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Abstract

A new numerical technique that was developed for wave propagation problems has

been implemented in current work for the simulation of elastodynamic fracture prob-

lems. Modeling of stresses near the crack tip and the calculation of dynamic stress

intensity factors (DSIFs) have been done with the new technique. This technique

includes the use of linear finite elements with reduced dispersion (RD) as well as the

two stage time-integration method that quantifies and filters spurious high frequency

oscillations. Several benchmark stationary and moving dynamic crack problems un-

der impact loading have been solved. For the stationary cracks, it was found that the

accuracy of stress calculations near the crack tip and the calculations of DSIFs can be

significantly improved by using the linear elements with reduced dispersion. It was

also interesting to note that the linear elements with reduced numerical dispersion

yield much better results than the popular extended finite element method (XFEM)

that uses special crack tip enrichment functions for the treatment of singularity in the

vicinity of the crack tip. The implementation of RD is also much simpler than the

implementation of XFEM. It is also interesting to mention that there is no necessity of

the filtering stage for elastodynamic stationary crack problems under impact loading

when using the finite elements with reduced dispersion (the spurious oscillations in

DSIFs are very small and they decrease with mesh refinement). One benchmark im-

pact problem with a propagating crack has been solved using XFEM. The numerical

solution of this problem by XFEM includes spurious oscillations in the DSIFs. The

simulation of moving cracks in XFEM framework depends on a variety of different

factors such as the form of the enrichment functions used, the location of points with

the enrichment functions for moving cracks, the quadrature rule in XFEM, etc. In
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the future research, we will study the combination of XFEM and the linear elements

with reduced dispersion in order to improve the accuracy of the numerical results for

propagating cracks.
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Chapter 1

Introduction

The finite element method (FEM)is a strong and versatile mathematical tool to solve

different classes of engineering problems, for example structural mechanics, solids,

heat transfer and fluid problems. Usually problems that are difficult or impossible

to solve with the classical analytical approach can be treated with the finite element

methods. Stress analysis, temperature distribution, velocity profile prediction and

other types of physical problems might be of interest in FEM. In the finite element

method, a real world physical problem is first represented by a mathematical model

(usually a set of partial differential equations). Generally some assumptions are made

to idealize the physical problem. Then using the finite element method, a set of alge-

bric equations are generated and solved for the unknown field variables, for example

displacement or temperature. Among other factors, the accuracy of a finite element

model typically depends on the number of finite elements used to discretize the physi-

cal domain. The more elements we use to capture the behavior of the physical domain,

the better is the accuracy of the finite element solutions. The solutions obtained from

the finite element analysis are not the exact solution rather an approximation to the

exact solution. However in most engineering problems this approximate solution is

good enough and can be considered acceptable for analysis and design.

The finite element method actually evolved to solve structural mechanics problems

that were difficult or impossible to solve using the analytical approach. There is a

wide range of engineering problems with complicated geometry for which closed form

analytical solution is not available. By using the finite element method, these prob-
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lems can be solved approximately. Although the mathematical foundation of finite

element method can be traced back to the work of Courant in 1943 [67],the actual use

of the finite element method to solve practical engineering problems began with the

emergence of digital computers in around 1950s [74, 75]. Since in FEM large set of

algebric equations are solved simultaneously, with the advent of digital computers the

applications of the finite element methods started to grow significantly. People started

to solve problems of practical interest like design of aircrafts, automobiles, buildings,

engines, motors etc. Finite element codes started to emerge including ANSYS, ASKA

and NASTRAN [74]. With additional features (for example graphical user interface)

added to these finite element codes (or commercial software), widespread adoption of

FEM in industry or academia to solve complicated problems started to began.

As mentioned earlier, we can think of a wide variety of engineering problems

for which closed form analytical solutions might not be possible. For example, lets

consider a plate of arbitrary shape that has multiple arbitrary holes on it. Although

we might be able to write down the governing differential equations with boundary

conditions, it is almost impossible to find out an analytical solution, specially when

the geometry is irregular or of arbitrary shape. As a matter of fact, the stress field

near a curved boundary (for example near a hole) is so complicated that there are only

a few analytical solutions for simple geometries and specific boundary conditions are

available. Most real life problems do not have a regular shape or a simple boundary

condition either. Which means that for most of the real life problems we will not

have a closed form solution. That’s exactly when FEM comes into play. It is a

strong mathematical tool that can solve problems with arbitrary shapes which are

practically impossible to solve otherwise. Let us consider an example here. The

2
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figure below shows a plate of arbitrary shape under a distributed pressure p. The

left boundary of the plate is constrained (displacements = 0). We would like to find

out the stress and displacements for this specific problem. For a problem like this

(arbitrary geometry) analytical solutions are not typically available and FEM plays

a vital role.

Figure 1: A 2D plane structure of arbitrary shape with a hole on it(a) A possible
finite element model of the structure (b) [74]

Figure 1(b) shows the finite element model of the problem mentioned above. The

model consists of quadrilateral and triangular finite elements. The elements are con-

nected with each other at the nodes (shown as dots). The distributed pressure is also

converted to concentrated loads at the nodes. Since this is a two dimensional model,

each node can displace either in the x or in the y direction. Which means each node

in this model will have 2 degrees of freedom (displacement u in the x direction or

displacement v in the y direction). If there are a total of n nodes in the model, then

we will have 2n degrees of freedom. In the real physical model (as in Fig. 1(a)), there

are infinite number of nodes. But in the equivalent finite element model (as in Fig.

1(b)), we will have a finite number of nodes. In FEM, we solve a system of 2n algebric

equations simultaneously with a total number of 2n unknowns. These unknowns are

the field variables, for example displacement in this case. Once the displacements

3
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at the nodes are known, we can approximate the displacement field for the whole

structure (i.e. within each element) by using some interpolation functions. These

functions are known as the shape functions in FEM. Once the displacement field is

known, the strains and stresses for the structure can be calculated. The following

flowchart [8] in Fig. 2 shows the overall process in finite element analysis:

Figure 2: Flowchart showing the step by step process of solving a problem using the
finite element analysis [8]

As can be seen, the first step in a finite element analysis is to accurately define the

physical problem by a mathematical model. This mathematical model is developed

from the insight of the real physical problem. The better is the mathematical model,
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the more accurate will be the finite element solution to the actual physical problem.

Once the mathematical model is created, finite element analysis can be used to solve

the problem and predict the solution. If the accuracy of the solution doesn’t meet

the predefined error limit, we can modify different parameters (for example refine

the mesh or use a better element) of our model until we meet the accuracy criteria.

We can also change the mathematical model itself based on the interpretation of our

finite element results. The selection of effective and reliable mathematical model is

crucial in order to obtain an acceptable solution from the finite element analysis. If

the mathematical model can not represent the physical phenomena properly, then the

finite element solutions are of no use even if done properly.

In finite element analysis (of a model), we generally follow some step by step

procedures. First, we discretize the domain into a finite number of elements. These

elements are connected to each other at the nodal points (as in Fig. 1b). Then we

select appropriate interpolation functions to approximate the field variables within the

elements. After that we construct element stiffness and mass matrices that represent

properties of individual elements. These elemental matrices are then assembled to

form a global system of equations that can be solved for the unknown variables.

Using the interpolation functions and appropriate formulations then all the desired

variables (like strains, stresses etc) can be calculated. This is only a brief outline of

how the method works. In reality, specific problems might need specific modifications

to the actual finite element method. For example the the finite element with reduced

dispersion [29, 37], the extended finite element method [62] and many more.

Although the term “finite element method” was first coined by R. W. Clough in

1960 [69], the fundamentals of the method can be traced back earlier. Physicists
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like Lord Rayleigh and Walther Ritz used trial functions in order to get approximate

solutions to differential equations, respectively in 1870 and 1909 [70, 72, 33]. A few

years later, Galerkin used a similar approach for solving differential equations [7, 33].

One of the fundamental differences between these early methods and the modern finite

element method is that the earlier methods used trial functions that must be valid for

the entire domain under consideration. After the work of Courant in 1940 which was

later published in 1943 [67], the actual development of modern finite element method

started. In his work, Courant introduced the concept of a piececwise continuous

functions within the subdomains of a discretized structure. This idea of piecewise

continuous functions to approximate the solution of a differential equation essentially

paved the way to modern FEM.

One of the important aspects of FEM is the use of discrete finite elements for the

analysis of the problem. This kind of analysis was done as early as 1930s, for example

the work of McHenry and Hrennikoff [68, 13, 2]. Early in 1940s, when the aerospace

industries started to grow, aircraft engineers were looking for methods to do sophis-

ticated analysis of aircraft structures. The main goal was to find out a mathematical

method or tool that can predict displacements and/or forces in aircraft structures at

high speeds. However at that time digital computers weren’t available and the engi-

neers had to develop a matrix method for their analysis. These methods were useful

for structural analysis during that time. Later, these methods were generalized for

any kind of structural element assembly. Argyris et al. [46] had important contribu-

tion for the generalization approach. All these methods considered discrete elements

or element assembly for their analysis of structural problems which essentially led to

the development of modern FEM.

6
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In the summer of 1952 R. W. Clough worked at the Boeing airplane company

trying to do an analysis of delta wing using the assemblage approach of McHenry and

Hrennikoff [68]. Although the effort was abandoned, it had significant contributions to

the development of FEM. By the year 1953, aircraft engineers had already developed

techniques to write stiffness equations in matrix form and solve those equations with

the help of digital computers [75]. Due to the limited capability of computers during

that time, even a problem with 100 degrees of freedom was considered a large problem.

In the year 1953, Turner proposed the use of triangular plane stress elements for the

modeling of a delta wing at the Boeing airplane company [68]. Aerospace engineers

around different parts of the world used similar techniques for structural analysis

during that time, for example the work of Turner and Argyris [60, 46]. All these events

individually contributed to the widespread adoption of the finite element methods.

As mentioned in [74], most of the early work in FEM were developed at the industry

(for example at Boeing) to solve real structural analysis problems. But unfortunately

a lot of those works went unrecognized because of the company/industry policies

against publications [45].

The finite element method requires a lot of computational resources. This is be-

cause of the large matrices that needs to be stored and solved for (for example large

stiffness matrices or displacement vectors that needs to be solved in FEM). Matrix

inversion is another operation in FEM that requires a high amount of computational

resources. In early days of FEM, computational resources were limited. During 1952s

IBM started to sell it’s commercial version of scientific computers like IBM 701. Al-

though these mainframe computers had limited capabilities compared to modern day

machines, engineers and academics started to explore these computers for solving

7
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problems like those in finite element methods [68]. During the 1960s the first finite

element code NASTRAN was developed [33, 44]. After the development of NAS-

TRAN, scientists and engineers were able to solve finite element problems involving

a large number of degrees of freedom (for example hundreds of thousands of degrees

or freedoms). The advent of digital computers in finite element analysis gave the

scientists and engineers the opportunity to solve large structural problems in a very

short time using FEM codes (for example NASTRAN) which was impossible before.

NASTRAN was the first commercial finite element software package. Since then, a

lot of different other software packages like ANSYS, ABAQUS, LSDYNA, COMSOL

have been used in finite element analysis. Today we have much better computational

resources than we had in 1950s or so. As a result, large finite element simulations can

be performed even in an average desktop or laptop computers used at home. Super-

computers today are able to solve problems involving millions of degrees of freedom,

for example as in molecular dynamics or weather data simulations.

In 1960s and 1970s, the finite element method was extended to solve a wide

variety of different structural problems, for example beam bending, plate bending,

stress analysis for pressure vessels and other general three dimensional problems in

structural mechanics [73, 65, 24, 18, 56]. The method was also used for the analysis

of large deformations and dynamic responses [48, 59]. Along with the structural

analysis, finite element method was also used for the simulations of fluid flow [54] and

heat transfer [19] problems in its early days. As mentioned before, since 1960s finite

element method received widespread adoption for solving engineering problems. The

number of relevant publications since 1960s show how quickly the subject got accepted

among the engineering and scientific communities. In the year 1961, there were only

8
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10 papers in finite element analysis. In 1966 and 1971 the number of papers were

134 and 844 respectively. By 1976 the total number of publications in FEM exceeded

7000 and by 1986 it was more than 20,000 in total [74]. Nowadays engineers and

academics can run a finite element code (which typically contains 100,000 lines or

more) from their personal computers to simulate structural mechanics, heat transfer

or fluid mechanics problems.

Finite element methods can also be applied in computational fracture mechanics.

A lot of the problems in fracture mechanics do not have a closed form analytical

solution and finite element methods can be employed for solution purposes. In a

cracked body for example, it is important to predict the stress fields near the crack

tip. For simple geometries and specific crack shapes, analytical solutions might be

possible. Williams [61] and Westergaard [31] derived such analytical solutions for

stress fields near a crack tip (for example a sharp crack in an elastic body). However

for arbitrary cracks it is almost impossible to derive an analytical expression for the

stress fields near the crack tip. Finite element methods play a vital role in those cases.

Over the time the finite element algorithms improved so well that now it is possible

to get an accurate solutions for crack tip stresses even with a coarse mesh. Some

of the earlier finite element techniques for the calculation of fracture parameters (for

example stress intensity factors) include the point matching method and the energy

method [6]. In the point matching method, displacements and stresses near the crack

tip can be used for the calculations of stress intensity factors. Then by extrapolation

the stress intensity factors at the crack tip can be determined. On the other hand, in

energy method the energy release rate is first calculated and then it is related to the

stress intensity factors at the crack tip.

9
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One of the most efficient finite element approaches for the calculation of stress

intensity factors is the J-integral method which was originally proposed by Rice [47].

