is the set of interior nodes at the level k. We refer toMk as the set of

master nodes at the level k, and it is the set of all nodes that are parents without ever

being children. We call Hk the set of hanging nodes at level k, and it is the set of all

nodes that are children at least once. It includes all the parents that are also children.

Note that the sets in Definition 1.1.10 are disjoint and that Ik∪Mk∪Hk = Xk, recall

Remark 1.3.

Lemma 1.1. The set {ϕk,i : xi ∈ Xk} is linearly independent for all k = 0, . . . , J .

Proof. Let ϕk,j be associated with xj ∈ Xk and assume by contradiction that

ϕk,j(x) =
∑

i:xi∈Xk,xi 6=xj

ciϕk,i(x), (1.8)

where ci are some real coefficients, not all equal to zero. Recalling Eq. (1.7), there

exists at least one X l
k for which xj ∈ X l

k, and for all xi ∈ Xk,

lim
x∈Elk→xj

ϕk,i(x) = δij.

9
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Hence, the following contradiction is obtained

1 = lim
x∈Elk→xj

ϕk,j(x) = lim
x∈Elk→xj

∑
i:xi∈Xk,xi 6=xj

ciϕk,i(x) = 0.

With Lemma 1.1 we can formally define the space Vk first introduced in (1.1).

Definition 1.1.11. We define the set Vk initially introduced in 1.1 to be the set

spanned by {ϕk,i}Nki=1, namely Vk = span({ϕk,i}Nki=1). Because of Lemma 1.1, it follows

that {ϕk,i}Nki=1 also forms a basis for Vk, where Vk is a vector space with the standard

addition and scalar multiplication for real valued functions.

1.1.4 Construction of the continuous finite element space V̂k

The next step is to build basis functions ϕ̂k,i defined on the whole domain Ω that

are also continuous. Let xi ∈ Mk and define the set H1
xi

as the set of all hanging

nodes associated with node xi. Nodes in H1
xi

are children of xi. With the same idea,

we can define the following sets:

H2
xi

= {x |x ∈ H1
y for some y ∈ H1

xi
},

H3
xi

= {x |x ∈ H1
y for some y ∈ H2

xi
},

...

Hα
xi

= {x |x ∈ H1
y for some y ∈ Hα−1

xi
}.

The set H2
xi

is the set of hanging nodes associated with nodes in H1
xi

, therefore any

node in H2
xi

is a grandchild of xi. The set H3
xi

is the set of hanging nodes associated

with nodes in H2
xi

so it contains the great-grandchildren of xi and so on. If x ∈ Hα
xi

we say that x is an hanging node associated with xi of degree at least α. Note that

a given node can be a hanging node for more than just one master (a given node

can be the child of more than one parent). Therefore, for given α, we introduce the

sequence {xαi,β}
βmaxα
β=1 : this is the sequence of hanging nodes of degree α associated

10
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with the master node xi but considering repetition. Observe that {xαi,β}
βmaxα
β=1 ⊆ Hα

xi
.

Moreover, we also point out that for α = 1 the elements of the sequence {xαi,β}
βmaxα
β=1

do not repeat and if α = 0 there is only x0
i,1 ≡ xi. We define the sets

H1,1
xi
≡ H1

xi
,

Hα,β
xi

= {x ∈ Hα
xi
|x ∈ H1

xα−1
i,β
}, for α ≥ 2 and β = 1, . . . , βmaxα−1 .

Definition 1.1.12. If xj ∈ Hα,β
xi

then there exist α + 1 nodes xj0 , xj1 , xj2 , . . . , xjα

(with xj0 ≡ xi and xjα ≡ xj) that we refer to as the ancestors of xj, such that for

all m = 0, . . . , α, we have xjm = xmi,βjm for some βjm ∈ {1, 2, . . . , βmaxm }. Note that

βj0 = 1 always.

The ancestors of xj depend on α and β. However, not to make the notation too

heavy, such letters do not appear in the ancestor sequence. Moreover, we remark that

the only m ∈ {0, . . . , α} for which xjm ≡ xj is m = α.

For α ≥ 2, and any xj ∈ Hα,β
xi

, define the set

Uα,β
xi,xj

=
α−1⋃
m=1

Hα−m,βjα−m−1
xi .

The above set represents the set of all uncles (parents included) and great-uncles

(grandparents included) of xj ∈ Hα,β
xi

. Moreover, for α ≥ 2, we also define

Sα,βxi,xj
= {xjγ ∈ {xjm}αm=2 | xjγ ∈ U

γ,βjγ−1
xi,xjγ },

where xjγ ∈ H
γ,βjγ−1
xi . This is the set of all nodes in the ancestor sequence {xjm}αm=1

of xj that are uncles or great-uncles of themselves. Finally, we introduce the set of all

nodes in Hα,β
xi

for which no ancestor is uncle or great-uncle of itself, namely

H̃1,1
xi

= H1,1
xi
,

H̃α,β
xi

= {xj ∈ Hα,β
xi
|Sα,βxi,xj

= ∅}, for α ≥ 2 and β = 1, . . . , βmaxα−1 .

Let βmax0 ≡ 1 and αmaxi = max{α|H̃α,β
xi
6= ∅, with β = 1, . . . , βmaxα−1}.
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Definition 1.1.13. For all xi ∈ Xk, we define functions ϕ̂k,i using the previously

introduced functions {ϕk,i}Nki=1 in the following way

ϕ̂k,i =


ϕk,i if i ∈ Ik

ϕk,i +
αmaxi∑
α=1

βmaxα−1∑
β=1

( ∑
j:xj∈H̃α,βxi

( α∏
m=1

ϕk,jm−1(xjm)
)
ϕk,j

)
if i ∈Mk

0 if i ∈ Hk

.

We reorder the basis functions just defined so that the interior nodes come first,

the master nodes second and the hanging nodes last. In matrix-vector form, the

vector ϕ̂k of the reordered ϕ̂k,i functions can be written as:

ϕ̂k =


ϕ̂k,Ik

ϕ̂k,Mk

ϕ̂k,Hk

 =


I 0 0

0 I Φk

0 0 0




ϕk,Ik

ϕk,Mk

ϕk,Hk

 = R̂kϕk. (1.9)

Remark 1.4. The hanging nodes are considered in the definition of the functions

ϕ̂k,i to maintain the same dimension for vectors and matrices used in either Vk or

V̂k. In this way, an identity mapping between the degrees of freedom of Vk and V̂k

is preserved. This is convenient for parallel implementation and, as it will be shown

later, for extending the formulation to a multilevel setting.

Let us now consider a two-dimensional example to visualize the construction of

a function associated with a node in Mk, as described in Definition 1.1.13. The

triangulation considered in the example is depicted in Figure 1.2. This can be part

of a larger triangulation but for simplicity we just focus on the portion in the figure.

We consider bilinear triangular elements with a maximum two level local refinement

(so J = 2) and focus on the master node x1 ∈ M2. In Figures 1.3 and 1.4 the

subdomains associated with the different degrees of refinement are shown, together

with the collection {E l2}2
l=0. Let us start describing the sets and sequences involved

in Definition 1.1.13 for this specific example.

H1
x1

= {x2, x3}, H2
x1

= {x4, x5, x6},

12
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1

2 34

5 6

Figure 1.2: Example of a two-dimensional bilinear grid with a two level local refinement.

Ω0
2

Ω2
2 Ω1

2

Figure 1.3: Subdomains associated with the different degrees of refinement of the grid in Figure 1.2.

E2
2 E1

2

E0
2 ≡ Ω0

2

Figure 1.4: Collection {E l2}2l=0 associated with the grid in Figure 1.2.

{x1
1,β}2

β=1 = {x1
1,1 ≡ x2, x

1
1,2 ≡ x3},

{x2
1,β}4

β=1 = {x2
1,1 ≡ x4, x

2
1,2 ≡ x5, x

2
1,3 ≡ x4, x

2
1,4 ≡ x6},
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1

3

2 4

5

4

6

H1,1
x1

H2,2
x1

H2,1
x1

master
node

Figure 1.5: Tree diagram that displays the family tree of node x1.

H̃1,1
x1

= H1,1
x1

= {x2, x3}

H̃2,1
x1

= H2,1
x1

= {x4, x5}, H̃2,2
x1

= H2,2
x1

= {x4, x6}.

Note that, in this case, there are no hanging nodes that are uncles or great-uncles of

themselves. In Figure 1.5, the family tree associated with node x1 is reported. Using

Definition 1.1.13 we obtain

ϕ̂k,1 = ϕk,1 + ϕk,1(x2)ϕk,2 + ϕk,1(x3)ϕk,3 + ϕk,1(x2)ϕk,2(x4)ϕk,4

+ ϕk,1(x2)ϕk,2(x5)ϕk,5 + ϕk,1(x3)ϕk,3(x4)ϕk,4 + ϕk,1(x3)ϕk,3(x6)ϕk,6

= ϕk,1 + 0.5ϕk,2 + 0.5ϕk,3 + 0.5 · 0.5ϕk,4 + 0.5 · 0.5ϕk,5

+ 0.5 · 0.5ϕk,4 + 0.5 · 0.5ϕk,6

= ϕk,1 + 0.5ϕk,2 + 0.5ϕk,3 + 0.25ϕk,4 + 0.25ϕk,5 + 0.25ϕk,4 + 0.25ϕk,6

= ϕk,1 + 0.5ϕk,2 + 0.5ϕk,3 + 0.5ϕk,4 + 0.25ϕk,5 + 0.25ϕk,6,

ϕ̂k,2 ≡ 0, ϕ̂k,3 ≡ 0, ϕ̂k,4 ≡ 0, ϕ̂k,5 ≡ 0, ϕ̂k,6 ≡ 0.
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1

2

3

4

Figure 1.6: Example of three-dimensional bilinear grid on an L-shaped domain with a three level local

refinement.

The matrix-vector form corresponding to Eq. (1.9) is given by:

ϕ̂k,1

ϕ̂k,2

ϕ̂k,3

ϕ̂k,4

ϕ̂k,5

ϕ̂k,6


=



1 0.5 0.5 0.5 0.25 0.25

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0





ϕk,1

ϕk,2

ϕk,3

ϕk,4

ϕk,5

ϕk,6


.

We continue with a three-dimensional example of an L-shaped domain, visible in

Figure 1.6. Once again the maximum degree of local refinement is two, so J = 2, and

we only focus on the node x1 ∈ M2. We present this specific example because the

sets H2,1
x1

and H̃2,1
x1

are different in this case and so it will be clear why we consider

the sets H̃2,1
x1

instead of H2,1
x1

in Definition 1.1.13. Most works in the literature fix the

difference in local refinement between interface sharing faces to be one. This means

that a face that has been locally refined α times, can share an interface with a face

that has been refined either α − 1 or α + 1 times. Unlike these works, our approach

does not pose any such kind of restriction, as it can be seen from Figure 1.6 where

a face that has not been refined shares an interface with a face that has been locally
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refined twice. In Figures 1.7 and 1.8 the subdomains associated with the different

degrees of refinement are shown together with the collection {E l2}2
l=0. Since the goal

of this example is to illustrate a situation where the sets H2,1
x1

and H̃2,1
x1

are different,

we only consider the contributions given by the numbered nodes in Figure 1.6. Let us

describe the sets and sequences involved in Definition 1.1.13 for this three-dimensional

example.

H1
x1

= {x2, x3, x4}, H2
x1

= {x3, x4},

{x1
1,β}3

β=1 = {x1
1,1 ≡ x2, x

1
1,2 ≡ x3, x

1
1,3 ≡ x4},

{x2
1,β}2

β=1 = {x2
1,1 ≡ x3, x

2
1,2 ≡ x4},

H̃1,1
x1

= H1,1
x1

= {x2, x3, x4}, H̃2,1
x1

= ∅, H2,1
x1

= {x3, x4}.

The reason why H̃2,1
x1

= ∅ is because the nodes x3 and x4 are uncles of themselves, so

they are removed from H2,1
x1

. However, since this set is composed only of such nodes,

it becomes the empty set. The family tree of node x1 is visible in Figure 1.9. Using

Ω0
2

Ω2
2

Ω1
2

Figure 1.7: Subdomains associated with the different degrees of refinement of the grid in Figure 1.6.
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E2
2

E0
2 ≡ Ω0

2

E1
2

Figure 1.8: Collection {E l2}2l=0 associated with the grid in Figure 1.6.

Definition 1.1.13 we obtain

ϕ̂k,1 = ϕk,1 + ϕk,1(x2)ϕk,2 + ϕk,1(x3)ϕk,3 + ϕk,1(x4)ϕk,4 + fk,1

= ϕk,1 + 0.5ϕk,2 + 0.75ϕk,3 + 0.25ϕk,4 + fk,1,

ϕ̂k,2 ≡ 0, ϕ̂k,3 ≡ 0, ϕ̂k,4 ≡ 0,

where fk,i is a function that gives the contributions of the other hanging nodes asso-

ciated with x1 that have not been made explicit in this example.

Remark 1.5. In these examples we only addressed bilinear and trilinear elements

for simplicity. The same method applies to all Lagrangian elements of any polyno-

mial degree having the delta property. In the numerical example section, bi/trilinear,

quadratic, bi/triquadratic elements, and combinations of them are used.

1

2

3

4

3

4

H1,1
x1

H2,1
x1

Figure 1.9: Tree diagram that displays the family tree of node x1.
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Theorem 1.1. The functions ϕ̂k,i are continuous for all xi ∈ Xk.

Proof. For any node xi ∈ Ik, the continuity is inherited from ϕk,i, while if xi ∈ Hk,

then ϕ̂k,i is identically 0, thus it is continuous. For xi ∈ Mk, the proof is more

complex. Vaguely speaking we want to show that if ϕk,i is a discontinuous function

associated with a master node xi, it is possible to build a continuous function ϕ̂k,i

with the contributions from hanging node functions, ϕk,j, for some j. Therefore, let

xi ∈Mk, we will show that ϕ̂k,i is continuous at all hanging nodes xj associated with

xi. Note that as we have already discussed, xj could belong to more than just one

H̃α,β
xi

, meaning that xj could be a child of more than just one parent. Let ej be the

edge (or face) containing xj that belongs to the coarsest triangulation that has xj

among its nodal points. On ej then, there will be ηmax parent nodes xjη ∈ Hα
xi

for

some α, for which ϕjη(xj) 6= 0. Considering that xj can posses multiple degrees as a

hanging node of xi, let αη be the degree of xj as child of xjη . Then there will be ηmax

ancestor sequences {xjη ,ζ}
αη
ζ=0, with xjη ,αη ≡ xj, xjη ,αη−1 ≡ xjη , and xjη ,0 ≡ xi. If we

denote by ϕk,jη ,ζ the functions whose nodal point is xjη ,ζ , then ϕ̂k,i can be rewritten

as

ϕ̂k,i =

ηmax∑
η=1

[( αη−1∏
ζ=1

ϕk,jη ,ζ−1(xjη ,ζ)
)
ϕk,jη +

( αη∏
ζ=1

ϕk,jη ,ζ−1(xjη ,ζ)
)
ϕk,j

]
+ fj, (1.10)

where fj is a function for which fj(xj) = 0 and lim
x→xj

fj(x) = 0. Since xj is a hanging

node, we have that ϕk,j(xj) = 0. Hence, recalling that xjη ,αη ≡ xj, and ϕk,jη ,α−1 ≡

ϕk,jη , we have

ϕ̂k,i(xj) =

ηmax∑
η=1

( αη∏
ζ=1

ϕk,jη ,ζ−1(xjη ,ζ)
)
.

Now, let’s define the set

Zj =
⋃
γ

Eγk , (1.11)

where each Eγk in the above union is such that xj belongs to the closure of Eγk . We

observe that Eγk (and so Zj) is independent of η and that ej ⊆ Eγk for some γ. Moreover,
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lim
x∈Ω→xj

ϕ̂k,i(x) = lim
x∈Zj→xj

ϕ̂k,i(x), therefore to show existence of the limit lim
x∈Ω→xj

ϕ̂k,i(x)

we have to show that the limits lim
x∈Eγk→xj

ϕ̂k,i(x) all exist and are equal for all γ. On

every set Eγk , by definition, exactly one of the following two cases can happen:

1. xj ∈ Xγ
k , xj /∈ Eγk and lim

x∈Eγk→xj
ϕk,jη(x) = 0, for all η .

The above limit is obtained for the following reason: if xjη ∈ X
γ
k , then ϕk,jη ≡

ϕγk,jη on Eγk , for all η, and it is true that lim
x∈Eγk→xj

ϕγk,jη(x) = 0 . If xjη /∈ X
γ
k , then

ϕk,jη ≡ 0 on Eγk , so the same result is verified. Note that since xj ∈ Xγ
k , from

Definition 1.1.8 we have that ϕk,j ≡ ϕγk,j on Eγk .

2. xj /∈ Xγ
k , xj ∈ Eγk and lim

x∈Eγk→xj
ϕk,jη(x) = ϕk,jη(xj), for all η .

In this case, xjη ∈ X
γ
k always, and we have ϕk,jη ≡ ϕγk,jη on Eγk , for all η. Nodes

xjη /∈ X
γ
k on ej cannot exist. If they did, then xj would be uncle or great-uncle

of itself but such nodes have been removed from the sets Hα,β
xi

so this cannot

happen. Moreover, since xj /∈ Xγ
k , and xj ∈ Eγk , Definition 1.1.8 gives ϕk,j ≡ 0

on Eγk .

Hence, let Eγk be given and assume we are in Case 1. Then

lim
x∈Eγk→xj

ϕk,jη(x) = 0 for all η, lim
x∈Eγk→xj

ϕk,j(x) = lim
x∈Eγk→xj

ϕγk,j(x) = δjj = 1.

Referring to Eq. (1.10) this implies that

lim
x∈Eγk→xj

ϕ̂k,i(x) =

ηmax∑
η=1

( αη∏
ζ=1

ϕk,jη ,ζ−1(xjη ,ζ)
)
.

In Case 2, we have for all η,

lim
x∈Eγk→xj

ϕk,jη(x) = lim
x∈Eγk→xj

ϕγk,jη(x) = ϕγk,jη(xj) = ϕk,jη(xj), lim
x∈Eγk→xj

ϕk,j(x) = 0.

Again referring to Eq. (1.10) this gives

lim
x∈Eγk→xj

ϕ̂k,i(x) =

ηmax∑
η=1

( αη∏
ζ=1

ϕk,jη ,ζ−1(xjη ,ζ)
)
.
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This proves that lim
x∈Ω→xj

ϕ̂k,i(x) exists and

ϕ̂k,i(xj) =

ηmax∑
η=1

( αη∏
ζ=1

ϕk,jη ,ζ−1(xjη ,ζ)
)

= lim
x∈Ω→xj

ϕ̂k,i(x).

Hence, the continuity of ϕ̂k,i at any hanging node xj of xi is proved.

To complete the proof, we have to show that ϕ̂k,i is continuous on all edges or

faces in the triangulation Tk that contain at least one hanging node. Continuity at

any other point in the domain is inherited from the continuity of ϕk,i. Let ej be such

edge or face that contains p nodes xj` , with ` = 1, . . . , p, where at least one of them

is a hanging node. Then there exist at least two elements Ωc ∈ T ck and Ωf ∈ T fk such

that:

• ej = Ωc ∩ Ωf ,

• Ωc ⊆ Eck and Ωf ⊆ Efk ,

where Efk denotes the closure of Efk . We remark that the superscripts c and f stand

for coarse and fine, respectively. If there exist more than two elements that share the

same ej (this is possible if ej is an edge in a 3D triangulation) then we consider them

in pairs, where f is fixed and always refers to the element on the finest triangulation

while c spans the remaining elements, one at the time.

Let us define the following function

h(x) :=


ϕ̂k,i(x) if x ∈ int(Ωf )

lim
t∈int(Ωf )→x

ϕ̂k,i(t) if x ∈ ej
.

Then h is a polynomial function on its domain. Let h|ej be the trace of h on ej.

Its value on ej is uniquely determined by the values of h at the p interface nodes.

Namely, the space of the traces, referred as V f
k

∣∣
ej
⊆ H1/2(ej), has dimension p and

h|ej(x) =

p∑
`=1

h(xj`) ϕ
f
k,j`

∣∣
ej

(x).
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Let g(x) := ϕ̂k,i(x) for all x ∈ Ωc. The function g is also a polynomial function on

its domain. Let g|ej be the trace of g on ej and V c
k

∣∣
ej

the corresponding space of the

traces. Since g|ej ∈ V c
k

∣∣
ej
⊆ V f

k

∣∣
ej

, the function g|ej can also be represented with the

bases of V f
k

∣∣
ej

, namely

g|ej(x) =

p∑
`=1

g(xj`) ϕ
f
k,j`

∣∣
ej

(x).

