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ABSTRACT 

History matching is a widely used reservoir simulation workflow.  Its goal is to 

create models which reasonably match historical field injection and production data so 

future predictions can be made.  Many methods have been developed in the past to try 

to solve this problem.  One set of methods that have been those that involve ensemble 

data assimilation.  An example is the Ensemble Kalman Filter (EnKF), which has been 

widely implemented.  A key issue with ensemble methods is that spurious correlation 

can severely degrade the reliability of the estimation.   

In this paper, first, we introduce the history matching problem and review the 

existing theory and automatically method for history matching. Then, a new theory to 

relate Bayesian theory with least square theory is proposed. The spurious correlation 

problem in EnKF is analysis under the new theory. At last a new method to eliminate 

the spurious correlation in EnKF is introduced and used to verify the theoritical analysis.  
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CHAPTER I 

INTRODUCTION 

Background 

In modern reservoir simulation history matching, many people have focused on 

solving this as an inverse problem. The goal is to obtain reservoir property information, 

such as the distributions of permeability and porosity, from production data.  This is an 

extremely complex problem.   

Although the problem of predicting future reservoir performance is an important 

aspect of history matching, the term history matching typically implies far more than 

extrapolation. It almost always implies that there is a mathematical model of the 

reservoir with parameters that have some physical interpretation. One explicit goal of 

history matching is to assign values to the parameters such that the mathematical model 

of the reservoir reproduces the observed behavior during the prediction period. The true 

usefulness of the model, however, is a result of its ability to predict future behavior with 

increased confidence, and to perform computer experiments on methods of managing 

the reservoir. With a reliable model, one could perhaps explore different locations for 

infill wells, the potential benefits of smart wells, or optimize the management of a 

reservoir. 

History matching is a type of inverse problem. Instead of using a set of reservoir 

model variables to predict reservoir performance (the forward problem), history 

matching uses observed reservoir behavior to estimate reservoir model variables that 

caused the behavior. History matching problems are almost always ill-posed in the sense 

that many possible combinations of reservoir parameters result in equally good matches 

to the historical observations. As a result, a single history-matched model may be useful, 

but it is unlikely to be sufficient for planning as it does not allow the estimation of risk. 

The complete solution to a history matching problem should always include an 

assessment of uncertainty in reservoir properties and in reservoir predictions. 
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There are mainly two kinds of methods that are used in reservoir simulation 

history matching, gradient method and non-gradient method. Gradient method is a 

classical way to solve inverse problem and optimization problem, while non-gradient 

method is promising technology for huge and fine reservoir simulation task in nowadays 

and future. Ensemble Kalman filter (EnKF) is an extremely useful and potentially 

important kind of non-gradient solution method. 

The ensemble Kalman filter (EnKF) is a sequential data assimilation method that 

is able to estimate a large number of model variables, assimilate different types of data, 

and combine readily with any reservoir simulator. EnKF differs from traditional history 

matching methods in the sequential updating scheme, providing multiple simultaneous 

history matched models, and calibration of state variables, e.g. saturation and pressure, 

as well as more traditional model variables. A recent review paper on EnKF [60] 

summarized most of the development of EnKF in reservoir engineering since 2001 up 

to early 2008. 

Zafari and Reynolds [61] showed that EnKF was not able to correctly sample 

the posterior of a nonlinear toy problem that has two modes, while the RML method 

obtained almost perfect sampling. EnKF performed similarly to or better than, however, 

the RML method at realistic reservoir problems [61, 62, 63]. Peters et al. [64] 

summarized a recent benchmark study on closed-loop optimization, where different 

history matching (many of these were discussed in Section 4) and optimization methods 

were tested on the “Brugge field” with the objective of maximizing net present value. 

The top three results on history matching were all obtained by groups using EnKF for 

data assimilation. Field case studies using EnKF available in the literature show that 

several types of data with different sources were assimilated, and a large variety and 

number of parameters were estimated. Although not included in Table 1, pressure, phase 

saturation, solution gas-oil ratio or bubble point pressure of every gridblock are also 

updated at each analysis step. The ensemble size used for these field cases ranges from 

40 to 100. Haugen et al. [65], Cominelli et al. [66], Zhang and Oliver [67] also compared 

the estimation and data match quality of EnKF with results from manual history 
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matching and concluded that EnKF outperformed the manual history matching on 

complex reservoir problems. 

 As part of the solution process the Kalman gain matrix needs to be constructed.  

To construct this matrix, the state error covariance must be estimated.   The state error 

covariance is typically estimated from the error between the ensemble state and the 

mean. However, calculation resources are often limited, and a related small ensemble is 

common.  This tends to produce spurious correlations due to the under sampling. A 

spurious correlation will create non-zero correlations between model parameters and 

production data that should be uncorrelated due to long spatial distances. Spurious 

correlations can cause serious problems when incorrect assimilation effects changes in 

the state vector in these supposedly correlated gridblocks. These incorrect updates in 

EnKF may reduce the variance of the state component and this loss of variance will 

make it difficult to modify the state component in later data.  Thus, it is important to 

obtain proper estimation of state error covariance matrix based on model prediction 

results. [87, 88, 89, 90]  

Overview 

Due to limited ensemble size and the Gaussian and linear assumption of the 

analysis step some problems remain: the excessive reduction in ensemble variability; 

limited ability of assimilating large amounts of independent data; overshooting in the 

estimated parameter fields and the unphysical updates of the state variables; loss of 

geological realism in case of complex geology. Many of these problems become 

prominent when the number of data is large, in which case more advanced techniques 

are necessary to obtain satisfactory results using EnKF. Most of the field cases in Table 

1 have relatively small number of wells and short production history, and the standard 

EnKF was shown to work well. Arroyo-Negrete et al. [68], Zhang and Oliver [67] 

applied covariance localization in assimilation of production data and Skjervheim et al. 

[69] used subspace inversion to assimilate the 4D seismic data. Chen and Oliver [70] in 

Table 1 is based on the synthetic “Brugge field” model, where production data are taken 

at 84 well completions. They showed that localization of the updates from production 
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data is critical for obtaining reasonable model estimates and data matches. They also 

used distance-based localization to assimilate the inverted 4D seismic data. 

Many attempts have been made to eliminate the effect of spurious correlation. A 

standard recommendation to eliminate this problem for EnKF is to apply some type of 

covariance localization which attempts to modify the state covariance matrix. Some 

research has been done related to covariance localization in ensemble data assimilation. 

Many of these propose a distance-based localization method where correlation beyond 

some predetermined distance is removed.  An important decision to be made in this 

localization procedure is the choice of the critical length(s) used to generate a correlation 

matrix to modify the state error matrix. Emerick and Reynolds [91] introduced a 

localization method which combines sensitivities and prior information. They 

determined the critical length based on both prior geological information and drainage 

area based on streamline due to the assumption that drainage area generally contain the 

high sensitivity area. Similar methods with streamlines have also been proposed by 

many others [92].  

There are also significant early works which introduce Principle Component 

Analysis (PCA) into reservoir history matching. Sarma and Durlofsky [93] introduced 

parameterization methods with Kernel Principle Component Analysis (KPCA) to 

improve the EnKF performance on a non-Gaussian parameter field. Kang, Lee and Choe 

[94] proposed an algorithm to cluster the geological realizations used in history 

matching via PCA. So that, it is reasonable to conclude that PCA method is an effective 

way to reduce the order of parameter space in reservoir simulation and its history 

matching. 
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CHAPTER II 

HISTORY MATCHING PROBLEM 

The normal reservoir simulator can be described as 

f(P, q) = P 

In general, given a particular model, the parameter estimation or history match 

is to find a parameter, denoted generically by m, which, when used in the model will 

cause the resulting “output” g(m) of the model to match (approximately, at least) some 

observed data, denoted here by d . Thus, the goal is to find m within some admissible 

class MAD for which, 

𝑔(m) ≅ 𝑑 

The data available for the inverse problems are invariably discrete and are 

typically spatially sparse. For example, in a single-phase history matching problem, d 

might consist of observed pressures at one, or a few, wells within some time interval, 

t ∈ [0, tf]. In multiphase situations, in addition to pressure data, temporal flow rates or 

cumulative productions of the individual fluid phases may also be available.  

The selection of the admissible class MAD and the map 𝑔(m) is an integral part 

of the estimation problem. For the single-phase estimation problem, one may consider 

the most general problem as one of estimating, say, a value of porosity and permeability 

corresponding to each grid block within the reservoir simulator. As stated, this problem 

would normally not be tractable as the number of unknowns would typically exceed the 

available data. In general reservoir simulation history matching, the parameter space M 

does not only represent permeability field, porosity field, and also other parameters that 

we use to construct the flow equation in porous media and well model. The non-linear 

operator 𝑔(𝑚) represents the mapping from parameter space to observed data space, 
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such as black oil simulator combined with a well model. It is basically impossible to get 

an analytical solution from this problem. 

On the other hand, conventional well-test methods are typically based on 

reservoir models whereby the porosity and permeability are represented as being 

homogeneous. The associated least squares problem would be relatively simple, 

involving just a few parameters, but the solution may not suitably represent the physical 

situation, and furthermore may not be useful for predictive purposes.  

We called this kind of problem, the inverse problem of PDE. Thus, it is 

necessary to introduce some kinds of numerical method for solving the problem. We 

switch our target to minimum an objective function, which measure the norm between 

the data points and simulation results, 

O(m) = J(m) = ‖𝑑 − 𝑔(𝑚)‖𝑑
2  

Early works at least norm theory has proved that the m give the least norm 

between 𝑔(𝑚) and d is the best estimation of 𝑔(m) = 𝑑’s solution. Many numerical 

methods have been applied to minimum objective function O(m).  

There are two broad classes of schemes which have been used to solve the 

minimization problem. Methods in the first class are based on the Gauss-Newton 

approach. Here, a sequence of iterates mk is formed; at each mk the parameter to state 

map 𝑔(𝑚) is linearized by 

𝑔(𝑚𝑘 + 𝜎𝑚) ≈ 𝑔(𝑚𝑘) + 𝑔𝑘
′ 𝜎𝑚 

where 𝑔𝑘
′  denotes the Fréchet derivative of 𝑔(𝑚) at 𝑞𝑘 and is referred to as the 

“sensitivity coefficient” in the petroleum and hydrology literature. The map 𝑔(𝑚) in 

𝐽(𝑚) is replaced by this linearization, resulting in a quadratic subproblem for 𝜎𝑞. With 

the residual defined by 𝑟𝑘 ≝  𝑔(𝑚𝑘 ) − 𝑑 , this may be written as 

J(mk + σm) ≈ 𝐽�̃�(𝜎𝑚) ≝ ‖𝑔𝑘
′ 𝜎𝑚 + 𝑟𝑘‖d

2 
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The next iterate mk+1  is then given by mk+1 ≝ mk  + σmk  , where mk  is a 

minimizer of 𝐽�̃�(𝜎𝑚). The first order necessary condition for 𝐽�̃�(𝜎𝑚) leads to  

[(𝑔𝑘
′ ) ∗ (𝑔𝑘

′ )]𝜎𝑚𝑘 = −(𝑔𝑘
′ ) ∗ 𝑟𝑘 

This is the basic Gauss-Newton method. While it has the advantage of being 

quadratically convergent under certain conditions, in its unmodified form it is usually 

of little practical value due to lack of robustness. This is because typically the inverse 

problems under discussion here are ill-posed, often severely so. This ill-posedness 

manifests itself in the sensitivity coefficient F 0 k in that the singluar values of that 

operator typically cluster at zero. In fact, it is often observed that they converge to zero 

at an exponential rate as the index goes to infinity. This was observed, e.g., in [47], 

where a linear model analogous first and second equation in this section was used in a 

simulated history matching problem. This property is a reasonable way of precisely 

defining “severely ill-posed". An effective strategy for improving the robustness of this 

method is the use of trust region techniques [35]. These are based on the idea that one 

should only “trust" the quadratic model within a certain radius k and so should constrain 

the linear subproblem accordingly. As implemented, this approach leads to the 

Levenberg-Marquardt method, one of the most popular methods for solution of 

nonlinear least squares problems. Comparisons between the basic Gauss-Newton 

method and the Levenberg-Marquardt method for reservoir history matching problems 

are discussed in [54], in which the superiority of the Levenberg-Marquardt method is 

clearly illustrated. 

 In numerical implementations of most Gauss-Newton type methods, a matrix 

representation of F 0 k is explicitly formed. This is done column by column; each 

column represents a directional derivative of F. The simplest and perhaps most widely 

used technique for computing these directional derivatives is finite differencing: 

𝑔𝑘
′ 𝜎𝑞 ≈

𝑔(𝑞𝑘 + 𝜏𝜎𝑞) − 𝑔(𝑞𝑘)

𝜏
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for some small   τ > 0. Thus, each computation of a column of 𝑔𝑘
′  requires a 

separate solution of the state equations (1) or (6). For problems with relatively large 

degrees of freedom, efficient ways for computing 𝑔𝑘
′  are desired. The advent of 

parallelism in computer architecture enables this approach to be used with significantly 

larger degrees of freedom. Since the computation of each directional derivative of 𝑔 is 

independent of all other directional derivatives, they can be done in parallel in a very 

simple and natural way. Secondly, reduced subspace algorithms are being developed 

([47, 48]) to solve (11) iteratively rather than directly. These do not require the explicit 

formation and storage of 𝑔𝑘
′  , only the ability to apply it and its adjoint to a given vector. 

The adjoint computation is discussed below. 

Methods in the second main class for solution of the minimization problem 

employ the gradient, but do not directly utilize 𝑔𝑘
′  . These methods utilize an adjoint 

method for efficient calculation of the gradient vector. This approach was introduced as 

an application of ideas from optimal control theory [9, 10]. In that point of view, the 

dependence of the least-squares problem on the model is not viewed in terms of what is 

here called the map 𝑔, but rather as a constraint on the optimization problem. The 

constraint is the dynamical system governing the model, or state equations. This point 

of view leads to the use of Lagrange multipliers and the Pontryagin Maximum Principle, 

the cornerstone of optimal control theory. In that context, the gradient calculation is 

given in terms of the solution of a certain linear dynamical system, known as the co-

state equation, occurring in the dual space of the space in which the state equation is 

posed. For these reasons, the adjoint approach to computing the gradient of J(m) is often 

referred to as the co-state or optimal control approach. 