The J integral is a path independent closed contour integral that can be related to

the stress intensity factors in a cracked body. Although the J integral is related to

the stress intensity factors in elastic and elastic-plastic materials, it is difficult to

evaluate the original J line integral in the finite element framework [42]. As a result,

several modifications of the original J integral approach have been proposed for the

calculation of this integral. For example, in [22, 64, 25] J integrals were converted

from line integral to area or domain integrals using the divergence theorem which

resulted in the equivalent domain integral (EDI). The conversion from line integral

to an equivalent area integral is attractive because the area integral can be easily

evaluated in the finite element framework. For static crack problems, Ishikawa [43]

developed an approach based on the J integral method to separate different modes of

fracture. Kishimoto [49] extended Rice’s J integral for stationary dynamic cracks. Bui

[10] developed a H integral technique for the calculation of dynamic stress intensity

factors. Another approach for the evaluation of dynamic stress intensity factors is the

M integral method which was proposed by Chen and Shield [11].Paulino also used the

M integral for the calculation of stress intensity factors in dynamic problems. Using

the M integral it is possible to separate the mixed mode stress intensity factors, for

example see Paulinio [79]. An auxiliary kinematically admissible field is used for

the evaluation of this M integral. Paulino also called this integral as the interaction

integral. In this work, we will be using the interaction integral I for the evaluation

of dynamic stress intensity factors. The difference between the interaction integral

I of current work and the one of Paulino [79] is that, only the terms responsible for

10



Texas Tech University, Ali Bhuiyan, Aug 2018

dynamic effects are considered in current work. Where in the M integral by Paulino,

additional terms for the material properties are also considered.

Although the conventional finite element methods are efficient for the simulation

of stationary cracks, they face difficulties with propagating crack problems. This is

because the finite element mesh needs to be updated at each propagation step in order

to conform with the crack geometry. In other words, generally a remeshing is needed

when solving a crack propagation problem using the conventional finite element tech-

niques. Several modifications of the conventional approach have been proposed for

a propagating crack problem. One of the most elegant of these techniques is the

extended finite element method (XFEM). XFEM is based on the partition of unity

method [55] where special enrichment functions are introduced into the approximation

space. The idea of XFEM was first introduced by the work of Belytschko and Black

[9]. In their work they proposed a method to enrich finite element approximations so

that crack growths can be modeled with minimal remeshing. Dolbow et al. [15, 16]

and Moes et al. [62] improved the method by introducing asymptotic enrichment

functions along with the discontinuous Heaviside functions. In their work, Moes et

al. eliminated the remeshing completely [62]. Sukumar et al. extended the concept

of XFEM into three dimensional static crack growth modeling [81]. Stolarska [80]

combined the level set method with xfem which proved to be a strong algorithm for

tracking moving discontinuities like cracks. Gravouil [28] extended the XFEM and

level set method to arbitrary 3D crack growth problems. Later on , XFEM was also

used in areas like composite materials [3], ductile cracks[66], fatigue cracks [78] and

many more. Several commercial software packages like ABAQUS, ANSYS, ALTAIR

and ASTER now support XFEM as a new tool for crack analysis [86]. Although in
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this thesis, we primarily simulated dynamic stationary cracks using the conventional

approach, one benchmark dynamically moving crack problem has also been analyzed

using XFEM.

One of the important factors that affect the accuracy of finite element solutions

of elastodynamics problems (with or without a crack) is the numerical dispersion

error, for example see [12, 14, 23, 29, 30, 50, 53, 63, 76, 77, 83, 88, 89, 32]. The

numerical dispersion error is generally related to the space discretization error in

finite element analysis. Several techniques have been developed in order to reduce

the numerical dispersion error for linear and higher order finite elements in dynamics

problems, e.g. see [4, 5, 12, 14, 23, 29, 30, 32, 36, 41, 37, 50, 53, 63, 76, 77, 84, 85,

83, 88, 32]. The numerical dispersion error has significant effect in elastodynamics

problems even without the presence of a discontinuity. Another important issue in

modeling dynamics problems under impact loading is the appearance of spurious high

frequency oscillations. Different techniques have been used to remove these spurious

high frequency oscillations. Among all the techniques the two stage time integration

method as developed in our previous work [34, 35, 37, 38, 39, 40] found to be effective

in elastodynamics problems.

It should be emphasized that the accurate finite element simulation of stresses

in the vicinity of the crack tip is very important for the prediction of failure in

different structural components. Throughout the history of human era, failure due

to fracture caused several disasters resulting in loss of lives and properties. In 1919,

a molasses tank exploded in Boston causing 12 people to die and injuring many

others [1]. Among with other reasons, a fatigue crack in the tank was found to be

responsible for the incident. During the world war II, 2710 cargo ships were built

12
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in the United States between the years 1941 and 1945 known as the liberty ships.

Some of these early liberty ships suffered severely from hull and deck cracks [26].

Three of the ships broke in half without even a warning (see Fig. 3). The reason

of these failures were found to be the ductile brittle transition of steel that causes

a decrease in fracture toughness of steel at low temperature. Another known tragic

incident that was caused by fracture failure is the comet disaster in 1953-54 [87]. A

fatigue crack growth near the rivet was found to be responsible. These are some of

the tragic events in history that show how severe the failure of a structural component

can be under a stationary or moving crack. As a result, devising new methodologies

for the prediction of fracture has always been considered an important branch in

science and engineering. In this thesis, we were motivated to investigate some of the

issues of current finite element simulations in fracture mechanics and proposed some

modifications of the conventional approach that can improve the existing results.

Figure 3: S.S. Schenechtady, one of the liberty ships that unexpectedly cracked in
half while anchored at the dock [26]

Although for simple geometries and loading conditions closed form solutions might

be possible, in most of the cases finding an analytical solution for the stress field

13
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near a crack tip is practically impossible. This is mainly because of the arbitrary

shape of the geometry and the crack. Different numerical techniques (including the

finite element method)are applied in those cases. However numerical simulations

of dynamics problems (with or without the crack) still remain a challenging task

in many engineering applications. One issue is the numerical dispersion error in

elastodynamics problems as mentioned before. Although different approaches have

been proposed for the treatment of numerical dispersion error, we didn’t find the

study of dispersion reduction techniques in fracture mechanics. For the first time we

studied the effect of dispersion reduction techniques in several benchmark fracture

mechanics problems under dynamic loading conditions. Both mode I and mode II

cracks were studied in our analysis. It was interesting to find out that dispersion

reduction techniques have significant impact on dynamic fracture problems.

Another important issue with the numerical modeling of dynamic problems under

impact loading (even without a crack) is the appearance of spurious high frequency

oscillations. Although many dynamic fracture mechanics problems are considered

under impact loading, we could not find any study for the treatment of these spurious

high frequency oscillations. These oscillations can spoil the numerical result and

produce erroneous solution to the problem. The stress distribution and the behavior

of the crack might be affected by these oscillations. In our previous work [38] we

proposed a two stage filtering technique to remove these oscillations in elastodynamics

problems under impact loading. In this work, for the first time we studied the effect

of this filtering technique in dynamic fracture problems under impact loading.

Simulation of dynamic crack propagation is another important area of fracture me-

chanics. Although different modifications of the conventional finite element methods
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have been employed for the simulation of dynamic crack propagation, the numerical

results reported on literature show that this is still a challenging area in finite ele-

ment analysis. Many authors reported the appearance of oscillations when solving a

dynamic crack propagation problem using FEM (or a modified version of FEM like

XFEM). For example Rethore et al. reported these oscillations [71]. He explained

these oscillations as an interaction between the J domain and the reflected stress

waves. Several other authors also reported these oscillations in dynamic crack prop-

agation [17, 27, 57, 52]. Belytschko in his work [57] mentioned that these oscillations

occur when crack tip crosses an element boundary. Although he tried to use a larger

domain of crack tip enrichment functions (using XFEM) to decrease these oscillations,

there were still significant amount of oscillations (up to 20 %)in dynamic stress inten-

sity factor calculations [57]. In his later work [52], he could reduce these oscillations

by using an XFEM/spectral element method for dynamic crack propagation. How-

ever there were still high oscillations in dynamic crack propagation. In this thesis we

also analyzed if dispersion reduction techniques and the two stage filtering technique

can improve the solution of dynamic crack propagation problems.

In summary, the research goal of this thesis is to investigate the effect of the new

finite elements with reduced dispersion (RD) and the two stage filtering method in

benchmark elastodynamic fracture problems. We considered both the stationary and

moving dynamic crack problems. Three benchmark stationary crack problems were

considered; a pure mode-I semi infinite crack, a mixed mode edge crack in a semi infi-

nite plate and an edge crack in a three point bending beam problem. One benchmark

dynamically moving mode-I crack was also considered in this work. The outline of

the thesis is organized as: In section we introduce the problem formulation/governing
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equations for elasticity and the calculation of fracture parameters (for example the

stress intensity factors KI and KII). In section we discuss the different numerical

techniques applied. In section we discuss the results obtained and finally in section

we summarize our findings and make some recommendations for improvements and

possible future work.
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Chapter 2

Governing equations

2.1 Equations of linear elasticity

In this section we will write down the equations of linear elasticity. Let’s consider a

domain Ω with a crack Γc as shown in Fig. 4. The displacement is defined on Su

and the tractive force is defined on the boundary Sf . In three dimensional elasticity,

there will be a total of 15 equations. These equations along with the boundary and

initial conditions in index form can be written as below:

Strain-displacement relationship: εij =
1

2
(
∂ui
∂xj

+
∂uj
∂xi

) (1)

Stress-strain relationship: σij = 2µεij + λεkkδij (2)

Equations of motion: σij,j + fBi = ρv̇i (3)

Boundary Conditions: σijnj = f sfi on Sf

σijnj = 0 on Γ+
c

σijnj = 0 on Γ−c

ui = uSu
i on Su (4)
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Initial Conditions: ui = uo, vi = vo, at t = 0 (5)

 

 

 

 

 

 

 

SU 

Sf 

X 

Y 

Z 

Element m 

Nodes 

Figure 4: A body in general three dimensional (X, Y, Z) space. A 8 node three
dimensional element m is also shown.

Here σij and εij represent the stress and strain components respectively. ui and

uj are the displacement components along the i and j coordinate directions. µ and

λ are the lame constants given by the equations: µ = E
2(1+ν)

and λ = Eν
(1+ν)(1−2ν)

. E

and ν are the young’s modulus and poisson’s ratio respectively. ρ is the density of the

material under consideration. fBi is the body force. vi is the velocity (i.e. the first

time derivative of the displacement field). The right hand side of Eq. 3 represents

the effect of inertia. In case of a static problem, the right hand side of this equation is

zero. v̇i is the acceleration (which is the first time derivative of the velocity field). A

tractive force (σijnj) is defined on the surface Sf and a displacement ui is defined on

Su. The crack faces are traction free, i.e. σijnj = 0 on the crack faces Γ+
c and Γ−c . The

initial conditions are given, i.e. displacement ui and velocity vi at time t = 0 is given.

In the general three dimensional case, there are 6 strain displacement relationships, 6

stress strain relations and 3 equations of motion possible. Which means there will be
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a total of 15 equations in general three dimensional elasticity. These equations reduce

to a total number of 8 equations for 2D plane elasticity problems (for example plane

stress or plane strain cases). These equations of elasticity can be combined with the

compatibility equation to further reduce the number of equations and unknowns. For

the analytical calculation of stress fields, a function known as the Airy stress function

can be introduced and solved for. On the other hand, if a closed form solution can

not be derived, then the numerical evaluation of the displacement field can be used

for the evaluation of the strain and stress fields in a cracked structure.
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2.2 Calculation of the dynamic stress intensity factors

The generalized J integral for a small arbitrary contour Γ surrounding the crack tip

(see Fig. 5a) is given as [47]:

J = lim
Γ→ 0

∫

Γ

(Wδ1j − σijui,1)njdΓ , (6)

where i, j = 1, 2, Γ is an arbitrarily chosen small contour around the crack tip, Γ

starts at the lower crack face and in a counterclockwise direction ends at the upper

crack face (see Fig. 5a), W = 1
2
σijεij is the strain energy density, nj is the outward

unit normal vector for the area A1 (see Fig. 5a). Let’s select an arbitrary outer

contour Γo as shown in Fig. 5a. Γo starts at the upper crack face and in a clockwise

direction ends at the lower crack face. Γ+ and Γ− are the segments of the upper

and lower crack faces, respectively. They connect the inner contour Γ with the outer

contour Γo (see Fig. 5a). A contour Γc can be constructed so that Γc = Γ+Γ++Γ−+Γo

is a closed contour (see Fig. 5a). Let us introduce a weight function q with q = 1 on

Γ and q = 0 on Γo. Then Eqn. (1) can be rewritten as:

J = lim
Γ→ 0

∮

Γc

[σijui,1 −Wδ1j]mjqdΓ , (7)

where mj is the outward unit normal vector for area A (see Fig. 5a). The crack

faces are parallel to the x1 direction and are assumed to be traction free. Along the

segments of the crack faces (Γ+ and Γ−), m1 = 0 and m2 = 1. For the crack faces to

be traction free σijmj = 0. Hence in Eqn. (7), only the inner contour Γ contributes

to the J integral. Using the divergence theorem (
∮

Γ
ajmjdΓ =

∫
A
aj,jmjdA where aj

correspond to arbitrary functions), we can rewrite Eqn. (2) into an equivalent area
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integral over the area A as follows:

J =

∫

A

(σijui,1−
1

2
σijεijδ1j)q,jdA+

∫

A

(σij,jui,1+σijui,1j−
1

2
σij,1εij−

1

2
σijεij,1)qdA , (8)

Let us introduce two different stress-strain solutions σ
(1)
ij , ε

(1)
ij , u

(1)
i and σ

(2)
ij , ε

(2)
ij ,

u
(2)
i of a cracked body. The superscripts (1) and (2) correspond to the actual and

auxiliary solutions, respectively. The actual solutions correspond to the solution

of the dynamics problem under consideration with the given initial and boundary

conditions. The auxiliary solutions correspond to the known analytical solution in

the vicinity of the crack tip for mode-I and mode-II cracks. These solutions can be

expressed as:

σ
(2)
ij = K

(2)
I f Iij(r, θ) +K

(2)
II f

II
ij (r, θ) (i, j = 1, 2) , (9)

u
(2)
i =

K
(2)
I

µ
gIi (r, θ) +

K
(2)
II

µ
gIIi (r, θ) (i = 1, 2) , (10)

ε
(2)
ij =

1

2
{u(2)

i,j + u
(2)
j,i } (i, j = 1, 2) , (11)

where K
(2)
I and K

(2)
II are the mode I and mode II stress intensity factors for the

auxiliary solutions, µ is the shear modulus, functions fij(r, θ) and gi(r, θ) can be found

in [6]. For the superposition of the actual and auxiliary solutions, J integral in Eqn.