Recalling that by continuity of ϕ̂k,i at the p nodes, on ej we also have

h(xj`) = ϕ̂k,i(xj`) = g(xj`), for all ` = 1, . . . , p,

and consequently h(x) = g(x) for all x ∈ ej. Therefore, for all x ∈ ej

lim
t∈int(Ωf )→x

ϕ̂k,i(t) = h(x) = g(x) = ϕ̂k,i(x) = lim
t∈int(Ωc)→x

ϕ̂k,i(t).

Thus, ϕ̂k,i is continuous at every face or edge ej that contains at least one hanging

node. This completes the proof.

Lemma 1.2. The set {ϕ̂k,i : xi ∈ Ik ∪Mk}, is linearly independent.

Proof.

If xi ∈ Ik then ϕ̂k,i = ϕk,i, so the functions ϕ̂k,i have the delta property (1.5).

If xi ∈ Mk then, according to (1.9), each ϕ̂k,i is a linear combination of one master

node function ϕk,i, which satisfies the delta property for all xj /∈ Hk, and several

hanging node functions ϕk,j, which satisfy the zero property (1.6). Hence, letting

xj /∈ Hk, we have

ϕ̂k,M(xj) = ϕk,M(xj) + Φkϕk,H(xj) = δij1 + 0. (1.12)

This means that

ϕ̂k,i(xj) = δij , for all xj ∈ Ik ∪Mk. (1.13)

Since the ϕ̂k,i in the set {ϕ̂k,i : xi ∈ Ik ∪Mk} have the delta property, then such a

set is linearly independent.
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Definition 1.1.14. Let N̂k be the total number of interior and master nodes. We

define the set V̂k initially introduced in (1.1) to be the set spanned by {ϕ̂k,i}N̂ki=1, namely

V̂k ≡ span({ϕ̂k,i}N̂ki=1). Because of Lemma 1.2, it follows that {ϕ̂k,i}N̂ki=1 also forms a

basis for V̂k, where V̂k is a vector space with the standard addition and scalar multi-

plication for real valued functions.

Remark 1.6. To the unique representation of an element v̂ ∈ V̂k

v̂ =
∑

i:xi∈Ik∪Mk

v̂iϕ̂k,i,

we artificially add the hanging node functions, which are identically zero, i.e.

v̂ =
∑

i:xi∈Ik∪Mk

v̂iϕ̂k,i +
∑

i:xi∈Hk

v̂iϕ̂k,i.

The new representation of v̂ is not unique anymore, since the coefficients v̂i associated

with the zero hanging node functions are arbitrary. This choice may seem odd, but we

again emphasize that it is motivated by the fact that in the numerical implementation

of the algorithm we want to preserve the same dimensions between the arrays and

matrices associated with the spaces Vk and V̂k.

Proposition 1.1.1. The space V̂k is a subspace of Vk.

Proof. The proof is immediate, since each function ϕ̂k,i is constructed as a linear

combination of functions ϕk,i, which belong to a basis for Vk.

Proposition 1.1.2. Let a ∈ Vk and b̂ ∈ V̂k. Let a = [aI , aM, aH]T and b̂ =

[b̂I , b̂M, b̂H]T be the coefficient representation vectors of a and b̂, i.e.

a = ϕT
ka, and b̂ = ϕ̂T

k b̂,

Then a = b̂ iff

aI = b̂I , aM = b̂M, and aH = ΦT
kaM. (1.14)
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Proof. The proof of the proposition follows from Eq. (1.9).

Remark 1.7. Note that the above proposition implies that the equality of a ∈ Vk

and b̂ ∈ V̂k is independent of the value of b̂H. Moreover if a ∈ Vk is such that

a = [aI , aM,Φ
T
kaM]T, then a is also in V̂k and we can choose the same vector a as

representation of a in V̂k.

1.1.5 The inter-space operators

Definition 1.1.15. The prolongation operator P̂k : V̂k → Vk is the natural injection

and its action on v̂ is given by

P̂kv̂ = ϕT
k

(
P̂kv̂

)
,

where P̂k is the matrix representation of P̂k.

Proposition 1.1.3. Let v̂ be given as a linear combination of the basis of V̂k as in

Remark 1.6. In vector notation

v̂ = ϕ̂T
k v̂,

for some coefficient vector v̂ = [v̂1, v̂2 . . . , v̂Nk ]
T ∈ RNk . Then, for the matrix repre-

sentation of P̂k we have

P̂k = R̂T
k ,

where R̂k is the matrix from Eq. (1.9).

Proof. Since v̂ ∈ V̂k ⊆ Vk, its prolongation into Vk is the natural injection, namely

ϕT
k

(
P̂kv̂

)
= P̂kv̂ = v̂ = ϕ̂T

k v̂ =
(
R̂kϕk

)T
v̂ = ϕT

k

(
R̂T
k v̂
)
, for all v̂ ∈ V̂k.

Thus, the matrix representation of P̂k is given by P̂k = R̂T
k .

Definition 1.1.16. Let (·, ·) denote the L2(Ω) inner product. The restriction operator

R̂k : Vk → V̂k is defined as the adjoint of P̂k with respect to the L2(Ω) inner product.

In other words

(R̂kv, û) = (v, P̂kû), for all v ∈ Vk, û ∈ V̂k.

Clearly, its matrix representation is the matrix R̂k from Eq. (1.9).
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Note that if we choose û = ϕ̂k,i for some i, then

P̂kϕ̂k,i = ϕ̂k,i = R̂k,iϕk,

where R̂k,i corresponds to the i-th row of the matrix R̂k defined in (1.9). Consequently,

for any v in Vk

(R̂kv, ϕ̂k,i) = (v, P̂kϕ̂k,i) = (v, R̂k,iϕk) =

Nk∑
j=1

R̂k,ij(v, ϕk,j). (1.15)

Let g ∈ H−1(Ω) be given and define in an entry-wise fashion the vectors f̂ and f

f̂i(g) = (g, ϕ̂k,i), and fi(g) = (g, ϕk,i),

for all i = 1, · · · , Nk. Then Eq. (1.15) can be rewritten as

f̂i(R̂kv) =

Nk∑
j=1

R̂k,ijfj(v) = R̂k,if(v),

for all i = 1, · · · , Nk. Therefore, in matrix-vector notation, for any v in Vk

f̂(R̂kv) = R̂kf(v).

Lemma 1.3. For any bilinear form a(·, ·), define the matrices Ak and Âk by

Ak,ij = a(ϕk,i, ϕk,j), for all i, j = 1, · · · , Nk,

Âk,ij = a(ϕ̂k,i, ϕ̂k,j), for all i, j = 1, · · · , Nk.

Then

Âk = R̂kAkR̂
T
k = R̂kAkP̂k,

namely, with a slight abuse of terminology, Âk is the restriction of Ak to the space

V̂k.

Proof. For all i, j

Âk,ij = a(ϕ̂k,i, ϕ̂k,j) = a(R̂k,iϕk, R̂k,jϕk) =

Nk∑
l=1

Nk∑
m=1

R̂k,ila(ϕk,l, ϕk,m)R̂k,jm

=

Nk∑
l=1

Nk∑
m=1

R̂k,ilAk,lmR̂k,jm =

Nk∑
l=1

Nk∑
m=1

R̂k,ilAk,lmR̂
T
k,mj = R̂k,iAkR̂

T
k,j,

thus the result follows.
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The rows and the columns corresponding to the hanging nodes are not removed but

zeroed. In order to get a nonsingular matrix, the diagonal entries of Âk corresponding

to the hanging nodes are set equal to one.

Note that from Definition 1.1.8 and 1.1.13 it follows that

V1 ⊆ V2 ⊆ . . . ⊆ Vk and V̂1 ⊆ V̂2 ⊆ . . . ⊆ V̂k.

For this reason, prolongation operators can be defined.

Definition 1.1.17. We denote by Qk : Vk−1 → Vk the prolongation operator between

Vk−1 and Vk, while Q̂k : V̂k−1 → V̂k refers to the prolongation operator between V̂k−1

and V̂k. The respective matrix representations are denoted by Qk and Q̂k.

The prolongation operators defined above are natural injections. Since V̂k−1 ⊆

Vk−1 ⊆ Vk, it immediately follows that the prolongation operator QkP̂k−1 : V̂k−1 → Vk

is the natural injection with matrix representation given by QkP̂k−1, as the following

Lemma points out.

Lemma 1.4. The prolongation operator from V̂k−1 to Vk can be obtained as a com-

position of the two prolongations P̂k−1 : V̂k−1 → Vk−1 and Qk : Vk−1 → Vk

Qk(P̂k−1(v̂k−1)) = v̂k−1, for all v̂k−1 ∈ V̂k−1,

or in vector-matrix notation

a = QkP̂k−1v̂k−1,

where a is the vector representation of a = Qk(P̂k−1(v̂k−1)) ∈ Vk, and a = v̂k−1.

Proposition 1.1.4. The matrix QkP̂k−1 can be used as matrix representation of the

prolongation Q̂k : V̂k−1 → V̂k.

Proof. Let v̂k−1 be the vector representation of any v̂k−1 ∈ V̂k−1. We want to show

that if b̂ ≡ QkP̂k−1v̂k−1, then the following equality holds,

b̂ ≡ ϕ̂T
k b̂ = v̂k−1.
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From Lemma 1.4, the vector

a = QkP̂k−1v̂k−1

is the vector representation of a ∈ Vk, with a = v̂k−1. Since a = v̂k−1 ∈ V̂k−1 ⊆ V̂k ⊆

Vk, a is also an element of V̂k. According to Remark 1.7 we can choose a as vector

representation of a in V̂k.

Then we have two elements b̂ and a in V̂k with the same vector representation,

b̂ = a, thus they are equal. This means b̂ = a = v̂k−1.

Similarly, as we did before for the nested spaces Vk and V̂k, we can show that

the matrix representation of the restriction operator between V̂k and V̂k−1 is Q̂T
k , the

transpose of the matrix representation of the prolongation operator.

Lemma 1.5. For any bilinear form a(·, ·), let Âk be the matrix defined in Lemma 1.3

and let Âk−1 be

Âk−1,ij = a(ϕ̂k−1,i, ϕ̂k−1,j), for all i, j = 1, · · · , Nk−1.

Then

Âk−1 = Q̂T
k ÂkQ̂k,

namely, with a slight abuse of terminology, Âk−1 is the restriction of Âk to the space

V̂k−1.

Proof. The proof is similar to the one in Lemma 1.3.

Once again, the diagonal entries of Âk−1 corresponding to the hanging nodes are

set equal to one.

Schematics of all the inter-space operators defined above, and how to use them,

are given in Figure 1.10.
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Vk V̂k

V̂k−1Vk−1

R̂k

R̂k−1

Qk Q̂k = QkR̂
T
k−1

ûk = Q̂kûk−1
Âk = R̂kAkR̂

T
k

f̂k = R̂kfk

ûk−1
Âk−1 = Q̂T

k ÂkQ̂k

f̂k−1 = Q̂T
k f̂k

uk = R̂T
k ûk

Ak

fk

Figure 1.10: Inter-space operators

1.1.6 The numerical algorithm

Once the inter-space operators are available in terms of matrices, the numerical

solution of the problem

a(u, v) = (f, v), (1.16)

is sought in the continuous space V̂J . Namely, we seek the solution of the discretized

problem

ÂJ ûJ = f̂J .

We do not work directly in the continuous space V̂J . We rather work in the discon-

tinuous space VJ and use the restriction operator R̂J to move objects between spaces.

Since an iterative solver is used, the above system is rewritten in its residual form.

For i = 0, let û0
J be the initial guess, then

1. assemble the matrix AJ in VJ using the test functions ϕJ ;

2. restrict AJ in the V̂J space

ÂJ = R̂JAJR̂
T
J ;

3. prolong the current solution in the VJ space

uiJ = R̂T
J ûiJ ;
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4. assemble the residual in the VJ space

riJ = fJ − AJuiJ ,

and restrict it in the V̂J space

r̂iJ = R̂Jr
i
J ;

5. solve

D̂Jŵ
i
J = r̂iJ ,

where D̂J is an “easy to invert” approximation of the matrix ÂJ , and set

ûi+1
J = ûiJ + ŵi

J ;

6. if ‖ŵi
J‖ falls below a prescribed small tolerance ε exit, otherwise set i = i+ 1, go

back to step 3 and repeat.

A few remarks on the above algorithm.

• We construct the matrix AJ and the residual rJ in VJ , since the assembling is done

element-wise following the standard finite element approach for unstructured grids.

Moreover, let xi, xj in X l
J be two nodal points belonging to a generic element T of

the triangulation T lJ . The two pairs of test functions ϕJ,i, ϕJ,j and ϕlJ,i, ϕ
l
J,j differ

at most on the boundary of element T . Then on T

a(ϕJ,i, ϕJ,j)
∣∣
T

= a(ϕlJ,i, ϕ
l
J,j)
∣∣
T
,

(f, ϕJ,i)
∣∣
T

= (f, ϕlJ,i)
∣∣
T
,

for all f ∈ H−1(Ω). Thus to construct AJ and rJ element-wise we use the standard

test functions ϕlJ,i, which is a very convenient approach since no new bases have to

be really constructed.

• The operator D̂J is abstract, and its inversion can be interpreted as the action of

a linear algebra solver which in turn can also be preconditioned. In our applica-

tions, we used geometric multigrid (MG) either as a solver (in Section 1.2) or as a

28



Texas Tech University, Giacomo Capodaglio, May 2018

preconditioner for the conjugate gradient (CG) method and the generalized mini-

mal residual (GMRES) (in Section 1.3). For this purpose we use the C++ library

PETSc [4] as a black box, providing as inputs the matrices Âk for k = J, . . . , 0,

the matrices Q̂k for k = J, . . . , 1 and the residual vector r̂iJ , and letting PETSc

compute ŵi
J . This algebraic approach is convenient and elegant since all the bur-

den of dealing with the hanging nodes at different level triangulations Tk has been

incorporated in the prolongation operator Q̂k and no ad-hoc multigrid solver or

preconditioner needs to be implemented.

• The above algorithm can be easily extended to nonlinear problems. In this case

the residual riJ at step 4 is a more complex function of uiJ and D̂J is an “easy to

invert” approximation of the tangent matrix

ĴJ(ûiJ) = R̂J

(
− ∂riJ
∂uiJ

)
R̂T
J .

This corresponds to Newton linearization. Such a scheme is used in the last two

examples where Navier-Stokes flows are considered.

1.2 Eigenvalue analysis of the multigrid method

Historically, the theory of multigrid methods has been developed for linear equa-

tions of the form

Au = f,

where the operator A is symmetric and positive definite (SPD) [10, 12, 15, 36, 64,

65]. Other types of boundary value problems have also been addressed, where A is

nonsymmetric or indefinite [16, 49, 55, 62].

In [15], convergence estimates for a multigrid algorithm were obtained, without

making regularity assumptions on the solution. This was a breakthrough in the

theoretical analysis of multigrid, since previous convergence estimates used to rely

on both a smoothing property, and an approximation property, where the latter is

typically obtained assuming a certain degree of regularity. Moreover, in the same
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paper, it was shown that convergence of the multigrid algorithm could be obtained

also when smoothing is performed only on a subspace of the multigrid space at every

level. This allows applying the theory proposed in [15] to local midpoint refinement

applications, where the smoothing is performed on subspaces defined on triangulations

that do not have degrees of freedom associated to interface nodes. This includes

all hanging and master nodes. A weaker convergence estimate with respect to the

classical multigrid convergence [22] was obtained, in the sense that the error bound

δJ for the multigrid error EJ , depended on the number of multigrid levels J ,

a(EJv, v) ≤ δJa(v, v), δJ = 1− 1

C J
,

where is a(·, ·) is the energy norm and C is a constant independent of J . It is

clear when looking at δJ that, from a theoretical point of view, increasing the pre

and/or post-smoothing iterations at each level does not guarantee an improvement

of the convergence bound. From a practical point of view as well, since smoothing

is done only on subspaces of the actual multigrid spaces, an increase in the number

of smoothing steps can only improve the convergence bound up to some saturation

value. Using the continuous nodal basis functions in Definition 1.1.13, we are allowed

to perform the smoothing procedure on the entire multigrid space. This results in

an improved convergence when the number of smoothing steps is increased, as it will

be shown from the numerical results. For the rest of this dissertation, we refer to

the local smoothing approach outlined in [15] as BPWX algorithm after the authors:

Bramble, Pasciak, Wang and Xu.

In this section, we compare the performance of our algorithm with the BPWX,

and show that since our multigrid performs a global smoothing on all nodes at a

given multigrid level, the drawbacks of the BPWX method are eliminated. At a

given multigrid level, the subspace chosen for the BPWX smoothing is the subspace

obtained by neglecting all the degrees of freedom associated with interface nodes.

To compare the two methods, we evaluate the spectral radius of EJ = I− D̂−1
J ÂJ ,

where the matrix D̂−1
J corresponds to one V-cycle of either the BPWX multigrid or
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the one proposed in this work. For this purpose, we use the method developed in

[51].

Consider one iteration for the algorithm described in Section 1.1.6. The solution

at the first iteration step is given by

û1
J = û0

J + ŵ1
J = (I − D̂−1

J ÂJ) û0
J + D̂−1

J f̂J .

Let û0
J be zero, impose zero Dirichlet boundary conditions for û1

J , and set f̂J = el,

with entries one at the l-th row and zero elsewhere. Then, the equation system

becomes

û1
J,l = D̂−1

J el, for l = 1, . . . , NJ .

Therefore, the inverse of the multigrid matrix can be obtained using the solution û1
J,l

as l-th column of D̂−1
J . The spectrum of D̂−1

J ÂJ follows.

We remark that in the following examples only one iteration of the multigrid V-

cycle is carried out. At each level, we employ a Richardson smoother with damping

factor 0.6, preconditioned with ILU. Tests are made considering the bilinear operator

a(u, v) = (∇u,∇v). We use biquadratic and triquadratic Lagrangian test functions

in 2D and 3D, respectively, and study the performances of the two methods with

respect to different element types and different numbers of pre and post-smoothing

iterations.

Convergence of the multigrid solver is obtained only if the spectral radius of I −

D̂−1
J ÂJ is less than one. Moreover, the smaller such a quantity is, the better D̂−1

J

approximates the inverse of AJ and the faster the solver converges to the solution.

We first consider two types of elements for the two-dimensional unit square ge-

ometry: quadrilaterals and triangles. The criterion for the local selective refinement

is that 50% of the elements from the previous level are randomly selected for refine-

ment. For each element type we study the three irregular triangulations depicted in

Figures 1.11 and 1.12. In the quadrilateral case, the coarse mesh consists of a 2 × 2

regular triangulation, that is uniformly refined once and then selectively refined 2, 4
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(a) level 3 (b) level 5 (c) level 6

Figure 1.11: Refinement of the quadrilateral element mesh: 50% of the elements from the previous

level are randomly selected for refinement.

(a) level 2 (b) level 3 (c) level 4

Figure 1.12: Refinement of the triangular element mesh: 50% of the elements from the previous level

are randomly selected for refinement.

and 5 times, for a total of 323, 1201 and 2265 degrees of freedom, respectively. See

cases (a), (b) and (c) in Figure 1.11. In the triangular case, the coarse mesh has 62

elements that are selectively refined 2, 3 and 4 times, for a total of 1145, 2349 and

4603 degrees of freedom, respectively. See cases (a), (b) and (c) in Figure 1.12.

Both our method and the BPWX method are tested. Table I.1 shows the spectral

radius of I− D̂−1
J ÂJ for the six cases in Figures 1.11 and 1.12, when only one pre and

post-smoothing iterations are used. As the number of levels increases, the spectral
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radius has slight variations but does not change dramatically for both quadrilateral

and triangular elements. More importantly, at each level and with the same element

type, the spectral radius of the proposed method is 3 to 11 times smaller than the one

given by the BPWX method. Roughly speaking this indicates that our solver would

converge 3 to 11 times faster than the BPWX. Next, we investigate the effect of the

number of pre and post-smoothing iterations on the spectral radius considering case

(c), see Table I.2. Here, we consider 1, 2, 4 and 8 pre and post-smoothing iterations.

With the proposed method, under the same element type, the spectral radius reduces

3 to 5 times as we double the number of iterations, while in the BPWX method it

quickly saturates. Thus we expect that, with the proposed method, the number of

linear iterations required by the solver to converge would decrease significantly, while

it would stay the same for the BPWX.