The point of this approach is that, given a m ∈ MAD  and the corresponding 

solution of the state equation, the bulk of the effort in computing  ∇J(q) lies in the 

solution of the costate equation. This can be dramatically less costly than the explicit 

computation of 𝑔𝑘
′ . Disadvantages of this approach are that it requires development and 

solution of a system comparable in size to the forward problem, and that the 
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minimization is limited to methods which may be somewhat less efficient (in terms of 

the number of iterations for solution) and less robust than the Levenberg-Marquardt 

method. Quasi-Newton and some conjugate gradient algorithms [30, 57] appear to be 

good choices for use with the adjoint approach. A number of other applications of the 

co-state approach have appeared in the petroleum and hydrology literature 

 

ILL-POSED PROBLEM 

ill-posedness 

The numerical process searching for the minimum of O(m) is still faces many 

problems. Many times, the desired result cannot be get. 

the ill-conditioning of the parameter estimation problem was mentioned in the 

context of the solution of the linear subproblems (11) and the lack of robustness of the 

basic GaussNewton method. There the Levenberg-Marquardt method was brie y 

discussed a popular and reliable modification of that method. However, the difficulty is 

more fundamental: if the linear subproblems are ill-posed it is generally due to the ill-

posedness of the original inverse problem. 

The minimization problem O(m) = J(m) = ‖d − g(m)‖d
2  is said to be well-

posed in the sense of Hadamard if the solution (i) exists, (ii) is unique, and (iii) depends 

stably (continuously) on m. If any of these conditions fail, then the problem is ill-posed. 

Any of these three conditions can easily fail if the inverse problems are not 

formulated carefully. This is particularly true of field-scale history matching problems. 

For example, consider the estimation of the absolute permeability k(x) on the basis of 

pressure history p (x0, t) at a well. (Thus, q and m in the general setting are k(x) and 

p (x0, t), respectively.) It is clearly not possible to recover an arbitrary k(x) over a two- 

or three-dimensional spatial domain, from the one-dimensional measurement p (x0, t); 

clearly non-uniqueness is possible. On the other hand, due to noise in the data, it can 

happen that J has no minimizer at all. Finally, the stability condition (iii) can easily fail 
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because two very different k(∙) can map to two p (x0,∙) which are “close”, so that the 

inversion is unstable.  

In conclusion, is one of the main problems. The objective function always has 

several minima, which is called ill-posedness in math. 

Restriction of parameter space 

Many inverse problems of practical interest can be posed as maximum likelihood 

problems through selection of the norm associated with J(m) [53]. Statistical principles 

can then be used to guide selection of parameterizations of the unknown functions in a 

way that is consistent with the measured data. This can be approached as a system 

identification problem-that is, determination of the appropriate model, as well as the 

parameters within the model, that satisfies the measured data. 

Watson et al. [53] have presented a procedure to select among candidate models. 

The candidate models correspond to different parameterizations of the unknown 

functions used within the general equations discussed in x2. The strategy is based on 

the principle of parsimony [2]: seek the simplest possible model, in terms of the fewest 

degrees of freedom, which fully satisfies the data, and is consistent with all other 

available knowledge of the system. In analyzing well-test and reservoir production data, 

they formed a hierarchy of candidate models, or parameterizations, consistent with other 

geological or engineering information about the reservoir. Many of the models were 

nested, in that simpler models could be obtained by selecting certain values for 

parameters in more complex models. Statistical hypotheses were evaluated with the F-

test to ascertain the significance of the additional parameters in the more complex of the 

nested models. If the additional parameters were not statistically significant, the more 

complex model was discarded as a candidate. The ability of the selected model to 

suitably describe the data can be evaluated through residual analyses [53]. 

This procedure may not always lead to selection of a single candidate, and it can 

be tedious if a relatively large number of degrees of freedom are required to adequately 

resolve the data. However, it does provide a sound method for substantially reducing 



Texas Tech University, Junzhe Jiang, May 2018 
 

11 
 

the number of candidate solutions to the inverse problem, and it enables incorporation 

of prior information regarding the properties that may be available from a variety of 

sources. The method has been used to design well-tests for detecting certain properties 

by evaluating conditions for identifiability, and it can also be used as a guide to selection 

of zonation, a standard approach used by reservoir engineers to enforce the degree of 

smoothness of the reservoir properties. 

An application of this procedure to well-test data is shown in Figure 1. The data 

consisted of down-hole pressures measured over time during a pressure-buildup test. 

The full set of data were analyzed, but the example here is based on analysis of just the 

first 36 data points. The conventional method for analyzing such data, which is 

graphically based, would lead to selection of a reservoir model represented by uniform 

values of porosity and permeability. Since the formation may be naturally fractured, a 

dual-porosity reservoir model [51], which represents the media as being composed of 

two regions with different properties, was also considered as a candidate. Both the 

single-porosity and dual-porosity models provided fairly precise fits of the data, but the 

F-test analysis indicated that the additional parameters in the dual porosity reservoir 

model were significant. Predictions of the future values of pressures using estimates of 

the single and dual-porosity models showed that the selected dual porosity model was a 

much better predictor of reservoir behavior (see Figure 1). This example illustrates the 

importance of model selection for prediction of future reservoir behavior 

A particularly challenging problem has been the estimation of the functions 

which arise in the description of multiphase flow-the relative permeability and capillary 

pressure functions. These properties are somewhat unique in the field of estimation 

since they represent functions of the state, or dependent variables, of the model. A 

procedure has been developed for estimating these functions within the context of 

estimating relative permeability and capillary pressure functions from laboratory 

experiments [38, 55]. The unknown functions are represented by B-splines, due to their 

ability to accurately represent any smooth functions and their computational 

convenience. A series of estimation problems are solved, in which the spline dimensions 
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are increased. The selected representation corresponds to that with the fewest degrees 

of freedom for which essentially the smallest residual value of the objective function is 

attained. An important consideration is that sufficient degrees of freedom are provided 

so that bias errors associated with selection of the functional representations can be 

avoided [26]. Once the data are satisfied, in that the mismatch of the data by predicted 

quantities can be attributed to random errors, further increase in the degrees of freedom 

would only serve to increase the uncertainty associated with the estimates. 

This procedure is illustrated for analysis of experimental data collected during a 

laboratory experiment on a core sample [55]. The data consisted of values of the 

pressure drop and production of the displaced fluid measured while the initial saturating 

fluid phase is displaced with a second fluid phase. A series of parameter estimation 

problems were solved as the dimensions of the splines representing the unknown 

relative permeability curves were increased. A plot of the residual objective function 

value as a function of the degrees of freedom showed a characteristic sharp decline, 

followed by a leveling of the curve. Use of the procedure discussed in the previous 

paragraph led to selection of splines with a total of twelve parameters. These estimates 

are shown in Figure 2 along with estimates corresponding to eight and ten parameters, 

and those obtained with a power-law model (two parameters). This figure illustrates that 

the power-law model provides poor estimates of the unknown functions. It also shows 

that selection of the specific numbers of degrees of freedom for this problem is not 

critical, provided sufficient degrees of freedom have been provided. That is, the bias 

error can be largely eliminated, while the experimental design provides sufficient 

information to limit the variance error [26]. This approach has been extended to a variety 

of problems in which two and three-phase ow functions are to be estimated from 

experimental data [36, 38, 46]. 

Singular vector decomposition(SVD) 

The singular value decomposition (SVD) is an important method to restrict the 

parameter space. It has become for a few decades a fundamental tool to investigate a 

growing number of linear problems. The decomposition was discovered more than a 
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hundred years ago by Beltrami, but only became a numerical tool since the end of the 

1960s, when Golub showed how it could be computed in a stable and (reasonably) 

effective manner.  

This decomposition is a kind of diagonalization that gives a complete “identity 

card” of the operator. We will see in particular that it gives a simple (in theory) solution 

to the least squares problem.  

We state the main theorem in the case of real matrices.  

Let A ∈ 𝑅𝑛×𝑚 be a matrix of rank r. There exists two orthogonal matrices U ∈ 

𝑅𝑛×𝑚 (𝑈𝑇𝑈 =  𝑈𝑈𝑇 =𝐼𝑚) and V ∈ 𝑅𝑛×𝑚 (𝑉𝑇 𝑉 =  𝑉 𝑉𝑇 = 𝐼𝑛) such that  

A = 𝑈Σ𝑉𝑇 , 𝛴 = [
Σ1 0
0 0

] ,                                                                                                             

where 𝛴 ∈  𝑅^(𝑛 × 𝑚)  , 𝛴1 =  𝑑𝑖𝑎𝑔(𝜎1, 𝜎2, . . . , 𝜎𝑟), and  

𝜎1 ≥  𝜎2 ≥···≥  𝜎𝑟 >  0.  

Component by component, the matrix identity becomes:  

𝐴𝑣𝑗  =  𝜎𝑗𝑢𝑗  , 𝐴
𝑇𝑢𝑗 = 𝜎𝑗𝑣𝑗  ,  𝑓𝑜𝑟 𝑗 =  1, . . . , 𝑛,                                    

𝐴𝑇𝑢𝑗 =  0,  𝑓𝑜𝑟 𝑗 =  𝑛 +  1, . . . , 𝑚.                              

If we denote by 𝑈 =  (𝑢1,··· , 𝑢𝑚), 𝑉 =  (𝑣1,··· , 𝑣𝑛)  the columns of the 

matrices U and V , the vectors 𝑢𝑗and 𝑣𝑗  are, respectively, the right and left singular 

vectors associated with the singular value 𝜎𝑗.  

 

Figure 1. Illustration of the SVD 
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The proof is carried out by induction on 𝑛.  

By the definition of a subordinate matrix norm, there exists a vector 𝑣1  ∈  𝑅
𝑛 

such that  

||𝑣1||2  =  1, ||𝐴𝑣1||
2
 = ||𝐴||

2
 ≝ 𝜎, 

 where 𝜎  is strictly positive (if 𝜎 =  0, then 𝐴 =  0, and there is nothing to 

prove). Let 𝑢1  =  1/𝜎 𝐴𝑣1  ∈  𝑅
𝑚. We complete vector 𝑣1 to an orthonormal basis of 

𝑅𝑛, and we note 𝑉 =  (𝑣1, 𝑉1) ∈  𝑅
𝑛×𝑛 the matrix formed by the basis vectors. We do 

the same for 𝑢1 and 𝑅𝑚, noting 𝑈 =  (𝑢1, 𝑈1)  ∈  𝑅
𝑚×𝑚 . It should be observed that 

matrices 𝑈 𝑎𝑛𝑑 𝑉 are orthogonal by construction.  

According to our choice of 𝑈1, 𝑈1
𝑇𝐴𝑣1  =  𝜎𝑈1

𝑇𝑢1 =  0,  and so the product 

𝑈𝑇𝐴𝑉 has the following block structure:  

𝐴1  ≝  𝑈
𝑇 𝐴𝑉 = [ 𝜎 𝜔𝑇

0 𝐵
]  

with 𝜔𝑇 = 𝑈1
𝑇𝐴𝑉1 and 𝐵 =  𝑈1

𝑇 𝐴𝑉1 ∈  𝑅
(𝑚−1)×(𝑛−1).  

Since 𝑈 𝑎𝑛𝑑 𝑉  are orthogonal, ||𝐴1||2  = ||𝐴||
2
 =  𝜎 . But the double 

inequality  

 ||𝐴1||2
( 𝜎2  + 𝜔𝑇 ω)

1

2   ≥ ||𝐴1  [
𝜎
𝜔
]||

2
 = || 𝜎2 + [𝜎

2 + 𝜔𝑇𝜔
𝐵𝜔

]||
2

≥ 𝜎2 +

 𝜔𝑇𝜔, shows that  

||𝐴1||2 ≥ 
( 𝜎2  +  𝜔𝑇 ω)

1

2. Therefore, we must have 𝜔 =  0. We can then finish 

the proof by applying the induction hypothesis to 𝐵.  

From the geometric point of view, this theorem expresses that any linear 

mapping can be seen, after a change in orthonormal bases in each of the spaces, as acting 

by dilation in each direction. We insist on the significance of the fact that the considered 

bases are orthonormal. This constitutes the main difference with diagonalization. Indeed, 
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if any matrix has a SVD, only normal matrices (these are the matrices that commute 

with their adjoint) are diagonalizable in an orthonormal basis.  

We illustrate this geometric aspect in Figure 4.3, with the example of matrix 

 𝐴 = [
3 1
1 3

] 

whose SVD is (exercise): 

 𝐴 =   [

1

√2
−

1

√2
1

√2

1

√2

] [
4 0
0 2

] [

1

√2
−

1

√2
1

√2

1

√2

]

𝑇

  

 

 

Figure 2. SVD geometric significance 
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We calculate the image of the unit circle. We start with the action of 𝑉𝑇 , which 

is a rotation (of angle −45°), then by 𝛴, whose action expands the 𝑥 − 𝑎𝑥𝑖𝑠 by a ratio 

of 4 and the 𝑦 − 𝑎𝑥𝑖𝑠 by a ratio of 2, finally by 𝑈, which is a rotation of angle 45°.  

The singular values are related to the eigenvalues of matrices “derived” from A. 

The following proposition follows easily from the SVD of A.  

Let 𝐴 ∈  𝑅𝑛×𝑚 a matrix. Denote by 𝐴 =  𝑈𝛴𝑉𝑇 its SVD.  

1) The eigenvalues of the matrix 𝐴𝑇𝐴 are the numbers 𝜎𝑗
2 , 𝑗 =  1, . . . , 𝑛, and its 

eigenvectors are the left singular vectors of 𝐴, 𝑣𝑗 , 𝑗 =  1, . . . , 𝑛;  

2) The eigenvalues of the matrix  [0 𝐴𝑇

𝐴 0
]are the numbers ±𝜎𝑗 , 𝑗 =  1, . . . , 𝑛, 

and its eigenvectors are 
1

√2
[ 
𝑣𝑗
±𝑢𝑗

]   

This proposition allows us to clarify in what sense the SVD of a matrix A is 

unique. Since the singular values are the eigenvalues of 𝐴𝑇𝐴, they are determined by 𝐴, 

and therefore unique. The first 𝑛 right singular vectors belonging to a simple singular 

value are also unique (up to a factor ±1); on the other hand, for a multiple singular value, 

only the subspace is unique. Finally, the left singular vectors corresponding to a simple 

singular value are also unique. On the other hand, the last 𝑚 −  𝑛 right singular vectors 

are not determined only by 𝐴, only the subspace generated by 𝑢𝑛+1, . . . , 𝑢𝑚 is unique. 