(8) can be rewritten as follows:
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J =

∫

A

{(σ(2)
ij + σ

(1)
ij )(u

(2)
i,1 + u

(1)
i,1 )− 1

2
(σ

(2)
ij + σ

(1)
ij )(ε

(2)
ij + ε

(1)
ij )δ1j}q,jdA

+

∫

A

{(σ(2)
ij,j + σ

(1)
ij,j)(u

(2)
i,1 + u

(1)
i,1 ) + (σ

(2)
ij + σ

(1)
ij )(u

(2)
i,1j + u

(1)
i,1j)}qdA

−1

2

∫

A

{(σ(2)
ij,1 + σ

(1)
ij,1)(ε

(2)
ij + ε

(1)
ij ) + (σ

(2)
ij + σ

(1)
ij )(ε

(2)
ij,1 + ε

(1)
ij,1)}qdA , (12)

Because the actual solution meets the equations of motion (σ
(1)
ij,j = ρüj) and the

auxiliary solution meets the equilibrium equations (σ
(2)
ij,j = 0), then Eqn. (12) can be

represented in the following form:

J (1+2) = J (1) + J (2) + I(1,2) , (13)

I(1,2) =

∫

A

(σ
(1)
ij u

(2)
i,1 + σ

(2)
ij u

(1)
i,1 − σ(2)

ij ε
(1)
ij δ1j)q,jdA+

∫

A

ρ(ü
(1)
i u

(2)
i,1 )qdA , (14)

where J (1) and J (2) are the J integrals for the actual and auxiliary solutions, I(1,2)

is the interaction integral. For the general mixed mode cracks, the J integral can be

expressed in terms of the stress intensity factors KI for mode-I and KII for mode-II

as follow [47]:

J =
K2
I

E∗
+
K2
II

E∗
,where E∗ =





E, for plane stress condition

E
1−ν2 , for plane strain condition

(15)

For the superposition of the actual and auxiliary solutions, K
(1+2)
I = K

(1)
I + K

(2)
I

and K
(1+2)
II = K

(1)
II +K

(2)
II . Then Eqn. (15) can be written as:
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J (1+2) = J (1) + J (2) +
2

E∗(K
(1)
I K

(2)
I +K

(1)
II K

(2)
II ) , (16)

where J (1) and J (2) correspond to the J integrals for the actual and auxiliary

solutions, respectively. Comparing Eqn. (16) with Eqn. (13), we find that:

I(1,2) =
2(K

(1)
I K

(2)
I +K

(1)
II K

(2)
II )

E∗
, (17)

We will use Eqn. (17) for the calculation of the stress intensity factors K
(1)
I and

K
(1)
II for actual solution. By the selection of the auxiliary solution for the mode-I

crack (K
(2)
I = 1 and K

(2)
II = 0) or mode-II crack (K

(2)
II = 1 and K

(2)
I = 0), we can find

the mode-I and mode-II stress intensity factors for the actual solution as follows:

K
(1)
I =

E∗

2
I(1,2) (K

(2)
I = 1, K

(2)
II = 0) , (18)

K
(1)
II =

E∗

2
I(1,2) (K

(2)
II = 1, K

(2)
I = 0) , (19)

I(1,2) is given by Eqn. (14) with solutions σ
(1)
ij , ε

(1)
ij and u

(1)
i,1 obtained from numer-

ical calculations.
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Figure 5: A schematic diagram for the calculation of the J integral in the vicinity of
the carck tip (a) A finite element mesh in the vicinity of the crack tip (b). x1 and x2

are the local coordinates with x1 axis parallel to the crack face
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Chapter 3

Numerical technique

3.1 Formulation of the Finite Element Equations

In this section we will derive the finite element equilibrium equations in the general

three dimensional case. Our analysis will assume a linear analysis conditions and

infinitesimal displacements. Let us consider the body which is fixed in the X, Y, Z

coordinate system as shown in fig. 4. The body has a known displacement at the

surface Su and a tractive force f sf on the area Sf as shown in the figure. Lets also

consider a body force fB and a concentrated load RC acting on the body (these forces

are not shown in the figure). These forces in the general three dimensional case will

have components in the X, Y andZ directions as given in Eq. 20.

fB =




fBX

fBY

fBZ




; f sf =




f sfX

f sfY

f sfZ




;RC =




RCX

RCY

RCZ




; (20)

In order to find out the response of the body under the given loading and dis-

placement conditions, we could establish the governing differential equations of the

system and try to solve by using the boundary conditions (as in section 2.1). How-

ever, as mentioned earlier closed form analytical solutions might not be possible most

of the time. For arbitrary geometries we need to derive the finite element equations

in order to calculate the response of the body. The displacements in the body from

the unloaded configurations can be given as:
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U(X, Y, Z) =




U

V

W




; (21)

Where U, V andW are the displacement components in the X, Y andZ directions

respectively. The strain componenets corresponding to the displacements U(X, Y, Z)

can be given as:

εT =

[
εxx εyy εzz εxy εyz εzx

]
; (22)

Where εxx =
∂U

∂X
; εyy =

∂V

∂Y
; εzz =

∂W

∂Z
;

and εxy =
∂U

∂Y
+

∂V

∂X
; εyz =

∂V

∂Z
+
∂W

∂Y
; εzx =

∂W

∂X
+
∂U

∂Z
; (23)

The stresses in the body can be calculated using the stress strain relationships. If

there is a given initial stress τ ′ in the body, then the stress can be calculated by:

τ = Cε + τ ′ (24)

The equilibrium equations for the displacement based finite element analysis can

be derived from the principal of virual displacements [8]. This principal is also known

as the principal of virtual work. It states that for any virtual displacements imposed

on the body in fig. 4 in it’s equilibrium, the total internal virtual work is equal to

the total external virtual work. Mathematically this statement can be expressed as:
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∫

v

ε̄T τdV

︸ ︷︷ ︸
Internal virtual work

=

∫

v

ŪTfBdV +

∫

Sf

Ū sf Tf sfdS +
∑

i

Ū iTRi
C

︸ ︷︷ ︸
External virtual work

(25)

In this equation, the quantities represented by a overhead bar are the virtual

quantities, for example the virtual displacement Ū and the corresponding virtual

strain ε̄. Virtual displacements or strains are not the actual quantities, they are only

used to establish the integral Eq. 25 by the analyst. Eq. 25 must hold true for

any arbitrary virtual displacements Ū . If we assume an actual displacement field

U as the solution that is continuous and satisfies the given displacement boundary

conditions, then for any arbitrary virtual displacements Ū that is also continuous

and satisfies the displacements boundary conditions, Eq. 25 must be satisfied. If the

principal of virtual work (Eq. 25) is not satisfied for our assumed displacement field

U and for any arbitrary displacement field Ū , then our assumed solution is incorrect

and we need to assume a different displacement field as the solution to our problem

under consideration. It is important to mention that if we can accurately assume the

displacement field U and the corresponding stress field τ for the body shown in fig.

4, then the principal of virtual displacement will automatically be satisfied for any

arbitrary virtual displacement fields Ū .

We will now derive the finite element equations. It should be noted that the

principal of virtual displacements hold true even if we remove all the displacement

supports and use equivalent reaction forces instead. This will help us establish the

finite element equations easily and then we can impose the displacement boundary

conditions as necessary. Lets start by looking at the body in fig. 4. In finite element
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analysis, the body/ geometry under consideration is discretized into a finite number

of elements. Those elements are connected to each other at nodal points as shown

in the figure 4. Within each element, the local displacements (measured in the local

x, y, z coordinates) are expressed as a function of N nodal displacements of the body.

These displacements are expressed in the global nodal displacement vector Û . For an

element m, we can express the local displacement field by the following equation:

um(x, y, z) = Nm(x, y, z)Û (26)

Here, Nm is known as the displacement interpolation matrix or the finite element

shape matrix. Û is the vector of global displacements. The finite element shape

matrix Nm depends on the element shape and the number of nodes used within the

element for displacement approximation. From the displacement approximation in

Eq. 26, we can calculate the element strain εm and element stress τm as below:

εm(x, y, z) = Bm(x, y, z)Û (27)

τm = Cmεm + τ Im (28)

Here, Bm is known as the strain displacement matrix in finite element analysis.

This matrix can be obtained by appropriately differentiating and combining the rows

of the shape matrix Nm. Cm is known as the elastic coefficient matrix and τ Im

represents the initial stress in the element m (if any). Now, rewriting the principal

of virtual displacements (Eq. 25) as the sum of integrals over all the finite elements,
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we get the following equation:

∑

m

∫

vm

ε̄mT τmdV m =
∑

m

∫

vm

ŪmTfBmdV m

+
∑

m

∫

Sm
1 ,....Sm

q

Ū sm)Tf smdSm +
∑

i

Ū iTRi
C (29)

Where, m = 1, 2, ...., k; k is the total number of finite elements in the body. In

our analysis, we will use the following approximations for the virtual displacements

and strains. These approximations are similar to Eqs. 26 and 27.

ūm(x, y, z) = Nm(x, y, z)
¯̂
U (30)

ε̄m(x, y, z) = Bm(x, y, z)
¯̂
U (31)

Now by substituting these approximations into Eq. 29 and after some mathemat-

ical rearrangements, we get the following equation:

¯̂
UT [

∑

m

∫

vm

BmTCmBmdV m]Û =
¯̂
UT [{

∑

m

∫

vm

NmTfBmdV m}

+ {
∑

m

∫

Sm
1 ,....,Sm

q

NS(m)TfSmdSm}

−{
∑

m

∫

vm

BmT τ ImdV m}+RC ] (32)
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In order to calculate the response Û of the system from the equation above, we

apply the principal of virtual displacements n times with unit virtual displacement

every time. This will give us the following system of algebraic equations:

KU = R (33)

Where, K is known as the system stiffness matrix which is calculated from the

assemblage of element stiffness matrices Km. U is the global displacements of the

system, (U = Û). R is the load vector and it has several contributions, for example

R = RB + RS − RI + RC . RB is body force vector, RS is the surface force vector,

RI is the load vector corresponding to the initial stress in the body and RC is the

concentrated load vector. The mathematical expressions for the stiffness matrix K

and all the load vectors are given in Eqs.34-37:

K =
∑

m

∫

vm

BmTCmBmdV m

︸ ︷︷ ︸
Km

(34)

RB =
∑

m

∫

vm

NmTfBmdV m

︸ ︷︷ ︸
Rm

B

(35)

RS =
∑

m

∫

Sm
1 ,....,Sm

q

N smTf smdSm

︸ ︷︷ ︸
Rm

S

(36)
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RI =
∑

m

∫

vm

BmT τ ImdV m

︸ ︷︷ ︸
Rm

I

(37)

In above equations, superscript m represents elemental contributions. By sum-

ming the contributions over all the elements in the system, we can calculate the total

system matrices (or vectors). It should be noted that the Eq. 33 is the finite element

equilibrium equations only for a static system. For a dynamic problem, the effects of

inertia must be included. By using the d’Alembert’s principle, we can include include

the inertia effect in the body force RB as in the eqution below:

RB =
∑

m

∫

vm

NmT [fBm − ρmNmÜ ]dV m (38)

Where Ü is the nodal acceleration vector and ρm is the material density. By using

the above expression for body force, the finite element equilibrium equation in the

dynamic case become:

MÜ + KU = R (39)

This is the equation we used in our fracture analysis. It should be noted that

we neglected the damping effect in the formulation. With the damping matrix being

considered, the final system of equations in finite elemment analysis becomes:

MÜ + CU̇ + KU = R (40)
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Where M is the mass matrix and C is the damping matrix of the system. These

two matrices are also calculated from the elemental mass and daming matrices. Math-

ematically these two matrices are expressed by the following equations. In these

equations ρm and κm are the density and damping parameter for the element m

respectively.

M =
∑

m

∫

vm

ρmNmTNmdV m

︸ ︷︷ ︸
Mm

(41)

C =
∑

m

∫

vm

κmNmTNmdV m

︸ ︷︷ ︸
Cm

(42)
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3.2 Finite elements with reduced numerical dispersion

The numerical dispersion error is generally defined by the relative error in wave veloc-

ities; i.e. the error from the approximation of wave velocities. Numerical dispersion

causes unwanted oscillations around the wave front and spoils the numerical results

obtained from the analysis. The dispersion error originates from the discretization in

FEM. In the finite element method, we discretize the actual partial differential equa-

tions in space and time. Both these spatial and temporal discretization causes the

numerical dispersion error [29]. Since the discretization error causes the dispersion

error, one way to minimize the dispersion error is to reduce the discretization error

itself. This can be done by using a finer mesh or a smaller time step size. However,

using a finer mesh or a significantly small time step size can be computationally very

expensive. Other dispersion reduction techniques involve the use of higher order fi-

nite elements, for example [29]. Again, using higher order finite elements can also be

computationally expensive; specially for large scale simulations. As a result, reducing

the dispersion error for lower order finite elements, for example the linear elements is

always desirable.

In order to reduce the discretization error in finite elements, generally two different

approaches are proposed. In the first approach, the mass matrix M of each finite

element is calculated as the weighted average of the consistent mass matrix M cons

and the diagonal or lumped mass matrix D with a weighting factor of γ; for example

see [37, 41]: The following Eq. shows how the mass matrix is calculated to reduce

the numerical dispersion error.