We conclude that for two-dimensional examples, our method always has an ad-

vantage over the BPWX in terms of convergence rate of the solver. Moreover, this

advantage increases dramatically as the number of smoothing iterations increases.

Methods Proposed Method BPWX Method

L Quad. Tri. Quad. Tri.

(a) 1.75e-2 5.35e-2 1.37e-1 3.03e-1

(b) 2.25e-2 5.79e-2 1.97e-1 3.04e-1

(c) 1.74e-2 7.87e-2 2.04e-1 3.04e-1

Table I.1: Spectral radius considering the meshes depicted in Figure 1.11 and Figure1.12. One pre

and post-smoothing iteration is considered.

We then investigate a three-dimensional example in a unit box geometry consid-

ering triangulations made of four types of elements: hexahedra, wedges, tetrahedra

and a combination of the three. The criterion for selective refinement remains the

same as the two-dimensional case. The coarse grid consists of 8, 16, 6 and 20 elements
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Methods Proposed Method BPWX Method

Smoothing Quad. Tri. Quad. Tri.

1 1.74e-2 7.87e-2 2.04e-1 3.04e-1

2 5.80e-2 2.10e-2 2.02e-1 2.62e-1

4 2.10e-2 3.90e-3 2.02e-1 2.50e-1

8 9.16e-4 1.00e-3 2.02e-1 2.47e-1

Table I.2: Spectral radius for several numbers of pre and post-smoothing iterations. The chosen

refined configuration corresponds to case (c) for both mesh types in Figure 1.11 and Figure1.12.

(a) hexahedral elements (b) mixed elements

Figure 1.13: Refinement of different types of elements starting with one uniform level and refining up

to three nonuniform levels: 50% of the elements from the previous level are randomly selected for

refinement.

for the hexahedra, wedges, tetrahedra and the combination of the three, respectively.

Each coarse grid is selectively refined 1, 2 and 3 times. The total degrees of freedom

are 401, 1389 and 5087 for the hexahedral case, 506, 1817, 6538 for the wedge-shaped
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case, 146, 456, 1684 for the tetrahedral case, and 656, 2306, 8560 for the mixed case.

Figure 1.13 shows the three-dimensional irregular triangulations for the hexahedral

case and the mixed case at level 3.

The results for the spectral radius with one pre and post-smoothing iterations

are listed in Table I.3 for both the proposed method and the BPWX method. Notice

that the spectral radius under the same type of elements does not change significantly

from level 2 to 3. In some cases a larger variation occurs from level 1 to 2, that we

attribute to the presence of relatively few degrees of freedom at level 1. At each level,

considering the same element type, the spectral radius of the proposed method is 2 to

15 times smaller than the one obtained with the BPWX method. Roughly speaking

this indicates that our solver would converge 2 to 15 times faster than the BPWX. In

particular the hexahedral case performs the best, while the mixed is 2-4 times better.

Proposed Method BPWX Method

L Hex. Wedge Tet. Mixed Hex. Wedge Tet. Mixed

1 7.50e-3 3.95e-2 2.31e-2 3.58e-2 9.34e-2 2.08e-1 6.96e-2 1.59e-1

2 1.61e-2 5.71e-2 5.80e-2 1.01e-1 2.55e-1 2.07e-1 1.19e-1 2.29e-1

3 1.76e-2 6.25e-2 6.00e-2 1.12e-1 2.63e-1 2.98e-1 1.37e-1 3.17e-1

Table I.3: Spectral radius for different refined meshes. One pre and one post-smoothing iteration is

considered.

Next we investigate the effect of the number of pre and post-smoothing iterations

on the spectral radius at level 3, see Table I.4. Again we consider 1, 2, 4 and 8 pre

and post-smoothing iterations. Under the same element type, using our method the

spectral radius reduces 2 to 5 times doubling the number of iterations, while with the

BPWX method, it is invariant. Thus, we expect that the number of linear iterations

required by solver to converge would decrease significantly with the proposed method,

while it would stay the same for the BPWX method. Once again, the hexahedra
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Proposed Method BPWX Method

S Hex. Wedge Tet. Mixed Hex. Wedge Tet. Mixed

1 1.76e-2 6.25e-2 6.00e-2 1.12e-1 2.63e-1 2.98e-1 1.37e-1 3.17e-1

2 7.20e-3 2.23e-2 1.53e-2 3.45e-2 2.63e-1 2.65e-1 1.29e-1 3.16e-1

4 3.00e-3 1.05e-2 6.20e-3 2.08e-2 2.63e-1 2.61e-1 1.29e-1 3.16e-1

8 6.64e-4 3.40e-3 1.80e-3 1.06e-2 2.63e-1 2.61e-1 1.29e-1 3.16e-1

Table I.4: Spectral radius for several numbers of pre and post-smoothing iterations. The chosen

refined configuration corresponds to level 3 for all mesh types.

perform the best, followed by the wedges, the tetrahedra and the mixed ones.

Also in the three-dimensional cases, we conclude that our method always performs

better than the BPWX in terms of convergence rate of the solver. Moreover, this

advantage increases dramatically as the number of smoothing iterations increases.

1.3 Numerical examples

We continue with some numerical examples meant to illustrate the convergence

properties of the proposed method. We address the 2D Poisson problem, the 2D

driven-cavity flow and the 3D buoyancy driven flow, discussing convergence and com-

putational time.

1.3.1 The Poisson problem

We continue our investigation by considering the weak formulation of the Poisson

problem discussed in [40]. Namely find uh ∈ Vh ⊂ H1
0 (Ω) such that

(∇uh,∇vh) = (f, vh), for all vh ∈ Vh, (1.17)

with Ω = [−1, 1] × [−1, 1], and f ≡ 1. The space Vh denotes an appropriate finite

element space. Note that the multigrid method for irregular triangulations used in [40]

and implemented in the deal.II library [5] only applies to 1-irregular grids and has been
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implemented only on quadrilateral and hexahedral element. The method proposed in

this work has no such limitations. We start with a coarse grid consisting of 4 elements,

which are uniformly refined once. Then two selective refinement strategies are used:

refine only the elements in the first quadrant (x ≥ 0, y ≥ 0), and refine all the elements

for which the centers are located within the circle of radius π
4k

(k = 1, ..., J−1) centered

at the origin. Figure 1.14 shows the irregular triangulations of the first quadrant

Figure 1.14: Refinement of the first quadrant, levels 3, 4, and 7, for the Poisson problem.

Figure 1.15: Refinement of the circle, levels 3, 4, and 8 for the Poisson problem.

for k = 3, 4 and J = 7, Figure 1.15 shows the irregular triangulations of the circle

for k = 3, 4 and J = 8. Continuous piecewise-bilinear approximation is considered

for both uh and vh. The linear system arising from the weak formulation in Eq.(??)

defined on the above irregular triangulations is solved using a Conjugate Gradient

(CG) solver, preconditioned with the proposed V-cycle Multigrid. At each level, we
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employ a Richardson smoother with one iteration for pre and post-smoothing and

damping factor 0.8. The smoother is further preconditioned with ILU. In Table I.5,

we compare our results with the ones in [40]. The multigrid smoother in [40] is

a symmetric multiplicative Schwarz smoother [64] and the smoothing procedure is

performed only locally. We present the number of CG steps n10 needed to reduce the

norm of the residual r by a factor of 1010, and the average logarithmic convergence

rate according to Janssen et al. [40] and Varga [60]:

r =
1

n
log10

|r0|
|rn|

.

In the above equation, |rn| is the Euclidean norm of the residual vector rn at the

n−th CG step. We observe that as the local refinement level increases, the values

of both n10 and r saturate and are very close to the results from Janssen [40]. No

significant degeneration is observed showing that our method is suitable for more

general applications with respect to the 1-irregular grid constraint.

L
Quadrant Quadrant [40] Circle Circle [40]

n10 r̄ n10 r̄ n10 r̄ n10 r̄

3 6 1.72 4 2.56 6 1.94 5 2.29

4 7 1.55 6 1.69 6 1.67 6 1.83

5 7 1.47 7 1.61 7 1.62 6 1.76

6 7 1.46 7 1.60 7 1.57 7 1.44

7 8 1.41 7 1.60 7 1.53 7 1.61

8 8 1.39 7 1.60 7 1.50 7 1.57

9 8 1.38 7 1.60 7 1.50 7 1.59

10 8 1.37 7 1.60 7 1.52 7 1.59

Table I.5: Number of iterations and average logarithmic convergence rate for the Poisson problem and

different refinement strategies.

Table I.6 shows more results for various finite element families: bilinear, quadratic
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and biquadratic. For both refinements of the circle and of the first quadrant, the

number of iterations and average logarithmic convergence rate are almost independent

of the refinement level and of the degree of the finite element family. Thus, our method

shows to be robust.

L

Quadrant Circle

Bilinear Quadratic Biquadratic Bilinear Quadratic Biquadratic

n10 r̄ n10 r̄ n10 r̄ n10 r̄ n10 r̄ n10 r̄

3 6 1.72 7 1.52 7 1.57 6 1.94 7 1.56 7 1.61

4 7 1.55 7 1.51 7 1.46 6 1.67 7 1.51 7 1.51

5 7 1.47 7 1.48 8 1.41 7 1.62 7 1.50 7 1.48

6 7 1.46 7 1.46 8 1.39 7 1.57 7 1.50 7 1.49

7 8 1.41 7 1.44 8 1.39 7 1.53 7 1.52 7 1.56

8 8 1.39 7 1.43 8 1.39 7 1.50 7 1.55 7 1.57

9 8 1.38 8 1.44 8 1.38 7 1.50 7 1.57 7 1.57

10 8 1.37 8 1.42 8 1.37 7 1.52 7 1.60 7 1.61

Table I.6: Comparison of different degrees of finite element families for the Poisson problem.

1.3.2 The driven-cavity flow

We continue this section considering the solution of the incompressible steady-

state Navier-Stokes equations, governing the flow in a square cavity with the lid

moving from left to right

u · ∇u− ν∆u +∇p = 0,

∇ · u = 0,

for Ω = [−0.5, 0.5]× [−0.5, 0.5] ⊂ R2 and suitable Dirichlet boundary conditions. The

symbols u, p and ν refer to the velocity, pressure and kinematic viscosity of the fluid,
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respectively. The variational formulation of the problem reads: given finite element

spaces Vh ⊂ H1(Ω), Πh ⊂ L2
0(Ω), find uh ∈ Vh and ph ∈ Πh such that

ν(∇uh,∇vh) + (uh · ∇uh,vh)− (ph,∇ · vh) = 0, (1.18)

(∇ · uh, qh) = 0, (1.19)

for all vh ∈ Vh and qh ∈ Πh, with Dirichlet boundary conditions u = 0 on ∂Ω, except

for the boundary y = 0.5 where the horizontal velocity is equal to 1. We consider

a continuous piecewise-biquadratic discretization for uh and vh, and a discontinuous

piecewise-linear discretization for ph and qh. Three different values for the kinematic

viscosity ν are considered, namely 0.01, 0.002 and 0.001. Starting with a 16 × 16

regular triangulation, we selectively refine 3, 4 and 5 times. The local selective re-

finement procedure follows the strategy that all the elements with center outside of

the circle of radius (k+1)π
32

(k = 0, 1, ..., J − 1) centered at the origin are refined. For

example, in Figure 1.16(a), 5 levels of local selective refinement are shown.

(a) level-5 grid (b) horizontal velocity distribution

Figure 1.16: Two-dimensional driven-cavity flow, with ν = 0.001.

The nonlinear equation system (1.18) - (1.19) is linearized by the Newton method,

see [42]. The resulting linear equation system is solved by a GMRES solver precondi-
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tioned with our multigrid method. For the Newton scheme, the stopping tolerance for

the L2−norm of the distance between two successive solutions is set to 10−8. In the

GMRES solver, the relative tolerance and absolute tolerance for the scaled precondi-

tioned residual are set to 10−5 and 10−8, respectively. For the multigrid V-cycle, we

use a Richardson smoother with one pre and post-smoothing iterations and damp-

ing factor 0.5. The smoother is further preconditioned with ILU. Figure 1.16 (b)

shows the horizontal velocity distribution on the grid locally refined 5 times in Figure

1.16(a), with viscosity 0.001.

Table I.7 shows the numerical results for the number of Newton iterations, the

average number of GMRES iterations per Newton iteration, and total computational

time for both uniformly and non-uniformly refined triangulations. The grid size for

uniform refinement is always the same as the finest grid size for nonuniform refine-

ment. For the former, the total number of degrees of freedom is N = 181250, 722946

and 2887682 at levels 3, 4 and 5, respectively. For the latter, the total number of

degrees of freedom is N = 140482, 421618 and 950910, respectively. The number of

Newton and GMRES iterations for the non-uniformly refined triangulation resembles

the one for the uniformly refined, again showing robustness of the proposed algo-

rithm. More importantly, since the difference in the number of degrees of freedom

becomes considerable at level 5, the timing results for nonuniform refinement show a

significant improvement compared to the ones for uniform refinement.

Table I.7 also shows that the computational time is slightly better than O(N) as

the mesh is refined, for both refinement cases. Specifically, the following formula has

been used to estimate the complexity of the algorithm

TimingJ = CNn
J ,

for some constant C independent of J . Then, considering 2 successive levels J − 1

and J

n =
ln(TimingJ/TimingJ−1)

ln(NJ/NJ−1)
. (1.20)
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For n = 1 the complexity is linear, for n < 1 it is better than linear and for n > 1 it

is worse than linear. In Table I.7, n is always less than 1, being consistent with the

standard multigrid theory for elliptic problems.

ν 0.01 0.002 0.001

L uniform
non

uniform uniform
non

uniform uniform
non

uniform

3

Newton
GMRES
Timing

6
4.0
8.0s

6
4.3

6.99s

9
5.1

12.6s

9
5.3

10.6s

11
6.6

16.2s

11
6.8

13.4s

n 0.95 0.95 0.96 0.96 0.96 0.95

4

Newton
GMRES
Timing

6
4.7

33.9s

6
4.8

22.1s

9
5.7

52.9s

9
5.8

33.3s

11
7.1

67.7s

11
7.2

42.2s

n 0.95 0.92 0.97 0.90 0.96 0.89

5

Newton
GMRES
Timing

6
5.3

145.1s

6
5.3

53.5s

9
6.1

220.2s

9
6.1

82.1s

11
7.6

283.1s

11
7.6

105.2s

Table I.7: Numerical results for uniform and nonuniform refinement for the driven-cavity flow.

1.3.3 The buoyancy driven flow

We conclude this chapter by considering the non-dimensional buoyancy driven

flow problem obtained using the Boussinesq approximation [25, 31],

u · ∇u−
√
Pr

Ra
∆u +∇p+ ĝT = 0, (1.21)

∇ · u = 0, (1.22)

u · ∇T − 1√
PrRa

∆T = 0, (1.23)

for Ω = [−0.5, 0.5]3 ⊂ R3. The symbols u, p and T denote the velocity, pressure

and temperature fields, respectively. The Prandtl number Pr describes the ratio

between momentum diffusivity and thermal diffusivity, while the Rayleigh number Ra

describes the relation between buoyancy and viscosity within a fluid. The quantity
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ĝ is the downward unit vector along the gravity direction. The boundary conditions

for the system (1.21) – (1.23) are

u = 0 on ∂Ω,

T = TD on ∂ΩD,

∇T · n = 0 on ∂ΩN .

The sets ∂ΩD and ∂ΩN are subsets of the boundary of Ω, where Dirichlet and Neu-

mann boundary conditions are specified for the variable T , respectively. We assume

that ∂Ω = ∂ΩD ∪ ∂ΩN . Given the finite element spaces Vh ⊂ H1
0(Ω), Πh ⊂ L2

0(Ω)

and Xh ⊂ H1(Ω), the weak solution (uh, ph, Th) ∈ Vh × Πh × Xh of the buoyancy

driven flow problem satisfies

(uh · ∇uh,vh) +

√
Pr

Ra
(∇uh,∇vh)− (ph,∇ · vh)− (Th, vh,g) = 0, (1.24)

(∇ · uh, qh) = 0, (1.25)

(∇Th,∇rh) +
1√
PrRa

(uh · ∇Th, rh) = 0, (1.26)

for all (vh, qh, rh) ∈ Vh × Πh × Xh, where vh,g = −vh · ĝ. For the temperature

variable, TD equals 1 on the right face, TD equals 0 on the left face, and Neumann zero

boundary conditions are taken on the remaining boundaries. We consider a continuous

triquadratic Lagrangian discretization for uh and vh, a discontinuous piecewise-linear

discretization for ph and qh ∈ Πh, and a continuous trilinear Lagrangian discretization

for Th and rh. Three different values for the Rayleigh number Ra are considered,

namely Ra = 1000, 5000 and 10000, while the Prandtl is constant and equal to 1.

The regular coarse triangulation consists of a 4×4×1 hexahedral mesh, uniformly

refined once and selectively refined 1, 2 and 3 times. The local refinement procedure

follows the strategy that all elements outside the cylinder of radius 0.5(1 − 0.5k)

(k = 1, 2, ..., J − 1) and centered on the z-axis are refined. See Figure 1.17 (a), where

the z-axis is parallel to the depth direction.

As in the previous example, we use a Newton scheme to linearize the nonlinear

equation system (1.24) - (1.26). At each Newton step, a GMRES solver precondi-

43



Texas Tech University, Giacomo Capodaglio, May 2018

(a) level-4 grid (b) temperature distribution

Figure 1.17: Three-dimensional buoyancy driven flow with Pr = 1 and Ra = 10000.

tioned with our multigrid is applied to solve the linearized system. In the Newton

scheme, the stopping tolerance for the L2−norm of the distance between two suc-

cessive solutions is 10−8. In the GMRES solver, the relative tolerance and absolute

tolerance for the scaled preconditioned residual are 10−8 and 10−15, respectively. For

the multigrid V-cycle, once again we use a Richardson smoother with one pre and

post-smoothing iterations and damping factor 0.6. The smoother is further precon-

ditioned with ILU. Figure 1.17 (b) shows the temperature distribution at level 4 for

the irregular triangulation with Pr = 1 and Ra = 10000.

The numerical results for the number of Newton iterations, the average number of

GMRES iterations per Newton iteration, and the total computational time are listed

in Table I.8. When uniform refinement is carried out, the total number of degrees

of freedom is N = 34944, 258044 and 1981428 at levels 2, 3 and 4, respectively.

With nonuniform refinement, we have N = 30270, 161942 and 878726 at levels 2, 3

and 4, respectively. At each level, the number of Newton iterations for uniform and

nonuniform refinement is the same. The average number of GMRES steps increases

for both cases as the level increases. However, for the case of non-uniformly refined
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Ra 1000 5000 10000

L uniform
non

uniform uniform
non

uniform uniform
non

uniform

2

Newton
GMRES
Timing

5
23.8
28s

5
24

25.4s

6
30.0
34.3s

6
30.3
32.4s

8
30.4
45.7s

8
30.3
41.9s

n 0.90 0.91 0.89 0.93 0.91 0.93

3

Newton
GMRES
Timing

5
40.0

257.6s

5
28.2

158.2s

6
45.2

322.2s

6
33.7

194.8s

8
41.3

410.2s

8
31.9

253.9s

n 0.93 0.93 0.92 0.92 0.91 0.91

4

Newton
GMRES
Timing

5
49.4

2260.2s

5
37.6

968.6s

6
56.5

2916.1s

6
43.5

1214.5s

8
55

3828.0s

8
40.8

1621.6s

Table I.8: Numerical results for uniform and nonuniform refinement for the buoyancy driven flow.

meshes, it increases by a smaller factor. Since the difference in number of degrees

of freedom between the two triangulations becomes larger as the refinement level

increases, non-uniformly refined triangulation always provide better performances in

terms of computational time. For example, the computational time for nonuniform

refinement at level 4 with Ra = 10000, is almost half of the corresponding time for

the uniform case.

Using (1.20), we calculate and list the order of complexity n between two successive

levels, see Table I.8. As the refinement level increases, for both the uniform and

nonuniform case, the computational time is slightly better than O(N). Namely, since

n is always less than 1, the complexity of the algorithm is better than linear, which

is again consistent with the standard multigrid theory for elliptic problems.