 It may be convenient to write the SVD of A in a form slightly different from 

before:  

– first, by defining 𝑈𝑛  =  (𝑢1, . . . , 𝑢𝑛), we get 

𝐴 = 𝑈𝑛𝛴𝑉
𝑇    

sometimes referred to as the “singular value factorization” of A; 
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 – similarly, if A is not of rank 𝑛 , we denote by 𝑈𝑟 = (𝑢1, . . . , 𝑢𝑟),  𝑉𝑟  =

 (𝑣1, . . . , 𝑣𝑟)  the matrices formed by the first 𝑟 singular vectors and 𝛴𝑟  =

 𝑑𝑖𝑎𝑔(𝜎1, . . . , 𝜎𝑟). Then:  

𝐴 =  𝑈𝑟𝛴𝑟𝑉𝑟
𝑇  =  ∑ 𝜎𝑖

𝑟
𝑖=1 𝑢𝑖

𝑇𝑣𝑖                                                                                                 

 Note that matrices 𝑈𝑟 𝑎𝑛𝑑 𝑉𝑟 are orthogonal, since this is the case of the vectors 

𝑢1, . . . , 𝑢𝑟 𝑎𝑛𝑑 𝑣1, . . . , 𝑣𝑟. The decomposition corresponds to a sum of matrices of rank 

1.  

This latter form is the one that best lends itself to the generalization to operators 

in Hilbert spaces. It expresses that the columns of 𝑉𝑟 form a basis of (𝐾𝑒𝑟𝐴)
⊥, that those 

of 𝑈𝑟 form a basis of 𝐼𝑚 𝐴, and that by expanding the vectors in this basis, we get 

 𝑥 =  𝑥0 + ∑ (𝑥, 𝑣𝑖)𝑣𝑖
𝑟
𝑖=1  =⇒  𝐴𝑥 = ∑ 𝜎𝑖(𝑥, 𝑣𝑖)𝑢𝑖

𝑟
𝑖=1  , 𝑤ℎ𝑒𝑟𝑒 𝑥0 ∈  𝐾𝑒𝑟𝐴.                   

 As we have mentioned, the main properties of a matrix can be read from its 

SVD.  

We have the following relationships:  

1) The rank of A is the equal to the number of non-zero singular values;  

2) 𝐾𝑒𝑟𝐴 =  𝑠𝑝𝑎𝑛(𝑣𝑟+1,··· , 𝑣𝑛), 𝐼𝑚𝐴 =  𝑠𝑝𝑎𝑛(𝑢1,··· , 𝑢𝑟);  

3) 𝐾𝑒𝑟𝐴
𝑇   =  𝑠𝑝𝑎𝑛(𝑣1,··· , 𝑣𝑟),   𝐼𝑚𝐴

𝑇  =  𝑠𝑝𝑎𝑛(𝑢𝑟+1,··· , 𝑢𝑚);  

4) ||𝐴2|| =  𝜎1.  

Matrices U and V are isometries and thus bijections. The different properties are 

therefore consequences that they are true for 𝛴: 

 1) It is clear that the rank of a diagonal matrix is equal to the number of diagonal 

non-zero elements. The general result is a consequence of the previous observation.  

2) Given 𝑣 ∈  𝐾𝑒𝑟𝐴, then 𝑉𝑇𝑣 ∈ 𝐾𝑒𝑟𝑈
𝑇𝐴𝑉 =  𝐾𝑒𝑟 𝛴, and vice versa. Again, it 

is clear that the kernel of 𝛴 is spanned by columns 𝑟 +  1 to n of the identity, and thus, 
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the kernel of A is created by the product of V by these columns, that is the vector 

𝑣𝑟+1, . . . , 𝑣𝑛.  

A similar reasoning gives the result for the image of A.  

3) The reasoning is identical to that of the previous point.  

4) Since 𝑈 𝑎𝑛𝑑 𝑉 are isometries, we get for 𝑥 ∈  𝑅𝑛:  

||𝐴𝑥||
2

||𝑥||
2

=
||𝑈Σ𝑉𝑇𝑥||

2

||𝑥||
2

=
||Σ𝑦||

2

||𝑦||
2

 

with 𝑦 =  𝑉𝑇𝑥 (and thus ||𝑦||
2
 = ||𝑥||

2
). Therefore:  

||𝐴𝑥||
2

||𝑥||
2

=
(∑ 𝜎𝑗

2𝑦𝑗
2  𝑟

𝑗=1 )
1
2

(∑ 𝑦𝑗
2  𝑟

𝑗=1 )
1
2

 ≤ 𝜎1 

with equality for 𝑦 =  (1, 0, . . . , 0)T 

The SVD allows us to establish a result about the approximation of a matrix by 

matrices of lower rank, which will be useful when we will study spectral truncation 

(section 5.2.2). 

𝐹𝑜𝑟 𝑘 =  1, . . . , 𝑛 −  1, denote 𝐴𝑘 =  𝑈𝛴𝑘𝑉
𝑇 . 

 Then, ||𝐴 − 𝐴𝑘||2  =  𝜎𝑘+1 , and matrix 𝐴𝑘 is the matrix of rank k that 

minimizes the difference||𝐴 − 𝐵||
2
  

It is clear that 𝐴𝑘  𝑖s of rank 𝑘.  

Since 𝛴 − 𝛴𝑘 =  𝑑𝑖𝑎𝑔 (0, . . . , 0, 𝜎𝑘+1, . . . , 𝜎𝑛), we have  

||𝐴 − 𝐴𝑘||2 = |
|𝑈(Σ − Σ𝑘)𝑉

𝑇||
2
= ||Σ − Σ𝑘||2 = 𝜎𝑘+1.  

Finally, let 𝐵 be a matrix of rank 𝑘. The kernel o𝑓 𝐵 is thus of dimension 𝑛 − 𝑘 

and the space spanned by 𝑣1, . . . , 𝑣𝑘+1  is of dimension 𝑘 +  1 . The sum of the 
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dimensions is equal to (𝑛 − 𝑘) + (𝑘 +  1)  >  𝑛 and as a result these two subspaces 

have a non-trivial intersection. Let x be a vector of norm 1 in the intersection. On the 

one hand: 

 

SVD method for parameterization 

For an objective function in a type of a standard Least Squares Fitting of L2 

Regularization Constraints. the solution process of Tikhonov regularization equation is 

used, which will be introduced in next section. It gives the analytical solution of 𝜎�̃�. 

Assume a linear operator equation Ax = y, A ∈  ℜn×n is a discrete approximate of an 

ill-posed non-linear operator equation, the minimum point of Tikhonov functional, 

Ja(𝑥) =  ‖𝐴𝑥 − 𝑦‖
2 + 𝛼‖𝑥‖2     

It is the approximated solution of original non-linear operator equation without 

discretization. The solution method of Tikhonov functional in a discrete system, the 

normal equation of Tikhonov functional is 

AT𝐴𝑥 + 𝑎𝑥 = 𝐴𝑇𝑦       

Applying SVD decomposition to matrix A, assume A = UΣVT = ∑ 𝑢𝑖𝜎𝑖𝑣𝑖
𝑇𝑛

𝑖=1 , 

𝜎𝑖 follows a decent order. 

x = (UΣ2VT + αVVT)−1VΣUT𝑦 = 𝑉(Σ2 + 𝛼𝐼)−1Σ𝑈𝑇𝑦 =∑
𝜎𝑖

𝜎2 + 𝛼
(𝑢𝑖

𝑇𝑦)𝑣𝑖

𝑛

𝑖=1

  

Thus, SVD solution for regularized least norm objective function can be 

written as, 

𝛿�̃� =  −∑
𝜎𝑖𝑢𝑖

𝑇𝑊
1
2𝑟0

𝜎𝑖
2 + 𝛼

𝑣𝑖

𝑛𝑠𝑣

𝑖=1

 

It is easy to get SVD solution for non-regularized least norm objective function 

from the solution for regularized one. 
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𝛿�̃� =  −∑
𝜎𝑖𝑢𝑖

𝑇𝑊
1
2𝑟0

𝜎𝑖
2 𝑣𝑖

𝑛𝑠𝑣

𝑖=1

 

Since the smaller singular values tend to amplify noise, it is reasonable to 

truncate the terms with small singular values. So that the order of parameter space is 

reduced and the ill-posedness is eliminated. 

REGULARIZATION AND BAYESIAN ESTIMATION 

Other approaches may be more appropriate when dealing with the truly large-

scale estimation problems for which suitable candidate parameterizations of the 

spatially variable functions may not be obvious, or solutions of large numbers of 

parameter estimation problems are to be avoided. Two basic approaches, regularization 

and Bayesian estimation, have been used. The methods in this section differ from those 

discussed previously in that there have as yet been relatively few applications with 

actual reservoir or laboratory data. 

Tikhonov Regularization 

The regularization approach is based on ideas first advanced by Tikhonov [45] 

in the solution of ill-posed integral equations. As implemented by Seinfeld and 

coworkers [28, 29, 30], for some  α ≥ 0, the objective functional is augmented with a 

regularizing functional ‖∙‖2  which can be based on a Sobolev seminorm or can 

incorporate statistical beliefs as discussed below: 

Ja(𝑥) =  ‖𝐴𝑥 − 𝑦‖2 + 𝛼‖𝑥‖2 

the minimum point of Tikhonov functional is the approximated solution of 

original non-linear operator equation Ax = y . The regularization method can 

significantly eliminate ill-posedness. Regularization actually reduces the order of 

curve. 

Implementations have been demonstrated for the estimation of the porosity and 

permeability for hypothetical single- and two-phase reservoir estimation problems [30, 
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31, 32]. In these studies, the unknown functions were represented on a two-dimensional 

grid with bicubic splines. Important considerations in this approach are the selection of 

the norm for the stabilizing term, the weighting of the stabilizing term, and the grids for 

the representation of the unknown properties [31]. The weighting of the stabilizing term 

can be particularly important. Reported methods (see, e.g., [24, 31, 58]) require multiple 

solutions of parameter estimation problems. Frequently in these reservoir estimation 

problems there are other data in addition to the ow data measured at the wells that may 

be available. Such information can include data collected from laboratory experiments 

on reservoir core samples, property estimates from logging or well-test data, and general 

information from geological studies. It is most desirable that the estimates honor such 

prior knowledge of the system, when appropriate, or that this knowledge be incorporated 

into the estimation problem in order to improve the conditioning. This has led to 

Bayesian-based approaches for estimating the unknown parameters [3, 23, 58, 59]. 

Construct objective function with Bayesian theory 

In probability theory, inverse problem usually obeys some kinds of probability 

distribution. In this section, the objective function in reservoir simulation history 

matching is constructed with Bayesian theory. This method gives good results’ accuracy 

while illustrate the probability meaning of this problem. 

The static parameter in reservoir modeling, such as porosity and permeability, 

can be treated as random parameters which obey a probability distribution. Practically, 

the multiple-Gaussian distribution is chosen. The probability function can be written as, 

p(m) ∝ exp [−
1

2
(m −mpr)

T
CM
−1(m −mpr)] 

In the equation, m  is a Nm  dimensional vector of parameters, such as 

permeability, porosity or saturation. mpr  is Prior mean model; C𝑀  is the covariance 

matrix of model parameter; CM ∈ 𝑅
𝑁𝑚×𝑁𝑚. CM is constructed by geological methods, 

the diagonal line in the matrix is the variance of each parameter. 
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Assume the observed production data dobs  and model parameter m  have a 

relationship which can be described as, 

dobs = 𝑔(𝑚) + 휀𝑟 

In the equation, dobs  is a Nd  dimensional vector, which includes observed 

production data, such as water cut, oil production rate, pressure. 𝑔  represents the 

reservoir system, in the paper, it mainly represents reservoir simulator; εr  is 

measurement error, which normally obey the Gaussian distribution with 0 mean and CD 

variance, εr~𝑁(0, 𝐶𝐷). 

Based on probability theory, the distribution function of observed data dobs at 

certain model parameter m can be written as, 

p(dobs|m) = p(εr = 𝑑𝑜𝑏𝑠 − 𝑔(𝑚)) ∝ exp [−
1

2
(𝑑𝑜𝑏𝑠 − 𝑔(𝑚))

𝑇
𝐶𝐷
−1(𝑑𝑜𝑏𝑠 − 𝑔(𝑚))] 

Recall the maximum likelihood theory and Bayesian theory, the likelihood 

function of permeability or porosity field can be written as, 

𝑃(𝑚|𝑑) =
𝑃(𝑑|𝑚) ∗ 𝑃(𝑚)

𝑃(𝑑)
 

 For reservoir simulation Our target is to find the maximum likelihood point in 

likelihood function. 

𝑃(𝑚|𝑑𝑖) ∝ 𝑃(𝑑𝑖|𝑚) ∗ 𝑃(𝑚) = 

𝑒𝑥𝑝 [−
1

2
(𝑑𝑖 − 𝑔(𝑚))

𝑇
(𝐶𝑑)

−1(𝑑𝑖 − 𝑔(𝑚))]

× 𝑒𝑥𝑝 [−
1

2
(𝑚 −𝑚𝑝𝑟)

𝑇
(𝐶𝑚)

−1(𝑚 −𝑚𝑝𝑟) 

= 𝑒𝑥𝑝 [−
1

2
(𝑑𝑖 − 𝑔(𝑚))

𝑇
(𝐶𝑑)

−1(𝑑𝑖 − 𝑔(𝑚)) −
1

2
(𝑚 −𝑚𝑝𝑟)

𝑇
(𝐶𝑚)

−1(𝑚 −𝑚𝑝𝑟)] 

We just need to minimize the objective function O(m), the model parameters 

get from the minimum point are called MAP (Maximum A posteriori) estimation. 
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𝑂(𝑚) = −
1

2
(𝑑𝑖 − 𝑔(𝑚))

𝑇
(𝐶𝑑)

−1(𝑑𝑖 − 𝑔(𝑚)) −
1

2
(𝑚 −𝑚𝑝𝑟)

𝑇
(𝐶𝑚)

−1(𝑚 −𝑚𝑝𝑟) 

𝐶𝑚 =
1

𝑁𝑒 − 1
Σ(𝑚 − �̅�)(𝑚 − �̅�)T 

Dual of a linear space 

Let V be an n-dimensional linear space with vectors denoted v,w,… . When a 

basis {e1, . . . , en} is chosen, any vector 𝐯 can be decomposed as 𝐯 =  viei, defining the 

components {vi} of the vector. In a linear space, the sum of two elements 𝐯 +  𝐰 is 

defined (and equals the sum of the components), as is defined the product of a vector 

by a real number: 

(𝐮 + 𝐯)𝐢 = 𝒖𝒊 + 𝒗𝒊 , (𝝀𝐯)𝒊 = 𝝀𝒗𝒊. 