M(γ) = Dγ + M cons(1− γ) (43)
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The numerical dispersion error can be significantly reduced by setting the weight-

ing factor γ = 0.5. This technique of calculating the mass matrix is known as the

averaged mass matrix technique. Another approach to reduce the numerical disper-

sion error is called the “modified integration rule”. The idea is, by simply modifying

the integration points for the evaluation of the mass and stiffness matrices, the nu-

merical dispersion error can be reduced significantly. For example, in the 2D case,

the following two equations (Eq. 44 and 45) are used for the evaluation of the mass

and stiffness matrices in the modified integration rule:

M e(αM) = ρb

1∫

−1

1∫

−1

NT (ζ, η)N(ζ, η)detJdζdη,

≈ ρb
2∑

m=1

2∑

j=1

NT ((−1)mαM , (−1)jαM)N((−1)mαM , (−1)jαM)detJ (44)

Ke(αK) =

1∫

−1

1∫

−1

BT (ζ, η)CB(ζ, η)detJdζdη,

≈
2∑

m=1

2∑

j=1

BT ((−1)mαK , (−1)jαK)CB((−1)mαK , (−1)jαK)detJ (45)

whereC =
E(1− ν)

(1 + ν)(1− 2ν)




1 ν
1−ν 0

ν
1−ν 1 0

0 0 1−2ν
2(1−ν)




in 2D plane starin case

Here, N and B are the finite element shape and B matrices respectively. C is

the elastic coefficient matrix. J is the jacobian matrix. In the 2 dimensional case for
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square elements, detJ = dx2

4
where dx is the length of the finite element. ζ and η are

the isoparametric coordinates. ρ, E and ν are the material density, Young’s modu-

lus and poisson’s ratio respectively. αM and αK represent the modified integration

points for reducing the numerical dispersion error. A 2x2 Gauss quadrature rule is

used for the 2D case. So there will be a total of 4 integration points in each finite

element. In the modified integration rule, selecting αM =
√

2
3

and αK =
√

4(2ν−1)
3(4ν−3)

significantly reduces the dispersion error [41]. Although the averaged mass matrix

technique and the modified integration rule both reduces the dispersion error, the

modified integration rule gives slightly better result. In our analysis, we used the

modified integration rule technique for the evaluation of mass and stiffness matrices.

Using finite elements with reduced dispersion (RD) significantly improves the results

compared to the conventional finite elements. For the first time we used the finite

elements with RD in elastodynamics problems with a crack and could improve the

existing results.
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3.3 Two stage time-integration technique

The application of finite elements in space to linear elastodynamics problems lead us

to a system of ordinary differential equations in time, namely:

MMM ÜUU + CCC U̇UU + KKKUUU = RRR , (46)

In the above equation MMM , CCC and KKK are mass, damping and stiffness matrices

respectively. UUU represents the nodal displacement vector and RRR is the nodal load

vector. Although there are many different numerical techniques available for the

integration of Eq. 46, they produce oscillatory results for wave propagation problems.

We should keep in mind that our goal is not to integrate Eq. 46 accurately, but to

obtain an accurate solution to the original elastodynamics problem (before the space

discretization). Unfortunately , even the most accurate time integration methods

available today, when applied to Eq. 46, yield oscillatory results to the original

system (described by the partial differential equations), see ..... These spurious high

frequency oscillations spoil the numerical results and need to be addressed.

Existing time integration methods (for example, the Newmark method, Hou-bolt

method, etc) address this issue with the introduction of numerical dissipation at all

time increments while integrating Eq. 46. Although this approach can suppress spu-

rious high frequency oscillations, it is not clear how to select the amount of numerical

dissipation. Another problem is that the numerical dissipation also affects the low

mode solution, which is specially true for a large observation time. To resolve these

issues with the existing approaches, a new two stage time integration scheme (orig-

inally proposed by Idesman 2007)has been implemented in current work. This two
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stage time-integration procedure consists of the stage of basic computations and the

stage of filtering. During the basic computations, the most effective time integration

method is selected for the integration of Eq. 46. In other words, a time integration

scheme that yields the most accurate results at the same computational cost is se-

lected for the accurate time integration of Eq. 46. As an example, we know that

the trapezoidal rule is the most accurate time integration method among all implicit

second order methods. Hence the trapezoidal method can be used as the time in-

tegration scheme for basic computations. On the other hand the filtering stage is

necessary to suppress the spurious high frequency oscillations. Filtering is done only

for a small number of time steps and hence error accumulation is negligible at this

stage. During the filtering stage, numerical dissipation is introduced in terms of time

increment ∆t which can effectively suppress the spurious high frequency oscillations.

In order to get a better understanding of the two stage filtering technique, we

can apply the method of modal decomposition to Eq. 46. The modal decomposition

method converts the coupled system of elastodynamics equations 46 into n uncoupled

ordinary differential equations 47 as:

v̇i(t) + 2ξivi(t) + ωi
2ui(t) = fi(t), u̇i(t) − vi(t) = 0, (47)

ui(0) = fi(U(0)), vi(0) = gi(V (0)), i = 1, 2, 3, ...., n (48)

In above equations, ωi and fi are the natural frequency and forcing excitation

respectively. ui(t) is the displacement, vi(t) is the velocity, ξi is the damping ratio, n

is the number of modes (i.e. the degrees of freedom), ui(0) and vi(0) are the initial
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conditions for the i − th displacement. The important idea here is that the same

time integration method will give the same solution for both the coupled system of

equations 46 and n uncoupled equations 47. As a result, the time integration of n

uncoupled equations can be considered instead of the coupled system of equations.

Another important observation is that the solution of i − th mode depends on the

initial conditions ui(0) and vi(0) only and not on the initial conditions of other modes

uj(0) and vj(0), where j 6= i. To summarize, there is no interaction between different

modes of solution and the spurious high frequency modes do not affect other low

frequency modes during the time integration of Eq. 46.

The two stage filtering technique was developed based on these observations. Since

there is no interaction between different modes of solution, the most accurate time

integration method can be used for the accurate integration of Eq. 46. This stage is

called the basic computations. No numerical dissipation is introduced at this stage

and all the modes (including the high frequency modes) are integrated very accu-

rately. The numerical solution may contain spurious high frequency oscillations after

the basic computation stage. To filter out these high frequency oscillations, a time

integration method (for example the TCG method) with a very small number of time

increments is used. Numerical dissipation is introduced at this stage which can be

controlled by the size of the time increments. Since a small number of time increments

are used at this stage, error accumulation is negligible at low modes. This stage is

known as the filtering stage.

As mentioned earlier, a time integration method (for example the implicit TCG

method) can be used during the filtering stage. Here we will briefly describe the

implicit TCG method for filtering spurious high frequency oscillations. This method
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is based on the linear approximations of displacements U(t) and velocities V (t) and

it has the first order of accuracy. Using the linear approximations, we can express

the displacements and velocities as below:

U(t) = U0 + U1(t), V (t) = V0 + V1(t), (49)

Here U0 and V0 are the known initial displacements and velocities. U1 and V1

are the unknown displacements and velocities. Then, from the weak formulation of

elastodynamics equations 46 (CMES 2010), we have the following system of algebric

equations to solve for the unknowns U1 and V1:

(M + a1C + a2
1K)U1 = −a1KU0 +MV0 +R1, (50)

V1 =
1

a1

U1 −
1

a0

V0 (51)

In above equations:

a1 =
m+ 2

m+ 3
∆t, (52)

R1 =
(m+ 2)2

(m+ 3)∆tm+1

∆t∫

0

R(t)tm+1dt, (53)

m is a parameter responsible for the amount of numerical dissipation introduced

in the system. The unknown displacements U1 can be calculated using Eq. 50 and

then the unknown velocities are obtained from Eq. 51. Fig. 1(a) shows the spectral

radii of the amplification matrix for the implicit TCG method (for different values of

m). As can be seen from Fig. 1(a), with the increase in the parameter m, the spectral
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radii decreases which indicates an increase in numerical dissipation. The maximum

amount of numerical dissipation can be obtained using m =∞. However, since there

is no significant difference in spectral radii r for m >= 15, we will be using a value of

m >= 15 for the calculation of R1 in equation 53. From numerical examples, it has

been observed that this first order accurate TCG method can suppress spurious high

frequency oscillations for 10 time steps without affecting the low frequency modes.

The filtering is performed in a way to get numerical solution at the same observation

time before and after the filtering stage. This can be done by choosing 5 positive

and 5 negative time increments, which means there is no actual time integration done

during the filtering stage.Comput Mech (2011) 47:555–572 571

Fig. 12 Spectral radii r for the first-order implicit TCG method with
large numerical dissipation. Curves 1–4 correspond to m = 0, 1, 15,∞,
respectively

where

a1 = m + 2

m + 3
�t, (37)

R1 = (m + 2)2

(m + 3)�tm+1

�t∫
0

R(t)tm+1dt. (38)

The parameter m is responsible for the amount of numeri-
cal dissipation. After the calculation of U1 from Eq. (36),
the values of displacements and velocities at the end of a
time increment �t are calculated using Eqs. (34) and (35)
for t = �t :

U(�t) = U0 + U1�t, V(�t) = V0 + V1�t. (39)

The spectral radii of the amplification matrix for the implicit
TCG method are shown in Fig. 12 for different values of m. It
can been seen from Fig. 12 that the spectral radius decreases
(numerical dissipation increases) with the increase in the
parameter m. The maximum numerical dissipation corre-
sponds to m = ∞. For the case m = ∞, the parameter
a1 = �t , and R1 should be calculated analytically; see
Eqs. (38). However, in order to avoid the analytical calcu-
lation of R1 at m = ∞, a value m ≥ 15 can be used in com-
putations (the difference in numerical dissipation for m = ∞
and m ≥ 15 is not very essential). Numerical examples show
that the first-order accurate implicit TCG method suppresses
spurious high-frequency oscillations for 10 time steps and
retains good accuracy of a numerical solution at low modes.
In order to have a numerical solution before and after the
filtering stage at the same observation time, the first five uni-
form time increments are taken positive, and the last five
uniform time increments are taken negative (the boundary
conditions and external forces are zero during the filtering
stage).

For the selection of minimum necessary amount of numer-
ical dissipation for filtering spurious oscillations, a special
calibration procedure was developed in [16]. The procedure
was based on the analysis of spurious high-frequency oscil-
lations for the 1-D impact problem for which the analytical

solution is known (see [15,16] for details). The following
empirical formula for the selection of time increments for an
implicit time-integration method with large numerical dissi-
pation (the size of a time increment is related to the amount
of numerical dissipation) is suggested in [15,16] for 1-D
elastodynamics problems:

�t = α(N1)
�x
0.1(N )

c
, (40)

where c = co =
√

E
ρ

is the wave velocity; �x is the size of

a finite element; 
0.1(N ) is the value of 
 = w�t at which
the spectral radius has the value 0.1 for the selected number
N of time increments; w is the frequency of vibration for
a system with a single degree of freedom; 
0.1 is used to
scale spectral radii calculated at different numbers of time
increments N ; α(N1) is the empirical coefficient depending
on the time-integration method, the order of finite elements,
and on the number N1 of elements which are passed through
by the wave front (this number can be expressed as N1 = cT

�x ;
see [15,16]). For example, for the first-order implicit TCG
method (m = 15), the following explicit expression is sug-
gested in [16] for the coefficient α(N1):

α

(
cT

�x

)
= a1

(
cT

�x

)a2

. (41)

The coefficients a1 and a2 for linear and quadratic elements
with the consistent mass matrix are calculated in [16]. Using
the calibration procedure described in [16], we found the
following coefficients for linear elements with the averaged
(γ = 0.5) mass matrix: a1 = 0.2942 and a2 = 0.2104 (for
linear elements with the standard consistent mass matrix:
a1 = 0.2986 and a2 = 0.3461; for quadratic elements with the
standard consistent mass matrix: a1 = 0.1948 and a2 = 0.234).

Remark 1 The use of Eqs. (40) and (41) for different el-
astodynamics problems is based on the assumption that for
different problems the range of spurious high-frequency
oscillations depends on the size of finite elements �x and
the observation time T . The numerical dissipation described
by Eqs. (40) and (41) and calibrated for the 1-D impact
problem (see the description of the calibration procedure
in [16]), indirectly determines and filters all spurious high-
frequency oscillations for the given size of a finite element
�x and the given observation time T (uniform meshes in
space are assumed). For the 1-D impact problem, all fre-
quencies of a semi-discrete finite element model are excited.
For other elastodynamics problems, for which just some fre-
quencies of a semi-discrete model are excited, the numer-
ical dissipation described by Eqs. (40) and (41) filters the
same range of high frequencies as that for the 1-D impact
problem. Our experience shows that non-oscillatory numer-
ical results are obtained with Eqs. (40) and (41) for different
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Figure 6: Spectral radii r for the first order implicit TCG method at different values
of m. Curves 1-4 represents m = 0, 1, 15 and ∞ [40]

In order to select the minimum necessary amount of numerical dissipation for

filtering spurious oscillations, a special calibration technique was developed. This

technique was based on the analysis of 1D impact problem for which the analytical

solution is known. From the calibration, the following empirical formula for time

increment ∆t has been proposed for the filtering stage of 1D elastodynamics prob-
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lem. This time increment ∆t indirectly defines the amount of numerical dissipation

introduced during filtering.

∆t = α(N1)
∆xΩ0.1(N)

c
(54)

In Eq. 54, c = c0 =
√

E
ρ

is the wave velocity, ∆x is the size of a finite element,

Ω0.1(N) is the value of Ω = ω∆t at which the spectral radii is 0.1 for a selected

number of time steps N; ω is the frequency of a single degree of freedom system.

α(N1) is a coefficient depending on the time integration method, the order of finite

elements and the number of elements which are passed through by the wave front.

As an example, the first order TCG method with m = 15 will have the following

expression for α(N1):

α(N1) = α(
cT

∆x
) = a1(

cT

∆x
)a2 , (55)

The coefficients a1 and a2 are calculated using the calibration technique described

in []. For example, for the averaged mass matrix and linear finite elements these

coefficients are a1 = 0.2942 and a2 = 0.2104. It should be noted that the application

of Eqs. 54 and 55 is based on the assumptions that for different elastodynamics

problems, the range of spurious high frequency oscillations depend on the size of

finite elements ∆x and the observation time T . The amount of numerical dissipation

given by Eqs. 54 and 55, and calibrated for the 1D impact problem can indirectly

determine and remove all spurious high frequency oscillations for a given observation

time T and element size ∆x. Another important point to made here is Eq. 54 can
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be extended to multidimensional cases (2D or 3D cases) for the selection of time

increments during the filtering stage:

∆t = max
i,j

[α (
ciT

∆xj
)

∆xj
ci

] Ω0.1(N)

= [
∆xmax
c2

]1−a2 a1T
a2Ω0.1(N), (56)

In above equation, c2 = min
i
ci(i = 1, 2) is the minimum among compressional wave

velocity c1 and shear wave velocity c2. ∆xmax = max
j

∆xj is the maximum dimension

of a finite element along the axis xj, where j = 1, 2 for 2D case and j = 1, 2, 3 for a

3D case. Eq. 56 is the extension of equations 54 and 55 for multidimensional case.