The numerical examples we presented show great robustness of the proposed multi-

grid algorithm.
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CHAPTER II

CONVERGENCE ANALYSIS OF A MULTIGRID ALGORITHM WITH

SUCCESSIVE SUBSPACE CORRECTION SMOOTHER

Multigrid algorithms have been introduced in the literature since the 1960’s with

pioneering works such as [3, 17, 32, 46]. A wide literature of both theoretical and

computational works has been developed ever since, see for example [7, 11, 21, 41,

47, 48, 49, 59, 61, 63, 65] and the references therein. Convergence proofs of multigrid

algorithms usually rely on two properties referred to as the smoothing and the approx-

imation property [9, 12, 36]. The former is related to the definition of the smoothing

operator involved in the algorithm, while the latter is usually proved assuming full

elliptic regularity for the solution of the partial differential equation considered. As

anticipated in Section 1.2, a breakthrough in the convergence analysis took place with

[15], where the elliptic regularity assumption has been dropped. The error bound ob-

tained in [15] is not optimal, in the sense that it becomes worse as the number of

multigrid levels increases; moreover, no dependence of the bound on the number of

smoothing iterations was shown. A subsequent analysis under no regularity assump-

tions was carried out in [13], where convergence estimates for the case of a multigrid

algorithm were obtained with non-symmetric subspace correction smoothers. The

setup in [13] is similar to the one described in this work, but a local smoothing pro-

cedure was adopted for local refinement applications,, where smoothing was carried

out only on a subspace of the multigrid space. Moreover, the error bound obtained

in [13] for applications to both uniform refinement and local refinement with hanging

nodes showed no dependence on the number of smoothing steps. To the best of our

knowledge, such a paper is the only work in the literature that presents a multigrid al-

gorithm with subspace correction smoother. Further work has been done by Bramble

and Pasciak in [14], where optimal convergence was proved, assuming partial regular-

ity of the solution of the PDE. However, no dependence on the number of smoothing
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iterations was reported yet. An improvement in addressing this matter was made in

[19]. The author showed that, again under partial regularity assumptions, the multi-

grid error bound is optimal and can be improved increasing the number of smoothing

iterations. The results obtained in [19] for a Richardson relaxation scheme were ex-

tended in [20] to the Jacobi and Gauss-Seidel smoothers. More recently, further work

on multigrid methods that rely on minimal regularity assumptions has been done

in [24], where graded meshes obtained by a variant of the newest vertex bisection

method are considered. The work presented in this chapter contributes to the ex-

isting multigrid literature with a multigrid error bound that depends on the number

of smoothing iterations when no regularity assumptions are made on the solution.

This is a new results for the framework of no regularity assumptions. The second

new contribution of this chapter is that the analysis presented is applicable to local

refinement applications with arbitrary hanging nodes configurations. Uniform refine-

ment results are also obtained, that upgrade the ones in [13]. For the local refinement

applications, we derive ad-hoc decompositions of the finite element spaces and set

suitable choices of approximate subdomain solvers. Two local refinement cases are

considered. In the first, we construct a decomposition that exploits the multigrid

hierarchy and has the advantage of being easy to implement and suitable for stan-

dard finite element codes. However, it does not allow freedom in the choice of the

subdomains on which the subspaces are built. The second local refinement case relies

on a domain decomposition approach and requires the introduction of modified basis

functions for the finite element spaces. The choice of the subdomains, however, does

not depend on the multigrid level. For the numerical results relative to this case, the

modified bases functions shown in Chapter I will be adopted.

A third contribution to the existing multigrid theory is the use of global smoothing

at each multigrid level. As already mentioned in Chapter I, whenever hanging nodes

are present, many existing procedures choose local smoothing on a subspace of the

multigrid space, in particular we report [13, 15, 40]. A global smoothing procedure
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allows an arbitrary improvement of the convergence when the number of smoothing

iterations is increased. Such an arbitrary improvement cannot be achieved with local

smoothing.

2.1 A multigrid convergence analysis under no regularity assumptions

This section describes our new convergence analysis. which is based on no regu-

larity assumptions as [15]. We start by briefly recalling the multigrid algorithm.

As it was done in Chapter I, the total number of multigrid levels is denoted as J .

For k = 0, . . . , J , let Vk be a finite-dimensional vector space such that

V0 ⊂ V1 ⊂ · · · ⊂ VJ , (2.1)

and let (·, ·) and a(·, ·) be two symmetric positive definite (SPD) bilinear forms on

Vk. Hence, both bilinear forms are inner products on Vk. Let || · || =
√

(·, ·) and

|| · ||E =
√
a(·, ·) be the corresponding induced norms. Associated with these inner

products, let us also define the operators Qk : VJ → Vk and Pk : VJ → Vk as the

orthogonal projections with respect to (·, ·) and a(·, ·), respectively; namely, for all

v ∈ VJ and all w ∈ Vk

(Qkv, w) = (v, w) , a(Pkv, w) = a(v, w) . (2.2)

Note that from the definition of Pk it follows that

a((I − Pk)v, w) = 0 for all w ∈ Vk . (2.3)

The multigrid algorithm seeks solutions of the following problem: given f ∈ VJ , find

u ∈ VJ such that

a(u, v) = (f, v) for all v ∈ VJ . (2.4)

For k = 0, . . . , J , define the operator Ak : Vk → Vk as

(Aku, v) = a(u, v) for all u, v ∈ Vk . (2.5)
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The operator Ak is SPD with respect to (·, ·) as a consequence of the symmetry and

positive definiteness of a(·, ·). If we set fk = Qkf , then at level k the problem we

want to solve consists in finding uk ∈ Vk such that

Akuk = fk. (2.6)

The prolongation Ikk−1 : Vk−1 → Vk and restriction Ik−1
k : Vk → Vk−1 operators are

defined for all v ∈ Vk−1 and all w ∈ Vk by

Ikk−1v = v, (Ik−1
k w, v) = (w, Ikk−1v) . (2.7)

Let Bk : Vk → Vk denote a smoothing operator. Associated to Bk, we can define a

smoothing error operator Sk : Vk → Vk as Sk = I − BkAk. For k = 0, . . . , J , let

MGk : Vk × Vk → Vk be the multigrid operators. The purpose of the operators MGk

is to yield an approximate solution to (2.6). They are defined here in a recursive

manner.

Algorithm 1 (V-cycle multigrid). Let z
(0)
k , fk ∈ Vk.

If k = 0, MG0(z
(0)
0 , f0) = A−1

0 f0 (namely, the exact solution is obtained).

For k ≥ 1, MGk(z
(0)
k , fk) is obtained recursively as follows.

1. Pre-smoothing. For 1 ≤ i ≤ mk, let

z
(i+1)
k = z

(i)
k +Bk(fk − Akz(i)

k ) .

2. Error Correction. Let f̄k = Ik−1
k

(
fk − Akz(mk)

k

)
, qk−1 = MGk−1(0, f̄k). Then,

z
(mk+1)
k = z

(mk)
k + Ikk−1qk−1 .

3. Post-smoothing. For mk + 2 ≤ i ≤ 2mk + 1, let

z
(i+1)
k = z

(i)
k +Bk(fk − Akz(i)

k ).
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Note that the total number of pre-smoothing iterations mk is assumed to be de-

pendent on the level k. Also, we are assuming the same number mk of pre-smoothing

and post-smoothing steps at each level. We consider a symmetric version of the multi-

grid algorithm as in [15], in the sense that both pre-smoothing and post-smoothing

are performed. Since only one iteration is performed for the error correction step,

Algorithm 1 is referred to as V-cycle [9]. Let z
(i)
k be the output of a pre- or post-

smoothing iteration at level k. Denoting the associated error as e
(i)
k = uk − z(i)

k , and

substituting for z
(i)
k we have

e
(i)
k = uk − z(i−1)

k −Bk(fk − Akz(i−1)
k ) = Sk e

(i−1)
k , (2.8)

so that the effect of the smoothing step can be described as

e
(mk)
k = Smkk e

(0)
k . (2.9)

The multigrid error operator Ek : Vk → Vk associated with MGk is defined recursively

as

E0 = 0 , Ek = Smkk [I − (I − Ek−1)Pk−1]Smkk . (2.10)

Note that E0 is assumed to be zero since a direct solver is used at level k = 0. This

means that B0 = A−1
0 and S0 = 0. Here, in Proposition 2.1.1, we summarize the

properties of the Ek operators. For a proof see [18] or [15] for the special case where

z
(0)
k = 0.

Proposition 2.1.1. Let z
(0)
k ∈ Vk, and let uk be the exact solution to Akuk = fk.

Then

uk −MGk(z
(0)
k , fk) = Ek

(
uk − z(0)

k

)
, k ≥ 0.

Moreover, the Ek’s are symmetric positive semidefinite with respect to a(·, ·) for k ≥ 0.

2.1.1 Convergence analysis

We now present our novel convergence analysis. As the expression of the multigrid

error operator (2.10) suggests, once the operators Pk are given by the differential
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problem at hand, multigrid convergence is affected by the properties of the smoothing

error operator Sk and by the number of smoothing steps mk. These features are

reflected in the following assumptions on which our convergence theory is based.

Unlike most of the existing multigrid convergence analyses, we do not rely on any

regularity assumption on the solution. Other studies have been carried out in such

a framework, as [13, 15, 64] and more recently [63]. Our analysis differs from what

is present in the literature because the convergence bound here obtained depends on

mk.

Assumption 2.1.1. For all k = 1, . . . , J , Sk is a symmetric positive semidefinite

operator on Vk with respect to a(·, ·). This means that for all v, w in Vk we have

a(Skv, w) = a(v, Skw) and a(Skv, v) ≥ 0. (2.11)

Assumption 2.1.2. For all k = 1, . . . , J there exists a number δk with 0 < δk < 1

such that

a(Skv, v) ≤ δk a(v, v) for all v ∈ Vk. (2.12)

Assumption 2.1.3. The finite sequence {ψk}Jk=1 ≡ {mk(1−δk)}Jk=1 is non-increasing,

where mk is the number of smoothing steps per level and δk is the quantity in Assump-

tion 2.1.2.

2.1.1.1 Smoothing and approximation properties

Assumptions 2.1.1 and 2.1.2 guarantee that the operators Sk satisfy certain mono-

tonicity properties given by Lemmas 2.1 and 2.2 below. These properties will lead to

the smoothing property in Lemma 2.3.

Lemma 2.1. Let Assumptions 2.1.1 and 2.1.2 hold. Let α and β be two integers

such that 0 ≤ α ≤ β. Then,

a(Sβk v, v) ≤ a(Sαk v, v) for all v ∈ Vk. (2.13)
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Proof. We prove (2.13) for β = α + 1, and the result then follows by induction. By

(2.11), Sk is positive semidefinite with respect to a(·, ·), therefore also Sαk is. Then,

there is a unique positive semidefinite square root operator S
α
2
k , see [39]. By the

symmetry of Sk it follows that S
α
2
k is symmetric as well. By (2.12), we have that for

v ∈ Vk

a(Sα+1
k v, v) = a(Sαk Skv, v) = a(S

α
2
k S

α
2
k Skv, v)

= a(S
α
2
k Skv, S

α
2
k v) = a(SkS

α
2
k v, S

α
2
k v)

≤ a(S
α
2
k v, S

α
2
k v) = a(Sαk v, v) .

Using the previous lemma, we can prove the next result.

Lemma 2.2. Let Assumptions 2.1.1 and 2.1.2 hold. Let α and β be two integers

such that 0 ≤ α ≤ β. Then,

a((I − Sk)Sβk v, v) ≤ a((I − Sk)Sαk v, v) for all v ∈ Vk. (2.14)

Proof. Following the proof of Lemma 2.1, we prove (2.14) for β = α + 1, and the

result will follow by induction.

a((I − Sk)Sα+1
k v, v) = a((I − Sk)Sα+1

k v, (I − Sk + Sk)v)

= a((I − Sk)Sα+1
k v, (I − Sk)v) + a((I − Sk)Sα+1

k v, Skv)

= a(Sα+1
k (I − Sk)v, (I − Sk)v) + a((I − Sk)Sα+1

k v, Skv)

≤ a(Sαk (I − Sk)v, (I − Sk)v) + a((I − Sk)Sα+1
k v, Skv) (by (2.13))

= a(Sαk (I − Sk)v, v)− a(Sαk (I − Sk)v, Skv) + a((I − Sk)Sα+1
k v, Skv)

= a(Sαk (I − Sk)v, v)− a(Sα+1
k (I − Sk)v, v) + a(Sα+1

k (I − Sk)v, Skv)

= a(Sαk (I − Sk)v, v)− a(Sα+1
k (I − Sk)v, (I − Sk)v)

≤ a(Sαk (I − Sk)v, v) (Sα+1
k is positive semidefinite, see [39])

= a((I − Sk)Sαk v, v) .
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Now we are ready to prove the smoothing property of the operator Sk.

Lemma 2.3 (Smoothing property). Let Assumptions 2.1.1 and 2.1.2 hold. Let v ∈

Vk. Then,

a((I − Sk)S2mk
k v, v) ≤ 1

2mk

a((I − S2mk
k )v, v). (2.15)

Proof. By Lemma 2.2 we get

(2mk)a((I − Sk)S2mk
k v, v) = a((I − Sk)S2mk

k v, v) + · · ·+ a((I − Sk)S2mk
k v, v)︸ ︷︷ ︸

2mk times

≤ a((I − Sk)v, v) + a((I − Sk)Skv, v) + · · ·+ a((I − Sk)S2mk−1
k v, v) (by (2.13))

= a((I − Sk + Sk − S2
k + · · ·+ S2mk−1

k − S2mk
k )v, v)

= a((I − S2mk
k )v, v) .

Before we can show a bound on the error Ek, we need to establish the approxi-

mation property.

Lemma 2.4 (Approximation property). Let Assumptions 2.1.1 and 2.1.2 hold, and

let w ∈ Vk. Then,

a((I − Pk−1)w,w) ≤
( 1

1− δk

)
a((I − Sk)w,w) . (2.16)

Proof. Let y = (I − Pk−1)w. Note that from the definition of Pk−1 and from the

nestedness of the spaces (2.1) we have that

a(y, Pk−1w) = 0 . (2.17)
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By Assumption 2.1.2 we have

a((I − Sk)w,w) ≥ (1− δk) a(w,w)

= (1− δk) a(y + Pk−1w, y + Pk−1w)

= (1− δk) (a(y, y) + a(Pk−1w,Pk−1w)) (by (2.17))

≥ (1− δk) a((I − Pk−1)w, (I − Pk−1)w)

= (1− δk) a((I − Pk−1)w,w) (by (2.17)) .

Notice that, in this setting, the approximation property given by Lemma 2.4

depends on the smoothing property. Such a dependence is a result of the absence

of regularity assumptions that are usually used to prove the approximation property.

Therefore, the present scenario is in contrast with other analyses of multigrid methods

in which the smoothing and the approximation properties are derived independently

[18]. As a consequence of the approximation property, we have the following result.

Lemma 2.5. Let Assumptions 2.1.1 and 2.1.2 hold. Let v ∈ Vk. Then,

a((I − Pk−1)Smkk v, (I − Pk−1)Smkk v) ≤
( 1

1− δk

) 1

2mk

a((I − S2mk
k )v, v) . (2.18)

Proof. We have

a((I − Pk−1)Smkk v, (I − Pk−1)Smkk v)

= a((I − Pk−1)Smkk v, Smkk v) (from the definition of Pk−1)

≤
( 1

1− δk

)
a((I − Sk)Smkk v, Smkk v) (by Lemma 2.4)

=
( 1

1− δk

)
a((I − Sk)S2mk

k v, v)

≤
( 1

1− δk

) 1

2mk

a((I − S2mk
k )v, v) (by Lemma 2.3) .
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2.1.1.2 Error bound

We are now in a position to obtain a bound on the multigrid error operator EJ

that gives convergence.

Theorem 2.1. Let Assumptions 2.1.1, 2.1.2 and 2.1.3 hold. For k = 0, 1, . . . , J let

γk =
1

1 + 2mk(1− δk)
. (2.19)

Then, if v ∈ VJ ,

a(EJv, v) ≤ γJ a(v, v). (2.20)

Proof. By Assumption 2.1.3, we have

γk−1 ≤ γk . (2.21)

The proof is done by induction as in [18]. For k = 0, E0 = 0, so the result is obvious.

By induction assume that

a(EJ−1v, v) ≤ γJ−1 a(v, v) ∀v ∈ VJ−1 .

Now consider v ∈ VJ , then

a(EJv, v) = a(SmJJ v, SmJJ v)− a(PJ−1S
mJ
J v, PJ−1S

mJ
J v)

+ a(EJ−1PJ−1S
mJ
J v, PJ−1S

mJ
J v)

= a((I − PJ−1)SmJJ v, (I − PJ−1)SmJJ v)

+ a(EJ−1PJ−1S
mJ
J v, PJ−1S

mJ
J v) (by definition of PJ−1)

≤ a((I − PJ−1)SmJJ v, (I − PJ−1)SmJJ v)

+ γJ−1 a(PJ−1S
mJ
J v, PJ−1S

mJ
J v) (by the induction assumption)
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≤ a((I − PJ−1)SmJJ v, (I − PJ−1)SmJJ v)

+ γJ a(PJ−1S
mJ
J v, PJ−1S

mJ
J v) (by (2.21))

= (1− γJ) a((I − PJ−1)SmJJ v, (I − PJ−1)SmJJ v)

+ γJ a((I − PJ−1)SmJJ v, (I − PJ−1)SmJJ v)

+ γJ a(PJ−1S
mJ
J v, PJ−1S

mJ
J v)

= (1− γJ) a((I − PJ−1)SmJJ v, (I − PJ−1)SmJJ v)

+ γJ a(SmJJ v, SmJJ v) (by definition of PJ−1)

≤
( 1

2mJ (1− δJ)

)
(1− γJ) a((I − S2mJ

J )v, v)

+ γJ a(SmJJ v, SmJJ v) (by Lemma 2.5)

= γJ a((I − S2mJ
J )v, v) + γJ a(SmJJ v, SmJJ v)

= γJ a(v, v)− γJ a(SmJJ v, SmJJ v) + γJ a(SmJJ v, SmJJ v)

= γJ a(v, v)

The presence of mk in the convergence bound γk represents a new result for the

framework of no regularity assumptions. It is evident that the convergence of the

multigrid algorithm depends on Assumption 2.1.3, which lies on both the number of

smoothing steps mk and the constants δk of the smoothing error operator. No other

parameter affects the convergence rate. Since the behavior of δk is determined by the

choice of Sk, different choices on mk can be taken subsequently so that (2.21) holds.

For instance, if the Sk’s are such that the sequence {δk} is non-decreasing, then it

is sufficient for {mk} to be non-increasing. In fact, if δk ≥ δk−1 and mk ≤ mk−1,

Assumption 2.1.3 holds since

mk(1− δk) ≤ mk−1(1− δk−1) . (2.22)
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Although sufficient, a non-increasing {mk} is not a necessary condition. In particular,

a choice of non-increasing {mk} is m1 = m2 = · · · = mJ = m. In this case, it is clear

how a larger m can lead to better convergence rates.

In Section 2.2 a characterization of δk will be given when the smoothing process is

chosen to be a successive subspace correction algorithm. From this characterization,

proper choices of the number of smoothing steps mk can lead to convergence and, in

addition, to optimal (i.e., with a value of γJ that is independent of J) multigrid error

bounds.

2.2 Successive Subspace Correction (SSC) smoother

This section describes the Successive Subspace Correction (SSC) algorithm that we

use as a smoother for the multigrid method. The SSC algorithm is an iterative method

to approximate the solution of SPD linear systems [64]. This algorithm is based on

a decomposition of the finite-dimensional space associated with the SPD system as

an algebraic sum of subspaces. Here, the SSC method is used to approximate the

solution of (2.6). In the multigrid algorithm presented above, smoothing is performed

at each level k = 1, ..., J , therefore each Vk is decomposed using subspaces V i
k ⊂ Vk

such that

Vk =

pk∑
i=0

V i
k =

{
v | v =

pk∑
i=0

vik , v
i
k ∈ V i

k

}
. (2.23)

Notice that the number of subspaces pk is in general different for each level. For all

i = 0, . . . pk, we define the operators

Qi
k : Vk → V i

k , P i
k : Vk → V i

k , Aik : V i
k → V i

k ,

(Qi
ku, v

i
k) = (u, vik), a(P i

ku, v
i
k) = a(u, vik) ,

(Aiku
i
k, v

i
k) = (Aku

i
k, v

i
k) ,
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where u ∈ Vk and uik, v
i
k ∈ V i

k . It follows from the above definitions that Aik is an

SPD operator and that

AikP
i
k = Qi

kAk . (2.24)

Hence, if uk is the exact solution of (2.6), then P i
kuk = uik is the solution of

Aiku
i
k = f ik, (2.25)

where f ik = Qi
kfk. Equation (2.25) is in general solved approximately, therefore we

introduce for all i = 0, . . . pk the operators

Ri
k : V i

k → V i
k , T ik : Vk → V i

k , T ik := Ri
kQ

i
kAk = Ri

kA
i
kP

i
k .