The dual of V, denoted V∗, is the space of all the linear forms over V, i.e., the 

space of all the linear applications mapping V into ℜ. If ω is an element of V∗, the real 

number it associates with an element 𝐯 of V is denoted 〈𝛚 , 𝐯〉, so one may write 

𝐯 ↦ λ = 〈𝝎, 𝐯 〉 

One says that 〈𝛚 , 𝐯 〉 is the duality product of 𝛚 by 𝐯. As Figure 3.1 suggests, a 

linear form can be represented by a “mille-feuilles.” 

The sum of two linear forms and the product of a form by a real number are 

defined through 

〈(𝜔 + 𝑣), v〉 = 〈𝝎, 𝐯〉 + 〈𝑣, v〉, 〈𝛼𝜔, v〉 = 𝛼〈𝜔, v〉 

and it is easy to see that, with these definitions, the dual V∗ of a linear space V is 

also a linear space. Taking a basis {ϵ1, . . . , ϵn} in V∗ allows us to write any element 𝝎 ∈

V∗ as 𝝎 = ωiϵ
i , defining the components {ωi} of 𝝎. The place of the indices (in the 

upper or lower position) is traditional in tensor notation and allows us to use the implicit 

sum convention, defined as follows. In normal expressions, the sums over indices 

involve an index in the lower position and an index in the upper position, as in r =

∑ ωiv
i

i  or di = ∑ Gα
i mα

α . By convention, the sum sign is not written, and one simplifies 

the expressions into 

ωi𝑣
𝑖 ≡ ∑ 𝜔𝑖𝑣

𝑖
𝑖 , 𝐺𝛼

𝑖𝑚𝛼 ≡ ∑ 𝐺𝛼
𝑖𝑚𝛼

𝛼  (implicit sum convention). 
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The bases in V and V∗ can always be chosen so as to have 

〈𝜖𝑖, 𝑒𝑗〉 = 𝜎𝑗
𝑖 

When this is the case, one says that the bases are mutually dual. Then, the duality 

product of ω ∈ V∗ and v ∈ V can be successively written 〈𝜔, 𝑣〉 = 〈𝜔𝑖𝜖
𝑖, 𝑣𝑗𝑒𝑗〉 =

𝜔𝑖𝑣
𝑗〈𝜖𝑖, 𝑒𝑗〉 = 𝜔𝑖𝑣

𝑗𝜎𝑗
𝑖 = 𝜔𝑖𝑣

𝑖. Therefore, the duality product can simply be expressed 

as (note that the implicit sum convention is being used) 

〈𝜔, 𝑣〉 = 𝜔𝑖𝑣
𝑖 

For the same reason that when a basis {ei} is chosen over the linear space V an 

element v ∈  V can just be seen as a sequence of n quantities {v1 , … , vn}, when a basis 

{i} is chosen over V∗, an element ω ∈  V∗ can just be seen as a sequence of n quantities 

{ω1, … , ωn}. From this perspective, the dual of a linear space is just an ad hoc space, 

closely resembling the original space, except that if the quantities {v1, … , vn}  have 

physical dimensions, the quantities {ω1, … , ωn}  must have the reciprocal physical 

dimensions in order for the expression λ =  ωiv
I to make sense. It is useful to also 

introduce the notation  〈ω , v〉 = ωt v : if the elements v and ω are seen as column 

matrices, the expression ωt v can be interpreted as a matrix product. We then have the 

three equivalent expressions 

Scalar product 

Let V be a linear space and W be a weighting operator over V, i.e., a linear, 

symmetric, and positive definite operator mapping V into its dual V∗ . Given such a 

weighting operator, the scalar product of two elements of V is defined — via the duality 

product — as 

(u, v) = 〈Wu, v〉  

Using matrixial notations for the duality product gives (u , v) = (Wu)tv =

ut Wtv = utWv , i.e., 

(u , v) = utWv 

The inverse of a weighting operator, C = W−1, is called a covariance operator, 

which is also symmetric and positive definite. (For a demonstration that the usual 
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probabilistic definition of a covariance operator defines a symmetric and positive 

definite operator see, for instance, Pugachev, 1965.) In terms of the covariance operator, 

the scalar product is written 

(u , v) = utC−1v 

When a weighting operator W has been defined, there is a bijection between a 

linear space and its dual. Denoting by v̂ the element of V∗ associated with v ∈  V by 

W, we may write 

v̂ = Wv 

or, using components, v̂i = Wij𝑣j . When there is no ambiguity about the 

operator W defining this bijection, the “hat” in v̂i is dropped, and one simply writes 

𝑣i = 𝑊𝑖𝑗𝑣
j 

The equation WC = I defining the covariance operator becomes, using 

components, 

Wij𝐶
𝑗𝑘 = 𝜎𝑖

𝑘 

and the reciprocal of equation (3.19) is 

𝑣i = Cij𝑣𝑗 

As the position of the indices clearly designates Wij and Cij, one could use a 

common letter for both (as is done in differential geometry, where the same symbol is 

used for the ‘covariant metric’ gij and the ‘contravariant metric’ gij), but we shall not 

do this here.  

Given a scalar product, the norm of a vector v is defined as ‖v‖ = (v , v)
1

2  . 

Therefore, 

‖v‖2 = (v, v) = vtC−1v = vtWv = 𝑣𝑖𝑊𝑖,𝑗𝑣
𝑗 

One should keep in mind that a covariance operator maps a space into its dual 

and that in usual problems one must simultaneously deal with two quite different spaces. 
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Relations Between Bayesian Theory and Regularization 

Via duality production, we defined scalar product and norm in parameter space 

and data space. In term of the covariance operator, the scalar product is written 

(𝑢, 𝑣) = 𝑢𝑡𝐶−1𝑣 

Given a scalar product, the norm of a vector𝑣  is defined as ‖𝑣‖ = (𝑣,  𝑣)
1

2 . 

Therefore, 

‖𝑣‖2 = (𝑣, 𝑣) = 𝑣𝑡𝐶−1𝑣 

For the Bayesian objective function, it is able to be written as a norm form 

𝑂(𝑚) = −
1

2
(𝑑𝑖 − 𝑔(𝑚))

𝑇
(𝐶𝑑)

−1(𝑑𝑖 − 𝑔(𝑚)) −
1

2
(𝑚 −𝑚𝑝𝑟)

𝑇
(𝐶𝑚)

−1(𝑚 −𝑚𝑝𝑟)

= ‖𝑑 − 𝑔(𝑚)‖ + ‖𝑚 −𝑚𝑝𝑟‖ 

If we start from Tikhonov functional, Prior knowledge of the system can be 

incorporated into the problem by way of a modified regularization. In particular, given 

a xpr  which embodies prior information or beliefs about the solution, the Tikhonov 

functional can be changed to 

Ja(𝑥) =  ‖𝐴𝑥 − 𝑦‖2 + 𝛼‖𝑥 − 𝑥𝑝𝑟‖
2
 

Which also amounts to a Bayesian estimation under certain conditions. Suppose 

the production data are related to a parameter distribution. And that model parameters 

satisfy some kinds of probability distribution we proposed before. So, the Bayesian 

theory objective function is actually a least norm function with a regularization term 

which can eliminate the ill-posedness. 

Basic concepts for data assimilation 

In reservoir history-matching problems, the assumption is often made that the 

initial state of the reservoir is known (pressure, saturations, and concentrations are at 

equilibrium), and that the joint probability of the reservoir parameters before 
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assimilation of data can be characterized. In many cases, the permeability and porosity 

are assumed to be realizations of a random process whose characteristics are known. It 

is often valid to also assume that the conditional probability distribution of future states 

of the reservoir, given the present state and all past states, depends only upon the current 

state and not on any past states. The data (or observations) at time t depend only on the 

state of the reservoir at time t, and not on previous states. If these assumptions are valid, 

the probability density for the parameters and the state variables can be defined 

recursively, given the following information. 

• initial probability density for model variables    p(m0) 

• probability of current state given probability of prior state    p(mk|mk − 1) 

• probability of observations given model parameters    p(dobs,k|mk). 

Denote the observations up to time t by Dk =  {dobs, 1, . . . , dobs, k}. Our aim 

is to estimate the posterior distribution p(mk|Dk). 

The posterior probability distribution for the model parameters and state 

variables is given by Bayes’ theorem, 

p(mk|Dk) =
p(Dk|mk)p(mk)

∫ p(Dk|mk)p(mk)dmk

 

which can be rewritten to emphasize the recursive relationship between the 

probability density for model variables at time tk + 1 and time tk: 

p(mk+1|Dk+1) = p(mk|Dk)
p(dobsk+1|mk+1)p(mk+1|𝑚𝑘)

p(dobsk+1|Dk)
 

Assume that at time tk, we have an ensemble of samples of state and model 

vectors from the posterior p(yk,mk|Dk) where Dk  =  {Dk−1, dobs,k} is the collection of 

all data through time tk. Bayes’ theorem relates the probability density for the state 

variables, fk, and model variables, mk, after assimilation of data dobs,k at time tk to the 

prior probability density at tk as follows: 

p(mk|Dk) ∝ p(dobs,k|𝑓𝑘 , mk)p(𝑓𝑘 , mk|Dk) 

∝ p(dobs,k|𝑓𝑘 , mk)p(𝑓𝑘|mk, Dk)p(mk|Dk−1) 
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∝ p(dobsk|mk)p(mk|𝑚𝑘−1) 

The equivalence is a result of the fact that the state variables fk can be computed 

from the model variables mk. Although the first line of Eq. (11.3) is fundamental for 

the traditional Kalman filter because it explains how to update the model and state 

variables directly, the third line simply points out the possibility of using the Kalman 

filter to update only the model variables (and initial conditions), then computing the 

state from the model variables. 

The posterior PDF from which samples should be drawn (Eq. 11.3) is the product 

of two terms. The prior is represented by the ensemble of model and state vectors. As 

in the traditional EnKF, for purposes of updating the variables, we approximate the prior 

by a Gaussian whose mean and covariance are estimated from the ensemble. The other 

term is the likelihood; when both terms are Gaussian, the product is Gaussian and the 

Kalman filter can be used to compute the updated model and state variables. When the 

likelihood is not Gaussian (e.g. when the relationship between model variables and 

observation variables is nonlinear), the product is not a Gaussian, but sampling from an 

approximation to the posterior can still be accomplished fairly efficiently. 
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CHAPTER III 

ENSEMBLE KALMAN FILTER 

Derivation of update equation 

The ensemble Kalman filter (EnKF) method is a Monte Carlo implementation 

of the Kalman filter in which the mean of an ensemble of realizations provides the best 

estimate of the population mean and the ensemble itself provides an empirical estimate 

of the probability density. The method was first introduced by Evensen [71], and much 

of the development has taken place in the field of weather prediction. Applications to 

petroleum engineering began with Nævdal et al. [72] and have expanded rapidly since 

that time [73–76]. The EnKF avoids several of the limitations of the Kalman filter and 

the extended Kalman filter. In particular, there is no need to linearize the dynamical 

equations or the relationship between the state variables and the data. There is also no 

need to compute and update the estimate of the covariance, so the method can be 

practical for very large models. 

RML (Randomized Maximum Likelihood) method is similar to stochastic 

simulation method, Firstly, several reservoir model realizations and observation data 

realizations are generated randomly based on prior information and observation, the 

calculating equation is shown as following, 

m = mpr + 𝐶𝑀

1
2𝑍𝑚 

d = dobs + 𝐶𝐷

1
2𝑍𝑑 

in the equations, CM

1

2  and CD

1

2  are got from Cholesky decomposition, and satisfied 

CM

1

2 CM

𝑇

2 = 𝐶𝑀 and CD

1

2 𝐶𝐷

𝑇

2 = 𝐶𝐷. Zm and Zd are random vectors which are following the 

Gaussian distribution. To every set of m and d, the MAP estimation mc is obtained 

from minimization process of the maximum likelihood function O(m),   

 

O(m) = (𝑑 − 𝑔(𝑚))
𝑇
𝐶𝐷
−1(𝑑 − 𝑔(𝑚)) + (𝑚 −𝑚𝑝𝑟)𝐶𝑚

−1(𝑚 −𝑚𝑝𝑟) 
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While the estimated production data 𝑔(𝑚)  from reservoir simulation is 

following an approximated linear relationship with the model parameter m , it is 

approvable that mc get from RML method obey the probability distribution p(m|dobs). 

Finally, the MAP estimation of O(m) can be get. 

Considering the estimated production data 𝑔(𝑚)  and model parameter m 

following the linear relationship: 

𝑔(𝑚) = 𝐺𝑚 

In the equation, G is the sensitivity matrix between 𝑔(𝑚) and 𝑚. Considering 

the gradient of 𝑂(𝑚),  

𝛻𝑂(𝑚) = 𝐶𝑀
−1(𝑚 −𝑚𝑝𝑟) + 𝐺

𝑇𝐶𝐷
−1(𝐺𝑚 − 𝑑) 

 

MAP estimation is get at 𝛻𝑂(𝑚) = 0, 

 

mMAP = 𝐻
−1(CM

−1mpr + G
TCD

−1dobs) 

 

In the equation, 𝐻 represents Hessian matrix, 

H = C𝑀
−1 + 𝐺𝑇𝐶𝐷

−1𝐺 

 

According to RML method, for every set of muc 𝑎𝑛𝑑 𝑑𝑢𝑐,  

 

mc = 𝐻−1𝐶𝑀
−1𝑚𝑢𝑐 + 𝐻

−1𝐺𝑇𝐶𝐷
−1𝑑𝑢𝑐 

= 𝐻−1(𝐺𝑇𝐶𝐷
−1𝐺 + 𝐶𝑀

−1 − 𝐺𝑇𝐶𝐷
−1𝐺)𝑚𝑢𝑐 + 𝐻

−1𝐺𝑇𝐶𝐷
−1𝑑𝑢𝑐 

= 𝐻−1(𝐻 − 𝐺𝑇𝐶𝐷
−1𝐺)𝑚𝑢𝑐 + 𝐻

−1𝐺𝑇𝐶𝐷
−1𝑑𝑢𝑐 

= 𝑚𝑢𝑐 + 𝐻
−1𝐺𝑇𝐶𝐷

−1(𝑑𝑢𝑐 − 𝐺𝑚𝑢𝑐) 

= 𝑚𝑢𝑐 + (C𝑀
−1 + 𝐺𝑇𝐶𝐷

−1𝐺)−1𝐺𝑇𝐶𝐷
−1(𝑑𝑢𝑐 − 𝐺𝑚𝑢𝑐) 

 

Use matrix inverse lemma, 
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mc = 𝑚𝑢𝑐 + 𝐶𝑀𝐺
𝑇(𝐺𝐶𝑀𝐺

𝑇 + 𝐶𝐷
−1)−1(𝑑𝑢𝑐 − 𝐺𝑚𝑢𝑐) 

 

We got the update equation for EnKF 

𝑚 = 𝑚 + 𝐶𝑀𝐷(𝐶𝐷 + 𝐶𝐷𝐷)(𝑑 − 𝑔(𝑚)) 

𝐶𝑀𝐷 =
1

𝑁𝑒 − 1
Σ(𝑚 − �̅�)(𝑔(𝑚) − 𝑔(�̅�))

𝑇
=

1

𝑁𝑒 − 1
Σ(𝑚 − �̅�)(𝑚 − �̅�)TG = CmG 

Similarly, 𝐶𝐷𝐷 =
1

𝑁𝑒−1
Σ(𝑔(𝑚) − 𝑔(�̅�))(𝑔(𝑚) − 𝑔(�̅�))

𝑇
= 𝐺CmG

T 

Localization 

Spurious correlations  

The ensemble Kalman filter is an approximation to the Kalman filter in which 

the error covariance and, consequently, the Kalman gain matrix are approximated from 

a finite ensemble of state forecasts. The method has been effective at assimilating data 

in many different types of systems, including atmospheric, ocean, groundwater, and 

petroleum reservoirs. The method often works well, even for nonlinear problems, when 

the size of the ensemble is large, but because the cost grows with ensemble size, the 

goal is always to use as small an ensemble as possible. 