But the same coefficients a1 and a2 can be used here as well. It has been shown that

Eq. 56 indirectly defines the amount of numerical dissipation necessary to filter out

all spurious high frequency oscillations in a multidimensional wave propagation or

impact problem.
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3.4 The extended finite element method (XFEM)

3.4.1 What is XFEM

The extended finite element method is used for the analysis of problems with dis-

continuities or singularities within the domain. The method is basically an extension

of the conventional finite element method to deal with the discontinuities caused by

cracks, inclusions, voids etc. Although we can use the conventional FEM approach to

solve a problem with discontinuity, it has several drawbacks, specially for an evolving

discontinuity (for example a propagating crack). This is because in the conventional

finite element method, the mesh must be constructed in a way so that the element

edges conform with the discontinuity. Fig.3(b) shows a conventional FEM mesh to

represent an edge crack. As can be seen, the element edges conform exactly with the

crack face. When modeling this problem in traditional approach, we place a node at

the crack tip and use duplicate nodes along the crack face. This approach is very

time consuming and computationally expensive for solving a moving discontinuity, for

example a propagating crack problem. Because as the crack propagates, remeshing

is necessary at each propagation step in order to make sure the crack face conforms

with the element edges. The extended finite element method (XFEM) solves this

problem by introducing enrichment functions to represent the crack (or any other

discontinuity) within the domain and hence eliminates the need to remesh at each

propagation step. In XFEM, the mesh is completely independent of the discontinu-

ities which makes this is a very strong numerical tool for solving a propagating crack

problem.

XFEM is based on the partition of unity method(PUM). In XFEM, discontinuous

enrichment functions are introduced to represent the discontinuity along the crack
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crack crack

(a) (b)

Figure 15. (a) Mesh for XFEM computations and (b) mesh for classical FEM simulation.

The Kolosov constant � is defined for

plane strain: �=3−4� plane stress: �= 3−
1+ (51)

and � is the shear modulus. The parameters k1 and k2 are called stress intensity factors (SIF) [28],
where the indices 1 and 2 refer to the case of a mode I or mode II crack, respectively.

For the numerical computation, we choose L=2, a=1, and compute each crack mode individ-
ually. This is realized by describing the boundary conditions according to k1=1, k2=0 for a pure
crack mode I computation, and k1=0, k2=1 for the crack mode II case. Plane stress conditions
are assumed. For the XFEM simulations, the nodes around the crack tip within a radius of rtip
are enriched with the branch functions as described in Section 3.2.3. Along the crack, the sign
enrichment is used as discussed in Section 3.2.2. Only structured meshes have been used with neld
elements per dimension. For the convergence study with different XFEM approaches, neld is an
odd number between 9 and 399; consequently, the discontinuity never aligns with the elements,
see Figure 15(a). For computations with the classical FEM, neld is an even number between 10 and
400 so that the crack aligns with the element edges and a node is placed directly at the crack tip,
see Figure 15(b).

4.5.1. Branch enrichment with constant radius. The first results are obtained for a constant radius
rtip=0.2 around the crack tip. Nodes within this radius are enriched as described in Section 3.2.3.
Figure 16 shows the rates of convergence in the energy and L2-norm obtained with the standard,
intrinsic, modified XFEM, and classical FEM for this test case with a strong discontinuity.

By means of the classical FEM only a reduced convergence order of 1 in the L2-norm and 0.5
in the energy norm is achieved although the crack aligns with the element edges and a node is
placed at the crack tip. The reason can be found in the singularity of the stresses and strains at the
crack tip, which inhibits higher convergence rates, see also [3].

All three XFEM alternatives—standard, intrinsic, and modified XFEM—achieve optimal conver-
gence of 2 in the L2-norm and 1 in the energy norm. It is surprising that for the standard XFEM, the
undesired terms that are present in the blending elements of the branch enrichment, see Section 2.2,
do not seem to decrease the convergence as was the case for the previous test case with the
abs-enrichment. Comparing the error levels of the results shows that for the same element size h,
the proposed modified XFEM is better by a factor of 3–5 than the standard XFEM.

The modified XFEM enriches more unknowns than the standard XFEM. Therefore, in
Figure 17(a), the DOF are compared between the standard and modified XFEM for the two crack

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 75:503–532
DOI: 10.1002/nme

Figure 7: Representation of a crack in the extended finite element method (XFEM)
mesh (a) Crack representation in the conventional finite element method (FEM) mesh
[21]

face. Usually functions like Heaviside step functions are used to include crack face

discontinuity in the original finite element approximation. If the crack tip does not

conform exactly with the element edge, then near tip enrichment functions are also

introduced in the approximation space in order to capture the near tip behavior. The

displacement approximation in XFEM is usually expressed by the following equation:

uh =
∑

i∈I
Niui

︸ ︷︷ ︸
Part-1

+
∑

j∈J
NjH(x)aj

︸ ︷︷ ︸
Part-2

+
∑

k∈K
Nk (

4∑

l=1

Fl(x)blk )

︸ ︷︷ ︸
Part-3

(57)

In above equation, the first part represents the conventional finite element approx-

imation. Ni is the standard FEM shape function and ui represents the conventional

degrees of freedom. Nj and Nk are the partition of unity functions and they can

be taken as the standard finite element shape functions Ni; in other words, we can

take Ni = Nj = Nk. The second part includes the Heaviside enrichment H(x) into

the approximation space. This enrichment refers to a jump discontinuity across the

crack face. aj here represents the additional degrees of freedom associated with the
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Heaviside enrichment. Finally the third part of the equation includes the near tip

enrichment functions Fl(x) into the approximation space. These near tip enrichment

functions are generally derived from the asymptotic near tip solutions (for example

William’s near tip solution). blk represents the crack tip enrichment degrees of free-

dom. We should also mention that, I, J and K are the set of nodes for conventional,

Heaviside and crack tip enrichment degrees of freedom respectively. The Heaviside

enrichment function H(x) and the crack tip enrichment functions Fl(x) in XFEM can

be expressed by the following two equations:

H(x) =





+1, Above the crack

−1, Below the crack

(58)

Fl(x) = Fl(r, θ) = {√rsin( θ
2
),
√
rcos( θ

2
),
√
rsin( θ

2
)sin(θ),

√
rcos( θ

2
)sin(θ)}(59)

Here, r and θ are the polar co-ordinates based on the local crack tip co-ordinate

system (see Fig.). It should be noted again that the Heaviside function introduces

discontinuity along the crack (across the crack face), while the crack tip enrichment

functions introduce discontinuity across the crack tip (in the crack tip element). An-

other point to notice is that only the enrichment function
√
rsin θ

2
is discontinuous

across the crack face, where the other three enrichment functions are continuous. Eq.

57 does not satisfy the interpolation property, i.e. the displacement approximation

at a node m, uhm 6= um, because of the enrichment degrees of freedom. This problem

can be solved by shifting the enrichment functions. Shifting is done in a way so that
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the shifted enrichment functions when multiplied with the shape functions vanish at

the node. The following equation shows the XFEM approximation after shifting the

enrichment functions:

uh =
∑

i∈I
Niui +

∑

j∈J
Nj[H(x)−H(xj)]aj +

∑

k∈K
Nk (

4∑

l=1

[Fl(x)− Fl(xk)]blk (60)

The above equation shows that, with the shifting of enrichment functions, uhm =

um at a node m. H(xj) is the Heaviside step function at a node j and Fl(xk) is the

crack tip enrichment functions at node k.

3.4.2 Discrete equations in XFEM

The discrete finite element equations for XFEM can be obtained by substituting the

displacement approximation from Eq. 60 into the principle of virtual displacement.

For the dynamic case, the following discrete system of equations is obtained:




Muu Mua Mub

MT
ua Maa Mab

MT
ub MT

ab MT
bb








ü

ä

b̈





+




Kuu Kua Kub

KT
ua Kaa Kab

KT
ub KT

ab KT
bb








u

a

b





=





Ru

Ra

Rb





(61)

Here, u = {u1, u2, ......, uN}T which represents the standard finite element degrees

of freedom, a = {a1, a2, ...., aN}T and b = {b1, b2, ...., bN}T which are the degrees of

freedom associated with the Heaviside and crack tip enrichments respectively. M and

K are the mass and stiffness matrices. R is the load vector. The different components

of the mass matrix M are calculated by the following equations:
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Muu =

∫

A

ρ(Nu
std)

T (Nu
std)dA, (62)

Mua =

∫

A

ρ(Nu
std)

T (Na
enr)dA, (63)

Mub =

∫

A

ρ(Nu
std)

T (N b
enr)dA, (64)

Maa =

∫

A

ρ(Na
enr)

T (Na
enr)dA, (65)

Mbb =

∫

A

ρ(N b
enr)

T (N b
enr)dA, (66)

Mab =

∫

A

ρ(Na
enr)

T (N b
enr)dA, (67)

Here, ρ is the density, Nu
std is the standard finite element shape matrix, Na

enr is

the shape matrix enriched with Heaviside enrichment function and N b
enr is the shape

matrix enriched with the crack tip enrichment functions. The standard and enriched

shape matrices are given by the following equations:

Nu
std =



N1 0 N2 0 N3 0 N4 0

0 N1 0 N2 0 N3 0 N4


 (68)

Nenr =



Nig(X) 0

0 Nig(X)


 (69)
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g(X) represents the enrichment functions. For nodes with Heaviside enrichment,

g(X) is the shifted Heaviside enrichment function. And for the nodes with the crack

tip enrichment, g(X) is the shifted crack tip enrichment functions. N1, N2, N3 and N4

are the standard bilinear shape functions for a four node isoparametric quadrilateral

element. These functions can be given as:

N1 =
1

4
(1− ζ)(1− η) (70)

N2 =
1

4
(1 + ζ)(1− η) (71)

N3 =
1

4
(1 + ζ)(1 + η) (72)

N4 =
1

4
(1− ζ)(1 + η) (73)

Where ζ and η are the local isoparametric co-ordinates. The figure below shows a

finite element in the cartesian coordinate system (X,Y) as well as in the isoparametric

coordinate system (ζ,η). It should be noted that, although the shape matrix N is

expressed in isoparametric coordinates (ζ, η), for the calculation of B matrix the

derivatives are taken with respect to the global cartesian coordinates (X, Y ).
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X 

Y 
1 

2 

3 

4 

ζ 

η 

(1,1) (-1,1) 

(-1,-1) (1,-1) 

a) b) 

Figure 8: A finite element in the cartesian coordinate system (a) The same finite
element shown in the isoparametric coordinate system (b)

Similar to the mass matrix calculations, the following equations are used for the

calculation of the stiffness matrices:

Kuu =

∫

A

(Bu
std)

TC(Bu
std)dA, (74)

Kua =

∫

A

(Bu
std)

TC(Ba
enr)dA, (75)

Kub =

∫

A

(Bu
std)

TC(Bb
enr)dA, (76)

Kaa =

∫

A

(Ba
enr)

TC(Ba
enr)dA, (77)

Kbb =

∫

A

(Bb
enr)

TC(Bb
enr)dA, (78)

Kab =

∫

A

(Ba
enr)

TC(Bb
enr)dA, (79)
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Here C is known as the elasticity matrix, Bu
std is the standard B matrix. Ba

enr and

Bb
enr correspond to the enriched B matrices. The standard and enriched B matrices

can be mathematically expressed as below:

Bu
std =




N1,X 0 N2,X 0 N3,X 0 N4,X 0

0 N1,Y 0 N2,Y 0 N3,Y 0 N4,Y

N1,Y N1,X N2,Y N2,X N3,Y N3,X N4,Y N4,X




(80)

Benr =




(Nig(X)),X 0

0 (Nig(X)),Y

(Nig(X))Y (Nig(X))X




(81)

Here, the comma represents the derivatives of the functions. In order to evaluate

the derivatives of the shape functions in the cartesian coordinate system (X, Y ), we

can use the following equations:

∂Ni

∂X
=

∂Ni

∂ζ

∂ζ

∂X
+

∂Ni

∂η

∂η

∂X
(82)

∂Ni

∂Y
=

∂Ni

∂ζ

∂ζ

∂Y
+

∂Ni

∂η

∂η

∂Y
(83)

In order to relate the isoparametric (ζ, η) and cartesian coordinate systems (X, Y ),

the following coordinate interpolations can be used:

X =

q∑

i=1

Ni(ζ, η)Xi; Y =

q∑

i=1

Ni(ζ, η)Yi; (84)

Where, q is the total number of nodes within the element, Ni(ζ, η) are the shape
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functions written in the isoparametric coordinate system. Xi and Yi are the nodal

coordinates. In order to evaluate ∂ζ
∂X

, ∂η
∂X

, ∂ζ
∂Y

and ∂η
∂Y

in Eqs. (51) and (52), we

actually need an explicit inverse relationship between (X, Y ) and (ζ, η) coordinates,

for example ζ = f1(X, Y ) and η = f2(X, Y ). However, sometimes this is difficult to

find out an inverse relationship and hence we use the following approach in order to

calculate the required derivatives in Eqns. (51) and (52). This approach is basically

based on the chain rule of differentiation:




∂
∂ζ

∂
∂η




=




∂X
∂ζ

∂Y
∂ζ

∂X
∂η

∂Y
∂η







∂
∂X

∂
∂Y




(85)

Or in the matrix form the above equation can be transformed to the following

equations:

∂

∂ζ
= J

∂

∂X
, which gives:

∂

∂X
= J−1

∂

∂ζ
(86)

Eq. (55) can be used to determine the derivatives in Eq. (51) and (52). Here,

J is known as the Jacobian operator which essentially relates the natural coordinate

derivatives with the cartesian coordinate derivatives as shown in Eq. (54). We also

need to calculate the derivatives in Eq. (50) in order to construct the enriched B ma-

trix. Again we can use the chain rule of differentiation to calculate these derivatives:

(Nig(X)),X =
∂

∂X
(Nig(X)) =

∂Ni

∂X
g(X) +

∂g(X)

∂X
Ni (87)

(Nig(X)),Y =
∂

∂Y
(Nig(X)) =

∂Ni

∂Y
g(X) +

∂g(X)

∂Y
Ni (88)
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Here, Ni represents the shape functions and g(X) represents the enrichment func-

tions. In case of Heaviside enrichments, g(X) = H(x) which is a constant value

(either +1 or -1). On the other hand, for crack tip enrichments, g(X) = f(r, θ) where

r and θ are the polar coordinates based on a coordinate system at the crack tip as

shown in Fig. (). Since crack tip enrichments are expressed in terms of the local po-

lar coordinates (r, θ) at the crack tip, we have to use the chain rule of differentiation

in order to evaluate the derivatives with respect to the global cartesian coordinates

(X, Y ). The following equations show how these derivatives are calculated:

∂g(X)

∂X
=

∂Fl(r, θ)

∂X
=

∂Fl(r, θ)

∂r

∂r

∂X
+
∂Fl(r, θ)

∂θ

∂θ

∂X
(89)

∂g(X)

∂Y
=

∂Fl(r, θ)

∂Y
=

∂Fl(r, θ)

∂r

∂r

∂Y
+
∂Fl(r, θ)

∂θ

∂θ

∂Y
(90)

In above equations, Fl(r, θ) are the crack tip enrichment functions where l =

1, 2, 3, 4. Explicit expressions for these functions are given in Eqn. (28). The deriva-

tives of these functions with respect to the local polar coordinates r and θ are given

below:

∂F1

∂r
=

1

2
√
r

sin(θ/2);
∂F1

∂θ
=

√
r

2
cos(θ/2); (91)

∂F2

∂r
=

1

2
√
r

cos(θ/2);
∂F2

∂θ
= −

√
r

2
sin(θ/2); (92)

∂F3

∂r
=

1

2
√
r

sin(θ/2)sin(θ);
∂F3

∂θ
= −√rsin(θ/2){3sin2(θ/2)− 2}; (93)

∂F4

∂r
=

1

2
√
r

cos(θ/2)sin(θ);
∂F4

∂θ
=
√
rcos(θ/2){3cos2(θ/2)− 2}; (94)
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As mentioned earlier, r and θ are the local polar coordinates at the crack tip

(see Fig.). These polar coordinates can be expressed in terms of the local cartesian

coordinates (x, y) at the crack tip as below:

r =
√
x2 + y2, θ = tan−1(

y

x
) (95)

In Eq. (64), (x, y) represents the local cartesian coordinates at the crack tip. As

the crack propagates, this cartesian coordinate system moves along with the crack.

We can also setup a polar coordinate system (r, θ) at the crack tip that moves along

with the crack as well. The angle ω is known as the crack growth angle. This

is basically the angle between the local cartesian coordinate system (x, y) and the

horizontal axis as shown in Fig.(). Since the local cartesian system (x, y) moves with

the crack, and the global cartesian system (X,Y) is stationary, we use the following

coordinate transformation between these two coordinate systems:



x

y


 =




cosω sinω

−sinω cosω




︸ ︷︷ ︸
Transformation matrix [T]



X −Xt

Y − Yt


 (96)

Xt and Yt represents the crack tip coordinates in the global cartesian system. T

is the transformation matrix.

The derivatives of the local polar coordinates (r, θ) with respect to the global

coordinates (X, Y ) can be evaluated by the chain rule of differentiation:

∂r

∂X
=

∂r

∂x

∂x

∂X
+
∂r

∂y

∂y

∂X
;

∂r

∂Y
=

∂r

∂x

∂x

∂Y
+
∂r

∂y

∂y

∂Y
(97)
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Figure 9: Different coordinate systems used in the mathematical formulation

∂θ

∂X
=

∂θ

∂x

∂x

∂X
+
∂θ

∂y

∂y

∂X
;

∂θ

∂Y
=

∂θ

∂x

∂x

∂Y
+
∂θ

∂y

∂y

∂Y
(98)

Where the derivatives of local polar coordinates (r, θ) with respect to the local

cartesian coordinates x, y can be calculated by using Eqn. (64) as:

∂r

∂x
= cosθ;

∂θ

∂x
= −sinθ

r
(99)

∂r

∂y
= sinθ;

∂θ

∂y
=

cosθ

r
(100)

And finally, the derivatives of the local cartesian coordinates (x, y) at the crack

tip with respect to the global coordinates (X,Y) are calculated by using the transfor-

mation relationship from Eq. (65):

∂x

∂X
= cosω;

∂y

∂X
= −sinω (101)

∂x

∂Y
= sinω;

∂y

∂Y
= cosω (102)

54



Texas Tech University, Ali Bhuiyan, Aug 2018

Remark 1 It should be noted that for the calculation of dynamic stress intensity

factors (DSIFs), it is necessary to evaluate different components of the interaction

integral (I) at the local crack tip coordinate system. In XFEM, we calculate different

quantities at the global coordinate system (X, Y ). Hence, it is necessary to convert

all quantities from the global coordinates (X, Y ) to the local coordinates (x, y) using

the transformation matrix T .

Another important aspect while simulating propagating cracks in XFEM is that

the shape matrix N is time dependent. This is because the shape matrix includes

crack tip enrichment functions, which depend on the location of the crack tip (Xt, Yt).

Hence, as the crack propagates the crack tip location changes causing a change in crack

tip enrichment functions Fl(x) as well as the shape matrix N . The time dependence

of shape matrix N needs to be considered when solving a propagating crack problem.

The following displacement and acceleration approximations are used for a finite

element m in order to take into account the time dependence of shape matrix N :

um = Nm(x, t)ui (103)

am = N̈m(x, t)ui + 2Ṅm(x, t)vi + Nm(x, t)ai (104)

Here, Nm(x, t) is the time dependent shape matrix for element m. ui, vi and

ai are the nodal displacements, velocities and accelerations respectively. A single

dot represents the first time derivative and a double dot represents the second time

derivative of the shape matrix Nm(x, t). In order or evaluate Ṅm(x, t) and N̈m(x, t),

we calculate the first and second time derivatives of the enrichment functions Fl(x, t)
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as shown below:

Ḟl(x, t) = −Ẋt(t)∇Fl (105)

F̈l(x, t) = −Ẍt(t)∇Fl + ||Ẋt(t)||2∇2Fl (106)

Where Ẋt(t) and Ẍt(t) are the crack tip velocity and accelerations respectively.

If we use the expression for acceleration from Eq. (73) for inertia forces, then from

the principal of virtual displacements the following discrete system of equations is

obtained:

MÜ + D1U̇ + (K +D2)U = R (107)

Eq. (76) is different than Eq.(30). Here we have two additional matrices D1 and

D2 to calculate. These two matrices include the time derivative terms and they are

evaluated for a finite element m by the following equations:

D1 = 2

∫

Am

ρmNT
m(x, t)Ṅm(x, t)dAm, (108)

D2 =

∫

Am

ρmNT
m(x, t)N̈m(x, t)dAm, (109)

3.4.3 Level set representation of crack in XFEM

The level set method was first proposed by Sethian and Osher. They introduced this

method in order to track the evolution of an interface. In XFEM framework, it is
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important to track the evolution of a crack or interface without modifying the mesh.

One way to do that is by the use of level set functions. In order to get a better

understanding of the level set functions, let’s consider a domain Ω as shown in 10.

This domain is divided into two subdomains Ω1 and Ω2 by the interface Γ. To track

the interface Γ within the domain, we can introduce a function L(x), known as the

level set function that has the following properties:

L(x) < 0 forx ∈ Ω1 (110)

L(x) > 0 forx ∈ Ω2 (111)

L(x) = 0 forx ∈ Γ (112)

Since the value of L(x) is positive in one side of the interface and negative on the

other side, this function can be used to track the interface (Γ). It should be noted

that the level set function is zero on the interface itself. This level set function L(x)

can be constructed in various ways. One way to do this is by defining the signed

distance function as the level set function. The distance function can be expressed

by the following equation:

d(x) = min
xΓ∈Γ
||x− xΓ||; for all x ∈ Ω (113)

Where, x is any point within the domain Ω. xΓ refers to any point at the interface

Γ. Now the level set function L(x) can be defined by the signed distance function as

below:
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L(x) =





+d(x), ifx ∈ Ω2

−d(x), ifx ∈ Ω1

0, ifx ∈ Γ

(114)

 

 

 

 

 

Ω1 

Ω2 

Γ 

n̂ Ω 

Figure 10: A domain Ω divided into two subdomains Ω1 and Ω2 by the inteface Γ

Later, Stolarska combined this method with the XFEM to track the crack surface

and crack tip. In the level set framework, a crack surface is represented by the

zero level set of a function ψ(x, t). This function is taken to be the signed distance

function. The value of this function is zero on the crack face and non zero otherwise.

In order to represent the crack tip, another level set function φ(x, t) is introduced.

This function is orthogonal to the first level set function ψ(x, t). The value of this

function is zero at the crack tip and non-zero otherwise. The intersection of the zero

level set of these two functions ψ(x, t) and φ(x, t) represent the crack tip. The value

of these two level set functions are stored locally at the nodes. Then by the following

interpolation (using the finite element shape functions) these level set functions are

evaluated at any point within the domain:

58



Texas Tech University, Ali Bhuiyan, Aug 2018

ψ(x, t) =
∑

Nj(x)ψj(t); φ(x, t) =
∑

Nj(x)φj(t) (115)

Here, Nj(x) represents the conventional finite element shape functions. ψj(t) and

φj(t) are the nodal values of level set functions ψ and φ at time t respectively. A

crack can be easily defined with these two level set functions. For example, for an

edge crack as shown in Fig.10, we can use the following equation in order to define

the crack within the domain:

{x : ψ(x, t) = 0 andφ(x, t) ≤ 0} (116)

In other words, for φ(x, t) ≤ 0 (which is shown as the yellow color in Fig.10b)the

crack is represented as the zero level set of the function ψ(x, t). It should be noted

that storing the values of the level set functions at each node of the entire domain

might be unnecessary and computationally expensive. That’s why we only store

nodal level set values for a narrow band around the crack. Now, in order to track the

evolution of the level set functions (which means tracking the evolution of the crack

itself), a hyperbolic evolution equation is used. This equation is known as the level

set equation. When tracking the evolution of a function, for example the level set

functions ψ(x) and φ(x), the following level set equations can be used:

∂ψ(x)

∂t
+ v1(x).∇ψ(x) = 0; (117)

∂φ(x)

∂t
+ v2(x).∇φ(x) = 0; (118)

The above equations are used to update the level set functions. Here, v1(x) and
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Ψ(x,t)>0 

Ψ(x,t)=0 

Crack face Ψ(x,t)<0 

Extended line to 
construct ψ level set 

φ(x,t)<0 φ(x,t)>0 

φ(x,t)=0 

a) 

b) 

Line orthogonal to ψ to 
construct φ level set Crack tip 

Figure 11: Representation of ψ(x, t) and φ(x, t) level set functions in the cracked
domain. ψ(x, t) and φ(x, t) level sets are orthogonal to each other

v2(x) are the speeds of the level sets in the outward normal direction as the crack

propagates. For a mode I crack, the level set function ψ(x, t) remains constant as the

crack propagates. So, we need to update only the level set function φ(x, t) and hence

only Eqn. 118 is needed to update the level set functions.

The level set method can be coupled with XFEM in order to model the crack

growth problems. Since, in the XFEM framework we use Heaviside enrichments

to include discontinuity across the crack face and crack tip enrichments to include

discontinuity near the crack tip, it is important to find out appropriate nodes for

these enrichments. This can be done efficiently by evaluating the level set functions
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ψ(x, t) and φ(x, t) at a particular node. For example, lets say in a particular element,

the maximum and minimum values of ψ(x, t) level set is defined as ψmax and ψmin

respectively. Also, lets say the maximum and minimum values of φ(x, t) level set is

defined as φmax and φmin respectively. Now, if φ(x, t) < 0 and ψmaxψmin ≤ 0, then this

means that the crack cuts through the element and the nodes on that element should

be enriched with the Heaviside enrichment functions. In this case, for nodes above

the crack we can assign a positive Heaviside enrichment value of +1 (since ψ(x, t)

is positive there) and for nodes below the crack we can assign a negative Heaviside

enrichment value of −1 (since ψ(x, t) is negative there). This enrichment is shown in

Fig. 12 by blue colored square boxes.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

          

          

          

          

          

          

          

          

         
Ψ(x,t)=0 

φ(x,t)=0 

If: φ<0 and ψminψmax <=0,  
Heaviside Enrichment ( ) 

If: φmin φmax <=0 and ψminψmax <=0, 
Crack tip Enrichment ( ) 

Figure 12: Heaviside and crack tip enriched nodes determined from the nodal level
set values of ψ(x, t) and φ(x, t) level set functions

On the other hand, if φmaxφmin ≤ 0 and ψmaxψmin ≤ 0 in an element, then the

crack tip actually resides within the element (see Fig. 12). In this case, the nodes of

that element are enriched with the crack tip enrichment functions. This enrichemnt

is shown in Fig. 11 as red colored circles.
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Belytschko, Gracie, Ventura: A Review of XFEM/GFEM for Material Modelling 7

A

B

:Crack tip nodes 

: Heaviside nodes
: Crack

Figure 3. An arbitrary crack line (dashed line) in a structured mesh with step enriched

(light gray) and tip enriched (purple) elements. Nodes in sets SC and SH are denoted

by red squares and blue circles, respectively.

show that for elements cut by the crack, the jump in the displacement field across the

crack Γc is

[|uh (x) |]Γc =
∑

J∈SH

NJ (x)q
0
J , x ∈ Γc (5)

Thus the magnitude of the crack-opening displacement directly depends on q0
J .