The operator Ri
k acts as approximate inverses of Aik. If Ri

k is an exact solver then

T ik = P i
k. When no confusion arises, we drop the subscript k for pk as well as for the

operators Qi
k, P

i
k, A

i
k, R

i
k and T ik. We now define the SSC algorithm.

Algorithm 2 (Successive Subspace Correction Algorithm.). Let z0 ∈ Vk be given.

Then zα+1 is obtained in p+ 1 substeps starting from zα by

zα+1− i
p+1 = zα+1− i+1

p+1 +RiQi(fk − Akzα+1− i+1
p+1 ), (2.26)

for i = p, . . . , 0.

The error operator associated with this algorithm is denoted as Êp. If uk is the

exact solution of (2.6), then for i = p, . . . , 0 we have

(uk − zα+ p+1−i
p+1 ) = (I − T i)(uk − zα+ p−i

p+1 ) .

This yields

(zk − zα+1) = Êp(zk − zα) , (2.27)

Êp = (I − T 0)(I − T 1) · · · (I − T p) . (2.28)

The symmetric version of the SSC algorithm is given below.
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Algorithm 3 (Symmetric Successive Subspace Correction Algorithm.). Let z0 ∈ Vk
be given. First, zα+ 1

2 is obtained in p+ 1 substeps starting from zα by

zα+ 1
2
− i

2(p+1) = zα+ 1
2
− i+1

2(p+1) +RiQi(fk − Akzα+ 1
2
− i+1

2(p+1) ), (2.29)

for i = p, . . . , 0. Then, zα+1 is obtained in p+ 1 substeps starting from zα+ 1
2 by

zα+ 1
2

+
(i+1)
2(p+1) = zα+ 1

2
+ i

2(p+1) +RiQi(fk − Akzα+ 1
2

+ i
2(p+1) ), (2.30)

for i = 0, . . . , p.

The error operator of this algorithm is denoted as Ês
p and is given by

Ês
p = (I − T p) · · · (I − T 1)(I − T 0)2(I − T 1) · · · (I − T p) . (2.31)

Because of the symmetry requirements for the smoother in Assumption 2.1.1, in

this chapter we will consider the symmetric SSC framework. The non-symmetric

algorithm will be used in the numerical tests of Chapter III.

2.2.1 Convergence analysis

We now recall the main convergence result about the SSC algorithm, whose proof

can be found in [64]. First, sufficient assumptions are introduced.

Assumption 2.2.1 (Bound on w1). The operators Ri are SPD with respect to (·, ·)

and satisfy w1 < 2, where w1 = max
i=0,...,p

ρ(RiAi), ρ(RiAi) being the spectral radius of

RiAi and p being the number of subspaces in the decomposition (2.23).

Assumption 2.2.2 (Existence of K0). There exists K0 such that for any v ∈ Vk

there exists a decomposition v =
p∑
i=0

vi, with the property

p∑
i=0

((Ri)−1vi, vi) ≤ K0 (Akv, v) . (2.32)
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Assumption 2.2.3 (Existence of K1). Given the same p as in Assumption 2.2.2,

there exists K1 such that for any S ⊂ {0, 1, . . . , p} × {0, 1, . . . , p} and ui, vi ∈ Vk for

i = 0, 1, . . . , p we have

∑
(i,j)∈S

|a(T iui, T
jvj)| ≤ K1

( p∑
i=0

a(T iui, ui)
) 1

2
( p∑
j=0

a(T jvj, vj)
) 1

2
. (2.33)

Notice that all assumptions are related to the choice of the operators Ri. As-

sumption 2.2.3 involves only functions in Vk, without using the decomposition in

Assumption 2.2.2. We remark that the absolute value in Equation (2.33) is sufficient

but not necessary for convergence, see [64].

By the symmetry of T i with respect to a(·, ·), I −T i is symmetric with respect to

a(·, ·). Hence, Ê∗p = (I − T p) · · · (I − T 1)(I − T 0) is the adjoint of Êp with respect to

a(·, ·), so that

Ês
p = Ê∗pÊp. (2.34)

Thus, we have

a(Ês
pv, v) = ||Êpv||2E ∀v ∈ Vk. (2.35)

We now state the convergence result, see [64] for a proof.

Theorem 2.1. Let Assumptions 2.2.1, 2.2.2 and 2.2.3 hold. Then, we have

||Êp||2E ≤ 1− 2− w1

K0 (1 +K1)2
, (2.36)

where w1 was defined in Assumption 2.2.1 and K0 and K1 are constants related to

the ones in Assumptions 2.2.2 and 2.2.3.

2.2.2 Sufficient conditions for multigrid convergence with smoothers of SSC type

For the rest of the dissertation, the symmetric SSC iteration is considered as the

smoother for our multigrid algorithm. With this choice, we have Sk = Ês
pk

. Our intent

is to fit the symmetric SSC algorithm to the multigrid theory so that Assumptions
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2.1.1, 2.1.2 and 2.1.3 are verified and convergence of the multigrid algorithm is guar-

anteed. Once Assumptions 2.2.1, 2.2.2 and 2.2.3 are verified for the SSC algorithm,

the operator Ês
pk

is such that Assumptions 2.1.1 and 2.1.2 are true. Specifically, As-

sumption 2.1.1 is verified since Ês
pk

is SPD with respect to a(·, ·), and Assumption

2.1.2 holds by (2.35) and (2.36), if we set δk as

δk = 1− 2− w1

K0 (1 +K1)2
. (2.37)

The verification of Assumption 2.1.3 depends on the parameters ω1, K0 and K1 that,

in turn, depend on the subspace decomposition and the subspace solvers adopted.

Therefore, in the next section, Assumption 2.1.3 will be met according to the specific

problem considered, along with a characterization of the constants w1, K0 and K1.

2.3 Refinement applications with subspace correction smoothing

In this section, the multigrid algorithm with SSC-type smoother described earlier

is employed in applications involving uniform refinement and local refinement with

arbitrary-level hanging nodes. Specifically, three applications are considered, the first

with uniform refinement while the second and the third with local refinement. In

the second application, an SSC smoother with a multilevel structure is chosen, while

in first and the third, an SSC smoother of domain decomposition type is employed.

Multiplicative domain decomposition algorithms can in fact be seen as instances of

SSC algorithms [59, 64]. In the following, we introduce the model problem analyzed

in this section and its finite element discretization.

2.3.1 Model problem and finite element discretization

Let Ω be a polygonal subset of Rn and let Θ = (θij) be a symmetric matrix.

Consider the elliptic boundary value problem

−
n∑
i=1

n∑
j=1

∂

∂xi

(
θij

∂u

∂xj

)
= f in Ω,

u = 0 on ∂Ω.
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The function u is a weak solution of the above problem if and only if

a(u, v) = (f, v) for all v ∈ H1
0 (Ω), (2.38)

where (·, ·) denotes the L2(Ω) inner product and

a(u, v) = −
n∑
i=1

n∑
j=1

∫
Ω

θij
∂u

∂xj

∂v

∂xi
dx. (2.39)

We observe that (·, ·) is an SPD bilinear form on Vk, being the L2(Ω) inner product.

Next, we assume that there exist CΘ,1 and CΘ,2 depending on Θ for which

CΘ,1‖u‖2
H1
≤ a(u, u) ≤ CΘ,2‖u‖2

H1
, u ∈ Vk ⊂ H1

0 (Ω). (2.40)

By (2.40), a(·, ·) is SPD and equivalent to ‖ · ‖H1 on Vk. Moreover, since the trace of

Vk is zero on the boundary of Ω, we have that a(·, ·) is also equivalent to | · |H1(Ω) on

Vk due to the Poincaré inequality.

Now, let P1 be the space of linear polynomials and Tk be a triangulation of Ω at

level k. We assume that if the coefficients θij are piecewise continuous, then they have

to align with the finest triangulation TJ . The multigrid spaces Vk in (2.1) are the

finite element spaces of continuous piecewise-linear functions built on triangulations

Tk of Ω,

Vk = {v ∈ H1
0 (Ω) ∩ C(Ω) : v|τ ∈ P1, ∀τ ∈ Tk} k = 0, . . . , J. (2.41)

Such triangulations will be defined by using either uniform or local midpoint refine-

ment. In the latter, hanging nodes will be introduced in the mesh and the trian-

gulation will be referred to as irregular. A formal description of hanging nodes can

be found in Chapter I and [23, 28, 33, 38]. When such nodes are introduced in the

triangulation, the finite element nodal basis ceases to be continuous. Therefore, addi-

tional care has to be exerted when the finite element solution has to satisfy continuity

requirements. In the two local refinement applications we will present, continuity is

enforced in two different ways. With the first approach, the continuity of the solution
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is granted by adopting a multilevel strategy for the subspace decomposition. This

strategy guarantees that standard finite element codes can be employed. With the

second approach, the nodal basis is modified to work directly on the finite element

space defined on the irregular grid. Our numerical results will show that this second

way gives better convergence, however it is more demanding than the first approach

from an implementational point of view. For the second approach, we employ the

modified nodal basis functions described in Chapter I. We point out once more that,

in the local refinement applications covered by the theory proposed in this chapter,

there is no restriction on the number of hanging nodes that can lie on a given edge

or face of the triangulation. As it was mention in Chapter I, common practice is

to use 1-irregular meshes [27, 56, 57], namely meshes where the maximum difference

between the refinement level of two adjacent elements must be one.

2.3.2 Uniform refinement application

We first describe a case of uniform refinement by defining the triangulations and

the corresponding subdomains. We are going to show that Assumptions 2.2.1, 2.2.2

and 2.2.3 are verified for the SSC smoother. As anticipated in Section 2.2.2, this

implies that Assumptions 2.1.1 and 2.1.2 hold for the multigrid algorithm. We will

then address Assumption 2.1.3 and obtain a multigrid convergence bound for this

specific application.

Definition 2.3.1. Let T0 be a quasi-uniform coarse triangulation of Ω of size h0 ∈

(0, 1]. Assume Tk−1 has been obtained, then Tk is derived from Tk−1 by means of

midpoint refinement. It follows that the size hk of Tk will be hk = 2−kh0 and that

T0 ⊂ T1 ⊂ · · · Tk,

in the sense that any τ ∈ Tk can be written as the union of elements in Tk+1 [26].

Definition 2.3.2. Let {Ωi
k}

pk
i=1 be a collection of non-overlapping open subdomains of

Ω whose boundaries align with the mesh triangulation Tk, such that Ω =
pk⋃
i=1

Ωi
k. Let
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{Ω̂i
k}

pk
i=1 be a collection of overlapping subsets of Ω whose boundaries still align with

the triangulation. For i = 1, . . . , pk, the sets Ω̂i
k are defined by

Ω̂i
k = {x ∈ Ω | dist(x,Ωi

k) ≤ h0} . (2.42)

Notice that the number of subdomains pk varies with the level. An example of a

subdomain described in the above definition is shown in Figure 2.1.

Tk Ω̂i
k

Ωi
k

Figure 2.1: Example of a subdomains involved in the uniform refinement application.

For this uniform refinement application, the multigrid spaces Vk in (2.41), the

subspaces V i
k and the subsolvers Ri

k are defined as follows.

Definition 2.3.3. Given the triangulations Tk in Definition 2.3.1 and the overlapping

subdomains Ω̂i
k in Definition 2.3.2, we set, for k = 0, . . . , J and for i = 0, . . . , pk,

Vk as in (2.41), where Tk is given by Definition 2.3.1 ,

V i
k :=

V0 for i = 0

{v ∈ Vk | supp(v) ⊆ Ω̂i
k} for i = 1, . . . , pk

,

Ri
k := (Aik)

−1 .

(2.43)

We point out that the Vk’s defined in (2.43) satisfy the nestedness condition (2.1).

The following lemma describes a decomposition of Vk.
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Lemma 2.1. Given Vk and V i
k as in Definition 2.3.3, we have

Vk =

pk∑
i=0

V i
k .

Moreover, there is a constant C0 independent of h0, hk and pk such that

pk∑
i=0

a(vi, vi) ≤ C0 a(v, v) ∀v ∈ Vk , (2.44)

where the vi’s satisfy v =
pk∑
i=0

vi, with vi ∈ V i
k , for i = 0, . . . , pk.

Proof. A proof of this result can be found in [64] and [30].

The choice of Ri
k implies that Ri

kA
i
k = I for all i = 0, . . . , pk and k = 0, . . . , J , so

we have w1,k = w1 = 1. Assumption 2.2.1 is then satisfied. Now, Assumptions 2.2.2

and 2.2.3 are addressed by showing the existence of the parameters K0 and K1 for

this application.

Lemma 2.2. Let Vk be as in Definition 2.3.3. Then, there exists a constant K0

satisfying Assumption 2.2.2.

Proof. Let v ∈ Vk and consider the decomposition of Vk provided in Lemma 2.1. Then

we have, by (2.44),

pk∑
i=0

((Ri
k)
−1vi, vi) =

pk∑
i=0

(Aikvi, vi) =

pk∑
i=0

a(vi, vi) ≤ C0 a(v, v) .

This shows that K0 exists and K0 = C0.

Lemma 2.3. Let V i
k and Ri

k as in Definition 2.3.3. Then, there exists a constant K1

satisfying Assumption 2.2.3.

Proof. Here, we follow an approach similar to the one in [44], Section 2.5. Given the

subdomains Ω̂1
k, . . . , Ω̂

pk
k as in Definition 2.3.2, the symmetric pk × pk matrix G and

the quantity g0 are defined by

Gi j =

{
1 if Ω̂i

k ∩ Ω̂j
k 6= ∅,

0 if Ω̂i
k ∩ Ω̂j

k = ∅
g0 = max

i=1,...,pk

( pk∑
j=1

Gi j

)
= ||G||∞. (2.45)
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Note that g0 represents the maximum number of neighbors intersecting a subdomain

(counting self intersections) and it does not depend on pk but only on the geometry

of the subdomains. Unlike [44], the summation in the definition of the constant g0

does not exclude the i-th term. Moreover, by the choice of the subdomains, g0 will

be uniformly bounded. Let S ⊂ {0, 1, . . . , pk}× {0, 1, . . . , pk}, and consider the same

decomposition of S given in [44], namely

S = S00 ∪ S10 ∪ S01 ∪ S11 ,

S00 = {(i, j) ∈ S | i = 0 , j = 0} ,

S10 = {(i, j) ∈ S | 1 ≤ i ≤ pk , j = 0} ,

S01 = {(i, j) ∈ S | i = 0 , 1 ≤ j ≤ pk} ,

S11 = {(i, j) ∈ S | 1 ≤ i , j ≤ pk} .

Let ui, vi ∈ Vk for i = 0, 1, . . . , k, then the sum over S can be split as∑
(i,j)∈S

|a(T iui , T
jvj)| =

∑
(i,j)∈S00

|a(T iui, T
jvj)|+

∑
i:(i,0)∈S10

|a(T iui, T
0v0)| (2.46)

+
∑

j:(0,j)∈S01

|a(T 0u0, T
jvj)|+

∑
(i,j)∈S11

|a(T iui , T
jvj)|.

Let us consider one summand at a time. By the Cauchy-Schwarz inequality we have

that ( ∑
(i,j)∈S00

|a(T iui, T
jvj)|

)2

≤
( pk∑
i=0

a(T iui , ui)
)( pk∑

j=0

a(T jvj , vj)
)
.

If for given i and j, Ω̂i
k ∩ Ω̂j

k = ∅, then a(T iui, T
jvj) = 0. Hence for the last summand

we have ( ∑
(i,j)∈S11

|a(T iui , T
jvj)|

)2

=
( ∑

(i,j)∈S11

Gij |a(T iui , T
jvj)|

)2

≤
( ∑

(i,j)∈S11

Gij

√
a(T iui , T iui)

√
a(T jvj , T jvj)

)2
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=
( ∑

(i,j)∈S11

Gij

√
a(T iui , ui)

√
a(T jvj , vj)

)2

(by def of P i
k)

≤
( pk∑
i=1

pk∑
j=1

Gij

√
a(T iui , ui)

√
a(T jvj , vj)

)2

≤ ρ(G)2
( pk∑
i=1

a(T iui , ui)
)( pk∑

j=1

a(T jvj , vj)
)

(by (4.12) in [50])

≤ g2
0

( pk∑
i=0

a(T iui , ui)
)( pk∑

j=0

a(T jvj , vj)
)
,

where ρ(G) denotes the spectral radius of G which satisfies ρ(G) ≤ ||G||∞.

Considering that a(T iui, T
0v0) = 0 anytime Ω̂i

k ∩ Ω̂0
k = ∅, for the sum over S10 in

(2.46) we have( ∑
i:(i,0)∈S10

|a(T iui, T
0v0)|

)2

≤
( ∑
i:(i,0)∈S10

G0i

√
a(T iui , T iui)

√
a(T 0v0, T 0v0)

)2

=
( ∑
i:(i,0)∈S10

G0i

√
a(T iui , T iui)

)2

a(T 0v0, T
0v0)

=
( ∑
i:(i,0)∈S10

G0i

√
a(T iui , T iui)

)2

a(T 0v0, T
0v0)

≤
( pk∑
i=1

G0i

) ( ∑
i:(i,0)∈S10

a(T iui , T
iui)
)
a(T 0v0, T

0v0)

≤ g0

( pk∑
i=0

a(T iui , ui)
)
a(T 0v0, v0) (by def of P i

k and g0)

≤ g0

( pk∑
i=0

a(T iui , ui)
) ( pk∑

j=0

a(T jvj, vj)
)
.

Similarly, for the sum over S01 we have( ∑
j:(0,j)∈S01

|a(T 0u0, T
jvj)|

)2

≤ g0

( pk∑
i=0

a(T iui , ui)
) ( pk∑

j=0

a(T jvj, vj)
)
.

Combining these four inequalities, it follows that( ∑
(i,j)∈S

|a(T iui , T
jvj)|

)2

≤ 4 (1 + 2g0 + g2
0)
( pk∑
i=0

a(T iui , ui)
)( pk∑

j=0

a(T jvj , vj)
)
.
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This shows that K1 exists and

K1 = 2 (1 + g0). (2.47)

The next result follows immediately from Lemmas 2.2 and 2.3. It shows how

Assumption 2.1.3 is satisfied.

Lemma 2.4. Let V i
k and Ri

k as in Definition 2.3.3. Then Assumption 2.1.3 is satisfied

with

δk = 1− 1

C0(3 + 2 g0)2
and ψk =

mk

C0(3 + 2 g0)2
, (2.48)

if and only if {mk} is non-increasing. Here, C0 is the constant from Lemma 2.1 and

g0 is defined in (2.45).

Notice that the constant δk is independent of k. Now that Assumptions 2.1.1,

2.1.2 and 2.1.3 are verified for the multigrid algorithm, the following convergence

result holds.

Theorem 2.1. If {mk} is non-increasing, then Algorithm 1 converges with

γk =
C0(3 + 2 g0)2

C0(3 + 2 g0)2 + 2mk

, (2.49)

where the γk’s are the constants defined in (2.19).

Moreover, if m1 = m2 = . . . = mJ , the error bound is optimal in the sense that it

does not deteriorate as the number of multigrid spaces J increases.

Notice that convergence can be achieved even by performing only one smoothing

iteration. In general, a larger mk further lowers the error bound.
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2.3.3 Local refinement with multilevel approach for the smoother

Now, we address an application involving a locally refined grid obtained by mid-

point refinement where arbitrary-level hanging nodes are present. As in the uniform

refinement application, we are going to show that Assumptions 4, 5 and 6 are verified

for the SSC smoother, and this will imply that Assumptions 2.1.1 and 2.1.2 hold

for the multigrid algorithm. The SSC smoother is built adopting a multilevel ap-

proach for the choice of the subspaces. Finally, Assumption 3 will be addressed and

a multigrid convergence bound will be obtained. The following definition introduces

irregular triangulations and it is analogue to Definition 1.1.1 in Chapter I.

Definition 2.3.4. Let {Ωk}Jk=0 be a collection of closed subdomains of Ω such that

ΩJ ⊂ ΩJ−1 ⊂ · · ·Ω0 ≡ Ω.

Let T0 be a coarse quasi-uniform triangulation of Ω of size h0 ∈ (0, 1]. Assume Tk−1

has been defined, then Tk is obtained performing midpoint refinement only on those

elements of Tk−1 that belong to Ωk.