Two problems become critical in a standard implementation of the ensemble 

Kalman filter when the ensemble size is small. The first is that the ensemble 

approximation to the covariance matrix can indicate the presence of correlations that 

are not real. These spurious correlations give rise to model or state updates in regions 

that should not be updated. The second problem is that the number of degrees of freedom 

in the ensemble is only as large as the size of the ensemble, so the assimilation of large 

amounts of precise, independent data is impossible. The problem becomes acute when 

the number of measurement locations is large as in time-lapse seismic or in fields with 

many wells. 

As an illustration of the harmful effect of spurious covariances in EnKF, Lorenc 

[77] investigated the effect on estimation from assimilation of a single perfect 
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observation (one with no error) for an ensemble with 100 members. He observed that, 

although assimilation of the measurement decreased the analysis error in the 

neighborhood of the observation, the global analysis error increased. He concluded that 

the “harm done by spurious covariances with distant grid points is greater than the local 

benefit.” 

Localization method 

The most common method of eliminating the effect of spurious covariances for 

spatially correlated variables is to apply some type of distance-based covariance 

localization that attempts to remove covariances beyond some predetermined distance, 

under the assumption that any apparent covariance beyond that distance is purely a 

result of sampling error. Although localization has been widely used in meteorology 

and ocean dynamics, it has not been used extensively in petroleum reservoir history 

matching. The most basic approach to localization is simply to limit the data that will 

be used for the update of a variable to those data that lie within a particular distance of 

the variable to be updated, or conversely to limit the variables that will be updated to 

those that are within a particular distance of the observation location. The first 

application of localization in the ensemble Kalman filter [78] used a simple approach, 

applying a distance cutoff to the Kalman gain so that only model variables within a 

critical distance of the observation were updated. In most current applications of 

localization, the strict cutoff has been replaced by the use of a taper function that 

multiplies the ensemble approximation to the covariance matrix. Houtekamer and 

Mitchell [79] and others [e.g., 80, 81], for example, have used the fifth-order compactly 

supported correlation function of Gaspari and Cohn [97] to eliminate spurious 

correlations without introducing sharp discontinuities to the updates. 

Bayesian theory objective function with localization is shown as blow, 

O(m) = (𝑑 − 𝑔(𝑚))
𝑇
𝐶𝐷(𝑑 − 𝑔(𝑚)) + (𝑚 −𝑚𝑝𝑟)𝜌 ∘ 𝐶𝑚(𝑚 −𝑚𝑝𝑟) 

The first and secondary derivation of objective function can be got, 
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ΔO(m) = GTCD
−1(𝑑 − 𝐺𝑚) + 𝜌 ∘ 𝐶𝑚

−1(𝑚 −𝑚𝑝𝑟) 

H = GT𝐶𝐷
−1𝐺 + 𝜌 ∘ Cm

−1 

It should be noticed that H in last equation means Hessian matrix, it is different 

with the H that will be shown blow. the incorrect 𝐶𝑚  by under sampling is named 

spurious correlation widely, A standard recommendation to eliminate this problem for 

KF is to apply some type of covariance localization 𝜌𝑚 to 𝐶𝑀 which attempts to modify 

the state covariance matrix 𝑪𝑴 close to the standard covariance matrix when parameter 

𝑚 is Gaussian distributed.  

The rationale behind this operation is that it increases the rank of the modified 

covariance matrix and masks spurious correlations between distant state vector elements. 

Figure 1 shows an example of its effect for a model with one-dimensional periodic 

geometry. To be applicable to a particular scheme, Covariance localization actually 

requires the update equations to be formulated in terms of P, which excludes some 

schemes, such as ETKF or, more generally, right-multiplied ESRFs. In EnKF applied 

in reservoir simulation history matching, because the CM is un-known, some change 

should be made to applied covariance localization into our industry. 

This type of localization has been discussed frequently, although details differ. 

Hamill et al. [14] localize CM but not CD. In their implementation, however, the data are 

assimilated sequentially at a data assimilation time. Houtekamer and Mitchell [16] 

localize both CMD and CDD, but like Houtekamer et al. [17] and Fertig et al. [10], they 

assume that 

(ρ ∘ CM)H
T ≈ 𝜌 ∘ 𝐶𝑀𝐷 

And 

H(ρ ∘ CM)H
T ≈ 𝜌 ∘ 𝐶𝐷𝐷 

The H in the equation represents an observation operator. Which is different with 

the H shown before. 
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Figure 3. ρ distribution 

 

Figure 4. CM distribution 
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Figure 5. ρ ∘ CM distribution 

As discussed above, most previous investigators have assumed that an 

appropriate localization function ρ can be chosen for CM and that the same localization 

can be used for CMD and CDD. Although we believe that, because of the spatial extent of 

the observations, the effect of spurious correlations on CDD will not generally be as large 

as the effect on CMD, it will still be necessary to localize CDD when the ensemble size is 

small. In the localization for CMD 𝑎𝑛𝑑 𝐶𝐷𝐷, we express CMD and CDD in terms of CM 

and G 

CMD = 𝐶𝑀�̃�
𝑇 

And 

CDD = �̃�𝐶𝑀�̃�
𝑇 

where �̃� is a linearized relationship between data and the state vector that has 

the combined effect of G and F. The problem is that, in our applications, �̃� (and ρ for 
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that matter) are unknown, so we cannot use �̃�(ρ ∘ CM)�̃�
𝑇  to compute the localized 

version of CDD, as is typically suggested. Thus, the assumption to apply the localization 

matrix of CM to the CMD 𝑎𝑛𝑑 𝐶𝐷𝐷 directly, like Houtekamer et al. and Fertig et al. made, 

may cannot have a good performance at all scenario.   

So, another localization method called local analysis was proposed. Local 

analysis (LA) is another common localization method. It uses local approximation of 

the state error covariance for each updated state vector element by building a virtual 

local spatial window around this element; this is equivalent to setting ensemble 

anomalies outside local window to zero during update. Unlike CL, which cannot be 

applied to some schemes, LA is a scheme-independent method. For example, applied to 

reservoir simulation history matching, every element of localization matrix for CMD was 

calculated based on distance between spatial location of parameter and data, while every 

element of localization matrix for CDD is calculated based on distance between spatial 

location of different data points. 

There is also another method proposed to calculate CDD. We can, however, use 

the localization for CMD, which we call ρMD, to estimate a consistent localization ρDD 

for CDD. 

CDD = �̃�𝐶𝑀�̃�
𝑇 = 𝐶𝑀𝐷

𝑇 𝐶𝑀
−1𝐶𝑀𝐷 

Assuming that the same relations are valid for the corresponding localization 

matrices, we expect that 

ρDD = 𝜌𝑀𝐷
𝑇  

The localization for the state variables ρM is unknown, so we cannot compute 

the product ρMD
T ρM

−1ρMD. We make a conservative approximation to replace ρDD
−1  with 

the identity matrix. The result is to allow somewhat more spurious correlations in the 

estimate of CDD than would be optimal if the localization for the state variables were 

known. In this case, the localization function for CDD is of the form 
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ρDD = 𝜌𝑀𝐷
𝑇 𝜌𝑀𝐷 

The matrix ρDD must be scaled to obtain ones on the diagonals. It is actually the 

same way to calculate CDD as we introduced in local analysis method. 

Figure 2 shows an example of local state error covariance used for updating the 

ith element in the case with a one-dimensional geometry. if in the left panel denotes a 

vector of taper coefficients for the state vector used in LA for this update. Note that 

during LA ensemble anomalies and ensemble mean are updated only for the centre point 

of the local domain. The other (noncentral) elements of the local ensemble anomalies 

and local ensemble mean are not updated. In this sense, the local analysis is not entirely 

consistent: the analysed ensemble is different from that calculated in any given local 

update (except for the centre element of the domain). 

 

Figure 6. ρ distribution 
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Figure 7. CM distribution 

 

Figure 8. ρ ∘ CM distribution 
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From Bayesian objective function with covariance localization, EnKF update 

equation with Covariance localization can be derivate,  

σm(i) = [𝜌𝑦𝑑 ∘ 𝐶𝑦𝑑](CD + ρdd ∘ Cdd)
−1𝜎𝑑(𝑖) 

EnKF update equation with Local analysis can be written as blow. Localization 

method in numerical experiments section is Local analysis.  

σm(i) = Δ𝑀(𝑖)Δ𝐷(𝑖)
𝜌
(CD(𝑖) + (ΔD(𝑖)

ρ
ΔD(𝑖)

𝜌
))

−1

𝜎𝑑(𝑖) 

ΔD(𝑖)
𝜌
= 𝜌(𝑖) ∘ Δ𝐷(𝑖) 

there is another localization method named Kalman gain localization, the 

localization matrix directly modify the entire Kalman gain matrix. This method is not 

commonly used in oil and gas industry, and the localization is too general. Thus, it 

will not be discussed in following sections. 

σm(i) = 𝜌𝑦𝑑 ∘ (𝐶𝑦𝑑(CD + Cdd)
−1)𝜎𝑑(𝑖) 

For other ensemble method, such as LM-EnRML, these three-localization 

methods introduced above perform in a very similar way as how they perform on 

EnKF, the update equation of LM-EnRML without localization can be written as, 

ΔD =
1

√𝑁𝑒 − 1
CD
−
1
2𝐷 (𝐼𝑁𝑒 −

1

𝑁𝑒
𝐼𝑁𝑒𝐼𝑁𝑒

𝑇 ) 

ΔM =
1

√𝑁𝑒 − 1
𝑀 (𝐼𝑁𝑒 −

1

𝑁𝑒
𝐼𝑁𝑒𝐼𝑁𝑒

𝑇 ) 

σm = ΔMΔDT ((1 + λ)INd + ΔDΔD
T)

−1

𝐶𝐷
−
1
2𝜎𝑚 

the update equation of LM-EnRML with Covariance localization, 

σm(i) = [𝜌𝑚𝑑 ∘ (Δ𝑀(𝑖)Δ𝐷(𝑖)
𝑇 )] ((1 + λ)INd + [ρdd ∘ (ΔD(𝑖)ΔD(𝑖))])

−1

𝜎𝑑(𝑖) 
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the update equation of LM-EnRML with Kalman gain localization  

σm(i) = [𝜌𝑚𝑑 ∘ Δ𝑀(𝑖)Δ𝐷(𝑖) ((1 + λ)INd + (ΔD(𝑖)ΔD(𝑖)))
−1

] 𝜎𝑑(𝑖) 

the update equation of LM-EnRML with Local analysis / observation 

localization 

σm(i) = Δ𝑀(𝑖)Δ𝐷(𝑖)
𝜌𝑇
(INd + (ΔD(𝑖)

ρ
ΔD(𝑖)

𝜌𝑇
))

−1

[𝜌(𝑖)

1
2 ∘ 𝜎𝑑(𝑖)] 

ΔD(𝑖)
𝜌
= (ρ(i)

1
2 𝐼𝑁𝑒

𝑇 ) ∘ Δ𝐷(𝑖) 

Modification of covariance matrix 

The main target of current localization method is to modify the covariance 

matrix to keep it at a desired “shape”, for example, Gaspari-Cohn function [97] tends to 

modify the covariance matrix and keep it close to standard covariance matrix of a 

Gaussian distribution. So that, the spurious correlation can be removed. But the “shape” 

of covariance matrix is complexed in reservoir simulation history matching. There are 

some early works did by Chen and Oliver analyzing the relationship between cross-

covariance, prior covariance, and sensitivity. They also investigated the behavior of the 

cross-covariance between data and model and state variables under different flow. The 

influence of the past history of data assimilation is investigated at where the prior and 

posterior covariance and data sensitivities can be computed analytically 

From their conclusion, since localization is applied to the cross-covariance 

CM𝐺
𝑇, which a product of variance matrix and sensitivity (gradient) matrix, number in 

cross-covariance matrix is strongly related sensitivity, but it cannot be determined from 

the region of sensitivity alone; the contribution of the prior covariance must be 

considered. But it is also a lack of consideration to only keep the cross-covariance 

matrix close to prior covariance, which is a main way to construct the correlation 

function. So, the parameter in correlation function, such as correlation length, should be 
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determined very carefully, in order to eliminate the spurious correlation without loosing 

important information in the matrix. 

Correlation function 

Gaspari-Cohn 

The Gaspari-Cohn function [97] is used to generate the correlation value 

between two data points.  

𝜌𝑖,𝑗,𝑘 = C0 (𝑧,
1

2
,  𝑐)

=

{
 
 

 
 −

1

4
(
𝑧

𝑐
)
5

+
1

2
(
𝑧

𝑐
)
4

+
5

8
(
𝑧

𝑐
)
3

−
5

3
(
𝑧

𝑐
)
2

+ 1,      0 ≤ 𝑧 ≤ 𝑐

1

12
(
𝑧

𝑐
)
5

−
1

2
(
𝑧

𝑐
)
4

+
5

8
(
𝑧

𝑐
)
3

+
5

3
(
𝑧

𝑐
)
2

−  5 (
𝑧

𝑐
) + 4 −

2

3
(
𝑧

𝑐
)
−1

,       𝑐 ≤ 𝑧 ≤ 2𝑐

0,                 2𝑐 ≤ 𝑧

 

Gaspari-Cohn function’s validation is based on the believe that the conditional 

probability distribution of production data under parameter field is still a Gaussian 

distribution. Thus, the cross-covariance between parameter field and production data is 

still a convolution of two Gaussian-distributed field.  