Note that in (3) the enrichment function is shifted so that the product of the

shape function NI and the enrichment function vanish at each node, as proposed in

Belytschko et al. [15]. Consequently, the step function enrichment for the discontinuity

will vanish at the edges of all elements not crossed by the discontinuity and uh(xJ) = uJ .

Therefore, only those elements that are crossed by the discontinuity need to be treated

differently. In addition, this shifting simplifies the blending of enriched elements with

standard elements as described later. It is sometimes stated that this shifting enables

one to satisfy displacement boundary conditions, just as in the standard finite element

method, by setting the nodal displacements appropriately, but this is not strictly true:

the displacement boundary conditions will only be met at the nodes when this is done.

For cracks in elastic materials, the crack tip enrichment functions Ψ(j) are based

on the asymptotic solution of Williams [114]. As shown in [44] in the context of

meshfree methods, an effective near tip enrichment can be constructed from the following

functions

{Ψi}4i=1 =
√
r {cos(θ/2), sin(θ/2), sin(θ/2) sin(θ), cos(θ/2) sin(θ)} . (6)

Recently enrichments for orthotropic materials have been given in [4] and a further

discussion of their application can be found in [77]. The four enrichment functions for

orthotropic materials are only a little more complicated than the branch functions (6)

and are given by

{Ψi}4i=1 =
√
r
{
cos(θ1/2), cos(θ2/2)

√
g2(θ), sin(θ1/2)

√
g1(θ), sin(θ2/2)

√
g2(θ)

}
(7)

Figure 13: Selection of enriched nodes in the extended finite element method (XFEM)
framework [82]

3.4.4 Selection of enriched nodes and elements in XFEM

As mentioned earlier, in the XFEM framework it is important to find out the proper

nodes for Heaviside and crack tip enrichments. For nodes enriched with Heaviside

or crack tip enrichments, additional degrees of freedom are introduced in the finite

element approximation space. Generally when the crack cuts through an element,

the element is known as the cut element. Heaviside enrichments are used at the

nodes of this element. As can be seen in Fig. 11, the nodes of cut elements are

shown in blue colored square boxes. In order to find out the cut elements (and the

nodes for Heaviside enrichments), level set method can be used as described in the

previous section. On the other hand, the element containing the tip is known as the

tip element. The nodes of a tip element are enriched with the crack tip enrichment

functions. We can use the level set method to find out the crack tip element (and the

nodes for crack tip enrichment). It should be noted that, although the crack tip will

probably be within one element (as in Fig. 12), we can select multiple elements for
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crack tip enrichments. For example, a 3x3 element domain can be selected near the

crack tip as described in [57].

3.4.5 Quadrature rule in XFEM

In the extended finite element method, discontinuous enrichment functions (for ex-

ample, Heaviside enrichment or crack tip enrichment functions) are used in the dis-

placement approximation. As a result, for the evaluation of finite element matrices

(like stiffness or mass matrix), we need to modify the standard Gauss quadrature rule.

When the approximation space is enriched with the discontinuous Heaviside or crack

tip enrichment functions, incorrect numerical solutions might be obtained by using

the standard quadrature rule. In our approach, we created quadrilateral subdomains

within a cut element or crack tip element (as shown in Fig. ). For the case of cut

elements, two subdomains are created in a way (see Fig.) so that the crack face is

along the edge of these subdomains. On the other hand, for the crack tip element

four subdomains are created so that the crack tip is shared by these four subdomains

(see Fig.). After creating these subdomains, standard Gauss quadrature rule can be

employed in each of these domains. In case of a propagating crack, the subdomains

within the crack tip element needs to be updated. As the crack tip moves, the size

of these domains change (see Fig. ). And within each domain standard quadrature

rule maybe applied.
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Figure 14: 2 subdomains are creted for the element cut by the crack (a) 4 subdomains
are created for the crack tip element, crack tip is at the center of the element(b) 4
subdomains for the crack tip element, but the tip is not at the center of the element
(c)

64



Texas Tech University, Ali Bhuiyan, Aug 2018

Chapter 4

Numerical results

In this section, we will shortly present the results of the accurate modeling of stresses

and the dynamic stress intensity factors for structural components with stationary

cracks under impact loading. Here we will consider three benchmark plane strain

problems of elastic wave propagation in plates with cracks under impact loading.

Without the loss of generality, we use the following material properties: Young’s

modulus is E = 1; Poisson’s ratio is ν = 0.3; the density is ρ = 1 .It can be shown

that with the dimensionless quantities, the numerical results depend on the Poisson’s

ratio only and can be easily remapped for the actual Young’s modulus and density. It

is known that the numerical solutions of impact problems may include large spurious

oscillations that destroy the accuracy of the numerical results. Therefore, for the

accurate modeling of the impact problems considered below we apply the new two

stage time-integration technique developed in our previous papers []. This technique

includes the basic computations and the filtering stage with the quantification and

filtering of spurious oscillations. Uniform meshes with the conventional linear finite

elements as well as the new linear finite elements with reduced dispersion are used in

the calculations presented below.

4.1 Stationary mode-I semi-infinite crack

An infinite plate with a semi-infinite mode-I crack is considered for this problem.

The plate is loaded by a tensile stress perpendicular to the crack-face. A schematic

diagram of the problem is shown in Fig. 15a. The plate dimensions are: L = 10, a =
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5, H = 2. A tensile stress of σ0 = 500 is instantaneously (impact loading) applied on

the top surface of the plate. The analytical solution of this problem for the mode-I

dynamic stress intensity factor (DSIF) is given in [20]. We can only compare the

numerical results with the analytical solution until the tensile stress wave is reflected

on the bottom side and reaches again the crack-tip. This is because the analytical

solution is obtained under the assumptions of an infinite plate with a semi-infinite

crack. The time needed by the stress wave to reach the crack-tip for the first time is

tc = H/cd where cd is the dilatational wave speed. Thus, the valid time for the simu-

lation is 0 ≤ t ≤ 3tc = 3H/cd. Beyond this time, the analytical solution is no longer

valid for comparison with the current numerical results. The analytical solution for

the stationary mode-I DSIF can be given as:

Kdyn
I (0, t)=





0, if t<tc

2σ0

1−ν

√
cd(t−tc)(1−2ν)

π
, if t≥ tc

Three different meshes with 40 × 16, 80 × 32 and 160 × 64 elements have been

considered in this study (see Fig. 16). Conventional linear elements as well as the

new linear elements with reduced dispersion have been used for the analysis. The

numerical results for this problem are presented in Figs. 15b - 19. For convenience,

the DSIF (KI) and time t in Figs. 16, 17 and 18 are normalized by factors of σ0

√
H

and tc, respectively. As can be seen in Fig. 15b, the conventional finite elements yield

spurious oscillations for stresses in the vicinity of the crack tip even on fine meshes

(see curve 2). The new numerical approach accurately calculates the stresses without

spurious oscillations (see curve 1). Due to the the spurious oscillations in stresses,
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the DSIF also includes spurious oscillations with the conventional finite elements; see

Fig. 16c. These oscillations can be filtered with the filtering stage; see Fig. 16d.

However, much more accurate results at the same number of degrees of freedom can

be obtained by the linear elements with reduced dispersion; see Fig. 16a,b. The

linear elements with reduced dispersion yield very accurate results even without the

filtering stage; see Fig. 16a. The numerical results in Fig. 17 show that on compara-

ble meshes the new technique yields much more accurate numerical results than the

very popular XFEM (extended finite element method) which uses special crack tip

enrichment functions for the treatment of a singularity in the vicinity of the crack

tip; see [57]. This means that for dynamic problems, an accurate solution of general

wave propagation problems using the elements with reduced dispersion is much more

important than the use of special crack tip enrichment functions.

Fig. 18 shows the effect of different domain sizes for the calculation of dynamic

stress intensity factors (DSIFs). Domain sizes are selected as h,2h and 4h, where h

is the size of an element. The numerical results contain spurious oscillations without

the filtering stage for both the linear elements with reduced dispersion (see Fig. 18a)

and the conventional finite elements (see Fig. 18c). For the new linear elements with

reduced dispersion , the oscillations increase with the increase in domain sizes (see

Fig. 18a). However the domain sizes do not affect the numerical results significantly

for the conventional finite elements (see Fig. 18c). In case of the linear elements with

reduced dispersion, large spurious oscillations can be avoided by selecting a small

domain size, for example h (see Fig. 18a). But conventional finite elements contain

large spurious oscillations, even with a smaller domain size (see Fig. 18c). The os-
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cillations in the numerical results can be effectively removed with the new filtering

stage for both the linear elements with reduced dispersion (see Fig. 18b) and the

conventional linear elements (see Fig. 18d). After the filtering stage, the domain

sizes do not affect the results anymore (see Fig. 18b and Fig. 18d) which shows the

domain independence of the numerical results. As can be seen from Fig. 18, lin-

ear elements with reduced dispersion yield better result after the filtering stage (see

Fig. 18b and 18d). Even without the filtering stage, the linear finite elements with re-

duced dispersion gives better result when a smaller domain size is used (see Fig. 18a).

The largest error in the numerical results occur near t = tc (i.e. t/tc = 1), see Fig.

16 and Fig. 18. This can be explained from the stress distributions as shown in Fig.

19. Analytically, the stresses near the crack tip should be zero for observation time

0 < t/tc < 1. This is because the time needed for the stress wave to reach the crack tip

for the first time is tc. Hence, the normalized DSIFs should also be zero analytically

until t = tc (see Fig. 16 and Fig. 18 ). However the numerical results show that

the normalized DSIFs are not zero near t/tc = 1 (see Fig. 16 and Fig. 18). This is

because of the incorrect calculation of stresses near the crack tip when the observation

time is close to tc (i.e. t/tc is close to 1). Fig. 19 shows the stress (σy) distributions

along the line AB for three different observation times, 0.9tc,0.94tc and 0.98tc (see

Fig. 19). As can be seen from the figure (see Fig. 19b), the stresses near the crack

tip are not zero when the observation times are close to tc (for example, 0.94tc and

0.98tc). This incorrect calculation of stresses near the crack tip at observation times

close to tc causes the incorrect normalized DSIFs near t/tc = 1 (see Fig. 16 and Fig.

18).
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2 Conventional approach 

1 New approach with filtering 

A fine mesh with 320x128=40960 

linear elements are used 

T=1.1tc 

 

a) b) 

Figure. 1. Geometry of a semi-infinite crack loaded by a tensile stress (a). The distribution of the σy stress in the 

vicinity of the crack tip along line AB at the time T=1.1tc (b). Curve 1 corresponds to the numerical results with 

the linear elements with reduced dispersion after the filtering stage. Curve 2 corresponds to the numerical 

results with the conventional finite elements without the filtering stage.  
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L=10m 

2
H

=4
m

 a=5m 

σ0 

Figure 15: Geometry of a semi-infinite crack loaded by a tensile stress (a). The
distribution of the σy stress along line AB in the vicinity of the crack tip A at time
T = 1.1tc (b). Curve 1 corresponds to the numerical results obtained by the linear
elements with reduced dispersion after the filtering stage. Curve 2 corresponds to the
numerical results obtained by the conventional finite elements without the filtering
stage. A fine uniform mesh with 320× 128 = 40960 linear finite elements is used.
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Figure. 3. Convergence of the normalized mode-I DISFs. Graphs (a) and (b) correspond to the new linear finite 

elements with reduced dispersion without the filtering stage (a) and with the filtering stage (b). Graphs (c) and 

(d) correspond to the conventional linear finite elements without the filtering stage (c) and with the filtering 

stage (d). 
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Figure 16: The evolution of the normalized mode-I DISF obtained on uniform meshes
with 40×16 = 640, 80×32 = 2560 and 160×64 = 10240 linear finite elements. Graphs
(a) and (b) correspond to the new linear finite elements with reduced dispersion
without (a) and with (b) the filtering stage. Graphs (c) and (d) correspond to the
conventional linear finite elements without (c) and with (d) the filtering stage.

                    

Figure. 4. Comparison of normalized DSIFs obtained from XFEM (a) and current approach using linear finite 

elements with reduced dispersion without the filtering stage (b). 
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Figure 17: The comparison of the evolution of the normalized DSIF KI obtained
by the XFEM in [57] (a) and by the new approach using linear finite elements with
reduced dispersion without the filtering stage (b).
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a) b) 

c) d) 

Figure. 5. Effect of h on the mode-I DISFs for a coarse mesh (40x16mesh). Graphs (a) and (b) correspond to the 

new linear finite elements with reduced dispersion without the filtering stage (a) and with the filtering stage (b). 

Graphs (c) and (d) correspond to the conventional linear finite elements without the filtering stage (c) and with 

the filtering stage (d). 
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Figure 18: The effect of the domain sizes on the evolution of mode-I DSIF obtained
on uniform meshes with 40 × 16 = 640 linear finite elements. Graphs (a) and (b)
correspond to the new linear finite elements with reduced dispersion without (a) and
with (b) the filtering stage. Graphs (c) and (d) correspond to the conventional linear
finite elements without (c) and with (d) the filtering stage.

A 

B 

L=10m 

2
H

=4
m

 a=5m 

σ0 

t/tc=0.90 

t/tc=0.94 

t/tc=0.98 

σy 

A B 
a) b) 

Figure 19: Geometry of a semi-infinite crack loaded by a tensile stress (a). The
distribution of the σy stress along line AB in the vicinity of the crack tip A at time
T = 0.9tc, 0.94tc and 0.98tc (b). The numerical results are obtained from conventional
finite elements without the filtering stage. A fine uniform mesh with 320×128 = 40960
linear finite elements is used.
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4.2 Edge cracked semi-infinite plate

In contrast to the previous problem, two DSIFs KI and KII are non-zero for an edge-

cracked semi-infinite plate under impact loading. Lee and Freund [51] analytically

evaluated mixed-mode DSIFs KI and KII for this problem using the linear super-

position of stress wave solutions. The time needed by the stress wave to reach the

crack-tip for the first time is tc = a/cd where cd is the dilatational wave speed. A non

dimensional observation time 0 < t/tc < 2.2 have been used in this problem. A finite

plate with width W = 0.2, height H = 0.3 and crack length a = 0.05 is shown in Fig.