This process introduces hanging nodes, causing the grid Tk to become irregular,

for all k = 1, . . . , J . However, restricted to Ωk, Tk is a regular grid (without hanging

nodes) with size hk = 2−kh0. We observe that the sequence {Tk}Jk=0 is nested in

the sense that an element T ∈ Tk−1 can be written as the union of elements in

Tk [26]. Moreover, by construction, we have that h0 = max
T∈Tk

hT , where hT denotes

the size of one element T ∈ Tk. Figure 2.2 sketches an example of triangulation

for this case. The triangulation in Figure 2.2 is 1-irregular to better visualize the

subdomains involved, however, as mentioned before, this theory applies to grids with

arbitrary-level hanging nodes. The spaces Vk, the subspaces V i
k and the corresponding

subsolvers Ri
k are chosen as follows.

Definition 2.3.5. Given the overlapping subdomains Ωi and the triangulations Tk in
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Definition 2.3.4, we set for k = 0, . . . , J and for i = 0, . . . , k

Vk = {v ∈ H1
0 (Ω) ∩ C0(Ω) : v|τ ∈ P1, ∀τ ∈ Tk , },

where Tk is as in Definition 2.3.4 ,

V i
k :=

V0 , i = 0 ,

{v ∈ Vi | supp(v) ⊆ Ωi} , i = 1, . . . , k

,

Ri
k :=


A−1

0 , i = 0 ,

1

λi k
I , i = 1, . . . , k

(2.50)

where λi denotes the spectral radius of Ai.

The spaces Vk satisfy the nestedness condition (2.1) by construction. The conti-

nuity requirement in the definition of Vk is satisfied by the choice of the subspaces

V i
k . This choice is made employing a multilevel approach. Since the support of the

functions in each V i
k is contained in Ωi, the subproblems are all defined on uniformly

︸ ︷︷ ︸
Ω0≡Ω︸ ︷︷ ︸

Ω1︸ ︷︷ ︸
Ω2︸ ︷︷ ︸

Ω3

T3

Figure 2.2: Example of subdomains involved in the construction of the irregular triangulation.
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refined grids without hanging nodes, although Tk is irregular. Not having to deal

with hanging nodes considerably simplifies the implementation because no change in

the nodal basis is required to obtain a continuous numerical solution. The following

lemma is a consequence of the choice of the subspaces introduced in Definition 2.3.5.

See also [29] for more on this decomposition.

Lemma 2.5. Given Vk and V i
k in Definition 2.3.5, we have

Vk =
k∑
i=0

V i
k .

Proof. The result follows if for any v ∈ Vk we can find a decomposition v =
k∑
i=0

vi

such that vi ∈ V i
k . To do this, we will follow the approach in [15] for the construction

of a sequence of operators Q̂i : Vk → Vi. Let V i be the space obtained by taking

Ω0 = Ω1 = · · · = Ωi, namely the space built over a uniformly refined triangulation of

size hi = h02−i. Let Qi be the L2(Ω) projection operator onto V i. Set Q̂k = I, and

for i = 0, . . . , k − 1 define Q̂iv = w as the unique function on Vi that satisfies

w =

{
Qiv at the nodes of Vi in the interior of Ωi+1,

v at the remaining nodes of Vi .

It has been shown in [15] that (Q̂i− Q̂i−1)v is a function in V i
k for all i = 1, . . . , k and

that

((Q̂i − Q̂i−1)v, (Q̂i − Q̂i−1)v) ≤ C̃1 h
2
0 a(v, v) for i = 1, . . . , k ,

((Q̂i − Q̂i−1)v, (Q̂i − Q̂i−1)v) ≤ C1 λi
−1 a(v, v) for i = 1, . . . , k ,

a(Q̂iv, Q̂iv) ≤ C2 a(v, v) for i = 0, . . . , k − 1 ,

(2.51)

where λi denotes the spectral radius of the operator Ai, and the constants C̃1, C1 and

C2 do not depend on i. It then follows that for all v ∈ Vk

v = Q̂0v +
k∑
i=1

(Q̂i − Q̂i−1)v =
k∑
i=0

vi , (2.52)
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where vi ∈ V i
k is defined as

vi :=

Q̂0v , i = 0 ,

(Q̂i − Q̂i−1)v , i = 1, . . . , k .

(2.53)

Remark 2.1. In this second application pk = k. So, at each level k, the number

of subdomains is fixed and equal to k as well. For a given level k, notice that V i
k *

V j
k ,∀i > j, since the trace of V i

k is zero on ∂Ωi while the trace of V j
k is not. Moreover,

it follows from Definition 2.3.5 that the spaces V i
k are independent of k. Consequently

so will be Ai, in the sense that Aii = Aii+1 = . . . = Aik.

Note that, with the choice of Ri
k in (2.50), we have ρ(R0

kA0) = 1 and ρ(Ri
kA

i) =

1/k for all i = 1, . . . , k. This implies that w1,k = w1 = 1, so that Assumption 2.2.1 is

satisfied. Now, the existence of the parameter K0 is shown.

Lemma 2.6. Let V i
k and Ri

k as in Definition 2.3.5. Then, there exists a constant K0

satisfying Assumption 2.2.2.

Proof. Using the definition of Ri
k together with (2.51) and (2.53) we have

k∑
i=0

((Ri
k)
−1vi, vi) = (A0v0, v0) + k

k∑
i=1

λi ((Q̂i − Q̂i−1)v, (Q̂i − Q̂i−1)v)

≤ a(v0, v0) + k

k∑
i=1

C1
λi

λi
a(v, v)

≤ C2 a(v, v) + k2C1 a(v, v)

≤ max{C1, C2}(1 + k2) a(v, v) = C3(1 + k2) a(v, v) .

This shows that K0 exists and

K0 = C3 (1 + k2). (2.54)
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Let us now show the existence of K1 for this application.

Lemma 2.7. Let V i
k and Ri

k as in Definition 2.3.5. Then, there exists a constant K1

satisfying Assumption 2.2.3.

Proof. For i = 1, . . . , k and u ∈ Vk we have

0 ≤ a(T iu , T iu) = a(Ri
kQ

iAk u , R
i
kQ

iAk u)

=
( 1

λi k

)2

a(QiAk u , Q
iAk u)

=
( 1

λi k

)2

(QiAk u , A
iQiAk u) (def. of Ai)

≤
( 1

λi k

)2

λi (QiAk u , Q
iAk u) (Ai is SPD wrt (·, ·))

=
( 1

λi k2

)
(QiAk u , Ak u) (def. of Qi)

=
1

k
(Ri

kQ
iAk u , Ak u) (def. of Ri

k)

=
1

k
(T i u , Ak u) (def. of T i)

=
1

k
a(T i u , u) (def. of Ak) .

For i = 0 we have R0
k = A−1

0 so that T 0 = P 0 and

a(T 0u, T 0u) = a(P 0u, P 0u) = a(P 0u, u) = a(T 0u, u) . (2.55)

In summary,

a(T iu , T iu)


= a(T iu, u) , i = 0 ,

≤ 1

k
a(T i u , u) , i = 1, . . . , k .

(2.56)

Let S ⊂ {0, 1, . . . , k} × {0, 1, . . . , k}, and consider the decomposition of such a set as

before, but now having pk = k, namely

S = S00 ∪ S10 ∪ S01 ∪ S11 ,

S00 = {(i, j) ∈ S | i = 0 , j = 0} ,

S10 = {(i, j) ∈ S | 1 ≤ i ≤ k , j = 0} ,

S01 = {(i, j) ∈ S | i = 0 , 1 ≤ j ≤ k} ,

S11 = {(i, j) ∈ S | 1 ≤ i , j ≤ k} .

(2.57)
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Let ui, vi ∈ Vk for i = 0, 1, . . . , k, then∑
(i,j)∈S

|a(T iui , T
jvj)| =

∑
(i,j)∈S00

|a(T iui, T
jvj)|+

∑
i:(i,0)∈S10

|a(T iui, T
0v0)| (2.58)

+
∑

j:(0,j)∈S01

|a(T 0u0, T
jvj)|+

∑
(i,j)∈S11

|a(T iui , T
jvj)| .

Let us consider one summand at a time. By the Cauchy-Schwarz inequality and

(2.56), we have that( ∑
(i,j)∈S00

|a(T iui, T
jvj)|

)2

≤ a(T 0u0, u0) a(T 0v0, v0)

≤
( k∑
i=0

a(T iui , ui)
)( k∑

j=0

a(T jvj , vj)
)
.

For the last summand we have, using again the same properties,( ∑
(i,j)∈S11

|a(T iui , T
jvj)|

)2

≤
( ∑

(i,j)∈S11

√
a(T iui , T iui)

√
a(T jvj , T jvj)

)2

≤ 1

k2

( ∑
i:(i,j)∈S11

√
a(T iui , ui)

)2( ∑
j:(i,j)∈S11

√
a(T jvj , vj)

)2

≤ 1

k2

(( k∑
i=1

a(T iui , ui)
)
k
)(( k∑

j=1

a(T jvj , vj)
)
k
)

≤
( k∑
i=0

a(T iui , ui)
)( k∑

j=0

a(T jvj , vj)
)
.

For the sum over S10 in (2.58), we obtain( ∑
i:(i,0)∈S10

|a(T iui, T
0v0)|

)2

≤
( ∑
i:(i,0)∈S10

√
a(T iui , T iui)

√
a(T 0v0, T 0v0)

)2

=
( ∑
i:(i,0)∈S10

√
a(T iui , T iui)

)2

a(T 0v0, T
0v0)

≤
( ∑
i:(i,0)∈S10

1
)( ∑

i:(i,0)∈S10

a(T iui , T
iui)
)
a(T 0v0, v0)

≤ k
1

k

( ∑
i:(i,0)∈S10

a(T iui , ui)
)
a(T 0v0, v0)

≤
( k∑
i=0

a(T iui , ui)
)( k∑

j=0

a(T jvj , vj)
)
.
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Similarly, for the sum over S01, we have( ∑
j:(0,j)∈S01

|a(T 0u0, T
jvj)|

)2

≤
( k∑
i=0

a(T iui , ui)
)( k∑

j=0

a(T jvj , vj)
)
.

Combining these four inequalities, it follows that( ∑
(i,j)∈S

|a(T iui , T
jvj)|

)2

≤ 4
( k∑
i=0

a(T iui , ui)
)( k∑

j=0

a(T jvj , vj)
)
. (2.59)

This shows that K1 exists and

K1 = 2. (2.60)

Lemma 2.8. Let V i
k and Ri

k as in Definition 2.3.5. Then, Assumption 2.1.3 is

satisfied with

δk = 1− 1

C4(1 + k2)
and ψk =

mk

C4(1 + k2)
, (2.61)

if and only if mk is chosen so that {ψk} is non-increasing. Here, C4 = 9C3 and C3

is the constant in (2.54).

Note that {δk} is now increasing. Various choices of mk guarantee Assumption

2.1.3, including: constant mk = 1, decreasing mk = J + 1− k, increasing mk = 1 + k.

We now state the convergence result.

Theorem 2.2. If mk is chosen so that {ψk} is non-increasing, then Algorithm 1

converges with

γk =
C4(1 + k2)

C4(1 + k2) + 2mk

, (2.62)

where the error bounds γk are defined in Theorem 2.1, for k = 1, . . . , J .

Moreover, γk is optimal (in the sense that it does not depend on the number of

multigrid spaces J) if mk = q(1 + k2) for some q ∈ N, and in this case

γ1 = γ2 = · · · = γJ =
C4

2q + C4

. (2.63)
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The quadratic dependence on k in Equation (2.62) was also present in [13], where

a non-symmetric SSC smoother was considered. However, no dependence on the

number of smoothing iterations was obtained in [13]. We will show in the numerical

results section that q(1 + k2) smoothing steps are not necessary to have good con-

vergence properties and that, even with mk = 1, our method performs better than

existing local smoothing strategies with a comparable computational complexity. We

also remark that the arbitrary compensation guaranteed by the presence of mk is a

feature provided by the global smoothing.

2.3.4 Local refinement with domain decomposition approach for the smoother

We now describe another local refinement application. We keep the same trian-

gulations as in Definition 2.3.4 and the same definition of Vk as in the previous local

refinement application. However, the subdomains are chosen as in Definition 2.3.2.

Unlike Section 2.3.3, the overlapping subdomains Ω̂k
i at each level k are not nested.

This choice of the subdomains will lead to a different characterization of the space

Vk. A sketch of the subdomains involved in this application is visible in Figure 2.3

and Figure 2.4. Let us now define the subspaces V i
k and the subsolvers Ri

k.

Ωk
i

Ωk
j

Figure 2.3: A subdivision into non-overlapping subdomains involved in the second local refinement

application (different subdomains are identified by a change in the shade of grey).
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Definition 2.3.6. Given the triangulations Tk in Definition 2.3.4 and the subdomains

Ωi in Definition 2.3.2, we set for k = 0, . . . , J and for i = 0, . . . , pk

Vk = {v ∈ H1
0 (Ω) ∩ C0(Ω) : v|τ ∈ P1, ∀τ ∈ Tk , }

where Tk is as in Definition 2.3.4 ,

V i
k :=

V0 , i = 0 ,

{v ∈ Vk | supp(v) ⊆ Ω̂k
i } , i = 1, . . . , pk ,

,

Ri
k := (Aik)

−1 .

(2.64)

Since the spaces Vk are defined as in Definition 2.3.5, they again satisfy the nested-

ness condition (2.1). The continuity requirement in the definition of Vk is satisfied by

modifying the nodal basis using the procedure described in Chapter I. The changes in

the nodal bases are made to take into account the presence of hanging nodes. From

an implementational point of view, this approach is more demanding than the mul-

tilevel strategy adopted in the previous local refinement application. However, our

numerical results will show that great convergence properties can be obtained in this

case. Here, we give a characterization of Vk based on the non-nested subdomains.

Ω̂k
i

Ω̂k
j

Figure 2.4: An example of construction of overlapping subdomains obtained from the non-overlapping

subdomains in Figure 2.3.
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Lemma 2.9. Given Vk and V i
k in Definition 2.3.6, we have

Vk =

pk∑
i=0

V i
k .

Moreover, there is a constant C0 independent of h0, hk and pk such that

pk∑
i=0

a(vi, vi) ≤ Ck a(v, v) ∀v ∈ Vk .

where the vi’s satisfy v =
pk∑
i=0

vi, with vi ∈ V i
k , for i = 0, · · · , pk.

Proof. Given a v ∈ Vk, we want to construct functions vi ∈ V i
k , with i = 0, . . . , pk, such

that v =
pk∑
i=0

vi. To this end, let {θki }
pk
i=1 be a smooth partition of unity subordinate

to the cover {Ω̂k
i }

pk
i=1. This means that

∑pk
i=1 θ

k
i = 1, 0 ≤ θki (x) ≤ 1 for all x ∈ Ω̂k

i

and supp(θki ) ⊂ Ω̂k
i , for all i = 1 . . . , pk. For j = 0, . . . , k, let V̂ j be the subspace of

Vk defined in Definition 2.3.5 in the previous local refinement application. Then we

know that Vk =
∑k

j=0 V̂
j, so that any v in Vk can be written as v =

∑k
j=0 v̂j, where

v̂j ∈ V̂ j is given by (2.53). Define Ijh to be the standard nodal interpolant of the

finite element space V̂ j for j = 1, . . . , k. Note that Ijh is well defined since each V̂ j is

built on a quasi-uniform grid. Then, for v ∈ Vk, set

v0 = v̂0, vi =
k∑
j=1

Ijh(θ
k
i v̂j) , i = 1, . . . , pk . (2.65)

Notice that all the terms in the sum in (2.65) are functions in V̂ j ⊂ Vk and have

support in Ω̂k
i , therefore they all belong to V i

k . Moreover, since the Ijh are linear

projections we have

v =
k∑
j=0

v̂j = v̂0 +
k∑
j=1

v̂j = v̂0 +
k∑
j=1

Ijh(v̂j) = v̂0 +
k∑
j=1

Ijh(
pk∑
i=1

θki v̂j)

= v̂0 +
k∑
j=1

pk∑
i=1

Ijh(θ
k
i v̂j) =

pk∑
i=0

vi.
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To prove the second part of the lemma, let us proceed one summand at a time. If

T ∈ Tk ∩ Ω̂k
i , then using an inverse estimate (see [18]) we get

|Ijh(θ
k
i v̂j)|2H1(T ) ≤ h−2

0 ||I
j
h(θ

k
i v̂j)||2L2(T )

≤ h−2
0 C||θki v̂j||2L2(T )

≤ h−2
0 C||v̂j||2L2(T ),

where the constant C is the bound for the operator norm of Ijh and it depends only

on the reference element [18]. Summing over all T ∈ Tk ∩ Ω̂k
i (remember that we

assumed the subdomains align with the triangulation) we obtain

|vi|2H1(Ω) = |vi|2H1(Ω̂ki )
≤

∑
T∈Tk∩Ω̂ki

( k∑
j=1

|Ijh(θ
k
i v̂j)|H1(T )

)2

≤
∑

T∈Tk∩Ω̂ki

k
k∑
j=1

|Ijh(θ
k
i v̂j)|2H1(T )

≤ k
k∑
j=1

h−2
0 C||v̂j||2L2(Ω̂ki )

.

Summing over the subdomains Ω̂k
i , and considering that each point in Ω is covered

only a finite number of times [30], we obtain

pk∑
i=1

|vi|2H1(Ω) ≤ k
k∑
j=1

h−2
0 Ĉ||v̂j||2L2(Ω) . (2.66)

By (2.51) we can say that

||v̂j||2L2(Ω) ≤ C̃1 h
2
0 |v|2H1(Ω). (2.67)

Therefore, using (2.66), (2.67) and the Poincaré inequality we have
pk∑
i=1

a(vi, vi) ≤ C

pk∑
i=1

|vi|2H1(Ω) ≤ k2C|v|2H1(Ω) ≤ k2C̃a(v, v) .

Again by (2.51) we know that a(v̂0, v̂0) ≤ C2a(v, v). Hence, if we let Ĉ0 = max{C2, C̃},

we can conclude that
pk∑
i=0

a(vi, vi) ≤ Ĉ0 (1 + k2)a(v, v) .

79



Texas Tech University, Giacomo Capodaglio, May 2018

We point out that the proof of Lemma 2.1, used in the uniform refinement applica-

tion, relies on the uniform boundedness of the standard nodal interpolator on Vk. For

Lemma 2.9, where an irregular grid is employed, a nodal interpolator in the classical

sense cannot be defined on Vk. An alternative proof of Lemma 2.9 could probably

use interpolation operators specifically designed for irregular grids, as in [37].

For the subsolvers, we clearly have that Ri
kA

i = I for all i = 0, . . . , pk. So we have

w1,k = w1 = 1, and therefore Assumption 2.2.1 is true. Now, to verify Assumption

2.2.2 and Assumptions 2.2.3, the existence of K0 and K1 is shown.

Lemma 2.10. Let V i
k and Ri

k as in Definition 2.3.6. Then, there exists a constant

K0 satisfying Assumption 2.2.2.

Proof. Considering the decomposition of v given by Lemma 2.9, we have

pk∑
i=0

((Ri
k)
−1vi, vi) =

pk∑
i=0

(Aikvi, vi) =

pk∑
i=0

a(vi, vi) ≤ Ĉ0(1 + k2) a(v, v) .

This shows that K0 exists and

K0 = Ĉ0(1 + k2). (2.68)

Lemma 2.11. Let V i
k and Ri

k as in Definition 2.3.6. Then, there exists a constant

K1 satisfying Assumption 2.2.3.

Proof. The proof can be carried out exactly as for Lemma 2.3. Therefore K1 exists

and

K1 = 2 (1 + g0). (2.69)

The next lemma immediately follows from Lemma 2.10 and Lemma 2.11.
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Lemma 2.12. Let V i
k and Ri

k as in Definition 2.3.6. Then, Assumption 2.1.3 is

satisfied with

δk = 1− 1

Ĉ0(1 + k2)(3 + 2 g0)2
and ψk =

mk

Ĉ0(1 + k2)(3 + 2 g0)2
, (2.70)

if and only if mk is chosen so that {ψk} is non-increasing. Here, Ĉ0 is the constant

in (2.68) and g0 is defined in (2.45).

The finite sequence {δk} is again increasing. Consequently, the following conver-

gence bound for the multigrid algorithm is obtained.

Theorem 2.3. If mk is chosen so that {ψk} is non-increasing, then Algorithm 1

converges with

γk =
C5(1 + k2)

C5(1 + k2) + 2mk

, (2.71)

where the error bounds γk are defined in Theorem 2.1 for k = 1, . . . , J and C5 =

Ĉ0 (3 + 2 g0)2.