𝑑𝑜𝑏𝑠 = 𝑔(𝑚) + 휀𝑟, 휀~𝑁(0,  𝐶𝐷),  

𝑝(𝑑𝑜𝑏𝑠|𝑚) = 𝑝(휀𝑟 = 𝑑𝑜𝑏𝑠 − 𝑔(𝑚)), 

Furrer and Bengtsson 

Furrer and Bengtsson [102] derived another relationship between a nearly 

optimal taper, or localization function, and the true prior covariance. The relationship 

involves the ensemble size explicitly, so no experimentation with ensemble size is 

required, but the need to know the true covariance is clearly a drawback in many 

applications. 

In the isotropic case with covariance function p(h), the optimal taper is 
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C(h) =
1

1 +
1 +

p(0)
p(h)2

n

 

the above formulation does not yield a positive definite taper function for all p(⋅

). 

 

SVD WITH BAYESIAN 

From the last section, we build a relation between Bayesian theory and least 

squares theory, so it is possible to apply some technology to Bayesian history matching 

which is used in least squares history matching to improve the performance. As 

introduced in previous section, SVD is an important and efficiency method for 

parameterization. Which can reduce the order of parameter space and eliminate the ill-

posedness in inverse problem. As the Spurious correlations of EnKF has been explained 

as being caused by ill-posedness. It is reasonable to introduce SVD method in Bayesian 

theory. 

Validation  

The prior probability density function (pdf) for the Nm dimensional vector of 

reservoir parameters, m, is assumed to be multivariate Gaussian with zero means and 

data measurement errors are assumed to be Gaussian so from the standard Bayesian 

formulation [82], the posterior pdf for the model m conditional to the observed data is 

given by 

f(m|dobs) = α exp(−𝑂(𝑚)) 

where a is the normalizing constant and 

O(m) =
1

2
(𝑚 −𝑚𝑝𝑟)𝐶𝑀

−1(𝑚 −𝑚𝑝𝑟) +
1

2
(𝑔(𝑚) − 𝑑𝑜𝑏𝑠)𝐶𝐷

−1(𝑔(𝑚) − 𝑑𝑜𝑏𝑠) 
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Here, mpr denotes the Nm-dimensional mean vector for the prior model, CM 

denotes the Nm× Nm prior covariance matrix, dobs denotes the Nd-dimensional vector 

of observed data, g(m) denotes th corresponding predicted data for a given model m, 

and CD  denotes the Nd × Nd  covariance matrix for data measurement errors. 

Minimization of O(m) yields the maximum a posteriori (MAP) estimate. Although to 

characterize uncertainty, one would wish to sample the above pdf, here our focus is on 

the viability of optimization using reparameterization, so we consider only the MAP 

estimate. If the pdf is multimodal, O(m) may have multiple minima, but one application 

of a gradient-based optimization algorithm can find only a single minimum and which 

of the minima is obtained is based on the initial guess. Nevertheless, for simplicity, we 

refer to this estimate as “the” MAP estimate and denote it by mMAP. 

As the mMAP corresponds to a minimum of O(m), the gradient must be zero at 

the MAP estimate. Letting GMAP denote the sensitivity matrix evaluated at mMAP, it 

follows easily [82] that 

mMAP = 𝑚𝑝𝑟𝑖𝑜𝑟

− 𝐶𝑀𝐺𝑀𝐴𝑃
𝑇 (𝐶𝐷 + 𝐺𝑀𝐴𝑃𝐶𝑀𝐺𝑀𝐴𝑃

𝑇 )−1[𝑔(𝑚𝑀𝐴𝑃) − 𝑑𝑜𝑏𝑠

− 𝐺𝑀𝐴𝑃(𝑚𝑀𝐴𝑃 −𝑚𝑝𝑟𝑖𝑜𝑟)] 

And that 

O(m) = O(mMAP) +
1

2
(𝑚 −𝑚𝑀𝐴𝑃)

𝑇𝐻𝑀𝐴𝑃(𝑚 −𝑚𝑀𝐴𝑃) 

gives a good approximation to O(m)in some neighborhood of mMAP. Within this 

neighborhood, the pdf of Eq. 1 can be approximated by 

f(m|dobs) = �̂�exp [−
1

2
(𝑚 −𝑚𝑀𝐴𝑃)

𝑇𝐻𝑀𝐴𝑃(𝑚 −𝑚𝑀𝐴𝑃)] 

where ˆa is the normalizing constant and HMAP denotes the Hessian evaluated at 

the MAP estimate of the model, i.e., 
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HMAP = 𝐶𝑀
−1 + 𝐺𝑀𝐴𝑃

𝑇 𝐶𝐷
−1𝐺𝑀𝐴𝑃 

Eq. 5 is in the form of a Gaussian pdf with mean mMAP  and (posterior) 

covariance matrix given by 

CMAP = 𝐻𝑀𝐴𝑃
−1 = (𝐶𝑀

−1 + 𝐺𝑀𝐴𝑃
𝑇 𝐶𝐷

−1𝐺𝑀𝐴𝑃)
−1 

In the event, the relation between the model m and predicted data g(m) is linear, 

Eqs. 4 and 5 apply for all m. Using matrix inversion lemmas (Tarantola, 1987), Eq. 7 

can be rewritten as 

CMAP = 𝐶𝑀 − 𝐶𝑀𝐶𝑀𝐴𝑃
𝑇 (𝐺𝑀𝐴𝑃𝐶𝐷

−1𝐺𝑀𝐴𝑃
𝑇 + 𝐶𝐷)

−1𝐺𝑀𝐴𝑃𝐶𝑀 

As introduced by Zhang [83], the dimensionless sensitivity matrix GD is defined 

by 

CD = 𝐶𝐷
−
1
2𝐺𝐶𝑀

−
1
2 

where G is the sensitivity coefficient evaluated at some particular m, CM

1

2  denotes 

the square root of the covariance matrix and CD
−
1

2 denotes the inverse of the square root 

of CD. In general, the square root of CM satisfies 

CM = 𝐶𝑀

1
2𝐶𝑀

𝑇
2  

where CM

T

2  denotes the transpose of CM

1

2 . If CM = LL
T  is the Cholesky 

decomposition of CM where L is lower triangular, then we define CM

1

2 = L. If the Schur 

decomposition is used to generate the square root, then CM

T

2 = CM

1

2  and CM = (CM

1

2 )

2

, a 

result which better fits our notion of a square root. 

From Eq. 10, it follows that 
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CM
−1 = 𝐶𝑀

−
𝑇
2𝐶𝑀

−
1
2 

where CM
−
T

2 represents the inverse of CM

T

2 . Similarly, 

CD = 𝐶𝐷

1
2𝐶𝐷

𝑇
2 

And 

CD
−1 = 𝐶𝐷

−
1
2𝐶𝐷

−
𝑇
2 

Introducing the square roots of the covariance matrices, letting G  and GD 

represent the sensitivity and dimensionless sensitivity matrices evaluated at the MAP 

estimate, and letting INm  and INd , respectively, denote the Nm ×Nm and Nd ×Nd 

identity matrices, Eq. 8 can be rewritten as 

CMAP = 𝐶𝑀

1
2 (𝐼𝑁𝑚 − 𝐺𝐷

𝑇[𝐺𝐷𝐺𝐷
𝑇 + 𝐼𝑁𝑑]

−1
𝐺𝐷)𝐶𝑀

𝑇
2  

Confidence Regions. Assuming the posterior pdf is Gaussian (Eq. 5) with 

covariance matrix CMAP, a surface of the form 

(m −mMAP)
T𝐶𝑀𝐴𝑃

−1 (𝑚 −𝑚𝑀𝐴𝑃) = 𝑟
2 

is a surface of constant probability density and the interior of this ellipsoid 

represents a confidence region [84]. The volume of this ellipsoid is given by 

V′ =
√𝑟2𝜋𝑁𝑚

Γ(1 + (
Nm
2 ))

√𝑑𝑒𝑡𝐶𝑀𝐴𝑃 

where Γ is the Gamma (generalized factorial) function. For a fixed value of r2, 

the volume of this ellipsoid reflects the uncertainty in m. The smaller the volume of this 

ellipsoid, the smaller the uncertainty in mMAP as an estimate of the true model, or the 
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more likely that a sample of the pdf of Eq. 5 will be close to mMAP. For the same value 

of r2, the corresponding volume of the ellipsoid 

(m −mprior)
T
𝐶𝑀
−1(𝑚 −𝑚𝑝𝑟𝑖𝑜𝑟) = 𝑟2 

Is given by 

V =
√𝑟2𝜋𝑁𝑚

Γ(1 + (
Nm
2 ))

√𝑑𝑒𝑡𝐶𝑀 

The ratio of V0  to V  represents the reduction in uncertainty obtained by 

conditioning the prior model to dobs. From Eqs. 16, 18 and 14, it follows that 

V′

V
= √

𝑑𝑒𝑡𝐶𝑀𝐴𝑃
𝑑𝑒𝑡𝐶𝑀

= √det (𝐼𝑁𝑚 − 𝐺𝐷
𝑇[𝐺𝐷𝐺𝐷

𝑇 + 𝐼𝑁𝑑]
−1
𝐺𝐷) 

Next, we show that the characterization of Eq. 19 can be rewritten in terms of 

the singular values of the dimensionless sensitivity matrix. 

Reduction in Uncertainty in Terms of Singular Values of Dimensionless 

Sensitivity Matrix. The critical properties of singular value decomposition (SVD) 

needed for our discussion can be found in [85] and are summarized in Appendix A. 

Here, we let ui and vi, respectively denote the left and right singular vector 

corresponding to the singular value λi determined from a SVD of the dimensionless 

sensitivity matrix GD. Eq. A–14 gives 

(INd + GDGD
T)

−1
𝑢𝑖 =

1

1 + 𝜆𝑖
2 𝑢𝑖 , 𝑓𝑜𝑟 𝑖 = 1,2, …𝑁𝑑 , 

so the eigenvalue-eigenvector pairs of the Nd  ×  Nd matrix (INd  +  GDGD
T) are 

(1 + λi
2 , ui) for i =  1, 2 · · ·  Nd where λi >· · ·> λNd

2 ≥ 0. From Eqs. A–15 and A–

16, it follows easily that the eigenvalue-eigenvector pairs of the Nm × Nm matrix INm −

GD
T(INd + GDGD

T)
−1
GD are (βi, vi)i=1

Nm where 
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βi = {
1 −

𝜆𝑖
2

1 + 𝜆𝑖
2  𝑓𝑜𝑟 𝑖 = 1,2, …𝑁𝑑

1 𝑓𝑜𝑟 𝑖 = 𝑁𝑑 + 1,…𝑁𝑚

 

As the determinant of a matrix is equal to the product of its eigenvalues, it 

follows that 

det (INm − GD
T(INd + GDGD

T)
−1
GD) =∏𝛽𝑖

𝑁𝑚

𝑖=1

=∏
1

1+ 𝜆𝑖
2

𝑁𝑑

𝑖=1

 

Using Eq. 22 in Eq. 19 gives 

V′

V
= √

𝑑𝑒𝑡𝐶𝑀𝐴𝑃
𝑑𝑒𝑡𝐶𝑀

= √∏
1

1 + 𝜆𝑖
2

𝑁𝑑

𝑖=1

 

where λi, i = 1, 2, · · · Nd are the Nd largest singular values of the dimensionless 

sensitivity matrix, GD. Eq. 23 indicates that the singular values of the dimensionless 

sensitivity matrix determine the reduction in uncertainty in m obtained by conditioning 

to observed data and very small singular values have a small effect on the reduction in 

uncertainty obtained by conditioning to data. For Nd ≤ Nm, there can be at most Nd 

nonzero singular values. These results suggest that the right singular vectors 

corresponding to the largest singular values may provide an optimal parameterization 

of the change in the model during iteration with a gradient based method. Moreover, if 

the singular values of the dimensionless sensitivity matrix decay rapidly, we may need 

only a few singular vectors in the parameterization. Thus, the development given above 

provides theoretical support for the parameterization method used by Rodriques [86]. 

Analysis of EnKF’s failure in least square theory 

From the previous introduction, Bayesian objective function can explain as a 

least-square equation with regularization. More efforts have been made to explore the 

spurious correlation problem of EnKF under least-square theory. 

Recall the least norm objective function without localization: 
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O(m) = ‖𝑑 − 𝑔(𝑚)‖ = (𝑑 − 𝑔(𝑚))
𝑇
𝐶𝐷
−1(𝑑 − 𝑔(𝑚)) 

ΔO(m) = GTCD
−1(𝑑 − 𝑔(𝑚)) 

H = GT𝐶𝐷
−1𝐺 

Quasi-Newton update equation for Least norm objective function without 

regularization 

mc = 𝑚𝑢𝑐 − H
−1𝛾 

mc = 𝑚𝑢𝑐 − (𝐺
𝑇𝐶𝐷𝐺)

−1𝐺𝑇𝐶𝐷
−1(𝑔(𝑚) − 𝑑) 

Write EnKF updated equation in the below form: 

mc = 𝑚𝑢𝑐 + (𝑪𝒎
−𝟏 + 𝐺𝑇𝐶𝐷𝐺)

−1𝐺𝑇𝐶𝐷
−1(𝑑 − 𝑔(𝑚𝑢𝑐)) 

Under sampling causes reduction of Cm
−1. When that happens, update equation 

of Kalman filter will degenerate to a Quasi-Newton update equation without 

regularization. Its performance for ill-posed problem will be poor. So, it is reasonable 

to relate spurious correlation problem to ill-posedness. The following parts will try to 

introduce technology used to eliminate ill-posedness to deal with spurious correlation 

problem, such as SVD. 