20a. The velocity, v = 6.5, is imposed on the upper half of the left boundary and no

other boundary conditions are prescribed (see Fig. 20a).

Three different meshes with 40× 60, 80× 120 and 160× 240 elements have been

considered in this problem (see Fig. 21).Conventional linear elements as well as the

new linear elements with reduced dispersion have been used for the analysis. The

numerical results for this problem are presented in Figs. 20b - 23. For convenience,

the DSIFs (KI and KII) and time t in Figs. 21, 22 and 23 are normalized by factors of

f1 =
EV
√
a/π

2cd(1−ν2)
and tc, respectively. As can be seen in Fig. 20b, the conventional finite

elements yield spurious oscillations for stresses in the vicinity of the crack tip even

on fine meshes (see curve 2). The new numerical approach accurately calculates the

stresses without spurious oscillations (see curve 1). Due to the spurious oscillations in

stresses, the DSIFs also include spurious oscillations with the conventional finite ele-

ments; see Fig. 21c. These oscillations can be filtered with the filtering stage; see Fig.

21d. However, much more accurate results at the same number of degrees of freedom

can be obtained by the linear elements with reduced dispersion; see Fig. 21a,b. The
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linear elements with reduced dispersion yield very accurate results even without the

filtering stage; see Fig. 21a. Similar to the first problem, the numerical results in Fig.

22 show that on comparable meshes the new technique yields much more accurate nu-

merical results than the very popular XFEM (extended finite element method) which

uses special crack tip enrichment functions for the treatment of a singularity in the

vicinity of the crack tip; see [57]. This means that for dynamic problems, an accurate

solution of general wave propagation problems using the elements with reduced dis-

persion is much more important than the use of special crack tip enrichment functions.

Fig. 23 shows the effect of different domain sizes for the calculation of dynamic

stress intensity factors (DSIFs). Domain sizes are selected as h,2h and 4h, where h is

the size of an element. As shown in the figure, the numerical results contain spurious

oscillations without the filtering stage (see Fig. 23a and 23b for observation time

0 < t/tc < 2.2 and Fig. 23c and 23d for observation time 0.4 < t/tc < 1.2).These

oscillations can be effectively removed with the filtering stage. The linear elements

with reduced dispersion contain small oscillations when a smaller domain size is used,

for example h,2h(see Fig. 23a and 23c). The oscillations increase when a larger

domain size is used, for example 4h(see Fig. 23a and 23c). However, the conventional

finite elements contain large spurious oscillations even with a smaller domain size

(see Fig. 23b and 23d). This observation shows the effectiveness of using new linear

elements with reduced dispersion over the conventional finite elements. Again the

largest error in the numerical results occur near t = tc (see Fig. 21). This is happening

due to the incorrect calculation of stresses near the crack tip at the observation time

close to tc(i.e. when t/tc is close to 1).
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Figure. 6. Geometry of a edge cracked semi-infinite plate under impact loading (a) and the distribution of the y 

stress in the vicinity of the crack tip along the line AB at the time T=50 (b). Curve 1 corresponds to the numerical 

result with the linear elements with reduced dispersion after the filtering stage and Curve 2 corresponds to the 

numerical result with the conventional finite elements without the filtering stage.   

a) b) 

Figure 20: Geometry of a edge cracked semi-infinite plate under impact loading (a).
The distribution of the σy stress along line AB in the vicinity of the crack tip A at
time T = 50 (b). Curve 1 corresponds to the numerical results obtained by the linear
elements with reduced dispersion after the filtering stage. Curve 2 corresponds to the
numerical results obtained by the conventional finite elements without the filtering
stage. A fine uniform mesh with 320× 480 = 153600 linear finite elements is used.
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Figure. 7. Convergence of the normalized DISFs. Graphs (a) and (b) correspond to the new linear finite elements 

with reduced dispersion without the filtering stage (a) and with the filtering stage (b).  Graphs (c) and (d) 

correspond to the conventional linear finite elements without the filtering stage (c) and with the filtering stage 

(d). 
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Figure 21: The evolution of the normalized DISFs KI and KII obtained on uniform
meshes with 40 × 60 = 2400, 80 × 120 = 9600 and 160 × 240 = 38400 linear finite
elements. Graphs (a) and (b) correspond to the new linear finite elements with
reduced dispersion without (a) and with (b) the filtering stage. Graphs (c) and (d)
correspond to the conventional linear finite elements without (c) and with (d) the
filtering stage.
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Figure. 8. Comparison of normalized DSIFs obtained from XFEM (a) and current approach using linear finite 

elements with reduced dispersion without the filtering stage (b). 
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Figure 22: The comparison of the evolution of the normalized DSIFs KI and KII

obtained by the XFEM in [57] (a) and by the new approach using linear finite elements
with reduced dispersion without the filtering stage (b).
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Figure 23: The effect of the domain sizes on the evolution of mode-I and mode-II
DSIFs obtained on uniform meshes with 40× 16 = 640 linear finite elements. Graphs
(a) and (b) correspond to the numerical results for ND time 0 < t < 2.2 using linear
finite elements with RD (see 22a) and conventional linear elements (see 22b). Graphs
(c) and (d) correspond to the numerical results for ND time 0.4 < t < 1.2 using linear
finite elements with RD (see 22c) and conventional linear elements (see 22d).
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4.3 Edge crack in a three point bending beam

In this example, we consider a three point bending beam under plane strain condi-

tion. A schematic diagram of the beam is shown in Fig. 24. The beam dimensions

are length L = 0.055, width W = 0.01, thickness B = 0.01 and a support distance

of S = 0.04. The beam contains a stationary edge crack of length a = 0.005 which

is located in the middle of the beam. A instantaneous distributed load of σ = 500 is

applied over a length of l = 0.002m at the top of the beam as shown in Fig. 24. For

convenience, the dynamic stress intensity factor KI and time t are normalized with

the factors Ksta
I and tc, respectively. Here tc is the time needed by the stress wave

to reach the crack-tip for the first time and is defined as tc = a
cd

(cd is the dilational

wave speed ). Ksta
I is the static mode-I stress intensity factor given by [71]:

Ksta
I = 6Slσ

4BW 2

√
πaψ( a

W
)

ψ( a
W

) = 1.09− 1.735( a
W

) + 8.2( a
W

)2 − 14.18( a
W

)3 + 14.57( a
W

)4

A non dimensional observation time 0 < t/tc < 300 has been used in this problem.

The normalized DSIF (K1) is presented in Fig. 25. In this problem we only present

the results for the new linear finite elements with reduced dispersion (RD). Fig. 25a

and 25b correspond to the results without the filtering stage where Fig. 25c and 25d

correspond to the results with the filtering stage. Due to the large observation time,

it is difficult to see the effect of filtering stage in Fig. 25a and 25c. However, with

small observation time 0 < t/tc < 5 the effect of filtering is clearly visible (see Fig.

25b and 25d). The new filtering stage can essentially remove spurious oscillations

(see Fig. 25d) from the numerical results obtained without the filtering stage (see
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Figure. 12. Geometry of a three point bending under compressive stress 
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Figure 24: Geometry of a three point bending beam

Fig. 25b). Three different meshes with 40 × 110, 100 × 275 and 200 × 550 elements

have been used in this problem and convergence was obtained at mesh refinement

(see Fig.25). The maximum value for the dynamic stress intensity factor (Kdyn
I ) is

observed to be 2 times the static mode-I stress intensity factor (Ksta
I ), see Fig. 25a

and 25c. Similar results for non dimensional time 0 < t/tc < 300 have been reported

in [71]
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Figure. 10. Convergence of the normalized DISFs using new linear finite elements with reduced dispersion. 

Graphs (a) and (b) correspond to the numerical results without the filtering stage for ND time 0<t<300 (a) and 

ND time 0<t<5 (b).  Graphs (c) and (d) correspond to numerical results with the filtering stage for ND time 

0<t<300 (c) and ND time 0<t<5(d). 
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Figure 25: The evolution of the normalized DISF KI obtained on uniform meshes with
40 × 110 = 4400, 100 × 275 = 27500 and 200 × 550 = 110000 linear finite elements
with reduced dispersion (RD). Graphs (a) and (b) correspond to the numerical results
without the filtering stage for ND time 0 < t/tc < 300 (a) and ND time 0 < t/tc < 5
(b). Graphs (c) and (d) correspond to the numerical results with the filtering stage
for ND time 0 < t/tc < 300 (c) and ND time 0 < t/tc < 5 (d).
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4.4 Moving mode-I semi-infinite crack

In this section we consider the semi infinite edge crack of figure 15a. The dimension of

the plate is taken to be the same as stationary crack, i.e. L = 10, H = 2 and the crack

size a = 5. An instantaneous stress of σ0 = 500 is applied on the upper boundary

of the plate. We consider the crack to be stationary until the time t < tc and after

that the crack starts moving with a tip speed of ȧ = 0.1. tc is the time required for

the stress wave to reach the tip for the first time. The dilational and Rayleigh wave

speeds are given respectively as cd = 1.16 and cr = 0.575. The analytical solution for

this dynamically moving mode-I crack can be found in [20]:

Kdyn
I (ȧ, t)=





0, if t<tc

α(ȧ) 2σ0

1−ν

√
cd(t−tc)(1−2ν)

π
, if t≥ tc

(119)

Where, α(ȧ) is a function of the crack tip speed. This function is given by α(ȧ) =

1−ȧ/cr
1−ȧ/2cr . The crack propagates at a constant velocity after time t = tc. We used a mesh

of 41×17 and 81×33 finite elements for our analysis. As mentioned before, one of the

biggest challenges in the simulation of dynamic crack propagation is the appearance

of oscillations [71, 58, 52]. Our goal was to find out the effect of the finite elements

with reduced dispersion (RD) on these oscillations. Fig. 26 shows the numerical

results obtained on a 41 × 17 mesh using both the conventional finite elements and

the finite elements with RD. As can be seen, the numerical results obtained from the
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Figure 26: The evolution of the normalized DSIF KI obtained on a uniform mesh
with 41× 17 = 697 conventional finite elements and the finite elements with reduced
dispersion (RD)

XFEM contain spurious oscillations. These oscillations are highest when the crack

tip crosses the element boundary, for example see the oscillations for 40 × 17 and

81 × 33 meshes in fig. 27. In our analysis, we used linear finite elements with RD

for non-enriched elements only. For the enriched elements in XFEM, we used the

conventional finite elements. It should be emphasized that, in our investigation we

found that the dynamic analysis of a moving crack using the XFEM method depends

on a variety of different factors, for example the enrichment functions used in the

approximation, the size of the crack tip enrichment domain, the quadrature rule used

in the numerical integration and many more. In the future we will work on combining

the finite elements with reduced dispersion with the enriched elements in XFEM in

order to check their effect on the simulation of dynamic crack propagation problems.
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Figure 27: The evolution of the normalized DSIF KI obtained on uniform meshes
with 41× 17 = 697 and 81× 33 = 2673 linear finite elements. Significant oscillations
occur as the crack tip crosses the element boundary
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Chapter 5

Conclusions and future work

In this thesis, we investigated the effect of numerical dispersion error on the numerical

solutions of elastodynamics fracture problems. The numerical results presented here

show that the numerical dispersion error significantly affects the numerical solutions

near the crack tip. As a result, the accuracy of stress and dynamic stress inten-

sity factors are also affected. Another important issue is the appearance of spurious

high frequency oscillations in dynamic problems under impact loading. In this thesis,

we also investigated these spurious oscillations that occur in the numerical solutions

of elastodynamics fracture problems under impact loading. To overcome the short-

comings of existing approaches, we proposed a new technique for the elastodynamics

fracture problems. This technique includes the use of the finite elements with reduced

dispersion and the two stage time-integration method. Next we will briefly summarize

our findings from our current work and some recommendations for future work.

a) The numerical results obtained show that the accuracy of elastodynamic

fracture problems can be significantly improved by the use of the linear finite elements

with reduced dispersion. The stresses and dynamic stress intensity factors near the tip

of a stationary crack can be improved remarkably with the improved finite elements.

b) The linear finite elements with reduced dispersion(RD) can be easily im-

plemented and they do not require any additional computational time compared with

the conventional finite element methods on comparable meshes. At the same accu-

racy, the computational time can actually be reduced significantly by using the linear

finite elements with RD compared to the conventional FEM.
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c) It is interesting to note that for stationary dynamic cracks, the linear el-

ements with reduced dispersion yield much more accurate results than the popular

extended finite element method (XFEM). Even without the special crack tip enrich-

ment functions used for the treatment of crack tip singularity in XFEM, the linear

finite elements with RD yield better results on comparable meshes. The implemen-

tation of finite elements with RD is also much simpler than the implementation of

XFEM.

d) Numerical results show that the solutions of dynamic fracture problems

under impact loading contain spurious high frequency oscillations that can spoil the

solution. The two stage time-integration technique (with basic computation and

filtering stage)that was developed in our previous work for elastodynamics problems

can also be used for elastodynamic fracture problems. The filtering technique can

effectively quantify, suppress and remove these spurious high frequency oscillations

from numerical solution of stresses and dynamic stress intensity factors (DSIFs) in

benchmark stationary crack problems.

e) It is interesting to mention that for elastodynamic fracture problems under

impact loading, the oscillations in stress and dynamic stress intensity factors near the

crack tip is significantly small if linear finite elements with reduced dispersion are used.

Hence no filtering stage is necessary to remove the spurious high frequency oscillations.

Generally these oscillations are very small and decrease with mesh refinement.

f) The extended finite element method (XFEM) has been used to solve a

benchmark dynamic crack propagation problem under impact loading. It has been

found that the numerical results obtained from the XFEM for dynamic stress intensity
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factors include spurious oscillations. It should be noted that the simulation of moving

cracks in the XFEM depends on a variety of different factors like the enrichment func-

tions used, the size of the crack tip enrichment domain, the effect of the quadrature

rule used and many more. The proper implementation of the finite elements with

reduced dispersion (RD) in the XFEM framework requires further study because of

the mathematical complexity involved in combining RD with the XFEM framework.

In future we plan to study the combination of XFEM with the linear elements with

reduced dispersion in order to improve the accuracy of numerical results for moving

cracks.
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