Moreover, γk is optimal (in the sense that it does not depend on the number of

multigrid spaces J) if mk = q(1 + k2) for some q ∈ N, and in this case

γ1 = γ2 = · · · = γJ =
C5

2q + C5

. (2.72)

2.4 Numerical Experiments

In this section, we provide numerical experiments to compare the performances

of the two algorithms for local refinement applications described in this chapter.

Our goal is to obtain a numerical estimate of the convergence bound γJ described

theoretically in the previous sections. We remark that γJ is the spectral radius of EJ

[15], therefore it can be estimated numerically. The domain under consideration is a

two-dimensional unit square, meshed with linear triangular elements of Lagrangian

type. We consider the bilinear operator a(u, v) = (β∇u,∇v), where (·, ·) denotes the
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L2 inner product and β is a piecewise continuous function defined as follows:

β(x) =

1 if x ∈ {(x, y) : x y < 0}

10 if x ∈ {(x, y) : x y ≥ 0}
(2.73)

The refinement strategy consists of successive refinements of the first and third quad-

rants, see Figure 2.5. This strategy produces a sequence of irregular triangulations

with multilevel hanging nodes. A legend of the methods employed for the numerical

1 local refinement

(J = 1)

2 local refinements

(J = 2)

3 local refinements

(J = 3)

Figure 2.5: Local refinement of the domain.

tests is reported below.

ML : refers to the first local refinement case described in Section 2.3.3, where a

multilevel approach is chosen for the subspace decomposition. In this case γJ

is described theoretically in Theorem 2.2. The notation MLk refers to the case

where Ri
k is defined as in Definition 2.3.5 and mk = 1 + k2 for k = 1, . . . , J .

The notation ML1 refers to the situation where mk = 1, and Ri
k = (1/λi)I, for

all k = 1, . . . , J and i = 1, . . . , k.

DD : refers to the second local refinement case, described in Section 2.3.4, where a

domain decomposition approach is chosen for the subspace decomposition. In

this case γJ is described theoretically in Theorem 2.3. The notation DDk refers
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to the case where mk = 1 + k2 for k = 1, . . . , J , while DD1 means mk = 1, for

all k = 1, . . . , J . For both DDk and DD1, Ri
k = (Aik)

−1. We remark that for

DD, modified basis functions are used for the finite element spaces, since the

subproblems are solved on grids with hanging nodes and not on quasi-uniform

grids without hanging nodes as in ML. The modified basis functions employed

for this case are the ones described in Chapter I.

BPWX : indicates the multigrid strategy described in [15] and already mentioned in

Chapter I. Referring to the decomposition in Lemma 2.23, at each multigrid level

k, the smoothing process is carried out only on V k
k . Therefore, with BPWX,

the smoothing is only local. For the rest of this section, V k
k will always denote

the subspace used in Lemma 2.23.

The results obtained with one V-cycle of ML1 are compared to those obtained with

two V-cycles of the BPWX method. The different number of V-cycles is justified

by the same amount of smoothing iterations, namely two, performed on the finest

multigrid level, considering two V-cycles of BPWX and one V-cycle of ML1. In this

comparison, for BPWX, a Richardson smoother is used on V k
k and only one smoothing

iteration is carried out on each V k
k . Namely, we consider Ri

k = (1/λi)I and mk = 1,

for k = 1, . . . , J and i = 1, . . . , k. We employ the notation BPWXR to indicate this

choice of Ri
k and mk. The results obtained with one V-cycle of DD1 are compared to

those obtained with one V-cycle of the BPWX method. In this case, for BPWX, a

symmetric multiplicative domain decomposition algorithm is used on V k
k with exact

subsolvers on the subdomain problems and only one smoothing iteration on each V k
k .

Namely, we consider Ri
k = (Aik)

−1 and mk = 1, for k = 1, . . . , J and i = 1, . . . , k. We

employ the notation BPWXDD to refer to this choice of Ri
k and mk. Observe that,

when using BPWXDD, the operators Ri
k are associated with subproblems defined on

subdomains of Ωk (from Definition 2.3.4), not on subdomains of the entire domain Ω

as in DD1.
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Multilevel Domain Decomposition

J MLk ML1 BPWXR DDk DD1 BPWXDD

1 0.4343 0.6578 0.6603 0.0014 0.0136 0.4007

2 0.4251 0.6973 0.7364 0.0022 0.0276 0.3806

3 0.3665 0.7180 0.7872 0.0029 0.0351 0.3529

4 0.3151 0.7339 0.8257 0.0031 0.0404 0.3362

5 0.2755 0.7471 0.8555 0.0031 0.0431 0.3258

Table II.1: Multigrid convergence bound γJ for piecewise constant coefficients β and linear finite

elements.

In Table II.1 numerical results are reported. A damping factor ω = 0.01 was

used to ensure convergence of the Richardson iteration. First of all, we observe that

global smoothing always provides better results than local smoothing. ML and DD

have a smaller value of γJ compared to BPWX, which means that a faster error

reduction is obtained, so convergence is improved. The value of γJ given by ML1

is smaller than the one obtained with BPWXR by an 11%. When DD1 is used in

place of BPWXDD, convergence is 14 times better, on average. These results show

that global smoothing with mk = 1 for every k gives better convergence than existing

local smoothing strategies. Therefore, 1 + k2 smoothing iterations are not necessary

in practice, unless a uniformly bounded γJ is desired. Indeed, the convergence bound

obtained with DDk seems to be uniformly bounded as predicted by the theory. With

MLk, we see that as J increases, the value of γJ decreases, giving a convergence

bound that is uniformly bounded also in this case. Such an optimal convergence

result confirms the theoretical prediction described in Theorem 2.2.
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CHAPTER III

COMPUTATIONAL ANALYSIS OF A MULTIGRID ALGORITHM WITH SSC

SMOOTHER AND MULTILEVEL APPROACH FOR THE SUBSPACES

In this chapter, we present a detailed numerical analysis of the algorithm described

theoretically in Section 2.3.3, namely, a multigrid algorithm with SSC smoother where

the subspaces are chosen according to a multilevel strategy. In this way, the introduc-

tion of modified basis functions such as those presented in Chapter I is not necessary.

The theoretical analysis in Section 2.3.3 has been carried out considering an un-

preconditoned Richardson type solver on the subspaces and a symmetric smoothing

process. In the computational study that follows, we want to investigate the per-

formances of the proposed method from a more practical point of view. Besides the

identity preconditioner, several types of other preconditioners will be adopted for the

Richardson solver, even though a theoretical analysis has not been carried out for

them in Chapter II. Moreover, the case of non-symmetric smoothing process will also

be studied. With a non-symmetric smoothing scheme, the algorithm can be lighter

from a computational point of view as fewer operations have to be performed at each

iteration. Motivated by the desire to set the computational analysis in a more prac-

tical framework, a slightly different choice of subspaces for the space decomposition

will be made. With this new choice, the numerical implementation is a little simpler

than what it would be considering the subspaces described in Definition 2.3.5, since

less degrees of freedom have to be set to zero, as it will be shown in the next section.

3.1 Space decomposition of the multigrid spaces

Let Ω be a polygonal subset of Rn and let {Ωk}Jk=0 be a collection of closed

subdomains of Ω such that

ΩJ ⊆ ΩJ−1 ⊆ · · · ⊆ Ω0 ≡ Ω.
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Once again, J represents the total number of multigrid levels. Let T0 be a uniform

triangulation of size h0 on Ω. For all k = 1, . . . , J , we define triangulations Tk on

Ω in the same recursive way we have already seen in the previous chapters: assume

Tk−1 has been defined, then Tk is obtained performing midpoint refinement only on

those elements of Tk−1 that belong to Ωk. If Ωk ⊂ Ωk−1, this process introduces

hanging nodes, causing the grid Tk to become irregular. We observe that the sequence

{Tk}Jk=0 is nested in the sense that an element T of Tk−1 can be written as the union

of elements in Tk [26]. We now define the finite element spaces that will be used as

the finite dimensional spaces in the multigrid algorithm.

Definition 3.1.1. Let Pα be a polynomial space. For all k = 0, . . . , J , we define the

finite element space Vk as

Vk = {v ∈ H1(Ω) ∩ C0(Ω) : v|T ∈ Pα, ∀T ∈ Tk},

where H1(Ω) is the Sobolev space of functions with integrable weak derivative, and

C(Ω) denotes the set of continuous functions on Ω.

The continuity requirement implies that no degrees of freedom can be associated

with hanging nodes, hence the nodal basis Ψk associated with Vk will not contain

any basis function associated with such nodes. As anticipated, continuity is enforced

using a multilevel approach that also provides an easy handling of hanging nodes.

Remark 3.1. We observe that, by Definition 3.1.1, the spaces Vk considered in this

chapter are actually the same as the spaces V̂k from Chapter I.

Now, let k = 0, . . . , J be fixed, and define the set

Γk =
k⋃
p=0

∂Ωp ∩ ∂(Ω \ Ωp), (3.1)

where ∂Ωp and ∂(Ω \ Ωp) denote the boundary of Ωp and Ω \ Ωp respectively.
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Definition 3.1.2. For all k = 0, . . . , J , we define Ṽk to be the subspace of Vk that

contains all the functions that are zero on Γk, namely

Ṽk = {v ∈ Vk : v|Γk = 0}.

Note that for k = 0, we have Γ0 = ∅, therefore Ṽ0 = V0. In general, anytime

Ωk = Ω, then Γk = ∅ and Ṽk = Vk. The nodal basis Ψ̃k associated with Ṽk does not

have any function associated with nodes in Γk. When Γk 6= ∅, it contains both hanging

and non-hanging nodes. For this reason, when Ωk ⊂ Ω, Ṽk is a proper subspace of

Vk. Note that, while the sequence {Vp}Jp=0 of finite element spaces is nested, namely

V0 ⊂ V1 ⊂ · · · ⊂ VJ ,

the sequence {Ṽp}Jp=0 of the subspaces is not in general, because degrees of freedom

may be removed going from p to p+ 1. It follows from the definition of Ṽk that

Vk =
k∑
p=0

Ṽp, for all k = 0, . . . , J. (3.2)

The reader can be convinced that (3.2) holds true by looking at Figure 3.1, where

V3 has been decomposed as the sum of four subspaces. Nevertheless, a proof of the

statement in Eq. (3.2) has been provided in [15]. In Figure 3.1, we also show the

degrees of freedom that are taken into account in the nodal bases Ψ̃0, Ψ̃1,Ψ̃2, and

Ψ̃3, and those that are neglected, marked with a black cross. We remark that as k

varies, the subspaces Ṽp that form Vk do not change, so they do not depend on k.

This means that Vk+1 = Vk + Ṽk+1, for all k = 0, . . . , J − 1.

The multigrid algorithm considered in this chapter is the multigrid V-cycle al-

gorithm described in Algorithm 1. A few remarks are made on the SSC smoothing

procedure in the next section.

3.2 Smoothing procedure

The smoothing algorithm we adopt is of successive subspace correction (SSC)

type, as described in Section 2.2. The SSC algorithm can be either symmetric or
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0) 1)

2)3)

Figure 3.1: Decomposition of the multigrid spaces as sum of subspaces.

nonsymmetric. In the symmetric version of the SSC algorithm, after the correction

on the last subspace, the subspace correction process starts over backwards. The

symmetry of the SSC algorithm used as a smoother for a multigrid method is assumed

in theoretical analysis described in detail in Chapter II, however, it is not necessary

for convergence. In the numerical results that follow, we use both a symmetric and

a nonsymmetric SSC smoother. As was pointed out by J.Xu in [64], there is a

parallelism between multilevel methods and successive subspace correction methods,

as Algorithm 1 can be seen as a subspace correction algorithm on VJ with nested

subspaces. Hence, the multigrid V-cycle algorithm with symmetric SSC smoother is

schematized in Figure 3.2, assuming the maximum number of multigrid levels J is 3.
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V3 V3

V2

V1 V1

V2

V0

Ṽ3 Ṽ3 Ṽ3 Ṽ3

Ṽ2

Ṽ1

Ṽ0 ≡ V0 Ṽ0 ≡ V0

Ṽ2 Ṽ2

Ṽ1

Ṽ2

BEGIN END

Figure 3.2: Schematic representation of the multigrid algorithm with symmetric SSC smoother con-

sidering J = 3.

For the theoretical analysis in Chapter II, the solvers on the subspaces were chosen

to be of damped Richardson type, namely

R̃p :=


A−1

0 , p = 0 ,

Ck

λ̃p
I , p = 1, . . . , k ,

, (3.3)

where λ̃p is the spectral radius of Ãp. The parameter Ck can be seen as a modified

damping factor. In Chapter II, we had Ck = 1/k, while here either Ck = ω or

Ck = ω/k, where ω is a damping factor independent of k. The next theorem gives

information on the convergence of the multigrid algorithm with SSC smoother here

described.

Theorem 3.1. Let mk = const and Ck = ω/k for all k = 1, . . . , J . For k = 0, 1, . . . , J

let

γk =
Ĉ(1 + k2)

Ĉ(1 + k2) + 2mk

. (3.4)

Then the multigrid algorithm with symmetric SSC smoother converges with conver-

gence rate γJ , namely, if v ∈ VJ ,

a(EJv, v) ≤ γJ a(v, v). (3.5)
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Moreover, the error bound is optimal (in the sense that it does not depend on the

number of multigrid spaces J) if mk = q(1 + k2) for some q ∈ N, and is given by

γ1 = γ2 = · · · = γJ =
Ĉ

2q + Ĉ
, (3.6)

where Ĉ is a constant that does not depend on k.

Proof. The proof follows from the proof of Theorem 2.2 and the fact that the sub-

spaces Ṽk in this sections contain the subspaces in Definition 2.3.5, therefore the same

decomposition from Lemma 2.5 can be used to obtain the result.

We stress that the convergence of the algorithm is guaranteed also when mk =

const and Ck = ω in (3.3). However, theoretically, the convergence rate γk could be

worse than the one obtained with Ck = ω/k. In particular, to obtain an optimal

error bound in this case, theoretically it would be necessary to perform a number of

smoothing iterations of the order of k3 instead of k2. For more details, see the proofs

of Lemma 2.7 and 2.8 in Chapter II. From a practical point of view, as our numerical

results will show next, these estimates are over conservative. We will see that optimal

convergence can be obtained even when no compensation with the number of smooth-

ing steps is obtained. However, the freedom to compensate a possible deterioration of

the convergence bound in an arbitrary fashion represents an additional value of our

method that is not present with local smoothing strategies.

3.3 Eigenvalue analysis of the multigrid method

In this section, we investigate the convergence properties of the multigrid method

addressed in this chapter by numerically computing the spectral radius of EJ , as it

has been done in Chapter I and II. The more the spectral radius is close to zero,

the better is the multigrid convergence. For all the numerical results that follow,

we choose subspaces solvers of damped Richardson type that are implemented in

the KSP component of the PETSc library [4]. Different types of preconditioners for
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(I) uniform level

(J = 0)

(II) 3 local refinements

(J = 3)

(III) 5 local refinements

(J = 5)

Figure 3.3: Refinement of a two-dimensional unit square with triangular elements.

the Richardson subspace solver are adopted. Tests are made considering the bilinear

operator a(u, v) = (∇u,∇v), where (·, ·) denotes the L2 inner product. Initially,

we want to verify numerically the theoretical result expressed in Theorem 3.1. This

verification is possible because, when a symmetric SSC smoother is employed, the

operator EJ is symmetric positive semidefinite with respect to a(·, ·) [22]. In this

case, γJ in Theorem 3.1 is the spectral radius of EJ [15]. According to Theorem 3.1,

when an identity preconditioner is chosen for the subspace problems, and the SSC

smoother is symmetric, we expect the following situations:

(A) for mk = 1 and Ck = ω: γk may approach one from below as k increases;

(B) for mk = 1 + k2 and Ck = ω/k: we expect γk to be uniformly bounded as k

increases.

From now on, case (A) will refer to mk = 1 and Ck = ω, while case (B) will refer to

mk = 1 + k2 and Ck = ω/k, regardless of the preconditioner used for the subspace

solver. For both cases (A) and (B), we assume a symmetric SSC smoother. Through-

out this section, the finite elements employed are Lagrangian. We start considering

a 2-dimensional example where a unit square is initially meshed with a coarse quasi-

uniform grid composed of triangular elements. Then, local refinement is performed
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Triangular elements

Identity Jacobi ILU

ω 0.1 0.9 0.9

J (A) (B) (A) (B) (A) (B)

1 0.6261 0.3951 0.5548 0.3147 0.1118 0.0152

2 0.6298 0.3282 0.5660 0.2570 0.1129 0.0082

3 0.5872 0.1875 0.5599 0.1638 0.1335 0.0022

4 0.6225 0.1492 0.5581 0.1002 0.1451 3.6026e-04

5 0.6234 0.0990 0.5577 0.0606 0.1488 6.6332e-05

Table III.1: Spectral radius of EJ for the unit square geometry, with different type of preconditioners

for the subspace solver.

up to level 5, as it can be seen in Figure 3.3. We remark that the mesh in Figure 3.3

does not satisfy the 1-irregularity condition. In Table III.1 the results for this case are

displayed considering biquadratic elements. We use identity, Jacobi, and Incomplete

LU factorization (ILU) as preconditioners for the subspace solver. The results relative

to the identity preconditioner are presented for verification of the theoretical result of

Theorem 3.1. Jacobi and ILU are considered to investigate if the behavior described

in Theorem 3.1 can be observed also when other preconditioners are employed for the

subspace solver. The results in Table III.1 validate case (B), not only for the identity

preconditioner, as the theory predicted, but also for Jacobi and ILU. The spectral

radius for case (B) reduces any time the multigrid level is increased, suggesting that

a compensation, the size of mk = 1 + k2, is not needed in practice to have good

convergence. Looking at the results in case (A), we observe that the deterioration of

the spectral radius does not occur. Hence our method can be effectively applied even

with one pre- and one post-smoothing iterations per level.
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Quadrilateral elements

Identity Jacobi ILU

ω 0.2 1.0 1.0

J (A) (B) (A) (B) (A) (B)

1 0.2067 0.0427 0.0429 0.0020 0.0106 1.1385e-04

2 0.2067 0.0286 0.0420 0.0017 0.0597 3.0198e-05

3 0.2245 0.0133 0.0427 3.1198e-04 0.0818 8.1645e-06

4 0.2071 0.0033 0.0437 4.4560e-05 0.0876 9.4023e-07

5 0.2083 0.0011 0.0437 5.7304e-06 0.0887 7.4237e-08

6 0.2090 3.7577e-04 0.0437 7.0123e-07 0.0892 5.8033e-09

Table III.2: Spectral radius of EJ for the 2-dimensional L-shaped geometry, with different type of

preconditioners for the subspace solver.

The same investigation is carried out on an L-shaped domain, visible in Figure

3.4. The domain is meshed using quadrilateral elements and a maximum of six local

refinements are carried out. We remark that the mesh obtained for this case does

satisfy the 1-irregularity condition. We report the results for this case in Table III.2

for biquadratic elements. Once again, for case (B), the spectral radius is uniformly

bounded as the number of multigrid levels increase, verifying the theoretical prediction

given in Theorem 3.1. For J = 6, the spectral radius is quickly converging to zero

for all preconditioners, confirming once again the over conservative nature of the

theoretical convergence bound. For case (A), the spectral radius is essentially constant

as J increases, especially for the identity and Jacobi preconditioners, highlighting the

effectiveness of our algorithm with only one pre- and one post-smoothing iterations.

To conclude this analysis, we consider a 3-dimensional L-shaped domain with long

sides of length 0.5 and z-axis on the re-entrant corner. This geometry is meshed with

different types of elements; namely, we employ hexahedral, tetrahedral and wedge
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(I) uniform level

(J = 0)

(II) 3 local refinements

(J = 3)

(III) 6 local refinements

(J = 6)

Figure 3.4: Refinement of an L-shaped domain with quadrilateral elements.

elements, producing a mixed finite element grid. The local refinement strategy at level

k consists of refining all elements whose barycenter lies in the interior of a cylinder

of radius 0.25/k2 with axis of symmetry on the z-axis, as visible in Figure 3.5. The

(I) 1 local refinement

(J = 1)

(II) 3 local refinements

(J = 3)

(III) 5 local refinements

(J = 5)

Figure 3.5: Refinement of a 3-dimensional L-shaped domain with mixed elements.

refinement strategy for k = 1 produces a uniformly refined grid since the refinement

cylinder has radius 0.25 and involves all elements of the grid. The results for this
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example are presented in Table III.3 for triquadratic elements. The table shows that,

even in a 3-dimensional setting, the spectral radius is uniformly bounded for case (B),

and this happens for both the Jacobi and the ILU preconditioners. In case (A), the

spectral radius has very limited variations as in the 2-dimensional examples.