SVD for Bayesian 

the objective function can be written as below, 

O(yj
n) =

1

2
(mj

n −muc,j
n )

T
𝐶𝑀𝑛
−1(mj

n −muc,j
n )

+
1

2
(𝑔𝑛(mj

n) − puc,j
n )

T
𝐶𝑃𝑛
−1(𝑔𝑛(mj

n) − puc,j
n )  

m is the model parameter such as permeability or porosity, while p is predicted 

data such as production rate. Considering this as a least square equation, the 1st term 

represents the error between the updated and prior matching parameters and the 2nd 

term is the error between the simulated and historical production data.   
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Consider a linear approximation G(m) of gn(m) around m and let σm = mj
n −

muc,j
n , assume the puc,j

n  and generate at correct m0. Thus, puc,j
n = gn(m0) + r0, where r0 

is the vector of residuals calculated at r = r0. Then we let δm = mj
n −m0

n. Therefore, 

when gsim(mJ) = gsim(m0) + Gδm, g
n(mj

n) − puc,j
n = Gδm + r0. Also, we use Γ,W 

to represent CMn

−1  and CPn
−1. We can write objective function in a simpler way 

O(m) =
1

2
(𝐺𝛿𝑚 + 𝑟0)

𝑇𝑊(𝐺𝛿𝑚 + 𝑟0) +
𝛼

2
(𝜎𝑚)𝑇Γ𝜎𝑚  

Γ  is assumed to be symmetric positive definited matrix, and 
𝛼

2
 is a number 

describing the relative weight between the prior and mismatch terms. The Choleski 

decomposition of L can be written as 

Γ = LLT  

And introduce the change of variables:  

𝜎�̃� = 𝐿T𝜎𝑚  

Substituting upper two equation into objective function results in: 

O(m) =
1

2
(𝑊

1
2𝐺𝐿−𝑇𝛿�̃� +𝑊

1
2𝑟0)

𝑇

(𝑊
1
2𝐺𝐿−𝑇𝛿�̃� +𝑊

1
2𝑟0) +

𝛼

2
(𝜎�̃�)𝑇𝜎�̃�  

The objective function from Bayesian theory still fit the form of a standard Least 

Squares Fitting of L2 Regularization Constraints. the solution process of Tikhonov 

regularization equation Ja(𝑥) =  ‖𝐴𝑥 − 𝑦‖
2 + 𝛼‖𝑥‖2  is still usable to give the 

analytical solution. 

Recall the SVD solution of Tikhonov regularization for discrete system, we use 

the Tikhonov functional (Eq 6) ’s solution of the discrete operator equation 

𝑊
1

2𝐺𝐿−𝑇𝛿�̃� = −𝑊
1

2𝑟0 to give an approximation of original equation’s solution. The 

solution can be expressed in terms of the singular value decomposition of the matrix A 



Texas Tech University, Junzhe Jiang, May 2018 
 

50 
 

=𝑊
1

2𝐺𝐿−𝑇 , it is easily to get solution for non-localized Bayesian objective function 

while transfer the Bayesian objective function into least norm form. 

𝛿�̃� =  −∑
𝜎𝑖𝑢𝑖

𝑇𝑊
1
2𝑟0

𝜎𝑖
2 + 1

𝑣𝑖

𝑛𝑠𝑣

𝑖=1

 

Since the smaller singular values tend to amplify noise, it is reasonable to 

truncate the terms with small singular values. The rank of model parameter matrix is 

reduced, which eliminates under sampling if applied to EnKF and other kinds of 

probability method.  

TSVD for Kalman Filter 

The same solution can be also directly derivate from EnKF’s updated equation, 

mc = 𝑚𝑢𝑐 + (𝐶𝑚
−1 + 𝐺𝑇𝐶𝐷𝐺)

−1𝐺𝑇𝐶𝐷
−1(𝑑 − 𝐺𝑚𝑢𝑐) 

Define the adjoint gradient matrix, let G be a linear operator mapping M into D, 

the adjiont GD of G is the linear operator mapping D into M. For any d ∈ D,m ∈ M 

(𝐺𝐷𝑑,𝑚)𝑀 = (𝑑, 𝐺𝑚)𝐷 

GD = 𝐶𝐷
−
1
2𝐺𝐶𝑀

1
2 = UΣV 

σm = (𝐶𝑚
−1 + 𝐺𝑇𝐶𝐷𝐺)

−1𝐺𝑇𝐶𝐷
−1(𝑑 − 𝐺𝑚𝑢𝑐) 

= CM

1
2 (𝐼 − 𝐺𝐷

𝑇(𝐺𝐷𝐺𝐷
𝑇 + 𝐼𝐷)

−1𝐺𝐷)𝐶𝑀

𝑇
2GT𝐶𝐷

−
𝑇
2𝐶𝐷

−
1
2(𝑑 − 𝐺𝑚) 

= CM

1
2 (𝐼 − 𝐺𝐷

𝑇(𝐺𝐷𝐺𝐷
𝑇 + 𝐼𝐷)

−1𝐺𝐷)𝐺𝐷
𝑇𝐶𝐷

−
1
2(𝑑 − 𝐺𝑚) 

=CM

1

2 (𝐼 − 𝐺𝐷
𝑇(𝑈Σ2𝑈𝑇 + 𝐼𝐷)

−1𝐺𝐷)𝐺𝐷
𝑇𝐶𝐷

−
1

2(𝑑 − 𝐺𝑚) 

= CM

1
2 (𝐼 − 𝑉𝑇Σ(Σ2 + 𝐼𝐷)

−1Σ𝑉)𝑉𝑇Σ𝑈𝑇𝐶𝐷
−
1
2(𝑑 − 𝐺𝑚) 
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= CM

1
2 𝑉𝑇(𝐼 − Σ(Σ2 + 𝐼𝐷)

−1Σ)Σ𝑈𝑇𝐶𝐷
−
1
2(𝑑 − 𝐺𝑚) 

Define GDeff = 𝑉
𝑇(𝐼 − Σ(Σ2 + 𝐼𝐷)

−1Σ)Σ𝑈𝑇, GDeff is a singular system, whose 

singular value matrix is (𝐼 − Σ(Σ2 + 𝐼𝐷)
−1Σ)Σ. We got 

𝐶𝑀
−
1
2𝜎𝑚 = 𝐺𝐷𝑒𝑓𝑓𝐶𝐷

−
1
2(𝑑 − 𝐺𝑚) 

‖𝜎𝑚‖ = 𝐺𝐷𝑒𝑓𝑓‖𝑑 − 𝐺𝑚‖ 

 

There is also another way to get the same solution, 

(𝐼 + 𝐺𝐷
𝑇𝐺𝐷)CM

−
1
2σm =  𝐺𝐷

𝑇𝐶𝐷
−
1
2(𝑑 − 𝐺𝑚𝑢𝑐) 

VT(𝐼 + Σ2)𝑉CM
−
1
2σm =  𝐺𝐷

𝑇𝐶𝐷
−
1
2(𝑑 − 𝐺𝑚𝑢𝑐) 

Geff‖σm‖ = 𝐺𝐷
𝑇‖𝑑 − 𝐺𝑚‖ 

Pick the p non-zero (largest) singular value, 𝐺𝐷 = 𝑈𝑃𝛴𝑝𝑉𝑝 

(𝐼 + 𝛴𝑃
2)𝑉𝑃‖𝜎𝑚‖ = 𝛴𝑝𝑈𝑃

𝑇‖𝑑 − 𝐺𝑚‖ 

(𝐼 + 𝛴𝑃
2)𝑉𝑃‖𝜎𝑚‖ = 𝛴𝑝𝑈𝑃

𝑇‖𝑑 − 𝐺𝑚‖ 

‖𝜎𝑚‖ =
𝛴𝑝𝑈𝑃

𝑇

(𝐼 + 𝛴𝑃
2)
𝑉𝑃‖𝑑 − 𝐺𝑚‖ 

Recall the SVD solution of Tikhonov regularization for discrete system, easily 

to get same solution 

𝛿�̃� =  −∑
𝜎𝑖𝑢𝑖

𝑇𝑊
1
2𝑟0

𝜎𝑖
2 + 1

𝑣𝑖

𝑃

𝑖=1
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SVD for LM-EnRML 

For other kind of ensemble method, such as LM-EnRML, very similar solution 

can also be got. First, the Kalman gain matrix of EnKF can be rewritten as, 

σm = CM

1
2 (𝐼 + 𝐺𝐷

𝑇𝐺𝐷)
−1𝐺𝐷

𝑇𝐶𝐷
−
1
2𝜎𝑑 

GD = 𝐶𝐷
−
1
2𝐺𝐶𝑀

1
2  

σm = ΔMΔDT(I + ΔDΔDT)−1𝐶𝐷
−
1
2𝜎𝑑 

ΔD =
1

√𝑁𝑒 − 1
CD
−
1
2𝐷 (𝐼𝑁𝑒 −

1

𝑁𝑒
𝐼𝑁𝑒𝐼𝑁𝑒

𝑇 ) ≈
1

√𝑁𝑒 − 1
CD
−
1
2𝐺𝑀 (𝐼𝑁𝑒 −

1

𝑁𝑒
𝐼𝑁𝑒𝐼𝑁𝑒

𝑇 )

= CD
−
1
2𝐺ΔM 

ΔM =
1

√𝑁𝑒 − 1
𝑀 (𝐼𝑁𝑒 −

1

𝑁𝑒
𝐼𝑁𝑒𝐼𝑁𝑒

𝑇 ) 

The SVD solution can be got,  

𝛿�̃� =  −∑
𝜎𝑖𝑢𝑖

𝑇𝑊
1
2𝑟0

𝜎𝑖
2 + 1

𝑣𝑖

𝑃

𝑖=1

 

For LM-EnRML, the “Kalman gain” gain matrix can be written as a very similar 

form. The equations are shown below, the SVD method is applied in the same way, 

K = ΔMΔDT ((1 + λ)INd + ΔDΔD
T)

−1

 

ΔD =
1

√𝑁𝑒 − 1
CD
−
1
2𝐷 (𝐼𝑁𝑒 −

1

𝑁𝑒
𝐼𝑁𝑒𝐼𝑁𝑒

𝑇 ) = UP𝑊𝑃𝑉𝑃
𝑇 

K = ΔM(UP
TΔD)

T
(𝐼𝑃 +𝑊𝑃

2)−1𝑈𝑃
𝑇 

= ΔMVP𝑊𝑃(𝐼𝑃 +𝑊𝑃
2)−1𝑈𝑃

𝑇 
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= Keff𝑈𝑃
𝑇 

σm = Keff𝑈𝑃
𝑇𝐶𝐷

1
2(𝑑 − 𝑔(𝑚)) 

It is easy to conclusion that SVD method can be workable for different kinds of 

ensemble method. 

Relation between SVD and localization: 

The SVD solution for localized Bayesian objective function is more complicated, 

for Bayesian objective functions with different localization method, the SVD solution 

will be different. The SVD solution for different localized objective function will be 

derivate to illustrate the localization from domain decomposition respective. And the 

construction of localization matrix is discussed. 

Bayesian theory objective function with localization 

𝑦𝑗
𝑛,𝑎 = 𝑦𝑗

𝑛,𝑓
+ 𝜌𝑀𝑛𝐷𝑛 ∘ 𝐶𝑀𝑛

𝑓
𝐺𝑇(𝐶𝐷𝑛 + 𝜌𝐷𝑛𝐷𝑛 ∘ 𝐺𝐶𝑀𝑛

𝑓
𝐺𝑇)

−1
× (𝑑𝑢𝑐,𝑗

𝑛 − 𝑑𝑗
𝑛,𝑓
) 

The localization matrix is used to modify cross-covariance. Although the 

sensitivity (gradient) matrix G in reservoir simulation is non-linear, in the derivation of 

SVD solution, we assume G is linear, so that, 𝜌𝑀𝑛𝐷𝑛 ∘ 𝐶𝑀𝑛
𝑓
𝐺𝑇  and 𝜌𝐷𝑛𝐷𝑛 ∘ 𝐺𝐶𝑀𝑛

𝑓
𝐺𝑇 

could be degenerated to (𝜌𝑀𝑛 ∘ 𝐶𝑀𝑛
𝑓
)𝐺𝑇 and 𝐺(𝜌𝑀𝑛 ∘ 𝐶𝑀𝑛

𝑓
)𝐺𝑇, so the update equation 

can be written as, 

𝑦𝑗
𝑛,𝑎 = 𝑦𝑗

𝑛,𝑓
+ (𝜌𝑀𝑛 ∘ 𝐶𝑀𝑛

𝑓
)𝐺𝑇(𝐶𝐷𝑛 + 𝐺(𝜌𝑀𝑛 ∘ 𝐶𝑀𝑛

𝑓
)𝐺𝑇)

−1
× (𝑑𝑢𝑐,𝑗

𝑛 − 𝑑𝑗
𝑛,𝑓
) 

Which is equivalent with objective function below, 

O(m) =
1

2
(𝐺𝛿𝑚 + 𝑟0)

𝑇𝐶𝐷
−1(𝐺𝛿𝑚 + 𝑟0) +

𝛼

2
(𝜎𝑚)𝑇(𝜌𝑀 ∘ CM

−1)𝜎𝑚 

The analytical solution with SVD can be got and shown as below, 



Texas Tech University, Junzhe Jiang, May 2018 
 

54 
 

𝛿�̃� =  −∑
𝜎𝑖𝑢𝑖

𝑇𝑊
1
2𝑟0

𝜎𝑖
2 + 𝜌𝑖

𝑣𝑖

𝑛𝑠𝑣𝑑

𝑖=1

 

𝜌𝑖  is an adjustable parameter defined in localization matrix. It can adjust the 

degree of regularization. Or, if considering from probability theory respective, 𝜌𝑖 is the 

parameter measure the confidential level of prior information. 

Notice the 𝑛𝑠𝑣𝑑  in the equation, because when there are the elements in 

localization matrix being 0, the localization matrix can also reduce the order of 

parameter space, which is same as truncation of singular value. 

From the SVD solution of localized Bayesian method, it is easy to conclude that, 

actually, localization is a very similar technology as regularization. But for a discrete 

system, not as regularization term assigned unique weight to all elements, localization 

matrix assigns different weight to each element, and play a role to reduce the rank of 

parameter space. 
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CHAPTER IV 

A NEW METHOD TO ELIMINATTE SPURIOUS CORRELATION 

PROBLEM 

In this section, a new method to eliminate spurious correlation problem will 

proposed. The new method will focus on the order-reduce function that both SVD 

parameterization and localization has. The task is to build a SVD supported localization 

method. As introduced in last section, localization also has a very similar usage as 

regularization. In the following parts, this behavior of localization will not be discussed, 

but it will be studied in future researches. 

Adjoint of a linear operator 

When defining the transpose of a linear operator, it is not assumed that the vector 

spaces in consideration have a scalar product. If they do, then it is possible to define the 

‘adjoint’ of a linear operator. 