The subspaces involved in the smoothing procedure are defined on grids composed

of elements that may have very different sizes. In a 3-dimensional finite element set-

ting, using an identity preconditioner can be an issue, since a unique damping factor

in the Richardson iteration can lead to instabilities of the algorithm. This problem

does not occur with 2-dimensional geometries, since, halving the characteristic size of

an element, the weak Laplace second order derivative grows by a factor of 4, and this

growth exactly matches the 1/4 reduction in size of the element domain [64]. On the

contrary, in a 3-dimensional setting, the same growth in the weak Laplace does not

compensate the 1/8 reduction of the element volume. Thus, in the stiffness matrix

associated with the operator Ãk, lines associated with different subdomains Ωp are

scaled with different factors that grow with (1/2)p. It is almost impossible to find a

unique damping factor that works with all the equations related to different levels.

This issue is easily solved by preconditioning the system using Jacobi (or ILU) since

each equation is normalized with its diagonal. Therefore, we decided not to consider

the identity preconditioner for the 3-dimensional tests.

This initial numerical analysis verifies the theoretical predictions of Theorem 3.1

and shows that even other preconditioners, such as Jacobi and ILU, behave as de-

scribed in the theorem. Moreover, case (A) reveals that good convergence properties

can be obtained even when only one pre- and one post-smoothing iterations are per-

formed, so no actual compensation with the number of smoothing iterations is needed.

In conclusion, the predictions of Theorem 3.1 are over conservative, and in practice

the number of pre- and post-smoothings can be reduced to just one per multigrid

level.
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3D Mixed elements

Jacobi ILU

ω 0.9 0.9

J (A) (B) (A) (B)

1 0.5425 0.3148 0.1727 0.0338

2 0.7460 0.4992 0.4197 0.1404

3 0.5812 0.1832 0.1405 0.0053

4 0.5259 0.0802 0.1100 0.0010

5 0.5428 0.0546 0.1091 1.4862e-04

Table III.3: Spectral radius of EJ for the 3-dimensional L-shaped geometry, with different type of

preconditioners for the subspace solver.

For all the numerical tests that are performed from now on, we employ a non-

symmetric version of the SSC algorithm, since the assumption of a symmetric SSC

smoother was needed only for the theoretical analysis, but it is not necessary for con-

vergence. Moreover, since the previous analysis showed that one smoothing iteration

produces good convergence results, we will always consider this case, with mk = 1

and Ck = ω. For the nonsymmetric subspace corrections, we assume that we always

start from the coarsest subspace and then go up to the finest.

We continue the eigenvalue analysis with a comparison between the method pro-

posed in this work and other methods that rely on a smoothing procedure carried out

only on subspaces. We consider two methods that, at each multigrid level k, smooth

exclusively on Ṽk, which is a subspace of Vk. We refer to these two methods as the

BPWX and the JK method. The former was introduced by Bramble, Pasciak, Wang

and Xu (this is why BPWX) in [15] and it has already been considered for compari-

son in Section 1.2 and Section 2.4, while the latter is named after a recent paper by

Janssen and Kanschat [40]. These methods differ in the number of smoothing itera-
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Triangular elements

Linear Biquadratic

J Proposed BPWX JK Proposed BPWX JK

1 0.0871 0.2122 0.2122 0.3090 0.3699 0.3699

2 0.1082 0.2853 0.2746 0.3138 0.3854 0.3735

3 0.1059 0.3263 0.3088 0.3410 0.3875 0.3856

4 0.0993 0.3465 0.3313 0.3540 0.3986 0.3973

5 0.0963 0.3516 0.3363 0.3590 0.4028 0.4012

Table III.4: 2D case: spectral radius with ILU preconditioner for the subspace solver for different

smoothing strategies.

3D Mixed elements

Linear Triquadratic

J Proposed BPWX JK Proposed BPWX JK

1 0.0620 0.0820 0.0820 0.3931 0.4429 0.4429

2 0.2665 0.4304 0.4246 0.6270 0.6778 0.6755

3 0.1341 0.4142 0.3948 0.3537 0.5559 0.4859

4 0.1360 0.4126 0.3927 0.3078 0.4972 0.4131

5 0.1201 0.4123 0.3930 0.3146 0.4671 0.3976

Table III.5: 3D case: spectral radius with ILU preconditioner for the subspace solver for different

smoothing strategies.

tions performed on Ṽk at each level k. For given k, the BPWX method performs only

one smoothing iteration on each Ṽk, while the JK method starts with one iteration

on the finest subspace ṼJ and then doubles the iterations moving down to the coarser

subspaces. In terms of computational complexity, the BPWX is the least complex

method, followed by our method and the JK method. Namely, in each subspace Ṽk
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the pre-smoothing step (and similarly the post-smoothing step) is performed one time

with the BPWX, J −k+ 1 times with the proposed method, and 2J−k times with the

JK method.

For the following tests, we consider both linear and biquadratic elements for the

2-dimensional mesh in Figure 3.3 and linear and triquadratic elements for the 3-

dimensional mesh in Figure 3.5. An ILU preconditioner is chosen for the subspace

solver for all cases, with damping factor ω = 0.9. The results are visible in Table

III.4 and III.5 for the 2-dimensional and 3-dimensional example, respectively. We see

that the proposed method performs better than BPWX and JK, especially for linear

elements. In the 2-dimensional case with linear elements and 5 local refinements,

the spectral radius obtained with the proposed method is about 3.5 times smaller

than what is obtained with the other methods. For the biquadratic elements, the

difference is not as strong but still the proposed method shows a smaller spectral

radius. For the 3-dimensional example, we have similar results: linear elements still

give the largest difference in terms of the spectral radius between our method and

the others. For triquadratic elements, the spectral radii obtained with the proposed

method are, on average, 1.25 times smaller than those obtained with the JK method

and 1.37 times smaller than those obtained with the BPWX method. Therefore, for

both the 2-dimensional and 3-dimensional cases, our method has better convergence

properties than BPWX and JK.

We conclude this section by showing how, with our global smoothing approach,

an increase in the number of smoothing steps will produce a better convergence rate.

The possibility of compensating a possible deterioration of the convergence bound in

an arbitrary fashion is what lies behind the result in Theorem 3.1. We consider the

mesh in Figure 3.3 refined to the finest level, J = 5, and we vary the number of pre-

and post smoothing iterations. Once again, an ILU preconditioner is chosen on the

subspaces, with damping factor ω = 0.9. The results assuming biquadratic elements

are displayed in Table III.6. We see that the BPWX method quickly saturates, as
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Triangular elements

mk Proposed Method BPWX Method

1 0.3590 0.4028

2 0.1275 0.2723

4 0.0160 0.2456

8 2.5185e-04 0.2404

Table III.6: 2D case: Spectral radius of E5 with variable number of pre- and post-smoothing iterations.

expected. On the other hand, with our method, at every variation of the number

of smoothing steps, there is a corresponding decrease in the spectral radius. Such a

feature makes the proposed method more versatile compared to other strategies that

smooth only on a subspace.

3.4 Poisson problem with discontinuous coefficients

We continue the computational analysis considering Poisson’s equation with dis-

continuous coefficients

−∇ · (α(x)∇u) = f on Ω,

u = 0 on ∂Ω,

where Ω = [−0.5, 0.5]d for d = 2, 3, and the function α(x) is assumed to be piecewise

constant and discontinuous. We compare the performances of the proposed method,

the BPWX and the JK method used as solvers for the above boundary value problem.

We investigate the number of multigrid iterations n10 necessary to reduce the L2-norm

of the residual r by a factor of 1010, and the average logarithmic convergence rate r.

According to [40] and [60]:

r =
1

n
log10

|r0|
|rn|

,

where |rn| is the Euclidean norm of the residual at the n-th multigrid iteration.

Mixed grids with Lagrangian elements are considered for both 2-dimensional and 3-
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dimensional simulations. The 2-dimensional grid is visible in Figure 3.6. The mesh is

(I) uniform refinement

(J = 0)

(II) 2 local refinements

(J = 2)

(III) 3 local refinements

(J = 3)

Figure 3.6: Refinement of a unit square with quadrilateral and triangular elements.

composed of quadrilateral and triangular elements. It is clear from the picture, that

the local refinement strategy consists of refining the first and the third quadrant while

the second and the fourth remain unrefined. The mesh is not 1-irregular and multiple

hanging nodes are present on the edges. The refinement procedure is justified by the

assumption that the function α has sharp variations on the first and third quadrant

and therefore a finer mesh is needed in such subdomains of Ω. Let T1 be the set of

all elements of the triangulation TJ on VJ that lie either on the first or on the third

quadrant. Similarly, let T2 be the set of all elements of the triangulation TJ on VJ

that lie either on the second or on the fourth quadrant. Then, the values of α are

defined element-wise as follows: if E ∈ T1, then α(x)|E will assume a random value

among the elements of the set {5, 6, . . . , 14, 15}. If E ∈ T2, then α(x)|E will assume

a random value among the elements of the set {0.5, 0.6, . . . , 1.4, 1.5}. The value of

α(x)|E is uniquely determined by E , and in the first and third quadrant α can have

a maximum variation of 10 while in the second and fourth the maximum variation

amounts to 1. Therefore, with this definition, sharp variations of α occur in the first

and third quadrant. The results for the 2-dimensional case are reported in Table
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III.7. An ILU preconditioner for the Richardson solver with damping factor ω = 1

has been employed on the subspaces.

2D Mixed elements

Linear Biquadratic

Proposed BPWX JK Proposed BPWX JK

J n10 r̄ n10 r̄ n10 r̄ n10 r̄ n10 r̄ n10 r̄

1 8 1.2699 17 0.6187 17 0.6187 25 0.4127 28 0.3605 28 0.3605

2 8 1.2814 18 0.5668 18 0.5678 25 0.4064 29 0.3515 28 0.3599

3 9 1.1524 20 0.5099 20 0.5104 29 0.3526 33 0.3038 33 0.3039

4 11 0.9561 21 0.4814 21 0.4817 29 0.3540 35 0.2912 33 0.3096

5 11 0.9692 21 0.4809 21 0.4799 30 0.3378 37 0.2761 33 0.3096

6 11 0.9749 21 0.4852 21 0.4837 30 0.3367 37 0.2749 35 0.2872

7 11 0.9675 21 0.4827 21 0.4813 31 0.3267 37 0.2755 35 0.2897

8 11 0.9713 21 0.4797 21 0.4784 31 0.3290 37 0.2747 35 0.2888

Table III.7: 2D case: comparison of solution methods for Poisson’s equation with discontinuous coef-

ficients.

We see from the table that in the case of linear elements, our method greatly

outperforms the BPWX and the JK methods. For instance, the n10 factor is half of

what is obtained with the BPWX and the JK. Such a feature represents a great ad-

vantage of the proposed method over the other two strategies. This superior behavior

could be attributed to the frequent coarse grid corrections, which are not present in

the other two methods. Even for biquadratic elements, the proposed method has a

smaller n10 and therefore shows better convergence properties.

We continue this section with a 3-dimensional example. The domain is a unit cube

meshed with a grid composed of wedges, hexahedra and tetrahedra. The tetrahedral

elements are located on the first octant, while wedges are in the second, third and
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3D Mixed elements

Linear Triquadratic

Proposed BPWX JK Proposed BPWX JK

J n10 r̄ n10 r̄ n10 r̄ n10 r̄ n10 r̄ n10 r̄

1 14 0.7181 17 0.5939 17 0.5939 17 0.5959 20 0.5201 20 0.5201

2 25 0.4037 55 0.1844 55 0.1843 36 0.2830 49 0.2056 47 0.2147

3 31 0.3253 66 0.1528 64 0.1573 35 0.2912 43 0.2355 48 0.2091

4 32 0.3143 78 0.1292 79 0.1268 36 0.2816 47 0.2135 48 0.2101

5 28 0.3661 102 0.0981 93 0.1077 23 0.4388 55 0.1823 49 0.2057

6 21 0.4883 122 0.0821 92 0.1091 22 0.4618 52 0.1930 33 0.3037

7 17 0.6065 138 0.0727 104 0.0963 22 0.4559 51 0.1976 27 0.3729

8 15 0.6981 156 0.0643 120 0.0833 21 0.4765 48 0.2099 28 0.3616

Table III.8: 3D case: comparison of solution methods for Poisson’s equation with discontinuous coef-

ficients.

fifth octant. The other four octants are meshed with hexahedra, as it can be seen in

Figure 3.7. The refinement strategy at level k consists of refining all elements whose

barycenter lies in the interior of a cylinder with symmetry axis on the z-axis and

radius 0.25/k. Let xE and yE be the x-coordinate and y-coordinate of the barycenter

of an element E of the triangulation TJ on Ω and define rE = x2
E + y2

E . Then, for all

E ∈ TJ , the values of α are defined element-wise as follows:

α(x)|E = (1/rE)αE ,

where αE ∈ {1, 1.01, 1.02, . . . , 1.99, 2} is chosen randomly, and it is uniquely deter-

mined by E . The results for this case are visible in Table III.8. Our method drastically

outperforms the BPWX and the JK for linear elements. For the BPWX and the JK,

the factor n10 grows rapidly as the multigrid level J is increased, to the point that,

for J = 8, n10 = 156 for the BPWX and n10 = 120 for the JK. On the contrary,
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Figure 3.7: Mesh considered for the 3-dimensional tests, with 8 local refinements. Black corresponds

to wedge elements, dark gray to tetrahedra and gray to hexahedra.

with our method, n10 starts decreasing at the fifth local refinement. At level J = 4,

it reaches its maximum, namely n10 = 32. At the finest level J = 8, our method

produces a factor n10 = 15 , while for the other two approaches n10 > 100. To be

precise, for J = 8, the proposed method reduces the value n10 eight times faster than

the other methods. Hence, for linear elements, the proposed method has much better

performances than local smoothing strategies. For triquadratic elements, the pro-

posed method maintains better convergence, although the difference with the other

methods is reduced with respect to the linear case. All methods improve after 5

local refinements, with our method still being the best in terms of convergence. We

conclude with an analysis of the computational time required by the three methods

considered in this section for both the two-dimensional case and three-dimensional

case. The results are reported in Table III.9 and Table III.10, respectively. The times

are measured as the number of seconds required by the methods to perform n10 iter-

ations. In this way, the accuracy to be achieved by the solvers is fixed and therefore

the computational times are comparable. For all the numerical results presented so

far, for a fixed smoothing iteration, only one iteration has been considered for the

solvers on the subspaces. However, in this case, for a fixed smoothing iteration, ten

iterations are carried out on the subspaces for all methods considered. This choice
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2D Mixed elements

Linear Biquadratic

Proposed BPWX JK Proposed BPWX JK

J n10 time n10 time n10 time n10 time n10 time n10 time

1 7 0.0160 11 0.0095 11 0.0086 6 0.0540 12 0.0410 12 0.0511

2 5 0.0193 14 0.0244 14 0.0265 5 0.0849 12 0.0896 12 0.1014

3 5 0.0408 16 0.0447 16 0.0468 4 0.1630 13 0.2561 13 0.2465

4 5 0.0766 17 0.1175 17 0.1572 4 0.4402 12 0.6527 12 0.8508

5 4 0.1823 17 0.4214 17 0.5804 4 1.4627 11 2.5567 12 3.6125

6 4 0.6712 16 1.7159 16 2.3638 4 5.7832 12 11.549 12 15.422

7 4 2.8000 16 7.5988 16 10.155 4 23.874 11 45.085 12 66.520

8 4 11.883 16 31.902 16 43.132 4 104.14 12 202.13 12 275.04

Table III.9: 2D case: comparison of computational times (in seconds) for Poisson’s equation with

discontinuous coefficients.

is motivated by the fact that the computational time of one subsolver iteration is

comparable to the time required by the projections on the subspaces. Therefore, in

order to make the projection time negligible in the total computation time, we in-

crease the number of iterations of the subspace solvers. The results reported in the

tables show that the proposed method strongly outperforms the others in terms of

computational time, especially for higher degrees of refinement. We also remark that

the lower values of n10, compared to those observed in Table III.7 and Table III.8,

are justified by the fact that now more iterations are carried out on the subspaces.

Therefore, one smoothing iteration is overall more effective. As a consequence, less

iterations are required for the multigrid algorithm to reach the prescribed tolerance.
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3D Mixed elements

Linear Triquadratic

Proposed BPWX JK Proposed BPWX JK

J n10 time n10 time n10 time n10 time n10 time n10 time

1 2 0.0039 3 0.0023 3 0.0020 5 0.0212 8 0.0251 8 0.0282

2 18 0.0326 37 0.0316 37 0.0269 14 0.1952 28 0.2492 28 0.3079

3 19 0.0701 42 0.0688 42 0.0823 14 0.5417 26 0.5955 26 0.9540

4 19 0.1191 57 0.1616 57 0.2772 13 1.2850 27 1.4746 27 2.6798

5 18 0.2781 76 0.6396 75 1.1124 10 3.1434 32 6.2218 30 10.202

6 15 0.7934 78 2.7345 75 4.0769 7 9.0420 28 24.622 24 32.421

7 12 3.1106 93 16.958 86 21.917 7 46.857 26 124.49 20 131.21

8 10 14.159 109 113.68 98 131.43 6 229.68 27 735.94 20 699.80

Table III.10: 3D case: comparison of computational times (in seconds) for Poisson’s equation with

discontinuous coefficients.
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CONCLUSIONS

Multigrid strategies for finite element applications with arbitrary-level hanging

node configurations have been presented.

In Chapter I, we defined continuous basis functions for the construction of finite

element spaces built on irregular triangulations arising from a local midpoint refine-

ment procedure. Unlike most existing works in the literature, we did not require the

finite element grids used for the definition of such functions to be 1-irregular. Instead,

arbitrary-level hanging node configurations were allowed, where the maximum differ-

ence between the refinement level of two adjacent elements was not constrained to

one. The introduction of continuous basis functions solves the problem of obtaining

continuous finite element solutions defined on grids with hanging nodes. Our con-

struction can be applied to any finite element geometry, and it works with any set

of shape functions satisfying the delta property. We provided numerical simulations

of multigrid algorithms defined on the finite element spaces spanned by the modified

basis functions, whose continuity was proved mathematically. The results obtained

are comparable to existing ones, that only apply to 1-irregular grids. Therefore, the

proposed method is applicable to a broader range of refinement configurations. In

addition, the use of modified basis functions enables the smoothing procedure to be

carried out on the entire multigrid space rather than just on a subspace, as it is

usually done for local refinement applications with hanging nodes. Global smooth-

ing provides an arbitrary improvement in the convergence rate when the number of

smoothing iterations is increased. Such a feature is not present when smoothing is

carried out only on a subspace. Future work will consist of extending the proposed

method to the hp-refinement framework, and to the case of Hermite, H(div) and

H(curl) finite elements.

In Chapter II, we presented a theoretical convergence analysis of a multigrid algo-

rithm with smoothers of SSC type for symmetric elliptic PDEs, under no regularity
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assumptions on the solution of the PDE. The dependence of the multigrid error bound

on the number of smoothing steps represents a novel result for the case of no regu-

larity assumptions. This new convergence analysis can be applied to any smoothing

procedure of symmetric SSC type. Such a framework was employed to address uni-

form and local refinement applications with arbitrary-level hanging nodes. For the

local refinement applications, we chose subspace decompositions that rely on a mul-

tilevel approach and on a domain decomposition strategy. The former represents an

alternative to the method proposed in Chapter I to enforce continuity of the finite

element solution, while the latter uses the modified basis function from Chapter I to

perform the smoothing procedure. In both cases, global smoothing at each multi-

grid level was performed on grids with arbitrary-level hanging nodes. In the first

case, global smoothing was allowed by an appropriate choice of subspaces, while in

the second case its feasibility was guaranteed by the modified basis functions, as it

was done in Chapter I. Numerical results have shown that both the algorithms de-

scribed in Chapter II, that use a global smoothing approach, outperform existing

local smoothing strategies.

In Chapter III we carried out a detailed computational analysis of the multigrid

algorithm with SSC smoothers and subspaces chosen according to a multilevel ap-

proach. We focused on a broader variety of preconditioners for the subspace solver

than what was considered theoretically and numerically in Chapter II. The theoret-

ical analysis in Chapter II required a smoothing process of symmetric type. In this

chapter, we considered both symmetric and non-symmetric smoothing procedures.

Non-symmetric smoothing procedures are often preferred in practice since they re-

quire fewer operations. Our numerical analysis further confirms the advantage of

global smoothing over local smoothing, especially for situations where there is a lack

of regularity of the solution of the underlying PDE. In particular, for linear elements,

the advantage of the proposed method over existing methods is dramatic.
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