As above, let G be a linear operator mapping M into D, and let ( , )D and ( , )M 

represent the scalar products in D and M, respectively. The adjoint of G is denoted by 

G∗ and is the linear operator mapping D into M, defined by the condition that, for any 

d ∈ D and any m ∈ M, the following property holds: 

(G∗d,m)M = (d, Gm)D 

Let CM  and CD  be the covariance operators defining the respective scalar 

products in M and D. Using successively the definitions of scalar product and of the 

transpose of an operator, we can write (G∗ d , m)M = (d , Gm)D = 〈 CD
−1d , Gm〉D =

〈GtCD
−1d,m〉D = (CMG

tCD
−1d,m)M, so, as this must hold for any m and any d , we arrive 

at the relation between adjoint and transpose: 

G∗ = 𝐶𝑀𝐺
𝑡𝐶𝐷

−1 

Sometimes the terms adjoint and transpose are incorrectly used as synonyms. 

The last equation shows that they are not. In the special circumstance where a linear 

operator L is considered that maps a linear space into itself, then, by definition, the 
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adjoint L∗ also maps the space into itself. If, in that case, L =  L∗, the operator is called 

self-adjoint. Another special circumstance is when an operator maps a space into its 

dual, as is the case with (the inverse of) a covariance operator. In Problem 7.10, it is 

demonstrated that, while a covariance operator is symmetric, Ct = C, it is not self-

adjoint. Rather, the adjoint of a covariance operator equals its inverse, C∗ = C−1(it is 

anti-self-adjoint). 

The adjoint gradient 

Let G be a linear approximation of non-linear operator 𝑔 for 𝑔(m) = d which is 

mapping parameter space 𝕄 into data space 𝔻, and let ( ,  )𝐷 and ( ,  )𝑀 represents the 

scalar product in 𝔻 and 𝕄. Respectively, the adjoint of G is denoted by 𝐺∗ and is the 

linear operator mapping𝔻 into 𝕄, define by the condition that, for any  d ∈ 𝔻,  m ∈ 𝕄 

(𝐺𝐷𝑑,𝑚)𝑀 = (𝑑, 𝐺𝑚)𝐷 

GD = 𝐶𝑀

1
2𝐺𝐶𝐷

−
1
2 

Because 𝐺𝐷  is a linear operator mapping 𝔻  into 𝕄 , so it reflects the 

correlation between data and parameters, if we can measure the importance of these 

correlations, we are able to construct a proper localization matrix 𝜌𝑚𝑑 

Visualized SVD 

A simple simulator was developed and used to run the ensemble mean model 

generated from a geological simulation to the end of the history matching date. 

Embedded in this simulator is a built-in adjoint method.  This was used to obtain the 

gradient matrix of the objective function only at the conclusion of the simulation. 

Although calculation of gradients normally costs a lot of calculation resources, this 

method calculates the gradient only once. Thus, it is still more affordable than gradient 

based history matching. After applying SVD to A =𝑊
1

2𝐺𝐿−𝑇, the right singular vector 

is mapped into a gridblock map and set a proper truncate to the value of these singular 
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vectors. This is used to obtain the area used to determine critical length.  This is labeled 

as the ‘Flow Area’. 

Instead of constructing one objective function which contains all predicted data, 

only the oil and water rates are set as predicted data in cost function.  Then, this two-

cost function is used to generate two areas from the SVD method.  These two areas are 

combined to obtain the area which then is used to determine the critical length. This is 

based on the observation that many items such as ‘production rate’ and ‘production total’ 

represent similar things. To eliminate the influence between the different related 

production terms, it is preferred to use only oil rate and water rate along and construct 

two objective function. 

Generally, the flow area should be an irregular shape, thus we are going to use 

an elliptical area to fit the flow area as figure 1 shows.  

 

Figure 9. Elliptical area used to fit flow area 

Only two parameters, Lx and Ly need to be adjusted. The Nelder-Mead method 

is used as the fitting algorithm. The least squares fitting equation is written as 

F(Lx, Ly) = ∑ [s − e (
𝛿

𝐿
)]
2
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S is 1 in flow area, while it is 0 out of flow area. 
𝛿

𝐿
 is the Euclidian distances 

between the target gridblock and observed well, which is calculated with the following 

equation, 

𝛿

𝐿
=  √(

𝛿𝑥′

𝐿𝑥
)
2

+ (
𝛿𝑦′

𝐿𝑦
)

2

  

Euclidian distances are computed in the x and y directions and rotated to the 

main direction from prior geological information using 

[
𝛿𝑥′
𝛿𝑦′
] = [

𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] [
𝛿𝑥
𝛿𝑦
] 

After obtaining  Lx and Ly, they are added to the correlation length from prior 

geological model.  As explained by Emerick and Reynolds, assuming that the flow areas 

are somewhat related to the sensitivities, when we keep only the flow areas for 

localization, we are selecting a too small region, unless all model parameters are 

completely uncorrelated in the prior model. 

SVD supported localization 

Rewritten the update equation as: 

σm(i) = [𝜌𝑚𝑑 ∘ 𝐶𝑚𝑑](CD + ρdd ∘ Cdd)
−1𝜎𝑑(𝑖) 

𝑖  denotes ith parameter that is being updated right now. To compare the 

localization matrix 𝜌𝑚𝑑 ’s localization effect with the standard localization matrix 

𝜌𝑚.  The 𝜌𝑚𝑑𝜌𝑚𝑑
𝑇  is plotted to observe its localization on the parameter space, and 

compared to 𝜌𝑚. The effect of this new localization method is proved to reduce the order 

of parameter space, which is also effective to eliminate ill-posedness. 

Original EnKF updated function: 𝑚 = 𝑚+ 𝐶𝑀𝐷(𝐶𝐷 + 𝐶𝐷𝐷)(𝑑 − 𝑔(𝑚)) 

Localized EnKF updated function: 𝑚 = 𝑚+ 𝜌𝑚𝑑 ∘ 𝐶𝑀𝐷(CD + ρdd ∘ CDD)
−1(𝑑 −

𝑔(𝑚)) 



Texas Tech University, Junzhe Jiang, May 2018 
 

59 
 

The sampling method is used to estimate the product 𝐶𝑀𝐺,  𝐺𝐶𝑀𝐺
𝑇 . the 

localization matrix is also actually added on the product.  

We start the purpose to measure the correlation between production data and 

model parameters or the correlation between production data. we introduce a SVD 

supported method. it is used to generate the localization matrix 𝜌𝑚𝑑. Then we use Chen 

and Oliver’s equation to calculate ρdd. 

𝜌𝑑𝑑 = 𝜌𝑚𝑑
𝑇 𝜌𝑚𝑑 

Similarly, 𝜌𝑚 = 𝜌𝑚𝑑𝜌𝑚𝑑
𝑇  

One dimension of localized covariance is plotted. As the plot shows, SVD 

supported localization has the same effect on covariance matrix as original local analysis 

method, and this method indeed reduces the order of parameter space. 

 

Figure 10. Localized covariance matrix 
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NUMERICAL EXPERIMENTS AND RESULTS 

The example corresponds to a 2D reservoir model on a 21 × 21 uniform grids. 

The model parameters are gridblock log-permeability. The true model was generated 

from a sequential Gaussian simulation with major correlation length of the width of 28 

gridblocks and minor correlation length of the width of 5 gridblocks oriented at 45°.  

The prior mean of all gridblock log-permeabilities of all realization is 1, while 

the prior variance is 1.0. Figure 2 shows the true permeability field used as the reference 

to generate the observed data. In true permeability model,  

 

Figure 11. Ture log permeability field 

For this problem, four producing wells, P1, P2, P3, P4 and one injecting well, 

I1, start producing or injecting water at the beginning of the simulation time. The 

observed data are oil and water production rates, water injection rates, water cut and 

bottom hole pressure. all wells are open from the beginning of simulation. And all the 

producers are controlled by constant bottomhole pressure, 300 barsa, while the injection 

well controls by injection rate at 150 m3/𝑑 .  
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All measurements (wells) are set at the upper half of the model, which is not 

preferred by original EnKF, because model parameters in gridblocks which are far from 

observation spots, especially in lower half of model, may be updated unproperly due to 

spurious correlation. Thus, this is an example for which localization should be beneficial, 

and it is also a situation that occurs very often in early development of a real reservoir. 

 The EnKF was applied using an ensemble of 50 models considering two cases: 

(1) no localization, (2) using the Gaspari–Cohn correlation function with critical lengths 

which is gotten by method introduced in section 2 (our recommended procedure).  

The most important decision to be made in the correlation matrix for localization 

is the choice of the critical length(s). There is already some discussion about the 

algorithm to determine the critical length [97,102], the most discussed method is based 

on streamline simulator. We develop a new algorithm with SVD to determine the critical 

length based on original simulator.  

In example model, we use SVD algorithm introduced in section 2 to generate 

the flow area for producer 1 at 20 years. Figure 3 and 4 shows the flow area when we 

set water rate and oil rate along as observed data in objective function. 

 

Figure 12. Producer 1’s flow area with water rate as observed data 
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Figure 13. Producer 1’s flow area with oil rate as observed data 

Figures 5 and 6 compare streamlines at 20 years and the SVD flow area which 

combines figure 3 and 4. In streamline algorithm, we determine the area with the blocks 

passed through streamline linked to target producer. In the SVD algorithm, a truncate at 

0.01 is set for right singular vectors and make the gridblocks with singular value greater 

than 0.01 show yellow while other gridblocks show blue. Both areas from SVD and 

streamline are calculated based on the ensemble mean model. From plots, we notice the 

total flow area from SVD method is similar with drainage area that is determined from 

streamlines 
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Figure 14. Streamlines at 20 years 

 

 

Figure 15. Total flow area from SVD method 
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In addition, the flow area obtained from water rate objective function is basically 

matched the area with streamlines that is breakthrough, while the flow area with oil rate 

in objective function is similar with the area that does not breakthrough. This 

observation is quite reasonable. All of water production in target producer comes from 

breakthrough area, while, in streamlines which do not break through, the production is 

still 100 percent oil. so, the gridblocks passed through by these streamlines will still 

make important contribution to history matching of oil production. 

An elliptical area is used to fit the flow area with the method introduced in 

section 2, and then get the critical length and correlation matrix. Figure 7 shows the 

fitting result of producer 1. 

 

Figure 16. Correlation length fitting result for producer 1 

The results when setting other producers as target also support our opinions. 

Figure 8,9 and 10 shows the flow area of other producers. Table 1 shows correlation 
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length used by the Gaspari – Cohn correlation function. This length already plus the 

prior correlation length from geological model. 

 

Figure 17. Flow area for producer2 

 

 

Figure 18. Flow area for producer3 
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Figure 19. Flow area for producer4 

 

Table 1. Critical length for each well 

Well name Critical length 

P1 36, 19 

P2 36, 21 

P3 33, 10 

P4 41, 15 

 

Figure 11 and 12 presents the ensemble mean result of permeability fields for all 

EnKF cases considered. Figure 11 is from localized EnKF, while figure 12 is obtained 

from original EnKF. Note that the permeability field obtained by EnKF without 

localization shows incorrect high perm region at the bottom and incorrect low perm 

region at the top, while localization significantly reduces these errors. Localization 

improved the estimate of the permeability field and gave smoother models. Figures 13, 
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14, 15, 16, 17, and 18 present the results in terms of data matching for all wells.  Fig 13, 

14 and 15 are from history matching algorithm with localization, while 15, 16 and 17 

are from history matching algorithm without localization. 

 

 

Figure 20. Log permeability field from history matching with localization 

 

Figure 21. Log permeability field from history matching without localization 
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Figure 22. Bottom hole pressure history match result with localization  
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Figure 23. Water cut history match result with localization  
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Figure 24. Total production rate history match result with localization  
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Figure 25. Bottom hole pressure history match result without localization  
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Figure 26. Water cut match result without localization  
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Figure 27. Bottom hole pressure history match result without localization  

Results shown in these figures were obtained by running the reservoir simulator 

from time zero using the final ensemble of models obtained by assimilating all available 

data with EnKF with and without localization. For EnKF without localization, the 

results still give a reasonable match of production data at both wells. However, in this 

case the answer is known.  There is significant error in the permeability field, shown in 

Figure 12, and this error is result of the ill-posedness of the problem.  Ill-posed problems 

may give multiple solutions. In reservoir simulation, this means the permeability field 

is incorrect even though it might give a reasonable fit of the production data.  As shown 

below, the localized method results in a decreased mean square root error (MSE).  This 
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shows that the the solution from localized method is better and the solution from original 

EnKF also behaves like a local minimum. 

For each case, the value of mean square root is calculated between history 

matching result and observed data attained by each model of the final ensemble obtained 

by assimilating all data. Table 2 shows the average MSE for all cases.  

Table 2. Mean square root comparation  

 Without Localization With Localization 

MSE 32.1 25.8 
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CHAPTER V 

CONCLUSION 

In conclusion, Work presented in this paper also shows the connection between 

the possibility-theory method and the least-norm method in an inverse problem. ENKF 

data assimilation method is based on maximum likelihood theory. Such kind of 

problems usually involves finding the maximum likelihood point, which is also the 

minimum point of objective function. It is justified to use the terminology ‘least norm’ 

for this kind of problem. So, it is reasonable and innovative to use least norm theory to 

analysis the failure in Ensemble data assimilation method that is based on possibility 

theory. Due to our work, spurious correlation problem has been explained under least 

square theory in this paper. A relation between Bayesian theory and least square theory 

has been built. Bayesian theory shows similar function as regularization. In adition, it 

also behaves like a local minimum due to the MSE change. Thus, the non-linearity may 

also contribute to the failure in EnKF. So, the failure in ensemble method is an 

extremely complex problem. 

localization gives a more realistic permeability field than that was obtained with 

no localization. In addition, localization also improves the quality of the production data 

match. Localization has been approved to be able to reduce the order of parameter space 

theoretically and experimentally. In addition, it also shows the ability to adjust the 

confidential level of prior information, which will be studied in future researches 

experimentally. 

SVD method is a reasonable way to support the construction of localization 

matrix. SVD can reduce the order of model parameter space, which narrows the 

difference between size of ensemble and number of parameters need to be changed. So, 

it is possible to use SVD technology to eliminate the influence of under sampling in 

EnKF with small ensemble size. This paper proposed a combined method of distance-
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based localization and SVD. There is also a simple argument about the appropriate 

choice of critical length using SVD.  

In this paper, the Ensemble Kalman Filter is chosen as the original data 

assimilation algorithm.  However, from the study of Chen and Oliver, it is 

straightforward to apply the same algorithm on other kinds of iterative ensemble 

smoothers.  
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